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ABSTRACT

If [0,1] is a measure space of agents and (}(1 )1 €[0,1] a collection of pairwise uncorrelated

random variables with common finite mean p and variance ¢, one would like to establish
a law of large numbers (*) | Xydl = p. In this paper we propose to interpret (*) as a

Pettis integral. Using the corresponding Riemann—type version of this integral, we
establish ( % and interpret it as an L,-law of large numbers. Intuitively, the main idea is

=

to integrate before drawing an w, thus avoiding well-know measurability problems. We
discuss distributional properties of i.i.d. random shocks across the population. We given
examples for the economic interpretability of our definition. Finally, we establish a
vector—valued version of the law of large numbers for economies.
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A law of large numbers for large economies

I. Introduction

In the analysis of economies with a continuum of agents, the following problem often
arises. Suppose, each agent has to bear a certain risk. Each agents risk is independent
from the identical risk, any other agent faces. Does the risk dissappear upon

aggregation?

More concretely, imagine the following insurance arrangement. There is only one
good. There is a continuum of identical agents i, each of which will independently
receive an endowment e > 0 of that good with probability p or an endowment
€y > e]with probability 1—p. Their endowment can be publicly observed. Suppose,
agents are risk—averse and have utility functions E[ In(c) |, say, where E denotes the
expectation operator. These agents might decide ex ante to enter a contract of
mutual insurance, in which all endowments are collected and each agent is given the
expected endowment c=ze= pe, + (1—1))02. It is clear that agents prefer this
arrangement to autarky, but the question is: is this a meaningful and feasible
contract? The intuition is, that a law of large numbers should guarantee that we can
pay e to everybody almost surely. After all, a continuum is "even more" than a

sequence, and for sequences, the validity of the law of large numbers is well known.

Examples, in which such a law of large numbers is implicitely or explicitely assumed
or used, include Bewley [1], Diamond and Dybvig [4], Green [6], Lucas [10], Marimon

[11] and Prescott and Townsend [13].



Stochastic continuum economies with a law of large numbers allow us to lift
insurance—type arrangements , where some agent faces a risk—neutral insurance
agency, from the microeconomic, partial equilibrium perspective to a macroeconomic,
general equilibrium framework: it all adds up. Furthermore, while it might be quite
hard to keep track of the rich world of contingent contracts in a finite random
economy, many of these contingencies disappear or become trivial in the limit
[0,1]—economy: there is no need anymore to write contracts contingent on certain
random aggregates. Random [0,1]—economies are often easier to analyze, yet help in
understanding the "true" object: a given finite economy. Therefore one needs to know

wether a reasonable law of large numbers holds.

Formally the problem can be formulated as follows. Let there be a random variable
X, for each agent 1€[0,1]. X, is defined on a probability space (2,X,P) and represents
e.g. endowment shocks. Suppose, all X, are independent and identically distributed
with finite mean p and variance o. One likes to have a theorem (the law of large
numbers), which essentially states
() JXpdl = p.
Observe, that this is a meaningless expression, as long as we do not have a definition
of the integral on the left hand side. One would like such an integral to have the
following properties in addition to (*), if possible:
(i) it blends with economic interpretations of stochastic continuum—economies.
(ii) the law of large numbers holds "automatically", i.e. it is not just built into
the mathematical construction.

(iii) the law of large numbers also holds on a large class of reasonable
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subgroups of [0,1].

(iv) the integral is easy to use and known as a mathematical concept.

Justifying the intuition, however, turned out to be more problematic than initially
thought. Judd [9] pointed out that severe measurability problems arise when
attempting to generalize the strong law of large numbers in a straight—forward
manner. Different remedies have been considered. Judd himself suggests extending
the measure space in such a way as to make the law of large numbers hold. Thereby
he shows that the strong law is not inconsistent with mathematical theory.
Unfortunately, it does not "automatically" follow either: it is possible to extend the
measure space in such a way that the law of large numbers never holds'. Feldman
and Gilles [5] consider relaxing the independence condition. For sequences they solve
the problem using finitely additive measures or Banach limits. Bewley [1] proposes to
use a continuum of agents to draw randomly a sequence of ever—increasing finite
economies. Almost surely then, such a sequence will satisfy the sequential law of large
numbers. Stutzer [16] uses nonstandard analysis and establishes the law of large
numbers for a hyperfinite set of agents. It seems, however, that his result cannot be

i ’ . 2
carried over to models with a continuum of agents.

The main difficulty that these authors encountered arise from interpreting (*) as a
strong law of large numbers, i.e. as
f Xl(w)dl =pu P—ae.

But if this should hold not only on [0,1], but also on every nondegenerate subinterval,



say, one can casily prove (using Radon—Nikodyms theorem) that X.l(w) has to be

almost surely constant for almost all w!

For these reasons I propose to interpret (*) as a version of Khinchines law of large
numbers, which is weaker than the strong law, but stronger than the weak law of
large numbers (see Appendix). My proposed "L2~law of large numbers" will satisfy
the properties (ii) to (iv) stated above, interpreting the integral in (*) as a
Pettis—integral. For the simple case described above and to deliver the intuition of an

"Lo—law", we can use a Riemann—type version of the Pettis integral.

As for (i), there doesn't seem to be an agreement yet among economists, what we
actually think of when analyzing a stochastic continuum economy. Lacking such an
agreement, I give three examples to explore the meaning of a law of large numbers.
The first example examines the insurance arrangement described above. The
important feature is that the difference between the utility of an agent living in some
finite economy to the utility of the agent in the continuum economy is small if the
finite economy is sufficiently large. Hence, we are not too far off in terms of the
welfare of people if we consider a continuum economy instead of a given finite

economy.

