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1. Introduction

This paper presentcs three models which sexplain the observation thac money
is used in payment for commodizies and barzer is unot prevaleac. 12 each of these
models money is inczrinsically useless, izasauch as it does moc anrer dirsctly Lago
either utility functiscus or production funetioms, and incouverczible, imasmuch as
no onme stands ready o cogvert mouney into amything else.if Moregver, money does
tot entar any of the models by way of legal rest:ic:ionszj or by way of a reduire-

ment thit commodities cammot be acquired without if, 2 la Clowar (1967).1/ Rather —~

-

money is explained in the senmse that the #ollowing procedure is adepesd. Fizst,

the eaviromment is specified carefully and complately--rhe 2gencs of the model,
their preferences and endowmenrs, and most imporianc, who can ccmmunicats wich
whom. Iz 1s then established that there exiaﬁs a nmonetar? equilibrium, chat is,
a sompetisive eguilibrium iz which a fixed-supply mﬁney has value.

It is widely accepted that mouey caznot be explaized i3 thils semse iz a
standazd, general equilibrivm model. (See, for example, Hahm (L365).) 1Iaa
Walrasian model, at leass, mnné? cannot facllirare exchange; Fre noomonetary
comveritive equilibria are Pareteo optimal. (Jota agaia :ha:.a distizenion is

+
maintained ners bDervesn money, Siat nomey :thar is, and privace credit.) Thus,
4
to gec money iuto z model scmeching mnst izhibi: the cperacion of markats.™
Morecver, L{Z tarmizal condizions ars 2o De avoided, Zimw zuss Se izfiaizs,

In the modal of Samuelson (1953), some markecs #rz precluded i3 an obvious
way: there can be 2o tramsactions begwesz the curTeat Fourg arnd the voung ¢f
the zex:t gemeraticce-umbora iadividuils caomoc :réde. and {= wversioms of this
overlappiag-generations zodel, there does exist ; aoneca=y aquilidzium, one

which {zproves cpon the umommomersary equilibrira. I3 Izer, in soma versioms,
L

the pogetary 2quilibrinm issel? cotizmal s2i is zssociazed wizh gonbdinding

lomnegativisy coussvaiats on the aoldisg 3¢ zomey balacces. Yer ane wonders
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whether the properties of the averlapfing-ganeratious nmodel carry over to altern-
ative wodels which explain momey in the above sense.

In the models of this paper markets are precluded in another way, by spa-
tially separating agemts. Infiaitely-lived agents who discount future over pre-
sent consumption are allocated over time inro distincet markats or islands. The
¢rucial idea here is that markets musc ciear on each island in évery time period;
there can be no c¢ommunication across islands, chat is, there is oo central markat
or exchange system. Cartainly this way of decentralizirg an economy is unoc gew;

Lucas (1972) uses such islarmds to explain the movement of saconomic aggregates.if

More to the point,the explicit pairing of agents is a scheme used in various re-
cent microeconomic zpproaches to momey, {ncluding Starr (1972), Ostroy (1973),
Feldman (1373), Ostroy and Starr (1974), aod Harris (forth). Yer, for the most
parz, these approaches are not really dynamic equilibrium theories. An import-
ant ex;eptiou is Harzis, Su: he is concernmed with commodiz7 money, not outside
indebtedness.

In two of the models of-;his paper, the srurzpike model of exchange (Section
2) and Lucas' versiom of the Cass-Yaari (1966) model (Section 4), there exiscs a
nonecary equilibrium, that is, a comperitive equilidbrium wizh vzlued zomey. So,
as claimed, these models explain nomey. And, 28 in the overlapping-generatious
construct, this mometary equilibrium improves upon the zotmoumetary equilibrium
(autarky). Umlike the overlapping-generacioms model, however, the monecary equi-
libria in cthese models with spacially separated agents are nomnoptimzsl and are as-
soclared with binding nomnegativity constraincs onr the hoiding of money halanceas

Thus the decentralization of spatial separacion is aot scmpletely overcome wirik

)
mouay .=

The zrgumenr as to why 2o optimal mllocation ¢aa bYe suppertad as a zoue-

tary equilidbrium iz these zmodels is Zfairly incuirive. Suppose all agents are
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of the same agé and all discount the Iuzure at the same rate, as in the turn-
vike model and Lucas' version of the Cass-Yaari model. Then, if an optimal al-
locacion is to be supported, there must Se a rate of deflacion equal to the
commen discount rata, But, in che absernce of taxes, such a deflatioun is {acon-
sistent with individual maximizationm, as real wealth (real momey balances) would
be unbounded. Thaé no statlionary monezzry equilibrium can be optimal is an im-
mediate ecorollary,

As Grandmoot and Youness (1972, 1973) point out, this latter conclusicn
appears frequently in the literarure (see, for example, {lower (1970Q), Friedman
(1969), Johmnsom (1970), and Samuelson (1543), (196%)) where the argument turns
on a divergence between the positive marginal urility of real money balances and
the zero margianal cost of creating them. Grandmont and Younmess are critical of
this literacure, and they are not alome; .-Clower (1970), for. examplaz, argues quite
forcefully that these welfare questions =us: be addressed in a model which makes
explicic she monecary e:change‘process. Graadmont and Youmess do establish the
aforeszentisned conclusiom rigorously in & gereral equilibrium, monecary ecounomy.
Yet,as the authors note, even in their mcdel momey is farroduced ... "in a very
cerude way, Dy imposing contraiats on t-azsactioes”. That is, ia contrast to the
models of thls paper, their's is not a model which explaizs momey. Iz this re- : E
specs, at lesast, this paper may bDe viewed as an important extension of Graudmont
ans Youness and of this literacture.

I[f lump-sum taxes on money balances are permisted, :zien the models with
spatiallvy separated agents of this paper can alsc produce Triadman's (1969) con-
clusions ou the optimal quantity of moaev. That is, optinal allocatizsns can de
suppor=ad iz an interventioulst mometary aquilidriuvm, with ilcmp-sum taxes, in

which the rate of interes: ou zomev squals the common discount rate and in which



agents are satiated with money balances, i.a., the nonnegativity constraints oo
money balances are nonbinding. (Alse see Grandmeont and Youmess (1972), and
Bewley (forth).)

Speaking rather loosely, the overlzpping-gemerations model overturns
these welfare resulets by pairing agents of different ages and therefore differ-
ent rates.of discount.Z/ This is argued =more fully in Sectiom j, where the
turnpike model is modifiad to incorporate finitely-lived agents and hence be-
comes an overlapping-generations model. .Zopefully an essential feature of éhe
overlapping~generations model is revealed.

Az noted above, monetar?.e:onomics 2ecessarily invoives the econmmics of
infinicy. 1Ia the overlapping-generations model there i3 an infinize number of
generations, though a finite number of agenrs alive at any one dace. In the curn-
pike model, and in the Cass-Yaari model presented here, there is an infinice
number of agents alive at any ome date. This specification ensures that oo pri-
vate debt is traded, so that igg exclusion is endogencus, i.e., not imposed by
the modeler. Section 5 offers some prelizinary commencs on private debt (inside
money) iz the econtex:z of a modified tummpika model, one without the contempor-
aneous infiaiey.

Finzlly, a caveat is in order. The inteant in what fallcws;is to under-
stand the implications of various exchange stTuctures for acnetary squilibria.
Thug, speakiag rather locsaly, preferencas and endowments are held fixed across
models as the exchange structure is variad. To this end, maximum genmeralisy is
neot pursued wirhin the coutext of each model. Agents are assumed throughout :o
have preferences and endowments of a very special form. Moreover, cerzaia sITo
symmetTy couditions (on the class of zllcecations under c?nsideration) are immwosad
axcgenousiy, ﬁi:hout alaboration. Finaliy iz may be nocad that the models of this

paper are successiul ia 2xplaiaing momev without the izeraduction of uncerzaincy;



it remains an open question as to whether these models can zpproximate econ-
omies in which moral hazard and bankrupccy play a crucial rule, as 3runner and

Meltzer (1971) have emphasized.

!
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. 1 Turmpika Mcdel aff Ixshanga

Tz the turmoika medel each of 3 soupmtably izfinite zupbter 27 agentd W3
allsocased ints sne of a scunmtaply Lafi=mize number of spatiaclly distincet zarkecs
~r islands in sgch perisd of nix life, The excgenous allsccalion prececurs lis
suan that 307 Swe agents are palired it Icat ange during their Lifatine, znd,
Soreaver, Ln€T Share a¢ Qsmmen thirw agent 3s 2 iradizg partzer. Ail agents are
Dorm 2t time zers, 3o Shat 2% any time 3 21l agenss are of the same zge. Izen
li7es fipever and facea a saquencs 3 encowments of Cie :izél; consu=rtisn I20d
of the zodel wnisn altarnites teltueen zears and one unit., At any tizZe t > O 2n
agsnt who has an endowment of cge umis 12 paired wilh in agent wne R3S an
andcwment of zerc., The censurction good canrot be storsd.

Ao eccmomy with these charzcteristiasg i3 Adepicted i=m Tigure . Zachk

agant i3 imagi-ed o te Irzvalling sn 2 turmplike, elther east cr wesw. oe

i

ar-owe -dicats the direstion af iravael, and the spixes indicate The zarxet
Tha =umhars J, 1 index the endowmenst =2f an agent Localed al the Inalzzted
scaitism. Iaitizlly, 23 % = @, stere is 2ne agent at 2aeh sositicen. I shnull
se ammhasinsd mere Shat 2ach agant 2as 2o conirsl over nis lifecize itinerary.
Tach agent moves forward ode market in asck period. ailso, chese markers are iso-~
laced one from another; there can be ao :sransaction or communication among them at
any time.

Zach agenmt nas prefarances sver nis (infia

T LT & ad Ty e PN n - ] . ;
secuanne (g, r. _a 2% Ceagrilac by ths utillsy fumenisz) A700e,.) where 2 » 2, 3
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Parets izgrovizg bdilataral trade; there 1s cnly one consumpticn gocd, and aore is
prefarred to lass., Jne D2y zsk, ¢f qoursa, Wnether borrowinz and lsnding might
not laprove matlars. Section I below i3 devotad entirely o this questizo in a
slightly oodifled 2ontaxt, but It should te ncted Rnere that, i 2 sense which
will be made precise, there can be no private debt in the present model. For con-
sider an agent at time t who has zero units of the consumpcion'good. Such an a-
gent might wish to issue an I0U, to be homored in better times, when he has one
unic of the consumptiom good. Similarly, the agenr with whom he is paired, wio
has onme umit, might be inclined to accepc such an I0U. Yet cthe model is comstruce-
ed iz such a way that the IOU can never be redeemed by the issuer; the pair will
never meet again, and the purchaser of such an IOU can only pass it along to an

ageac 'behind" the issuer. Thus if one takes as a defining charactsriscic of pri-

vate debt that ir ultimacely be redeemed bv the issuer, there can be nc private
8/ :

Having spezified the environment for this oodel, tke nex: 3zen is =9

debt in this model.=

sharacterizae Tarcets gotizmal aiiocati:ns. For this purpose 2 sironz syOmetty
onEilisn LS izpsased, that io any allecatico, zgeats cannet e distizguisned by
Shelr lzitlal nspitet fosition. That is, arny agent Wno 28gins his 1ifa with zara
uniss of $te censuopticn good must be treated the same way as any sther agent WRo
teging Wwiin Jers unlts, independent of tis ininial legatisn. All such agents zre
hersafter referred to as agents of type 4. 4 similar restrizticn i3 placed oo
tiose whc Yegin with cpe uni:, agents aof yte B, It Dears rereazirg hepe that
when an allscation 1s terded optinal telow, L3t ia only 2s%aplisned % he cpiimal
2= the class o syzmetria 3llocaticns; there remzains the fessibilisy of 2 nen-

symuietriz aslecatisn wnich ia Pareto susericor.
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Yow let ¢ denote the number of units If consumpticon oI an ag=at AL

- ; P Ry @ -2 e § kit 4
tyre L at %ize %, Thea 2n allccaticn ‘C:}:=C’ [ct;tzc is said =0 dbe Paasibia if
A 2 A 38
(2.1} ey v gl 8020, 320 it 3 g
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{Ap 21lzcaticn is said o se interior Lf conmsumptisa is 3strictly positive for

each agent type in each tizme period.) I: may De assumed witiout loss of Zener=

i
. .

2lity in what £sllows that resources are [ully utilized. Then L0 detarmine an
interior Pareto optimal allocatiom, it is emough to maximize a weighted average of
the utilities of the two agent typves, subject to the resource constraints, as is

established below. This yields

Praolam 1@

- _ - A 3 . : .
subjeet 20 (2.1) where wA > Sy wa > 2, W =W 1. Necessary and suffizient

firstecraer 2ondisicns for preblam (1) are

[ 4
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necessary for optimallsy follows from ihe obvious facet that if condisien {2.2) is
not gznislied for scme jericds t and T, then there is 3 Papets superior fazsihle
allocation. That this conditicn i3 sufficient is also cbvicus. For suppose
there exists 2 feasible alilocatiocn whigh Ls Parets superior., Then it wouid
satisfy constraint (2.1} and increase the 7alue of the cbjective function i
gratlem (1), a contradictisp. Herealter, then, refarence wiil be =2:ade <2 zan

interior setimm A in which both agents receive coustant consumptiou.

