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ABSTRACT

The question of the existence and uniqueness of a stationary equilibrium for distorted versions of the
standard neoclassical growth model is addressed in this paper. The conditions presented guaranteeing
the existence and uniqueness of nontrivial equilibrium for the class of economies under study are
simple and intuitively appealing, while the existence and uniqueness proof developed is elementary.
Examples are presented illustrating that economies with distortional taxation, endogenous growth with
externalities, and monopolistic competition can all fit into the framework developed.
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L INTRODUCTION

A great deal of work has recently been devoted to the study of economic environments
which give rise to nonoptimal equilibria [see, for example, Coleman (1991), Greenwood and
Huffman (1991)]. The analysis of these environments is not a straightforward application of results
known from dynamic competitive analysis, as in Stokey and Lucas with Prescott (1989), since the
resulting equilibria are not optimal. The ushal problem in these environments is that individual
agents fail to take into account how their actions influence the behavior of other agents. In order
to solve an individual agent’s dynamic program, one needs to know the equilibrium law of motion
governing the aggregate state of the world, but to know this in turn requires knowledge of the
outcome of decision-making at the individual level. Proving existence of equilibria can then be
problematic, since in these representative agent models it can be difficult to establish that the
individual and aggregate laws of motion for decision variables coincide along an equilibrium path.
Various assumptions have been suggested to guarantee existence or uniqueness of an equilibrium.
It is shown below that a relatively minor restriction on the nature of the technology, with no
unusually restrictive assumptions placed on preferences, is sufficient to guarantee the existence and
uniqueness of an equilibrium.

The environment studied below is very similar to the standard neo-classical growth model,
with the notable exception that aggregate decisions can affect the decisions or resources available
to each agent. Many dynamic stochastic tax experiments can be cast in this framework, especially
the case where the resulting tax revenue is rebated back to agents in a lump-sum manner [see
Greenwood and Huffman (1991)]. In addition, if there is a positive externality in the production
technology whereby one agent’s investment decisions can influence the productivity of other agents,
this too can be cast in the framework described below.

The analysis conducted below borrows ingredients from Coleman (1991) and Greenwood
and Huffman (1991). In particular, following the innovative work of Coleman (1991), the existence
of equilibrium is established by constructing a monotone operator which maps the aggregate law
of motion into itself. Coleman’s (1991) strategy for proving existence and uniqueness is
generalized and significantly simplified in three ways: first, by adopting a less restrictive and more
intuitive set of assumptions on tastes and technology outlined in Greenwood and Huffman (1991);

second, by employing a simpler line of argument to prove that the fixed point to the monotone



operator is an equilibrium for the economy under study; and third, through the use of the
elementary uniqueness proof developed here. The end result of combining components from the
above two analyses is an existence and uniqueness proof that is much simpler than that contained
in either work, despite the greater generality of the argument being pursued. Another benefit of the
present approach is that the assumptions employed below would appear to be readily verifiable for

a variety of environments.

IL. THE ECONOMIC ENVIRONMENT
The economy under consideration is one which is very similar to the discrete-time standard
neo-classical growth model. There is a continuum (of measure one) of identical agents who have

preferences described as

ELY BU(e)), Be (O,
t=0

where E[] is the expectation operator, B is the discount factor, and c, represents consumption in
period t. The momentary utility function U(?):R, — R__ is strictly increasing, strictly concave, and
twice differentiable and U"(0) = co.

EBach agent is endowed with the same production technology which is written in the

following form:

Y, = F(k, K, M)

Here, y, represents output of the consumption good in period t, and k, is the agent’s private input
of capital into the production process which was chosen in period t-1. The variable 7, is a random
technology shock which is known at the beginning of period t. It is drawn from the bounded set
A and has a Markov distribution function which will be denoted as G(n,,;|n,). The variable K,
represents the average or per capita quantity of capital supplied by all agents in the economy. Each
agent, being of measure zero, behaves as though his choice of capital stock k; has no influence on
the average capital stock K. As is conventional, it is assumed that the production technology is
increasing and concave in its first argument, and twice differentiable in its first two arguments.

Other than the restrictions described below, no further constraints are placed on the technology with



respect to the influence of the remaining two arguments.