The paper is organized as follows: in section I, we introduce the Pettis integral and a
Riemann—type version of the Pettis integral and prove the law of large numbers. In
section ITI, we discuss distributional properties of the individual shocks, i.e. answer

the question, what fraction of the population receives a shock in a given sef A.



Section IV gives a vector—valued version of the law of large numbers when the
random variables take on values in some Banach space rather than the real line®.
Section V contains two examples for the application and interpretation of the law of
large numbers and one counterexample. Section VI contains some concluding
remarks. In the appendix I, we prove relationships between the three sequential laws
of large numbers. In appendix II, we examine the relationship between the
Riemann—type integral and the Pettis integral and discuss further the relationships
between vector—valued integrals, a continuum of random variables and the size of the

underlying probability space.

I1. The law of large numbers.
We propose to interpret the integral in (*) as a Pettis integral. Recall the following

definitions.

Definition 1:

Let X be a Banach space, X' its dual space, (L,A,A) a a finite measure space.
A function f:L=X is called weakly A—measurable, if for each x'€X', the function
x'l is A—measurable.

(Diestel—Uhl [2], Def. II.1.1)

A function f:L-X is called Pettis—integrable, if f is weakly A—measurable, if
x'fEL](A) for all x'eX" and if for all E€A, there exists a vector xEEX, such that

x'xp = [x'TdA for all x'eX".
E

In this case, we define the Pettis—integral



(P)- pj* Fak e

(Diestel—Uhl [2], Definition 11.3.2 or Rudin [15], Def. 3.26)

In what follows, the Banach space X will be the space Lz(ﬂ,E,P) of square integrable
random variables over some probability space (Q,5,P). (L,A,A) will be the unit
interval [0,1] with its Borel sets and the Lebesgue measure. We call a collection of

random variables ( XI)IE[G 1) pairwise uncorrelated, if Cov(X},XS) =0 for all s#t.
Theorem 1: The law of large numbers for a large economy

Let {X])lE[O 1] be a collection of pairwise uncorrelated random wvariables with
common finite mean p and variance o , defined over some probability space
(Q.5P). Then (X,) is Pettis—integrable in Ly(Q.EP) and we have

w= (P)—f X;dA

(Observe, that we use somewhat imprecisely the same symbol z to denote the mean
as well as the random variable Y defined by Y(w) = p for all we Q. The integral of

(X)) is really a random variable. )

Proof:
The dual space of LQ iz (naturally isomorphic to) LQ. Thus, let Z € LQ. 7, operates on

X € L, via Z(X) = E[ZX]. Thus, we have to show that the function g(1) = E[Z(X)] is



meastirable with respect to A and that
0= E[Z(Xru)] dA.

But this is trivial: observe that E[Z(X;—)] = 0 for almost every 1 € L since

w

) (BLZ(X) ) € Var(2)o®

=0
for any countable selection of different ij’s by Bessel's inequality.

The Pettis integral is a Lebesgue—type integral for vector valued functions. It has the
usual properties that changes on a null set do not matter etc. However, familiar
theorems like the dominated convergence theorem are not easily available for the
Pettis integral. The other, "nicer" integral for vector valued functions — the Bochner
integral — is unfortunately not available in our situation, see Appendix II. Thus, the

Pettis integral is the natural choice here.

For most applications, it suffices to use the Riemann—type version of the
Pettis—integral. Furthermore the Riemann—type version offers useful insights and

rovides a powerful tool for computing Pettis—integrals or proving theorems.
p [ I g 2 p g

As in Calculus, let

= (n,lo._li,..._l”,e;.fl,..,ﬁrn) | ne{1.,2,..},

0=ly<ly..<1 =1, 1 s;zl-jgij, =Loon }

ool
be the set of all partitions T of the interval [0,1]. For Tel', we define the mesh

¢(T) := max { ]j_lj—l | je{1,..,n} }.

In order to define the integral, we need a convergence concept for random variables.
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We chose the mean square as a measure of distance. What we want to define is the

Riemann—type integral of a vector—valued function:

Definition 2:
Let ( Xl)] €[0,1] be a collection of random variables, defined on the probability

space (Q.X,P). If there is a random variable Y, such that
n
lim E[(Y-) X
¢(T)-0

we write4

2
p i) =0,
=1 4
¥ = X dl
and call Y the integral of (XkJiE[B,}.]‘
We call ( Xl) Riemann—type integrablc.5

[t is possible to prove the following result:
Theorem 2:
Every integrable collection (XI)IE[O 1] (in the sense of Definition 2) with
XIELQ[Q,E, ) is Pettis—integrable and we have
| X]dl = (P)—f Xl dA.

The proof is in Appendix I1.

Thus the following Corollary comes at no surprise. We provide an independent proof,

since it is this proof which gives the intuition that we are dealing with an "Lo—law of
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large numbers" and since the bounds in the proof are useful in comparing finite
8 p

cconomies with continuum economies.
Corollary 1: The law of large numbers for a large economy

Let (X])le[l} 1] be a collection of pairwise uncorrelated random variables with

common finite mean g and variance 0% . Then (Xl) is Riemann—type integrable and

we have
po= [ X dl
Proof:
Calculate
11
B[ (n—) X, (1J B i) 21[{ w15 1)) ]
=
n
- 2
= 2 (1)
=1
11
z J 1)
= ((T)o 3

converging to zero as ((T) converges to zero. This completes the proof.

We note for later purposes, that the rate of convergence of the Riemann—sums to the

. - )
integral is given by ((T)o”



It is clear, that the proofl of Corollary 1 is not "tight", i.e. that we can prove the

following improved version:

Proposition 1:
Let (Xl)le[ﬂ,l] be a stochastic process of pairwise uncorrelated random variables
with finite mean " and variance U‘T) , such that the function f£:[0,1] =R, f(l) := Iy
is L, and the variances are bounded above by some constant M, say.
Then (Xl}le[O,l] is integrable with

| mdd = J X dA.