The question fay now be ralsed as 3 whether optimal zllocations can Ye
sugrorted in competitive aquilinria with vazlued fiat aoney., 7To do so cne zust
dscuns carefully what are meaxnt by flat zoney and competitirve markets in the
cortaxt of this mcdel, 4 unit of fiat 2onmey is {=agined to Se a paysical
ccmmcdi:?,-za? a plece of gaper, Whick zay be z2arried zostlessly by Lhe zcents a3

shey travel among lslsnds and used In exchanze. A48 2 commodisy, the stock of is
Z 7

i

£ the fossessicn of zry irader at any time capnot De zegative. Qn each islan

I

anc 3t each tizme perizd tlere 13 assumed %o e 2 competitive market In which fiat
scney can de exchanged fcr the comsuzption gecd 2% a specified race. That is,

snts Take the jrice of the aonsumptiocn zocd as Ziven and imiza ':ili:? by
chioizce A the z2mcurt o coasume and the acount of money Salances Soocarry aver
ats the next serizd. Ho zitempt Is zade nere o justify the prise-taking
zasumption cr defaed the eompetitive equilibeiom noticon; o the extant tnat Lhe
zecnanisa whizat underlies the equilibriim notizn requires 2 large (DJerhaps
inlfinice) nusher of agents, fach agent <iscussed 2bcovs may Ye taken 2s repre-

3antatire of agenis in fdertizal situations.

-

Cinsistant with the symmerry assumptisen, atitenzicn will B2 restristed

2 in whiaz tke prige 2F the consumctlion zoced in terms of

v * =
]

s

Lo Donetary a2quilliir

aoney at any zime I is the same iz 2acl narkser., This price is demotad ?_ and is
i . .

asstmed o Se fianitz and striertly posicive, Also, let X: denots the 2umber of

unizs of fia: mouev chosen at time z-l Dy zzemt { aod carried over fnzo period &,
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i denota the number of units of a lump-sum tax on money dalances (or subsidy,
e

. i
if negative) on agent type i at the begianing of period t, and Y. denote the

endowment of ageat type i at time t. Then taking as given the sequence [Pt,tgo,

f :=0 and initial money balances %é each agent of type i is confronted with

a L& i
max E*-OE 3al)
- 1. = = = -
'-cb}h 1] '::4 :-._
w  lw- [
3up jeet o
} i
e; > 0 all & >0, M:>02ll e300
Fm i i i i %
19, 2. =M. . DY+ M -z, sl >0
- - | - v e ™ - -

i L]
ziven s > Q, :5 2 J. Eere (5, ) is the budgat ccastraint wnick prevails In geriod
1) = = the ncnnegativily cscmstralzt ¢a consumptica need 5ot Se 2ade
explizis; 1= gontrast the zonnegativity z2castraint sa xcney BSalianess zay Te

sinding. aAssuming without loss of generallty that the dudger ccnstraint (&)

4
2013s as an ==quality, so that in effect 2nly {H:}_f1 nead be 2hcsen, and 3jaking
- - -

.- - -

the chvisus suts=tituticn for the ¢, one gotains necessary Zuler counditioes for a

Aaxizun
:-.1-1'» s -
i I Lc:-t) 7'(e0) i
v2:5) - - - - a: = 0 gl % W
;t-1 r': - =
: :
<cere I 58 the Lagrance mulliplisr assceiated with the noznezativitr consiraiat

20 Tonay ka’ances, that is,
- - 4 '
2T 3y 3, MT 5 2 2ty oA
s S ™ e 2 ) LR - e
= % il



Thus,
; .
O'Ce. +)  Puy
12.5) '1' > ; - all ¢ > 1
30" (e,) t

where (2.8) =ust hold as an equality if Hé >J and (2.58) m=must hold 2s zn
inequalizy if and only if 37 > 0, that is, wnen the margizal utility of a unit of
fiat zoney sgent on pericd t-1 consumpticn exceeds the marginal utility of a unit
ef flat money spent cn period % consumption 2and there is ac zore flat zoney &9
spend in period t-1.

i competitive equilibrium with 7alued fiat mcney zay now be defined.

Pefinition: A zonetarv equilibrium is a sequence of finite positive

= i" @ 1% o
srices {p¥*: ’..g 2cd sequences of ccasumpticas {el }__ A, =cney balances {MT : "
L
and lump-sum kaxe {z‘;' :'1:0 for each agent type L = A, 3 such that
; : . 1% o i o
L) (zaximization) the sequences <zl Feog? (M7 f..q; S0olve prodlem (%)
. = “,_‘ - i'
relative 9 (;g}t_a, {zt }:=O’ znd M7, 2and
§d [ - 1 q - l" B' 1 1 =
L) (=zarket clearing) = s, +¢. =1,all t>0.

Cre may now ask whether optimal z2llcecatisns can Ce 3usperted in =

acnetary aquilibria without interventicn. The znswer '3 summarized in

drgpesition 2.1: No iaterior cptizum A c2n De supportad i 2 aonetary
. : is _ R
equilibrium withous imterventicn, l.e., with 20 = 0 for all i = 4, 3.
-
Prsef: The proof is b7 contradiction. Thus 3suppcse =hat the 2llz-

-

=1 =21, a2l ¢t > 0, can e supported iz 2 aonetary equilibrium
Z is _ . i

o w

A
cation ¢, = A, @

withcus ilatarvrenticn. W

'~
i
™
r

"

o
%
or
3]
q

= J far ¢t even and yf 2 Q far  odd,

and with T'(3) = =, L% is clear that %2e nomnezativisy <castraizt on zcney

Salances cannet De diading for agent tyTe A for czolces =made wihen t is odd cr for

agens Lyre 3 Jor shoices zade when b is even., Thus frem (2.5) eguilidrium srizes
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It follows that
{2.7) p: 3 Sp:_l alt ¢ > 1,

i.e., the rate of deflstion =ust %e '-3. Now conszider the evolutiom ¢f =oney

- » -~ @ - i
balances of agent :type 3 ziven Sthe price sequence (>%; and the sgecilled

28
ecnsumpticn sequence o a 1 =i, allt > 0. Agent type 3 Degins life willk :0 > C

'l-"lit —
units of fiat money, acquires pal units iz period zero, and spends pg(T-k} units

in period one. Thus

I8 =3
(2.3) Mo - MD 2 R\ - (1N
2 | C i

aft-hand sidla

o
4
n

-

Clearly the increment $0 =oney talapces “reom T = 3 %9 L =3,
af (2.3), is ncnnegative if the right-nand side is ncmnegative. Sudbstituting

Srem (2

> 7), tte right-hand side is nomregative iI

~~
[AV]
L]

w
S

A

o
.

In f3act, 2ne zmay rezdily verify that the increment 5 =cney balances Is =xcn-
negasive for agent tyse 2 frem & %9 t+2 for all % aven 1f {(2.3) holds. Sizilar
ea_culaticas establish t2at the iacrement 32 =cney dalances is acrnegative for

a

U]
i

ne Svpe A from &5 59 S+2 far 211 S odd 42

The legftanand sides cof inequalislies (2.3 and (2.10) zre graprad o

finetion= 27 the zzrzmeter ), As FTizure ne 4iscount ~z2:z2 1
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Pixed; 9 ¢ 3¢ 1, 2t Zaast s 2f the valgnisagaies 2.3 &2



2 atrizt lrecuallty for any wvalue of A between zers and zne. That Lls, at least

arie 2g=nt type Will be acsumulating soney talances over :time in the abcve sense.
3ut then this cannct %e an equilibrium. Teor if (2.3) holds 23 a striet izequal-
iy, for exaople, agent t7pe 3 could spend these "excess Salances” at ¢t > 1, &

3% _ . .
=dd, and =Zprove upen the consurpilicn sequence e, = 1 = X. This completes %the

Thus if 2n optimal allocatisn is o be attairzed in 2 monetary a2qui.
lidbpium, she rate of deflation must %8 1 - 3 and, consequently, thiere aust he
some interventicn by way of taxes and/or subsidias, Thac at least some cptimal
allecaticrs =221 be supparted in this way i3 eatablished in

2rogosition 2.2: Any fintarior optimum A with 3 < [A/(7-d)] and 3 <

((1=X)/7] can 5e supported iz 3 memetary =quilibrium wish rate of deflation
-
T =3 Witk zp = p! ({A-8(1=0)] > 0 Zor & > 1, &t cdd, and zers otherwise; and

with z, = ;3_1[(1-kj-kal >0 fer oz o> 2, U 2ven, and zers atherwise.

"
4

cf: See :he appendix.

Ziven propositisns (2.1) and (2.2) one =may well ask whether Shere exist
any mepetzry equillibria woieh do not require interventisn., The searsn for such
equilibria is facllizated Dy the follcowing orapesiticn whizh suggesstss that the
fearsl can be linsted to equilibria in upiak the nounegativiiy coastrziats on
noney salances play an impartant rolae.

Proposition 2.3: AnY 2cnecary aquilibricm with nenbiading nennega-

SLVvily conmstraizla on noney balances on azch agent ia sach jeriad supperis ac

Jptima’ allceaticon and hence requirea acme lmnarvention.
»

4
Praofl: 3Jy nyrothesis, 37 = 3., Thus frem {(2.3) Lt follows thas
-t ]
- 1 - 4
'3 113 20 0rlel ) P, ,
N o - - -
- ) - - .‘.:2-_, 3 a__ w>» 1.
Awsngy o=y Yu -
- L )
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Mapisulasicn ¢f (2.11) 7ields
- 418

cu'(c., ) Df
(2,12} = T, 5 tz4, 3 2 T2

3 {el ) <
As (2.72) holds f2or woth i,

A® z#
Urie, Y 3'(cl )
I - L u
(2.13) e Y all t, = > 0. .
IJr{e’ ) 0Ot (2T )
T
Conditisn {2.13) and aarksse-claaring gondision (11} <8 an esquilifriox are
sufficlant for ac optimunm as discusssd zhove., The cczclusicn of propositiso
followa Pram proposition (2.1}, This egmrliates the prac?.

THe sear=a for a zenintarventionist zonetary equilibrium ls aliso
fagilitated Wy She spserrztiza Shat, rougitly spezking, 2 tize trezd So priges,
say 2 2onstant rate sf deflatiin 1 - 3 as ‘n oropesiticn (2.2), would seem I
neqeagizate ixtapventicn 1o order T2 Keep jurchasing sower sonstart,  That s,
sne gkt searsh T¢r ar equilibpimm in which prices remaiz zonstant cver tize, at

scme zrice 3% > Q.

Thus i% =ay he ziessged ozt In

2 nist Zcnetary

nenintarventl

- -

2quilivriun, facz aganc 3f oyoe 2 Will 227e cre unilt of surchaalizg pewer o e
allceated sver cnsumpticn ia sach pair P periads (%, t+l), € 0> ], t even,
selling tha gonsymrticr zZzed far lorey in perisd b oand spending all accumusazad
=apey Zalarces 1z periad tet, with 31 %indizz nennegacivT sonatraiat oo zoney
Salarces ar %«1, This will zererates cgorumptizns ¢ azod oM, as degicted iz
Figire 4. 37 qsurase, eagh agent 4 type i wWill Be Zdgling the z2me (hing in ezch
sair ol terizds (S+7, %+2) ¢ > 0, & even, This <Ziscusalicn Ls swmarized Iin
Propositisn 2,u: There sxists z noniatervenilisniat monetary egui-
LiBriim Witk constant prices, with tinding nepwmegatiTity comstraliats on Iener
Talinges in every sther cerizd, and Wwith iliarmating sonsusrtiisn sequences. o
¥
sarwicular for tzzas and frizes,
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; #8 a a 4 oy ]
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t20, t even

Figure 4: Tae Turapike's Monetary Zguilibrium



¢, = ¢¥, Mi g = PYe®*, 0., =0 t >0,
ci z ghE, Mooy ¢ 2, 82*1 > 0 tE> 1,

and where ¢* and c** satisfy

PARE-LD)

ZCT(c¥)

1, e¥ & o#% o

The equilibdrium allocation is concptiz=al, but Pareto

P?rcor':

See the zppendix.

