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Variable Rate Subsidies: The Inefficiency of
In-Kind Transfers Revisited

The inefficiency of fixed rate price subsidies for consumer goods is
one of the best-known propositions in welfare economics. Among others, Aaron
and Von Furstenberg and Smolensky have used this proposition to examine the
inefficiency of housing subsidies when compared to cash transfers. Haskell,
Thurow, and Wilde have also used it to show that recipient governments will
prefer intergovernmental aid with no strings attached to equally costly, fixed
rate matching grants. Finally, Friedman has used the proposition to promote
the negative income tax as a replacement for food stamps and other in-kind
transfers.

In addition, these studies often cite another drawback of fixed rate
price subsidies. 1In the absence of a good estimate for the price elasticity
of the subsidized good, the sponsoring govermment cannot determine the total
amount of aid to be distributed. While the sponsoring government can place a
"cap" on the total amount of aid to be distributed, doing so introduces a kink
into the budget constraint of the recipient. This kink complicates the prob-
lem of predicting the recipilent response to changes in the subsidy rate.l!

In this paper, I show that a broad class of variable rate price
subsidies dominates fixed rate price subsidies on both counts. Recipients
always like them better than equally costly fixed rate subsidies, and the
total amount of aid can be fixed in advance without introducing troublesome
kinks into the budget constraint.

The variable rate price subsidies examined herein have an additional
advantage. The rate of subsidy can be designed to vary among recipients,
depending on their sociceconomic characteristics. For example, a special case

of the variable rate subsidy is found in the federal government’s three-
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factor General Revenue Sharing (FGRS) formula. Through a tax effort factor
incorporated into it, FGRS lowers the price of government services provided by
recipient state and local governments. The rate of price reduction depends on
the recipient governments’ population and personal income.

After a brief review of the theory of fixed rate subsidies, I define
the class of variable rate subsidies to be studied and demonstrate their
dominance in the two areas cited above. The demonstration assumes that all
recipients are identical, an assumption which is dropped in the final sec-
tion. There, as an application of the general theory, I estimate the differ-
ences between FGRS in 1972 and a hypothetical, fixed rate subsidy calculated

to provide each state government with their actual 1972 FGRS allotment.

A Brief Review

A brief review of the standard inefficiency argument is in order.
There are N recipients of a price subsidy, the ith of which is assumed to
allocate its disposable income (I-t)M1 by maximizing a utility vl of the
subsidized good Gy and a composite unsubsidized good Ci' Units are chosen so
that prices are initially equal to one. In addition, the analyst splits
spending on G; into two components: spending from disposable income T;, and

the dollar amount of subsidy Ry, so that:

(1) Gy = Ty + Ry

A fixed rate price subsidy is calculated as a fixed rate ry of Ty, i.e.
(2) Ry = 14Ty,

Consumption of the unsubsidized composite good is then given by:



The problem faced by the ith recipient is to maximize Ui(Ci,Gi)
subject to (1), (2), and (3). Solving (3) for T; and substituting into (2),

find
(4) Ry = ry[(1-t)M,-C,]

Substituting for T; and R; in (1) and simplifying yields the budget con-
straint:
(5) C, +—— G, = (1-t)M

i i

i 1+ri

which clearly shows that (2) is a fixed rate price subsidy of G. The ith

recipient is thus assumed to:

(6) max UL (Ci’Gi)
Set. C, + —— G, = (1-t)M
R Tl i

Assuming an interior solution (CMG,GMG) exists, it is characterized

by:
i i
3 3
(7 5%— / iLcJ" (CMG,GMG) = L+r,
1 1

The solution occurs at the tangency MG depicted in figure 1. Kay,
Rosen, and Stutzer (1982) measure recipient i’s deadweight loss with an

equivalent variation-based measure, which for a subsidy is:
(8) Wy = Ry = EV,,

where EV4 is the equivalent variation in income needed to produce the same
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utility U, as did the fixed rate subsidy. W; is the largest amount of money
recipient i would be willing to forgo in order to obtain a lump sum subsidy
rather than a fixed rate subsidy. Thus, Wi measures the savings the sponsor-
ing government could attain by replacing a fixed rate price subsidy with an
equal utility producing lump sum subsidy, EV,.