If fis (bounded and) Riemann integrable, then (X,) is Riemann—type integrable.

Proof:
The proof for the Pettis integration is completely analoguous to the proof in Theorem

I:given Z € Ly, we have E[ZX[] B jbEE[Z] (argue with X]/al).

For the Riemann—type integrability, let pu= | " dl Let ¢>0, ¢<1/2 be
arbitrary and choose § > 0 small enough, so that for all Partitions T with ¢(T) < 6,

we have
1
) (gl <
=
and ¢(T)M < ¢/2.

For these partitions, we now calculate:

i
N K 2
E[ (1 _Z Xﬁ,j(lj L )7]
=1
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o ) 2
n n
B 2 2 2
2 ¥ (It ) 0y, + () n o))
= =

<CTIM + €
< &

Since 0 < ¢ was arbitrary, our claim follows.

It is often useful to apply Theorem 1 via the following, trivial "functional principle":
suppose S is some abstract set and f: S =R a function. Let XI: 2-S be mappings
associated with the agents 1€[0,1]. If (f(Xl)J constitutes a collection of measurable,
pairwise uncorrelated random variables with common finite mean and variance

o, then pip = [ (X)) dl and || <sup 1(s)|.

w
m

I11. Distributional properties of the individual shocks.

In our large economy, it is desirable to have a result, in which the fraction of the
population experiencing a certain type of shock is equal to the probability of this
shock. This statement is as vage as the statement (*) in the beginning, that the
average shock equals the expectation of these shocks. We can make this statement
precise with the help of our integral from Definition 1. With a finite population

[={1,..,n} and a function f: I-R, the fraction of the population receiving a certain

14



n

"shock" f(j) e ACR is ;11-2 XAl f(j) ) , where yx, is the characteristic function.
=1

Thus, the fraction of the population [0,1] experiencing a certain type of shock A CR

should be
J XA(XIJ dl,

where now this integral is an integral in the sense of Definition 1:

Corollary 2:
Let (Xl)iE[G,i] be a collection of pairwise independent and identically distributed
random variables Xl. Let A be a Borel-measurable subset of R. Then

| XA(XZ) dl = P(XeA),

where X is some random variable with the same distribution function as any X,.

Proof:

Obviously, (y A(Xl]) is a collection of pairwise uncorrelated random variables with
mean p=P(X¢A) and finite, constant variance. Hence, the claim follows
immediately from Theorem 1 resp. the functional principle with f being the

indicator—variable y A

It is easy to find similar conclusions for more general situations, applying e.g.

Proposition 1.

IV. A vector—valued version of the law of large numbers.

[t is often desirable to let X take values in a (possibly infinite dimensional) vector

15



space V rather than just in the real line. The most desirable setup would be as
follows. Let V be a Banach space, we denote the norm by ||-||. . We assume that
XIELQ(P,V ), the Lebesgue—Bochner space of P—Bochner integrable functions X:Q-V
such that 0)2{:=|| X ||2:=(]||)((a;)l|2dl’(m))1/2 < o (observe the different meaning of
the norms). For Definitions, see appendix II of this paper resp. Diestel-Uhl [2].
Definition 2 now has to be altered appropriately. The most obvious way would be to

require that
1

lim E(lY-) X, (1. %) = 0.
C(T)-'U ]ZI lj.] 7

The question then is: is there a version of Corollary 1 or Theorem 1 in this context?

This is as yet an unsolved problem.

However, there is a version for vector—valued random variables using weak
convergence instead of strong convergence, exploiting the functional principle
mentioned in section II. We need the concept of Pettis integration on two levels: we
need it to reduce our vector—valued random variables to of real—valued random
variables and we need it to find the law of large numbers via integrating a collection
of these real—valued random—variables (obtained from a collection of vector—valued
random variables). To reduce notation and introduce a few new concepts, we need to
following Definitions. These concepts also seem to be useful, when describing limiting
concepts via limits of distributions of distributions for finite random economies to

continuum random cconomies.

Definition 3:



Let (Q,X,P) be a probability space. Let V be a locally convex topological

vector space and V' its dual space. Let X : 2+ V' be a mapping.

a)

If for every veV, Xv:Q2-R is measurable and Xv € L.Z(SI,X,P), we
call X a Pcttis*—squa.re—intcgrable random—vector. We write
i, :=E[ Xv ]
and
a'\“), := Var[ Xv ].
(Compare to Definition 1 in section II of this paper).
Let X and Y be two Pcttis*—sqnar(,qntegrab]e random vectors. Let
v € V. We write
(‘-(}vv( X, Y )=Covl Xv,¥Yv)
and call this the Petl.is* covariance of X and Y in direction v.
We call X and Y wea.k* uncorrelated, if Covv( X,Y)=0 for all

veV.

Definition 4:

Let. (2,X,P) be a probability space. Let V be a locally convex topological

vector space and V' its dual space. Let (xl)le[(} 1] be a collection of

*
Pettis —square integrable random vectors X;: = V'.

a)

b)

(X)) is called uncorrelated collection, if X; and X, are weak
uncorrelated for all s#t.

If there is a weal-:*—measurablc mapping Y :Q-V' (ie, if Yv is
measurable for all veV) such that

Yv = (P)—f le dl for all veV,

17



where the integral is a Pettis—integral in the sense of Definition 3, then
we write

and call Y the Pettis —Pettis-integral of (X,).

