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1. Int roduct ion 

This paper presents three models which exp la in the observat ion that money 

is used i n payment for commodities and barter i s not prevalent . In each o f these 

models money i s i n t r i n s i c a l l y use less , inasmuch as i t does not enter d i r e c t l y in to 

e i t he r u t i l i t y functions or product ion funct ions, and i nconve r t i b l e , inasmuch as 

no one stands ready to convert money in to anything else.—^ Moreover, money does 
2 / 

not enter any of the models by way of l ega l res t r i c t i ons -^ or by way of a r e q u i r e -
* 3 / ment that commodities cannot be acquired without i t , a l a Clower (1967).— Rather.,-

money i s explained i n the sense that the fo l lowing procedure i s adopted.. F i r s t , 

the environment i s spec i f i ed ca re fu l l y and completely—the agents o f the model, 

t h e i r preferences and endowments, and most important, who can communicate w i th 

whom. I t i s then estab l ished that there ex is ts a monetary e q u i l i b r i u m , that i s , 

a competi t ive equ i l ib r ium i n which a f ixed-supply money has va lue . 

I t i s widely accepted that money cannot be explained i n th is sense in a 

s tandard, general equ i l ib r ium model. (See, for example, Hahn (1965).) Ia a 

Walrasian model, at l e a s t , money cannot f a c i l i t a t e exchange; p lhe nonmonetary 

compet i t ive e q u i l i b r i a are pareto opt imal . (Note again tht»t a d i s t i n c t i o n i s 
i 

maintained here between money, f i a t money that i s , and p r i v a t e c r e d i t . ) Thus, 
4 / 

to get money in to a model something must i nh ib i t the operat ion of markets.— 

Moreover, i f terminal condi t ions are to be avoided, time nust be i n f i n i t e . 

In the model of Samuelson (1953), seme markets fjrs precluded i n an obvious 

way: there can be no t ransact ions between the curre'at young and the young c f 

the next generation—unborn ind iv idua ls cannot t rade. And i n vers ions of t h i s 

over lapping-generat ions model, there does ex is t a monetary equ i l i b r i um, one 

which improves upon the nonmonetary equ i l i b r i um. In fac t , i a some v e r s i o n s , 

the monetary equ i l ib r ium is i t s e i i optimal arc. i s associated wi th nonbinding 

nonnegat iv i ty const ra in ts on the holding of money balances. Yet one wonders 
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whether the proper t ies of the overlapping-generat ions model carry over to a l t e r n ­

a t i ve models which exp la in money i n the above sense. 

In the models of th is paper markets are precluded i n another way, by spa­

t i a l l y separating agents. I n f i n i t e l y - l i v e d agents who discount future over p re­

sent consumption are a l loca ted over time in to d i s t i n c t markets or i s l ands . The 

c r u c i a l idea here i s that markets must c lear on each is land i n every time p e r i o d ; 

there can be no communication across i s l a n d s , that i s , there i s no cen t ra l market 

or exchange system. Cer ta in l y th is way of decen t ra l i z i ng an economy i s not new; 

Lucas (1972) uses such is lands to expla in the movement of economic aggregates.—''' 

More to the po in t , the e x p l i c i t pa i r i ng of agents i s a scheme used in var ious r e ­

cent microeconomic approaches to money, inc lud ing Starr (1972), Ostroy (1973), 

Feldman (1973), Ostroy and Star r (1974), and Har r is ( fo r th ) . Yet , for the most 

par t , these approaches are not r e a l l y dynamic equ i l ib r ium theor ies . An import­

ant exception i s H a r r i s , but he i s concerned wi th commodity money, not outs ide 

indebtedness. 

In two of the models of th is paper, the turnpike aodel of exchange (Sect ion 

2) and Lucas' ve rs ion of the Cass-Yaar i (1966) model (Sect ion 4 ) , there ex i s t s a 

monetary equ i l i b r ium, that i s , a competit ive equ i l ib r ium with valued money. So, 

as claimed, these models exp la in money. And, as i n the over lapping-generat ions 

construct , th is monetary equ i l ib r ium improves upon the nonmonetary equ i l i b r ium 

(autarky). Unl ike the overlapping-generat ions model, however, the monetary equ i ­

l i b r i a in these models wi th s p a t i a l l y separated agents are nonoptimal and are as ­

sociated wi th binding nonnegativi ty const ra in ts on the holding of money balances 

Thus the decen t ra l i za t ion of s p a t i a l separat ion i s not completely overcome winh 

6/ money.-

The argument as to why no optimal a l l o c a t i o n can be supported as a mone­

tary equ i l ib r ium i a these models is f a i r l y i n t u i t i v e . Suppose a l l agents are 



of Che same age and a l l discount che future ac the same ra te , as i n Che turn­

p ike model and Lucas' vers ion of Che Cass-Yaar i model. Then, i f an opt imal a l -

locac ion i s Co be supporced, chere muse be a rate o f de f l a t i on equal co che 

common discount ra te , 3uc, i n Che absence of taxes, such a d e f l a t i o n i s incon-

s is ten t with ind iv idua l maximization, as rea l wea l th ( rea l money balances) vould 

be unbounded. That no s ta t ionary monetary equ i l ib r ium can be opcimal i s an immediate c o r o l l a r y . 

As Grandmont and Youness (1972, 19 73) poinc out , chis l a t t e r conc lus ion 

appears frequently in Che l i t e r a t u r e (3ee, for example, Clower (1970), Friedman 

(1969), Johnson (1970), and Samuelson (IS68), (1969)) where che argument curns 

on a divergence between the pos i t i ve marginal u t i l i t y o f rea l money balances and 

che zero marginal cost of creat ing Chem. Grandmont and Youness are c r i t i c a l of 

t h i s l i t e r a t u r e , and they are noc a lone; -Clower (1970), for. example, argues quice 

f o r c e f u l l y chat Chese welfare questions must be addressed i n a model which makes 

e x p l i c i t the monetary exchange process. Grandmont and Youness do e s t a b l i s h the 

aforementioned conclusion r igorous ly i n a general equ i l i b r ium, monetary economy. 

Yer.as Che authors noce, even i n Cheir model money is introduced . . . " i n a very 

crude way, by imposing contra ints on t ransact ions" . That i s , i n contrast to the 

models of Chis paper, t h e i r ' s i s not a model which explains money. In th is r e ­

spect , at l eas t , th is paper may be vieved as an important extension of Grandmonc 

ans Younes3 and of th is l i t e r a t u r e . 

I f lump-sum caxes on money balances are permit ted, then che models w i th 

Spa t i a l l y separaced agencs of chis paper can also produce Friedman's (1969) con­

c lus ions on Che opcimal quant i ty of money. That i s , optimal a l l o c a t i o n s can be 

supported in an in te rven t ion is t monetary equ i l i b r ium, wi th lump-sum taxes, i n 

which the rate of in terest on money equals the common discount ra te and in which 
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agents are sat ia ted wi th money balances, i . e . , the nonnegat iv i ty const ra in ts on 

money balances are nonbinding. (Also see Grandmont and Youness (1972), and 

Bewley ( fo r th ) . ) 

Speaking rather l oose ly , the overlapping-generat ions model overturns 

these welfare resu l t s by pa i r ing agents of d i f f e ren t ages and therefore d i f f e r ­

ent ra tes -o f discount.—'' This i s argued more f u l l y i n Sect ion 3, where the 

turnpike model i s modif ied to incorporate f i n i t e l y - l i v e d agents and hence be­

comes an overlapping-generations model. Hopeful ly an essen t i a l feature of the 

overlapping-generat ions model i s revealed. 

As noted above, monetary economics necessar i l y involves the economics of 

i n f i n i t y . In the overlapping-generations model there i s an i n f i n i t e number of 

generat ions, though a f i n i t e number of agents a l i v e at any one date. In the turn­

pike model, and i n the Cass-Yaar i model presented here, there i s an i n f i n i t e 

number of agents a l i v e at any one date. This s p e c i f i c a t i o n ensures that no p r i ­

vate debt i s traded, so that i t s exc lus ion i s endogenous, i . e . , not imposed by 

the modeler. Sect ion 5 of fers some pre l iminary comments on pr iva te debt ( ins ide 

money) i n the context of a modified turnpike model, one without the contempor­

aneous infinity 

F i n a l l y , a caveat i s i n order. The intent i n what fol lows f i s to under­

stand the impl icat ions of var ious exchange structures for monetary e q u i l i b r i a . 

Thus, speaking rather loose ly , preferences and endowments are held f ixed across 

models as the exchange structure i s va r ied . To th is end, maximum genera l i t y i s 

not pursued wi th in the context of each model. Agents are assumed throughout to 

have preferences and endowments of a very spec ia l form. Moreover, ce r t a i n strong 

symmetry condi t ions (on the c lass of a l l oca t ions under considerat ion) are imposed 
t 

exogenousiy, without e laborat ion. F i n a l l y i t may be noted that the models o f th is 

paper are successfu l i n expla in ing money without the in t roduct ion of uncer ta in ty ; 



i t remains an open quest ion as to whether these models can approximate econ­

omies In which moral hazard and bankruptcy play a c r u c i a l r u l e , as Brunner and 

Mel tzer (1971) have emphasized. 



Figure 1: The Turnpike Model 

Figure 2: Capital A l l oca t i ons i a the Turnpike Model 

Figure 3 The Relat ionship Between 1 and 3 



:•. A Turnpike Model of Exchange 

In che turnpike model each of a couccably i n f i n i t e number of agents i s 

a l l oca ted in to one of a countably i n f i n i t e number of s p a t i a l l y d i s t i n c t markets 

or i s lands i n each period of b is l i f e . The exogenous a l l o c a t i o n procedure Is 

such that any two agents are paired at nest onoe during t h e i r l i f e t i m e , and, 

moreover, they share no common third agent as a t rading par tner : 411 agents are 

born at time zero , so that at any time t a l l agents are of the same age. Each 

l i v e s forever and face3 a sequence of endowments of che s ing le consumption good 

c f the model which a l te rna tes between zero and one u n i t . At any time t > <J an 

agent who has an endowment of one un i t la paired wi th an agent who has an 

endowment of zero. Toe consumption good cannot be s to red . 

An economy with these c h a r a c t e r i s t i c s is depicted i n F igure 1. Each 

agent i s imagined to be t r a v e l l i n g on a turnp ike, e i t he r east or west. The 

arrows ind ica te the d i r ec t i on of t r a v e l , and the spikes i nd i ca te the markets. 

The numbers 0, 1 index the endowment of an agent located at the i nd i ca ted 

p o s i t i o n . I n i t i a l l y , at t « 0, there i s one agent at each pos i t i on . . I t should 

oe emphasized here that each agent has no con t ro l over h is l i f e t i m e i t i n e r a r y . 

Each agent moves forward one market i n each per iod. A l s o , these markets are i s o -

^ la ted one from another; there can be ao t ransact ion or communication among them at 

any time. 

F-ach agent has preferences over h is ( i n f i n i t e ) l i f e t i m e consumption 

sequence {CJ:£Q a s descr ibed by the u t i l i t y funct ion J ^ j i ' v K e J where c . > C, 0 

< i < '. and ~t>) i s 3 t r i o t i y concave, s t r i c t l y increasing., bounded, and c o n t i n ­

uously d i f f e r e n t i a t e wi th 0 ' (C) = =. Thus a l l agents have t i e same time sep­

arable u t i l i t y funct ion c f a rather spec ia l form, and in p a r t i c u l a r a l l d iscount 

future over present consumption at the same ra te , -3 

This model d isp lays a well-known property, the absence of double-

coincidence of wants. At each time t. considered in i s o l a t i o n , there oar. be no 
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Pareto improving b i l a t e r a l t rade; there i s only one consumption good, and acre i s 

prefer red to l e s s . One aa7 ask, o f course, whether borrowing and lending n ight 

not improve m a t t e r s . Sect ion 5 below i s devoted e n t i r e l y to th is quest ion i n a 

s l i g h t l y modif ied context , but i t should be acted here that , i a a sense which 

w i l l be made p rec i se , there can be no pr iva te debt i n the present model. For con­

s ider an agent at time t who has zero uni ts of the consumption good. Such an a -

gent might wish to issue an IOU, to be honored in be t te r t imes, when he has one 

un i t of the consumption good. S i m i l a r l y , the agent wi th whom he i s pa i red , who 

has one un i t , might be inc l i ned to accept such an IOU. Yet the model i s cons t ruc t ­

ed in such a way that the IOU can never be redeemed by the i ssue r ; the pa i r w i l l 

never meet aga in , and the purchaser of such an IOU can only pass i t along to an 

agent "behind" the issuer . Thus i f one takes as a def in ing cha rac te r i s t i c of p r i ­

vate debt that i t u l t imate ly be redeemed by the i s sue r , there can be no p r i va te 

9/ 
debt i n th is model.— 

• 

Having spec i f i ed the environment for t h i s model, the next 3tep i s to 

charac te r i ze Pareto optimal a l l o c a t i o n s . "o r th is purpose a strong symmetry 

cond i t i on ia imposed, that i n any a l l o c a t i o n , agents cannot be distinguished by 

t h e i r i n i t i a l market p o s i t i o n . That i a , any agent who begins h is l i f e wi th zero 

un i t s of the consumption good aust be treated the same way as any other agent who 

begins wi th zero u n i t s , independent of h is i n i t i a l l o c a t i o n . A l l such agents are 

hereaf te r re fer red to as agents of type A. A s i m i l a r r e s t r i c t i o n i s placed on 

these who begin wi th one u n i t , agents of type 3. I t bears repeat ing here that 

when an a l l o c a t i o n i s termed opt imal below, i t i s only es tab l i shed to be opt imal 

i a the c lass of symmetric a l l o c a t i o n s ; there remains the p o s s i b i l i t y of a non-

symmetric a l l o c a t i o n waioh i s Pareto super io r . 



