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1. I n t r o d u c t i o n 

Q u a r t e r l y changes i n i n v e n t o r y i nves tmen t a r e on a v e r a g e a b o u t h a l f 

t he s i z e o f q u a r t e r l y changes i n GNP, even though i n v e n t o r y i n v e s t m e n t i s on 

a v e r a g e o n l y a t i n y .6 p e r c e n t o f GNP. The o b s e r v a t i o n t h a t t h e m a g n i t u d e o f 

f l u c t u a t i o n s i n i n v e n t o r y i n v e s t m e n t i s so ou t o f p r o p o r t i o n t o t h e i r s m a l l 

a v e r a g e s i z e has i n s p i r e d much o f t he l i t e r a t u r e on i n v e n t o r y i n v e s t m e n t . I t 

has moved some w r i t e r s t o s p e c u l a t e t h a t u n d e r s t a n d i n g t h e r e a s o n f o r i n v e n ­

t o r y f l u c t u a t i o n s may p r o v i d e t he key to u n d e r s t a n d i n g the b u s i n e s s c y c l e 

i t s e l f . An example o f t h i s i s S a m u e l s o n ' s m u l t i p l i e r a c c e l e r a t o r m o d e l , i n 

w h i c h the s t r u c t u r e o f t he i n v e n t o r y i n v e s t m e n t d e c i s i o n c o n v e r t s e x o g e n o u s , 

u n c o r r e l a t e d economic s h o c k s i n t o s e r i a l l y c o r r e l a t e d movements i n GNP t h a t 

r esemb le the b u s i n e s s c y c l e . Ano the r example a l o n g s i m i l a r l i n e s i s p r o v i d e d 

by B l i n d e r and F i s c h e r ( ). B l i n d e r , who h a s done much r e c e n t l y t o b r i n g 

t he f a c t s abou t i n v e n t o r y i n v e s t m e n t t o t he a t t e n t i o n o f e c o n o m i s t s , c o n c l u d e s 

( 1 9 8 1 , p. 5 0 0 ) : " . . . t o a g r e a t e x t e n t , b u s i n e s s c y c l e s a r e i n v e n t o r y 

f l u c t u a t i o n s . " 

To my know ledge , a q u a n t i t a t i v e l y c o n v i n c i n g e x p l a n a t i o n f o r the 

l a r g e o b s e r v e d f l u c t u a t i o n s i n i n v e n t o r y i nves tmen t has no t been p r o v i d e d . 

The p u r p o s e o f t h i s paper i s t o s u g g e s t o n e , and t o p r o v i d e an a s s e s s m e n t o f 

i t s e m p i r i c a l i m p o r t a n c e . The p roposed e x p l a n a t i o n i s based on two c a s u a l 

o b s e r v a t i o n s abou t the economy. F i r s t , d e c i s i o n s abou t f i x e d i n v e s t m e n t and 

employment f o r a g i v e n q u a r t e r have to be made b e f o r e t h e r e i s f u l l i n f o r m a ­

t i o n abou t the s t a t e o f t he economy i n t h a t q u a r t e r . - l ^ / S e c o n d , c o n s u m p t i o n 

i s a v e r y smooth t ime s e r i e s and a p p e a r s t o be r e l a t i v e l y u n r e s p o n s i v e t o 

1 ? / 

d i s t u r b a n c e s . - ^ = - An i m p l i c a t i o n o f t he f i r s t o b s e r v a t i o n i s t h a t when some­

t h i n g unexpec ted happens i n a q u a r t e r , say a bad p r o d u c t i v i t y s h o c k , t he 

burden o f e q u a t i n g t he e c o n o m y ' s r e d u c e d o u t p u t w i t h t he demands p l a c e d on i t 
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f a l l s on consump t i on and i n v e n t o r y i n v e s t m e n t . The s e c o n d o b s e r v a t i o n s u g ­

g e s t s t h a t most o f t he bu rden i n f a c t w i l l f a l l on i n v e n t o r i e s , w h i c h i n t h i s 

s e n s e a r e a k i n d o f r e s i d u a l . The r e s u l t s o f t h i s paper s u g g e s t t h a t t he 

r e s i d u a l r o l e o f i n v e n t o r y i n v e s t m e n t may a c c o u n t f o r t he b u l k o f t h e o b s e r v e d 

v o l a t i l i t y i n i n v e s t m e n t . 