The proof of preposition (2.%3) utilizes the

sucerisr Lo autarky.

facs tkhat fer agentn type

" ; 4 i i LY
'.—c.i"L ] :- - > | a N - - -
) 2.3, * 9 1% PeptTog ¥ =M $>9, t even
- A -
12+ 19) .2, < M, t > 2, ¢t even
. o = - _—
woere (2.12) is the zoney Salance accumulaszicn 2quation, 2zd [2.135) follows from
ke il e . A 1 A 2 1 2
2 resgristizne that !2‘1 > O.‘ wetting € S8'5 Q232 B, TRy J 7= P
'%' - 172 ,‘ - M - M - (" y i ] A 2 1Y e P T T ]
sot 2T S5 S 5 2 MY, equatlons (2.74) and (2072 22y be wriZlien 23
v ‘e |
(2.18) 1'a - ;2c‘ = ;2?2 - Moo M
e 1T} 2'a’ ¢ M,
Zere tnea {2.78) appears 33 2 zcney salance accumuliazicn sguatizn i 2 tuce
scmmcdity =edel, and (2.17) is 2 semi-Clawer constraias, that %he valuatisn cof
ccusumciizn of commodity one not exceed initial meney dzlance——tiis formulaticn
~2ads sne I3 inguire as t2 tne effact of 2 =cre standard Tlower aomstrzint ¢f the

form

(4 1]

I



s 1B w

that %the total valuaticn of consumstizn se Sounded by iaitial =cney talances.
7onscraiat (2.18) i3 not derived emzirely from the %technolegy ol exchange.
=pcsed in additizn is the requirement thz: zgents 2id iz competitize marikets for
sheir cwn producticn. That is=, agent t7pe i at tize t+7 23 2 sroducer is requirec
vs A

%o place all zrocduction 7.,1 °n the ==rikat and pay <ash in advance for any

s A '
ccnsumption ¢ .

s+l

Motivated by the above discussisn, comsider the follsowin

Definition: A Clower-t7se =mcnetarv ascuilibri-m is 2 sequence 2f Tizit

B

: ; v = > 4 it = et
aositlivTe prices {;:‘__a and sequences ¢f scosumptiions {3» Pez0 and nczey talances
-y 4‘..1 -] » s -

M. te_q for each agent type L =z 4, 5 suen that

i)  maximizaticn for ¢ A-=the sequer oAty @ bty @ solve
atL £ “7pe A-—the sequezces {g, ._q, WM 1., b
¢ 2 Sracedy i
:aqu Lrsg 3 ..(c:,_aﬁ(_t.1}]
= - -] -
I 3 § h S - agan
hc: ':30' v“t. t=1 - even
sub ject o
A A A . 1 . -

;g:: - ;§-1=:~1 z ;;ﬁgg:*: &M - M:*Z >0, & even
pgcé - ;2*:::‘1 < !é £ 20, & even

itk

"
g

]
W
R
0
(r 3=
wr
v
©
«r

b

3

D

3

=% = IR, =
- ’ s
%3 aazizizazicn for tyTe 3—the seguences (2] » ., "M : _, sclve
- - -—— ™ Lo S—a
P .- = ) :
3ax {Jtcé}-) . 2 - '{ec<=:>-azzcc. 13
= = - - - -t) - -
{a=> =y » maA
Ll SR, | Ll . ] - .
- 4—'u, v o=
suhieat %9 ’
2 32 3 3 2
e  + 2% el s 23 7 =¥ oM, 2y 1, % add
- - - Pl T - - wtL -
3 3 3
PaC gt a3l B T3> %, % edd
- - - --l — - —



”ﬁ+1 = Mi - ptcg t>1, tedd
ey = oy - G -
%% <%
given Mg'z 0, 2nd
131) market eleari:s-c:’ + cii =1, £>0. This leads o

Propeosition 2.5: If there exists a Clower-tyoe monetary equilibrium

With constant prices, i.e., with £ = % > 0, and with 3 symmerric ccnsumption

A Bl A'l 3! ;i Al s'l
4 . = - - - E ] =
segquence, i.2., with ct {3 ct all ¢t > Q, then ct { = ct = ¢* and °t¢1 = ct

¢** for L > 0, © even, where 2® and oc** are defined in sroposiszicn (2.4). This
a’locatiocn is nonoptimal but Parets superior to autarksy.

?rzof: The necessary conditicms for a maxizmum include

t i E\

3 "'(c: ) - :tp' - Ttp' =0 €t >0, t even

g ‘SU'(c; 1) - pr' - Yf:' =9 £ >0, t even
snere 37 > 7 and ?% > 0 are Lagrange zultiplilers, Thus

gredh)
(2.19) =3 ¢t >0, ¢ even,

() -

te1

Similarly for agent type 2

gr(e>")

(2.20) é' z 1 > 1, & odd.
S0 (e )
g+1

Mariket clsaring and che syTmetry Zypethesis imply

The unisue sclucion =3 {2.20) 2nd (2.2 is 27 =z 2% apg

L]
. . - 2 a - -~ - - - - . -
Ané =7 the 37mmernry ayacilasis 2 s et 2, . 2 3% for s 3 3, s e7en., Taus 57



. ' - - . . - M
mariget 2lsarin cg = 0¥ 3139, It is obvicus that this allocatian is non-

opzizmal. Yete also that far agent %yne 4, for exampls, she cconsumption pair- (2%,
c*?) deminatas the eadcwment pair (3, 1) in gericds (&, t+1) for ¢ > C, & even,
This completes the sroof.

To te poted here le that the i=positicn of the full Clower comsiral:t
(2.18) reverses the consumption sequences {rzm those of propesition (2.4). Zat
iz thls zcdel the "interventica® impliizit in thé Clower comstraint is not esnough
to attain optimal allocationms.

In closing this secticn it =zay Ye noted that 2s either the discount
rat2 goes o zero or, equivz_ently, as the frequency <of transacticns (zairizgs
ingrezses, the turmpike zodel comes close %0 nroducing the wellare resull of the
overiacging-generaticns comstrict, that there existz an optinzl neninterTe:z-
tispist zcretary equiilarium. T9 see shis, zcte, for example, that the amcunt of
saxaticn zeeded %2 suppert she optizal allccation \ = 1/2 soes t2 zero as T -
{see propositice 2.2). Alternatively, ncte z2az the nenintervTenticnist zcnstary

equilisrivz consumption seguaencss 2zpraach the fonstant \ = 1/2 22 2+ 7 (see

w3 - T4 - \ - o - P et
srepesitisn 2.4 and Figure 2). It 2av well %e that this wellare result hcids
T . 4 4 - = - . - - - -
axactly in the ilxis, at 3 = 1, LI agencas use :hie :sversaking coriterisn =o



- 15 -

2. A Senera’izad Swerlipping-Genaratiasng Model

The turnpike accdel may be ¢sntrasted with the coverlapping-generaticns
zodel of Saruelson [1958]; 2s is well knewn, the averlanpiag-generaticns zodel
7ialds, under speciflad assumptions, 2 aonintarventlionist monetary aquilibrium
which Lis eptizmal. It skteculd prove useful shen to discover :hcsg elements which
isad to the diffarent iapli_at*cns cf the Stwo uaodels, Tue intent of this
secticn, ilen, is to Jodily the turmpike zcdel Lo dake 1L zore eozparable o the
szandard overlapping-gegerations construct futting this ancther w2y, the
ovarlapving-geceraticns =zodel is generz2lizad; in so doing, its essensial fese-
tures are revealed. '

The obvicus =mediflcatizsn of the Surapike medel aroducas tie acdel
depicted in Tigure 3; in effect, She turunpike xncdel nhas Seen truncatad at Roth
ands, Here spe agent is orn in each pericd at the deginning 2f the eastern and
western rsutes, and =ach agent lives Jour periszds. lote, agents aged O and 3

-~

Z peripds.

13

arizds zre paired, as are z2gen%ts aged | ard
Prelimizary Work with this model indicated that 2n optixzsl allscation
2an he aunpersed is 3 aoninfapvanticplislt acnetart eguililriss, as winth the stan-

s2rd verlagping-gernesraiions 2odel, Iz suck an eguilibrium grices first fall and

aven-aged; lifatizes oF

P o] - -

~n

“hen rise gyer mach zgert's lifagime, Mopregrer, Lhe
#2020 agent can be =ade arkiirarily long, v Smizoacting the zmodel furdher cul,
witheut altesizg these conclusicrs. 3ut LT pay Se nmotad Shat the zge-pairizgs in

tnis claax of nodels are extrere, the youngsst trading wish the oldest, the zext-

So=wgungesat Lriding Wil the next-toe¢liest, and sc on, wherezs in the fturm

:
)

20cdal sre's trading szronars are of the s2me age. Thus 2 2ore natural soorariscn

weuld te 1o 2 zodifled zcdel La wnlish cne's triding fartiers z&e ncre OT Ly ik

2ame ige. Tzis produces the genmeralized cverlizppizg-gensratisns aodel whish i3
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Figure 5: A Truncated Turnpike
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Pizure §: Generallzad Overlapping Gereraticns



As {n the twrmpiXe =cdel, each of 2 countably infiaite number of agents
Jaces an endowmeat saquence of the single ncnstorable consumptisn good over 2is
infinite lifatime which alterrcates between cre and zeros. Yet here all agents zre
not of the same age; one representative trader is bora in each period t, L > 0,
and bYegins 1life with an endowment of one unit. Eachk agent is aga_n allocatad
{ato one of 2 countably iaf te number of spatially distinct markets iz each

veriod of 2is 1ife, but kere the allocaticn procedure i3 such that each agent is
caired with 2n agent who is either one period older ¢r one pericd younger.

1zure § illustrates the scaeme: The arrows indicate the direction of "trzavel,"”

b |

and the numbers on the right of market spikas indicate the endowmeat of an agent
whose age i3 indicatad on the left.
Tor cur zurpcese the eccneamy will be conceived of a2s beginning at time

¢ = 0 Sut populated with agents Yorm at tizes L = -, a4 > 7. Thus 3t tize & = O,

isiand ¢ = /2, § > 0, J even, is izhabitad with two (representative) agents3, one
Sorn at tize =) with an endowment of cne urit zand cne Sorz zt tize -(j+1) with an

andowment cf zero uzmits. AL =ine & = 1, cne new {(recresen:ative) agent is heorn



and 2aters markelr zers, while the other zzsnts move forward 2s indicated, and so
on. Nete %that if agents were $9 live w0 perizds oniy, attantion sculd te
restricted Lo market zerc alone, 2o eqsnszy Waich s identical to the sioplaat
two=garicd overlappirgegenerations acdel As will be ahcown, the srasent Zep-
aralizaticn retains %he characteristizs ¢f that sccncoy.

ds in the zurnpike mcdal, tShere i3 a sense Iin which taere can be 20
arivate dedt in this medel, Here, unlike the turnpike =modal, igents Teet z2ch
ather infiritaly often; an agent Sorm at time t is paired wilh an agent bern at
time %+] when the former is of age 0, 2, 4, ..., 2apd an agsnt born at tize ¢ 1s
saired wiih an agent bora al %ise -] when the [aor:er is of 2ge 1, 3, 5,..... TYet
when they anees, 2ach of the palr ras the same relative endcwmént pesitizn. An
20 isaued 97 an agent of an odd z2ge who 2as zero units ¢f the consumption zecd

22an nevsr be redeemed 5y the lssuer-—pe will hzve Zers unils whes the a3l nests

agaia.
Yow 0 describe prefarenses, faasihle zllcocatisne, and Pareto optinal
; : . T -
allccaticns scme 3ddliiemal notztion i zeeded, Thus lec {y7.:r, . denota I2ke
-

sndewment saguence of 2 sypical agent over =2is 1ifatize, wnerse 7, iz the acdiwe
-

ment s an agent age J. THere theny, = 1 Jir [ > O, ! even; znc Fj =% far 32 %,
P eddé. Let 2.{%) denota the cspsumpticn 22 2noagent torm ozt tizme t who ls of age

3, 320, all t. Zact agent has the szme sreferences s Iz Lke turapiks edel.
e w § -im Kl - -, o - . ow - - N ¢ = R I
Tozt is, the oblective furcticon of an agsent Sorz 2t tize L > 0 L8 D Tl {0

o
wtere 9 ¢ 2 < 1 and G{+) is asrigctly someave, strigtly Lnm¢reasizg, tcunded, and

soptisucusly 4ilfsrentiazble with U1(2) = =, The coizetive funstizn of an zgent

P, - iy

- 3 2 . . . i
Serz 3t tizme -2 ¢ Q is . _ad aU[c;(-h;;. An 2lloecaticn is 2 scnsumptian

L]
- e ~
-]
- M- Ledul -3 ™ et . -~ a -
feguance WSt T . far 23¢rn z2genn SQrm 2 tize T > 0, 2nd 2 JonSumption seguence
- - ' —
’ [ - P B , ~ - H i . '
E- IR a Tar 2z2ch agent Horm 3t tizes ap ¢ O, Z¥ comstrmigticin there 13 Snug
- - —
=
- -

- 4 - - - - £ t
w9 Sonsumptlin SCCC AMCns woa WS LTmEgers oD any Zar
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J 20, § even
(3a1)

(=h) + ¢ -a-1) < 1

i
iv

cJ 3‘1( 'y >h, § even.
it will de assumed ia what follows, without loss of genmerzlity, that these
constraliats oust 10ld as equalities.

The next step is to defire Pareto cptimal allocations. For this
purpose, a stircng symmetry condition is inpcsed, namely, that agents of identical
ages %e ireatad ideatically, esven though they can be distinguished bty bSirthdata.

That is,

L - (=
(3.2) cj(.) = cJ\.)

n
0O
[
v
o
-
[ =
v
o
[
|
'_-
o
‘.‘
a

5 u -
Taen 2n allceaticn (e is said to he cpziz if there dces not e=xizt another
.ﬂ'&- P i e s
- W=
o = 5 o3 : .
allccation {:1;;_0 with the property toat
o 4=
(3.3) T2 2%pce,) » §.2 23 B(e,), n s 0
. ; - . - - &
‘ t4=t 3’ = eian’ g2

Wwith strict inequalisy for at least one sucz 2. Yote that 232 = 7, the tarms in
(3.3) represent tie utilisy of one agent Scra at time t > 9, and feor & > T, tke
utilisy of an agent dora at time ¢ = -n. Tiaus the prefarences 27 2.1 z2gsnts are
taken ints aczount.

