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Th is paper examines a model in which agents l i v e f o r ­

ever , and money i s the on ly a s s e t . I t shows tha t i f consumers a re 

s u f f i c i e n t l y pa t i en t and i n f l a t i o n s u f f i c i e n t l y low then there 

w i l l be an e q u i l i b r i u m in which money has v a l u e . I t a l s o shows 

that when t h i s s u f f i c i e n t c o n d i t i o n i s s a t i s f i e d the nonmonetary 

equ i l i b r i um i s unstable in the sense that any smal l amount o f 

government backing w i l l cause the p r i c e o f money to jump up from 

zero by a d i s c r e t e amount. 

Th i s i s a v a r i a n t o f a theorem due to Bewley (1980, 

1983). Bewley showed tha t i f endowments are " s u f f i c i e n t l y " d i ­

ve rse , and the sub jec t i ve d iscount ra te i s low enough, but g rea te r 

than the ra te o f re turn on money (zero i n t h i s paper ) , then there 

i s an e q u i l i b r i u m in which money has v a l u e . I f we add two s p e c i a l 

but reasonable assumpt ions: p o s i t i v e t r a n s i t i o n p r o b a b i l i t i e s 

between s t a t e s , and a unique e q u i l i b r i u m i n which money has no 

va lue , then t h i s r e s u l t can be g r e a t l y s t rengthened. The ( ra the r 

compl icated) assumption o f " s u f f i c i e n t " d i v e r s i t y o f endowments 

can be rep laced by the s imple requirement that the nonmonetary 

e q u i l i b r i u m i s not Pareto e f f i c i e n t . Th i s can be e i t h e r because 

t as tes or endowments are (a l i t t l e ) d i v e r s e . 

The r e l a t i o n s h i p between the e f f i c i e n c y o f b a r t e r e q u i ­

l i b r i u m and ex i s tence o f a monetary e q u i l i b r i u m has been e x t e n ­

s i v e l y i nves t i ga ted in the over lapp ing generat ions model. Indeed, 

Woodford (1986) has shown tha t in c e r t a i n s imple cases the c o n d i ­

t i ons fo r the ex is tence o f a monetary e q u i l i b r i u m are the same i n 

the over lapp ing generat ions model as in the i n f i n i t e l y - l i v e d 

agent , debt cons t ra ined model. In the genera l ove r lapp ing genera-
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t i ons model, the best r e s u l t s are f o r the steady s t a t e case , where 

Grandmont and Laroque (1973) show tha t i n e f f i c i e n c y o f nonmonetary 

e q u i l i b r i u m imp l i es ex i s tence of an e f f i c i e n t monetary steady 

s t a t e . Grandmont and Younes (1972) prove a s i m i l a r r e s u l t i n a 

model wi th pa t i en t i n f i n i t e l y - l i v e d agents and a cash- in -advance 

c o n s t r a i n t , a l though the monetary steady s ta te i s not e f f i c i e n t i n 

t h i s model. The best r e s u l t s in the genera l (nonsteady s t a t e ) 

over lapp ing generat ions case are due to Burke (1985) who shows 

tha t i n e f f i c i e n c y of ba r te r imp l i es the ex i s tence o f an almost 

e f f i c i e n t monetary e q u i l i b r i u m or o f an e f f i c i e n t almost monetary 

e q u i l i b r i u m . M i l l a n (1985) has proven s t ronger r e s u l t s , but i n a 

more l i m i t e d model. Cass , Okuno, and Z i l c h a (1979) have some 

counterexamples showing tha t there i s a l i m i t to the ex ten t to 

which these r e s u l t s can be s t rengthened. 

One important d i f f e r e n c e between the over lapp ing genera ­

t i o n s model and the i n f i n i t e - l i v e d debt cons t ra ined model deserves 

no te : i n the over lapp ing generat ions case the monetary e q u i l i b r i a 

are t y p i c a l l y e f f i c i e n t , wh i le Bewley (1980) shows that i n the 

i n f i n i t e - l i v e d debt cons t ra ined model wi thout i n f l a t i o n monetary 

e q u i l i b r i a are t y p i c a l l y not e f f i c i e n t . The cash- in -advance model 

i s s i m i l a r to the debt c o n s t r a i n t model in t h i s rega rd . Grandmont 

and Younes ( 1973) show tha t the monetary steady s ta te in t h i s 

model i s cons t ra ined i n e f f i c i e n t . In the debt c o n s t r a i n t model 

w i th i n f l a t i o n , however, there may be e f f i c i e n t monetary e q u i l i b ­

r i a : t h i s po in t i s made i n Lev ine (1987). 

The second s e c t i o n of the paper se t s up the model ; the 

t h i r d g ives a statement and d i s c u s s i o n o f the main r e s u l t s . The 
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fou r th and f i f t h s e c t i o n s are devoted to p rov ing the subs tan t i ve 

theorems. Sec t i on s i x d i scusses the i n s t a b i l i t y o f nonmonetary 

e q u i l i b r i a . 

2. The Model 

A l l i n fo rmat ion i s p u b l i c l y he ld and common knowledge. 

Informat ion at time t about cu r ren t and fu tu re c o n d i t i o n s i s 

indexed by the s t a t e \\. e I. There are only f i n i t e l y many s t a t e s 

i n I. Informat ion s t a tes {n^} n a t u r a l l y form a Markov c h a i n ; the 

i n i t i a l p r o b a b i l i t y d i s t r i b u t i o n i s f i x e d by the t r a n s i t i o n proba­

b i l i t i e s induced by the h i s t o r i c a l l y g iven i n i t i a l s t a t e n^. The 

t r a n s i t i o n p r o b a b i l i t y from n to n 1 i s denoted T t ( n ' h ) - W e always 

assume 

(A.1) * ( n ' | n ) > 0 fo r a l l n ' , n e I. 

