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In a recen t j o u r n a l a r t i c l e , Roger N. Waud [19] p resen ts a 

model i n which i t i s p o s s i b l e f o r r i s k - n e u t r a l i n v e s t o r s , r i s k l o v e r s , 

and p lungers as w e l l as r i s k a v e r t e r s to e x h i b i t p o r t f o l i o d i v e r s i f y i n g 

behav io r . Th i s r e s u l t i s ach ieved i n a model i n wh ich the on l y source 

o f u n c e r t a i n t y i s the net o u t l a y o f the i n d i v i d u a l ; and , f rom a me thodo log i ca l 

po i n t o f v i ew , Waud's conc lus i ons are drawn from a p a r t i c u l a r s p e c i f i c a t i o n 

o f h i s gene ra l model.— 

With respec t to Waud's paper , t h i s paper has two purposes . 

F i r s t o f a l l , i t i s an ex tens ion o f Waud's model i n two d i r e c t i o n s : i t 

extends the t ime ho r i zon to two p e r i o d s , and i n c l u d e s u n c e r t a i n t y about 

the r e t u r n of the a s s e t s . Second ly , i t employs a methodology s i m i l a r to 

Waud's, but a l s o u t i l i z e s Monte Ca r l o s o l u t i o n s i n a d d i t i o n to numer i ca l 

s o l u t i o n s . These g e n e r a l i z a t i o n s permi t a s t ronge r statement o f Waud's 

c o n c l u s i o n s ; namely, i n the mean-var iance space , the p a r t i c u l a r s p e c i f i c a t i o n 

o f the model tha t i s ana lyzed produces p o r t f o l i o d i v e r s i f i c a t i o n f o r a l l 

nonnegat ive s l o p i n g i n d i f f e r e n c e c u r v e s , and makes d i v e r s i f i c a t i o n 

p o s s i b l e f o r downward s l o p i n g i n d i f f e r e n c e c u r v e s . 

Beyond i t s r e l a t i o n to Waud's model , the purpose o f t h i s paper 

i s to extend a common form o f s i n g l e - p e r i o d d i s c r e t e t ime models i n t o a 

—^This methodology i s used because the comp lex i t y o f the model 
makes c l o s e d form s o l u t i o n s (and s tandard techn iques o f a n a l y s i s ) v i r t u a l l y 
i m p o s s i b l e , and has been used p r e v i o u s l y , e . g . , P o r t e r [13] and Supe l 
[15] . 

Sen io r Economis t , F e d e r a l Reserve Bank o f M i n n e a p o l i s . The 
v iews a re those o f the author and do not n e c e s s a r i l y r e f l e c t those o f 
the F e d e r a l Reserve Bank of M inneapo l i s or the F e d e r a l Reserve System. 
The author would l i k e to thank John Kareken, N e i l W a l l a c e , and P r e s t o n 
M i l l e r f o r t h e i r h e l p f u l comments, but r e t a i n s r e s p o n s i b i l i t y f o r remain ing 
e r r o r s . 
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two-per iod se t t ing .— By t h i s ex tens ion , t r ansac t i ons cos ts become even 

more important because the inves to r must cons ider the cost of ad j us t i ng 

to the p o r t f o l i o that i s opt imal for the second per iod as w e l l as the 

s i n g l e - p e r i o d cost of l i q u i d a t i o n to cover s h o r t f a l l s i n cash f l ows . 

A l s o , the two-per iod framework permits the e x p l i c i t cons i de ra t i on of the 

p r o b a b i l i t y d i s t r i b u t i o n of asset y i e l d s i n the second p e r i o d , and i t i s 

t h i s fea tu re that fundamental ly a l t e r s the mean-var iance oppor tun i ty 

locus v i s - a - v i s the s i n g l e - p e r i o d models. 

W i th in a two-per iod context the concept of " r i s k y n e s s " i s even 

more ambiguous than i t i s i n a s i n g l e - p e r i o d s e t t i n g . Is a bond which 

matures w i th c e r t a i n t y at the end of the second p e r i o d , but which has a 

h i g h l y unce r t a i n c a p i t a l va lue at the end of the f i r s t per iod r i s k i e r 

than a shor t - te rm s e c u r i t y which matures w i th c e r t a i n t y at the end of 

the f i r s t per iod? C l e a r l y the va r iance of the p o r t f o l i o re tu rns over 

both per iods w i l l depend on the p r o b a b i l i t y d i s t r i b u t i o n of net cash 

f lows and shor t - terra y i e l d s in the second p e r i o d . 

— While a review of the ex tens ive p o r t f o l i o theory l i t e r a t u r e 
i s beyond the scope of t h i s paper, a few of the more d i r e c t l y re levan t 
c i t a t i o n s should be made. The c l a s s i c works of Tobin [16] and Markowitz 
[6] u t i l i z e p r o p e r t i e s of the u t i l i t y f unc t i on to e x p l a i n p o r t f o l i o 
d i v e r s i f i c a t i o n when faced wi th unce r ta in asset r e tu rns . Th i s model has 
been developed i n enormous d e t a i l , and has been extended i n t o a m u l t i -
per iod s e t t i n g by , f o r example, Mossin [9] . Preceding Waud [19] , 
Mor r i son [8] , Poole [12] , Po r te r [13], and Fros t [3] developed s i n g l e -
per iod models where the d i s t r i b u t i o n of net cash f lows p lays a key r o l e 
i n determin ing asset a l l o c a t i o n s . The Fros t model i s p a r t i c u l a r l y 
i n t e r e s t i n g because of the way i t dea ls wi th i n i t i a l c o n d i t i o n s . 
M u l t i p e r i o d models have been developed by Wolf [20] and Dael lenbach and 
Archer [2 ] . The Dael lenbach and Archer model takes the p r o b a b i l i t y of a 
cash shortage as exogenous, and net cash f low i s the on ly source of 
u n c e r t a i n t y . The Wolf model con ta ins no t ransac t i ons cos ts fo r s w i t c h ­
ing s e c u r i t i e s , and the r e s u l t s are independent of the d i s t r i b u t i o n of 
cash f l ows—a r e s u l t at odds w i th the conc lus ions of t h i s paper. F i n a l l y , 
the paper by M i l l e r and Orr [7] i s rep resen ta t i ve of the l i t e r a t i v e 
dea l i ng w i th the a p p l i c a t i o n of an inventory " p o l i c y of s imple form" to 
e x p l a i n t r ansac t i ons balances when cash f lows are u n c e r t a i n . 



- 2a -

The model developed in t h i s paper i s b a s i c a l l y an inventory 

type of model which cons iders y i e l d u n c e r t a i n t y , cash f low u n c e r t a i n t y , 

and t r a n s a c t i o n c o s t s . The combinat ion of fu ture ra te unce r t a i n t y and 

t r ansac t i ons cos t s conver ts the p o r t f o l i o problem in to an i n t e r e s t i n g 

dynamic programming problem. With t ransac t i ons cos ts i n the model, i t 

i s p o s s i b l e to remove e i t h e r fu ture ra te uncer ta in ty or the unce r ta i n t y 

about cash f lows and s t i l l e x p l a i n d i v e r s i f i c a t i o n ; but wi thout t r a n s ­

a c t i o n s c o s t s , the i n t e r e s t i n g mu l t i pe r i od problems reduce to a sequence 

of one-per iod problems (except when the inves to r is c e r t a i n that fu ture 

shor t y i e l d s w i l l be la rge r than fu ture long y i e l d s ) . 

Since the model encompasses ra te unce r ta in t y and t ransac t i ons 

c o s t s , i t dea ls s imu l taneous ly with both t r ansac t i ons and specu la t i ve 

mot ives f o r ho ld ing money and other a s s e t s . It produces d i v e r s i f i e d 

p o r t f o l i o s , and dea ls e x p l i c i t l y w i th y i e l d moment- other than means 

wi thout assuming d e c l i n i n g marginal u t i l i t y of income. In t h i s paper 

on ly a two-per iod p lann ing hor izon i s assumed. Th is i s s u f f i c i e n t to 

a l l ow comparison between the s o l u t i o n impl ied by dynamic programming for 

the two-per iod i n v e s t o r , and the r e s u l t der ived for the one -pe r iod , or 

myopic, maximizer . The inves to r w i th the two-per iod p lann ing hor izon 

tends to ho ld a more shor t - te rm asse ts than the myopic i nves to r because 

of the p o t e n t i a l t r ansac t i ons cos ts involved in adjusting the p o r t f o l i o 

i n the second p e r i o d . 
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Sec t i on I below prov ides a d e t a i l e d d i s c u s s i o n o f the model 

and i t s under l y ing assumpt ions; the next sec t i on desc r ibes the extent 

to which a s o l u t i o n o f the model can be pursued wi thout making s p e c i f i c 

assumptions about the s t o c h a s t i c s t r u c t u r e of the prob lem; sec t i on I I I 

d i scusses p o r t f o l i o i m p l i c a t i o n s of the model under the assumption of 

independent and un i fo rm ly d i s t r i b u t e d random v a r i a b l e s ; and the f i n a l 

sec t i on prov ides a rev iew of the purpose and extent of the paper. Al though 

the conceptual framework developed here has a number o f a p p l i c a t i o n s , 

f o r purposes o f d i s c u s s i o n , the ba lance sheet s tud ied i s taken to be 

tha t of a s i n g l e bank so that unce r ta i n t y about cash f lows i s synonymous 

w i th depos i t v a r i a b i l i t y . A th ree-par t appendix i s a v a i l a b l e upon request 

to the author which prov ides a d e t a i l e d s o l u t i o n to the two-per iod problem, 

an a n a l y s i s of the robustness of the s o l u t i o n to c e r t a i n key assumpt ions, 

and the BASIC language computer program which generated the s o l u t i o n s 

used i n the paper. 
I. The Model 

The model—• developed i n t h i s paper takes as i t s s t a r t i n g po in t 

the f o l l o w i n g balance sheet that might be faced by a s i n g l e bank a t a 

p a r t i c u l a r po in t i n t ime t_ : 

^ 0 D o 

R 

L 

This model has i t s roots f i r m l y embedded in the work of Tob in . 
The balance sheet i n t e r p r e t a t i o n i s taken l a r g e l y from [17] ; a l s o see T o b i n ' s 
d i s c u s s i o n of the m u l t i p e r i o d investment problem i n [18] , pp. 37-47. The 
paper by P ie r ce [11] i s a l s o an e x c e l l e n t d i s c u s s i o n of many of the issues 
e x p l i c i t l y cons idered here , and the papers by Gramley and Chase [4 ] , and 
Kareken [5] emphasize the importance of the e n t i r e balance sheet to p o r t ­
f o l i o d e c i s i o n s . 
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where 

RR = requ i red ( l e g a l ) reserves 

R = reserves or loans which mature i n one period— 

L = loans which mature i n T per iod where T > 2 

DQ = depos i ts 

E Q = equ i ty c a p i t a l 

The asse ts (other than requ i red reserves ) are d i s t i n g u i s h e d p r i ­

mar i l y by t h e i r matur i ty d a t e s . However, i t i s convenient to view the asset 

R as what Tobin—^ c a l l s "de fens ive a s s e t s . " These are asse ts which are 

o f ten r e f e r r e d to as pr imary or secondary reserves or " l i q u i d " a s s e t s , and 

inc lude c a s h , excess r e s e r v e s , f e d e r a l funds l o a n s , depos i ts i n o ther banks , 

and s e c u r i t i e s such as Treasury b i l l s which are acceptab le c o l l a t e r a l f o r 

d i scoun t ing purposes. The L -asse ts may a l s o be viewed as c o n s o l s . Th is 

model does not attempt to segregate the t o t a l ho ld ings of de fens ive assets 

i n t o those he ld fo r t r ansac t i ons purposes and those he ld f o r investment 

purposes. Indeed, one of the advantages of the balance sheet model i s tha t 

there i s no need to make t h i s d i s t i n c t i o n . 