Finally, it is clear that the total amount of subsidies, denoted 0,
cannot be fixed in advance without detailed knowledge of each recipient’s
problem (6), because:

N

{9) Q= ) R, =)r, TMG
R Rab e

Variable Rate Subsidies

A broad class of variable rate subsidies for both consumer and
intergovernmental aid can be created by generalizing the so-called three-
factor or "Senate" formula used, in part, to distribute Federal General Reve-

2/

nue Sharing funds to the states.~ The formula is:

viTy
(10) Ri = Ii(Ti)Q sl | R Qi I=l; sy 51

jEI“JTj

where Ri is the aid to state 1.-2'! Note that §1 Ri = Q, so that 0O can be

fixed in advance. Ii(Ti) is thus a function giviz’. the fraction of 0 distrib-

uted to state i. It depends on the level of taxes T; levied within state i,

and a weight w; reflecting the socioeconomic characteristics of state i. The

weight Wy equals the square of the reciprocal of state i‘s per capita in-
4/

come.—' The good being subsidized is state government spending Gy = T; + Ry,

as:



3G 3R o1 wy 1w,
(1) g= 1+ 3-—1 1+-3—Q=1+-—Ji——0>1,
1 Ty

(bu,r,)?
33 j
because an increase in state taxes increases its revenue sharing grant,

ceteris paribus. Also,note that the marginal rate of subsidy 311/3T1 to state

i declines as it spends more of its own revenue Ty, because:

L2
P T jzle
(12) - T <0
aT
% (54740

Thus, unlike the fixed rate subsidy (2), (10) is nonlinear in Tye It is
increasing and concave in T;. Assuming that state i’s share of the fund 0 is
less than 50 percent, its marginal rate of subsidy also declines when some

other state increases its taxes, because:

971 W, W,
i ik
(13) = [1 T1.]<o0
a'riark (z 3 §#1 j]

Similar formulae have been used in some states to distribute state
revenue to local governments. More generally, for both consumer and inter-
governmental programs, one could define a system:

wy £, (Ty)

(14) R, = Ii(Ti)Q 5 jf (T ) 0; £ =1, suiz K



Uo

(1=tM+RI(1—t)M]

7\&

(1=tM+EV

(1—M

GMG

GRS

v
CLS[—-———-—IL

(1-t)M

(1=tM+E

Figure 1: Equal Utility Programs



where fi is concave and increasing in Ti’ the recipient’s own-source expendi-

ture on the subsidized good.

Theory of Variable Rate Subsidies

By substituting (10) for (2), a model of recipient response to

variable rate subsidies can be created. Following the same steps as done

5/

1th recipient is assumed to solve:=

earlier, the

(15) max Ui(ci,ci) i= l, “eey N

Ci’Gi

8.t Ci + Gi (1-t)Mi - Ii((l-t)Mi-Ci)Q

wi[(l-t)Hi-Ci)

(1-t)My - — 0

jzle((l_t)nj-cj)

treating Cj, j # 1 parametrically.

Its solution is characterized by:

g, it a1, Wijzle((l_t)nj-cj]
(16) 33;435— (ci,ci) = 1+ o 1+ 5 Q tal. wewy Na
1 °“1 i (ij((l-t)ﬂj-CjJJ
h|

Once the budget constraint from (15) is solved for G; and substi-

tuted into (16), there results N simultaneous equations in N unknowns C;, ...,

ith

CN' Because the recipient is assumed to treat Cj’ j # i parametrically, a

simultaneous solution (CRSi,GRSi), i=1, ..., N to (16) is a Nash equilibrium
for the noncooperative game described by (15).5/ Given values CRSj, j#1iin

ith

a Nash equilibrium, the recipient’s budget constraint in (15) is repre-

sented in Figure 1 as the concave curve tangent to Uy at RS. Its concavity
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follows from the concavity of I; in Ty. In the figure, the parameters 0 and
Wi, ses, Wy have been set so that the utility Uy attained is the same as that
attained under a fixed rate subsidy (2). At least in this figure, we see

that:

(a) The deadweight loss of the variable rate subsidy (which is the analo-
gous vertical distance below RS) is smaller than for an equal utility
fixed rate subsidy.