A s t a te h i s t o r y s = ( n - , i U t • • • t O l i s t s fche s t a t e s that 

have occurred up to and i n c l u d i n g t ime t ( s ) = t . Corresponding to 

s i s the s t a te h i s t o r y s - 1 which t runca tes s one per iod e a r l y a t 

t ( s ) - 1. I f t ( s ) = 1, so s = {n^}, i t i s n o t a t i o n a l l y convenient 

to de f ine s - 1 to be the n u l l s t a t e h i s t o r y denoted 0 . A s t a t e 

h i s t o r y s occurs w i th p r o b a b i l i t y n induced by n. and the Markov 

t r a n s i t i o n p r o b a b i l i t i e s i r ( n ' | n ) . The s ta te h i s t o r y s a l s o d e t e r ­

mines i t s f i n a l s t a te n s = " t ( s ) ' 

Agents are i n f i n i t e l y - l i v e d , and goods are complete ly 

p e r i s h a b l e ; there are f i n i t e l y many agents and goods. A t y p i c a l 

agent i s denoted a , and the f i n i t e s e t o f a i l agents i s A; a t y p i ­

c a l good i s denoted u>, and the f i n i t e se t o f a i l goods i s C. Let 

x a ( s ) be agent a ' s planned ho ld ing o f good u when the s t a t e h i s -
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tory i s s , and l e t x a ( s ) denote the cor responding column v e c t o r . 

Agent a ' s pre ferences are g iven by the u t i l i t y f unc t i on 

v P t ( s ) a( a / \ i 
I 6 ' I F u (x ( s ) f u s J . 

s 

Mote that 6 i s a common s u b j e c t i v e d iscount f ac to r used by a l l 

t ypes . The per iod von Neuman-Morgenstern u t i l i t y f u n c t i o n 
u a ( x a ( s ) , n ) s a t i s f i e s , 

s 

(A.2) For f i x e d n e I, u a ( x a ,T i ) i s con t inuous ly d i f f e r e n t i a b l e , 

weakly concave, s t r i c t l y monotone and bounded; the p a r t i a l 

d e r i v a t i v e s w i th respec t to x a , denoted D u a ( x a n) are 

bounded (even on the boundary o f the consumption s e t ) . 

The d i f f e r e n t i a b i l i t y assumption can be weakened w i th only n o t a -

t i o n a l comp l i ca t i on from the use o f subg rad ien t s ; dropping the 

assumption tha t the u t i l i t y f unc t i on has f i n i t e s lope a t the 

boundary leads to s u b s t a n t i a l c o m p l i c a t i o n s . The assumption tha t 

u a i s bounded insu res that p re ferences are "cont inuous a t i n f i n ­

i t y " in the sense o f Fudenberg and Lev ine (1983), and makes i t 

p o s s i b l e to draw in fe rences about i n f i n i t e hor i zon e q u i l i b r i u m 

from the f i n i t e ho r i zon case . 

Agent a ' s endowment o f good w fo r each h i s t o r y s depends 

only on the s t a t e , and i s denoted z a ( n ). We assume that endow-Cd s 

ments of goods are s t r i c t l y i n t e r i o r 

(A.3) z a ( n ) > 0 f o r a l l a) € C, a € A. w 

Consumption in each per iod must be nonnegat ive, so 

x a ( s ) > 0 . The consumption good i s complete ly p e r i s h a b l e , so an 

a l l o c a t i o n o f goods i s s o c i a l l y f e a s i b l e i f 
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(E .1 ) 

I f there i s no in te r tempora l t r ade , the p e r i s h a b i l i t y o f 

goods, and a d d i t i v e s e p a r a b i l i t y o f p re ferences imp l ies tha t the 

economy breaks up in to countably many d i f f e r e n t f i n i t e pure e x ­

change economies indexed by n - S p e c i f i c a l l y we de f ine the i s o -
s 

l a t e d economy a t n to be the f i n i t e pure exchange economy w i th 

commodities u> e C, endowments z a ( n ) and u t i l i t y f u n c t i o n s 

u a ( x a , n ) . Because i t leads to s u b s t a n t i a l l y s imp le r and s t ronger 

r e s u l t s , we assume 

(A.4) For each n the i s o l a t e d economy has a unique compe t i t i ve 

e q u i l i b r i u m . 

An important case i n which t h i s assumption ho lds i s when there i s 

only one consumption c l a i m , in which case the unique e q u i l i b r i u m 

i s a u t a r k i c . Note that the "one" good may a c t u a l l y rep resen t 

d i f f e r e n t commodities i n d i f f e r e n t s t a t e s . 

i n t r i n s i c a l l y wor th less c e r t i f i c a t e s issued by the government. 

Let M a ( s ) be agent a ' s planned ho ld i ng o f money cont ingent on s . 

S ince money cannot be fo rged , i n d i v i d u a l ho ld ings must be nonnega-

t i v e : M a (s ) > 0 . The i n i t i a l aggregate money s tock i s M(0) , and 

i t grows a t the f i x e d r a t e f > 0. An a l l o c a t i o n o f money i s 

s o c i a l l y f e a s i b l e i f f o r every s t a t e h i s t o r y 

In t h i s economy the on ly asse t i s money: durab le but 

(E .2 ) I M a ( s ) < M(s) = M(0)(1+f) 
t ( s ) 

aeA 
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The impact o f money growth on budget c o n s t r a i n t s depends 

on how the money i s i n j e c t e d i n t o the economy. I f each agent 

r ece i ves new money in p ropor t i on to e x i s t i n g ho ld i ngs , then the 

on ly e f f e c t i s to change the u n i t s i n which money i s measured. We 

assume tha t money i s i n j e c t e d in to the economy i n a lump sum 

manner so tha t each agent a rece i ves f a M ( s - 1 ) d o l l a r s , where 

T . f a = f , and f 3 > 0 . L e t t i n g the p r i c e s o f goods and money be 

denoted P u ( s ) and p M ( s ) r e s p e c t i v e l y , i t f o l l ows that i f i n i t i a l 

money ho ld ings o f agent a are M a (0) the corresponding budget 

c o n s t r a i n t i s 

(E .3 ) p M ( s ) [ M a ( s ) - M a ( s - 1 ) + f a M ( s - 1 ) ] + I p w ( s ) ( x a ( s ) - z a ( n s ) ] < 0 
weC 

x a ( s ) > 0 , M ^ s ) > 0. 