S ince requ i red reserves are always equal to kD^,—• where k i s the 

l e g a l reserve r a t i o , there are two dec i s i ons f o r the bank to make i n e s t a b ­

l i s h i n g i t s i n i t i a l balance sheet — R and L. These v a r i a b l e s are purpose ly 

l e f t unsubscr ip ted i n order to emphasize the f a c t tha t they are the d e c i s i o n 

^Although a " p e r i o d " i s never e x p l i c i t l y d e f i n e d , a working 
i n t e r p r e t a t i o n might be one reserve p e r i o d . 

5 Tob in [17 ] , p. 1. 

^This fo rmu la t ion ignores the f a c t that requ i red reserves are 
now e s t a b l i s h e d on a lagged b a s i s . 
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v a r i a b l e s . The problem of t h i s bank i s to dec ide on the op t ima l va lues of 

R and L sub jec t to the c o n s t r a i n t s , d e f i n i t i o n s , and o p t i m a l i t y c r i t e r i a 

descr ibed below. 

The modus operandus o f t h i s bank i s to f i r s t dec ide on i t s ba lance 

sheet a t t Q . For purposes o f t h i s a n a l y s i s , i t i s assumed tha t there are 

7/ 

no t r a n s a c t i o n s at t h i s bank between the d i s c r e t e po in ts i n time.— At t^ 

(the end of the f i r s t pe r iod and beg inn ing of the second p e r i o d ) , the bank 

obta ins a new set of d a t a , descr ibed below, and may ad jus t i t s balance sheet 

i f i t so d e s i r e s . At t^ (the end of the second per iod) i t i s assumed that 

a l l asse ts become worth t h e i r face va lue and could be converted to cash 
8/ 

wi thout t r a n s a c t i o n s cos ts .— 

The bank earns a (coupon) ra te of r R 1 on the one-per iod asse t (R) 

dur ing the f i r s t p e r i o d , and the face value of each un i t of t h i s s e c u r i t y 

i s $1 . There i s no de fau l t r i s k so tha t on n d o l l a r investment i n R a t t^ 

means tha t the bank w i l l have cash of $ ( l+ r_ n )n from t h i s investment at t., 
n± 1 

wi th c e r t a i n t y . 

One-per iod asse ts may be purchased at t^ f o r $1 per u n i t , but the 

coupon at tached to them now y i e l d s a ra te o f r D „ . Th is ra te i s revea led to 

the bank at t^ , but at t^ i t i s unknown except fo r i t s cumulat ive d i s t r i b u ­

t i o n f unc t i on ( c .d . f . ) f t which i s de f ined on the i n t e r v a l [w^, w^] where 

(0 >_ 0. 7 

This assumpt ion, of c o u r s e , becomes l e s s r e a l i s t i c as the leng th 
of the per iod i n c r e a s e s . I f a per iod was de f ined as one bus iness day , the 
assumption would not be at a l l u n r e a l i s t i c . For then the bank would not 
need to be concerned w i th i n t r a - p e r i o d depos i t dep le t i ons because i t cou ld 
s imply draw ove rd ra f t s on i t s Federa l Reserve account and cover them wi th 
end -o f - t he -pe r i od asset adjustments or borrowings. 

8 The c r i t i c a l part of t h i s assumption i s t ha t , at t Q , the i nves to r 

a c t s as i f loans w i l l have some f i x e d (nonrandom) va lue at t^, which might 

be i n t e rp re ted as an expected v a l u e . Using a va lue other than 1 s imply a l t e r s 
the c a p i t a l ga ins par t of the formula fo r Z below, but does not a l t e r the 
fundamental nature of the problem. Assuming T > 2 permits t h i s broad i n t e r ­
p r e t a t i o n , and would e a s i l y permit a n a l y s i s of the model w i th respec t to the 
expected p r i c e of L at t^-
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The T -per iod asset (L) a l s o has a t,. p r i c e of $1 per u n i t , but 

i t has T coupons a t tached each o f which are worth $ r , . T -pe r iod asse ts 

are d i s t i n g u i s h e d from one-per iod asse ts p r i m a r i l y by the fact that the 

p r i c e (P^) of the T -per iod asse t at t^ i s unce r ta in at t^. At t^ the bank 

knows the c . d . f . of to be $ which i s de f ined on the i n t e r v a l [ t j^ ,^] 

where <$>^ > 0 . 

Loans may a l s o be purchased at t ^ , tu t now each d o l l a r w i l l buy 

1/P^ u n i t s of L. S i n c e , by assumpt ion, each unit will be worth $1 at t 0 , 

a c a p i t a l ga in (or l o s s ) of 1-P-^ i s i ncu r red l u r i ng the second per iod so 

that the ra te of r e t u r n on L dur ing the second per iod i s 

r T + ( 1 -P , ) 
Z = - L 

P l 

Note tha t i f P^ i s la rge enough, the ra te of re turn n loans (?•) in the 

second pe r i od becomes nega t i ve , and there i s • :. r&built into the model to prevent t h i s from happening. I: • rpr«-t - .. a " r e a l " ra te 

might be one reason fo r om i t t i ng the c o n s t r a i n t ; but p r a g m a t i c a l l y , i t i s 

u n l i k e l y tha t the c o n s t r a i n t would a l t e r the a p p l i c a t i o n s of the model f o r 

once Z i s below the s i z e of 7 i s l a r g e l y i r r e l e v a n t because the investor 

would never buy loans at t^. 

Loans i n t h i s model are desc r i bed b characteristics usua l l y 

a t t r i b u t e d to l e s s " l i q u i d " types of a s s e t s . These a s s e t s , i n addition to 

p r i c e u n c e r t a i n t y , are gene ra l l y cons idered '. have a less w e l l developed 

9 / 
secondary market.— Consequent ly , i t i s assumed that a t r a n s a c t i o n cost 

o f b per un i t i s i ncu r red only when loans (L) are sold at ! . , where 0 • b • 

I t i s convenient to th ink of b as a b id -asked spread, so that the 

t r ansac t i ons cost invo lved i n purchasing the asse t becomes part of the 

(net) re tu rn measured i n r̂  . 

Q 
Th is i s r e l a t i v e to the " l i q u i d " asse t R. C f . Tob in [18] . p. J 
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The l e v e l of depos i t s (D^) which the bank w i l l r e a l i z e at t^ i s 

a l s o unknown at t^ except f o r i t s c . d . f . A which i s de f ined on [6^, 6^] 

where 6^ > 0 . 

The j o i n t d i s t r i b u t i o n of the three random v a r i a b l e s i n the model 

i s i n i t i a l l y assumed to be of the form 

(1) F ( r R 2 , P±, D x ) = G ( r R 2 , P ^ ) . 

That i s , D, i s assumed t o be independent o f r_„ and P which are j o i n t l y 1 rid 1 

d i s t r i b u t e d by G. 

P r o f i t s i n t h i s model are de f i ned as the change i n equ i t y over a 

g iven p e r i o d , — or 

Q l = E l "
 Eo 

(2) Q 2 = E 2 - E x 

Q = E 2 - E Q = Q x + Q 2 . 

I t i s assumed throughout t h i s paper tha t the u t i l i t y f unc t i on o f 

the i n d i v i d i a l bank i s a l i n e a r f unc t i on only of two-per iod p r o f i t s (Q) , 

and tha t maximizat ion of expected u t i l i t y i s the o p t i m a l i t y c r i t e r i o n . — ^ 

Thus, expected u t i l i t y i s maximized whenever expected p r o f i t s are max i ­

mized. The case o f the myopic i nves to r who looks only at Q. i s a l s o i n v e s ­

t i g a t e d below. 

We ignore a l l d i s t i n c t i o n s between c a p i t a l ga ins and o rd ina ry 
income that a bank might make fo r tax purposes — C f . Wolf [20] . A l s o , 
see K l e i n ' s argument tha t t h i s d i s t i n c t i o n i s not t h e o r e t i c a l l y r e l evan t 
i n h i s comment on Tobin [18] , p. 287. 

"'"^Although the use of a quadra t ic u t i l i t y f unc t i on seems to be 
more app rop r ia te f o r p o r t f o l i o a n a l y s i s , i t appears that the i m p l i c a t i o n s 
o f t h i s model are reasonably robust w i th respec t to any r i s k ave rs i on k ind 
o f u t i l i t y f u n c t i o n . This i s because the p o r t f o l i o which y i e l d s the h ighest 
mean i s q u a n t i t a t i v e l y c l ose to the p o r t f o l i o w i th the sma l les t va r iance 
— at l e a s t f o r parameter se ts i n the neighborhood o f those i n v e s t i g a t e d 
i n t h i s s tudy . C f . Supel [15] appendix E. 
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S ince p r o f i t s i n the second per iod enter the u t i l i t y f u n c t i o n , and 

s ince a c t i o n taken at t g may a f f e c t second-per iod p r o f i t s , i t i s necessary 

fo r the bank to e s t a b l i s h an investment s t ra tegy fo r t^ i n order to e s t a b ­

l i s h the op t ima l balance sheet at t^. Max imisat ion of the expected va lue of 

Q i n (2) i s e s s e n t i a l l y a dynamic programming problem J O that the s o l u t i o n 

technique fo r tha t type of problem can be applied : he problem of d e r i v i n g 

the investment s t ra tegy a t t^. Use i s made < ; the p r i n c i p l e of o p t i m a l i t y 

which s t a tes tha t "An opt imal p o l i c y has the proper ty that whatever the 

i n i t i a l s t a t e and i n i t i a l d e c i s i o n s a r e , the remaining d e c i s i o n s must con­

s t i t u t e an op t ima l p o l i c y w i th regard to the atate r e s u l t i n g from the f i r s t 

. . . ..12/ d e c i s i o n . — 

Having chosen R and L at t . , the r.-.v s ta te c f nature i s determined 

by the va lues of the random v a r i a b l e s D^, rR,_ , and E^. The cash p o s i t i o n ~i 

the bank at t^ > other than requ i red r e s e r v e s , consist o f R (which matures 

by d e f i n i t i o n ) p lus the cash f lew r R R + r^-. Cash i s needed at t , to cover 

depos i t dep le t i ons other than those covered by requ i red r e s e r v e s , i . e . , 

K ( D Q - D ^ ) where K = 1-k. I f cash ho ld ings at '. are at l eas t as great as cash 

needs, then the bank i s not forced to do a n y th ing . !':.at : : ; , i f 

(3) D 2 > D 0 - i [ R + r R 1 R + r L L ] = , 

then the bank need not a l t e r i t s p o r t f o l i o l\ • the second per iod un less i 1 . 

sc d e s i r e s . — ^ The r i g h t hand s ! le o f i n e q u i t y ' "• ' i s f i xed at the time 

o f the i n i t i a l ba lance sheet d e c i s i o n and sei -.- I . i e f i n * i which r e p r o . 