Mow l e t cZ denote the number of un i t s of consumption of an agent of 

type i at time t . Then an a l l o c a t i o n ' c * } J " , , £ c ? ; / \ is s a i i to be f e a s i b l e i f 
————— . wSU w t 

(2 . ! ) c j • c? < 1, c * > 0 , 5? > C a l l t > C. 

(An a l l o c a t i o n i s sa id to be i n t e r i o r i f consumption i s a t r i e t l y p o s i t i v e for 

each agent type i n each time per iod.) I t nay be assumed without loss of gener­

a l i t y i n what fo l lows that resources are f u l l y u t i l i z e d . Then to determine an 

i n t e r i o r Pareto optimal a l l o c a t i o n , i t i s enough to maximize a weighted average of 

the u t i l i t i e s of the two agent types, subject to the resource cons t ra i n t s , as i s 

establ ished below. This y ie lds 

Problem 1: 

k r f * -t-,* AM 3 .r 3 3 * t—» 2N -
sax w [ i t = 0 2 1(e t;j # w 0 . ^ 3 « « t ) J . A, » , 5\ » 

{ c t } . s Q , i c t ; c = 0 

A 3 A 3 subject to (2.1) where w > C, w > 3 , a * w - ' . Necessary and s u f f i c i e n t 

f i r s t - o r d e r condi t ions for problem (1) are 

(2.2) w V ' T C O - 5, = o, i=A, 3 t > 0 

where the are pos i t i ve lagrange m u l t i p l i e r s . T r i v i a l manipulat ion of (2.2} 

y i e l ds 

r- - r - a— . > 
a - C O a»(e!) 

• c 

Condit ions (2.1) and (2.2) are f u l l ? equivalent wi th 

(2.4) c * s X, s? = : - \ , Q < X < * i l l t > 0 . 

•cee Figure 2.) Thus a necessary and s u f f i c i e n t condi t ion for a f e a s i b l e 

i n t e r i o r a l l o c a t i o n {=*}..",, to te opt imal is that each agent of type A 
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necessary fo r op t ima l i t y fo l lows from the obvious feet that i f cond i t i on (2.2) i s 

not s a t i s f i e d for some periods t and T, then there i s a Pareto super io r f e a s i b l e 

a l l o c a t i o n . That t h i s cond i t ion is s u f f i c i e n t i s a lso obvious. ?or suppose 

there e x i s t s a f e a s i b l e a l l o c a t i o n which i s Pareto super io r . Then i t would 

s a t i s f y cons t ra in t (2.1) and increase the value of the ob jec t i ve func t ion i n 

problem ( ' ) , a c o n t r a d i c t i o n . Serea f te r , then, reference w i l l be made to an 

i n t e r i o r optimum X i n which both agents receive constant consumption. 

the quest ion nay now be ra ised as to whether opt imal a l l o c a t i o n s can be 

supported in compet i t ive e q u i l i b r i a wi th valued f i a t money. To do so one rus t 

l i s cuss c a r e f u l l y what are meant by f i a t money and competi t ive markets i n the 

context of t h i s model. A unit of f i a t money i s Imagined to be a p h y s i c a l 

commodity, say a pieoe of paper, which say be ca r r i ed c o s t l e s s l y by the agents as 

they t r ave l among is lands and used i n exchange. As a commodity, the s tock o f i t 

i n the possession of any trader at any time cannot be negat ive. On each i s l a n d 

and at each time per iod there i s assumed to be a competi t ive market i n which f i a t 

money can be exchanged for the consumption good at a spec i f i ed ra te . That i s , 

agents take the p r i ce c f the consumption good as given and maximize u t i l i t y by 

choice of the amount to consume and the amount of money balances to car ry over 

in to the next pe r iod . So attempt i s made here to j u s t i f y the pr ice—taking 

assumption c r defend the compet i t ive equ i l ib r ium not ion ; to the extent that the 

mechanism which under l ies the equ i l i b r ium not ion requi res a large (perhaps 

i n f i n i t e ) number c f agents, each agent d iscussed abeve may be taken as rep re ­

senta t ive c f agents i n i d e n t i c a l s i t u a t i o n s . 

Consistent with the symmetry assumption, a t ten t ion w i l l be r e s t r i c t e d 

to monetary e q u i l i b r i a in which the p r ice of the consumption good i n terms of 

aoney at any time c i s the same i n each market. This p r i ce is denoted and is 

assumed to be f i n i t e and s t r i c t l y p o s i t i v e . A l s o , l e t M" denote che number of 

un i ts of f i a t money chosen at time c-1 by agent i and car r ied over into per iod 
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2 l denote the number of uni ts of a lump-sum tax on money balances (or subs idy, 

I f negative) on agent type 1 at the beginning of period t , and y* denote the 

endowment of agent type i at time t. Then taking as given the sequence [ p j c * Q , 

l z t ' t 3 0 and i n i t i a l money balances M Q , each agent of type i i s confronted wi th 

Problem ( i ) ; 

max ? 5 3 5 T 7 ( « I ) 

•Ct'tat)' -"t'tal 

subject to 

c; >o a i l t > o, M; > o ail t > a 

Cbj ? b ci * M:. , £ o vy: * M.f - z'z a n t > o 

' t 

given M~ > Q, SQ a 0. cere (b „) i s the budget cons t ra in t which p r e v a i l s i n per iod 

t . With 3*13) = as. the ncnnegat iv i ty const ra in t on consumption need not be made 

e x p l i c i t ; i n contrast the nonnegat iv i ty cons t ra in t on money balances may be 

b ind ing . Assuming without loss of genera l i t y chat the budget cons t ra in t £fcto) 

holds as an equa l i t y , so that in e f f ec t only ( J O * . - , need be chosen, and making 

the obvious subs t i t u t i on for the c3 , one obtains necessary Euler cond i t ions for a 

maximum 

s ^ V c c : ,) 3'*s'(o;) . 
(2.5) = — — - * 3 ; * 0 a l l t > 1 

Pt-1 p t 

4 * 

-cere ?r i s the Lagrange m u l t i p l i e r associated with the nonnegat iv i ty cons t ra in t 

on money balances, that i s , 
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u 'Co: J p, . 
C2.S) =— > - S i i a l l 6 > 1 

3U'(eJ) " p t 

where (2.5) must hold as an equa l i t y I f > 0 and (2.5) must hold as an 

i nequa l i t y i f and on ly i f 9 * > 0 , that i s , when the marginal u t i l i t y of a -unit o f 
c 

f i a t soney spent on per iod t-1 consumption exceeds the marginal u t i l i t y of a un i t 

of f i a t aocey spent on period t consumption and there i s nc nore f i a t money to 

spend in period t - 1 . 

A compet i t ive equ i l ib r ium with valued f i a t money nay now be de f i ned . 

D e f i n i t i o n : A monetary equ i l i b r ium i s a sequence of f i n i t e p o s i t i v e 

p r i ces {p j ; and sequences of consumptions {c^*> * „ , money balances { M r * ; " . , 
w . —U .- t—U v t=U 

i * • 
and lump-sum taxes ; t _ Q fo r each agent type i s A, 3 such that 

- * 33 i # 33 

i ) (max im iza t i on ) the sequences :.zZ } „ {M~ so lve problem ( i ) 

r e l a t i v e to { ? » } ' . , , ( s j } " d ! C , and 

i i ) (market c lea r ing ) c** * o j i 1, a l l t > 0. 
taO' "t J t=0 f " T "3 

't 

One may now ask whether opt imal a l l o c a t i o n s can be supported i n a 

monetary e q u i l i b r i a without i n te rven t i on . The answer i s summarized i n 

Propos i t ion 2 . 1 : Ho i n t e r i o r optimum X can be supported in a monetary 

equ i l i b r ium without i n te rven t i on , i . e . , wi th zZ = 0 for a l l i - A, 3 . 

Proof ; The proof i s by con t rad i c t i on . Thus suppose that the a l l o ­

ca t ion c't = X, cl = ' - X, a l l t > 0 , can be supported i n a monetary equ i l i b r i um 

without i n t e r ven t i on . With z j * 1 0 , with 7* = 0 for t even and 7I = 0 fa r t odd, 

and with vJ'(0) = =, i t i s c l ea r that tne nonnegat iv i ty cons t ra in t on money 

balances cannot be binding for agent type A for choices made when t ia odd or for 

agent type 3 for choices mads when t i s even. Thus from (2.5) equ i l i b r i um t r i c e s 
1 

must s a t i s f y 
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P ' O - X ) . t > 1 > end SU'(1-XJ " ?* • i •» ecc. 

I t fo l lows that 

(2.7) p* = BpJ., a l l t > i , 

i . e . , the rate of de f l a t i on must be 1 - 3 . Mow consider the evo lu t ion c f money 

balances of agent type 3 given the p r ice sequence ( t J ; - " ^ — the s p e c i f i e d 
a a# 

consumption sequence cf » 1 - X, a l l t > G. Agent type 3 begins L i f e wi th JC > 0 

un i ts of f i a t money, acquires p»X un i ts i n period zero , and spends ??(1 -X ; u n i t s 

i n per iod one. Thus 

(2.3) MT* - MT* = ?»\ - p* (1- \ ) . 
e 'J w • 

C l e a r l y the increment to money balances from : t 1 to t »"2, the l e f t - hand s i ce 

of (2 .3 ) , Is nonnegatlve t f the r ight-hand s ide i s nonnegative. S u b s t i t u t i n g 

from (2 .71, the r ight-hand side i s nonnegative i f 

(2.9) T ^ T > 3. 

In fac t , one may read i l y ve r i f y that the increment to money balances i s - c n -

negative for agent type 3 from t to t*2 for a l l 5 even i f (2.9) ho lds . S i m i l a r 

ca l cu la t i ons e s t a b l i s h that the increment to money balances i s nonnegative for 

agent type A from t to t*2 for a l l t odd i f 

The le f t -hand sides of i nequa l i t i e s (2 . r, 

funct ions of the parameter X. As Figure 2 

f i x e d , 0 < £ < at least one of the re la 

and (2.101 are graphed in Figure 3 as 

saxes c l e a r , with the discount ra te 2 

t i tns . t ios (2.?) and (2.*G) trust ho l t as 



a s t r i c t inequality for any value of \ between zero and cne. That i a , a t l eas t 

one agent type w i l l be accumulating money balances over time Ln the above sense. 

3ut then th is cannot be an equ i l i b r i um, "o r i f (2-9) holds as a s t r i c t i n e q u a l ­

i t y , fo r example, agent type 3 could spend these "excess balances" at t > 1, t 

odd, and improve upon the consumption sequence cf = 1 - X. This completes the 

proof . 

Thus i f an opt imal a l l o c a t i o n i s to be a t ta ined i n a monetary e q u i ­

l i b r i u m , the rate of d e f l a t i o n must be 1 - 3 and, consequent ly, there must be 

some in te rven t ion by way of taxes and/or subs id i es . That at leas t some opt imal 

a l l o c a t i o n s can be supported i n th is way i s es tab l i shed i n 

Propos i t ion 2 .2 : Any i n t e r i o r optimum X wi th 3 < [X/( 1-A.)] and 3 <_ 

[ ( * - \ ) A ] can be supported i n a monetary equ i l i b r i um with rate of d e f l a t i o n 

1 - 3; wi th z f * = p*_, [X-gO-JO] > 0 for t > ! , t odd, and zero otherwise; and 

wi th z;J* s C(1-X)- \3J ^ 0 for t > 2, t even, and zero otherwise. 

Proof: See the appendix. 

Given propos i t ions (2.1) and (2.2) one nay we l l ask whether there e x i s t 

any monetary e q u i l i b r i a which dc cot require i n te r ven t i on . The search for such 

e q u i l i b r i a i s f a c i l i t a t e d by the fo l lowing p ropos i t ion which suggests that the 

search can be l i m i t e d to e q u i l i b r i a i n which the nonnegat iv i t y cons t ra in t s on 

money balances play an important r o l e . 

Propos i t ion 2 .3 : Any monetary equ i l ib r ium with nonbinding nonnega-

t i v i t y cons t ra in ts on money balances on each agent i n each per iod supports an 

opt imal a l l o c a t i o n and hence requires seme i n te r ven t i on . 

Proof : 3y hypothesis, ? t 3 2. Thus from (2.5) i t fo l lows that 
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Manipulat ion c f (2.11) y i e l d s 

(2.12) — r r - = r i i * * t 9 a i i t , T > 0 . 
3 - J ' C c : ) ? T 

As (2.72) holds for both i , 
A* 

a» (c j ) a * ( c : ) 
(2.13) f r " = ST" a l l t , T > 0. 

C ' ( c * ) 0 ' ( o „ ) 

Condi t ion (2.13) and market -c lear ing cond i t ion ( i i ) of an equ i l i b r ium are 

s u f f i c i e n t for an optimum as discussed above. The conc lus ion o f p ropos i t ion 

fo l lows from propos i t ion (2 .1 ) . This completes the proof . 