An e q u i l i b r i u m i s a p r i c e v e c t o r , an a l l o c a t i o n which i s 

op t ima l a t those p r i c e s f o r every type o f agent sub jec t to the 

c o n s t r a i n t ( E . 3 ) , and which s a t i s f i e s the s o c i a l f e a s i b i l i t y 

c o n d i t i o n s (E .1) and ( E . 2 . ) . 

3- Ba r te r and Monetary E q u i l i b r i a 

There i s always an e q u i l i b r i u m o f t h i s economy i n which 

p M ( s ) = 0 and money has no v a l u e . We r e f e r to t h i s as a ba r te r  

e q u i l i b r i u m , to emphasize the f a c t that i n such an e q u i l i b r i u m 

goods may be t raded fo r o ther types o f goods but money may not be 

used to ca r ry out i n te r tempora l t r a n s a c t i o n s . I f P[»|(s) > 0 f o r 

some s ta te s , so that money a t l e a s t sometimes has v a l u e , we say 

tha t the e q u i l i b r i u m i s a monetary e q u i l i b r i u m . The main r e s u l t 

o f t h i s paper i s to show tha t i f the ba r te r e q u i l i b r i u m i s i n e f f i -



- 7 -

c i e n t , agents are s u f f i c i e n t l y p a t i e n t , and the growth ra te o f 

money i s low enough, a monetary e q u i l i b r i u m e x i s t s . 

Def ine 

(3.1) A = 6/(1+f) 

to be the i n f l a t i o n ad justed d iscount f a c t o r . Our main theorem i s 

P r o p o s i t i o n 3-1 '• Under (A.1) to (A .4) i f the (unique) ba r te r 

e q u i l i b r i u m i s not Pareto e f f i c i e n t , then there e x i s t s 0 < A < 1 

and a p.. > 0 such that f o r 1 > A > A there i s an e q u i l i b r i u m wi th 

the r e a l va lue o f the money stock r e l a t i v e to the r e a l va lue o f 

goods bounded below by p^: 

p M ( s ) M ( s ) / £ p ( s )z ( n ) > P M . M ^ueC a) u) s -M 

I f the ba r te r e q u i l i b r i u m i s e f f i c i e n t there i s no reason to t rade 

between s t a t e s , no need fo r money, and no reason to expect a 

monetary e q u i l i b r i u m to e x i s t . On the other hand, i t i s easy to 

show tha t i f A i s s u f f i c i e n t l y c l ose to z e r o , no agent w i l l be 

w i l l i n g to forego consumption to ho ld money, and no monetary 

e q u i l i b r i u m w i l l e x i s t . No t i ce that f o r the hypothes is "A near 

one" to be s a t i s f i e d , two cond i t i ons must be met: the s u b j e c t i v e 

d iscount f a c t o r 6 must be near one, and the i n f l a t i o n ra te f must 

be near z e r o . 

A problem wi th t h i s r e s u l t i s tha t the monetary e q u i l i b ­

rium i s not the unique e q u i l i b r i u m : the ba r te r e q u i l i b r i u m i s 

a l s o an e q u i l i b r i u m . I t i s n a t u r a l to ask what fo rces tend t o ­

wards the monetary e q u i l i b r i u m . S e c t i o n 6 p rov ides a p a r t i a l 

answer to t h i s q u e s t i o n : under the assumptions o f P r o p o s i t i o n 
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3 .1 , i f there i s a smal l p r o b a b i l i t y that the government redeems 

money fo r goods, then p (s )M(s) /Y r p ( s )z (n ) > p M , where p > 0 

i s independent of the amount o f redemption. In t h i s sense, when 

bar ter i s i n e f f i c i e n t , agents pa t i en t and i n f l a t i o n low, b a r t e r i s 

uns tab le : any smal l amount o f redemption o f money by the govern ­

ment causes the r e a l va lue of the money stock to shoot up from 

zero to a t l e a s t p,,. 
-M 

Related to t h i s r e s u l t i s another , more p a r a d o x i c a l 

c o n c l u s i o n . Suppose there i s a f i n i t e h o r i z o n , tha t the govern­

ment redeems money at the end, and that the cos t o f ho l d i ng money 

i s low. Then the government can ho ld the cur ren t va lue o f money 

f i x e d , wh i l e lower ing the par value a t the redemption d a t e , p r o ­

vided tha t i t moves the date of redemption f u r t he r i n the f u ­

t u re . Consequent ly , two p o l i c i e s that might s u p e r f i c i a l l y appear 

to lower the cur ren t va lue o f money—lowering the te rm ina l v a l u e , 

and postponing the redemption d a t e — i n f a c t leave the cu r ren t 

value o f money unchanged. 

Return ing to P r o p o s i t i o n 3 . 1 , observe tha t the un ique­

ness o f the ba r te r e q u i l i b r i u m i s an immediate consequence o f 

( A . 4 ) : a ba r te r e q u i l i b r i u m i s equ iva len t to an e q u i l i b r i u m o f 

the i s o l a t e d economy a f t e r each f i n i t e h i s t o r y , and these are 

assumed to be unique. S p e c i f i c a l l y , i f x a ( n ) , {p u(n)|w€C} are the 

unique a l l o c a t i o n and p r i c e vector o f the i s o l a t e d economy a t n 

(normal ized so that ) np (n) = D , then the unique b a r t e r e q u i l i b -

rium s a t i s f i e s x a ( s ) = x a ( n 0 ) and p (s ) = p (n )• The next two 

sec t i ons are devoted to a proof o f the remainder o f P r o p o s i t i o n 

3 . 1 . Before tu rn ing to these t e c h n i c a l d e t a i l s , we f i r s t study 

the bas i c premise: that the bar te r e q u i l i b r i u m i s not e f f i c i e n t . 