Theorem 3: A vector—valued law of large numbers for a large economy
Let V be a Banach space and (XI)IE[{),}] be an uncorrelated collection X, : - V'
with common finite mean . and variance o for all v € V. Assume that

i, | < M-IV
for some constant M, independent of v.
Then the Pet;Lis**Pet.tis;wintegral of (Xl) exists and is constant ¢ for some peV'. We
have

= XI dl (w) for P.a.e. we .

It also follows that
pv = (JXd)(v) = lev dl = p, = E(X_v)
for all veV and ref0,1]

Proof:
Apply the functional principle to find
lev dl = p = E(X v).
*
Define n,a(V)::ﬂV , it remains to show, that ¢eV' (the weak —measurability is then

trivial, since our function Y is constant). Observe, that ¢ is linear by the linearity of

18



the expectation—operator. ¢ is continuous, since by assumption |¢(v)|[< M ||v|]. Thus,

our claim is proved.

Of course, in many cases we have to get X artificially into a dual space: if X maps
into a Banach space V, apply the theorem to the mapping X which maps into the

bidual V' via the natural embedding of V into V''.

For particular applications, we need the full power of Theorem 3: like normally
distributed random variables with real values, random vectors might take values
anywhere in the Banach space V' and there is no way around checking the condition,
that the means p  are uniformly bounded across v. However, in some cases, the
random vectors are already bounded themselves, in which case this condition is easy
to check. Since we consider this an important special case, we formulate this as

Corollary 3.

Corollary 3:
In Theorem 3, replace the condition |uv| < M-||v|]| by the condition that for some
constant K,

I X9 1 ¢ K
for all 1€ [0,1], and all w € Q. Then the conclusions of Theorem 3 hold, i.e. for some
weV', we have

p=) X dl (v) forPae we

19



Proof:
This follows from the inequality mentioned with the functional principle in section I
and Theorem 3, since then

B(Xy) <K [l

V. Interpreting the law of large numbers: the "large economy" as an approximation
for a "large" but finite economy.

By now, the relationship of nonrandom continuum economies with finite economies is
fairly well understood (see e.g Hildenbrand [8] or Mas—Colell [12]). This, however, is
not true for random continuum economies of the type we are dealing with in this
paper. The biggest obstacle is, that we cannot approximate a continuum of
independent and identically distributed random variables (with nonzero, finite
variance) through a sequence of finite sets of such random variables in a sensible way:
random variables that are independent of each other are just too far apart“ﬁ.
Nonetheless, random continuum economies are appealing because they match certain
aspects of a possibly large, but finite economy that we are ultimately interested in
analyzing. As of now, there is just not a precise agreement on what this analogy
between the finite case and the continuum case is all about. Lacking such an
agreement, I provide two examples in which T show how to derive useful insights
about some given finite economy, using the "approximate" continuum economy and
the proposed integral instead. I also show a counterexample to the claim that results
of the finite economies always carry over (compare to similar results in limiting game

theory). The examples are meant to be simple and instructive.
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Example 1: An insurance scheme

We imagine an economy in which agents engage in risk sharing. More precisely
suppose, that I denotes a set of agents ,where I is a finite set or the continuum.
Each agent i€l is endowed with X, but X, depends on the state of nature w. X,
could e.g. represent net income after a possible car accident, medical costs or other
insurable rigks. Xl(w) can be publicly observed. For simplicity, let Xl he
one—dimensional and positive, i.c. XleIR 4 We imagine all Xl to be independent and
identically distributed with finite mean g and variance o according to a distribution
function F. Also, we imagine all agents to have the same utility function, i.e. agents
maximize expected utility U(c) = E[ u(c) ], where consumption ¢ is a random
variable taking values in R i and u is a utility function, bounded from below,
monotone  increasing,  continuous  and (X)n(:ave?. Recall L;(Q,E,P) =

{fe LQ(Q,E,P) | f(w) >0 P.a.e. }. Weneed the following

Lemma 1:

a) U is a uniformly continuous function on L;(Q,E,P).

b) Let c€ L;( 0,5,P) and p = Elc]. Suppose one of the following conditions:
(i) u is differentiable on the range of ¢ with sup u'(c(w)) < M.
(ii) inf ¢(w) = ¢ > 0. Set. M := (u(c) —u(0))/c.
Then

1U(c) — u(g)| < M(Var(c))'/2.

Proof:



Assume w.lLo.g. u(0)=0. Choose some ¢>0. Fix some x>0 and let M=u(x)/x. Fix «
at a:=¢/(2M(x+1)). Note that u must be equicontinuous, so choose a 6>0 to ¢/2.
Finally note that we can find v>0, v<1 so that ¢,d € L;(Q,E,P) and E[(c—d)z] <v
implies P(|c—d|>6) < a. Distinguish the cases where |c—d|<#§ or otherwise |c|<x
resp. |d|<x.Use |u(a)—u(b)|<M|a—b| for ab>x and the Cauchy—Schwartz
inequality to find immediately

1U(c) = U(d)]| < (1=a)¢/2 + aMx + aMu1/2

<e
The second claim is an immediate implication of the mean value theorem and the

Cauchy—Schwartz inequality, q.e.d..

Now, if the utility fuction u is strictly concave, agents are risk—averse and it is clear
that they prefer ex ante to share all risks rather than consuming whatever
endowments they get, i.e. they prefer mutual insurance over autarky. Suppose then,
that they sign a contract before anybody knows the realization of his or her random
endowment, in which they agree to split the total endowment in equal parts. In the
case of the finite economy, each agent gets the average

1
l]l

X
1

| b=

o =X= 1

of all individual endowments. Observe, that X and hence ¢ is a random variable.