(b) Variable rate subsidies stimulate less spending on the subsidized

good G than do equal utility fixed rate subsidies.

In Chapter 3 of Stutzer (1981), both of these properties are shown to hold for
general formulae I,(T;) which are concave and increasing in T;, like (14) is.

Furthermore, under the additional mild assumption that 32Ui/30 BGi > 0, it is

i
also rigorously proven there that properties (a) and (b) hold for equal cost,
rather than equal utility, subsidies.Z! How much less the deadweight loss and

the spending on the subsidized good 1s depends on all the utility functions vl

and all the parameters r;, wj, (I-t)Hi, and 0.

Quantitative Comparison of Fixed and Variable Rate Subsidies

In order to 1isolate the 1inherent differences between fixed and
variable rate subsidies, one must first control for variations in the utility
functions and parameters. To do so, I follow Aaron and Von Furstenberg’s
study of fixed rate subsidies in assuming that recipients possess identical
utility functions, have identical disposable incomes, and face the same fixed
rate subsidy r. Also, following Fisher (1981), I assume the weights w; in
(10) have a common value w.gf These assumptions will be relaxed in the empir-

ical application which follows this section, though. Because recipients are,

for the moment, assumed to be identical, one can drop the subscript i and sum
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the right-hand side of (16) to obtain the Nash equilibrium condition for the
variable rate subsidy (10):

an 3% crs,crs) = 1 + DO

NT
Making use of the budget constraint in (15) and the fact that N recipients
with identical weights w and tax levels T will each obtain R = %,' the follow-
ing nonlinear equation in CRS results:

v ,au (N-1)0Q
(18) +—=/==(CRS, (1-t)M+Q/N-CRS) = 1 +
¢’ % N2( (1-t)M-CRS)

Similarly, a fixed rate subsidy r would result in a common level of C, denoted

CMG, solving:

au,du

TC/TG(C"Gs(l‘Fr)((l—t)M-CMG)] =1+4+r

(19)
Also following Aaron and Von Furstenberg, I assume a CES utility function

(20) u(c,G) = (aCV+(1-a)GV]1fV, where v = 1 -<% , and 0 is the constant

elasticity of substitution of C for G.

Denote the share of income the recipient allocates to G, in the absence of any

subsidy (r=0), by b. Then, it is easy to show from (19) that:

) a= (1+dD7o)

Then, for any levels of (1-t)M and b, the solution of (19) depends solely on r

and g. Thus, given levels of these four parameters, one can compute CMG from
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(19), the cost of the subsidy per recipient from (4), the consumption of the
subsidized good GMG = (1+r)((1-t)M-CMG), and the deadweight loss W per re-
cipient from (8). For homothetic utility functions such as (20), Stutzer
(1982) has shown that W is strictly proportional to disposable income, so it

is convenient to define:

W

(22) WMG =T1:t)_ﬁ

as the fixed rate deadweight loss per recipient dollar of disposable income.
This number will, of course, be much smaller than had the ratio been expressed
as a fraction of the subsidy cost. But a decrease in welfare may not always
be signalled by a decrease in the latter fraction, so (22) is adopted instead.

To compare a fixed rate subsidy r with an equal cost variable rate
subsidy for various o and b, we set Q in (18) equal to (4) times N, and solve
to obtain CRS. From this, we compute GRS from the budget constraint in (15)
and the deadweight loss per recipient from (8). To compare with (22), the
variable rate deadweight loss 1is also expressed per recipient dollar of in-
come, and is denoted WRS.