To c h a r a c t e r i z e e f f i c i e n c y , we a s s o c i a t e w i th the unique 

e q u i l i b r i u m o f the i s o l a t e d economy a t n marg ina l u t i l i t i e s o f 

expendi ture y a ( n ) ; these are the Lagrange m u l t i p l i e r a s s o c i a t e d 

wi th i n d i v i d u a l o p t i m i z a t i o n problems. S ince by (A.3) endowments 

are s t r i c t l y p o s i t i v e , in the bar te r e q u i l i b r i u m an agent o f type 

a consumes a p o s i t i v e amount of some good, say w. Moreover, by 

( A . 2 ) , the p a r t i a l d e r i v a t i v e o f a ' s u t i l i t y w i th respec t to x a , 
u 

i s s t r i c t l y p o s i t i v e . Consequently the p r i c e P u ) (n) i s s t r i c t l y 

p o s i t i v e and i t f o l l ows that fo r good u 

(3.2) y a ( n ) = D a j u a ( x a ( n ) , n ) / p i o ( n ) , 

which un ique ly de f i nes y a ( t i ) . N o t i c e , i n c i d e n t a l l y , tha t s i n c e 

D u u a ( x a ( i i ) , n ) > 0 , u a (n ) > 0 . 

Let y be the vec to r o f a ' s marg ina l u t i l i t i e s o f expen­

d i t u r e ac ross s t a t e s . I n e f f i c i e n c y o f the ba r te r e q u i l i b r i u m 

a r i s e s because the y ' s are not p r o p o r t i o n a l : 

Lemma 3 . 2 : Under (A.2) to (A.4) i f the b a r t e r e q u i l i b r i u m i s 

i n e f f i c i e n t then there are two agents a and b such that y a and JJ 

a re not p r o p o r t i o n a l . 

P roo f : We show that p r o p o r t i o n a l i t y o f y a and y*3 f o r a l l agents a 

and b imp l i es e f f i c i e n c y . Maximizat ion o f Y y a U a ( x ) sub jec t to 
ae A 

x a ( s ) > 0 and Y A x a ( s ) < Y A z a ( n ) f o r some nonnegat ive weights aeA ^aeA s 

ya i s wel l -known to imply e f f i c i e n c y . In s t a t e s , the s u f f i c i e n t 

f i r s t order c o n d i t i o n i s that there e x i s t m u l t i p l i e r s q (s) such 
to 

tha t 

Y

a D u a ( x a ( s ) , n ) < q (s) OJ e C 
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wi th complementary s l a c k n e s s . Observe that in a bar te r e q u i l i b ­

rium 

D w u a ( x a ( s ) , n s ) < P a ( y p w ( n s ) . 

a l s o w i th complementary s l a c k n e s s . F i x n» and se t y = 1/y (rt). 

I f we de f i ne q a ( s ) = p (n ) y a ( n ) / y a ( n ) , p r o p o r t i o n a l i t y o f y a 

CO •>.' s s 
and u b imp l i es q a ( s ) = q b ( s ) = q ( s ) , so tha t the s u f f i c i e n t 

U) (1) (I) 

cond i t i on f o r e f f i c i e n c y f o l l o w s . 0 

There are two reasons why bar te r e q u i l i b r i a may be 

i n e f f i c i e n t : there can be d i v e r s i t y i n t as tes between s t a t e s , or 

d i v e r s i t y in endowments between s t a t e s . For s i m p l i c i t y , imagine 

there are two agents , two s t a t e s and each agent i s endowed w i th a 

s i n g l e u n i t o f the s i n g l e consumption good. Suppose n has two 

components, n f o r agent 1 and n f o r agent 2, and f o r x < 2 , 

u a ( x a , n ) = n a x a where u i s the s i n g l e consumption good. In s t a t e 

1 - 2 1 P -1 n 1 = n, n = n, wh i le i n s t a te 2 n , = n, n = n. In t h i s 

example, u (n) = n , and as long as n > n, Lemma 3.2 imp l i es tha t 

the nonmonetary e q u i l i b r i u m i s i n e f f i c i e n t . Th i s i s an example o f 

d i v e r s i t y in t a s t e s : agent 1 p re fe r s to consume when he has the 

h igh marg ina l u t i l i t y o f consumption a t (n.n) and agent 2 p re fe r s 

( n , n ) . 

An a l t e r n a t i v e model i s to assume tha t t as tes are i den ­

t i c a l and s t a t e independent, wh i le s t a t e s are indexed by endow­

ments o f the consumption good. S p e c i f i c a l l y , suppose tha t n has 

two components, z , agent one 's endowment, and z , agent two 's 

1 — ? 1 endowment. In s t a t e 1 z 1 = z , ?r = z , wh i le i n s t a te 2 z = z , 

7.-7.. Consequent ly 
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A n ) = D u ( z a ( n ) ) 

where u i s the common s ta te independent u t i l i t y f u n c t i o n . P r o ­

v ided u i s s t r i c t l y concave and z > z , Lemma 3.2 again imp l i es 

that the nonmonetary e q u i l i b r i u m i s i n e f f i c i e n t . 

The two-agent, two -s ta te , one-good model wi th d i v e r s e 

endowments i s c l o s e l y r e l a t e d to the paper o f Scheinkman and Weiss 

[1985]. The i r model d i f f e r s from that here i n seve ra l r e s p e c t s . 

They assume that u t i l i t y i s l o g a r i t h m i c , thus v i o l a t i n g ( A . 2 ) . 

They a l s o use a cont inuous t ime model in which s t a tes change 

accord ing to a Poisson p rocess . The i r model may be viewed as a 

l i m i t i n g case o f ours i n which the p r o b a b i l i t y o f changing s t a t e s 

approaches z e r o , whi le the d i scoun t f a c t o r 6 approaches one and 

the lower bound on u t i l i t y approaches -•*>. 