The search for a non in tervent ion is t monetary equ i l i b r i um i s also 

f a c i l i t a t e d by the observat ion that , roughly speaking, a time trend to p r i c e s , 

say a constant rate of d e f l a t i o n 1 - 3 as i n p ropos i t ion (2 .2 ) , would seem to 

necess i ta te in te rven t ion i n order to keep purchasing power constant . That i s , 

one night search for an equ i l ib r ium i n which pr ices remain constant over t ime, at 

seme pr ice ?* > 0 . Thus i t may be guessed that i n a non in te rvent ion is t monetary 

equ i l i b r i um, each agent of type 3 w i l l 'nave one un i t of purchasing power to be 

a l loca ted over consumption i n each pa i r of periods ( t , t+1), t >_ 3, t even, 

s e l l i n g the consumption good for money i n per iod t and spending a l l accumulated 

money balances i n period i * 1 , with a binding nonnegat iv i ty cons t ra in t on money 

balances at t * 1 . This w i l l generate consumptions c* and c * * , as depicted i n 

Figure Cf course, each agent of type A w i l l be doing the same thing i n each 

pa i r of periods (t+1, t*2) t > C, t even. This d i scuss ion i s summarized i n 

Propos i t ion 2 . - : There ex i s t s a non in tervent ion is t monetary equ i ­

l i b r ium with constant p r i c e s , wi th binding nennegat iv i ty cons t ra in ts on money 

balances in every other per iod, and with a l te rna t ing consumption sequences. Zr. 

p a r t i c u l a r for taxes and p r i ces , 



fo r agent A, Mj = ? * o " , and 

eA» . „ „ M A * A* 
i s 0 ft 

c * C ' " V l p 0 ' - 6*1 " 0 

t > 0, t even 

f c r agent 3, H ? ' : 0, and 

i 



Figure 4: The Turnp ike 's Monetary E q u i l i b r i u m 
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3 .3* 3* 
= c», M; = ? * c * * , 5 . , s 0 t > 0, t even 

«? = <:**. M^, , = 0, 9 ? ^ > 0 t > 1, t odd; 

and where c* and c * * s a t i s f y 

The equ i l ib r ium a l l o c a t i o n i s nonoptimal, but Pareto super io r to autarky. 

Proof: See the appendix. 

The proof of p ropos i t ion ( 2 . * ) u t i l i z e s the fac t that for agent type A 

?,e? * p w f l * w - P ^ l t i * «£ - < 2 - > 0 . * 

(2.15) ? s o J < t > t even 

where ( 2 . 1 4 ) i s the noney balance accumulation equat ion, and (2 .15 ) fo l lows from 

—e . - _ c . . . a - > J . - e - " — * =w - - , C t + 1 - - , p t - p , p f t + 1 - p , 

7"J . = 7 . « J = M, M£ _ s M T , equations (2 .1 *1 and ( 2 . i f } nay be wr i t ten as 

« • 5 5 5 5 
(2.16} p C * P C = ? " 7 " * M - M* 

[2.17) ? V £ M. 

Here tnen (2.16) appears as a noney balance accumulation equation i n a t ve -

commodity model, and (2.17) i s a semi-Clower cons t ra i n t , that the va lua t i on c f 

consumption of commodity one cot exceed i n i t i a l noney ba lance—th is formulat ion 

leads one to inqu i re as to the e f fec t of a more standard " lower cons t ra in t c f the 

form 

i2.1i) ? V - p V < M, 
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Stat the t o t a l va lua t ion of consumption oe bounded by i n i t i a l money balances. 

Const ra in t (2.18) i s not derived e n t i r e l y from the technology o f exchange. 

Imposed i n add i t ion i s tbe requirement that agents b id i n compet i t ive markets for 

t he i r own product ion. That i s , agent type A at time t+1 as a producer i s requ i red 

to place a l l production y* . on the market and pay cash i n advance for any 

A 
consumption c„ , . 

t* i 

Motivated by the above d i scuss ion , consider the fo l low ing 

D e f i n i t i o n : A Clower-type monetary equilibrium i s a sequence of f i n i t e 
as * * , • 

p o s i t i v e pr ices {p*}...^ and sequences of consumptions (c~ and money balances 

•'Mw*>-T0 ?or each agent type i s A, S sucn that 
r A* 3 9 » -A*1 • 

i ) maximisation for type A—the sequences \zy K . Q . '.M? f . ; 1 so lve 
JcA,« " . F M ^ } ™ t~evea * t ' t s C * V t s 1 

3 6 W(eJ ) *«U(oJ 4 > 1 ) l 

subject to 

_ - * - A • p j . * M J - !!? - t > 0, t even r t+ i t+i t t * i — 

- ^ n 

' f t ' t - l ' t * ! 

p f c j * ?* .o f . < »J t > : , t -ver. 

s M^ - p jo* t > 3 , t even 

given SlJ*> C, 
. 3 * . * , J * . a> 

i i ) maximization for type 3—the sequences \z\ '.'<Z eclv« 

=am CG(c?)-T. . o t - , CS3(s?>*a 2 3<«* ,>1; 
. 3 . » r 3. • - • -

subject to 

a a 3 a -a 
:*c~ - * • c ' . s o * v . \r* „ yr* t > " t odd 

t. . < vrm t > . 



3* 

given > 0, and 

i i i ) market c l ea r i ng—c^* • c ? * = 1, t > 0 . This leads to 

Propos i t ion 2.5: I f there ex i s t s a Clower-type monetary equ i l i b r i um 

wi th constant p r i c e s , i . e . , wi th ?J i p* > 0, and with a symmetric consumption 

sequence, i . e . , wi th cZ * c * a l l t > 0, then c" , « e* a c* and e* s c ; = 

o** for t > 0, t even, where c* and c * * are def ined i n propos i t ion (2 .4) . Th is 

a l l o c a t i o n i s nonoptimal but Pareto super ior to autarky. 

Proof : The necessary cond i t ions for a maximum include 

3 5 S » ( c J # ) - r-Jp* - Y ^ P * =0 S > 0, t even 

6 > 0, t ever. 

where ? * > 3 and Y . >̂  0 are Lagrange m u l t i p l i e r s . Thus 

3 ' ( c . ) 

(2.19) r r— =1 t > 0, t even. 
~ J v - t * t ; 

S i m i l a r l y Tcr agent type 3 

U' (c ! # ) 
(2.20) ^ — =1 t > 1, t odd. 

S U ' ( c ^ ) 

Market c lea r i ng and the symmetry hypothesis imply 

•24 a* 
( 2 . 2 D c" . * c ! = 1 a l l t > 0. 

I 

The unique s o l u t i o n to (2.20) and (2.21) i s c~* = c* and c f * . a c * * , t > 1, t odd. 
• » • » 

And by the symmetry typethesis f . s c * , c . . = c** f t r t > 0, t even. Thus cy 



market c lea r i ng zZ* = e f * a l s o . I t i s obvious that th is a l l o c a t i o n i s non-

op t ima l . :iccs a lso that for agent type A, for example, the consumption p a i r ( c * , 

c**) dominates the endowment pa i r CO, 1) i n periods ( t , t-1) for t > C, t even. 

This completes the proof. 

To be noted here i s that the Imposit ion of the f u l l C lover cons t ra in t 

(2.18) reverses the consumption sequences from those of p ropos i t i on ( 2 . * ) . l e t 

i n th is model the " i n te rven t i on " i m p l i c i t In the Clover const ra in t i s not enough 

to a t t a i n opt imal a l l o c a t i o n s . 

In c l os i ng th is sec t ion i t ray be noted that as e i t he r the d iscount 

ra te goes to zero or , equ iva len t l y , as the frequency of t ransact ions (pa i r i ngs ) 

inc reases , the turnpike model comes c lose to producing the wel fare r e s u l t o f the 

over lapping-generat ions const ruc t , that there ex i s t s an opt imal non in terven-

t i o n i s t monetary equ i l i b r i um. To see t n i s , note, fo r example, that the amount o f 

taxat ion needed to support the opt imal a l l o c a t i o n X = T/2 goes to zero as 5 - ' 

(see propos i t ion 2 .2 ) . A l t e r n a t i v e l y , r.cte that the non in te rvent ion is t monetary 

equ i l i b r ium consumption sequences approach the constant \ - * /2 as 3 • * (see 

propos i t ion 2.a and Figure I t may we l l be that th is wel fare resu l t holds 

exact ly i n the l i m i t , at £ = 1, i f agent3 use the overtaking c r i t e r i o n to 
10 / 

evaluate consumption pa ths .— 
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2• A General ised Overlapping Generations Model 

The turnpike mode l nay be contrasted with the over lapp ing-genera t ions 

mode l of Samuelson [1958]; as i s we l l known, the over lapp ing-generat ions model 

y i e l d s , under s p e c i f i e d assumptions, a non in te rvent ion is t monetary e q u i l i b r i u m 

which i s op t ima l . I t should prove use fu l then to d iscover these elements which 

lead to the d i f f e ren t imp l i ca t ions c f the two models. The in ten t c f t h i s 

s e c t i o n , then, i s to modify the turnpike model to make i t nore comparable to the 

standard over lapping-generat ions cons t ruc t . Put t ing t h i s another way, the 

over lapping-generat ions nodel i a genera l i sed ; i n so do ing, i t3 e s s e n t i a l f e a ­

tures are revealed. 

The obvious mod i f i ca t ion of the turnpike model produces the mode l 

depicted i n Figure 5; i n e f f e c t , the turnpike mode l has been truncated at both 

ends. Here one agent i a bom i n each period at the beginning of the eastern and 

western routes, and each agent l i v e s four per iods. Mote, agents aged 0 and 3 

per iods are pa i red , as are agents aged 1 and 2 per iods . 

Pre l iminary work with t h i s model ind ica ted that an opt imal a l l o c a t i o n 

can be supported as a non in te rven t ion is t monetary equ i l i b r i um, as wi th the s t a n ­

dard over lapping-generat ions node l . In such an equ i l i b r i um p r i ces f i r s t f a l l and 

then r i s e over each agent 's l i f e t i m e . Moreover, the (even-aged) l i f e t i m e s of 

each agent can be made a r b i t r a r i l y long, by t runcat ing the model fu r ther ou t . 

without a l t e r i n g these conc lus ions . 3ut i t may be noted that the age-pa i r ings i n 

t h i s c lass c f models are extreme, the youngest t rad ing with the o l d e s t , the nex t -

to-youngest t rad ing wi th the nex t - to -o ldes t , and so on, whereas i n the turnp ike 

model one'3 t rading partners are of the same age. Thus a acre na tu ra l comparison 

would be to a modif ied model in wnich one's t rading partners are mere or less the 

same age. This produces the genera l ised over lapping-generat ions model which i s 

examined i n the remainder c f t h i s sec t i on . 



Figure 5: A. Truncated Turnpike 

F igure 6: General ized Overlapping Generat ions 
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As i n the turnpike model, each of a countably i n f i n i t e number of agents 

faces an endowment sequence of the s i n g l e nonstorable consumption good over h i s 

i n f i n i t e l i f e t i m e which a l te rnates between one and zero. Yet here a l l agents are 

not of the same age; one representat ive t rader i s bom i n each period t , t ^ 0 , 

and begins l i f e wi th an endowment of one u n i t . Each agent i s again a l l o c a t e d 

in to one of a countably i n f i n i t e number of s p a t i a l l y d i s t i n c t markets i n each 

per iod of h is l i f e , but here the a l l o c a t i o n procedure i s such that each agent i s 

pai red wi th an agent who i s e i ther one per iod o lder or one per iod younger. 

Figure 5 i l l u s t r a t e s the scheme: The arrows ind ica te the d i r e c t i o n of " t r a v e l , " 

and the numbers on the r i gh t of market spikes ind ica te the endowment o f an agent 

whose age i s ind ica ted on the l e f t . 

For cur purpose the economy w i l l be conceived of as beginning at time 

t = 0 but populated wi th agents bcra at times t s - h , a > ' . Thus at time t » 0 , 

i s l and k = j / 2 , J > 0, J even, i s inhabi ted wi th two ( representa t ive) agent3, one 

bom at time - j wi th an endowment of one un i t and one bom at time - ( j » 1 ) w i th an 

endowment of zero u n i t s . At time t s 1, one new ( representa t ive) agent i s born 
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and enters market zero , whi le- the other agents nove forward as i nd i ca ted , and so 

on. Mete that i f agents were to l i v e two periods on l y , a t ten t ion could be 

r e s t r i c t e d to market zero a lone, an economy which i s i d e n t i c a l to the s implest 

two-period over lapping-generat ions m o d e l . As w i l l be shewn, the present gen­

e r a l i z a t i o n re ta ins the c h a r a c t e r i s t i c s c f that economy. 

Aa i n the turnpike model, there i s a sense i n which there can be no 

p r i va te debt in t h i s model. Here, un l i ke the turnpike model, agents meet each 

other i n f i n i t e l y o f ten ; an agent bom at time t i s pai red with an agent b e m at 

time t+1 when the former i s of age 0, 2, and an agent bom at time t i s 

pa i red with an agent bora at time t-1 when the fc raer i s of age 1, 3. 5, *e t 

when they aeet, each of the pa i r has the same r e l a t i v e endowment p o s i t i o n . An 

ISU issued by an agent c f an odd age who has zero un i ts c f the consumption good 

can never be redeemed by the issuer—he w i l l have zero uni ts when the pa i r seet3 

aga in . 

Mow to descr ibe preferences, feas ib le a l l o c a t i o n s , and Pareto opt imal 

a l l o c a t i o n s seme add i t i ona l notat ion i s needed. Thus l e t C y J ^ Q denote the 

endowment sequence of a t y p i c a l agent over h is l i f e t i m e , where 7, Ls the endow-

nent of an agent age J . Here then y< = 1 f t r j > C, J even; and jTj = 0 f o r J > 1, 

j odd. Let c .v t ) denote the consumption cf an agent torn at time t who i s o f age 

j , j > 0, a l l t . Each agent has the same preferences as i n the turnpike model. 

That i s , the ob jec t ive funct ion of an agent bom at time t > 0 i s I j ^ ^ C c . f t ) ] 

where 0 < = < 1 and CC*) i s str ictl7 concave, str ict i7 i nc reas ing , bounded, and 

continucusl7 d i f f e r e n t i a b i e with C'(Q) = =. The ob jec t ive funct ion of an agent 

b e m at time -a < 0 i s ^ " . 3* * J [ c 4 ( - h ; ; . An a l l o c a t i o n is a consumption 

sequence { c ^ - ; } . ^ f 3 r agent torn at t ine *, > fl, and a consumption sequence 

•*e ,(-fi)} ^ a -CT a a c n agent com at t i ne -n <_C. 07 const ruc t ion there i s only 

cr.e uni t cf the consumption geed amcr.g the two traders of ar.7 nar'-cst at any peine 

i n t ime. Thus an a l l o c a t i o n is said to oe feas ib le i f 
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0,(6) • a . , (6 -1) < 1 t > 0 , J > 0 r j ever. 