Assumptions: V 1 € A:

) F(O,K,n) 2 0, F(0,K,n)=c, VK >0, and limg 4 Fi(K,K,n)= co.
(i) JK>3FKKn) <K
(iii) For all k, K € [0, K],

Fy(kK.m) + By(kKm) = 0,

and

These assumptions seem relatively innocuous. The first assumption places relatively
standard restrictions on the production technology. The second merely places an upper bound on
the level of output, or capital stock in the economy, which is satisfied for almost all parameterized
versions of the concave technology. The third assumption places benign restrictions on how
aggregate capital can affect the individual technology. It requires that the social marginal product
of capital (or the sum of the marginal products of the individual and aggregate stocks) be positive.
Additionally, it is necessary that the social returns to capital are diminishing in the individual capital
stock. These properties need only hold locally “along an equilibrium path" where k=K. It is
interesting to note that in a nonstochastic environment, Assumption (iii) would also be sufficient
to guarantee a unique steady-state equilibrium. It would seem easy to check that these simple
properties hold for a wide range of economic problems. Additionally, it should be recognized that
these appear to be much less restrictive assumptions than those imposed on the production and
utility functions in Coleman (1991).1

Finally, output in each period must be used for either consumption or investment purposes.

Thus,
€+ Ky S Y

where k., is the amount of the consumption good used for investment at date t which becomes

productive capital in the following period.



III. EXISTENCE AND UNIQUENESS OF EQUILIBRIA

The representative agent’s dynamic programming problem for the environment under study

can be cast as

V(kKN) = max WEGLKN) - k") + BV’ &' macm’ )b ®1)

where the aggregate K evolves exogenously according to the nontrivial law of motion K’ = Q(K,n).
Let the optimal decision-rule associated with the above problem be denoted by k' = q(k,K,n).
Standard arguments can be used to show that the unique interior solution for this decision-rule must

satisfy the Euler equation (1) shown below.
U'(F(kKn) - k') = iU (FGk! K ) - k7 )Pk K 0 ydGw! ). D

Now, the economy under study is one where all agents are identical. In equilibrium,
therefore, the decision-rule regulating the individual’s capital accumulation must coincide with the
law of motion governing the evolution of the aggregate capital stock. The following definition

makes this notion more precise:

Definition: A stationary equilibrium for the environment described above is a pair of functions
k’ = q(k,K,n) and K’ = Q(k,n) such that

6] the decision-rule for each agent, k" = q(k,K,n), solves the optimization problem (P1), and
(i)  the individual’s decision-rule is consistent with the law of motion for the aggregate per

capita capital stock, or q(K,K,n) = Q(K.n).
From the above definition of an equilibrium, it is clear that if the aggregate law of motion for
capital, K’ = Q(K,n), exists then it must satisfy equation (2)
u'(Fkkm) - K" = U’ (Fk’ k' 'y - kTHF(kLK ydew ). @

where K” = Q(Q(K,n).,n).



Proposition: There exists a unique stationary nontrivial equilibrium for the economy

described above.
Proof:

A. Construction of the Aggregate Law of Motion
Consider the sequence of aggregate laws of motion [Hj(K,T])}“j=0 that are generated
recursively as follows: First define HO(K,n) = (. Second, define Hj*‘I(K,'n) to be the solution for

x in the Euler equation shown below
U'(F(KEM) = x) = BIU (Fxxn) - Hin! DFyxxn)dGm! ). @)

Thus, equation (3) implicitly defines an operator mapping the function Hi into Hi*12 Now assume

that

< SHIK M)

s < FI(K.KN) + Fy(K.En)), “4)

0

which certainly holds for j=0. The left-hand side of equation (3) is strictly increasing in x, and the
right-hand side is decreasing in x by Assumption (iii) and equation (4). Hence, there exists a
unique solution to equation (3). Note also that if the capital stock K increases by a unit, then
output increases by the amount [F1(K,K,n) + B,(K.K,n)]. Then it is easily shown that

< HMKm)

= [Fi(K.KM) + Fy(K,K,1)]. (5)