A more genera l c o n d i t i o n guaranteeing d i v e r s i t y o f 

endowments i s g iven by Bewley (1980,1983). He assumes that every 

i n d i v i d u a l has a s t a te i n which he i s "poor " in the sense o f 

hav ing a very smal l endowment o f a l l consumption goods [Bewley 

(1983), Assumption 3 . 8 ] . He then g i ves a s u f f i c i e n t cond i t i on on 

pre ferences to guarantee that any " r i c h " i n d i v i d u a l , wi th income 

a t l e a s t equal to that o f the average agent , has marginal u t i l i t y 

o f expendi ture s t r i c t l y lower than tha t o f any poor agent [Bewley 

(1983), Assumption 3-9 and (1980), Lemma 6 ] . F i x a s t a te n, and 

cons ider an agent , a , who has the l e a s t marg ina l u t i l i t y o f expen­

d i t u r e in tha t s t a t e : t h i s person must be r i c h . Moreover, there 

must be another s t a te n' in which he i s poor. However, a t n ' , 

some other agent , b, i s r i c h and consequent ly has a s t r i c t l y lower 

marg ina l u t i l i t y o f expend i tu re . E v i d e n t l y y a and u b a re not 
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p r o p o r t i o n a l , and Lemma 3.2 impl ies the nonmonetary e q u i l i b r i u m i s 

i n e f f i c i e n t . 

Bewley 's r e s u l t on the ex i s t ence o f a monetary e q u i l i b ­

rium i s more genera l than P ropos i t i on 3-1 in s e v e r a l r e s p e c t s . He 

does not r equ i re a p o s i t i v e p r o b a b i l i t y of a l l s t a t es (A.1) nor 

uniqueness ( A . 4 ) . Moreover, he a l l ows the p o s s i b i l i t y tha t there 

i s a nominal ra te of re tu rn on money f inanced by lump sum taxes . 

Th is i s equ i va len t to a negat ive va lue o f the i n f l a t i o n r a t e f . 

(Bewley does not exp lo re p o s i t i v e ra tes o f i n f l a t i o n . ) Bewley 's 

(1983) Theorem 3.10 shows that i f the nominal r e tu rn on money i s 

not too l a r g e , and h i s endowment/taste assumptions h o l d , then a 

monetary e q u i l i b r i u m e x i s t s fo r 6 s u f f i c i e n t l y c l o s e to one. 

In our con tex t , Bewley 's cond i t i ons are much too 

s t r o n g . I t would be easy to show that fo r gener i c t as tes and 

endowments, the bar te r e q u i l i b r i u m i s i n e f f i c i e n t : Lemma 3.2 says 

on ly tha t there must be some d i v e r s i t y in tas tes and/or endowments 

ac ross s t a t e s . 

4 . Fur ther Imp l i ca t i ons o f I n e f f i c i e n c y 

Our f i r s t s tep i n prov ing P r o p o s i t i o n 3.1 i s to develop 

as a c o r o l l a r y to Lemma 3-2 the f a c t tha t i n e f f i c i e n c y imp l i es the 

ex i s tence o f s t a t i o n a r y p r i c e s such tha t some agent would va lue 

money in every s t a t e . We a l s o show that a s i m i l a r proper ty i s 

t rue i f the p r i c e o f money i s c l ose t o , ra ther than exac t l y equal 

t o , z e r o . The a c t u a l proof o f P r o p o s i t i o n 3.1 i s in the next 

s e c t i o n . 
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F i r s t we show 

Lemma 4 . 1 : Under (A.1) to (A.4) i f the ba r te r e q u i l i b r i u m i s 

i n e f f i c i e n t , then there are numbers 0 < Y < 1, and 0 < A < 1 and 

fo r each n e I a s c a l a r P m (n ) > 0 and agent a(n) such that 

(4.1) p m ( n ) u a ( n ) ( n ) < Y A I i r(n' | n ) p m ( n ' ) u a ( n ) ( n ' ) . 
m " n ' € l m 

Proof : By Lemma 3-2 we may assume that f o r agents a , b, and 

s ta tes n a and n b there are p o s i t i v e constants a a , a0 such that 

a a , a> . b b, a , a a, b, . b b, b> a p ( n ) > a p ( n ) ; a y ( n ) < a p ( n ) . 

Set P m (n ) = [min{a a p a ( r i ) , a b y b ( n ) } ] _ 1 , and l e t a(n) be an agent who 

assumes the minimum. Then p m ( n ) u a ^ ( n ) = 1 / o a ^ n \ wh i le 

p m ( n , ) y a ( r , ) ( n ' ) > 1 / a a ( n ) wi th s t r i c t i n e q u a l i t y f o r n' = n a ( n ) . 

S ince TT( n' In) > 0 we conclude that 

p ( r , ) y a v n ; ( n ) < I i r(n' | n) P m ( n ' ) y a v n ; ( n 1 ) . 
n ' € l m 

Since I i s f i n i t e , t h i s imp l i es the r igh t -hand s i de i s l a rge r than 

the l e f t when m u l t i p l i e d by a constant yA s u f f i c i e n t l y c l ose to 

1. 0 

Next we wish to show that Lemma 4.1 cont inues to h o l d , 

provided money does not have too much va lue . Fo l l ow ing Bewley 

(1980) we can de f ine fo r 0 < a < 1 an q - t r a n s f e r payment e q u i l i b ­ 

rium of the i s o l a t e d economy a t n. Th i s i s an e f f i c i e n t a l l o c a ­

t i o n x wh ich , when cor responding e f f i c i e n c y p r i c e s q are normal­

i zed to add up to 1 - a , s a t i s f i e s 

I q [ x a - z a ( n ) ] < a . 
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I f a = 0 t h i s i s simply the unique Wal ras ian e q u i l i b r i u m o f the 

i s o l a t e d economy, d iscussed above. I f we normal ize p r i c e s so 

that J p (s) + p u ( s )M(s ) = 1, s i nce no agent can trade more than 
L'ui ID M 

the e n t i r e money s tock , any e q u i l i b r i u m a l l o c a t i o n a t s w i th 

p M (s )M(s) = a i s an a - t r a n s f e r payment e q u i l i b r i u m o f the i s o l a t e d 

economy. 