Finally, in keeping with convention from other studies, we represent
the fixed rate subsidy r as a percentage price reduction in G. Noting from

(5) that the price of G is Ti?’ the percentage price reduction S is:

r
(23) S = T

The comparisons for N = 50 recipients with $10,000 disposable income
who spend b = .25 of the income on G in the absence of a subsidy are shown in
Figure 2 belQWv2! There, note that spending on G increases with the price

reduction S and the elasticity of substitution 0. As was claimed earlier,

GRS < MG, and WRS < WMG. While the quantitative differences per recipient
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are small, they will be magnified in the aggregate. Also, the deadweight
losses usually increase with o, with exceptions occuring only for very high
levels of 0. The latter must eventually occur, for as 0 + @, C and G become
perfect substitutes, in which case there is no difference between cash and in-
kind transfers.lgf Finally, note that the deadweight loss index can exceed
unity for both subsidy schemes when both S and ¢, and, hence, the subsidy
costs, are very high. Thus, for the very costly programs, the deadweight loss
per recipient can actually exceed the $10,000 disposable income per recipient.

In Figure 3, the same comparisons are made for N = 10,000. The gaps
between GRS and GMG and between WRS and WMG have narrowed substantially. To
examine this further, a relative inefficiency index RI = WMG/WRS is tabled in
figure 4. There, note that the relative inefficiency falls when N is in-
creased to 10,000. Fixed rate subsidies, which were at most 3.9 percent more
inefficient when N = 50, are always less than .l percent more inefficient when
N = 10,000. These computations suggest that there would be no differences
between equal cost fixed and variable rate subsidies (10) in the limit as N +
@, at least when the recipients are identical. 1In the appendix, I present a
simple proof of this claim, which is wvalid for any utility function.ﬁf This
result suggests that the welfare and spending differences between fixed and
variable rate subsidies may be more important for high cost programs with a
small number of recipients, such as federal aid to states, than for consumer

welfare programs like food stamps or housing assistance.

An Application: General Revenue Sharing Vs. Fixed Rate Matching Grants

In this section, state-by-state and aggregate impacts of Federal
General Revenue Sharing in 1972 are simulated and contrasted with a system of

hypothetical, equally costly, fixed rate matching grants.
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In the presence of FGRS in any year, assume that state, i, would
behave as if it solved problem (15), with Wis eeey Wgpy and 0 given by data

and obtained for that year, and with ul given by the CES form:
i ( Wi ps v1/v,
(24) Ut(Cy,64) = (a;€,%+(1-2)6, V)" V; 1 = 1, ..., 51

Thus, the distribution parameter a; 1is permitted to vary across recipients,
while the elasticity of substitution o = Té; is not. For each state i, the
distribution parameter a; must be estimated.

To estimate a; for 1972, assume that the advent of FGRS was not
anticipated prior to recipient government budgeting for 1972. Then, in 1972,
state i acted as if it maximized (24) subject to Cy + Gy = (l-t)Hi. For
any o = —%; , the first order conditions for this problem can be solved for ay

1
in terms of the observed Cy and Gi in 1972:

(25) a, =

Thus, for any assumed common elasticity of substitution ¢ in 1972, one can
obtain the a; from 1972 NIPA data on Cy and Gy.

After calibrating the model by this method, (16) is solved simultan-
eously to obtain the Nash equilibrium (CRS;,GRS;), i = 1, ..., 5l. The equil-
ibrium FGRS allocation to state i is then RS; = Ii[(l-t)Mi-CRSi)Q given in
(15). The deadweight loss W; for each state i is calculated by subtracting a
computed equivalent variation EV4 from RSy, and is summed to obtain a total
deadweight loss estimate for FGRS in 1972, denoted W.