( 3 - D 
5 j ( -h) + C j + 1 ( - h - 1 ) < 1 h > 1, J > n, J even. 

I t w i l l be assumed i n what fo l l ows , without loss of g e n e r a l i t y , that these 

cons t ra in ts oust hold as e q u a l i t i e s . 

The next step i s to def ine Pareto opt imal a l l o c a t i o n s . For t h i s 

purpose, a st rong symmetry cond i t ion i s imposed, namely, that agents of i d e n t i c a l 

ages be t reated i d e n t i c a l l y , even though they can be d is t ingu ished by b i r t hda te . 

That i s , 

(3-2) C j ( t ) s CJ(T) = Cj > 0, j > 0 a i l t , T . 

Then an a l l o c a t i o n ( c^ } , * , i s sa id to be optimal i f there dees not ex i s t another 

a l l o c a t i o n (8 . } 4 - wi th the property that 

' 3 .3 ) 3 - " ^ J ( o J > I • S ^ c , ) , a > 0 

wi th s t r i c t i nequa l i t y for at leas t one such h. Mote that for h = 0, the terms i n 

(3.3) represent the u t i l i t y c f one agent born at time t > 0 , and for h > C, the 

u t i l i t y of an agent born at time t = - h . Thus the preferences of a l l agents are 

taken into account. 

I t i s new claimed that the so lu t i on ( e * } c f the fo l low ing problem i s 

cpt imal in the above sense. 



To e s t a b l i s h the c la im note that , due to the time separable nature of the 

ob jec t i ve func t ion and of the cons t ra in t s , the unique so lu t i on to t h i s problem i a 

c* s c * , c* s c** j > 0, j even 

where 

O'Cc*) , 
3U ' (c * * ) " ' " 

Mow suppose there ex i s t s a f eas ib le a l l o c a t i o n (c^ > ^ w h i c h Pareto dominates 

{c*}*Q. I f an agent bem at time t > 0 i s to be bet ter o f f under ( C j K ^ j i then 

consumption must be increased for at leas t one element e^. Suppose i >_ 0 i a 

even. Then f e a s i b i l i t y requires that c 4 _ . be decreased. Sut c* and c # * are 

chosen i n such a way that such changes can only make the agent bom at time t 

worse o f f , i . e . , 

5 (o 1 ) • 3 u ( c J - t > 1 ; < ff(of) • S C ( e f + , ) . 

A s i m i l a r argument app l ies for i > 0 and odd. Hence i f i c , > 4 " n i s to Pareto 

dominate C c * ; 4 ^ L , i t must make at leas t one agent bem at time -h < 0 be t t e r o f f . 

3y the above argument, an increase i n u t i l i t y i s poss ib le only for the r e l a t i v e l y 

o l d person of seme market at time t = 3, i . e . , only i f there i s an inc rease i n the 

element c._(-h), h >_ 1, h odd. Sut then the representat ive t rader born at time 

t > 0 must be made worse o f f , and, by the above argument, there can be ao 

compensating changes elsewhere. This es tab l i shes the c la im. 

Tn l i ke the procedure i n the turnpike model, no attempt i s made here to 

charac ter ise a i l poss ib le Pareto opt imal a l l o c a t i o n s i n the r e s t r i c t e d c l a s s . In 

the simple two-peried over lapping-generat ions m o d e l other opt imal a l l o c a t i o n s in 

the atcve sense do e x i s t . Moreover, under s p e c i f i e d assumptions, each c f these 

tar. oe supported i n a monetary equ i l ib r ium with de f l a t i on and lump-sum t a x a t i o n . 
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Fur ther , there ex i s t monetary e q u i l i b r i a wi th i n f l a t i o n and lump-sum s u b s i ­

d i sa t i on which are noncpt imal . Analogues of these resu l t s could be sought here. 

Ins tead, a t ten t ion w i l l be l i m i t e d to genera l i s i ng the well-known p repos i t i on 

mentioned at the beginning of th is sec t i on , chat there ex is ts a nonintervent ion-

i s t monetary equ i l ib r ium which supports the above described optimal a l l o c a t i o n . 

To def ine a monetary equ i l i b r ium some a d d i t i o n a l nota t ion i s needed. 

Let pf denote the p r i ce of the consumption good in market k at time t, k > 0, 

t > 0 . Let M 4 ( t ) denote the money balances held by the agent born at time t at 
j 

the beginning of per iod J of h is l i f e , chosen at age j - ' . As a t t en t i on i s 

r e s t r i c t e d to non in te rven t ion is t e q u i l i b r i a , no nota t ion for lump-sum taxes i s 

needed. As before, each agent takes i n i t i a l money balances and the sequence of 

future p r i ces as given and maximises u t i l i t y by choice of the sequences of money 

balances and consumptions over h is i n f i n i t e l i f e t i m e . Thus, fo r an agent born at 

time z >3, consider 

Problem t : 

= nax . L ! > 0 - [ 0 - - ; i 

subject to 

c , ( t ) > 0, n\Ct) > 0 j > 0 

'b . ( t ) ) z ^ l 7 , - M .Ci ) z pjf ,c . ( t ) <- K . , ( t ) j > 0 

given 

> J 

M-Ct) > 3, k = i 

an agent bom at time -h < 3, consider 
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Prcb len —hi 

subject to 

Cj( -h) > 0 , Mj(-h) > 0 J > h 

given 
L f J- «^en, j > h 

M. (-h) > 0, k * 

2 j odd, j > h. 

One nay now wr i te out f e m a i l y the f o i l owing 

D e f i n i t i o n : A acnetary e o u i l l b r i u a i s a sequence of f i n i t e p o s i t i v e 

p r i ces C p j f / ^ fo r each market '.< > 0 ; sequences c f consumptions ' c * ( t ) } and 

noney balances for the agent bem at each t ine t > 0 ; and sequences of 

consumptions ( c * K - f e ) } a n d noney balances (J r t ( -h ) }« ^ for the agent bcrn at 

each t ine - a < C such that 

i ) saa la i na t ion for agent t— the sequences { c $ ( i / } / * , and 'M*(t)> 4 " . 

solve problem t given M*( t ) , 
(33 

i i ) maximization for agent -h — the sequences ( c V . - h ) ; , _ w and 

{M*(-h) ». . . solve orobism -h given M.*(-h), - jsa-M -

i i i ) market c lea r i ng — 

<=*(t) - C ^ . C t - T ) s i t > 0 , j > C, j even, 

-*(.ft) * c* ,{-*-'•) = 1 h > 1 , J > h t J even. 
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To charac te r i ze one of the monetary e q u i l i b r i a of th is model, re tu rn 

for a moment to problem ( t ) . D i f f e r e n t i a t i n g wi th respect to M^(t ) , f a m i l i a r 

necessary cond i t ions for a maximum are obta ined: 

3 J " V [ c . . ( t ) ] S " V [ c , ( t ) ] 
(3 . * ) r r - ^ * g * 8 j ( t ) = 0 j > 1 

? t+ j -1 p t * J 

where * j(b) i s the nonnegative Lagrange m u l t i p l i e r assoc ia ted wi th the c o n ­

s t r a i n t M.(t) > 0 . Expression (3.1) y i e l d s 

( 3 - 5 ) 5U' [o . (p) ] ^ ~ r ~ 
j p t+ j 

where equa l i t y p reva i l s i f M.(t) > 0 . As before wi th U'(0) s » and y^ = 0 fo r 

j 2L 1 > J odd, i t i s obvicus that equa l i t y must p r e v a i l f c r J >_ 1, j odd, and a l l  

t > 3. 

How suppose the oot imal a l l o c a t i o n o^ s c * , c* , = o * * , j > 0 , j even, 

-ere to oe supported i n a monetary e q u i l i b r i u m . Then, wi th j = • i n (3-5) as an 

equaud.ty, 
0* 

S'(c») p t 
1 * S U ' C c " ) s a l l t > 0 

pt+1 

where the equa l i t y on the l e f t fo l lows from the cons t ruc t ion o f c* and c » * . That 

i s , the pr ioe i n market zero aust remain constant over time. A s i m i l a r argument 

y i e l d s the face that the pr ice of each market k > 0 must remain constant ever 

t ime. Moreover, suppose (3-5) were to hold as an equa l i t y In such an e q u i l i b r i u m 

for j even as w e l l . (That i s , suppose the nonnegacivi ty cons t ra in ts on money 

balances were never b ind ing. ) Then wi th j = 2 i n (3-5) as an equa l i t y , 

1 r j ' ( c " ) Pt*1 
—r s ".—— - a'T t > 0 



t i ne t moves across markets from market zero at time t * i to market ere at time 

tt-5. Again j ever, and t > C were a r b i t r a r y , so th is r e l a t i onsh ip would hold 

across an7 tvo adjacent markets for any time period t . 

Thus i t may he guessed that the opt imal a l l o c a t i o n c», c * * can be 

supported i n a monetary equ i l ib r ium with constant p r i ces over time i n each 

market, wi th d e f l a t i o n c r o s s - s e c t i o n a i l y over markets, and wi th d e f l a t i o n i a 

every other period of each agent 's l i f e t i m e . Eefcre e s t a b l i s h i n g t h i s conjecture 

fo rma l l y , i t may be i n s t r u c t i v e to answer t h i s quest ion : Eow can i t be that 

there e x i s t s a non in te rvent ion is t monetary equ i l i b r ium i n t h i s model wi th 

d e f l a t i o n but -without taxat ion? The answer, of course, i s that the p r i c e l e v e l 

s tays constant i n each market. In equ i l i b r ium the r e l a t i v e l y o ld person of each 

market passes along a l l of h is noney holdings to the r e l a t i v e l y young person, who 

then does the same i a the next pe r iod . That i s , money i t s e l f never noves acrcss 

markets, and so r e a l balances stay constant i n each market. In equ i l i b r i um 

nominal money balances dec l ine over markets wi th the p r ice l e v e l ; r e a l balances 

stay constant ever markets. 

This d iscuss ion i s now sunmarinad i n 

Propos i t ion 3 .1 : The opt imal a l l o c a t i o n c * , c M can be supported i n a 

(ncn in te rven t ion is t ) monetary equ i l ib r ium wi th constant pr ices over time i n each 

market, wi ta de f l a t i on rate (1-o 2 ) across adjacent markets, and wi th nonbinding 

connegat iv i ty const ra in ts on money balances for each agent c f any age. In 
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C*(c) = e», M* ( t ) = j > 0, j even 

c* ( t ) = c*» , M* ( t ) s 0 J > 1, j odd 

where k i s def ined In problem ( t ) ; and for the agent born at each t ine -h < 0 , 

s»(-h) s e», M* + 1 ( -h ) = ? k * c » * j > h f i even 

c»(-h) = c « , MJ+1(-W =0 j > h, J odd 

where k i s def ined i n problem ( -h) . 

Proof : See the appendix. 

Thus, i t has been es tab l ished that there e x i s t s an opt imal a l l o c a t i o n 

i n th is model which can be supported i n a non in te rven t ion is t monetary e q u i ­

l i b r i um . Yet p ropos i t i on (2.1) asser ts that th is i s net poss ib le i n the turnp ike 

model, wherein l i e s the d i f fe rence? 

To be noted i s that the a l l o c a t i o n ct = c # , c , = c * * for j > 0, j 
« j * ' — 

even, i s opt imal here, i n t h i s general ised over lapping-generat ions model, but i s 
a 

not optimal in the turnpike model. (More s p e c i f i c a l l y , the a l l o c a t i o n cZ = c * , 

c f . = c * * , t > 0, t even, i s not opt imal there.) This resu l t turns on the fact 

that i n the over lapping-generat ions model agents are pai red at d i f f e r e n t ages. 

The optimal a l l o c a t i o n takes into account that the young in each market p re fe r  

present over future consumption. Thus the age s t ruc tu re seems to be c r u c i a l . 

I t may be ncted i n passing that the a l l o c a t i o n c * , c * * can be supported 

i n a non in te rvent ion is t monetary equ i l i b r ium i n both models, yet the e q u i l i b r i a 

seem q u a l i t a t i v e l y d i f f e r e n t . In the genera l ised over lapp ing-generat ions model, 

the nonnegat iv i ty cons t ra in ts on money balances are never b ind ing, whereas i n the 

turnpike model they are binding i n a l te rna te per iods . Tnis may lead one to 

quest ion whether i n the turnpike node! e q u i l i b r i a wi th nonbinding cons t ra in t s 

have teen ru led out i n some way. In p a r t i c u l a r , p r i ces have teen r e s t r i c t e d to 
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be constant across markets, wcereas in the equ i l i b r ium of p ropos i t ion (3-1 

p r i ces f a l l over markets. Yet Figure 1 reveals that i n the turnpike nodel p r i ces 

cannot f a l l over marke ts i n the r igh t way for a l l agents, F a i l i n g pr ices for 

agents t r a v e l l i n g west imply r i s i n g pr ices for agents t r a v e l l i n g eas t , fo r 

example. 

i 
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The Lucas Vers ion of the Cass-Yaar i Model 

Thus far a t ten t ion has been r e s t r i c t e d to models which have the property 

that money al lows the economy to achieve a Pareto super ior a l l o c a t i o n of goods 

over time, r e l a t i v e to autarky. For the Ind i v i dua l , money plays a r o l e i n equat­

i ng , at least p a r t i a l l y , intertemporal marginal rates of subs t i t u t i on . This has 

lead some to c la im that money i n such models serves as a store o f value ra ther 

than as a medium of exchange. This sec t ion presents a th i rd model w i th s p a t i a l l y 

separated agents i n which aoney plays a r o l e i n achieving in t ra tempora i e f f i ­

c iency (as w e l l ) . In essence, the model i s the well-known Cass-Yaar i c i r c l e , but 

wi th t rader pa i rs and a tinting c f t ransac t ions as suggested by Lucas .— ' ' 

The model cons is ts of a countably i n f i n i t e number of households and a 

countably i n f i n i t e number o f per ishable commodities. Each ( rep resen ta t i ve ) 

household cons is ts of a pa i r of agents and i s imagined to be loca ted on the r e a l 

l i n e , say one household per in teger . See Figure 7. Each household i l i v e s 

forever and faces an endowment sequence of commodity i which i s constant , say one 

un i t in each period t > 0 . In each per iod t , each member of household i i s 

capable c f coving one-hal f the d is tance to one of the two adjacent i n t e g e r s , 

' i f *) and ( i - D . Thus, i n each period t , each household i i s p h y s i c a l l y capable 

of ca r r y i ng out t ransact ions wi th households ( i - 1 ) and (1*1) i n twc s p a t i a l l y 

separated markets. Tnere i s no s torage. 