It is zcw claimed that the solutian {33}1:5 cf ke fallowing sroblem is
cptimz!l In Ihe above sgense.

Preslem 2:

~ @ 3

sEx ), .3"Ue,)
. s = =i=] J
: 3
‘cq-i-n

o o=

]
2ch fsar 53

S, * 3. = 2,29, }>3, § eren.,



To astahiiapr the elaim nota that, due o the tizme separabla nature of the

£r

aylective funetish azd ¢f the constraiszs, she unisue goluticn %o thix prodlem L3

PPN TS T ¥
ci ot cj+1 e

| PN
tv

3, I aven
whers

3 {c*) .

gu—,(—cn—)z.,:’ac"zh

. = . .
Now suppose there exists a feasaible 2% zcation tcj}J-O whiah Parets dominates
a [l
{e®}, 5+ If an 2gen% 2crm a% tize t > O Is o Te betlar off under g i then

censumption oust 2e ifncreased Jor at least one elament 2, . Supgese L > Q Ls

even., Then fegaibilily requires that ¢ Ye decrszsed. EBut 2% and c** are

“
Tel

chosen i such 2 wWay That such changes cz2n cnly zake the ageni Dora it tile £

\
werse off, i.e., .

} < T(2?) + 9T(c*
- e

17

- =
: - . - » ] - -
A 3izmilar argument 2ppilas for L > 0 z2nd odd.  EHence iT 1@y g is t5 Paretc
o T
=
deminate {2} a7 1% must aaks at least ome agen*t borm at tize -h ¢ Q tettar of,

27 she abcve zrzumezt, an ingrease Lin uTilisy is possitla srply for the relatively

.y -y

0ld serscn of scme mariket at ime % = $, i.,a3,, only Lf Shere is zn inerezse It lhe

glegent ¢, (=), & > !, b ¢dd. 3¢t tien the represezctziive Irader Jorn 2t tlae

iy o P s e =

L >0 gt Se nade werse off, and, oy she above arpument, chere 23z e o

ssmrensatling changes elsewhere, This aszaglliszhes the ¢

Tnlixe the pregedure o the turmplikes Dodel, 20 atiextt L made nere Lo
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Furcher, there exist =onetary aquilibria wisth iaflation and lump-suxz subsi-
dizztion which are acncptimal., Analogues of these results could be sought here.
Instead, attenticn will be limited ¢ generalizing the well-xmown srepesiticn
mentioned at the beginning of this section, that there exists 2 nonintervention-
ist mometary equilibrium which supports the abav; described optimal allocation.

To define a monetary equilibrium some 2dditicnal ncéation iz needed.
Let p? denote the price of tke consumption goed in zarket k at tize %, X > 0,
t>0. Let Mj(t) denote the money balances held 37 the ageat born at tize L at
the beginning of period § of his lifs, chosen at age j-i. As zttenticn is
restrictad to nomiatarventicmist equilibria, nmo zotaticn for lump-sum %2xes is
needad. As tefore, 2ach agent takes initial monev balances and the .aguence of
Juture prices as given and naximizes utilisty by chcice of the sequences of mcney
palances and consumpticns over kis infinite Lifatize. Thus, for an agent Sorn at
tize T > J, ccansider

Problem %:

= 4 X
- Eix s (RS
RO AR ) s ’
< 3=0 J =1
uD ject i3
e it} > @, N LL) 249 i> 3
< - =
(2.050) 2% 7. .M (8) = 0% e (k) « M, (%) £ 0
J 373 3 =g d <+ -
gi7en
§ 4
* } evean, i > 0
2 - - --’ ~ il
..G(Z} 29, «=d¢ .
4 Y 2 -
) L=t Jgac, > 1.
Simi_arly Jor 2o asent 33 a3t tizme -h ¢ ), somsider



zax 2" “a[c (-)]

. y @ f R .1:3
\c:{"u}r‘}:hl 5Hj(-n} '-j-—'h*I
subiect t2 :
c,(<a) 20, M,(-2) >0 J2h

‘
J c (=n) + "J 1(-h]

s
v
o

(3,(n) Py, » M, (-a)

given
r 1
\ 5 Jeven, j>nh
‘.‘.a(-h) 20, k=
(4=1)
2-‘?— ; ccd, § > h.
Coe =av zow write out formally she follcwing
Jefinitisn: A Jonetary equili:riim is 3 sequence Af Tizita gositlve
‘@1 = Py ' " - ; Y « =
srice p, leog ‘OT each zarket X > C; zequences cf consumplilans gcé(:):4_a and
zoney salances [ M¥(:): -O 25r the agent Zcrm at each time t > 2; and sequences i
. P = . , ® z
consumptions {e¥{-a)}:, . and =crey balances t!}(-h)},_h far the agent Scran at
- - - Eted
sach time - ¢ O such that
i\ d - » - - Fadf vy @ 'H.(‘-IG
&) saximizaticn for 2gent t-— the sequences {2¥(:)}, | and TME(:) -
- o= ~ - =
soi7e proclam % ziven MA(:),
b
) . - L yy =
14, Aaximizaticn ¢ agant <N = the sequences Lci[-a)rf=h anc

{‘!('h}}*-h+1 solve problem -a given M%(-n),
] “‘ -,

{ii)  market 2l2ari=g

P
e3{s) » % _(pa3) =2 1 2>Q, 1>0, § even,
~ --ﬁ| -_— —
L]
e¥(.n) « 2¥ {opa?) 21 2> 1, §>4, J even,
- '.“ -
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70 characterize ocme of the =zcnetary equilibria of this zodel, returm
for 3 acmezt 0 przblem (t). i2ferentiating with resrect to M (%), familiar

J

necessary conditions for a2 maxiaum are cbhtained:

e e, _ (01 80 (e ()]

(3.%) - (¢) =0

a
- 7

L S
v

X & J
pttj-i pt+j

where EJ(:) i{s the nonnegative Lagrangs zultiplier associated with the cono-
straint M.(t) > Q. ression (3.4) 7ields
Tle, (8] 0.,

SU'[cJ(:}] 2

—~~
vl
L]
un
S

iv

pt+j

where 2guality prevails if HJ(:) > 0. As bdefore with 7'(0) = = and yj = 0 for

321, Jodd, it is obvicus that equality zust prevail for § > 1, § odd, and al:
> 3.

Now suppcse the optimal allocaticn 2% =z ¢#, o | =z o#* 3 5 Q) j even,
3 3 e

.
-

“ere LS be supperzad in a coretary equilitrium,. Then with § =2 1 in (3.5) a3 an

equalizy,
ok
s L 3em P 531
AT T 3 211
Ll

where the 2quaslity on the left Jollaws frza the constructicn of ce? and o?f, That
is, the prize in zariket zero zust remain constant over time. A similar arzument
yialds the fact that the price of 2ack aarket X > 0 must remzin constant cver
tize. Mcreover, suppcse (3.5) were £o 2old as an equality in suck 2n equilibriux
for ! aven zs wyell. (Tﬁat {3, suppose the zonnegacivicy constirziats con =cnev

salances were zever binding.) Thez with j = 2 in {3.5) 23 ar =quality,

1 Jria#2)  Pelg
i q - T~ = 1% +
;tma L}

where sgaln the eguality ¢n the laft follows fmom the corstructica of 2af angd o¥f,
3



time ¢ TOves across markets, from markst zerd at time tel Lo market <cne 2t tine

t+2. dg2in § even and t > ¢ ware arbitrary, so ihis relztlonsnip would hnold
20re83 any twWo adjzcent zarkets {or any tize jericd L.

Tous if =3y %e gFuessed that the cptizal allceaticn ¢, ¢** 2an be
supportad iz 3 mogetary equilidrium with constant prices over tize in each
market, with deflation cross-sectionally over mnarksts, and with deflatica in
avery other pericd of ezach agent's lifetize. Zefaore establishing ;his conjectyra
formally, it zay bSe inatrictive %o answer this guestion: Eow cap it te tzat
:nerel axists 3 ncoisntarventionist cenetary 2aquilibrimm i this aedel with
deflasicn but without taxation? The answer, of course, is that the price lavel
atays constant in each markat., Ia equilibrium the relatively cid person of each
zariet sasses along 2ll of tis coney agllizgs 15 th ralzzively young ;ef:on. who
then does the same in the next pericd., Thai is, money itsell gever agoves acrcas
Tarkats, and 30 real bdalances stay conssant in eaesn zarkek. In equillidrium
neninal zoney halanges decline over mar~ikans with the price level; real Talances
stay conatant cver meritets,

Tais discusaicr is zow summarizad In

Propesiticn 3.0: The cptizmal allccaticn of, c?f can He supporced in

{=enintesrventisniss) zometary squilibriia wish ocnstant prices cver tize in eagn

. -2 . . ) .
szriget, With Z2eflatisn mate {1-37) across adiaceat markecs, and Witk zonzincing

1 |

ronnegati7ity constrzizts on norey Yalarges [ir sach agent ¢cf any zge. Ir

sarticular, Jor prices,

»n

-
111

gt
[ ]
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1

M3, 680 = 8 $21, 1 odd

wnere ¥ 13 defined in problezm (t); and {or the agent borm ab sach tize -a < G,

LT ) .
i(-n) = ¢¥, ¥4 (-h) = p" ™ jyn, § even
cjl-n) = o, M3 L (-n) = 0 i3k, 3 odd

where < i3 deflned in »sroblem (-h).

2mgf: See the appéndix.

Thus, it tas been astzblished <hat %here 2xi3ts an cptimal allocation
L2 this aodel uwnich o2n %e supperted in 2 neninterventicnist 2cnetary equi-
Librium, Yet praposition (2.7) asserts that thias Is not possible fn the Surmpiks
acdel. Wherein lies the diffsrence?

To bYe ncted is chat the alloezticn ¢, =z ¢¥, G, q = e* fer 150, ¢
] -

o

averl, 13 ¢ptizal 7ere, in this generzlized cverlagping-generatizes acdel, tut is

net cotizmal in She turmmilia =medal. (Mgre speeifically, the allaezticn ¢

G q % c**, £t > 0, t even, is 0ot c¢ptizal ihere.) This reanl: Iurns o the Jacs
that Iz the coverlapgging-gererations acdel zgent3 are salired ast different ages.

e sptizmal allccation Lzakss iats scegunt that the goung in szch marikst srarfar

nresent gver future ssnsumpticn. Thus the ige structure sesms s e Qrucial.

2t may te rccted in pzssing thnat the allocaticn c?, oF* aazn te supportad

i

21 2 neninterTanticpist acretary squilibrium in Reth aedels, vet the egulilivris

sgem quzlisatively 2iffarent,

She ncnnegativiiy ecesiralints on zeoney tzlances are newer tindiaz, whereas in tle

Tarnsike zecdel Shey 2re dindizg in altarnate serisds, This may lz2ad ane I3

- - -y Y I -y - it A I ] : R I - E) & -
2qUeLiin whstler Lnothne LurmMmslis zogel eaquilibeia with neniinding cgnatrain:

t ¥ omgy= i o el - - - A 4 " 2 - -
L TR0 SUT L scue Zav., -5n fErcLoulzr, ariges nhave lean restriztal o

» v aa w



be copstant 20r0Ss markets, whereas in the equilidrium of zsropositicn (3.1)
prices f3:il aver zarkets., Yet Tigure 1 reveals that in the turapike zodel prices
caznot fall over zarkets in %the pight way for all agents. Talliag prices Jor
agents travelling west imply rising prices for agents travelling east, for

example.
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a The Lucas Versism of swhe CasawYaar=i Modsel

Thus far zitention has been restristad to uodels which have the property

that monmey allows the economy to achieve a Pareto superior allocation of goods
over time, relative to autarky. For the i{ndividual, woney plays a role in equat-
ing, at least partially, intertemporal marginmal rates of substiruzion. This has
lead some to claim that money in such models serves as a store of value rather
than as 2 wedium of exchange. This section presents a third model with spatially
separited zzents in whizh Joney plays a raole In ackieving intratemporz: affi-
ciency (33 well). In essercse, the mcdel is the wellexnown Cass-Taard circle, But
with Srader pairs and a timiag of transactions as suggestad by Lucas.ll!

The zodel consists of a countably (afiznite number of ZAcuseholds and 2
2ountably infinita number of 2Jerishabis comemoditlazs, Tacnh (representazive)
nousancld conaists of a sair of agents and 1s ({magined o he located cn t2e real
line, say ¢ne hoyseheld per integer, See Tigurs 7., Zagk ngousenold L lives

forever and faces andouwment sequencs 2f cormecitry [ #bich 1s nonsatart, s37 cne

-

unit iz each perizd € > 2. Iz each pericd ¢, each Jember of housencld L ls
2arabla of moving cne-=h2ll the distanse 2 2ne ¢f the Swo zadizcent i:teéer:,
viet) and (i1}, THus, in ezch periad &, eae¢n acusencld L ia ;£7si:ally szpabla
27 earvying sut Srangactions with housenglids (iai) and {Ll+1) iz %we sgatially
serarated ra-kata, There (s no storaige.