To relate this with the continuum economy and our integral, we restrict our attention
to partitions T where all lj are equidistant, i.e ]i::j/ n, j=0,..n. We imagine the finite
economy as being drawn from the continuum economy in the sense that we select, for

each j, some . € (1

; i1 Ii] and set Xj = X, , where the latter represents the

ﬂ"j
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individual risks X, for agents 1€ [0,1] in the continuum economy.

Now, X is nothing but the Riemann sum corresponding to the partition T and we

proved in Theorem 1, that

B[(fX]dI-%)?] <o*(T) = o*/n.

With the Lemma above, it now follows that for any such finite economy which is

sufficiently large, the difference between the expected utility U(X) in the finite
economy and the expected utility u(p) = U( | X dl ) in the continuum economy is

smaller than some given ¢>0.

This is the kind of result we are interested in: ultimately, we have to deal with one
large, but finite economy, and not with a continuum economy or with some sequence
of finite economies. Given certain characteristics of this finite economy, we want to
make sure that we are not too far off in terms of the welfare of the people if we
consider a continuum—model instead. It is an important step in any particular

application of the law of large numbers to establish t,his.8

How much then does an agent receive as a result of the insurance in the continuum

economy? Regardless of the state of nature w, the agent receives p (with probability
1). This contract is feasible, because the Riemann—sums X of the finite economies

are computed "w by «". X is close to the random variable | Xjdl in the Ly—sense if

the finite economy is large enough — and that is all we need to guarantee closeness of



the utilities.

Observe furthermore, that the results above did not depend on mutual independence

of the X}: as long as the integral 7Z = | Xi dl exists in L;(Q,Z,P), X will approach 7

4 o 2 :
in L, (and it will do so at the rate o”/n under reasonably weak assumptions about

mutual cross—correlations) and thus U(X) will approach U(Z) at a corresponding rate
due to the uniform continuity of U. This can be especially important if there is a high
amount of correlation between the individual risks (as an extreme example, consider

i = X, i.e. every agent faces exactly the same risk!). Our construction of the integral

is robust against such variations.

One might consider decentralized versions of this model, in which agents trade in
contingency claims. The insurance contracts above are then the outcome of a
symmetric equilibrium. Observe that we need claims contingent on the aggregate
outcome in the finite economies. There is no need for that in the continuum case: the
only contingency relevant for an agent is the variation in his own endowment. The

analysis becomes simpler.

Example 2: Infering the distribution of the risk.
The following problem arises e.g. in the analysis of bank—tuns (see Drees [3]).

Suppose agents line up at a bank counter. In the "good" equilibrium (which is the
g £ q

only one we want to consider here), each agent withdraws money according to their
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preferences of allocating consumption goods across time without taking into account
the possibility of a bank run. Let us assume that the withdrawal Xl of each agent i is
random and realized according to some distribution I with finite variance. However,
F is unknown to the agents in the line and for this example, we want to assume that
agents want to infere wether F=F | or F=F,, both of which seem equally probable a
priori. Let us assume that Fl is actually the true distribution. The action of the
agents then might depend on their inference and we want to assume for simplicity,
that agents get consumption w if they make the correct inference but face an extra

loss d < w and thus consume only w—d if they come up with the wrong conclusion.

How do agents arrive at their decision about which distribution to choose? One very
simple method (although not the best one for our agent but good enough for our
example) works as follows: let b be a real number so that (w.l.o.g.) Fl(b) < F‘2(1>).
Let a = (F(b) + F2(b)]/2. Now, if k people are before you in the line and exactly j
of them withdraw no more than b, calculate the ratio R = j/k. If R>a, settle on [i‘2
and if R<a, choose I'|. Suppose that p is the probability of making the wrong

inference.

As in example 1, agents ultimately care about U(c) = E[ u(c) ], where consumption ¢
is now a random variable, taking value w with probability 1-p and w—d with
probability p. We imagine the line in front of the bank counter to be normalized to
unit length. We suppose that for finite economies there will be one agent per 1/nth of

the line. The distribution of agents in the continuum case is of course uniform.

o
o



Suppose now, an agent is located at position s of the line, say. The ratio R that he
calculates is a random variable and it will converge in the Loy-sense to the
corresponding "ratio" in the continuum case, i.e. to the constant random variable

Gl
5

=7 F()

X (o, ](X]) dl

O

using Corollary 1. In the continuum case, our agent is bound to make the correct
decision (with probability 1). Moreover, we can find an upper bound for the
probability p by calculating

= P(R>a) < P( |R—r|2a—r)

< Var(R—r)/(a—)*

< r(1-1)/((a—)%sn),
which converges to zero as n tends to infinity. As p converges to zero at a certain
speed, so does the utility of the agent converge to u(w) at the same rate. This is what
we ultimately care about. The rate of convergence is the slower, the smaller s is,
reflecting the fact that agents early on in the line have to base their inference on less

data than agents that have a position which is closer to the end.9

What then does an agent in our continuum economy observe, given a state of nature

w 7 He observes the "ratio"

S
1 -
Qo) = § | X)X @) =
and a casual look might suggest, that he has to know the outcome of X;'s across all
states of nature to compute that. This however is not true: he truly observes the

realization of the random variable @ which is the limit of ratios R observed in the
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finite economies — and these ratios are calculated w by w. The limit—concept that we
choose is the L,zmconvergence which is enough to ensure convergence of the welfare of
our agents. It is this link that makes the use of our integral and stochastic continuum

economies economically meaningful.

A counterexample

Here we want to take up a variation of example 1 that convergence of the outcome of
the finite economies to the outcome of the continuum economy is not always
guaranteed, i.e. that the correspondence of allocations achievable by contracts is not

upper hemicontinuous.