0

It is also seen from equation (3) that replacing Hj(K,n) by a function that is everywhere greater
results in a larger solution for x. In other words, this procedure generates a monotonically
increasing sequence of laws of motion for the aggregate capital stock {Hj(K,n)}“J-:O defined on
[0.KIxA. Furthermore, this sequence is bounded from above by K [see Assumption (ii)]. Let

oK) = Jim HIKn),

so that Q(-) is the pointwise limit of the functions Hj(-, ) which exists because {Hj(K,n)}“j=0



is a monotonically increasing bounded sequence. Since Hi(O,n) = 0 for all j, then Q(0O,n) =0 as
well. Note from (4) that aI—Ij+1(K,n)/aK is bounded from above by F;(K,K,n) + F,(K,K,n), for all
j, and hence the sequence [Hj”(K,n)}”j:O is equicontinuous on [{, K] for all € (0,K]. Therefore,
the sequence { Hi“(K,n)}”jﬂ converges uniformly on each closed interval to Q(:,%), which must
also be a function continuous in its first argument [by the Arzela-Ascoli theorem and theorem 7.13,
Rudin (1976)].3 Furthermore, Q(',”) must also satisfy the restriction given by equation (4), with
the derivative interpreted as a finite difference.

Is the function QKmn) = limj 300 Hj(K,n) constructed above a good candidate for an
equilibrium aggregate law of motion? To answer this question, suppose that Q(K,n) < F(K,K,n)
for K € (0, K] and 1 € A. By construction, the function K’ = Q(K,n) satisfies equation (2).
Furthermore, given this aggregate law of motion, there exists a unique decision-rule k" = q(k,K,n)
which solves the Euler equation (1). Clearly, when k = K, it transpires that ¢(K,K,n) = Q(K,n)
solves (1) since Q(K,n) satisfied (2). Thus, for the case when Q(K,n) < F(K,K,n) for all K # 0 an
equilibrium has been found. To complete the existence proof it will be shown next that Q(K,n)
= lim;_,, HY(K,n) # FKXM) for K € (0, K] and 1 € A,

Remark: Observe that for any finite T, the sequence {Hj(K,n)}Tj=O gives the unique set of T+1

laws of motion that obtain from a T-period version of the economy under study.

B. Nondegenerateness of the Aggregate Law of Motion

It is important to ensure that the aggregate laws of motion do not converge to a degenerate
case where investment equals total output. For instance, consider the possibility that Q(K,n) =
F(K,K,n) for all K and 1. While this solution for the aggregate law of motion will trivially satisfy
(2), it cannot constitute an equilibrium for the economy under study since (P1) demands an interior
solution for the representative agent’s decision-rule.

To rule out such degenerate cases, consider the sequence of value functions {V“}°°n=0

generated from the mapping

VKN = max W(FKN) - k'Y + v’ k! mydeen’ )k, (P2)



where K = Q(K,n). Without loss of generality, assume that V% =0. Well-known arguments can
be employed to show that this mapping defines an operator T, such that V® = TV™1, that has as
its unique fixed point the function V characterized by (P1). The following well-known fact will

be stated for future use:

Fact 1: Since V& -5 V uniformly, for all & > 0, there exists an N such that for n > N
[V "(k,K,n) - V(k,K,N)| < €/f3,

for all k,K € [0K], n e A4

Now let {Qi}“j=o be a sequence of continuous functions converging uniformly to the
function Q on [0, KJxA. Next, consider the sequence of value functions { Vn}“’nzo generated from

the mapping

V(KN = max U(F(kKN) - k') + BV k! K a6’ )k, (P3)

with K” = Q%(K,n). Set V0=0. Let the optimal decision-rule associated with (P3) be denoted by
k"= q"(k,K,n). The key step in the subsequent analysis is to show that lim__,_ V"=V, where V
is the fixed point to equation (P1).

To this end, define the continuous function n3: [0,K]xA? — R + recursively by

T (KoM M g-1) = QT (KoM gsone T g2)M g1 s

where 10 = Ko The function nl gives the period-q aggregate capital stock assuming that the initial
period-zero capital stock is K, the history of shocks {nt}q'lt=0 transpires, and the law of motion

Q is followed.
Likewise, define the continuous function A™4[0,K]xAd — R 4 for m 2 max {q,1},

recursively by

Te e (Ko vn 07"-n q-]_) = Q m_q(nm’q-l(K();n 0,---nq_2),71 q—l )’



with ™0 = K. The function ™4 gives the period-q aggregate capital stock for the economy with
an m-period horizon, assuming that the law of motion Q™1 js followed in period t (for t < g-1) and
contingent upon the initial period-zero capital having the value K, and the history of shocks

()4, being realized. Note that since Q! — Q uniformly, lim,_,,. A™4=nrd for all > 0. This

is easily seen to imply Fact 2, which will be used in the subsequent analysis.