Household L =ares orly afeut ecmmediliiaes L and (l+1), a2=d diszscuns
gIure gver present 2cusumptisn,  Thus letiing ¢, 1i) and e, ., (i) denzzz iz

cunter 2f units of ceonsumpiicn br ncusehelsd I 3t tizme ¢ of commediziss L oznd

23 d - M [y & I ‘ 4 e -
\o%';, ITespecllYe.y, -ne ;re:’erences 27 zeuvasencli L are represanted Ty Lne

- - - - . .-y & - s - ; - - s A
3tricti.y 2cneavae, strianly inepezalzs, scunded, and scasismususly Jdilfaren
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with indiffarence curves which are asyzptotis to the axes. (A particular func-
ticnal form will de assumed {ar some purzoses in what Sfollsws.)

As Cass snd Yaari nota, this =zodel d4isplays the azsance of double-
coineidence of wants. AL each time % each housenoid L can trade with hcusehold
{i+1), but L ka3 no commodity {(i«7) wantz, It a2lso sihould be zcted thar this
medel reverses the construction of Cass and Zaard, dreaking their cirale at soms
Point and spreadisg 1% back suk over the peal line, with ({nfinite extensicna.iz!
As in the turnpiks 3model, this serves ko alinminate the possidility of private
dept. 3Fousencld i may issue an I0U :o Qouaehold (i+1) iz excharge for scomodily

ie1), Sut this TOU can be returned So household i enly by housenold {ie1), and,
23 aoted, i has no commedity (L+7) wanta,

Tae nextT stepn in the analysis s o Zeflpe Teasisla allocatians acd
gharacharize those wnich 2re P2rets optizal, Withoul loss cf general t7 zcian-
Sion is restricied o those allaeatiosns iIn which each hcusenold receivas a3t 2=t

thcse cogmoditias wrich snter. Iis utility funciicn., Thus an 2llocactisn i3 2

sequencs <7 2casuTphicns {c,,(i),c‘*. ,{i}}.-o far each hzusensgld L, Ag zllice
P - L - -
2atizn i3 sald to he faagihls if
e, (i) + ci.{i-T} < 1 £ > 0, all integers i
i W - — nay
TORE
21.(13 >0, ¢, (-1} >0 % > 2, 21l integers &,

Alse, withcut loss of germerzllisy, the rescuree ccustraiat 4o {4.71) is assuzed %2

hold 28 az equasity. JMow In crder ts charactaerize Parets cptimel z2llsezilions, 2

sTrong symmerry aondition i3 Igpesed—ltal in any feasilis allccatlizsn szeh

- 1 4 H - ; T . - 3 -~
housancld L ote Lreated ifdentiasally Wit restect o "oun azmsumption, 2f oop-
1
d - - % - - - - - .- -
oocdlsy i, znd "echer conagmotiscn, 4t 2emmedliy 1.1, That s, an 2llaeztion
* i )3 Py Pape 2T i e 14 =a Ny —_ i P
IR R 1 h,_i :""3' el 3 L, L2 385 TS e sT/=stri2 L.
- - oy -
. z
’ - L] ' ) - - - P} - !
Lmel = PP - - S~ T3> 4, 211 integars L.
- - -y -
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Wdithin the class of such symmetric aillccations, then, feasidbillly is equivalant

-
("'

(4.3) cI +

o

>0, ¢t > Q.

or
Ir
i

It is now claimed that, subject %o this symmetry restriction,
unique Pareto cptimal allocation zay te found as the soluticn to

Preblem 3

subjeet to (3.3). As the objective functica and oonstraints sets are tize

18
separable, it is obvious that the unique sclution {c .cf ;,fb to this predienm

satisfies
L # | E ]
cl s c1 . cf = c2 all £t >0
waere
12 2%
(4.4) = 1 e + @ = 1.
1% 2% ’
Vztc ,e< )

(See Tigure 3.)

iny symmesri ea._.-e 2llocation whieh is supposed to imzprove ured

t2‘s solution must satisfy (3.3) and incresse utilizy iz some pericd t. The
.8 -t ] =

cheice ¢f 2 znd 27 =akes this iapessitle. 3ixtlarly, 2n7 symmetric laasibis
a'lccation whicz 2iffers from this solutizn caz be iaproved upen, and hence is

eot = ¢optimm. Fizally, zcte that the unigue Farets cptimum is defined <o

slscely 9y intratemperal cecnsidermations.

A8 =ef:re, ope n0W sSeeis o discover zhe relzticnsniy between sptizzl
allocatisns and acnetary equililria. Thus, suppese at esch tize T > O tShal
acusanclis L 3md (le1) meet in 2 2cmpetitivTe =arkes in wnisr 2cmmedicy [(L-7) =222



De exchanged for fiat zoney. Thus, let ;i+1,‘ denote the price of cocmedity
(1+1) in terms of fiat zozey at tize % > C. Ailso, let ¥,(i) dencte the number of
units of fiat =oney held by kousenold i zt the beginning of period &, and let
zt(i) denote the lump-sum tax. Finally, let yit(i} denote the endcwment of

commedity i of household i at tizme &, sc that 7, (i) = 1. At the beginning of

i
each period t, one Zember of household L travels to the market (i, i+1) wisth scme
of the beginming-of-period money balances and purchases commediszy (i+1) 2t the
price ?1+1,t' Similarly, the other zember cf acuseaold { travels to the zmarkst
(i=1, %) with scme of the andowment of commodity L and sells it for f£iat acrey at
the orice Pige t the end cf eack period ¢, both members of housencld 1 return

Lo their origizal location ard cornsure. Thus, taking the zrice sequencse

. = ’ 2 = . 7 PR
Lpi:’ﬁi+1,:} - 2nd the tax sequence (ztzz)}==o as given, 2ach nousenold i is
coufrontad with

Problem (1):

¥ -\-32‘ : l e
max o Lezg? Tley (1), 4 (2)]
le, (i),e (1)} {M (1) - =" i
AL AT PE IR, LI L AR R R P

3up ‘esz =2

Cit(iJ > 9, Sy (1) >0, “:{;} >0 ¢ >0
(0.08))  pan¥ifd) » M AE) - z, (1) =

-~ b -
Pia%: (1) + pi-T,:°i¢1.:(" M, (2 t 20

(3tiz)) Pi+7':ci+1’:(i) < !t(i) - 2 3

o\.
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dere (b_{.1)) 1is %the meney balamce accumulaticn equatien, and (a,(1i)) Is the

-

constraint shat the valuation of ascnsumpticn of commodity (i+1) Oy housenoll L Is

Sounded sy ceginning-of-pericd mopey Salances. Thus at(i) is very auch iz th

13 acnstra2int is generatad b7 tioe
» 13/

underlying exchansa techrology of the acdel.—

spirit of a Clower constraiat. 3ut here &t

In what follows, attenticn will Ye restricted to equilibria which are

. L] = @ - .
svmmetric across housenolds in %hat {_:1“__»3_‘J 2 {p._}__G for all commodities i; zand
- - - -
P E-] -] = E-] s =2 -
{z: :"J}-:o s fzt}tzﬁ’ {}!s(i)}:‘: = {:‘.t}t- ’ a-nd {ciatiJl*{_*i tt‘-)f:zo =
{c:,cg}hfo ®or all households i. Under Shese sycmetry resirictions the sroblex

of 32¢ch ncusekcld i is the same, namely, &the problam of the representacive

20usencld,

s = .5 T2
2ax wond Tlayyesl
- 2 \I=G - -
i = -
[ % rM i
‘ct'ct‘t=c’ ~ to C-"-'l
sub ifeqt 2
A‘I (g 2 ~ W -
-,_2\4,3,,25:,..‘_20 .20
; 1 -
t::; ;t?: - !: - zt = ptc: - pt:t = % -
Fia. N 2
v PLCe inb
- - - -

The above discussiasn leads 52 tze fallowin

- P " - - - vd ¥ . 4 : -
selinlitisn: A svmmetric —onmetary scuilivpium is 2 sezuence 3f finite
i wd : Y B - : » : = re 2.1 =
FOSIiiTe grices (nll..yy 2WC sequences ol ccmsumpiions (2, ,S. ._.y SOG2Y
- --— - - -———
L]
. - = -] - =
- - BT B - L] %
sa.ances (MJ:_ ., and taxes 2% ", such shat
- e - - -
R 2R o et
4 - - - = i G R | - - m»' am T
L) 3mxizizziicne-ile seguances T2, L2, Pezd g=d (MM . solve predles (R
. - - - w= .
ma ' =a=ioa =a "F, T 4, = A R -~
Te_20LT2 %2 '.,_:.-_-_, _:- Saam A% =y 2&0S
; y o | k)
- : - . - e~ - - - . % T -
=2, ZaEEl [leTlafe—d =~ @3- ® Y, 2l & S,
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In c¢rder %o 4iscover the relationship hetween sycmetric acretary
equiiinria and optizal 2llccations it is usell to ccnsider the nsecessary Zuler
sonditions for a max’mum to problem (3). Assuming nonbinding nonnegativity

constraints on money balances (aecd consumptisn) and following Loczay and Pal=mon

{1978], these are of the 22 -
(3.5 -6:"?1( Z,c ) » B“'I (c...c ) = g%, =0 L2090
(8.8)  Tlel y.ei ) = (o2 /3BT, el ) 20

where et i1s the acmnegative Lagrapge pultiplier asseciated with the ccmsctraint
(2.). One imapliecation is a:ncat irmediate,

:wg . , 1% 2% .
Prangaiticn 4.1: The cptimal ailoseatica &' , ¢ cannrot e sypportad

in 5 ponizterventionist symmetric zonetary squillbrium, it.e,, with z? =z 4.
L]
Praaf: Sucpeose the gantrary. Thea it follows from (8.5} and the
A a

constrmicticn of the aptimm (2.4} *hat 1a such 32 squilibriim She rate of Zefla-

tiso must be 1 - 3, L.,
(8.7} ;; ap' o1 t> 1.

Alzo, rom the money halance =c*"ﬂv1:“icn'nquat am {9, } and fsasgihility of the

Qroimom,

r

Iv
e
-

1 '['! 2!‘
(4.3} ME oM - ey a2 ) 20
- I [ - w
Now ceosider constraist {(a.) at ¢t = 0,
W .
(3.2} 2:2 <
o

fepezzed suhaztituticn af (4.7) and {2.3) imtc {2,3) 7ialds
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representative hcusezcld cculd iacreazse comsumpticn of

18
fixed identically at & , =the

2%
over 2 in =2very

Then holding the consumption sequence (2.}

(¢]
or N

pericd &t > 1 Sy spending the "surplus" zcney balances. This is the desired
eontradicticn, amd it cocampletes the oreof. (For an altermative argument see
Locay 2nd Pz2lzon.)

Propositicn (U.1) of this mcdel is the analogue of propesition (2.1) in

the turazpike medel. And i: seems thka

v

oropositions (2.2) and (2.3) of the

turnpixe redel have apalogues nere zs well; that is, the optimal allocation csz

e supportad in an iatarventisnist zcnetary equilibrium, and there exZsts 2

aoninterventionist zcnetary equilibrium which is aonoptiz=al but Faretd superior
14/

%0 autarky.—  Tor accordirg %o Locay z2nd ?aimon, the necessary transversality

sonditicn for the =maximizatiza problem ccafronting the representative houseaclic

ix
L 1 2
h = Ty
s“g'j\c_b,:.b}
(3.11)  lim = = = 0.
] re

Then for the intarrenticmist Topetary eguilinrium which is o sugpert the cptimal
alleecation ¢' , ¢©, consider the follswing specifisaticn., Lat !3 =
f

that the representajive 2cusencid spends 211 imitial zcney bdalances on the ccn-

33

i_)!t

sumption good wisth which {: is z=ot endcwed. Sizilarly, i3 sack teri=d . let the

representative 2cuserold spend all after-tax zoney acldings eon this commodily

M - - - I
acgquirinz z£44itizna’ zcrey from the sala of the endcowment 22 ateer. (y.ee o

A_20, -t %2e raze of Zeflation be 1-2. 12 su=mary, then, let
S Y E ] - m R s -‘q..'J - S
ey Baut = #avds -2 4
- ' - -
]
4 *2) -4 "L lﬁgi. g -
L P T 1 - = -;'-c‘- F - 2
- - - -
: » - - A - - .
ve e od - Qa4 b
- -™ —
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It is zpparent that this specification satisfles the necessary and sufficient
conditions for a maximum, (4.3), (4.8), and (3.11), with nonbinding constraints
(atJ, l.e., 9= = 0.

Fer the noninterventicnist menetary equilibrium consider the following

d - ] 2 1
specification. First, let prices be constant; then, motivated by (4.5), let ¢, =

;1, cg z Ez, where 31 and E are uniguely defined oy
?,(c1.52) - oty

(4,18) . = ° - L. e* =z 1.
7z(c )

Again, suppcse that all beginning-of-periocd money balances are spent cn the

"other” ccnsumpticn good, these being replenished from the sale of the "cun”

consuxpeion geed. That is, lat

: -
(4.18) M2 . 3 pE(g.=c)
-t - -
(1.17)  u# 2 5222
(4,18) 2% = 2% 5 0, X

dga’n, the zecessary and sufficient first-crder condizions Zor 2 =axizmur are

satisfied, this time with Sinding csonstraines (a.), i.e., 3_> 9. It is elear

AT

bat tzis ccosumption sequence is noncptimal bYut Pzreto superior $o ausaryy (see

::-‘
‘tgure $8).

l.’