Suppose we have the same economy as in example 1, but we assume now that the

individual realizations of the random variable Xi is private information. Let us

1

assume however, that the aggregate outcome nX = Z X; is public information. The
-

transfer payment c(mi%E mj,_)f) to (resp. transfer tax on) an individual shall now

j#
depend on messages m., in which the agent i announces his realization X}. A contract
consists of this function ¢ and (invoking the relevation principle) the truth—telling
clause that agents truthfully announce m, = X.. Such a contract has to obey the
incentive compatibility constraint that

-y w3 — % 4
(1C) c(ki,ﬁz Xj,X) > c(mi,ﬁz Xj,’f(),
J# A
for all w e Q and all m; € R.
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Let us assume that min Xj(w) > EXj — max Xj(w) + 2¢ for all j and some ¢ > 0.
W w

Observe that the contract with c specified by

_ [-max X. - eif x/n+y+#z
c(xy,z) = { z—x 1 if x/nt+y=z

works and complete insurance is possible in the truth—telling Nash equilibrium simply
since we can always deduce the true realization of X, from the truthful messages of

the other agents.

This contract however will no longer satisfy the incentive compatibility constraint in
the continuum economy since the individual outcome is negligible: it always pays for

the individual to claim poverty. Autarcy will be the only solution here.

Obviously, the aggregate X only reveals information about the individual agents in

the finite economy.

VI. Concluding remarks

Our Definitions 1 and 2 give an uncomplicated and straightforward way of
interpreting (*). We can easily prove a version of the law of large numbers, using
Pettis integration or mean square convergence. It seems upon first sight , however,
that this interpretation is not the best one, one would like to have. A strong law of
large numbers, interpreting (*) as pathwise integration, would be nicer. However, it is
clear (due to the measurability problems mentioned in the introduction), that one
cannot hope for a sensible strong law which e.g. also works on subintervals. The

examples in section V indicate that this might not be a big loss, especially since the



use of the mean square metric enables us to compare results in large finite economies
to continuum economies. We find e.g. that expected utility changes continuously with
the mean square of the random consumption, so that we do not make a big error in
terms of welfare of the people, if we consider the continuum econmy and use our law
of large numbers instead of analyzing a (sufficiently big) finite economy. Even if a

strong law were available, it probably would not add any improvement here.

Further research has to be done on a better understanding of the properties of the
integral proposed in Definition 1 and the economic relevance of the law of large
numbers derived from it. It is clear, that the link between large, but finite stochastic
economies and our models of stochastic economies with a continuum of agents is not
very well understood at this point (see Section V). The question of the "validity" of a
certain interpretation of the integral (*) for a specific problem crucially depends on
this link resp. on the interpretation of large, stochastic economies for the "real

world".



Appendix 1
Let ( Xn);”1= | be a stochastic process of i.i.d random variables on the probability space
(Q2,2,P) with finite mean p and variance 0. The well known strong law of large
numbers (Kolmogorov's Theorem) states, that

N

'1% 2 Xnﬂa,u P-a.8.,
n=|1
i.e. except on a set of measure zero, the sample average converges to the mean. The

weak law of large numbers (Chebyshev's Theorem) states, that
N
1 ,
foF every O ({w 7 - 4
for every ¢ > 0, P({w | (5 2 )\n)(u.)) p|l>e} =0,
n=1
i.e. the sample average converges to the mean in probability. In between lie the

E’p—laws of large numbers (Khinchine's Theorem) (1<p<w):
N
1 .
B 1% § X, - nlP]-0.
n=1
Of special importance is the F2—]_aw of large numbers, stating that the variance of the

sample averages converges to zero. It is easy to prove, that these fp—laws imply the
weak law. They are implied by the strong law, using Lebesgues dominated

convergence theorem, as the following proposition shows:

Proposition:

Let 1<{p<w. Let (Xn) be a sequence of random variables with finite means 4 .
Suppose , that for some r>p and all positive integers n, L[| Xn—,un|r] exists and that
for some M and all positive integers n,

) ;o r
E[| X~ |"] < M.
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Let
N
| -
S'N'*N' 5. (kn_ﬂ'n)‘

n=|
Suppose, that the "strong law of large numbers" holds, i.e. that

- P
SN 0 P—a.e..
Then the Fp—law of large numbers holds, i.e.

E[|SyP] = 0.

Proof:
Recall that for any set E, the characteristic function Xp 18 defined as 1 for all x¢€E
and as 0 for all x¢E. Let ¢>0 be arbitrary. Let q be such that 1/q + p/r = 1. First

calculate, that by Minkovsky's inequality,
N
BSy 1< (5§ BlX, DY)
"NV E=4N U A ~Hy

n=1|
< M.

Hence by the general Chebyshev—inequality, we can find a (large) positive number K,
such that

P({|Sy|>K}) < (c-M_p/r]q for all N.
Let QN:SN'XHSN]Q(} and Ryi=S—Qy = SN'X{|SN|>K}' Now observe, that

Ry 1]+ Bl Qy P,

for the sets {[Sy|<K} and {

E”SNIP]:E[

SN|§K} are disjoint. Since Q-0 P.a.e. by assumption

and since |QN|I’5K3’, it follows immediately from the theorem of Lebesgue on
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dominated convergence, that

E[] Ql\ } I)} = 0.
From Hoelders inequality, it follows, that

E[IRy 1" = B[Sy ] xq 15, |>K)'D
SN|f]l3/r.E[X{|SNI>K}Dq]1/q

= B[]Sy | P/7-P({

< B

5 1
syI>KNHa<e.

Since ¢>0 was arbitrary, our claim follows.

Appendix IT
Relationships between the Pettis integral, the Riemann type integral and the

Bochner—integral.