Fact 2: Since U(*) and F(:) are continuous functions, and the sequence {Qj ] converges

uniformly to Q, for all q and & > 0, there exists an M such that form 2 M > max(q,1),

UCF(A™(Om,) - k) - UFGkaN,) - k)] < (1_‘3?25
for k, k’, Ky € [0, KI, (Mg, My, - M) € A, and 0<t<q.

Finally, Fact 3 (which is trivial) is noted.

Fact 3: Let B = MaXpep [U(F(K, K, n))]. For each € > 0, there exists a P such that for all
p=2P,
P B <
[.i__.B. €/f3).
Lemma: Lim,_,, V= V.
Proof: Pick € > 0 and choose N and P such that Facts 1 and 3 hold. Next, let ¢ = max[N,P]

and choose M 2 max(q,1) large enough so that Fact 2 holds as well. Now note that

V ™ (ky,Kq,Mg)= Max E (E BUFE (k. 2™m,) - kz+1)]’
{kt+1}ﬁ0 =0

where the expectation operator E(-) reflects the integration with respect to the finite probability

distribution of [nj mj=1. First, set m 2 M. By Fact 3 it follows that



g
V(ky,Kgmp) -~ max E(E PUF(k,%™n,) - km))

g =0
{kt+l}t=0

+8
T~
3

| Yk Koy 19~V ", Kyymg) | <

since q 2 P. Second, Fact 2 then implies

q
| Ve, Koump)=P "o Kpip) | < | V(kyoKpumg) - max E[zj BUF(k,m'n,) -k,+1)J . (2—;)

g t=0
&,

2
=| VlkoKong - Vi Kon | + (3]
Third, since q > N, it immediately transpires from Fact 1 that

IV(ko:Kor'no) - ﬁm(kwKosno)l s & 0

It will now be established that Q(K,n) < F(K,K,n) for K € (0, K] and © € A. Note that
the sequence of functions {H"}* _, constructed in the previous subsection satisfies the properties
assumed for the sequence {Q"}”, that underlies the mapping (P3).. Therefore let Q™ = H™ for all
n. Then by the construction of mapping (P3), ¢*(K,K,n) = HKn) for K € [0, K] and | € A.
Now, consider the sequence of functions (W"}™ _, where W(k".K.n,1") = VK, Q> YK ,n).n).
Clearly, this sequence converges to the function W(k’,K,n,n") = V(K’,Q(K.n),’") by the lemma
presented above. Since the functions W and W*, for all n, are each strictly concave in their first
argument it follows that q"(k,K,n) — q(k,K,n), pointwise. Consequently, QK1) < F(K,n) for K

# 0, since problem (P1) has an interior solution for its decision-rule q(k,K,n).

C. Uniqueness of the Aggregate Law of Motion

It will now be established that the nontrivial equilibrium for the economy under study is
unique.5 To see this, suppose that some other law of motion K’ = M(K,n) and decision-rule k’
= m(k,K,n) satisfies the definition for an equilibrium presented above. Obviously, it must then be
the case that Q(K,n) # M(K,n) for some (K,n); pick a (K,n) for which this is true. For this X,n)

pair,



U(FK,K,M)-K) = BIUFEK K ) -KF(K,K,)dGM’ [n), (6)

where K’ = M(K,n) and K” = M(K’,1). Now, suppose that Q(K,n) < M(K,n). Itis easy to see that
the left-hand side of (6) must be greater than that of equation (2). Thus, so must be the right-hand
side. Assumption (iii) can be used to show that this implies

dM(Kn)

aK > [FI(K’K,n) +F2(K,K,Tl)]~

But this contradicts (4), and thus the situation being entertained cannot transpire. The case where

QK,n) > M(K,n) leads to a similar contradiction.

IV.  DISCUSSION

The form for the production technology, y = F(k,K,n), is a general formulation that could
embody many environments. Three éxamples may help to illustrate this point. Additionally, one
counterexample will be shown in which the proposed assumptions are not satisfied, and there exists

multiple equilibria.

Example 1: Distortional Taxation. Let the representative agent’s production function be

described by y = Y(k,n) + (1-8)k, where Y has the standard production function properties. Note
that under this formulation capital depreciates at the rate 8. Now suppose that there is a
government in the economy which taxes capital income at the rate 6 and provides a capital
consumption allowance of y. The resulting tax revenue is rebated back to the agent via a lump-sum
transfer payment. This environment can be handled in the above framework by adopting the

following specification for F(k,K,n):

F(k,Km) = (1 - 0)¥(k,n) + [1-8(1 - p)lk + 6Y(K,n) - pdK.
It is straightforward to check that Assumptions (i), (i) and (iii) are satisfied. Additionally, this
framework can also accommodate a progressive income tax structure. This can be done by letting

the capital income tax rate depend on the aggregate capital stock 6(K). It is easily seen that as long

as the tax is progressive, so that 8°(K) > 0, the required assumptions are satisfied.