Household i cares only about commodities i and (i-t-7), and d iscounts 

future over present consumption. Thus l e t t i n g e»_ ' i ) and c. . fc(i) denote the 

number of un i t s of consumption by household i at time t of commodities i and 

{!-•-, r e s p e c t i v e l y , the preferences of household i are represented by the 

u t i l i t y func t ion [ j ^ s V ^ U ) , 0 ^ . C D ] , 3 < 3 < *• Here a lso 7 [ - f •] i s 

s t r i c t l y concave, s t r i c t l y i nc reas ing , bounded, and cont inuously d i f f e r e n t i a b l e 



market ( i - i , i ) market ( 1 , 1 * 1 ) 

•* i 

i-i 1 1*1 

Figure 7: The Cass-Yaar i Model 

F igure 3 : E q u i l i b r i a i n Lucas' C a s s - Y a a r i Model 
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with ind i f fe rence curves which are asymptotic to the axes. (A p a r t i c u l a r func­

t i o n a l form w i l l be assumed for scce purposes in what f o l l ows . ) 

As Cass and Yaar i note, th is nodel d i sp lays the absence of double-

coincidence of wants. At each t ine t each household i can trade wi th household 

(1*1), but i has no commodity Ci*1) wants. I t a lso should be noted that t h i s 

nodel reverses the cons t ruc t ion of Cass and Y a a r i , breaking t he i r c i r c l e a t some 

1 2 / 

point .and spreading i t back cut over the r e a l l i n e , w i th i n f i n i t e e x t e n s i o n s . — 

As i a the turnpike node l , t h i s serves to e l iminate the p o s s i b i l i t y of p r i va te 

debt. Household i may issue an IOU to household ( i * 1 ) i n exchange for commodity 

( i * l ) , but t h i s ICD can be returned to household i only by household (1*1), and, 

as noted, i has no commodity ( i * i ) want3. 

The next step i n the ana lys is i s to def ine f e a s i b l e allocations and 

charac te r i se these wnich are Pareto op t ima l . Without loss of gene ra l i t y a t t e n ­

t i o n i s r e s t r i c t e d to those a l l o c a t i o n s i n which each household rece ives at nose 

these commodities which enter- it3 u t i l i t y func t ion . Thus an a l l o c a t i o n i s a 

sequence of consumptions ( c , . ( i ) , c , , „ ( i ) for each household i . Ac a l l o -

ca t ion i s sa id to be f eas i b l e i f 

c , . ( i ) * c ' i - D < 1 t > 0, a l l in tegers i — - - — — 
(-. 1) 

1 °» ^ . . ( i - l l 1 0 t > 0, a l l in tegers i . 

A lso , without loss of g e n e r a l i t y , the resource cons t ra in t i n ( * . D i s assumed to 

hold as an e q u a l i t y . Mow i n order to cha rac te r i ze Pareto opt imal a l l o c a t i o n s , a 

strong symmetry cond i t ion i s imposed—that in any f eas i b l e a l l o c a t i o n each 

household i be t reated i d e n t i c a l l y with respect to "own" consumption, cf com­

modity i , and "e ther " consumption, o f commodity i * i . That i s , an a l l o c a t i o n 

• e ; . : i } , c , . . : i ) } . " , } f c r a l l i , i s sa id to ce symmetric i f 

• - . 2 ) Zt_J.L) z si, c . <i) = c? t > a l l in tegers i . 

http://secuer.ee
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With in the c lass c f such symmetric a l l c c a t i o n s , then, f e a s i b i l i t y i s equ iva lent 

w i th 

(U.3) e l + c? • 1, c ! > 0 , e? > 0, t > 0, 

I t i s now claimed that , subject to t h i s symmetry r e s t r i c t i o n , the 

unique Pareto op t ima l a l l o c a t i o n nay be found as the so lu t i on tc 

Problem 3: 

f I 2 , » 

< V ° t > t - o 

subject to (4 .3) . As the ob jec t ive funct ion and const ra in ts se ts are t i n e 

« 't 't=0 

separable, i t i s obvious that the unique s o l u t i o n ( c * * , e f * K ^ , to t h i s problem 

s a t i s f i e s 

1* 1* 2* 2* 
ci = c , cf = c* a l l t > 0 

woe re 
1 # 5 * 

tyo1 , c 2 ) 

(See Figure 3.) 

Any symmetric f eas ib le a l l o c a t i o n which i s supposed to improve upon 

t h i s so lu t i on must s a t i s f y (0.3) and increase u t i l i t y i n some per iod t . The 
* • 2 * 

choice c f o' and o" makes th is impossib le. S i m i l a r l y , any symmetric f e a s i b l e 

a l l o c a t i o n which d i f f e r s from th is so lu t i on can be improved upon, and hence i s 

not an optimum. F i n a l l y , note that the unique Pareto optimum i s def ined com­

p l e t e l y by int ratemporal cons idera t ions . 

As before, one new seeks to d iscover the re la t i onsh ip between opt imal 

a l l o c a t i o n s and nonetary e q u i l i b r i a . Thus, suppose at each time > 2 that 

households i and ( i *1 ) meet in a competit ive market i n which commodity ' . c a n 
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be exchanged for f i a t money. Thus, l e t p. . denote the p r ice o f commodity 

(1*1) in terms c f f i a t money at t i ne t > 0 . A l s o , l e t M,.(i) denote the nunber of 

un i ts of f i a t noney held by household i at the beginning of per iod t , and l e t 

Sj,( i) denote the lump-sum tax . F i n a l l y , l e t 7 ^ ( 1 ) denote the endowment of 

commodity i of household i at time t, so that y . k ( i ) = 1. At the beginning of 

each per iod t , one member of household i t rave ls to the market ( i , i * l ) w i th some 

of the beg inn ing-o f -per iod money balances and purchases commodity (i+1) at the 

p r ice p. . h . S i m i l a r l y , the other member c f household i t r ave l s to the market 

( i - 1 , i ) wi th some of the endowment of commodity i and s e l l s i t f o r f i a t noney at 

the pr ice p,,.. At the end c f each per iod t , both members of household i re turn 

to t he i r o r i g i n a l l o ca t i on and consume. Thus, tak ing the p r i ce sequence 

CD —̂  

{?»-»?< , . K - 2nd the tax sequence Cs»,(i)}_ n as g iven , each household i i s 

confronted wi th 

Problem ( i ) ; 

subject to 

o 4 t o ( i ) > 0, c . . Ji) > 0, M„ ( i ) > 0 

C b k ( i ) ) ? , . y _ ( i ) • M.Ci) - z „ ( i ) = 

- eb •« <# i* 

P i t = i t ( 1 ) * ^ T f i < W - ( i J * * t * 1 ( i ) 

c V t ) J P u i , t c i ^ , t ( i ) i M t ( i ) 

given > 0, z - ( i ) = 0 . 

t > C 

t > 0 

6 > •: 



- -a -

Here ( b „ ( i ) ) i s the money balance accumulation equat ion, and (a, .( i ) ) i s the 

cons t ra in t that the va lua t ion of consumption c f commodity ( t+1 ) by household i i s 

bounded by beg inn ing-o f -per iod money balances. Thus a^( i ) i s very auch i n the 

s p i r i t of a Clover cons t r a i n t . 3ut here th is cons t ra in t i s generated bv the  

under ly ing exchange technology of the mode l .— / 

l a what f o l l ows , a t ten t ion w i l l be r e s t r i c t e d to e q u i l i b r i a which are 

symmetric across households i n that £?,„}.._•, = { o j . . . fo r a l l commodities i ; and 

C « t " » i . ( • , , > £ , C M , ( i ) > ^ - ( M J ^ , and C o ^ D . o ^ ^ C i ) } ^ -

Ce l . c f } , . " , f o r a l l households i . Under these symmetry r e s t r i c t i o n s the problem 

of each household i i s the same, namely, the problem of the represen ta t i ve 

household, 

Problem 3: 

aax i~S^[*l,ch 

subject to 

e l > C, c? > C, Mw > 0 t > 0 

<*•) ? t c Z < M t 

given > 3 , 2n s 0 wi th y. = 1. 

The above d iscuss ion leahs to the fo l low ing 

D e f i n i t i o n : A symmetric monetary e q u i l i b r i u m is a sequence of f i n i t e 

pos i t i ve p r i ces CBSI'WII and sequences of consumptions . C * f o f nor.ey 

balances .M f } . ^ , , and taxes £5* } . " „ awe- that 
* • 5 * as = 

i ) nax ia jca t ion—the sequences (c^ ,o~. a r i ' M ? ; . . . solve problem 

r e l a t i v e to .a«} " , ^ «* . 

Li) market CJ. ear ing—o. - - ' , a l l z > 2. 



In order to discover the r e l a t i onsh ip between symmetric monetary 

e q u i l i b r i a and opt imal a l l oca t i ons i t i s use fu l to consider the necessary E u l e r 

condi t ions for a maximum to problem (3) . Assuming nonbinding nonnega t i v i t y 

cons t ra in ts on money balances (and consumption) and fo l low ing Locay and Palmon 

[1973], these are o f the form 

c*.S) -aW ( e l , c ? ) * &\(<sl,ch - p*e h = o t > o 

C M ) V ^ - i ' V P = C p f ^ / p ^ B V j C e l . e J ) t > 1 

where 3,, i s the nonnegattive Lagrange m u l t i p l i e r assoc iated wi th the cons t ra in t 

( a f c ) . One imp l i ca t i on i s almost immediate, 
1 * 3 * 

Propos i t i on * . 1 : The opt imal a l l o c a t i o n c ' , c~ cannot be supported 

i n a non in te rven t ion is t symmetric monetary equ i l i b r i um , i . e . , wi th z* = 0 . 

Proof : Suppose the cont rary . Then i t fo l lows from (^.5) and the 

cons t ruc t ion of the optimum (4.4) that i n such an equ i l i b r ium the ra te of d e f l a ­

t i on must be 1 - 3, i . e . , 

(1.7) ? ! = 3P* , t > 1. 
C w— I 

A l s o , from the money balance accuaulat ion^equat ion ( b j and f e a s i b i l i t y of the 

optimum, 

(1.3) M* . - M* = ? f ( y . - c 1 * - c 2 * ) s 0 t > 1. 

Mow consider cons t ra in t (a w ) at t = 0 , 
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Then holding, the consumption sequence {t k}_" 0 f i xed i d e n t i c a l l y at , the 

2 2 * 

representa t ive household could increase consumption of c u over o *n every 

period t > 1 by spending the " su rp l us " noney balances. This i s the des i red 

c o n t r a d i c t i o n , and i t completes the proof. (For an a l t e rna t i ve argument see 

Looey and Palmer.) 

Propos i t ion ( 4 . 1 ) o f t h i s model i s the analogue of p ropos i t i on ( 2 . 1 ) i n 

the turnpike n c d e l . And i t seems that propos i t ions ( 2 . 2 ) and ( 2 . 4 ) c f the 

turnpike model have analogues here as w e l l ; that i s , the opt imal a l l o c a t i o n can 

be supported i n an i n t e r ven t i on i s t monetary equ i l i b r ium, and there e x i s t s a 

ncn in te rven t ion is t monetary equ i l ib r ium which i s aonoptimai but Pareto super io r 

to a u t a r k y . ~ / Per according to Locay and Palmon, the necessary t r a n s v e r s a l ! t y 

cond i t i on for the maximisation problem confront ing the representa t ive household 

( 4 . 1 1 ) l im '—=•—-—— = 0 . 

Then for the i n t e r ven t i on i s t monetary equ i l i b r ium which i s to support the opt imal 

a l l o c a t i o n c , c , consider the fo l low ing s p e c i f i c a t i o n . Let M* = pje 30 

that the representat ive household spends a i l i n i t i a l noney balances on the con­

sumption good with which i t i s not endowed. S i m i l a r l y , in each pe r iod t l e t the 

representa t ive household spend a l l a f t e r - t ax money holdings on t h i s commodity, 

acqu i r ing add i t i ona l money from the sa le c f the endowment commodity, ( y . - o ). 

A lso , l e t the rate of de f l a t i on be 1-2. In summary, then, l e t 

( i .12 ; M * ^ = ?*<?.-« ) t > : 

(a . !3 ) - ! = CM«-p»c2 3 > 0 t > • 

• 2 -* - "- * . N 
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I t i s apparent that t h i s s p e c i f i c a t i o n s a t i s f i e s the necessary and s u f f i c i e n t 

cond i t ions for a maximum, (4.5), (0.6), and (4.11), w i th nonbinding cons t ra in t s 

Ca f c ) , i . e . , 9 t i 0. 