We want to prove Theorem 2 from above, that the Riemann—type integral
corresponds in a measure—theoretic setting to a (vector—valued) Pettis integral.
Recall the following Definitions (see Diestel-Uhl [2])

Definition 5:

Let X be a Banach space, X' its dual space, (L,A,)) a finite measure space.

A function f:L-X is called simple, if there exist xi,x‘,,...,xnex and
n

I:?l.,E?,...,If‘,HE;\., such that f= 2 Xiin’ where XEi(t)-—-l, if IEEi and
o |

XE.“‘) =0, i t¢E, ( Xy is called the characteristic function of Ei).
1 1

A function f:L-X is called weakly A—measurable, if for each x'eX', the function

x'l is A—measurable.



A function [:L-X is called A—measurable, if there exists a sequence (1‘“) of

simple functions with 1im ||'Fn—Iii = 0 A\—almost everywhere.
1w

(Diestel=Uhl [2], Def. IL.1.1)
Definition 6:
Let X be a Banach space and (L,A,A) a finite measure space.
A function f:1-X is called Pettis—integrable, if f is weakly A—measurable, if
x! feLl(/\) for all x'eX" and if for all E€A, there exists a vector xEEX, such that

x'xp, = [x'TdA for all x'eX".
S

In this case, we define the Pettis—integral
(P)Hgfd/\ 1= Xp
(Diestel—Uhl [2], Definition 11.3.2 or Rudin [15], Def. 3.26)
A function [:L-X is called Bochner—integrable, if f is A—measurable and if
there exists a sequence of simple functions (fn}’ such that
lim | || f~ || d\ = 0.
n T
In this case, the Bochner—integral | f d) is defined for each Ee¥ by
k
[fdA=1im | fn dA,
£ n B

where |  dAis defined in the obvious way.
E

(Diestel—Uhl [2], Definition I11.2.1).
In our context, X is the space I.,Q(f .Y, P) of random variables with finite variance,

where (€2,X,P) is a probability space (different from (L,A,\), in general). In the

sequel we shall refer to Riemann integrals of real valued functions only when they are
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computed "directly", i.e. without taking limits for certain points within the interval
over which we integrate. This implies, that we only Riemann—integrate bounded

functions.

Lemma 2:
An integrable collection (Xl)le[(},l] (i.e. in the sense of Definition 1) with
X]eL (2,5,P) is weakly A—measurable, where A is the Lebesgue—measure on the
Borel—sets of [0,1]. For every ZEL){Q,_J,I’) the function fZ [0,1]-R, fr( Jei= E(ZXI) is
Riemann—integrable and we have

[ 1,(1) dl = B(ZY),
where Y = [ X,dl.

More suggestively, we can write the formula above as
J E(ZX))dl = E(Z] Xdl).

Observe the different meanings of the integrals.

Proof:
The dual space of L,(Q,5,P) is (canonically isomorphic to) L (Q,E,P) itself.
Therefore, let ZeLy(Q,5,P)2Ly(QL,E,P)". The duality is given by Z(X) = E[ZX] for

XcL2(Q,E,P)- Consider a partition Tel'. Then
n n

B[ZY] -} (41| = [E(Z(Y - ) X%, il
= =1
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n
spn L Brrsr 1 1)21/2
<E(z°)T7E((Y 'Elij“j L))
J:

(with Cauchy—Schwarz), which converges to zero, as ((T')-0 by definition of our
integral. This proves, that [Z is Riemann—integrable with [ f(1) dl = E(ZY). Since
Riemann—integrable functions are measurable, we have proved the weak

A-measurability of (Xl).

Theorem 2:
Every Riemann—integrable collection (X])Ee[ﬁ,l] (in the sense of Definition 2) with
XleL.z(Q,B,P) is Pettis—integrable and we have
f Xdl = (P)—f fd),
where f:[O,l]ﬂLz(Q,Z,P) is defined by f(l):xX].

Proof:

It is clear, that | Xdl € Ly(€2,5,P) (argue with an approximating partition).

Recall, that every Riemann—integrable function on [0,1] must be
Lebesgue—integrable, since it is bounded and is the a.e.—pointwise limit of
step—functions. Hence, for every ZeLz[Q,E,P)', we have fzeLl(/\), using Lemma 2.
Since furthermore by Lemma 2, our function f is weakly A\—measurable, an application
of Lemma I1.3.1 in Diestel-Uhl [2] together with the reflexivity of L,(€,%,P) proves
the claim. The equality of the Pettis—integral with our integral is clear with Lemma

2, ged..

The Pettis—integral is not a very "powerful" (but a rather general) vector—integral.



Some of the facts known about the Pettis—integrals are:

- If f is Pettis—integrable, then p(E):=(P)ﬂéfd,\ is a countably additive

A—continuous vector measure on A. (Diestel-Uhl [2], Theorem I1.3.5).
- Furthermore, the set {p(E)| E€A} is a relatively weakly compact subset of the
bidual space X'"'(Diestel-Uhl [2], Corollary 11.3.9).
It has not been possible to uncover much additional information about the
Pettis—integral beyond the results established in the original paper by Pettis
(Diestel-Uhl [2], IL5).
The Bochner—integral however, possesses all the nice properties, we are accustomed
to from Real Analysis (e.g. the Theorem on dominated convergence holds, see
Diestel—Uhl [2], 11.2). It would therefore be nice, if one could Bochner—integrate our
integrable stochastic 1)mcesseslo. This is possible for a certain class of stochastic

processes, as the next Theorem shows.

Theorem 4:

Let (Xl)lE[U,l] be a collection of random variables X, € L2(Q,E,P] such that the
function f: [0,1] = LQ(Q,EI,P‘) . ) 1= X, is continuous.