I adop t a t h r e e s t a g e s t r a t e g y t o a s s e s s t he e m p i r i c a l s i g n i f i c a n c e 

o f the above e x p l a n a t i o n . F i r s t , I p r e s e n t a model i n w h i c h t h e i n t u i t i o n 

d e s c r i b e d above i s f o r m a l i z e d . The model i s a s i m p l i f i e d v e r s i o n o f the 

e q u i l i b r i u m g rowth model i n K y d l a n d and P r e s c o t t [ 1 9 8 2 ] . A key f e a t u r e o f t he 

model i s i t s a s s u m p t i o n t h a t employment and i n v e s t m e n t d e c i s i o n s by f i r m s f o r 

a g i v e n q u a r t e r a r e based on an i m p e r f e c t o b s e r v a t i o n o f t h a t q u a r t e r ' s p r o ­

d u c t i v i t y and t a s t e s h o c k s . Househo ld c o n s u m p t i o n d e c i s i o n s and i n v e n t o r y 

i nves tmen t d e c i s i o n s , on the o t h e r h a n d , a r e made when f u l l i n f o r m a t i o n abou t 

a q u a r t e r ' s s t a t e i s a v a i l a b l e . U n d e r l y i n g t h e s e a s s u m p t i o n s i s the v iew t h a t 

e l e m e n t s o f precommitment a r e i m p o r t a n t i n f i x e d i n v e s t m e n t and employment 

d e c i s i o n s , bu t m ino r i n consump t i on d e c i s i o n s . The economic model i s s t r u c ­

t u r e d i n s u c h a way t h a t , i n e q u i l i b r i u m , h o u s e h o l d s smooth c o n s u m p t i o n . As a 

r e s u l t , one o f t he r o l e s o f i n v e n t o r y i n v e s t m e n t i s to be a r e s i d u a l i n t he 

s e n s e d e s c r i b e d a b o v e . More f a m i l i a r r o l e s f o r i n v e n t o r y i n v e s t m e n t a r e a l s o 

p r e s e n t i n t he m o d e l . These i n c l u d e t he r o l e o f i n v e n t o r i e s i n b u f f e r i n g 

o u t p u t f rom t a s t e s h o c k s and b u f f e r i n g c o n s u m p t i o n f rom t e c h n o l o g y s h o c k s . In 

a d d i t i o n , i n v e n t o r i e s a r e m o d e l l e d as p l a y i n g a s m a l l d i r e c t r o l e i n p r o d u c ­

t i o n . 

In the second s t a g e , I a s s e s s the e m p i r i c a l p l a u s i b i l i t y o f t he 

m o d e l , and a s s i g n v a l u e s t o i t s p a r a m e t e r s . The i m p o r t a n c e o f t h i s s t a g e l i e s 

i n the f a c t t h a t the c r e d i b i l i t y o f t he r e s u l t s o f the t h i r d s t a g e a r e e n ­

hanced i f t he model can be shown t o be c o n s i s t e n t w i t h t he g e n e r a l f e a t u r e s o f 
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a g g r e g a t e p o s t war U . S . d a t a . In t he t h i r d s t a g e , I f o c u s on t h e q u e s t i o n 

t h a t i s t h e t i t l e o f t he p a p e r . The re I p r e s e n t a p r e c i s e d e f i n i t i o n o f 

" i n v e n t o r y i n v e s t m e n t v o l a t i l i t y " and use the model to decompose t he t o t a l 

measured v o l a t i l i t y i n t o two p a r t s : one t h a t r e f l e c t s t h e r e s i d u a l r o l e o f 

i n v e n t o r i e s , and t he o t h e r t h a t r e f l e c t s t he o t h e r r o l e s o f i n v e n t o r i e s . The 

way I a c h i e v e t h i s d e c o m p o s i t i o n i s s i m p l y by s e t t i n g t he v a r i a n c e o f f i r m s ' 

o b s e r v a t i o n e r r o r s t o z e r o and c a l c u l a t i n g t h e r e s u l t i n g f a l l i n t he i n v e n t o r y 

v o l a t i l i t y s t a t i s t i c . 