For the non in te r ven t i on i s t monetary equ i l i b r i um consider the fo l l ow ing 

s p e c i f i c a t i o n . F i r s t , l e t p r i ces be constant ; then, no t iva ted by (4.5) , l e t c . = 
w 

"1 2 "2 "1 "2 

c , c w = c , where c and c are uniquely def ined by 

C*.t«3 • = 3 , c 1 • c 2

 s 1. 

Again, suppose that a l l beg inn ing-of -per iod money balances are spent on the 

"o ther " c o n s u m p t i o n good, these being replenished from the sa le of the "own" 

consumption good. That i s , l e t 

(4.16) M* . = ? * ( y k - c 1 ) 

(0.17) Mf « ? * c 2 

(4.13) ?« = p* > 0. 

Again, the necessary and s u f f i c i e n t f i r s t - o r d e r cond i t ions for a maximum are 

s a t i s f i e d , th is t ine wi th b inding cons t ra in ts ( a j , i . e . , r . > 0. I t i s c l e a r 

that th is consumption sequence i s nonoptimal but Pareto super ior to autarky (see 

Figure 3) . 

The reader may be struck by the s i m i l a r i t y of the above resu l t s to those o f 

the turnpike model. To repeat, optimal a l l oca t i ons cannot be supported i n a non-

i n te rven t i on i s t monetary equ i l i b r ium, but there ex is ts a monetary equ i l ib r ium 
I 

with constant pr ices and binding constra ints which i s Pareto super ior to autarky.— 

Yet here, un l ike the turnpike model, the imposi t ion of a stronger Clower-type con­

s t r a i n t may be s u f f i c i e n t to generate a monetary equ i l ib r ium without taxat ion 

which i s opt imal . In fac t , the imposi t ion of such a const ra in t can convert the 
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Caas-Yaar i nodel in to Lucas' [1979] m o d e l c f noney wi th ce r t a i n t y . These resu l t s 

are now es tab l i shed . 

The above scheme i s nod i f ied in two ways. F i r s t , the u t i l i t y func t ion 

7 [» ,« ] i s assumed to be of the form 

7 [ c \ c 2 ] = U t u V a J ^ C c 2 / ^ } * 2 ] 

where a , > 0 , 3 - > 0 , + 3 - « 1, and where •!(.•) s a t i s f i e s a i l the assumptions of 

the previous two sec t i ons . Second, the cons t ra in t (a„ ) in problem (?.) i s 

strengthened to 

(»:) ?tcl * p t c 2 < » t . 

As i n Sect ion 2, the idea here i s that the nenber of household i who t r a v e l s to 

the market ( i - 1 , i ) wi th the endowment y ^ C i ) = 1 must pay cash i n advance f c r any 

•units of commodity i which hs i s to take hone. And again, a Clower- type 

symmetric monetary equ i l ib r ium nay be defined i n the obvious way, with 'a,[) 

rep lac ing ( a t ) i n problem (3), and z* I 3. This leads to 

! • 2* 

Propos i t ion - . 2 : The optimal a l l o c a t i o n c , o can be supported i n a 

- lower-type symmetric monetary equ i l i b r ium with constant p r i ces . In p a r t i c u l a r , 

z'l* = C ' * , c ? * = e 2 , ? » = ? * > 0, and M* = ? *y . fo r a i l t > 0. 
Proof: F i r s t l e t c k denote r e a l consumption expenditures i n per iod t, 

i . e . , 

(1.19) ? * c l - ?»c? * ? * c k . 
v * m 

Subs t i t u t i on of (4.19) into the budget cons t ra in t ( b j y i e lds 
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Mew f i x i n g M u and M t , , the i n t r a t e m p o r a l per iod t dec i s ion problem of the 

representat ive household i s of the form 

nax 
1 G 1 5 3 2 

* 2 c . > 0, c k > 0 

subject to 

?*c j * p»c? = p * c h . 
& to 6 

The unique s o l u t i o n to t h i s problem i s 

c j = a . e f e , c\ . o ^ , 

so the i nd i rec t u t i l i t y as a func t ion of c„ i s just 0 ( c „ ) . Hence the problem of 

the representat ive household Is reduced to 

1 V t i i 

subject to 

M. > 0, c k > 0 t > Q 

r / ... - - - t 

P»C„ < M k 

given Y* - ?*y where y = 1. Lucas [:S7S] es tab l i shes that M h = p*y i s the unique 

so lu t i on to th is problem. Thus ?*o f c = p*7 for a l l t > 0, and so the s o l u t i o n to 

the in t ra tempcra l problem must be c^ = c , c k ~ = c~ for a— t >_ C, the 

;timum. This cccc ie tes the orocf . 

That the imposi t ion of a strong Clower-type const ra in t generates an 

1 a l l o c a t i o n in th is model, whereas th is i s net sc of the turnpike m o d e l , 
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i s sooewhat p u z z l i n g . This resu l t seems :c turn on the fact that there i s only 

one representat ive agent in th is m o d e l , whereas there are two represen ta t i ve 

agents i n the turnpike nodel , and that opt imal a l l oca t i ons are def ined 

accord ing ly . 



Figure 9 : Tie Turnpike C i r c l e 

Figure 10: T>.e Debt Model 



5. C i r c l e s and Pr iva te Debt 

As noted i n the i n t roduc t i on , there are an i n f i n i t e number c f agents 

a l i v e at any one date i n both the turnpike node! and i n the 7ersion of the C a s s -

Yaa r i model just, presented. This s p e c i f i c a t i o n ensured that the exc lus ion of 

p r i va te debt was indeed endogenous. With the removal of th is- contemporaneous 

i n f i n i t y , the ro le of pr ivate debt can be analyzed. This sec t ion i s intended to 

be i l l u s t r a t i v e of the kind of ana lys is which may be -undertaken. 

The contemporaneous i n f i n i t y i s removed from che turnpike model by con­

ve r t i ng i t in to a c i r c l e . This i s done i n Figure 9 for an economy with e ight 

agents. As before , arrows ind ica te the d i r ec t i on of t r a v e l , spikes i nd i ca te 

i s lands or markets, and numbers index the endowment of the agent at the i nd i ca ted 

p o s i t i o n . 

Focusing on the pa i r ings of agents i n t h i s model i t becomes c l ea r that 

the set of agents can be pa r t i t i oned in to two groups or subeconomies, where 

agents i n a subeconomy trade only wi th other agents of that subeconomy. Thus the 

e s s e n t i a l features of the model depicted i n Figure 9 can be captured by the 

s impler model depicted i n Figure 10. Here there are only TWO markets, l a b e l l e d 

and 8, r e s p e c t i v e l y , and four agents, l a b e l l e d a , a ' , b, and b ' , at t he i r i n i t i a l 

s o s i c i c n a . To understand the way agents are pai red over time, consider the i t i n ­

erary of one of the agents. Agent a , of type A , begins In period zero 
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with zero un i ts c f the consumption good and ia pai red i n market L wi th agent b, o f 

type 3, who has one u n i t . In period one, agent a i a a l l oca ted to market 3 and haa 

one un i t , being paired with agent b ' . Cont inu ing, agent a stays i n market 3 i n 

per icd two and f i n a l l y moves back to market L i n per iod th ree . Per iod four i a the 

same aa per icd ze ro . 

The fact that agenta meet repeatedly i n th ia vers ion of the turnp ike 

nodel haa no bearing on the determinat ion o f opt imal a l l o c a t i o n s . Under the 

symmetry cond i t ion imposed i n Sect ion 2, an ( i n t e r i o r ) optimum has the property 

that each agent of type A rece ives \ un i ts c f the consumption good i n each 

per iod . In f ac t , a l l the prepos i t ions of Sect ion 2 aoc ly to th ia economy i f one  

accepts the exogenous exc lus ion of debt. l e t now there nay be p r i va te debt 

e q u i l i b r i a . That i a , debt may be used aa a neans of payment. 

For the purpose of d i scuss ing pr iva te debt i n t h i s economy, a t ten t ion-

i a r e s t r i c t e d f i r s t to the obvious four -per iod vers ion of t h i s model. (Again 

th ia has no e f fec t on the proper t ies o f optima.) A p a r t i c u l a r scheme i s con­

s i de red . In the i n i t i a l pe r iod , t = 0, each agent c f type A i s permit ted to 

i ssue lOUa, where one such ICC i s a promise to pay to the holder ( l » r ) un i t s c f 

consumption good i n per icd three. 3oth the i n te res t rate r and the p r ice p^ > 0 

of the consumption good, i n terms c f such ICCs in period ze ro , are taken as given 

by agents a and a ' . Thus, the problem confront ing each agent of type A i n per iod 

zero i s 

Problem A ( C 3 ? : 

max C(c*) * 3 2vJ(c*) 
A A A w 3 

3 0 - G ' co > °- c 3 > 0 

subject to ' 

1 * i • 



where 3^ is the number of ICOs issued by agent type A and - z - i s a Lump-sum 

forgiveness (subsidy) of debt in period three. The above two budget cons t ra i n t s 

nay be assumed to held as e q u a l i t i e s . Here the nonnegat iv i ty cons t ra in ts nay be 

ignored, y i e l d i n g the necessary f i r s t - o r d e r cond i t ion 

( 5 . 3 5 - — i - s 3 - U ' ( o ~ ) ( U r ) . 

l a periods one and two the debt issued by agents a and a ' ts traded i n markets 1 

and 3, r e s p e c t i v e l y . l a p a r t i c u l a r , agent a can purchase the debt (of a ' ) i n 

market 3 i n period one and s e l l the debt in market H i n period two. L e t t i n g p. 

and ? 2 denote the p r i ce of the consumption good i n terms cf ICOs i n periods one and 

two, respec t i ve l y , the problem confront ing each agent type A i n period one i s 

Problem A C . 2 ) : 

nax 30(c*) + a^KcJ) 

3J > 0, a * > 0, 4>Z 

subject to 

r — ; \ A A _A 
(p . - i ; p.o. < p.y, - 3 2 

where 3^ i s the numcer of IOUs acquired by agent type a i n period one and z'^ i s a 

lump-sum tax (con f i sca t ion ) of IOUs i n per iod two. With zl > J the nonnegat iv i ty 

cons t ra in ts may be ignored, y i e l d i ng the necessary f i r s t - o r d e r cond i t ion 

•-1 "2 

I t is now obvious that the proClem confront ing each agent type 3 i n period zero 



. ilil -

Problem 3(0 .1 ) : 

max (He!) +8a<c?) 
3 3 a. 3 

37/ > 0 , OQ > 0 , c* > 0 

(5.3) P l c 3 < S 3 - z 3 

3 3 where 3 1 i a number of 100*3 acquired by agent type 3 i n per iod zero and z, >_ 3 i a 

the Iump-3un con f i sca t i on i n per iod one. The necessary f i r a t - o r d e r cond i t i on i a 

(5.9) 
&*(c!) 3U ' (c?) 

PQ PI 

S i m i l a r l y cne obtains 

Problem 3 (2 .3 ) : 

( 5 . 1 0 ) 

(5.11) 

max S 2 U ( c 3 ) * 3 3 U ( c 3 ) 
3 a a * « 

3 | > 0 , C j > 0 , c | > 3 

3 3 . 3 
? 2 2 2 ^ V 2 " 3 3 

c 3 < ( 3 | - z 3 ) ( 1 * r ) 

wi th necessary f i r a t - o r d e r cond i t ion 

(5.12) — — = 3 J a ' ( c ; ) ( 1 * r ) . 
p 2 2 

Theae procedures lead to the fo l low ing 

D e f i n i t i o n : A pr ivate debt equ l l ib r ium i s an i n t e r e s t ra te r*, a 

sequence of f i n i t e pos i t i ve p r i ces { p * ; . 2 Q , and sequences c f lump-sum taxes 
A* = * A» -i at i 

-~t h*2,3' t 2 t ' t * 1 , 5 » c o a s ^ P * 1 2 " C?* },:<-, { c 3 } . ^ , and dect dec i s i ons 
. - A * , - . 2 * . 

. - . -a 2* - tees - ~ a t 



i ) a x i a i g a c i o n for A—cf* , a ? , 2~* solve problem A<0,3) r e l a t i v e to r » , 

p», z * * ; and a ? * t c * * , 3** so lve problem AC ,2) r e l a t i v e to p», p | , z j * : 

i i ) maximization for 3—0^*, c ° * , 37* solve problem 3(0,1) r e l a t i v e to ? * , 

p* f z 1 ; and c 2 , c^ , 3^ so lve problem 3(2,3) r e l a t i v e to ?£, r*, 

3* 

z | ; and 

i i i ) market c l e a r i n g — c * * * c f * = 1, t=0, 1, 2, 3. 

A major point of t h i s sec t ion i s that the d e c e n t r a l i z a t i o n of the  

turnpike model cannot be overcome with pr ivate debt a lone. To see t h i s , suppose 

for the moment that a l l four agents of the above nodel were i n the same market i n 

each of the four per iods . Then there i s a (cen t ra l i zed) Arrow-Debreu compet i t ive 

equ i l i b r ium with 

?* * 5 ? ! . 5*1,2 1 - * ±r 
S 3 

A* 3 3* 1 

Of course t h i s a l l o c a t i o n i s op t ima l . l e t i t turns out that ne i ther t h i s 

a l l o c a t i o n nor any other opt imal a l l o c a t i o n can be achieved i n the decen t ra l i zed 

economy under a pr iva te debt equ i l ib r ium without tarnation. Mere fo rma l l y , 

consider 

Propos i t ion 5 . 1 : So i n t e r i o r optimum \ can be supported i n a p r i va te 

daot equ i l ib r ium without taxa t ion , i . e . , with o" = G for i = A, 3. 