Assoc ia ted wi th each a - t r a n s f e r payment e q u i l i b r i u m x 

are the marg ina l u t i l i t i e s o f expendi ture f o r agents , y ( x ) ; these 

are the inverses o f the e f f i c i e n c y weights which g ive r i s e to the 

t r a n s f e r payment e q u i l i b r i u m . Le t y a (a , r | ) be the supremum o f 
cl 

li (x) f o r any a ' - t r a n s f e r payments e q u i l i b r i u m x wi th a ' < a , and 

l e t y a ( o,n) be the i n f ima l v a l u e . Note that we take the sup and 

i n f over a ' < a , because p r i c e s are normal ized d i f f e r e n t l y f o r 

each a 1 . The key proper ty o f these bounds i s that f o r sma l l 

va lues o f a y and y are approx imate ly equal and p o s i t i v e : 

C o r o l l a r y 4 . 2 : Under (A.1) to (A.4) 

cl —cl 3 —ci 

l i m y (a ,n) = l i m y (o ,n) = y (0,n) = y (0,n) > 0 . 
a+0 " a-*0 

Proo f : I f i J

n ( r i ) a re a convergent sequence o f marginal u t i l i t i e s 

o f expendi ture f o r a n - t r a n s f e r payments e q u i l i b r i u m wi th * 0 a 

s t ra i gh t f o rwa rd c o n t i n u i t y argument shows that there l i m i t a re 

marginal u t i l i t i e s of expendi ture fo r a 0 - t r a n s f e r payments e q u i ­

l i b r i a . I t f o l l o w s that 

y a ( 0 , n ) < l i m i n f y a ( c , n ) < l i m sup y a ( a , n ) < y a ( 0 , n ) . 
ot*0 ct-»0 
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On the other hand, we remarked above in (3.2) that when a = 0 , the 

marginal u t i l i t i e s o f expendi ture are uniquely determined and 

p o s i t i v e . Consequently y a ( 0 , n ) = I I a(0,n) > 0 , and t h i s imp l i es 

the d e s i r e d c o n c l u s i o n . 0 

An immediate consequence of Lemma 4.2 i s that Lemma 4.1 

cont inues to ho ld fo r a > 0 . Th i s i s s i m i l a r in s p i r i t to 

Bewley 's (1980) Lemma 7. 

C o r o l l a r y 4 . 3 : Under (A.1) to ( A . 4 ) , suppose 

(4.2) p m (n )p a (a , r , ) < Y A y TT(n' | n )y 3 (c t ,n* ) 
m " n ' e l 

holds f o r a = 0 . Then there i s an a > 0 f o r which i t a l s o h o l d s . 

P roo f : Fo l lows d i r e c t l y from Lemma 4 . 2 . 0 

5 . Proof o f the Main Theorem 

I t i s convenient and there i s no l o s s o f g e n e r a l i t y i n 

measuring money in u n i t s that represent a share o f the t o t a l money 

s t o c k ; we de f i ne 

(5.1) m a (s ) = M a ( s ) / M ( s ) . 

In these u n i t s the t o t a l money s tock i s one, and the s o c i a l f e a s i ­

b i l i t y cond i t i on (E.2) becomes 

( E . 2 ' ) I a € f l m a ( s ) < 1, 

whi le the budget c o n s t r a i n t i s 



- 16 -

( E . 3 1 ) p ( s ) [ m a ( s ) - n f̂l̂ l + I P ( s ) [ x a ( s ) - z a ( n )] < 0 
U)€C 

x a ( s ) > 0 , m a (s) > 0. 

The p r i c e no rma l i za t i on Y „p (s) + p..(s)M(s) = 1, corresponds to 
'-"ueL w M 

I p (s) + p ( s ) = 1 
toeC 

wi th P m ( s ) = p M ( s ) M ( s ) , that i s , P m ( s ) now measures the r e a l va lue 

o f the money s tock . No t i ce tha t i f P m ( s ) i s s t a t i o n a r y , then 

p M ( s ) sh r i nks a t the ra te 1 + f ; in o ther words, the i n f l a t i o n 

ra te i s 1 + f . 

To prove P ropos i t i on 3 . 1 , we in t roduce t runcated e q u i ­

l i b r i a . The t runcated u t i l i t y f unc t i on fo r agent a i s 

(5.2) U a ( x a ) = I 6 t ( s ) T i u a ( x a ( s ) , n ) + I 5 T K <t-ama(s). 
T t(s)<T 3 S t(s)=T S S 

The te rmina l m u l t i p l i e r s <t>a are any numbers s a t i s f y i n g 
s 

(5 .3) 0 < <t.a < 5, 

tha t i s , they are un i formly bounded. The r a t i o n a l e behind the 

te rm ina l m u l t i p l i e r s i s that they make i t p o s s i b l e to cons t ruc t 

e q u i l i b r i a i n which money has p o s i t i v e value from l i m i t s o f t r u n ­

cated e q u i l i b r i a . 

Given p r i c e s p the set o f x a that s a t i s f y the con­

s t r a i n t s ( E . 3 1 ) and the i n i t i a l c o n d i t i o n i s the budget se t 

B a ( p ) . There are a l s o t runcated budget se t s B a (p ) in which the 

c o n s t r a i n t s ( E . 3 ' ) a re imposed on ly f o r s t a t e s s wi th t ( s ) < T. A 

t runcated e q u i l i b r i u m i s s o c i a l l y f e a s i b l e and i n d i v i d u a l l y r a ­

t i o n a l f o r the t runcated u t i l i t y f unc t i ons wi th respect to the 

t runcated budget c o n s t r a i n t s . 
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P r o p o s i t i o n 5 . 1 : Under (A.2) to (A .3) every sequence o f t runcated 

economies has a convergent subsequence; every such subsequence 

converges to an e q u i l i b r i u m . 