Then (X)) is integrable, [ is Bochner—integrable and we have

| X[d] = [ {dA.
Prool:

We show the Bochner—integrability first. The A—measurability of f follows

immediately from Lemma 2 and Pettis's measurability theorem, Theorem I1.1.2 in
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Diestel-Uhl [2], observing that f has a separable range, since it is a continuous
function on [0,1]. As sequence of simple functions f, approximating our function f

according to the definition of the Bochner—integral, consider

=X /mX[0,1/n] * 2\;/“ (j=1)/n,j/n]’

i.e. f belongs to the pa,rtlon
T =0 tin 20 L2 ... 1.
For any 6> 0, define

W= sup{ E(XI—XS)Q)) | [s—t]<é}.

We find
= 2,1/2
ff || dA = E((X=X., )2}/ 2dx
e JE; [u~1)/n{j/nJ(( Xyl )T
< (Wl/n)I/Q,

converging to 0, as n—w. Hence, f is Bochner—integrable. Let Y:=1im | fn dA.
b8 ele o

For the integrability in the sense of our Definition 2, we repeat the same
n

exercise, but now for functions &= Z X;, : 1J 1) T a partition. We find
.l
=1

Jllf—ngl (l)\g(‘.’vqT)}”2 and it is clear, that for every ¢>0, we can find n
sufficiently large and &>0 sufficiently small, so that for all {(T)<é, we have
2\\1/2 p
(B((Y-g7)2) /2 = Y=gl
IY=f£ dAll + JIIf ~flldA + [[iEglidA

(Fas

Pal

€.
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This proves the integrability (in the sense of Def. 2) and the equality of this integral

to Y, the Bochner—integral.

The Theorem above seems promising at first. However, it is not possible to generalize
it to the case of pairwise uncorrelated random variables, with which we started out:

(The following Proposition is essentially a reminder of well-known facts)

Proposition 2:

Let (Xi)le[ﬂ,l] be a collection of pairwise uncorrelated random variables
X|€Ly(2,E,P). Let there be a >0, such that Var(X,)2é for all 1€[0,1].

Then the function f:[O,l}éI.,Q(SZ,E,P) is not A—measurable and hence not
Bochner—integrable.

€ is not a separable metric space.

Proof:
Calculate, that for I#s,
X=X 2 (Var(X-X)'/?
= (Var(X)) + Var(X ) )/?
> (262 =24,
i.e. two different random variables of our stochastic process have at least distance d.
But then for any uncountable subset A of [0,1], the set {X, |leA} cannot be
separable in LQ(Q,E,P). Hence, using Pettis's measurability theorem (Theorem II.1.2
in Diestel—Uhl [2]), f cannot be A—measurable.

Furthermore, the same theorem implies, that LQ( Q,%,P) cannot be separable.
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Hence §2 cannot be a separable metric space.

The Proposition above might shed some further light on the difficulty of proving laws
of large numbers in large economies: quite in contrast to probability spaces
"sufficient" for a sequence of independent and identically distributed random
variables, we have to choose much "bigger" probability spaces in the case of large

economies!
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Footnotes:

(1)

The other problem with this approach is, that the law still doesn't hold on a
large class of subgroups of agents. Green(1987), however, showed how to get
around that problem to a certain extent.

On a more technical level, observe that not every hyperfinite sequence of
random variables I"., j in the hyperfinite unit interval grid T, gives rise to a
collection of random variables X, 1€[0,1] by the rule X\=F, ina well—defined

way (consider the example, where Fj is identically 1 for every nonstandard odd

number j*L and identically 0 else. This is an internal object and therefore
"limit" of standard, "real" objects). But then the hyperfinite sequences, that do
carry over, might be an ill-behaved set and we are back in our original
problem.

As a byproduct, covariances for infinite dimensional random variables are
defined.

Observe that we could have chosen convergence P—a.e. instead of
Ly—convergence. We would then essentially be back at a formulation for the
strong law and encounter all the problems mentioned in the introduction.

Notice the similarity to the Ito—integral which is also defined by using the
Ly—distance. Let W, be the Brownian motion on [0,1] and X| its "derivative",

"white noise", which we understand as independent and standard normally
distributed. Let Z be a random variable with standard normal distribution.
Then the Ito—integral and some heuristics yields IX] dl = | dW, = Z. The

reason that the result differs from ours is that other weights are used in the
definition of the Ito-integral. We have

1
lim B[ (Z-) X, 112421 =4,
¢(T)-0 jzl i

i.e in the Ito—integral we use (I}“ljwl)]/ 2 instead of Uj“lj—l}' We conjecture

(P

that this result relates to our Theorem 1 like the central limit theorem to the
law of large numbers for sequences.

Bewley [1] thus suggested drawing such sequences at random from the
continuum economy and analyzing the continuum via these sequences. This

10



approach then leads him to his version of the law of large numbers mentioned in
the introduction.

This of course excludes the favorite u(c) = In(c) . But it is clear that one can
obtain a version similar to Lemma 1 even for this utility function in most
applications: usually, it is possible to restrict the relevant set of random

variables in  LT(QEP) to eg. the set {feLT(QEP) [ >c .}, where

Cpip > 0 18 given a priori or to a bigger set of random variables that don't put
too much mass close to zero. If a restriction like that is not possible, one might

want to be cautious to use the continuum model!

This is actually a problem in Bewleys approach [1]. While for any randomly
selected sequence of finite economies, the randomness disappears in the limit,
we have no idea how fast this happens. Furthermore, the convergence speed
depends on the (random) choice of the sequence.

Again, I don't see, how Bewley's approach [1] can deliver this type of analysis.

It is an interesting question, how the Bochner integral relates to pathwise
measurability of the process (Xl).
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