To obtain the comparison between the revenue sharing equilibrium and
the fixed rate matching grants, compute an equally costly matching grant rate
r; for each state i by solving the following two equations in the unknowns ry

and TMGi:
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(26) 222{321 ((l“t)H -TMG, , (1+r )TMG ) =1+ 5 i 1 51
301 aGi i :[_’ ri "i - ri ] 3y *eey

ry ’I'MGi = RSi.

Then, numerically compute an equivalent wvariation in income for (26) and
subtract from RS; to obtain the deadweight loss resulting from state i re-
ceiving an equally costly, fixed rate matching grant at the rate ry. This is
denoted WM; in figure 5, and is summed to obtain a total fixed rate deadweight
loss WM.

Examining figure 5, we see that the 1972 deadweight loss from the
$5.3 billion FGRS program would have been W = 242.8 million, which is 4.6
percent of the program cost, had the common elasticity of substitution o =
2. An equally costly system of fixed rate subsidies would have generated a
larger deadweight loss WM = 258.8 million, which is 6.6 percent larger than
the loss due to FGRS. Both of these figures would have been lower had ¢ =
.67, thus confirming the evidence from the identical recipients case results
of figure 2. However, the relative inefficiency of 1.066 is somewhat larger
than one would have inferred from the identical recipients evidence of figure

4,

A Oualification

It has been assumed to this point that the total cost Q of either
subsidy program is not financed by the recipients of the program, i.e., that t
is independent of Q. This may be a valid assumption for consumer welfare
programs, but 1is surely not as valid for intergovernmental aid programs.
Reinterpreting M to be recipient disposable income gross of its contribution

to finance Q, its contribution to a fully funded program must be:
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(27) M = %

One could argue that this contribution is treated as a lump sum tax by the
recipient in (6) or (15), in which case the recipients will still prefer equal
cost variable rate subsidies to fixed rate ones. However, as has been noticed
by both Teeples and Fisher (1981), funding fixed rate subsidies by recipient

contributions introduces another distortion, for in this case:

N
r ) ((1-t)M,-c,)
kY 7%

N

-_0-=
(28) tM—N

which results in the maximization condition (19) being modified to

(29) %%/-g-g(cnc,(wr) ((1-t)M-cMG)) =

1+r
1+r/N

Clearly, as N + =, there is no difference between (29) and (19). Because of
this, the limiting equivalence of fixed and variable rate subsidies proven in
the appendix is still wvalid when the program is fully funded by its re-

cipientsrlgf

Michael J. Stutzer
Federal Reserve Bank of Minneapolis



Footnotes

A!See Waldauer for further discussion of this problem.

szederal General Revenue Sharing is a far more complicated system
than just the "Senate" formula. See Nathan, Manvel, and Calkins for a more
detailed description.

Q!Puerto Rico 1is counted as the 5lst state.

4/see Johnson (1975) for details.

5/A1so see Johnson (1977) and Fisher (1977).

é!For a formal existence proof, see Stutzer (1981), Chapter 4.

7/see Johnson (1975) for a graphical illustration of these proposi-
tions.

§!These assumptions are not necessary for actual applications. In
Chapter 4 of Stutzer (1981), large scale simulation with recipients differing
in their weights and incomes is shown to be a practical technique.

E!A computer program calculating the comparisions for arbitrary
parameter values is available from the author.

ig!The author is indebted to Henry Aaron for pointing this out.

l}!For a more lengthy proof of this, valid only for Cobb-Douglas
utilities, see Fisher (1981).

lz!Fisher (1981) has argued that this distortion brings variable

rate subsidies closer to fixed rate subsidies for finite N as well.



Appendix

Denote the 'demand" function solving (18) by CRS(N), substitute the
equal cost condition Q = Nr((1l-t)M=CMG) into (18), and take the limit as N + o
in (18) to obtain:

(1) 20722 (CRS(®), (1-£)M+r((1-t)IN-CHG)~CRS (=)

((1-t)M-CMG)

= 1+ T rOw-crs (=)

where CMG solves the fixed rate subsidy maximization condition (19). A simple

substitution verifies that CRS(®) = CMG is the unique solution to (i).
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