The reader may be struck by cthe similarity of the above results to those of
the turapike model. To repeat, optimal allocatioms cannot be supported iz a non-

incerventicuist monetary equilibrium, but there exists a monetary equilibrium
; . o _—
with constaat prices and binding comnstraiacs which is Pareto superior ro zutarky.==

Yet ners, unlika the turapike model, the imposition of a stronger Clower-type con-
L]

straint may be sufficient to g2nerate a monezary equilidrium withour taxaticm

which is ovtimal. Ia fact, the imposition of such a coustrainc can conver: the
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Cass=-Taari =odel into Lucas' [1373] z:cdel of =zcney with certainty. These resulls
are now 2stablished.
The above scheme is 2cdified in two wavs. First, tke utility funetion

T(+,+] is assuzed tc be of tae form

c 2
V' e?l = Tlelre,) tePrey) P

2)
where =, > 3, s, > Q, Gy * 2= 1, and where J(+) satisfies all the assumptizns of

the previscus twc secticas. Second, the constraint (3,) in prodlea () is

strengthened Lo

-
[

Wr-=

~

;
PpCe * Pi°

Az iz Sectizcn 2, the idea nare is that the =member 2f cousenold i who travels Lo

the parket (i-1, 1) witk the endowment yi_(i) = 1 must pay cash in advance for any

anits of commedity 1 wnlek ke is tc take home. Apd again, 2 Slovwer-tive

sy=metric Jcnetarv equiliSrium zay e defized in the cb7isus way, Witk val)

replacing (at} iz prodlea (3}, and 2? =2 2. This leads =3
-
iR ] 2!
" i .
! Tae optimal allzseatizn e |, 27 c¢an be supgcerned In 2

o

Sropcsitise 8,

Slower-:yoe sy=metrisz scnetary aquilihriim with scnstant grices, In partlicsular,
b RE. 2-! 2-‘ = .
s, B¢ ,e Se ,pR 2250, and M2 = 2%, Jor 2Ll % > 0.

-

Froof: FTirst let ¢, denote rea! scnsumpticn expenditures iz jericed 3,
-

Substizusicn of (4.19) i2%0 the Sudget cconstrainat (b)) 7ialds

— o -
=.22) _...’? - - H‘_', = ;'C_.
- ' -
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Now Dixizmg M_ apd ¥_ ., tkhe iatratemperzl pericd degisicn preoiam of the
=] - et '

n
o

representative housencld is of the form
L SRR T T
2ax I((e,/ay) (ct/qgi ]

e, >0, cg 29

. 2

sub ject to

¥, + p'ci = p'ct.

& =

The unique soluticn to this problam is

1 2
Cp 3 XCyp» Cp & X0,

utility as a function of ¢, is just U{zs, ). Hence the problem of

she represeatative Zousencld is reduced o

sublect Lo

.20, 2, >0 t>2

- - - —
i ‘:{ - M =-.c
T S sl T 7%
ple. ¢ M,

- - 3
given M% = %y ghere y =z 1, Luecas [1375] establispes that M =
-

soiution %o this problem. Thus pf2, = p¥y for 21l

2 y g © > 3, and so %he soluticn s
k <4 - - i '-. 1. ‘2 2" ..
the Iztratamseral probiam zust e 8, T ¢, e = fer ali £ > 0; ke

ptizum, This completes the pract.

Tha: the iapesizicr af 2 3trong Slower-type oonstraial generztas zn

2 ia t3is acdel, whereas IRis i3 zgot s¢ of She turmpike zcdel,



is scmewhzat puzzlizg. This result seems :2 twrm on the fact that there is enly

i3
one representative agent ia this zcdel, whereas there are WC representative

agents i She Surmpike aodel, and tiat optimal allocations are deflined

aceordingly.
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3. Lirclas and Privara Debt

43 actad 1n the ictrcduckiion, there are an infinites number cf agents
2live at ary one date in both the surnpike acdal and in the version of the Cass-
Yaari zodel just sreasemted. This apecification emsuraed that the execliusicn of
pri7ate deht was iadeed endogescus. With the pemoval <f IRhis  contaemocrznecus
iafiaity, the role of prizats debt can be acalyzed. This section 12 intended o
re illiustrative of the kind of analysis whlel may de undertakan.

The contemporanequs infinity is removed frcm the :u:npike model by con-

7er<ing it ints 2 cirele, This is done ia Figure 3 Zor an econcmy wWilt: eiznt
agents. As befsre, arrows lnodicate the 4irecticn of‘travel, spikas indizate
i{slards or markets, and cumbers iadex the scdewment of ine 2g5ent af the indicatad
sesirion,

5oquains on the pairings of zgents in this podel, it becomes clsar that
shie sat of agents can Be partiiicrned 1lats wWe ircups sr subeccnemiazs, whare
agents in a1 subecsncTy srade omly wiih otizer zgents of tzal subeconcmy. Thus e

2a=entizl Zaztures of s2e z20del depicred in Figure 9 can bde caplured 3y Ine
sizpler acdel dapicted iz Tigure 10, Zere itere are snly W0 zariets, lzbellad L
and 3, respectivaely, and four zgents, lzbellaed a, 2', 9, znd 57, at thelr inizias

sesitizns, Lo understand the way agents are paired over time, conmsider the 1itin-

ecary of ome of the agents. Agenr a, of t7pe A, begins in period zero



dL%h zero units of the ccnsumptiszn gzzed and is Dalred Lo markel | 4ith agent =, of
type 3, who has sne unit. In pariod cre, az2nt a3 18 allocated %0 zarket R znd has
one unit, being paired with agent b', Continuing, agent z stays in zarket R in
rericd two and firzally moves back %3 aarket U in period three. Period four i3 the
same as periaod zers,

The Jact that agents meet repeatadly la this versiocn of %the turapike
model has no hearing on the determinaticn of optimal 2llceationa. Under the
symzety conditicn ‘mposed in Section 2, 2n (intericr) optimum has the groperty
‘that sach agent of tyne A receives \ uniis o¢f the sonmsumpticon good im each

sericd. In fact, 311 the orcoositions of Section 2 apply Lo this sconeomy 1P cne

dcceots the exdzencus axelusicn of dest. Tzt now there nay bde private debt

aquililbria., That 13, debt mavy Ye uysed a2 3 zeans of davzmen<.

Far the purmese of discuasing srivata debt iz this accromy, atiention
18 restrintad first to the obvious four-serizd versicn af this model. (Again
this hea n0 effsct on the propercties of optiza.) A& particular schege is con-
aicered. In the initizl period, £ =23, each agent of S70e 3 is zermilzed %o
isaue IQUs, where one such IZU (s 2 promise 52 zay =5 the aclder {ler) units cf
ecgsuzptiszsn gocd in gericd three, Zoth tie interesi rz2ta r~ asnd tke grice
of the ¢onsumptise soed, It tarams 2f such 03 is peried zero, zre taken 2s siven

27 agenis 2 and a', Thus, the grsboiam agnirenting sach agert 20 tvpe A I:

L

o
i)
|
¥ ds
o
VL

zeps is
Pwanlam 1(7.3):
\ R
mEX Clel) « 3 J(Cs,
adh A A
55 2 g, ¢ 2 g, ¢y 2 ¢
sybiect %3 '
’=.1} q ‘A< —41
-e #3553 £ Ea
:5.2.' \"-7‘\1



-
- =t -
-

‘ A A "
wnere Bé is the nurmber of ICUs issued 37 2gent tvpe i 2and -33 is 2 lump-sum
?crgiveness (sudbsidy) of det: in period three. Tze zbove two budgat ccmstrzaint
zay bYe azssumed %2 nold as equalities. Zare the acnnegativity constraints zay Se
iZnored, yislding the neces firstecrder sondition
A

0'(eq) i
- - .. A
(3.3) — 2 370 (2])(1+e).

% 3

Tz pericds cre and two the debt issued Sy agents 2 and 2' is Sraded in markets L

and 3, respectively. Ia particular, agemt 2 can purchzse the dept (of 2') iz

zarkat 3 in pericd ¢cne and sell the dedt in market R in pericd two. Letting 2,
and ¢, denota the price of the consumptizsa zood In te ¢f Z0Us in perizds cre 2nd

2
twc, respectively, the orotlsm cenfronting each 2gent type A iz period cne is

Problem i(7,2):

O A A A
(3.4 ?:87 S py7y = 35
LR = ;‘2\-2 s_ 52 82

. - . = > A .
is the sumber of I0Cs acguired oy agens t7yze a2 in period cne anc 2 IS =2

Lumnesum z2x feonfisczticn) of ZTUU0s iz perizd tuc.

L]
Witz 22 > J the nonnes3tivity
ecnasraints pay te lzmored, 7ialiing the zecassary first-crder sendliticn

EU’(cf) %y ;

-~
(]

(s 1Y

"
.

"1 :-‘;

- - Y - - - - - ~ < P - - - < i - - -
=c is 20w cbvisus Shat e prool2m cnfrensing aack agent type 3 Ln fericc cere



Proolem 3(0.1):
Bax U(cg) v»EJ(c?)
8020, &g 29, ¢2 20
3 8 B
(5.7) PoSy & Pg7g - 8.
3 B B
(5.8) PiCq & 8y - 2z
s 3 : - y 8 i
Wwnerse 31 i3 gumber of I0Us acquired by ageat type 3 in zeriod zero and z; 2 Q is

the lump=-sum confiscation in period omne. Tae necessary {irst-order condition is

0ret) 8T (D)
(509) pu = 91 ©

Sizmilarly cne cotains

Preblem 3(2.3):

— 820(ed) + 33ued)
a 3 3 < 3
32 > 0, S5 2 3, &5 > 3
e = -
(5.1Q) ;ch < 9233 - 5§
(5.11) o3 € (33-23)(1+r)

with necessary Jirst-order c¢ondition

323'(cg}

P2

(5.12) = 3307 () (1en).

These procedures lead =¢ the follcwins

sequezce of finite pesizive prices {2

AN L AY 3 38, 2

- 5 - - . -d i ‘. * - <
VL “ta2.37 {“: !::1’3r consunDLLllsS \.':t le=G? fc= J ‘,;J' ind <ect declsichns
;23" :32‘1 e =l

..-: ::'3.2' -: 4 ::'.. r3 3uc-a ....E....



i) maximization for A—e. , 25 , 30 solve prcblexm A(9,3) relative to ¥,

#

4 -
.

.
» S5 3; s0l7e zrzplem A(1,2) relative to g?, ps, z

) e

solve preplsm 3(3,1) relative to 22
sclve propblem 3(2,3) relative to 3, r#,
A3 2

141) market cleari;;——ct *e 21, e, 1, 2: 3

[1.]

A aajor point of this sectice i3 that Sthe decentraliizaticn of th

turmnike model sarrot be sverasme with criTate detbt alcne. To see this, suppose

for the zcment that all four zgents of the zbove zodel were in the same zarkat Iz
sach of the four jericds. Then there is 2 (zentralized) irrcw-oDedreu ccmpetlitl

<14 e -y
aquilibriz= 2itl

0
ar

i
i
O

n
or
Z‘J'

‘

]

[ &

n

La

.

2f ccurse 3:his allscecaticn is cptimal. Tet it Zurms out that neither tiis

2llacztion nor any other optimal allceasizz 2an Te acziaved 11 tihe decemiraliczed

escacay under 2 private 4ent equilizri= withoul =ax=ticon. Mere {orma’lly,
scnsider
Iracoaition S.%: N interier spuisom 2arn 2e supoer—ad iz 2 2rivacs

4
dedt egquilivrium withou® saxacicn, i.e., w2 2, 0 for L 3 4, S.

3rocf: 3uppose tte gonsrary. mex froa procliem (2,

=3
Sy — s 7 L 4 g4 " % Ny o d wmyeie d 4 -
958, Budzet 22nstriint (S5.7) 23 an egualizy 7ialds 87 3 DR\, Substitutisz intc
- ] -
= 2 o * 4 Ly . - - aFa 3 - < - - i
{3.3) gields 3 = A/{1=a)., Trem prablem a{1,2) and (3.8}, 73 = 3p%, 3Sudge:
I
2

. |
4T - & ad O T, U By 4 g d 3 Vi &N
agnssrslint (D.4) 23 am equaliiny vwislds 3, = ;fx--\;. Subanicuntsn TANS K509

&

(]

= e« vV sy - - ' - ad &% ’ - ‘ - < 02
yialds 2 = =uU/lANe Tizure I =22kas 2lszr wilth 2 < 1 tzZat these Tuc specifi-
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Prapositior (5.1) and its analsgue, srovesition (2.1), sugzsest hat
‘inside money iz the turnpike zmodel acta very 2uch llke outside amonev. I fzct,
e 2calogue of proposition (2.2) may be obtained as well.