10



Furthermore, it is easy to incorporate a variable supply of labor into the analysis. Now, let
the representative agent’s preferences be described by U(c - G(f)), where G() is an increasing
convex function® The technology is specified as y = Y(k,&n), where € represents his labor input.

Also, suppose that the government taxes labor income at the rate A. Define the function L(k,n) by

L{kn) = argmax {(1-0)Y(kxn) -[(1-6)/(1-A)]G(x)}.
X
To recast the environment into the framework developed, let F(k,K,n) be given by
F(k,Km) = (1 - 0)Y(k,L(k,n)m) + (1 - 81 - Wk - (1 - 6)/(1 - A)IG(L(k,n))

+ OY(K,L(K,m)n) - pdK + [(A - 0)/(1 - M)IGUK,N)).

While now a little more difficult to verify, F(k,K,n) satisfies Assumptions (i), (ii) and (iii). The
representative agent’s dynamic programming problem can again be characterized as (P1), given this

formulation for F(k,K,n).

Example 2: Endogenous Growth with Externalities. Consider a simple version of Romer’s

(1986) well-known economic growth model. First, let representative agent’s preferences be

described by ) p‘tnc, . Second, suppose the production technology is given by y = Y(k,K,n),
=0

where Y is linearly homogeneous in its first two arguments with the standard properties holding
otherwise. With this combination of tastes and technology it is possible for the econony to grow
without bound. The model, however, has a stationary representation which can be handled in the
framework developed above. To see this, define the variables ¢, k’, and K by & = ¢/K, k” = k'/K,
and K* = K'/K. Next, let F(kR,n) be represented by F(k,Rn) = Y®/K,1,). Observe that F
satisfies Assumptions (i), (i) and (iii), with F; + F, = 0 when k = K.

Now, it is easy to deduce that the representative agent’s dynamic programming problem (P1)

can be rewritten for the current example in transformed form as

11



VEKn) = max (PR R + BIVER )G’ ), (P4)

where K’ = QM) . Since F; + F, = 0, when k = K it is immediate from (4) that the

equilibrium law of motion can be expressed more simply as K = Q(1). Clearly then, the solution
for the original model is homogeneous of degree one in the aggregate capital stock. Also, it is easy
to check by solving (P4) that

(M) = BC[IFY(1,1,WWF(1,1,0014GM [ HFCL, 1)

The economy can expect long-run growth if F and G are such that E(f{') = fQ('n)dI‘(T]) > 1, where
I' is the fixed point to I'(") = ,fG(n’ln)dI‘(n). Observe that when the technology shock takes
Hicks neutral form, growth can be expected to occur when BE[M]F;(1,1) > 1, ie., when the
expected real interest exceeds the discount factor.’ Finally, suppose that F;(1,1,n) is increasing
in 1 and F(1,1,n)/F(1,1,n) is nondecreasing. Also, let G exhibit positive serial correlation in the
sense that if | > 7 the distribution function G(n’|f{) first-order stochastically dominates the one
given by G(n’|n). Then, under these assumptions, Q(1). is increasing in 1].8 [For the Hicks

neutral case Q(1) is unambiguously increasing in 1.]

Example 3: Monopolistic Competition. A simple stochastic infinite horizon version of Kiyotaki’s

(1988) model of monopolistic competition also fits into the framework developed. Imagine an
economy inhabited by a continuum of agents distributed uniformly over the unit interval. Agents

are identical except that each owns a firm producing a differentiateld product. The generic

individual’s preferences are described by ¥ B’Qn[floct(e)pdG]B: for 0 < p < 1, where c(8)
=0

represents his period-t consumption of the good produced by agent 8. The representative agent’s
firm produces output according to the linear production technology y = nk, where 1 is an aggregate
technology shock. An individual’s capital accumulation is governed by the technology k’ =
if loi(G)PdG]” P, where i(B) is the amount of goods purchased from agent 8 for investment purposes.
Finally, the agent’s budget constraint for any given period reads | lop(e)[c(e) +i(0)1dO = pnk, where

12



p(0) is the price for good O.