1 2 B e l l m a n [ l ] , p. 2h. 

a assumes economic r ^ning in th I. v i • 1. f i r . i t i \l' 
as an index of the p o r t f o l i o ••:..] by the fac t • nat i t e s t a b l i s h e s that l e v e l 
o f depos i t s which must be achieve i before unnecessary t r ansac t i ons cost.-
are i n c u r r e d . A f u r t he r i n t e r p r e t a t i o n o f it.- r o l e in the model i s g iven 
i n sec t i on I I I . 

http://fir.it
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the lower bound to which depos i t s may f a l l be fore the bank must s e l l loans 

i n order to main ta in i t s l e g a l commitments. When < a , the amount of cash 

that must be r a i s e d by the bank through sa les of L i s K (a -D^ ) . 

At t^ , the s t a te of nature i s revea led to the bank, and conse­

quen t l y , on ly one asse t (other than requ i red rese rves ) i s he ld dur ing the 

second per iod — except f o r the s p e c i a l case desc r ibed below. The bank now 

holds R-, i n cash and L, i n loans on which i t can earn r__ and Z r e s p e c t i v e l y . 1 1 tid 

Apply ing the p r i n c i p l e of o p t i m a l i t y , the bank w i l l choose to ho ld i n 

de fens ive asse ts i f r n o _̂ Z , o therwise i t w i l l sw i tch B1 i n t o l o a n s . Because 
i\d 1 

t r a n s a c t i o n s cos ts are i ncu r red i n sw i t ch ing loans i n t o de fens ive a s s e t s , 
114/ 

r^2 must be g rea te r than X fo r t h i s to be a p r o f i t a b l e move,— where 

X = Z + b 

1 - b 

i s the t o t a l oppor tun i ty cost o f sw i t ch ing loans in to r e s e r v e s . When 

Z < r^. < X , the bank w i l l ma in ta in the s ta tus quo p o r t f o l i o of whatever i t 
— R2 

ended the f i r s t pe r iod w i th — a l l o w i n g , of c o u r s e , fo r l oan sa les tha t are 

necess i t a t ed by depos i t d e p l e t i o n s . The e n t i r e s t ra tegy i s summarized i n 

Table I. 

By f o l l o w i n g the sequence o f ba lance sheets determined by the 

opt imal s t r a t e g y , the two-per iod p r o f i t f unc t i on (Q) i s de r i ved and presented 

i n Table II where the cases of Table I I correspond to the cases of Table I. 

Each branch of the p r o f i t f unc t i on may be i n t e r p r e t e d g e n e r i c a l l y as con­

s i s t i n g of earnings on the i n i t i a l ba lance sheet (W), p lus earn ings i n the 

U 
I f X d o l l a r s worth of loans were t r a n s f e r r e d i n t o defens ive 

a s s e t s , the net inc rease i n p r o f i t s (ty) would be 

i|) = r D O (X-bX) - ZX - bX. 

The n g - > 0 i f and only i f r R 2 > f - i £ = X. 
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Table I 

S t ra tegy a t t 
1 

Contingency Action Case 

Dj 1 a , r R 2 < Z : w i t •: 1 : I 

r R 2 > X : swi^ •: i. to :• II 

Z £ r n < X : s ta t .. quo III 

D < a , r < Z : hold >nly L IV 1 n<c 

r > X : swit \\ i, to r V 

Z < r n „ < X : s ta - ... quo VI R2 

Table II 

Two-Period P r o f i t (C- ' - E r j 

Case: 

I: W - KoZ + KZD 

II : W - CL - K'cr + Kb 

I I I : W - Kar.,., + K r R gD ] 

IV: W - K'X + KXD3 

V: W - CI. - Kar , . + Kr 

V I : W - K'X + KX: 

where W = r „ , .• + . r r L 
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second pe r i od on depos i t d e v i a t i o n s from a . The l a t t e r te rm, K ( a - D ^ ) , 

r e f l e c t s the cash f low tha t must be a l l o c a t e d at t^ , and earn ings on t h i s 

term r e f l e c t ga ins or l o s s e s which accrue to the bank because o f i t s d e c i s i o n 

on the magnitude o f a . The term £ r e f l e c t s the equ i t y adjustment which must 

be made because o f c a p i t a l ga ins and t r a n s a c t i o n s cos ts which were a c t u a l l y 

i ncu r red i n sw i t ch ing from loans to de fens ive asse ts as w e l l as the earn ings 

on de fens ive asse ts i n the second p e r i o d . 

From Tables I and I I and equat ion ( l ) we may now w r i t e expected 

two-per iod p r o f i t s (Q) as 

(k) f2 f2 

a • • l ^ 

f2 

a J 

• l J 

.a 

6 1 ' • l ' 

X 

Z 

( l ) d F + 
r62 f2 

( l ) d F + 
a 

f 2 
I I l ) d F + 

1 T l 

( H ) d F 

(TV)dF 

0) 
(V)dF + 

.a 
f 2 

-X 
(V l )dF 

X J 6 1 • l ' 
Z 

were the in tegrands correspond to the cases of Table I I . And the o p t i m i z a t i o n 

problem of the bank may be s ta ted as 

( 5 ) max Q 
R, L , ct 

s . t . ( i ) R + L = K D Q + E Q 

( i i ) r>. = K D Q - r L L - ( l + r R l ) R 

( i i i ) R, L >_ 0 

where ( i ) and ( i i i ) a re the balance sheet c o n s t r a i n t s and ( i i ) i s the d e f i n i ­

t i o n of a . Because of the s o l u t i o n method adopted below i t i s convenient a t 

t h i s po in t to ignore ( i i i ) and s ta te the problem as 
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(6) max Q 
R, L, a 

s . t . ( i ) R = ~ t ( l - r L ) K D 0 - r L E , - Ko] 

^ V ^ R I ^ O 4 ( 1 + ! V r : o + Y 

where v = 1 + r n i - r T • 

In order to show tha t a two-per iod investor may .hold a d i f f e r e n t 

p o r t f o l i o than a one-per iod i n v e s t o r , i t i s necessary to e x p l i c i t l y cons ider 

the one-per iod or myopic p r o f i t func t ion .—' ' ' in the context o f t h i s model , 

a myopic i nves to r who d i s rega rds dec i s i ons tc (>•.» mah in the fu ture w i l l 

base h i s balance sheet d e c i s i o n at t^ only on 'he Legal cons t r a i n t s tha t 

might p r e v a i l and ignore the p o r t f o l i o a l l o c a t i o n d e c i s i o n s a t t^. Thus the 

myopic i n v e s t o r s ' p r o f i t f unc t i on (Q^) i s 

f I = r R ] R + r L L - ( l - P )L , .' D, « 

(7) <\ 
I I = r R 1 R + r L L - ( l - P ^ L - - f ^ ' i f D l < 3 

where case I represents the p r o f i t outcome wh* ri cash f low i s l a rge enough 

to cover depos i t d e p l e t i o n s , and case II represents • •••• p ro f i t outcome when 

s e c u r i t i e s are so ld only i n the amount necessary to cover reserve shor tages . 

I I . The General Solution 

To f i n d the opt imal balance sheet. :"• r the two - p e r i o d problem, we 

f i r s t so lve f o r the opt imal a and then determine the balance sheet from tht 

c o n s t r a i n t s of (6). Wr i t i ng the expected profit function •} 'r ex tens ive 

form, and s u b s t i t u t i n g i n the c o n s t r a i n t s o f I •') we have 

1 5 C f . Mossin [9 ] . 
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(8) = v Q + v±a - KI±a + K I 2 

f 6 2 r*2 

a -1 

Ka r 62 r*2 

a ' • l J 

Ka 
f a 

6 1 ' 

ZdF + K 
4>o fZ 

• l ' " l 

R2 

r<fu rX 
K 2 2 

rX 
K 

- a J J Z 

ZD^dF 

XdF + K 
(•a r<p„ y 2 
6, ' <t>. ' 

XD^dF 

1 T l 1 

where 

v „ = 

'i - j K - ^ r V 

and 

I „ = 

I, = 

I „ = 

f 6 2 r*2 

6 1 J •i ' 
r *2 

«J *1 

r<$ 
I 2 

r*2 

6 • 
I •i ' 

?dF 

fa). 

" r R 2 D l d F -

The op t ima l va lue of a i s then determined by s e t t i n g the d e r i v a t i v e of 

(8) equal to zero and s o l v i n g f o r <*. Thus, a i s that va lue of a which 

s a t i s f i e s the equat ion 

( 9 ) 

6 fd> 
2 w2 

a • * 

rz f5 
2 2 ZdF + 

w -1 a J 

X 

1 1 

[»2 
6 • 

rx 
XdF 

1 1 1 

" v ( 2 V r R l 
5 2 f «2 f W 2 ? 6 2 r*2 
5 2 f «2 

CdF - v 
6 • X ' 6 • *, • 1 V l 

X ' 
1 l 

r R 2 d F ) = 0 . 

We assume throughout t h i s paper that F has a cont inuous d e n s i t y f . 
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The d e r i v a t i o n of a as represented by equat ion ( 9 ) has requ i red 

no p a r t i c u l a r assumption about the independence of , P , and r R . However, 

the i n t r a c t a b i l i t y of ( 9 ) can be a l l e v i a t e d ; o a lar;"e extent by assuming 

that D i s independent of r_.and P , , i . e . t h a i F fac to rs as i n ( l ) . With i tid 1 

t h i s assumpt ion, a i s determined by 

(10) 

or 

( I I ) 

where 

and 

b x - b A(a) = 0 

b. . - 1 , 1 , a = A ( - ) 

b l = 7 [ 2 r L " r R l " V v ( h 3 + V h V 

b_ = l v + h , - h, - h, 

h l = 

' 5 " 6 

i>2 rZ 
ZdG h„ = 

*1 w l 

v 2 • 

• l ; } : 

f*0 
r R 2 d G 

x 
r R 2 d G 

J -
1 w ] ' I 

S o l u t i o n (11) i s , of cou rse , we l l e f ined only when 0 < b. b . . 

and there are i n s u f f i c i e n t cons t r a i n t s in th. model to guarantee that nuch 

i s the case . I t i s c l e a r , however, that b , 0 so (hat 1 he second order 

cond i t i ons fo r a maximum are always s a t i s f i e - . . Thur , i f an i n t e r n a l s o l u ­

t i o n to (11 ) , e x i s t s , i t i s a maximum. By a internal solution we mean 

I f b. • ' va lue o f a such that 6^ < a < • b,) * hen should be mad-.: 

as smal l ( l a rge ) as p o s s i b l e subject to the balancesheet and nonnegativity 

c o n s t r a i n t s on R and L. 
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I t should be noted tha t an i n t e r n a l s o l u t i o n f o r a i s not a s u f f i ­

c i e n t c o n d i t i o n f o r a d i v e r s i f i e d p o r t f o l i o i n the sense tha t both R > 0 and 

L > 0 , a l though i t i s a necessary c o n d i t i o n . 