Provosition 5.2: Any interior optimum A with 8 < {A/{1-A)] and 3 <

[(1=1)/1] can be supparted ia a privata debt equilibrium with lump-sum taxaticn
and feorgiveness of debt.

frcof: Trom problam A{C,3) and (5.3) let (1+r')p533 z 1. Frem (5.1)

At » = A \ 33 - \
g arnd from (3.2) let 2z = (1=i) 95 - kpg. frem problam A(1,2) and

3
- - &I Ai
{(5.9) let pi = Sp?. Trem (3.4) lat Bé = p?(i-k), and from (5.5} lat 0 < s

3'
1
&
xpar and frem (5.8) let O i.z? = 95[3-(1-A}5]. Fimally, froum 3roblem 3(2,3) and

» ey S
rem (5.1Q) lat Sg =z pik, zac from (5.11) let Q 5-z§

] ;E{A-(T-R}EI. Sew bty comstrietion, 211 she first-order condilfions for maxina

lec pak z 3

Y

{(1=2)=8}]. Froem problam 3(0,1) and (5.9) lst »* = 8p3. Treom (5.7) let 3

13

are estatisfisd, with the tudger consiraints as equalitiea Ig every perizsd. Thi
‘8 sulficismt Zer che propesed.solutisn S0 satis?fy the maximiziag cenditicms (1)
ard (i1} af an equilibrium. Market-claaring 2onditicn (Li:1) is sacisliad 57
eonstruction alse. Flmally, Lt zay he acted 23 2 2ne¢k =n rthe abave aroc=dure
that the sum of she zonflacations of dedt egquals the limp-sum forgiveness In
aprisd shrese, This zempletes the proct.

Thaus proposiczicn (3.2) estabDlisnes tihat an optimal allscazion gan ha2

dchioved with mentrivial intarrentisp in rivaie aredis mariats, Ar ihis 2oint

2ne zay well ask Whsther ther

1]

existas a privaie dent sguilidbrium withaul such
lump-sun tazation and forgiveness of deht <hich is Parets agceoptimal but Farelo
sugerizr %o autarky. In particular, 2zn he allceatiaps 2f Lhe agnintars
Tentlicnizt oenefary sguilibeium of propogitsicn (2.4 be achiewed? Pernaps It I3
now 2ovisus frem Segtisn 2 oand the 2Bowe z2rmalysiz that this guestisn zEv ce

- - + - H -4 o i - Tt K . % ol E
anIwerseqg o STTEATLTR LD SN2 LS Wi..lDD L3 oIgse znogprer Jglzmo o L=



fasve of ICUs. That i3, 1n problem 4(l,2) iapcse ctre zcditicpal axogenous
A
Q

eansSTraing that 30 < & far scme ezpatant A, znd define a scpsirained orivate ceorn

Ill

equilibrinn in the 20vizus way. There Millows

Peopositics £.3: There exista : gons=irained frirate dedt equilibriun

Wit 3 bindinzg constrzizt on the Lssue 3f IO0Cs in perizd zerc., Ia particular,

L1
"
{
0D
"
0
"
w
Ll
“
i3
-
]
[ 1
0.
ir
i
[
n

0
r
]
0
-
3
t
“
0
() ]
|
7]
or
1]
o
[\ ]
L]

Proof: The relgvant first-order candilises and budset constraints arse
satisfled for problams 4(1,2), 3(9,1), 3(2,3), and modified nronlam 4(0,3). This
ccmpletes the pfroct.

froposition 15.3) turns on the fief :that Lhe conagraiat on Lhe isSue of
insiie acney slays ke role of 3 nonnegativity 2onstraint on aeney dalances iz
the same sespemy With flas zoney., This alsez wish propssizion (2.3) 22y lead cne
50 the cgnjaciure that there dces not axiat 3 srivate debt equillbrium withous
taxatisp and without such axegeEncusiy  Lapcaed constralnts., Tar it can bSe
aatabllispted <that Tar Lbe sizmple four-gerizd ecznormy deserilted zoeove Lhers does

axist at lezs2:t one such equilibrium.aif And elearly cre

B

7 introduce privats
dect iatc an Infinite-geried scovomy 2y supilizcatisn of the {gur-pericd sgheme
every four jzerizds., Wnat ls 2ot vet olaar is the extent L9 wnick sush eguilitria
reast op “he raiier stecliil 2esumpiicms wnish 2ave been lladed Lnts ke Toure

"t

cterizd scheme: that srl7y agenta =f Type A 22n lssue Jert In

vary foursh jerizd,

- - b - - ; % oam . - 9 - ol oy - ix T 4 LS
-7 wWouLd sesem LnET 2 ICRCLAfaly unreatristss Jrlivitia de2Bt eqznIzy Woeual te

- . b = ~' - - i 2 4 - - 3 ] e -
s.3zued 7 TInIl 2chames, An gpen sod Lotrigulng questlion L= owWnelner re

e

-
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unrestrictad debt and [lat acney can coexist; this is the subject of cngoing

researszh.



3. Lenmeluding Jomaries

The centaaticn of this naper (s onTicus: codels of mcnmey witia spa-
ti2117 separatad agents should “e taken saricusly as zodels of —omey. Certaizly
these communication-cost Jodels explaiz zeoney in 2 rigorous way, at least sub ect
Lz the ifagliciy restrictions of the cempetitlve paradigm. 3But core researsh Is
neaded. Remainidg ts he irvestizatad, for sxzmpnle, are the L:sues:cf assat

domizance and capital over accumulation when storage is aliswed., To bde locked at

r

also i3 =he problam of mlsisle zZonetary equilibeia, aspecially Githou£ 217 Lke
excgsnously 1apossd symmetrr reatrigtlions.

Jlsimately, though, L& is difflzulf o nake judzements on the relatlive
reriss of modela i1 the azpstract, witheust refarence eilher o zctual obserrztlons
ar 3 poliey questions. Cre would like %o know, {or axazpla, whetller models with

spatially segaratad agsnts c2n e nodifisd =0 explain the existancee cf Deth

inaida arnd gutsizle =omey. Wallace [1979] nas established that che cverlappi

i1
)
I

rot subleet =0 this eriticiszm, A3 for pollcoy ifasues,

o
i
13
!D
]
[
'n.
i
(¥
[}
[:
E.
%
0
I3
t

ste cverlapnizg-gemeriziicps cznstruct has been shown by Irvant and wWal_2cae
119771, [1679] and a2y Xaregez and Wallace [3377], [!37%] to nave strong scllicy
inplizaticns far both cpen aariet gperaticns apd  insermatisgal Jlzansizl
arrangementa, resgectizely, It remalina o e saen Jhether other models canm 20 as
well 2n thix acqgunt, a2nd, 12 so, Whether the ifmplisationg will be (e manme,

iz ¢losiag lan ws returm %z the clzis that the three zodels 277 tihis
7aper axpalia the use 2L mopev, This olaiz is aquivaiant Witk tne statement sl

im gacn of the =ccals there sxists z (nonintarranciznist) Jcnetary equillilbeiv:,

-l - d s e p— - - -y s - J— =i 1S Yl mm Ty T = wen g

i@ sempezisive zzrmadizm.  Zdezlly, thougn, ccopernisive equilitrinm allsestigna

E . - - -4 - T i o — -

rrould Te 7viswed 23 IRe outicme of an axgiliclt f2me 4Ar fesianiss, 2.3., ses
- - -~

[ T . [rama - - - feamat - ok | Ul Watw mind m gam -

Spusix [i37T2], 2rescsst and Towrmgezd 103730, ar Towmmend LC3TC., TUl his ralzas

it



an chvious questicn: why has the compeciilve mechanism deen izpecsed 23 opposed

o gozme other? In tois regard, consider the welflare theorems of this paper.
These theorems 2re ccesistant with the view that the coperatisn of coapetisive
garkets is possinla though direet redistribution of endowments {3 not, or at
lsasat that the first scheme is less cnercus than the second. - Putting tals in
ancther way, 1f the agents of the model could agree to direet redigtributisa of
the endowments, Li2er Pareto eoptizmal allseaticns could De achieved witheut tke use
of zomey. The welfare theoreanms of this paper zre alie cnnsista“, Wwith Lhe visw
that the coveratlicn of competilive markets alcag with lump-sum taxaticn @f acney
15 ogore appeallirg than direct redistribution. Clearly :this second visw is even
aore Ltanucus than the Plrst, Tizally, it may be goted Lhab iz Lueas! versicn of
the Cass-~laari acdel, cptimal allsacaticms gan e achlaved wizh eilhier lump-sunm
taxatiza ¢r the imzcaiiion of 2 Clower consirzingt, requiring che use of =oney o
surthzase commeditiss, Is2 there any sense In whigh one of these 3chemes is

greferable o the Qther? The geint ¢f this discussion ls that in the acntext of

the specillsd scencolic envirorments of Sthe models of this paper, any critericrn
nsed to se.aet Iropm among varicus schemes fs ad hoge and Lhus unsatisfactors,

arat 135 neaedsed i3 thearw iz whish the shcice of gocial arrapcements - Fames iz

ardogenous. That fa, the spyipsnment of “he zodel should he suffisiently rich

- L]

that certain famesxs I conITr2int3 are eilther tagnnigally iafsasizla, Ir tic
ccstly (Lf not izgpossizle) 2o aafsree, Madels with 2oral pazard znd asymmenria

iaferzation n2v he neaded, as was suggested 3% the 2utset (e¢.f,, Earnis apd

Townsend [1373], [1875] or Towmsend [1373}). I wculz sesm o ze sartisulzrly

Trertant in menetarTt aconcomies o ;Exe the cholige of leint arrangsrent2 andeo-

gensus, i.e,, %8 sclve Shusik's [19797 start-up crooclam., Az Zrrinms [i87%) nas

emmzasized, the geigmisrage zssociatad wiil the lssue of Zcney w3t Te 2ilseazad.
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Aprendix

ii.

Jroaf ?rovesiticn 2.2:

(4]

L]
Al

,» ail = > 1. Next, for agent type 4 let ¢y =1,
(MA" * MA' = - - ey - b | f ipdoial mem
b ,;0) =\, and ¥, = Q so that agent type A spends all of bis Initial money

balances cn consumption. Subsequently, tax as needed to maintain the consumption
i#

sequeance ¢, = A with :unei Yalances returniag to zero in every other period:
¢ 3 #
Yo 2 1, @, = A ..“' =@, }!'} . = p¥M1a]) £t > 1, ¢ odd
- t t -t - -
L ] 2 - 2 "
72e0, e 2, 22 a2l 50, Y S0 <> 2, % even.
- L%] - - 3 -*1
28
Similarly, far agent tyge 3 let !a = J and
3 3% . ] 28 . " .
7. ® 1, e, =1 - A; z, = 27 Moo * "\ % >0, ¢ even
* =4 =8 ]
?330’ ci =1 - A, z; =;:[%—(1-U130,!’£.1=0 t > i, % ocd.

3y consirictisn (mariet <olesariag) sondisisn (il) !s satisfisd, so0 it remalns %o

7erify that the zbove specificaticrn 2cnstisutas a soluticn 9 the imd=szice
P 2 o " - . u:‘. - .q = " ':n ﬂ‘ egd = % -
protlez confrontiag eack agent Iype L given MT , (3li. g, 13,71, g TRIS Wiio De

izmediately.
A= =
Cemsider fIir-st any comsumpiicn sequencse {:;}:=Q 2rd associzied =cnev
-
talangce sequencs {!?}_T, wpish zre supposed %0 sclve the maximizatior prellem Il
- -
- 3 S ’ 9 3

agent type 3. With 2370 - 20 <0, all ¢t > 1, & ode, It follcws thal ME % Q) fow

£ > 1, 5 add, Senmce (2.5) zust 2¢id as an eguzalicty at sush Simes, i,e,,
(A2
U'\c-. -J "_," "
(A1) — i S : > 1 cdd
e s = - S = - S0 T -
gy P 3 R
oS fol_cus Shas
-s -~
v -y - - - k| - aa
Ll S = 32 =20, = et sc 2y



dex:, convert the problem of, agent tvpe 3 iato rezl terms,

E ]
= (pgyi-zs )/3} so that

o W
"
—a

T e

Ao (i-
=[5 = (3=X)]

B
£

Also let n H%/;:

Seginning of period t.

etilizing the fact that p?

3

(1.3) o) smi_1 " -.;2

Taen, from (A.2), setting o
ootains

(1.4) (teDm; . = w2 - 0
{1.5) (1+8)ed = (1ed)e

=i 3 » - - Q7] tigkard
Tcilcwing the metbods of Licas and Smesgests [1971'] it c¢an be established to2

apg

)R

r

20,

r

21,

g 431

3

- 1 .
in particular, lat 4

ir

r

evén

cdd.

or

dencte real wmoney dalances zeld by agent type 3 at the

Trom the budget constraiat (b, ) as an equality and

£ > 1, it fallows that
t>0.

- - - 3

t >0, ¢ even, and solving for 2., °=me
1-3 - Lol
uht*z - z' 0 ] t aven
3 3 -2_3 . .

- - - :-

tef ¥ 3 - 373, >0, ¢ eve

-

o

rhere axists 2 bounded continucus function 7(+) satisiyizg the fapetiznal eguatisn
o3 ¢ 3 3 B
?\JD) s :zxL[U(cq}-EC(CT}]~&27(mn}r
3 - <
subject L2
3 3.8 3
i) 9 ¢cm < (w)=un /
Loy g (Wi-wg-23)/3,
i 3 E i g Py 7 - : 3
L) ¢y and ol satisf7z(4.5)at = = 0, ziven 25 > 9.
1) oy —
f Tam -l - - =q-- ’ o =
\=ere ae upper dcund on a7 follows from (4.%) at o o= O and the ccmatrain: 3, 58
Jots 2zt the ccustrzint set on mg s 2cmpact 2nd the Stlective fuamsticn, in




]
(S 1]
a)

]

. & - - - 3 - s LA d
aracikets zbcve, 23 an indirect functizn of :2. is bounded a2nd contizucus.) Zere
3

then the soiution = = ?(mg) is the staticrarv dclicv functicn whizh solves

max [ o 8°(0(eD)+80(eT )]

3 -
Bra2 & (Mpui=¥p=ay) /8,

3 B 4 =) g: -
L) ey and o . satisfy (4.5), given 2y 2 0.

Thus there dces sxist at least cne soluticn t2 the prcblem confreonting agent Uype

3.