Proof : Suppose the cont rary . Then from problem 3 ( ' ) and (5 -3 ) , - * -

3o». 3ud*et const ra in t (5.7) as an equa l i t y y ie lds 37* = ptX. S u b s t i t u t i o n in to 
U l 'J 

(5.3) y i e l ds 3 = X /C1-X) . From problem A O , 2 ) and (5 .6 ) , p» = So* . 3udget 

cons t ra in t [5•-) as an equa l i t y y i e l ds 3 | = ? * ( * - \ } . S u b s t i t u t i o n into (5.5) 

y i e l d s £ = (' - \ ' ; / \ . F ig - re 3 makes c lear wi th 3 < ' that these two s p e c i f i ­

cat ions of o are incons is ten t . This ocmnletes the proof. 
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Propos i t ion (5.1) and i t s analogue, p ropos i t ion (2 .1 ) , suggest that 

i ns i de noney i n the turnpike nodel acts very nuch Like outs ide noney. In f a c t , 

the analogue of p ropos i t ion (2.2) nay be obtained as w e l l . 

P ropos i t ion 5 .2 : Any i n t e r i o r optimum \ wi th 3 < U / O - X ) ] and 3 <_ 

[ ( 1 - X ) / X ] can be supported i n a p r i va te debt equ i l i b r ium with lump-sum taxa t i on 

and forgiveness of debt. 

Proof : From problem A(0,3) and (5.3) l e t 0 + r * ) p » S 3 = !«. From ( 3 - D 

Let ? * X = 3 * * , and from (5.2) Let z * * z (1 -X)3 3 ?J - Xp». From problem A(1,2) and 

(5.5) l e t p* = 3p* . From (5.4) l e t S * * = ? * ( 1 - X ) , and from (5.5) Let 0 < = 

p?t (1-X)-3X] . From problem 3(0,1) and (5.9) Let ?* - 3 p J . From (5.7) Let 3^* = 

X p * , and from (5.3) Let 0 < z? * = p i [ X - ( 1-X)S] • F i n a l l y , from problem 3(2,3) and 

(5.12) i e t 3 p » ( 1 * r * ) = 1. From (5.10) Let 3 3 * = p | X , and from (5.11) Let 0 <_ zl* 

- P * C X - ( 1 - X ) 3 ] . Sew by cons t ruc t ion , a l l the f i r s t - o r d e r cond i t ions for maxima 

are s t a t i s f i e d , wi th the budget cons t ra in ts as e q u a l i t i e s in every p e r i o d . Th is 

i s s u f f i c i e n t f c r the proposed.solut ion to s a t i s f y the maximizing cond i t ions ( i ) 

and ( i i ) of an equ i l i b r i um . Marke t -c lear ing cond i t ion ( i l l ) i s s a t i s f i e d by 

cons t ruc t ion a l s o , f i n a l - 7 , i t may be noted as a check cn the above procedure 

that the sum c f the con f i sca t ions of debt equals the Lump-sum forg iveness i n 

period three. This completes the proof . 

Thus p ropos i t ion (5.2) es tab l i shes that an opt imal a l l o c a t i o n can be 

achieved with n o n t r i v i a l in te rvent ion in p r iva te c red i t markets. At t h i s po in t 

one ray w e l l ask whether there e x i s t s a p r i va te debt equ i l i b r ium without such 

lump-sum taxat ion and forgiveness of debt which i s Pareto nonoptimal but Pareto 

super ior to autarky. In p a r t i c u l a r , can the a l l o c a t i o n s of the noninterventionist monetary equ i l ib r ium of p ropos i t ion (2.4) be achieved? Perhaps i t ia 

new obvious from Sect ion 2 and the above ana lys is that th is quest ion nay be 

answered i n the a f f i rma t i ve i f one i s w i l l i n g to inpese an upper bound en the 



i ssue of IOUs. That; i s , l a problem A C , 2 ) impose baa a d d i t i o n a l exogenous 

cons t ra in t that 3^ <_ d for scne constant 1, and def ine a constrained p r i va te debt  

equ i l i b r ium i n the obvious way. There fol lows 

Propos i t ion 5.3: There ex i s t s a constra ined pr iva te debt e q u i l i b r i u m 

with a binding cons t ra in t on the issue of IOCS i n per iod zero. In p a r t i c u l a r , 

r* : 0 ; ? » : 1, t« f l , 1, 2; s * * = S, i=A, 3. 

• e j * S c * * , c j * = c * , 3-J* = c " = d , t=0, 2 

o?* * o», C ^ , r c " , a * * , = c « , t=0, 2 . 

Proof: The re levant f i r s t - o r d e r cond i t ions and budget cons t ra in t s are 

s a t i s f i e d for problems 4 (1 ,2 ) , 3 (0 ,1 ) , 3 (2 ,3 ) , and modif ied problem A (0 ,3 ) . Th is 

completes the proof. 

Propos i t ion (3.3) turns on the fact that the cons t ra in t on the Issue of 

i ns ide money plays the ro le of a nonnegat iv i ty cons t ra in t on money balances i n 

the same economy with f i a t money. This along with p repos i t ion (2.3) aay lead one 

to the conjecture that there dees not ex i s t a p r iva te debt equ i l i b r i um without 

taxat ion and without such exogenous!'/ imposed c o n s t r a i n t s . l e t i t can be 

estab l ished that for the simple four -per iod economy descr ibed above there does 

ex i s t at least one such e q u i l i b r i u m . — 7 And c l e a r l y one say in t roduce p r i v a t e 

debt into an i n f i n i t e - p e r i o d economy by dup l i ca t i on of the four -per iod scheme 

every four per iods . What i s not yet c lea r i s the extent to which such e q u i l i b r i a 

res t on the rather s p e c i a l assumptions which have been loaded i n to the f ou r -

per iod scheme: that only agent3 of type A can issue debt i n ever-/ four th p e r i o d , 

that th is debt can o n l j be redeemed four, periods a f ter i t i s i s sued , and so on. 

I t would seem that a completely unres t r i c ted pr iva te debt economy would be 

plagued bv Ponzi schemes. An open and i n t r i g u i n g quest ion i s whether r e l a t i v e l y 
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un res t r i c ted debt and f i a t money can coex i s t ; th is i s the subject of ongoing 

research. 



5 . Concluding Remarks 

The content ion c f th ia paper i a obvious: models of money wi th spa­

t i a l l y separated agents should he taken se r i cu3 l y as models c f money. C e r t a i n l y 

these communication-cost models exp la in money i n a r igorous way, at Least subject 

to the impL ic i t r e s t r i c t i o n s of the compet i t ive paradigm- But core research i s 

needed. Remaining to be i nves t i ga tec , for exampie, are the issues o f asset 

dominance and c a p i t a l over accumulation when storage i s a l lowed. To be Locked at 

a lso ia the problem c f mul t ip le monetary e q u i l i b r i a , espec ia l l y without a l l the 

excgenously imposed symmetry r e s t r i c t i o n s . 

U l t ima te l y , though, i t i s d i f f i c u l t to make judgements on the r e l a t i v e 

merits of nodels i n the abs t rac t , without reference e i t he r to ac tua l observat ions 

or to po l i c y ques t ions . Cne would l i k e to know, for example, whether nodels wi th 

spa t i a l l y separated agents can be modif ied to exp la in the ex is tence c f both 

ins ide and outs ide money. Wallace [1973] has es tab l i shed that the overLapping-

generations construct i s not subject to t h i s c r i t i c i s m . As for p o l i c y i s s u e s , 

the over lapping-generat ions construct has been shown by Bryant and Wallace 

[1977], [1973] and by Kareken and Wallace [1977], [1973] to have strong p o l i c y 

imp l i ca t ions for both open market operat ions and i n t e rna t i ona l f i n a n c i a l 

arrangements, r e s p e c t i v e l y . I t remains to be seen whether other models can do as 

w e l l on t h i s account, and, i f so, whether the imp l i ca t ions w i l l be the same. 

In c l os i ng l e t us return to the c la im that the three models cf t h i s 

paper expain the use of noney. This c la im i s equivalent with the statement that 

i n each of the models there ex i s t s a (non in te rven t ion is t ) monetary e q u i l i b r i u m , 

one in which money has value. Thus the approach c f tn is pater r e l i e s heav i l y or. 

the compet i t ive paradigm. I dea l l y , though, compet i t ive equ i l i b r ium a l l o c a t i o n s 

should be viewed as the outcome of an e x p l i c i t game or mechanism, e . g . , see 

Shubik [1972], Prescot t and Townsend >'9~3;, orTownsend [ •9""3 • , but th is r a i s e s 
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ar. obvious ques t ion : why has the competi t ive mechanism been imposed as opposed 

to some other? l a t h i s regard, consider the welfare theorems of t h i s paper. 

These theorems are cons is tent with the view that the operat ion of compet i t ive 

markets i s poss ib le though d i rec t r e d i s t r i b u t i o n of endowments i s not , or a t 

l eas t that the f i r s t scheme i s less onerous than the second. • Put t ing t h i s i n 

another way, i f the agents of the model could agree to d i r e c t r e d i s t r i b u t i o n o f 

the endowments, then Pareto opt imal a l l o c a t i o n s could be achieved without the use 

of money. The wel fare theorems of t h i s paper are al30 cons is tent with the view 

that the operat ion o f compet i t ive markets along wi th lump-sum taxat ion of money 

i s more appeal ing than d i r e c t r e d i s t r i b u t i o n . C l e a r l y t h i s second view i s even 

more tenuous than the f i r s t . F i n a l l y , i t may be noted that i n Lucas ' vers ion o f 

the Cass-Yaar i model, opt imal a l l o c a t i o n s can be achieved wi th e i t he r lump-sum 

taxat ion or the impos i t ion of a Clower cons t ra i n t , requ i r i ng the use of money to 

purchase commodities. Is there any sense i n which one of these schemes i s 

pre ferab le to the other? The point of th is d i scuss ion i s that in the context c f 

the spec i f i ed economic environments o f the models of t h i s paper, any c r i t e r i o n 

used to se lec t from among var ious schemes i s ad hoc and thus unsa t i s fac to ry . 

What i s r.eeded i s theory in which the choice of s o c i a l arrangements or games i s  

endogenous. That i s , the environment of the model should be s u f f i c i e n t l y r i c h 

that ce r t a i n games or cons t ra in ts are e i t he r t e c h n i c a l l y i n f e a s i b l e , t r toe 

c o s t l y ( i f not impossible) to enforce. Models with moral hazard and asymmetric 

informat ion may be needed, as was suggested at the outset ( c f . , Harr is and 

Townsend [1573], [1979] or Tcwnsend [1979]). I t would seem to be p a r t i c u l a r l y 

important in monetary economics to make the choice of j o i n t arrangements endo­

genous, i . e . , to so lve Shubik 's [1973] s ta r t -up problem. As Bryant [1979] has 

emphasised, the seigniorage associated with the issue of money oust be a l l o c a t e d . 



Appendix 

Proof c f P ropos i t i on 2 .2 : 

a* 
S i m i l a r l y , for agent type 3 l e t MT = 0 and 

F i r s t , l e t p* r So* , , a l l t > 1. Next, for agent type A l e t c 

(Mj /p j ) = \ , and MV = 0 so that agent type A spends a l l of b is i n i t i a l noney 

balances cn consumption. Subsequently, tax as needed to maintain the consumption 

sequence c * * I X wi th money balances re turn ing to zero i n every other p e r i o d : 

« It o}* • X, z j * = 0, MJ* = ?*(1-X) t > 1, t odd 
W W t I w 

yf * 0 , c j * = X, r j * s p « ( - ~ - X] > 0, M£* • 0 t > 2 , t even. 

I 

a a# a * a * 

7l 1, of * t - X, ZZ * 0, K . * ?»X t > C, t even 

7? = 0 , o f * = 1 - X, z ! # = ?»f.t> - C1-J0] > 0, MT* * 0 t > * , t odd. 

3y construction (market c lear ing) cond i t ion ( i i ) i s s a t i s f i e d , so i t remains to 

v e r i f y that the above s p e c i f i c a t i o n cons t i tu tes a so lu t i on to the maximizat ion 

problem conf ront ing each agent type i g iven JC , ( ? • , •'z*"} ._Q • ^his wiu,- be 

done e x p l i c i t l y for agent type 3; the argument for agent type A fo l l ows 

immediately. 

Consider f i r s t any consumption sequence CcD^Tn a ^ - assoc ia ted money 
w - - ~ 

balance sequence which are supposed to so lve the maximization problem c f 
a =.* 

agent type 3. With ?*yf - s f " < 0, a l l t > ' , t odd, i t fo l lows that .'C > 0 for 

t > t odd. Hence (2.3) nust held as an equa l i t y at such t i n e s , i . e . 

• A.2) c" . = c" t > 1, : ccc . 
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Next, convert the problem of. agent type 3 in to r e a l terms. In p a r t i c u l a r , l e t wf. 

= (p{7?-2? ) /? ! so thac 

w? • 1 t > 0 , t even 

w? = -C-r - (1-X)] t > 1, t odd. o •** 

3 .3 

Also l e t a . = K^/pJ denote r e a l money balances held by agent type 3 at the 

beginning of per iod t . From the budget cons t ra in t (b b ) as an equa l i t y and 

u t i l i s i n g the fact that pf = 3p*_ , , a i l t > 1, i t fo l lows that 

(A.3) c? + S m f . s J* * m? a i l t > 0 . 
to &> I & to — 

then, from (A .2 ) , s e t t i n g a? s cf. , fo r t > 0 , t even, and so l v i ng for n? . one 

obtains 

(A.U) ( U f i a ? . = W? - w? . + a ! - 3m? 3 t > 0, t even 
I to w f I to to+t — 

U - 5 ) (1 *3 )c ! = ( 1 * 3 ) 0 * . = w? * 3wf . * » ? ' - o 2 2? a t > 0 , t even. 

Fo l lowing the aethods of Lucas and Prescot t [1971] i t can be es tab l i shed that 

there exiso3 a bounded continuous func t ion 7( •) s a t i s f y i n g the func t iona l equation 

7(aJ) = max{ (a (c^ -au(c^ ] *a 2 7(m! ) } 

4 
subject to 

1) 0 < B | < (WB-W*HII*)/3, 

i i ) c^ and cT s a t i s f y (A.5) a t t * 0, given n^ > 0 . 