Al though s o l u t i o n ( l l ) i s much s imp le r than ( 9 ) , the problem o f 

t r a c t a b i l i t y s t i l l remains because of the number of parameters i n the model. 

In order to analyze the p a r t i a l e f f e c t s o f the va r ious parameters on the 

opt imal p o r t f o l i o i t i s f u r t h e r assumed that a l l the random v a r i a b l e s are 

independent and un i formly d i s t r i b u t e d over t h e i r s p e c i f i e d ranges .—^ The 

f o l l o w i n g sec t i on presents an a n a l y s i s of the model under t h i s assumpt ion, 

and the appendix desc r ibes the s o l u t i o n method. 

I I I . S p e c i f i c So lu t i ons 

In order to make in fe rences about the model , we use parametr ic 

dev ia t i ons from the set S where 

( 1 2 ) S = { DQ = 1 0 0 , K = . 9 , r R 1 = . 0 5 , 6± = 5 0 , & 2 = 1 1 0 , ^ = . 9 , 

* 2 = 1 . 1 , cox = . 0 2 , <D2 = . 1 2 , b = . 1 , E Q = 1 0 } . 

The convent ion S ' = S ~ z = w i l l be used to denote the pa ra ­

meter set S ' which i s i d e n t i c a l to S except that z = z ^ . Making genera l 

q u a l i t a t i v e in fe rences from such a procedure as t h i s may be q u e s t i o n a b l e , 

but a l l of the experiments done so f a r i n d i c a t e that t h i s i s an acceptab le 

procedure. Except fo r the myopic c a s e , a l l of the d i s c u s s i o n i n t h i s s e c ­

t i o n dea ls w i th two-per iod problems , and a l l of the changes d iscussed should 

be i n t e rp re ted i n the sense of p a r t i a l d e r i v a t i v e s . 

" ^Fo r a d i s c u s s i o n of t h i s assumption see Supel [ 1 5 ] pp. 1 2 ^ - 1 2 9 . 

The assumption o f complete independence between r and P as opposed to 

complete dependence in the sense that Z = r R O appears to b ias the p o r t f o l i o 

i n favor of the shor t - te rm a s s e t ; but i t i s not c l e a r that the e f f e c t s of 
changes i n the va r i ous parameters should be s e r i o u s l y a l t e r e d . 
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The loan ra te ( r ) was purposely excluded from S because much of 
XJ 

the a n a l y s i s i s i n terms of the loan o f f e r f unc t i on (LOF) , that i s , the 

number of loans the bank would l i k e to have i n i t s portfolio Tiven iD ana 

a p a r t i c u l a r loan r a t e . Given a p a r t i c u l a r I >F, the bank's demand fo r 

de fens ive asse ts i s determined by the balance sheet c o n s t r a i n t . 

Some of the p r i n c i p l e r e s u l t s der ived from t h i s model are as 

f o l l o w s : 

(a) F igu re I shows the LOF generated from the parameter set S , 

and i l l u s t r a t e s the b a s i c p rope r t i es of the : model for both the one-period 
17/ 

and two-per iod max im ize r .— The myopic i nves to r gene ra l l y holds more loans 

than the two-per iod i nves to r except i n the case that they both hold non-

d i v e r s i f i e d p o r t f o l i o s . In the extreme c a s e , i t i s poss ib le to show that 

fo r c e r t a i n parameter se ts the myopic i nves to r w i l l hold only loans whi le 

the two-per iod maximizer holds only d e f e n s i v e assets. 

I t may a l s o be shown that when y ie lds second per iod are 
* * * 

known w i th c e r t a i n t y (say r__, 7 , and X ), then the two-per iod i nves to r 
rid 

holds the same p o r t f o l i o as the myopic invest or — except fo r the case when 

Z < r D 0 . In other words, g iven t ransac t ions cos ts in the model, i t 

i s the unce r ta in t y about fu ture ra tes that generates the dynamic programming 

problem and not the unce r ta in t y about cash f l ow . 

(b) Transac t ions cos ts are c r i t i c a l to this model ' Mai ; r:< :e.3 fo r i f t = ." . 

the model i s incapable of generating diversified portfolios J . AS L approaches 

z e r o , the LOF becomes more e l a s t i c . And as b i n c r e a s e s , a h igher .loan r a t e 

i l l y of the saa.e 
Although i t i s no*, c ious becau c-f '':•.<: 

the LOF i s convex i n the d i v e r s i f i e d range, ; .1. ••eW L; 
form i n f e r r e d by P ie r ce [11], D . 1099. 
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Figure I 

LOF Given S 
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i s necessary to induce the bank to hold a g iven quan t i t y of loans because of 

the h igher pena l ty i ncu r red i f there are depos i t s h o r t f a l l s . 

(c) The impact of depos i t v a r i a b i l i t y on the op t ima l p o r t f o l i o 

der ived from t h i s model i s cons i s ten t w i th o: :• ::. modeIs i n v e s t i g a t i n g t h i s 

18/ 

i s s u e , — namely, the var iance o f the deposit d i s t r i b u t i o n alone i s i n s u f f i ­

c i e n t in fo rmat ion to i n f e r whether the bank with a smal l va r iance w i l l ho ld 

more loans than a bank w i th a l a r g e v a r i a n c e . The e f f e c t of a change in the 

va r iance o f the depos i t d i s t r i b u t i o n on the portfolio r-:.(Y'. ; car. be seen from equa-

19/ 

t i o n ( l l ) . — I f A i s un i fo rm, t h i s equat ion become" 

where 

- 4 
A change i n the va r iance o f , w i th the mean unchanged, means tha t 6, and 

6 2 are changed by the same amount. Thus, i f = ... • ho:: t (and hence, L) 

i s unchanged. For b^ < ' j , an increase in th- variance of d e p o s i t s r e s u l t s 

i n fewer l o a n s ; but i f > h, an increase i : the var iance of depos i t s w i i i 

a c t u a l l y r e s u l t i n an inc rease i n the des i red hold ings of loans by the bank. 

The reason fo r t h i s phenomenon centers on the i n t e r p r e t a t i o n of the r o l e c f 

a i n the model. S ince the p ro f i t f unc t i on ( depends on x, the r o l e o f 

a i s to p o s i t i o n the p r o f i t s f unc t i on ever ": p r o b a b i l t y is%ss i'- .: ; .•: £ 

way as to make the weighted average (expected value f p r o f i t s a maximum. 

Accord ing to ( l l ) , the opt imal way i s when ' : p r o b a b i l i t y that depos i t s are 

l e s s than a equals b ) ( • But when bj > '-5, an crease in the var iance oi L • 
See Poole [12 ] , and a l so P o r t e r 13]. 

19 
The argument which fo l l ows can b- app l i es d i r e c t l y to equat ion 

( l l ) wi thout the n e c e s s i t y of the assumption :" a uniform .'.. I t a]so does 
not depend on the assumption of Independence o-.ween ' an.; 
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means tha t t h i s p r o b a b i l i t y has f a l l e n ; whence, a and the optimum quant i t y of 

loans must inc rease to main ta in t h i s p r o b a b i l i t y a t b^. 

F igu re II i l l u s t r a t e s the e f f e c t of an increase i n the va r iance 

o f D on the LOF. The two curves i n t e r s e c t at tha t loan ra te (r ) which 
J. Li 

makes b^ = \ and a l s o a = , the mean o f . I f i s l a rge as determined 

by 

™ 1 l ^ o " r L ( K D 0 + E 0 ) 

then the i n t e r s e c t i o n po in t i s to the r i g h t of the maximum quant i t y o f loans 

permi t ted by the balance sheet c o n s t r a i n t ; and , s t a r t i n g from an i n t e r n a l 

s o l u t i o n , an inc rease i n depos i t va r iance would always r e s u l t i n a d e c l i n e 

i n the quan t i t y of loans des i red by the bank. 

(d) S t a r t i n g from an i n t e r n a l s o l u t i o n , the d e r i v a t i v e s o f the 

c o n s t r a i n t equat ions i n (6) show that a marg ina l inc rease i n reserve r e q u i r e ­

ments r e s u l t s i n a decrease i n ho ld ings of both a s s e t s . The c o n d i t i o n tha t 

a >_ JJDQ i s s u f f i c i e n t to i nsu re tha t loans d e c l i n e more than de fens ive a s s e t s . 

(e) An increase i n the mean of s h i f t s the LOF to the r i g h t , 

but there i s a l s o a c lockwise r o t a t i o n ; an inc rease i n the var iance of P^ 

s h i f t s the LOF to the l e f t a l s o w i th a c lockw ise r o t a t i o n . Th is s imply 

s a y s , when the coupon re tu rn i s h i g h , unce r t a i n t y about c a p i t a l l o s s e s 

becomes l e s s r e l evan t to the bank. 

( f ) Increases i n the mean and var iance of r „ . each s h i f t the 
rid 

LOF i n the same way — to the l e f t w i th a c lockwise r o t a t i o n . The f a c t 

that ho ld ings o f long- term asse ts d im in i sh as unce r ta in t y about the 

y i e l d on shor t - te rm asse ts i n fu tu re per iods inc reases i s e s s e n t i a l l y 

cons i s ten t w i th the r e s u l t o f Sco t t [14! i n e x p l a i n i n g the A v a i l a b i l i t y 

D o c t r i n e . In the context of t h i s model , an inc rease i n the va r iance of 
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r_0 means that more defens ive asse ts should be he ld i n the f i r s t pe r iod i n 
Hd 

order to be i n a p o s i t i o n to c a p i t a l i z e on the h igher va lues of r D „ tha t 
tid 

now have p o s i t i v e p r o b a b i l i t y . Of c o u r s e , more lower va lues of r D „ a l s o 
Hd 

have p o s i t i v e p r o b a b i l i t y ; but t h i s i s l a r g e l y i r r e l e v a n t because fo r 

low va lues of r_ n the op t im i z i ng s t ra tegy requ i res that only loans are he ld 
r\d 

i n the second p e r i o d . 