Clearly, the proposed solution

3 - .
e, S 1 = A, 3. =0 t > 2, % even
- e =
: ]
2> =4 t> 1, t odd

saczisfles {(2.5) wita equality in every period. 3y coastructiosn the 3udgec

somstraine (3.) is also satisfied as 3z equality in every pericd. liow szuppose
-
K 3= : 5 .
there axists a2 ccesumpticn sequencse -,c,,_-___:’, ané 2sscciatad rezal zoney 2zlance
.-A31 =2 : "
sequence 1.7, _,, wnica does hetsar than tie sropcsed soluticn, ancd consiler tne
~3

first-gericd T at wniehr o_ £ (1-1). (Nete from (i.2) that T 2Just Se even.)

- *9 . . ~8 S o ~3
Clearly, ¢ > (1=A) i3 nct feasidle, for with ¢ , > {1=1) alsc, crne sctains 2.z
9 » i -
. s ,, - A3 P -z
< Q. ler I3 ¢l < {1-A) possille. For In this case c_ , < (1=X2), so 22,5 > 2

r - - . - 3 -
Thus (2.5) would h0ld 28 a3 equality at t = T + 2, $0 thal 3] . < (i=i) aisc, and

s Z - T4 : i e lay = :
Sc 2T, Thz% i3, She ccnsumptionm path weuld te :aintained Jeiow thne jrogesed
s 4 -~ b : e - =
salusios for all & > o, a=d %his 2armot izprove zalttears. Sexnce t2e propesed
2
]
1 4 § i P 5
soluticn is indeed m=zinizing,
b +
A pimmad 'r? idgme=dan? moimeme ag5t3nlisnes iRzt ziven e = -t -]
— i P — ) - ——l e - = - — - e - ——cd wom L mea, -
3> e ——— E !
‘3 2, = . 2%, = . :
.= . ’ , AR, IR At ah, AR S AP el (S
2_::: :. = J’ :.‘:S Ee".'.."‘-.'.i‘!".ce.‘. l‘:b ‘-_-_l ;:‘: _:‘_ '::2 e S shaT we e mThem = e .- -t ]
; £ g :



i frem; &t = 1 ecnward., In particular, Dy the prinecizle of optizality, at ¢ = 2

A (1=)) A | (1=2) & 4
:12 :—-é—-,n‘z-—[——g -X],Iaﬁdz-l,

s #
bozar (2} ) 3 Solve the problem of agent type 4. 3ut given

-
- .=
#

= A\ this implies that [c:

3
the sequences {2
Al

= i o i
}tzo and (a, }.__1 solve the problem of agent type

A, as desirec.

Preof of Prooc=iticm 2.4:

By construction market-clearing condition (ii) of an equilibrium is
satisflasd, so 1i remains £9 verify that the specificaticn of the proposition is

Jonsistent Wwith maxizization. This will be done expiicitly for agent type Al

Comsider first anvy consumption sequence ch}_fo and z2ssociated money
- - = . - o
oalance seguence {,M,}._1 wnick sztisfy the btudget consiraziats (5.) 28 an
equalisy, L.a., 4

" : A A
{4.5) J& = ple, » Y1 © >0, ¢ even
i e | A
- - F -

(ﬂll‘] r :*1 <> ..:*? = 9 C=*1 - .."*2 ™ ?_ O, t aven.

Selving (3.8) Zer !§¢1 and substi:tutizg iato (4.7) yielids

i : i A
(1.3) phe, + p'c§*1 2 P+ N - Eé-z t >0, ¢ even.
Trexe (4.8) also, with A . >0,
el =
(2.5 ;’c% < !% t >0, ¢ even.
- - -

]
AZzin Tollowing the netzods of Lucss and Presccil, it 22nm e established sShacz

433 2 22ntizucus hcunded fumezior Tie) whian satisfias the Surasisnzl
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[ LV "5
s
et

Sere, then, the solution {

f
(]
‘0
-
0
O p~
1]
)&
-]
(1]
e )
Ci‘ﬁa-
v
o
-

cgl = ¢(MA) is the stationary policy functicn wbich

2olves

i) Q¢ Mf w R By o b ﬁ% - ;’cé, Ziven

b+ = o+l =

C ﬁ.u
v
[

-

Thus there jces exist a solutian tc the proviem of 23ent Al

learly, the preogcsed sclucicn satisfies (2.8) as an egqualizy fer

T >3, & evern, and as an Ilnequality for T > i, © cdd, l.e.,

(1.19) AN L TN > 1 = > 1, t odd

Ve 1M ry "'-‘-l’ T 3 = - - 2 y - -
Selel'y PV 07 af

AlSc, the budget comstrzint is satisfiad s an equalily in every perizd. New fix

-~ . L ] -~ «§ .Aa‘ﬁ X
:; B :3 ; !? - x; , and suppese tzere 2xists a corsumptlon sequence (2., ., 2ad

-~ -
233ccizts4 mcrey balance sequence (M7 , whish does Jeltar than the progcsed

.
~a
tiemd om -~ (3 - " ;3 s 5 P A & 2
sginzizn fram 't =2 1 cpwarg. wonSider the Jirgtenaprizd TSP wRign g_ 2 2
= -
'

(2.8) will 9e sacisfied as a» eguality for £ > 2, = evez, it follcws thas

- - i % .zt oA a® fameiin® Py w3k 8ie i ~at .
2 ¢ E=C I8 sco. ~early, ©_ > ¢_ Is oct Jeasic.3, I Wlia c_ L > 2__, 2.3%,



2ne obtains QA < 3 Nor L= ot < ci’ cssibla For in thiz czse :A < CA'
- [ 2= - -:+2 - n cr _: p - -— A - oy o i ",'4'1 T+1

also, and Mo > 0. Thus {2.9) must =20ld 23 an =squality 3t t = v + 2, so from

Al‘ . . . 5%
2! and s¢ cn. This cannot 2e an improvemeat. Thus (¢l }

o3

(i.10), ot

T

N

L

2 < 2

t=1
¥} o=
{HA }P_z 13 indeed naximal for agent A frem % = ! onward, and so, by the principle

T 4 . .
of c¢ptimality, is cptimal frem © = 2 coward with cf and Hé given., 3ug this

s 12
izpiies {ci };:0, {M’} }:T is maxizal for agent A at %t = 0, as claized. 4
rirtually 1dentical argument (without tke last stap) establishes that the

specillied sciuticn is maxizal for agent type 2 33 well.

ﬂ‘;'*

Finally, note that for agent i, for example, from {i.10) 2and (2.3}, )

»
>0 for £ 3> 1, t odd. Similaply, 3°

>3 for § >0, t even,

That the equilibrim allocatisn is nonoptimal s obvious frem She fact
that the qonsumptlion saquencses are not constant. That it i3 Parets ayperisr Lo
autarky is also obvious, but it is insiructive to zote ihat for z2gent 4, for

example, o dominaces § in perisd O, and the consumption pair (o#,o*?) Zdominates

r

tbe endcuwment pair {1,3) iz pericds (%,%-1) 2 > 1, odd.

Proc? of Propositicn 3.7

2t is Tirsgt astabllisped that the above zpecification is maximiziag for

. . . Ve =

he agent Sornm a2t tizme > Q. Comsider TIrst 2nv asnsumpilon segusnes {c*(:::*_a
. . . . - . 2 . B

and assgciatad acnev salarce seguence ;H;(:);_._I whiah satisZy zhe budgse: oon-

straizt (3,(t)) aed (b 1(:)) as equalitias, ! > 2, } even, Subszizuiiza fir
-

Je

L4 , <t «t®
1.11) ML) - - M, .02 = 20 2.0 p (L),
K 4 :( } .:“'Jy.] .j"‘z‘ p:‘_: ‘:\ ) :*:_*?Cj_‘_?\-;
Defizing rezl zoney dalaznces 3,/-=) z M cet %t . S PRI
——— s CEa UL i A P 2, and reczllirs Lihe

speciliad relaticmstip



"

Kkt z,
p% = 2t = (1/3%)p%

C+ Flelel e je2”

a L) +9,=¢,(8) + c‘ﬂ(t) - 32nj+2(t} 3§ >0, § even.

J -

Now holding mJ(’:} and :1_._2('.:) fixed, define real disposabla inccme dJ(t) by

(8.12)  d(8) = ay(5) » 3, =8%, () $20, § even

3 J..-Z(

and consider iz isolation the following problem:

max {‘J[cj(:)lo-sﬂ[c,”(t)]}
Syq(t) 20 ‘

sublect to

Solving for the zaximizing ¢ (%) aad cjn{:) as contizucus functices of 4,(%),
o -
substizuticn ints the objectire functicn then 7ialds the Sounded, ccntlizucus

{adireqs uTiliiy funmcticn, Zenctad here by W(d (t)]. Thus problem (:) reduces to

34le ()]

sublect %o (A.12) and

a,(2) 20 J>2, 3 even givez a2 (t) > 3.

) -
— i W Prmasiamal amr i anm o lelalerTalel <atA = mamd apamy anal ey emdaln 24" ge
Agzi=z the funzticnal eqQuatlon 22prcach 712,28 & ST23TL3naATT SCLLIV WRLID 3c.ves

taiz Tratcien,



It is clear from the discussicna preceding the theorem that the specie-
filed solutizcn to problem (t) satisfiss the necessary first-order conditicns
(3.3) as equalities. (The budget constraints alsoc hold 2s esqualities.) Yow

eq 2!

0 ©
suppcse there exists a cansu.mption ssquence {cj(t)}j-o’ and asscciated =cney

balance sequence ’n (2)}.%., which does betier than hhe proposed solution and

J=1’
consider the first age z for which cg(t) 2 c;(t). A now familiar argument leads

4

It follows from the principle of optimality that for any k > !, the
sequences *c'( )}4 =a’ {z (s )}J =qeq 2Fe 3axizal for agent t given aA(t). 3ut then

%y symmetrv the sequences {21 -a)}.5 (n b(-n)} are maximzl for the agent

Ju’ 4;31
bcrn 2t each jperiod -2, giren 2?(-h), as we needed to show.



FCOTIOTES

1
-[Ihe terminology here 1s Wallace's (1978).

2/

='But see the concluding section for a qualificatiom to this stace-
menf!

QIThe implications of such Clower comstraiats, over and above the con-
strainss implied by the technology of exchange, ars examined, however.

4
—ISee Wallace (1978) and the discussion ia Hahn (1973) on inesseantial
zoney.

2/3 case can be made that mndels of money with spatially separated agents

are of iarerest iz their owm right, quize apart from providing am altzrmacive to
overlapping-generacions.

é{CJ!:‘.. an a priori basis this should zot be a surprise; indeed, versions of
the overlapping-generations model have been cricicized for producing optimal moun-
etary eguilibria. See Wallace (1978).

Z/Cass, Okumeo, and Zeleha (1979) have argued that the inefficiency of amon-
ecary equilibrium smerges in the overlapping-gemerarions model under alternative
assumptions.

8/ . L. X .
= Recall the caveat ar the end of che incroductionm-
9/ e - . i
< 1f there are limitations omn the issue of I0Us, there can exist equilibria
in which IOUs have value and are never redeemed, Such equilibria are virzually
indistinguishable from equilibria wizth valued fiat momey, as defined below.
10/, . e : -
— This {3 left ss an opern questicn. I
Grandmont and 7ouness (1372) do sstablish cer
2 = 1, using the evertaking critericn.

* may de aotad, however, thac
tain resulzs in zhe limit, at

2='For the most parc I &m reperzing ia this section on 3ome Tasulis Koown
to Lucas and his studerts and sugzestad ro me by Lucas im various couversacions;
the interested rsader is urgzed to comsul:y Locay aad Palmon (1978) cn wiich zhis
secticn draws heavily., The model is presenced hers bBoth because Lt does aoc seem
to e wnown gexnerally and becauvse it oifars z matural cowparisos wirh the ocher
Swo medels,

o

=" Lucas' version of the Cass-Ysari model rstains the circle.
’{1-- ] : T re - - - 3

It Is curious %o otz that a_fi) corresponds 0 the tTansacticns zou-
straint in Grandmouc aed Youmess (1972), (1973) Zer k¥ = 0, a case whizh i5 zot
razlily analyzed chera,

—

1
e
—

Gracdmon: sud Younmess {1972), (1973) estadlish all these resul:is Ior
the z2ase J ¢ & « 1 i3 their rransaciicns zounstrainz.
13/
~="igain gne sbzains asvmpcoosic weliare vesulss 3s 24 ° (e.f., the dis-

cussicn az zhe end of Sac:ziacs I,



Footnotas conrt.

l'E"'/'rl'le example 1is due to Neil Wallace.
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