P roo f : See Levine [1986] and Bewley [1980]. 0 

Note tha t the hypothes is f a > 0 fo r a l l agents i s impor­

tant here . Bewley (1983) shows tha t i f some o f the f a are too 

negat ive (so tha t there are lump sum taxes ra ther than s u b s i d i e s ) , 

i t may be tha t agents cannot pay t h e i r t axes , and the t runcated 

economies may have no e q u i l i b r i u m . 

We now review the necessary and s u f f i c i e n t f i r s t o rder 

cond i t i ons f o r a t runcated e q u i l i b r i u m . Assoc ia ted w i th each 

budget c o n s t r a i n t i s the nonnegat ive marginal u t i l i t y o f expend i ­

tu re p a ( s ) : the f i r s t order c o n d i t i o n fo r op t ima l consumption i s 

(5 .4) D u a ( x a ( s ) , n ) < u a ( s ) p ( s ) f o r a l l w € C and t ( s ) < T 

w i th e q u a l i t y un less x a ( s ) = 0 . R e c a l l that A = 6/(1+f) i s the 
(0 

i n f l a t i o n ad justed d iscount f a c t o r . The f i r s t order cond i t i on f o r 

op t ima l money ho ld ing i s 

(5 .5) p m ( s ) y a ( s ) > A I n(n ' h )p ( s . n ' k ^ s . n ' ) , t ( s ) < T 
m n Y € l s m 

wi th e q u a l i t y un less money ho ld ing i s z e r o . F i n a l l y , the te rm ina l 

c o n d i t i o n i s 

(5.6) p ( s ) u a ( s ) > t.a t ( s ) = T. 
in o 

An a l t e r n a t i v e to t runcated e q u i l i b r i a that e x p l o i t s s t a t i o n a r i t y 

to compute i n f i n i t e hor i zon e q u i l i b r i a i s cons idered in Kehoe and 

Lev ine (1986). 
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In l i g h t o f Lemma 4 . 1 , i n order to prove P r o p o s i t i o n 

3 . 1 , i t s u f f i c e s to show 

P r o p o s i t i o n 5 . 2 : Under (A.2) to (A.4) suppose that there i s a 

0 < y < 1 and 0 < A < 1, and fo r each s ta te n e I there are s c a -

l a r s P m (n ) > 0 and an agent a(n) such tha t 

(5.7) p m ( n ) y a ( n ) ( n ) < Y A J * ( n ' | n)p (n ' ) y a ( n ) ( n ' ) . 

Then there i s a p m > 0 and fo r 1 > A > A an e q u i l i b r i u m i n which 

Pm<s> > P m -

Note that i f P m ( s ) > p m , then 

P^S^I rP ( s > z ( " J > P /max z (n) = p M , m ^weC w u s -m u,n u -M 

g i v i n g the conc lus ion o f P r o p o s i t i o n 3 . 1 . 

No t i ce that (5 .5) says that the cur ren t marginal va lue 

o f expendi ture must not be l e s s than the fu ture va lue , f o r o the r ­

wise agent a would choose to ho ld more money. Cond i t ion (5 .7) 

says that there are s t a t i o n a r y p r i c e s P m (n ) depending only on the 

s t a t e , so that i f money was in t roduced at those p r i c e s i n t o a 

wor ld wi thout money, then agent a(n) would s t r i c t l y p re fe r to ho ld 

money. The conc lus ion o f P r o p o s i t i o n 5.2 i s that i n t h i s case 

there i s a monetary e q u i l i b r i u m , a l though i t w i l l gene ra l l y i n ­

vo lve p r i c e s d i f f e r e n t than P m (n ) and d i f f e r e n t marginal u t i l i t i e s 

o f income. 
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Proof P ropos i t i on 5 . 2 : We const ruc t a sequence of t runcated 

T-per iod e q u i l i b r i a w i th bounded te rmina l weights in which 

P«n<s> * P m > ° -

The theorem then fo l l ows from P r o p o s i t i o n 5 . 1 . 

We begin by cons ide r ing an a r b i t r a r y t runcated T -pe r i od 

e q u i l i b r i u m : we l e t u a ( s ) be the corresponding Lagrange m u l t i p l i ­

e rs from (5 .4) and ( 5 . 5 ) , and l e t p(s) denote the p r i c e s . We a l s o 

l e t D u a ( s ) = D u a ( x a ( s ) , n 1 be the e q u i l i b r i u m marg ina l u t i l i t i e s 

o f consumption. 

F i r s t observe that there i s a p > 0 such tha t y a ( s ) > 

u. This i s because (5 .4) says D u a ( s ) < p a ( s ) p ( s ) , wh i l e p (s ) 
- U (it u 

< 1, imp l ies p a ( s ) > D u a ( s ) . S ince u a i s s t r i c t l y monotone 
u 

and 0 < x a ( s ) < z (n ), D u a ( s ) i s bounded un i fo rmly away from 
u (It s u 

z e r o , imply ing 

u a ( s ) > w > 0 . 

Next choose a so that (4.2) ho lds i n each s t a t e n f o r 

a ( n ) . Th i s i s p o s s i b l e by C o r o l l a r y 4 . 3 . A lso choose a so tha t 

u a ( n , a ) > 0. Th is i s p o s s i b l e by Lemma 4 . 2 . F i n a l l y , choose 

p m (n) to s a t i s f y (5.7) and such that 

(5.8) P m ^ n ^ - H a / m a x n 3 ^ . 0 ) 
a , n 

which i s p o s s i b l e , s i nce (5.7) i s homogeneous. 