(g) In examining sca le e f f e c t s on the opt imal p o r t f o l i o , the 

quest ion a r i s e s as to the proper d e f i n i t i o n of s c a l e . Since de fens ive 

assets are held l a r g e l y to p ro tec t aga ins t the p e n a l t i e s of depos i t dep le ­

t i o n s , marg ina l inc reases i n c a p i t a l ( E ^ ) w i l l go i n t o l o a n s ; but marginal 

i nc reases in the i n i t i a l depos i t l e v e l ( D ^ ) w i l l go mainly i n t o de fens ive 

+ 20/ a s s e t s . — 

An a l t e r n a t i v e way of examining sca le e f f e c t s i s to l e t a l l the 

s i z e parameters ( D ^ , 6 ^ , 6 0 , E ^ ) increase by the same (percentage) amount. 

In t h i s c a s e , opt imal quant i ty of loans increases by the same (percentage) 

amount so that the l oan /depos i t r a t i o ( L / D Q ) remains i n v a r i a n t . A l s o , 

the standard d e v i a t i o n grows p ropo r t i ona te l y so tha t the c o e f f i c i e n t of 

v a r i a t i o n remains i n v a r i a n t . The va r iance of d e p o s i t s , however, inc reases 

more r a p i d l y than the sca le i n c r e a s e . Th is suggests that the proper 

" v a r i a b i l i t y " v a r i a b l e i n e m p i r i c a l es t imat ion of LOF's i s the standard 

, , + . 21 / d e v i a t i o n . — 

20 
These r e s u l t s are de r i ved by d i f f e r e n t i a t i n g the balance sheet 

c o n s t r a i n t s i n (6) no t ing that <* i s independent of E Q and D Q . The d e r i v a -
dR 

t i v e -rrr- i s i n f a c t negat ive because of the l a rge r cash f low that r e s u l t s at 

t j f rom i nc reas ing l o a n s . 

21 
The evidence i n Murphy [10] i n d i c a t e s that the c o e f f i c i e n t of 

v a r i a t i o n i s independent of depos i t s i z e , and thus lends support to the idea 
of v iewing s c a l e i n terms of a p ropor t iona te increase i n a l l s i z e v a r i a b l e s . 
Fur ther h i s method of computing v a r i a b i l i t y i n terms of dev ia t i ons from a 
t rend l i n e seems to be more cons i s ten t wi th the concepts o f t h i s model than 
other methods which have been advanced. 
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(h) F i n a l l y , we note that t h i s model imp l ies that the proper 

i n t e r e s t rate s p e c i f i c a t i o n in a LOF i s to t rea t each i n t e r e s t ra te 

i n d i v i d u a l l y and not as r a t i o s or d i f f e r e n c e s . In other words, two se ts 

of r D 1 and r w i l l y i e l d d i f f e r e n t opt imal p o r t f o l i o s even though the 

d i f f e r e n c e or r a t i o may be the same between the two s e t s . Th is model 

a l s o imp l i es that when the ra te s t r u c t u r e i s r a i s e d , i . e . , r R^ and r^ 

r a i s e d p r o p o r t i o n a t e l y , the op t ima l p o r t f o l i o s h i f t s in the d i r e c t i o n of the 

longer ma tu r i t y . 

The mean-variance locus of two-per iod p r o f i t s , shown in 

F igure I I I , i s computed fo r the parameter set S and the loan ra te f i xed 

at r = .09. The means are computed exac t l y using the s o l u t i o n method 

descr ibed i n Sec t i on I I , but the va r iances are each est imated v i a Monte 

C a r l o procedures from a sample of s i z e 1000. With t h i s sample s i z e , a 

95 percent conf idence i n t e r v a l fo r the va r i ance is a band of + 0 . 5 

around the est imated var iance when the est imate i s in the neighborhood 

of 5 .0 . 

F igure I I I shows that only when loans are in the range of 

approx imate ly 70 to 75 does the mean-variant • curve have the p roper t i es 

cus tomar i l y asc r i bed to the cho ice set a v a i l a b l e to the i n v e s t o r , v i g 3. 

i n c r e a s i n g va r iance a long w i th i nc reas ing mean. Th is range appears to 

vary i n v e r s e l y w i th the va r iance of the re turn on the p o r t f o l i o . For 

example, a c e t e r i s par ibus decrease in the i r i ance of P would extend 

the range of p o r t f o l i o s w i th d i r e c t l y r e l a t e d means and v a r i a n c e s . 

The shape of the locus shown in Figure III permits the fo l low in j : 

i n f e rences : (1) A wide v a r i e t y of a t t i t u d e s toward r i s k can be c o n s i s ­

tent w i th p o r t f o l i o d i v e r s i f i c a t i o n . To thi- extent that t h i s model 
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captures a c t u a l mean-variance p o s s i b i l i t i e s , observ ing p o r t f o l i o d i v e r s i f i c a t i o n 

a l o n e , does not d e l i m i t inves to r a t t i t u d e s toward r isk, i n a s i g n i f i c a n t 

way; (2) i n t h i s p a r t i c u l a r example, had we imposed any u t i l i t y func t ion 

w i th nonnegat ive r i s k avers ion p r o p e r t i e s , the op t ima l p o r t f o l i o would 

con ta in loans of at l e a s t 70, but not more than 75. Th is suggests that 

q u a n t i t a t i v e l y s i m i l a r p o r t f o l i o s are imp l ied by both l i n e a r and non l i nea r 

(but r i s k averse) u t i l i t y f u n c t i o n s , but un fo r t una te l y , t h i s in fe rence 

does not t e l l us any th ing about the comparat ive s t a t i c s of the d i f f e r e n t 

u t i l i t y f u n c t i o n ; (3) i f the r i s k of the p o r t f o l i o i s measured by i t s 

va r i ance of re tu rn over two-per iods , then, for the example descr ibed 

i n F igure I I I , the r i s k i e s t p o r t f o l i o c o n s i s t s e n t i r e l y of de fens ive 

a s s e t s . Th is i s cont rary to the i n t u i t i v e no t i on that p o r t f o l i o s c o n s i s t ­

ing of shor t - te rm asse ts ( e . g . , Treasury b i l L s ) are l e s s r i s k y than 

long- term asse ts ( e . g . , government bonds) . Of cou rse , the po int here i s 

tha t i f the p r o b a b i l i t y i s smal l that two-per iod asse ts w i l l have to be 

s o l d at the end of the f i r s t p e r i o d , then the va r iance o i re tu rn from 

h o l d i n g t h i s asset i s l i k e w i s e s m a l l . 

IV. Summary 

The purpose of t h i s study was to examine the balance sheet of a 

bank i n the context of a two-per iod unce r ta i n t y model. In t h i s r e g a r d , the 

burden of p o r t f o l i o d i v e r s i f i c a t i o n and adjustment was p laced on the under­

l y i n g economic and s t a t i s t i c a l s t r u c t u r e of 'he balance sheet and not cr. the 

p a r t i c u l a r form of the u t i l i t y f u n c t i o n . 

The model has served t d e l i n e a t e q u a l i t a t i v e hypotheses concern ing 

a bank 's p o r t f o l i o which might be used as the b a s i s for e m p i r i c a l i n v e s t i g a ­

t i o n . I t has a l s o served to i d e n t i f y such f ac to r s as length of p lann ing 



- 22c -

h o r i z o n , s i z e of c a p i t a l accoun ts , and depos i t v a r i a b i l i t y as important 

cons ide ra t i ons i n comparing the customary l oan /depos i t r a t i o s of banks. 

While many of these concepts have been i n v e s t i g a t e d i n d i v i d u a l l y i n 

p rev ious s t u d i e s , the balance sheet model has prov ided a u n i f i e d frame­

work i n which they can be i n v e s t i g a t e d s imu l taneous ly . 
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A P P E N D I X A l \ : A a A C / ' v ^ r V r r A a r v r " 

Because i t was necessary to so l ve fo r f i r s t - p e r i o d p r o f i t s (Q^) 

i n order to ana lyze the myopic i n v e s t o r , the two-per iod p r o f i t problem was 

a c t u a l l y so lved by computing second-per iod p r o f i t s (Q^) and then l e t t i n g 

Q = + Qg' F i r s t - p e r i o d p r o f i t s are de f i ned by ( 7 ) , and second-per iod 

p r o f i t s are de f ined by Table A . l . 

From (7) and the u n i f o r m i t y assumpt ion , the op t ima l a fo r the 

myopic i nves to r i s determined by 

( A . l ) e x - e 3 A ( a ) - 0 

or 

( A . 2 ) a = « 1 + £± ( « 2 - 6 1 ) 

where 

K R

( V * 2 " e, = -

and 

'1 v L 2 

bK 
e „ = 

- v] 

'3 1 -b -

The same cond i t i ons apply to the e ' s as on the b ' s of ( l l ) d i scussed i n the 

t e x t . 

In order to compute a l g e b r a i c a l l y expected second-per iod p r o f i t s 

(Q^) , i t i s necessary to account s p e c i f i c a l l y f o r the reg ions of zero p rob­

a b i l i t y which are determined by the parameters of the p r o b a b i l i t y d i s t r i b u ­

t i o n s and the i n t e r e s t r a t e s . Doing t h i s i n a systemat ic way r e q u i r e s the 

s p e c i f i c a t i o n of every p o s s i b l e case that w i l l be cons ide red . T rea t i ng Z 

and X as func t i ons of P ^ , the computat ional problem a r i s e s because of the 

v a r i e t y of ways tha t these curves can l i e i n the set determined by [$^ , (J^l 

and Ug] . In order to s t a te the genera l l i m i t s of i n t e g r a t i o n , we de f i ne 
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Table A . l 

Second-Per iod P r o f i t s ( E ^ E ^ 

(1+r.)(1+r )R 
A l l = L • ( 1 + r R l ) R + ^ 0 " L P 1 + \ 

r (1+r )L K( l+ r )D K ( l + r T ) D . 

A 1 2 = d H - r R 1 ) R r R 2 + r L L r R 2 + K D ^ - K D 0 r R 2 + L P l r R 2 

" b L P i r R 2 " b L Pl 

A 1 3 = r L L + L - L P 1 + ( 1 + r R l ) R r R 2 + r L L r R 2 + K D l r R 2 " ^ 0 ^ 2 

(1+r )Ka ( l+r . )KD KD. 
A 2 i • <1+VL • TrfepT + ~ o ^ 7 +f^b " ' L Pi 

bKD 
V22 = J>b " i~T" " b L Pl +

 L V R 2 • * * R 2 + K D , r R 2 " b U ? l r R 2 

where 

All i f °1 2 a 3 n d r R2 < 1 

\2 ° 1 2 a a n d r R 2 > X 

Q 2 = E 2 " El * < \ A 1 3
 Dl 2 a a n d Z * r R s X 

L D x < a and r R 2 <; X 

2 D L < a and r R 2 > X 
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* 6 = B * ( » 2 ) -

1 + Id 

S ince X > Z , and assuming tha t we always have <J>̂  < <t>^, there are 

18 d i f f e r e n t arrangements of these parameters which requ i re d i f f e r e n t l i m i t s 

of i n t e g r a t i o n . These are l i s t e d i n Table A.2 and the corresponding i n t e ­

g r a t i o n l i m i t s are shown i n Table A .3 . The genera l statement of expected 

second-per iod p r o f i t s may now be s ta ted as i n Table A.h, and the maximiza­

t i o n problem may be s ta ted as i n (6) of the t ex t w i th s u b s t i t u t e d fo r Q. 