Now, by carrying out the implied within-period maximization, it is easy to deduce that
¢(8) = [p(®)/P1/®-DiI! p(E)c(E)IE/P] and i(8) = [p(8)/P1/C VLI p(€)i(€)dE/P], with the aggregate
price level P being given by [[1;p(€)P/®Ddg]®-DP, Next, define ¢ and K’ by ¢ = [[1;c(6)°d6]"/P
and k' = [Jloi(e)Pde)]l/P. The agent’s preferences can now be represented more simply by

Z B‘an,. Also, using the above formulae it is apparent that ¢ = Ilop(e)c(e)delP and k" =
=0

/ 1Op(G)i(G))dG/P. This allows the individual’s budget constraint to be given the more compact
representation ¢ + k' = (p/P)nk. Observe that the demand, y, for the agent’s firm’s product is
described by y = (p/P)/®-DY, where aggregate demand Y is defined by Y = [ p(8)[C(6) + 1(6)1d6/P
and C(6) and I(B) represent the aggregate amounts of good 6 that are demanded for consumption
and investment purposes. Thus, p/P = (nk/YPL, as y = nk. Since in equilibrium each industry
behaves the same, it must transpire that Y = nK, where K is the average or aggregate level of the
capital stock. Therefore the representative agent’s budget constraint can be reformulated as ¢ + k'’
= nkal'P. The agent’s intertemporal optimization problem amounts to choosing ¢ and k” in each
period so as to maximize expected lifetime utility. The problem now has the form of Example 2.

Observe that the economy can grow without bound.

Example 4: A Counterexample. It may be enlightening to see that if the proposed assumptions

are not in place, then there exists the possibility of multiple equilibria occurring. Therefore, let the
technology be of the following form:
F(k,K,m) = 30m k*H(K),

where H is given the specification below.

1 Sfor k € [0, 10]
H(K)=12 + cos[-r + k(®/5)] for k € [10, 15]
3 for k 2 15.

Note that F(*) is differentiable and increasing everywhere, satisfies Assumption (ii), but does not
satisfy Assumption (iii). This is because the technology exhibits decreasing, increasing, and then
decreasing social returns in the individual capital stock over successive regions. Let B = 2/3, o =

20, and M, = 1 for all t Figure 1 portrays the resulting production technology along the

13



equilibrium path, while Figure 2 shows the private marginal product of capital along the equilibrium
path.9 This (non-stochastic) economy has three equilibria. Two of these are stable, one with K
=~ 5.69, and one with K = 22.34, and one is unstable with K = 12.28. Of course, if uncertainty is
introduced through , this could result in two stationary distributions for the capital stock.

14
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FOOTNOTES
1. In particular, Assumption 5 in Coleman (1991) assumes that there is not "too much" uncertainty
about the production function disturbances. No such assumption is needed in the present analysis, as the

degree of uncertainty is unrestricted.
2. This mapping forms the basis for numerical algorithms to solve nonlinear dynamic stochastic

models that have been proposed by Baxter (1991), Coleman (1990), and Danthine and Donaldson (1990).

3. Specifically, the Arzela-Ascoli theorem implies that the limiting function is continuous in its
first argument, while the theorem in Rudin (1976) establishes that the convergence is uniform since the
sequence is monotone,

4. Here the norm employed is | V | = sup, |V(x;, X5, x3) |, where x = (X, X, X3) €

[0,K]IX[0,K]xA. Similarly, the norm for the convergence of the functions {Qi}“’jzo is also the sup norm.

5. Depending on the form of F(k,K,n), there may also exist trivial equilibria where Q(K,n) = 0.
These equilibria can be ruled out by adding the assumption that F(k,0,n) > 0 for k > 0. This assumption
is fairly weak, and is satisfied in Coleman’s (1991) analysis for instance. Now the individual will always
choose to invest something, notwithstanding the fact that nobody else is.

6. This form of utility function has been used in Greenwood, Hercowitz and Huffman (1988) and
Hercowitz and Sampson (1991). These analyses suggest that for the study of business cycles the

restrictions imposed by this sort of utility may not be that severe.
7. For the Hicks’ neutral case let F(k,K,n) be represented by nFk,K).
8. For more information on the concept of stochastic dominance, see Hadar and Russell (1971).

9. Note that aFl(K,K,T])ﬁK = Fll(K,K,n) + F21(K,K,n).
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