Now l e t iji be any nonnegative s c a l a r , and choose the 

te rmina l weights 4>a(s) = 4/p (n )y a (n , o ) . S ince these depend on ly 
171 S S 

on ii , they c l e a r l y s a t i s f y the t r a n s v e r s a l i t y c o n d i t i o n ( 5 . 3 ) . s 

Def ine y . = min (1 ,il>Y f c^ S^~ T) • Our goa l i s to show tha t in any 
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t runcated T -per iod equ i l i b r i um wi th the te rm ina l weights de f i ned 

above 

(5 .9) p m ( s ) p a ( s ) > Y o . p m (n )p a (n ,a) fo r a l l a . 

Our f i n a l s tep w i l l use the boundedness of the \i ( s ) ' s to d e r i v e a 

bound on P m ( s ) . 

We show that (5.9) holds by backwards induc t ion from the 

termina l p e r i o d . In the f i n a l pe r iod (5 .9) ho lds by the te rm ina l 

f i r s t order cond i t i on (5.6) and the d e f i n i t i o n o f the we igh ts . We 

car ry out the i nduc t i ve s tep by making use of ( 4 . 2 ) . By i n d u c t i v e 

hypo thes is , we see from (5 .5) that 

(5.10) p ( s ) w a ( s ) > Y A I n C n ' h J p ( n , ) u a ( n ' , a ) fo r a l l a € A 
n ' e l 

holds fo r a l l agents . Suppose fo r some agent a 

(5.11) p m ( s ) u a ( s ) < Y s _ l P m ( n s ) H

a ( n s , a ) . 

Since u a ( s ) > y t h i s imp l i es by (5.8) 

P m ( s ) < Y s - 1 p m ( n s ) H a ( n s ' a ) / H - a -

In other words, we chose P m (n ) so sma l l t h a t , s i n c e y a ( s ) > u, the 

bound can be v i o l a t e d only because P m ( s ) < a . Consequent ly , 

x a ( s ) , P w ( s ) are an o - t r a n s f e r payment e q u i l i b r i u m o f the i s o l a t e d 

economy, and s ince p a ( s ) are c l e a r l y the assoc ia ted marg ina l 

u t i l i t i e s o f expend i tu re , f o r a l l a € A , 

u a (n ,a) > u a ( s ) > u a ( n , o ) . 
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We conclude from (5.11) that 

I t f o l l ows tha t , 

p m ( s ) y

a ( ^ ( s ) < V l P n / V ^ ^ V ^ 

Since (5.10) holds f o r a(n) we conclude 

> Y 4 J n(n' | n ) p m ( n , ) v !

a ( n , ) ( r i ' , a ) . 
s V T M 

Since Y / y i - Y> A N D A > A , t h i s c o n t r a d i c t s the f a c t tha t (4 .2 ) 
S S — I — 

was assumed to hold f o r a (n ) . 

Having demonstrated ( 5 . 9 ) , we conclude by d e r i v i n g a 

bound on p r i c e s . For each good u, and h i s t o r y s , i n a t runca ted 

e q u i l i b r i u m there i s an agent a(co,s) who consume a p o s i t i v e amount 

of a good u. For such an agent we have 

(5.12) D u a ( w > s ) ( s ) = y a ( w ' s ) ( s ) p ( s ) . 
Ed 

By assumption (A.2) D u i s bounded above, say by d . Adding 
to 

(5.12) ac ross goods, we have 

(5.13) |A |d > I D u a ( o J ' s ) ( s ) > ( l - p ( s ) ) | A | min y a ( s ) , 
L u e C w " a«A 

where |A| i s the number of agents , and we have used n o r m a l i z a t i o n 

T „p (s) + p „ ( s ) = 1. From ( 5 . 9 ) , we have, fo r a(n ) chosen to 
'-toeC io m s 

minimize y a(n ,o) — s 
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( 5 . 1 4 ) d > 

from which i t f o l l ows that 

( 5 . 1 5 ) p m ( s ) > 

If we choose iji > 1 , s i nce y < 1, Y 
s-1 

= 1 f o r a l l s . Moreover, we 

chose a so tha t y (n ,a) > 0 , wh i le P m (n ) > 0 by assumpt ion . 

Consequently the p ropos i t i on f o l l ows from ( 5 . 1 5 ) . 0 

6. I n s t a b i l i t y o f Bar ter E q u i l i b r i a 

In the course o f prov ing P r o p o s i t i o n 5 . 7 we can , by 

making j u d i c i o u s use o f the Y ' S , prove a s t ronger p r o p o s i t i o n 

about t runcated e q u i l i b r i a . Suppose that the ho r i zon i s f i n i t e 

and the government redeems money a t the end. Then there i s a 

number determined by the redemption va lue o f money, so tha t 

The l e s s the government redeems the money f o r , the sma l l e r i s ij>. 

Set K = log i l i / log Y , so that y~Ki> = 1. Then i f t ( s ) < T - K, 

the redemption va lue need be to i nsu re a minimal value o f money 

e a r l y on. 

there i s an i n f i n i t e h o r i z o n , and a f i x e d p r o b a b i l i t y o f a f i x e d 

redemption each p e r i o d . In t h i s case 

4>a(s) > *pm(n ) u a ( r i , a ) . m 5 ~ s 

p m ( s ) > p . In p a r t i c u l a r , the longer the h o r i z o n , the sma l l e r 

Th is l i n e o f argument a l s o a p p l i e s to the case where 

I n ( n ' | n ) p m ( n , ) y a ( n ) ( n ' ) 
n ' e l m 
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should be i n t e rp re ted as the sum over next pe r iod s t a tes n 1 i n 

which redemption does not occu r . Consequently ^ , g j n ( n ' | n ) < 1. 

However, i f (5 .7) he ld wi thout redemption and the redemption 

p r o b a b i l i t y i s sma l l enough, i t w i l l cont inue to ho ld wi th redemp­

t i o n . The argument i n the proof o f P r o p o s i t i o n 5.2 i s then un ­

changed, except tha t we may now assume tha t the te rmina l va lue o f 

money i s bounded away from zero by value of redemption. Conse­

quent ly every e q u i l i b r i u m must s a t i s f y P m ( s ) > p . 
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