U t i l i z i n g the i n t e g r a l s de f ined i n Table A . 5 , the s o l u t i o n to the second-

per iod problem may be w r i t t e n 

(A.3) 

or 

( A . M a 

where f 1 
- [ v ( M 2 - ( l + r L ) l 2 + I 5 - ( l + r L ) l 7 - I 8 - M 9 + M 9 M 5 - I ^ - I ^ 

- g 3 M 9 M 8 + g 3 M 9 M T - g l i I 2 7 ) + ( l + r L ) ( M T - I 1 5 + I 1 9 + g 3 M g 

- g 3 M 7 " V 2 3 + W 2 ^ + ( - I r I 6 " I l 7 + I l 6 - I 2 0 - g

3

I 2 2 

- ^ I 2 5 + 6 U I 2 6 ) + d - f c X y V l l J " b ( l 1 0 " I 1 2 + I H ) 1 
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Table A . 2 

P o s s i b l e Cases of L i m i t s on the Q and $ I n t e g r a l s 

Case: 

I: * 6 Cp1 > Cp? 5 cp2> <P8 * cp x, cp9 £ cp2 

I I : % cpx» cp7 « cp 2, cpg * q>! > cp9 > cp2 

I I I : 
^ 6 cp 1, cp? > cp 2. cp8 * cpj, cp9 > cp2 

IVa: CP,' cp? * cp 2, cpL< cpg s cp ?, cp9 £ cp2 

IVb: 
^ 6 cp 2, cp7 < cp8 < cp 2, cp 9^ cp2 

Va: < cp6 < cp 2, cp7 
s cp 2 , CP6 < CPg S CP?, cp9 

Vb: < cp6 <cp 2 , * 7 * cp 2 > cp7 <cp g * c p 2 , 
^ 2 

V i a : 
» 6 

cp 1 > cpy s cp 2, cpj < CPg ^ Cp? , CPg > cp2 

VIb: 
*6 CPp cp7 * cp2» cp? < CPg < Cpj , CPg > 

V I I : 
1>6 CPL. cp7 > cp 2, cpx < CPg £ Cp2 . CPg > cp2 

V i l l a : 
*I < cp6 < cp 2, * 7 

s cp 2, cp6 < cp8 s cp 7 , cp9 
> <P2 

V H I b : CP, < cp6 < cp 2, c?7 
s cp 2, CP? < CPg S Cp2 , CP9 > ^2 

IX: *1 < cp6 < cp2> * 7 > cp2» cp6 < cp8 * cp 2. CP 9 
> cp2 

X: 
- 6 Cp!» Cp7 * <?8 > cp 2 , cp9 > cp2 

XI : 
^ 6 cpL> cp7 > cp 2, cpg > cp 2 ' cp9 > cp2 

XI I : CPj < cp6 < cp 2, cp7 
* cp2> CPg > CP2. CPg > 

X I I I : cpx 
< cp6 < cp 2, cp7 > cp 2. Cpg > Cp2 . CPg > 

XIV: 
- 6 

2 cp 2 > other parameters i r r e l e v a n t 
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Table A.3 

S p e c i a l Cases of the Expected Value of Q 

Case X l X 2 X 3 X 4 X 5 X 6 X 7 X 8 8 3 8 

I <Pl cpx cp7 CPL CPg cp2 CPi cp7 
0 1 

I I *1 cp7 CPi cp2 cp2 CP! cp7 
0 1 

I I I CPl CPi cp2 <P1 cp2 cp2 CP! cp2 
0 1 

IVa CP! c?i cp7 
CPg CPg cp2 

CPg -7 
0 1 

IVb cPx cp7 cp8 cp9 cp2 cp7 ^8 
1 0 

Va CPi *6 cp7 cp8 cp9 cp2 ^8 cp7 
0 1 

Vb CP! ^6 cp7 cp8 
cp9 

cp2 CP? CPg 1 0 

V i a CPp CPi CP? 
CPg CP2 cp2 CPy 0 1 

VIb CP, CPi <P7 
cp8 CP2 cp2 cp7 

CPg 1 0 

VII CPl CPi cp2 cp8 CP2 cp? 

r-p8 cp2 
0 1 

V i l l a CP, ^6 cp7 ^8 cp2 cp2 CPg cp7 
0 1 

V H I b CP! ^6 cp7 CPg <p2 
cp2 cp7 CPg 1 0 

IX <P! *6 cp2 
CPg cp2 

cp2 cp8 cp2 
0 1 

X CPi CPl cp7 
cp2 cp2 cp2 cp7 CP2 

1 0 

XI CPl CPi cp2 CP2 
cp2 cp2 cp2 cp2 

0 1 

XI I cpL ^6 cp7 
o 2 cp2 CP2 CP? cp2 

1 0 

XI I I <Pl -6 cp2 cp2 CP2 cp2 cp2 cp2 
0 1 

XIV CP! CP2 
cp2 cp2 cp2 cp2 cp2 cp2 

0 0 

Note tha t : X 7 = rain [ and: X 8 = max [ x 3 , X^J 

A l s o : X 3 < X 4 * h = 1 and g^ = 0 

and: \ S 
X 3 * 8 3 • 0 and g^ = 1 

except f o r Case XIV when = 84 " 0 • 
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Table A. 4 

Expected Second-Period P r o f i t s i n the General Case 

6 „ x DJ 6 0 x Z 

\-S2S S W + S S S * n d F 

a cpj ujj a * 2 ^1 

6 . x,. u)„ 6 2 Pi ?2 

a x X a x , ID. 4 5 1 

6 „ x u)0 6_ x X 

a x 2 z a uĵ  

6 9 X « % 6 9 X R X 

+ hlS8!2
 A l 3 d F + «4 J J I. A 1 3 d F 

a x ? a x 7 z 

a x . uu0 a x x 
+ ! S S A 2 1 d F + I I I A 2 i d F 

6 j cpj (Dj 6 j x 4 u»j 

+ S J 5 J A 2 2 d F + J I J A 2 2 d F 

6 j x 4 X 6 j x 5 u)j_ 



- 31 -

Table A . 5 

I n teg ra l s Needed to Compute Q 

X 20 " I 5 P i n ( X ) d $ hi = S 5 T r R 2 d W * X 22 = J 8 P l d * 
X 8 x 8 x 7 

i 2 3 = J n(x)d* i 2 4 = J fi(z)d$ i 2 5 = J 8 P1n(x)d* 
x ? X ? x ? 

J 26 " P i n ( Z > d $ J 27 " f 8 / r R 2 d n d * M l - f 2 p i d * 
x 7 x 7 Z 

M 2 = * ( x 2 ) M 4 = * ( x 4 ) M 5 = $ (x 5 ) M ? = * ( x ? ) Mg = $ (x g ) 

M 9 = J r R 2 d " 
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and 

f 3 = K[~I^ h + - I ^ h 3 - \ - hi ~ -h 

- ( l + r L ) I 2 + M 2 + l 5 - ( l + r L ) l 7 - I l 8 - I 2 1 

- 6 3 M 9 M 8 + g 3 M 9 M 7 - 6 l | I 2 7 ] . 

Note that s o l u t i o n s (10 ) , ( A . l ) , and (A.3) are r e l a t e d by 

b l = e l + f l 

and 

b 3 = e 3 + f 3 

which i s demanded by the d e f i n i t i o n of p r o f i t s and the l i n e a r i t y o f 

e x p e c t a t i o n . 
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APPENDIX B 

The purpose of t h i s appendix i s to i n v e s t i g a t e the i m p l i c a t i o n s 

of the model when some of the more important assumptions are a l t e r e d . We 

are i n t e r e s t e d i n the robustness of the model from two po in t s o f v iew: 

(a) does the model s t i l l produce d i v e r s i f i c a t i o n , and (b) does the dynamic 

programming nature o f the problem remain i n t a c t , i . e . , does the two-per iod 

i nves to r ho ld a d i f f e r e n t p o r t f o l i o than the myopic i nves to r? Note that 

the myopic s o l u t i o n i s g i ven i n equat ion ( A . 2 ) . 

B l . C e r t a i n Future Y i e l d s 

Consider the s i t u a t i o n where y i e l d s i n the second pe r i od are 

known w i th c e r t a i n t y at t Q , i . e . assume 

* 
R2 R2 1 2 

and 

Then 

P l 

and 

* 
* Z + b 

X 5 X ^ — 
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Using the d e f i n i t i o n s o f Table II and the c o n s t r a i n t s of equat ion ( 6 ) , 

we have 

^ = r L + i - p i + b p i - ( i-b ) pi4 
and 

l (2r - r )K 
W = - [ ( l + r T ) r R l K D . + ( 2 + r R 1 ) r . E ] + L R 1 a 

v L «1 0 R l L 0 v 

= q + set 

where q and s are de f ined by t h i s equa t ion . 

There are three cases to cons ide r . From Tables I and I I we 

ob ta i n the p r o f i t f u n c t i o n s , and proceed to so lve f o r the op t ima l p o r t ­

f o l i o i n each case . 
Case I: r R 2 < Z 

rq + set - KctZ + KZ D 1 , D 1 >, a 

q + sa - KaX + 0 0̂^ , D 1 < a 

Q = q + s a - KZ a - (KX -KZ )aA(a) + KZ D + (KX -KZ ) D^d A 
6 1 

where 

f • \ - V ( B > 

K(l+r )(P - v ) * « 
b-, = —s— and b = K(X -Z [ 

vp^ 5 

Thus, the necessary cond i t i ons f o r d i v e r s i f i c a t i o n are 

* 1 + r - r 
1 + r - r < P < R l L 

R 1 L 1 1 - b 
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Case I I : r n o > X K2 

[ « - v ^ O + ( 1 + I - R 1 ) E 0 ) ] + ( S - ^ " K2

)a + K 4 D l 

dQ 
da T 2- = b. 

where 

b l = 7 [ ( V V - b P l > ( L + R R 2 ) 1 

In t h i s case there i s no d i v e r s i f i c a t i o n , and on ly loans are h e l d when 

* 1 + r - r 
P > R l L 

1 - b 

and on ly de fens ive asse ts are he ld when 

* 1 + r - r 
P < R l L 

1 - b 

l£ 4t 
Case I I I : Z < r . < X 

fq + sa - K r R 2 a + K r R 2 D ^ . D ^ a 

|q + set - KX a + KX P^ , D 1 < a 

(q + K r p ^ ) + ( s - K r R 2 ) a - (KX - K r R 2 ) a A ( a ) + (KX - K r R 2 ) D^dA 

where b n = | [ < r T - 0 • ( r L " r R l ) ( l + r R 2 ) ] 1 v l V i L R2' 

b „ = K(X - r R 2 ) 

In order that b^ > 0 , we must have 

r „ „ < 
2r - r L R l 

R 2 1 + r R l " r L ' 
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b i 
And f o r — < 1 , we must have 

or 

1 + r R l " V 

# 2r T - r „ , - ( l + r T )b 
z > ' L R 1 

1 + r R l - r L 

These cond i t i ons on X and Z imply tha t 

p* < 1 + r R i " r L 
1 1 - b 

* # * 
and s ince Z < r^,-, the cond i t i on on Z imp l i es that 

* 
P > 1 + r - r . 