(cere the upper bound on or, fo l lows from (A. - ) a t t = 0 and the cons t ra in - a > C . 

Mote that the const ra in t set on a | i s compact and the ob jec t ive func t ion , i n 
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brackets above, as an i nd i r ec t funct ion of m!|, i s bounded and cont inuous. ) Here 

then the s o l u t i o n a j = ?(a^) i s the s ta t ionary policy funct ion which so lves 

3fctU(c*)*30(c!,.)l nax 
(a.) * taven to - — C 

subject to 

i ) 0 < ^ 2 < ( ^ r w ^ ) / S , 

i i ) c? and e ? ^ . s a t i s f y U . 5 ) , given a j > 0 . 

Thus there does ex i s t a t l eas t one so lu t i on to the problem conf ron t ing agent type 

3. 

C l e a r l y , the proposed s o l u t i o n 

3 3* c„ = : - A., n w s 0 t > 2,. t even 
to - t o 

a f 4 t > t , t odd 

s a t i s f i e s ( 2 . 5 ) wi th equa l i t y i n every pe r iod . 3y cons t ruc t ion the budget 

cons t ra in t ( b j i s a lso s a t i s f i e d as an equa l i t y l a every pe r i od . Mew suppose 
W 

3 ' S 

there e x i s t s a consumption sequence £ c v } „ and assoc iated r e a l soney balance 

sequence ( a ^ K * . , which does be t te r than the proposed s o l u t i o n , and cons ider the 

f i r s t - p e r i o d t at which cf i ( 1 -X ) . (Mote from (A.2) that - oust be even.) 
C l e a r l r , c > (1-A) i s net f e a s i b l e , f o r with c" , > (1-/0 a l s o , one oota ins n~ _ C \ — i . —t 

< 0. Mor i s c* < (1-A) p o s s i b l e . ?or i n t h i s case ef. . < (1 -X ) , so nf . > 3 . 
"3 

Thus ( 2 . 5 ) would hold as an equa l i t y at t s - * 2 , so that e - < ('-.'0 a l s o , and 

so on. That i s , the consumption path would be maintained below the prepesec 

so lu t i on for a l l t > T, and th i s cannot improve matters. Hence the proposed 

so lu t i on i s inceed maximising. 
» • k* 

k v i r t u a l l y i d e n t i c a l argument es tab l ishes that giver, c . = \ , a , - \ , 
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A from t - i onward. In p a r t i c u l a r , by the p r i n c i p l e of o p t i m a l i t y , at t - 2 

given 

A* ( l - \ ) A r i i - X ) , , . A * A . 
*2 ~ — 3 — ' w 2 s " i—3 * J • a 2 2 ' 

the sequences {n"J J . 3 3 , so lve the problem of agent type A. 3ut g iven 

m£ S A th i s impl ies that ( c * * } t ™ 0 and {a** }*^ so lve the problem of agent type 

A, as des i r ed . 

Proof of P ropos i t i on 2.'*: 

By cons t ruc t ion market -c lear ing cond i t ion ( i i ) of an equ i l i b r i um i s 

s a t i s f i e d , so i t remains to v e r i f y that the s p e c i f i c a t i o n of the p ropos i t i on i 3 

cons is tent wi th maximizat ion. This w i l l be done e x p l i c i t l y for agent type A. 

Consider f i r s t any consumption sequence [o j } , " . and assoc ia ted money 

balance sequence (M f c} f c , which s a t i s f y the budget cons t ra in ts (b „ ) as an 

equa l i t y , i . e . , 

(A.c) M J = p*c , » «-J . t > 0, t even . <. • -— i — 

(A.7) p * ^ * M ^ . S p * c ^ * M ^ , t > 0, t even. 

So lv ing (A.5) fo r and s u b s t i t u t i n g in to (A.7) y i e l d s 

(A.3) p*c* * p*ct . s ?*yf . + M J - H* - t > 0 , t even. 

From (A.5) a l s o , wi th M ^ . > 0, 

(A.?) p»cj < M J t > 0, t even. - - — 

Again fo l low ing the nethods c f Lucas and Presco t t , i t can be es tab l i shed that 

there e x i s t s a continuous bounded funct ion 7(•) which s a t i s f i e s the f u n c t i o n a l 

equation 



7(M*) = aax f J (c * )+3U["° - ' ' p ' -;>3 27(M^)} 

'*2' CQ 

subject to 

1 ) 0 < ?»oJ < 

i i ) 0 < M* < p»yj * - p»C*. S i ren > 0 . 

Here, then, the so lu t i on (2C t c} ) = o(M^) i s the s ta t ionary p o l i c y func t ion which 

sol7es 

{C*}, t"even 

subject to 

i ) 0 < ? * c * < M J 

i i ) 0 < « J - < ?*y* . * - p»c j , s i r e n > 0. 

Thus there dees ex i s t a s o l u t i o n to the proolea of agent A. 

C l e a r l y , the propesed s o l u t i o n s a t i s f i e s (2.5) as an equa l i t y f o r 

t > 0, t ever, and as an i nequa l i t y for t > 1, t odd, i . e . , 
A* 

a ' ( c t - i ' a'("»*> i 
U - ' Q ; : — V s a g ' C c * ' ~2 > 1 t > i , t odd. 

A l s o , the budget cons t ra in t i s s a t i s f i e d as an equa l i t y i n every pe r i od . Mew f i n 

ci, s o- , M, 2 w? , and suppose there e x i s t s a cons unct ion sequence ' . c „ . , and 
J J I I w i 

i s a c c i a t a c acney balance secuence C ^ / * wtleis does aeczer -ban tns preceded 

s o l u t i o n f r ca t s 1 onward. Consider the f i r s t - p e r i o d t for which o_ - o^ • As 

(2 . 0 ; w i l l be s a t i s f i e d as an equa l i t y fo r t > 2, t even, i t fo l lows that 
* i •# "A " A * 

X > ' and i s odd. C l e a r l y , c*T > c_ i s net f e a s i b l e , for wi th c^_. > c__. a l s o , 
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one obtains i-T , < 0. Mcr i s c* < c_ p o s s i b l e . For l a th ia case c' , < c" . 

a l s o , and M _ - > 0. Thus (2.5) Bust hole as an equa l i t y at t = T * 2 , so from 

(A. 10), c * - < a t -3» and so on. This cannot be an improvement. Thus (c?* , 

(wf },.™2 - 3 indeed maximal for agent A from t = 1 onward, and' so, by the p r i n c i p l e 

A* 1* 
of cp t ima i i t y , i s opt imal from t = 2 onward with c . and Ml g i ven . 3uc t h i s 

, A* i « . A* , « 

impl ies ( c t ) t_Q» (^w K _ i i s maximal for agent A at t = 0 , as c la imed. A 

v i r t u a l l y i d e n t i c a l argument (without the l a s t step) es tab l i shes that the 

spec i f i ed so lu t i on i s maximal 1 for agent type 2 as w e l l . 
i* 

F i n a l l y , note that for agent A, fo r example, from (A.10) and (2 .5 ) , 9„ 
w 

> 0 for t > 1, t odd. S i m i l a r l y , 9 3 * > 0 for t > 0, t even. 

That the equ i l ib r ium a l l o c a t i o n i s nonoptimal i s obvious from the fac t 

that the consumption sequences are not constant . That i t i s Pareto super io r to 

autarky i s a lso obvious, but i t i s i n s t r u c t i v e to note that for agent A, fo r 

example, c * * dominates 0 i n period 0, and the consumption pa i r ( c * , c * * ) dominates 

the endowment pa i r (1,0) i n periods ( t , t - l ) • > 1, t odd. 
Proof of P ropos i t i on 3 . 1 : 

I t i s f i r s t es tab l ished that the above s p e c i f i c a t i o n i s maximining fo r 

the agent bom at time t > 0 . Consider f i r s t any consumption sequence £ c + ( c ) } ^ 

and associated noney balance sequence \ M . ( t ) ; . " T which s a t i s f y the budget con­

s t r a i n t (b , ( t ) ) and (b . . ( t ) ) as e q u a l i t i e s , j > 0 , J even. Subs t i t u t i on fa r 

M ^ . ( t ) y i e l d s 

(A.11) M ( t ) * ? ? 7< - M (t) = p** , c 4 Ct ) * p j l - . e - . d ) . 

Def in ing r e a l noney balances a , ( t ) = M. ( s j , i = j , J • 2, and r e c a l l i n g the 

spec i f i ed relationship 



(4 .11) then, y i e l ds 

a . ( t ) * 7 4 » c . ( t ) * c . , ( t ) * 3 2 n ( t ) J > 0, j even. 

Mow hold ing B j ( t ) and m ^ t t ) f i x e d , def ine r e a l d isposable income <*j(t) by 

( a . 12) d j ( t ) s B j U ) * 7j - 3 2 a j * 2 ( t ) J > °» J e v e n 

and consider in i s o l a t i o n the fo l low ing problem: 

max (a (c , ( t ) ] *30 [c , . ( t ) ] } 
e , ( t ) > Q, <= j v I(t) > o J J 

subject to 

flj(t) - c > T ( t ) d , ( t ) . 

So lv ing for the maximizing c,('t) and C j + 1 ( t ) as continuous funct ions of d 4 ( t ) , 

SUbat i tu t i cn in to the ob jec t ive func t ion then y i e l d s the bounded, cont inuous 

i nd i r ec t u t i l i t y f unc t i on , denoted here by W(d , ( t ) ] . Thus problem ( t ) reduces to 

subject to (A.12) and 

a , ( t ) > 0 J > 2, j even given auCt) > 0. 

Again the func t iona l aquation approach y i e l ds a s ta t ionary p o l i c y which s e l v e s 
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rt i s c l e a r from the d iscuss ion preceding the theorem that the s p e c i ­

f i e d so lu t i on to problem (t ) s a t i s f i e s the necessary f i r s t - o r d e r cond i t i ons 

(.3.1) as e q u a l i t i e s . (The budget cons t ra in ts a lso hold as e q u a l i t i e s . ) Mow 
* CD 

suppose there e x i s t s a consumption sequence {o 4 ( t ) } j_Q, and assoc ia ted money 

balance sequence ( m ^ t ) } ^ , which does be t te r than the proposed s o l u t i o n and 

consider the f i r s t age g for which c ( t ) i c * ( t ) . k now f a m i l i a r argument leads 

to a c o n t r a d i c t i o n . 

I t fo l lows from the p r i n c i p l e of op t ima i i t y that for any h > *., the 
seouences (c?(t) {m^(t)} . are camimal for agent t given m*(c). 3ut then j w s n ^ j =o+1 n 

by symmetry the sequences {c*(-h)} ° . , (s*(-h)} * . are -raxf.ma 1 fo r the agent 
w j s n j j = o+ 1 

bcm at each per iod - h , gi7en m*(-h), as we needed to show. 



FOOTNOTES 

men: 

-^The terminology here i s Wal lace 's (1978). 

—^3ut see che concluding sec t ion for a q u a l i f i c a t i o n to th is s ta te -

—^The impl icat ions of such Clover cons t ra in ts , over and above the con­
s t r a i n t s impl ied by the technology of exchange, are examined, hovever. 

4 / 
— See Wallace (1978) and the d i scuss ion in 3ahn (1973) on i n e s s e n t i a l 

money. 

— A case can be made that models of money wi th s p a t i a l l y separated agents 
are of in te res t i n the i r own r i g h t , qu i te apart from provid ing an a l t e r n a t i v e to 
over lapping-generat ions. 

—^On an a p r i o r i bas is th is should not be a su rp r i se ; indeed, vers ions of 
the overlapping-generat ions model have been c r i t i c i z e d for producing opt imal mon­
etary e q u i l i b r i a . See Wallace (1978). 

-^Cass, Okuno, and Zelcha (1979) have argued that the i n e f f i c i e n c y of mon­
etary equ i l ib r ium emerges i n the overlapping-generat ions model under a l t e r n a t i v e 
assumptions. 

3 / 
— Reca l l the caveat at the end of the in t roduct ion-

9 / 
— I f there are l im i t a t i ons on the issue of lOUs, there can ex i s t e q u i l i b r i a 

i n which lOUs have value and are never redeemed. Such e q u i l i b r i a are v i r t u a l l y 
i nd is t i ngu ishab le from e q u i l i b r i a wi th valued f i a t money, as defined below. 

—^This i s l e f t as an open quest ion . I t may be noted, however, chat 
Grandmont and Youness (1972) do es tab l i sh ce r ta in resu l t s in the l i m i t , at 
5 = 1 , using the overtaking c r i t e r i o n . 

I l I , 
—• For che most part I am report ing in th is sect ion on 3ome resu l t s known 

to Lucas and h is students and suggested to me by Lucas in various conversat ions ; 
the in terested reader i s urged to coxisult Locay and Palmon (1978) on which t h i s 
sec t ion draws heav i l y . The model i s presented here both because i c does noc seem 
to be known genera l ly and because i t o f fe rs a natural comparison wi th che other 
two models. 

I V 
— Lucas' vers ion of che Cass-Yaar i model retains che c i r c l e . 
— I t i s curious Co note that a . ' i ) corresponds :o che cransactions con­

s t r a i n t i n Grandmont and Youness (1972), (1973) for k * 0, a case which i s not 
T am 

!'• / 
—Grandmont and Youness (1972), (1972) es tab l i sh a l l these resu l t s for 

the case 0 < k < 1 i n the i r transactions const ra in t . 

— Again one obtains asymptotic welfare resu l ts as 1 -* - ( c f . , the d i s ­
cuss ion ac the end of Sect ion 2 ; . 



footnotes cont. 

15/ 
— The example Is due to Nei l Wallace. 
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