1 R l L 

Thus, the necessary cond i t i ons f o r d i v e r s i f i c a t i o n i n Case I I I a re the 

same as those of Case I. However, the end po in ts of Case I I I deserve 
* * 

s p e c i a l c o n s i d e r a t i o n . When r R 2

 = X , then the cond i t i ons o f Case I I 

apply s i nce b^ = 0 and the b ^ ' s o f both cases are the same. When r^ 2

 — Z- , 

then the cond i t i ons of Case I apply s i nce the b ^ ' s are the same fo r both 

cases . 

From these s o l u t i o n s to the c e r t a i n y i e l d c a s e , i t can be shown 

that only when r_ „ < Z w i l l the two-per iod and myopic i nves to r s necessa r i 

ho ld the same p o r t f o l i o . In Case I, the necessary cond i t i ons f o r d i v e r ­

s i f i c a t i o n are the same fo r both i n v e s t o r s , and , f u r t h e r , the r a t i o of 

b 1 to b^ i s the same fo r each type of i nves to r even though the b^ ' s are 

d i f f e r e n t . In Case I I , the two-per iod i nves to r never d i v e r s i f i e s , and 

both i nves to r s need ho ld the same p o r t f o l i o on ly i f they both ho ld a l l 

l o a n s . The two-per iod i nves to r ho ld ing on ly de fens ive asse ts imp l i es 

noth ing about the myopic i n v e s t o r ' s p o r t f o l i o . In Case I I I , the same 
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necessary cond i t i ons f o r d i v e r s i f i c a t i o n apply to both i n v e s t o r s ; but 

they may ho ld d i f f e r e n t ( d i v e r s i f i e d ) p o r t f o l i o s , because the a c t u a l 

p o r t f o l i o d i s t r i b u t i o n f o r the two-per iod i n v e s t o r i s a f u n c t i o n o f 
* 

r ^ which i s , by d e f i n i t i o n , ignored by the myopic i n v e s t o r . 

Thus, when fu tu re y i e l d s are c e r t a i n , the model (because o f 

t r a n s a c t i o n s cos t s ) s t i l l generates d i v e r s i f i e d p o r t f o l i o s and a l s o r e t a i n s 

* * 
i t s two-per iod nature except when r n o < Z . In other words, i f an i nves to r 

i s both (a) c e r t a i n about fu tu re r a t e s , and (b) c e r t a i n tha t shor t - te rm 

y i e l d s w i l l be l e s s than long- term y i e l d s , t h e n , accord ing to t h i s model , 

he should ac t m y o p i c a l l y . 

B2 . C e r t a i n Depos i ts 

Under the assumption tha t depos i t s are independent o f the other 

random v a r i a b l e s i n the model , the gener ic form o f the expected p r o f i t s 

equat ion may be w r i t t e n as 
_ ret 

( B . l ) Q = CQ + c . ^ - c 3 [ctA(ct) - J DjdA] . 

While the c o e f f i c i e n t s f o r the two-per iod i nves to r w i l l be d i f f e r e n t from 

those o f the myopic i n v e s t o r , the gener ic form of the equat ion remains the 

same fo r both problems. Now suppose depos i ts are c e r t a i n , i . e . , the 

depos i t d i s t r i b u t i o n i s de f ined by 

f o i f ct < D* 
A(cx) = ' 

* 
1 i f a >. D x 

Under t h i s assumpt ion, expected p r o f i t s are de f ined by two l i n e a r segments 

(B.2) Q =< 

c Q + c^a i f a < D 1 

C Q + C 3

d

1 ] + [ c 1 ~ c 3 J a i f a > D X 
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Equat ion (B.2) shows that i f the necessary cond i t i ons (0 < ĉ ^ < c^) 

f o r d i v e r s i f i c a t i o n h o l d , then the expected p r o f i t s f unc t i on has the 

shape of an i n v e r t e d V w i th a maximum at . Thus a = . F u r t h e r , 

i f the necessary cond i t i ons hold fo r both types of i n v e s t o r s , then they 

w i l l ho ld the same p o r t f o l i o because a and the c o n s t r a i n t equat ions are 

the same fo r both i n v e s t o r s . I f i t i s not the case tha t 0 < c^ < c^ 

f o r a t l e a s t one o f the i n v e s t o r s , then a s p e c i f i c a n a l y s i s of the pa r ­

t i c u l a r p o r t f o l i o s must be made fo r comparison purposes. However, 

a l though t h i s has not been proved r i g o r o u s l y f o r the genera l c a s e , the 

genera l r e s u l t s s t i l l seem to be ( i ) i f the two-per iod i nves to r holds 

on ly l o a n s , the myopic i nves to r holds on ly l o a n s , and ( i i ) i f the two-

per iod i nves to r ho lds on ly defens ive a s s e t s , noth ing i s imp l ied about 

the p o r t f o l i o of the myopic i n v e s t o r . 

Thus the assumption of c e r t a i n depos i ts s t i l l permits the 

two-per iod balance sheet model to generate d i v e r s i f i e d p o r t f o l i o s , but 

i t des t roys the i n t e r e s t i n g dynamic programming aspects o f the o r i g i n a l 

model i n the sense that i f both i nves to r s ho ld d i v e r s i f i e d p o r t f o l i o s , 

then those p o r t f o l i o s are the same. 

B3. Zero Transac t ions Costs 

A p a r t i c u l a r i d i osync rasy o f t h i s model i s the r e s u l t that when 

there are no t r a n s a c t i o n s c o s t s , i t does not n e c e s s a r i l y f o l l ow that the 

two-per iod i nves to r w i l l ho ld the same p o r t f o l i o as the myopic i nves to r 

even though they both ho ld n o n d i v e r s i f i e d p o r t f o l i o s . The reason fo r t h i 

r e s u l t i s , e s s e n t i a l l y , tha t the random v a r i a b l e en te rs the p r o f i t 

equat ion i n a r a t i o ra ther than a l i n e a r form — and the expected va lue o 

a r e c i p r o c a l i s not equal to the r e c i p r o c a l of the expected v a l u e . 
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To i l l u s t r a t e t h i s problem, cons ider the case when the re are no 

t r a n s a c t i o n s cos ts (b=0), and second-per iod y i e l d s on de fens ive asse ts are 

c e r t a i n ( r 0 = r ) . S ince there are no t r ansac t i ons c o s t s , the p o r t f o l i o 

he ld i n the second per iod i s independent of the f i r s t pe r iod outcome and 

hence o f D^. Thus, u t i l i z i n g Table I I , the p r o f i t f unc t i on may be w r i t t e n 

as 

- KZa + K Z D l

 i f P i 1 P 

(B.3) Q -

where 

|W - 5L - Kra + KD^r i f P. > p 

W = r R i R + 2 r i L 

C + ( l + r L ) - (1+T)P1 

and 
1 + r L 

P = — 

L e t t i n g K = 1 and E Q = 0 , then the maximizat ion problem i s 

" f 6 

max Q = 

a J 6 

rP 
(W - KZa + KZD 1)d*dfl + 2 2(W - £L - Kra + KrD )d$dA 

1 1 1 p 

+ „ i l + r L K l D 0 2 r L - r R l } 

s . t . W = + a 

= q + sa 

and 

T r R l D ° +

 1 

L = + —a 
v v where the c o n s t r a i n t s incorpora te the balance sheet c o n s t r a i n t s on R and L 

i n terms o f a . 

S u b s t i t u t i n g the c o n s t r a i n t s , i n t e g r a t i n g w i th respec t t o uni form 

d i s t r i b u t i o n s , and then d i f f e r e n t i a t i n g y i e l d s the f i r s t order c o n d i t i o n 
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g ( I T , , ) p ) ( l ^ r L ) ( V p ) 
(B.«) " ~ = s — — I n — + - 7 

( l + rK^ -p 2 ) r(+0-p] 

Assuming tha t the myopic i nves to r ho lds only loans ( i . e . — ^ — > 

1 + r B " r ), the po in t of t h i s exe rc i se i s to cons t ruc t an example such n l Li 

tha t the two-per iod i nves to r ho lds only de fens ive asse ts ( i . e . — < 0). 

Suppose p = (J),,- Then by appropr ia te manipu la t ion o f ( B . U ) , i t f o l l ows tha t 

§ < 0 i f da 

(B.5) j U r ^ 
R3 *1 1 + r R r r L 

A set of va lues which s a t i s f y i n e q u a l i t y (B .5) i s : 

* 1 = 0.8 r R 1 = 0.19 

• 2 = 1.2 r = 0 

r L = 0.2 

Thus, reduc ing t r a n s a c t i o n s cos ts to zero e l i m i n a t e s d i v e r s i f i ­

ca t i on i n t h i s model , but i t i s p o s s i b l e tha t the two types of i nves to r s 

ho ld d i f f e r e n t ( n o n d i v e r s i f i e d ) p o r t f o l i o s . 

One way of avo id i ng t h i s i d i o s y n c r a s y of the model would be 

to take P. as f i x e d (say P n E l ) and to l e t r be random i n the second 
1 1 1J 

p e r i o d . Th is fo rmu la t ion might be reasonable i f , fo r example, the L -asse t 

were i n t e r p r e t e d as a passbook sav ings account where the i n t e r e s t payment 

v a r i e d from per iod to p e r i o d . Taking r as random ra the r than P would 
Li X 

a l s o have the advantage of cons ide rab ly s i m p l i f y i n g the a lgebra o f the 

problem. 
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APPENDIX C 

The computer program g iven below i s w r i t t e n i n the BASIC language 

fo r a time shar ing c o n s o l . I t should run wi thout major a l t e r a t i o n on any-

machine accep t ing the BASIC language. 

The no ta t i on of the program fo l l ows that of the t ex t qu i te c l o s e l y 

and mnemonic t r a n s l a t i o n s are made where p o s s i b l e . S p e c i f i c a l l y , the f o l ­

lowing t r a n s l a t i o n s from the t ex t to BASIC are used: 

F l 

F2 

Wl 

W2 

B 

EO 

The i n t e g r a l s of Table A .5 eva luated w i th uni form d i s t r i b u t i o n s , and the 

x ^ ' s of Table A .3 t r a n s l a t e d i r e c t l y i n t o BASIC w i th the f o l l o w i n g except ions 

1^ becomes * = 10» • • •» 1^ 

and 

I i becomes K ( i _ 1 8 ) ' i = 1 9 . . . . , 2 7 . 

The program denotes the c o e f f i c i e n t s e^ and e^ as SI and S 3 , the 

c o e f f i c i e n t s f n and f , as S5 and S6 r e s p e c t i v e l y , and b and b . as T l and T3 . 

D„ = 

K = 

R l 

r T = 

DO 

K 

R l 

R2 

5, = D, 

• l = 

*2 = 

u = 
1 

U 2 = 

b = 

6„ = D'c E„ = 
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The bulk o f the program i s devoted to determin ing the 

va lues o f the x . ' s . A f t e r the c o e f f i c i e n t s are c a l c u l a t e d , the 
1 ' 

balance sheet i s computed and p r i n t e d i n subrout ine 1500. As 

d i scussed in the t e x t , p r o f i t s in the second per iod are not 

computed f o r cp̂  > cp^. In t h i s case , "No I n t e r s e c t i o n " i s 

p r i n t e d f o r both and Q p r o f i t s even though t h i s cons ide ra t i on 

does not apply to . 

100 DO = 100 
105 K = .9 
110 Rl = .05 
120 Dl=50 
125 D2=l10 
130 F l= .9 
135 F2=l.1 
1 40 Wl = .02 
145 W2= .12 
1 50 B= . 1 
155 E0=10 
200 F0R R2=.04 T0 .131 STEP .01 
201 PRINT 
202 PRINT" RL=" R2 
300 C = 1-B 
305 V = I+R1-R2 
310 V2 = I+R2 
315 F3 = F2-F1 
320 F4 = 1/F3 
325 W3 = W2-WI 
330 W6 = 1/W3 
335 W7 = W6*F4 
340 W8 = 1+WI 
345 D3 * D2-D1 
350 Ml = (F | *F2> /2 
355 M9 = (WI+W2)/2 
360 DEF FNF(X) = <X-Fl>/F3 
365 F6 = V2/C1+W2) 
370 F7 = V2/W8 
375 F8 = V2/<<1*W2)*C> 
380 F9 = V2/ ( (1*W1)*C) 
395 IF F6>F2 THEN 955 
396 IF F1<=F7 THEN 400 
397 PRINT "N0 INTERSECTI0N" 
398 G0 T0 5000 
400 IF F6>F1 THEN 700 
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405 IF F7>FP THEN 615 
410 IF FR>F1 THEN 470 
415 IF F9>F2 THEN 445 
420 X2 = F l 
425 X3 = F7 
430 X4 = F l 
435 X5 = F9 
440 G0 T0 900 
445 X2 = F l 
450 X3 = F7 
455 X4 - F l 
460 X5 = F2 
465 60 T0 900 
470 IF F8>F7 THEN 530 
475 IF F9>F2 THEN 505 
480 X2 = F l 
485 X3 = F7 
490 X4 = F8 
495 X5 = F9 
500 G0 T0 900 
505 X2 = F l 
510 X3 = F7 
515 X4 = F8 
520 X5 = F2 
525 G0 T0 900 
530 IF F8>F2 THEN 590 
535 IF F9>F2 THEN 565 
540 X2 = FJ 
545 X3 = F7 
550 X4 = F8 
555 X5 = F9 
560 G0 T0 900 
565 X2 = F l 
570 X3 = F7 
575 X4 = F8 
580 X5 * F2 
585 G0 T0 900 
b90 X2 = F l 
595 X3 = F7 
600 X4 = F2 
605 X5 • F2 
6 10 G0 T0 900 
615 IF F8>F1 THEN 645 
620 X2 = F l 
625 X3 = F2 
6 30 X4 = F l 
635 X5 = F2 
6 40 G0 T0 900 
645 IF F8>F2 THEN 675 
6 50 X2 = F l 
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655 X3 = F2 
660 X4 = F8 
665 X5 = F2 
670 G0 T0 900 
6 75 X2 = F l 
680 X3 = F2 
685 X4 = F2 
690 X5 = F2 
695 G0 T0 900 
700 IF F7>F2 THEN 850 
705 IF F8>F7 THEN 765 
710 IF F9>F2 THEN 740 
715 X2 = F6 
720 X3 = F7 
725 X4 = F8 
7 30 XS = F9 
735 G0 T0 900 
7 40 X2 = F6 
745 X3 = F7 
750 X4 = F8 
755 X5 = F2 
760 G0 T0 900 
765 IF F8>F2 THEN 825 
770 IF F9>F2 THEN 800 
775 X2 = F6 
780 X3 = F7 
785 X4 = F8 
790 X5 = F9 
795 G0 T0 900 
800 X2 = F6 
805 X3 = F7 
8 10 X4 = F8 
815 X5 = F2 
820 G0 T0 900 
825 X2 = F6 
830 X3 = F7 
835 X4 = F2 
840 X5 = F2 
845 GO T0 900 
850 IF F8>F? THEN 880 
855 X2 = F6 
860 X3 = F2 
865 X4 = F8 
870 X5 = F2 
875 G0 T0 900 
880 X2 = F6 
885 X3 = F2 
890 X4 = F2 
895 X5 = F2 
900 IF X3<X4 THEN 930 
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905 X7 = X4 
910 X8 = X3 
914 G3 = 0 
920 64 = 1 
925 60 T0 1000 
930 X7 = X3 
935 X8 = X4 
940 63 = 1 
945 64 = 0 
950 60 T0 1000 
955 X2=F2 
956 X3=F2 
957 X4=F2 
958 X5=F2 
959 X7=F2 
960 X8=F2 
96! 63=0 
962 64=0 
1000 II = ( F 4 / 2 ) * ( X 2 t 2 - F | t 2 ) 
1005 12= F4* (L06(X2 /F1) ) 
1010 13 = ( F 4 / 2 ) * ( X 4 t 2 - F l t 2 ) 
1015 14 = F4* (L06(X4 /F1) ) 
1020 15 = W7*(V2*(L06(X3/X2>>-W8*(X3-X2>> 
1025 16 = W7*(V2*(X3-X2)- (W8/2)*<X3r2-X2t2)) 
1030 17 = W7*(V2*(1 /X2-1 /X3) -W8*(L06CX3/X2)) ) 
1035 18 = C W 7 / 2 ) * ( ( W 2 t 2 - 1 > * ( X 5 - X 4 > - ( V 2 t 2 / C » 2 ) * ( 1 / X A - 1 / X 5 > ) 
1036 18 = I8+<W7/2)*(2*V2/C)*(L0G(X5/X4)) 
1040 I9=(W7/2) * ( (W2t2- l ) /2 ) * (X5t2-X4t2) 
1041 19=19- (W7/2)* (V2t2 /Ct2)* (L06(X5/X4) ) 
1042 19=19+(W7/2)*C2*V2/C)*(X5-X4) 
1045 J l = (F4 /2 ) * (X5 t2 -X4 t2 ) 
1050 J2 = W7*(<V2/C)*(L06CX5/X4))-W8*(X5-X4)) 
1055 J3 = W7* ( (V2 /C) * (X5-X4) - (W8/2 ) * (X5r2-X4t2 ) ) 
1060 J4 = W7*<(V2/C)*(1/X4-1/X5)-W8*(LOG<X5/X4))) 
1065 J5 = (F4 /2 ) * (F2 t2 -X5 t2 ) 
1070 J6 = W7*( V2*L0G(X7/X2)-V.'8*(X7-X2> > 
1075 J7 = W7*(V2*(X7-X2) - (W8/2)* (X7t2-X2t2) ) 
1080 J8 = (F4 /2 ) * (X7r2 -X2t2 ) 
1085 J9 = (W7/2)* (CW2t2-1) * (X7-X2>- (V2r2)* (1 /X2-1 /X7) ) 
1086 J9 = J9+(W7/2)*(2*V2)*<L0G(X7/X2)) 
1090 Kl = W7*( (V2/C)* (L0G(X5/X8) ) -W8*(X5-X8) ) 
1095 K2 = W7*<(V2/C)* (X5-X8) -CWR/2)* (X5t?-X8t2) ) 
1100 K3=(W7/2 ) * (V2t2 /Ct2 ) * (1 /X8-1 /X5) 
1101 K3=K3-CW7/2)* (2*V2/C)*CL0G(X5/X8)) 
1102 K3=K3+(W7/2)*C1-W1t2)*(X5-X8) 
1105 K4 = (F4 /2 ) * (X8 t2 -X7 t2 ) 
1110 K5 = W7*((V2/C)*(L06<X8/X7)>-W8*(X8-X7)) 
1115 K6 = W7*(V2*(L06<X8/X7))-W8*(X8-X7)) 
1120 K7 = W7*C(V2/C)* (X8-X7) - (W8/2)* (X8t2-X7t2>) 
1125 K8 = W7*(V2*(X8-X7)- (W8/2)* (X8t2-X7t2)> 
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1130 K9 = ( W 7 / 2 ) * ( ( ( V 2 t 2 - ( C t 2 ) * ( V 2 t 2 ) ) / C t 2 ) * ( l / X 7 - l / X 8 > ) 
1131 K9 =» K9 - (W7 /2 ) * (2 * (V2 -C*V2) /C ) *CL0G(X8 /X7 ) ) 
1135 M2 = FNFCX2) 
1140 M4 = FNFCX4) 
1145 M5 = FNF(X5) 
1150 M7 = FNFCX7) 
1155 M8 = FNF(X8) 
1210 PRINT-01 : "l 
1220 SI = (K/V)*<M1-V> 
1230 S3 = ( K * B ) / C 
1240 Bl = SI 
1250 B3 = S3 
1260 G0 SUB 1500 
1270 S5 = K*CM2-V2*I2*I5-V2*I7-I8-M9> 
1280 S5 s S5*K*(M9*M5-J9-K3-G3*M9*M8+G3*M9*M7-G4*K9) 
1290 S5 = S5+V2*(M7-J6*K1+G3*M8-G3*M7*G4*K5*I5-G4*K6)*(K/V) 
1300 S5=S5+(K/V)*( - I1-16-J8+J7-K2-G3*K4-G4*K7+G4*K8) 
1310 S5 = S5+(K/V)* (C* ( I9+M9*J5) -B* (J1-J3+J5) ) 
1320 S6 = <V2/C)*CI4+J4)-M4-J2-(B/C)-V2*I2+M2+I 5 
1330 S6 = S6-V2*I7-J9-K3-G3*M9*M8+G3*M9*M7-G4*K9 
1340 S6 = K*S6 
1360 PRINT"Q t "I 
1370 T l = S1 + S5 
1 380 T3 = S3+S6 
1390 Bl = T l 
1400 B3 = T3 
1410 G0 SUB 1500 
1490 G0 T0 5000 
1500 C1=B1/B3 
1520 IF B K O THEN 1610 
1530 IF C1>1 THEN 1590 
1540 A=D1+C1*D3 
1550 L = <K*A*K*R1*D0+(l+RI)*EO)/V 
1552 IF L>K*DO+EO THEN 1590 
1560 R = K+DO+EO-L 
1565 L=(INT(10*L+.5>)/10 
1566 R=<INT(10*R+.5))/10 
1 570 PRINT "1_ = "L# "R = "R 
1580 G0 T0 1640 
1590 L=K*DO+EO 
1592 G0 T0 1560 
1610 R = K*DO*EO 
1611 L=0 
1612 G0 T0 1570 
1640 RETURN 
5000 NEXT R2 
6000 END 