F o l l o w i n g i s an o u t l i n e o f t he p a p e r . S e c t i o n 2 p r e s e n t s a f o r m a l 

d e s c r i p t i o n o f t he m o d e l . S e c t i o n 3 d e s c r i b e s t he method used to o b t a i n an 

a p p r o x i m a t i o n t o t he s o l u t i o n o f t he model o f S e c t i o n 3 . S i n c e t he model 

canno t be r e p r e s e n t e d a s t he m a x i m i z a t i o n o f a q u a d r a t i c f u n c t i o n s u b j e c t t o a 

l i n e a r c o n s t r a i n t , I used a m o d i f i e d v e r s i o n o f t he K y d l a n d - P r e s c o t t q u a d r a t i c 

a p p r o x i m a t i o n t e c h n i q u e t o o b t a i n an a p p r o x i m a t e s o l u t i o n t o t he m o d e l . The 

n o v e l t y i n my f ramework , r e l a t i v e to t h a t o f K y d l a n d and P r e s c o t t i s t h a t I 

b u i l d g rowth e x p l i c i t l y i n t o the m o d e l . As a c o n s e q u e n c e , the endogenous 

v a r i a b l e s o f t he model do no t p o s s e s s a s t e a d y s t a t e , a s t he K y d l a n d - P r e s c o t t 

t e c h n i q u e r e q u i r e s . In o r d e r t o a p p l y t he K y d l a n d - P r e s c o t t t e c h n i q u e anyway , 

I f i r s t t r a n s f o r m the model i n t o one i n w h i c h t he v a r i a b l e s do p o s s e s s a 

s t e a d y s t a t e . In e x e c u t i n g t h i s t r a n s f o r m a t i o n , I make use o f t he m o d e l ' s 

p r o p e r t y t h a t i t s v a r i a b l e s c o n v e r g e to a c o n s t a n t g rowth r a t e , w h i c h i s t he 

same a c r o s s v a r i a b l e s . S e c t i o n 4 d i s c u s s e s t he method I used t o e c o n o m e t r i -

c a l l y e s t i m a t e t he f r e e p a r a m e t e r s o f t he m o d e l . S e c t i o n s 5 and 6 d i s c u s s t he 

e m p i r i c a l r e s u l t s , w h i c h a r e n o t i n c l u d e d i n t h i s d r a f t . I w i l l d i s t r i b u t e 

them i n a handout d u r i n g t he t a l k . 
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2. The Model 

2 . a Techno logy 

The economy-wide r e s o u r c e c o n s t r a i n t i s g i v e n by 

(2 .1) C t * K f c - ( 1 - O K t . ! * I f c - I fc . ! i f ( Z t , H f c , K t _ 1 , I t . l ) 

where 

t t ime i n q u a r t e r s 

C t a g g r e g a t e , q u a r t e r t c o n s u m p t i o n 

K f c a g g r e g a t e , e n d - o f - q u a r t e r s t o c k o f c a p i t a l 

H f c a g g r e g a t e h o u r s worked i n q u a r t e r t 

I t a g g r e g a t e , e n d - o f - q u a r t e r s t o c k o f i n v e n t o r i e s 

Zj. shock t o t e c h n o l o g y 

S q u a r t e r l y d e p r e c i a t i o n r a t e on c a p i t a l 

f p r o d u c t i o n f u n c t i o n , l i n e a r l y homogeneous i n K, H, and I 

I use t he p r o d u c t i o n f u n c t i o n s t u d i e d i n K y d l a n d and P r e s c o t t 

n a m e l y , 

(2 .2) r U t . K t . v i t - i ) = [ z t H t ) ( 1 " 9 ) ^ ( 1 - c ) K t - i + a I t - J " 9 / V 

where 0 < 8 < 1, 0 < o < 1, and v > 0 . 

T h i s p r o d u c t i o n f u n c t i o n i s used f o r s e v e r a l r e a s o n s . F i r s t , i t i s 

c o n s i s t e n t w i t h t he o b s e r v e d s m a l l v a r i a t i o n i n l a b o r ' s s h a r e o f o u t p u t i n 

p o s t w a r , U . S . d a t a . — ; S e c o n d , b e c a u s e t he e s t i m a t e d v a l u e o f o t u r n s ou t 

t o be q u i t e s m a l l , (2.2) i s a p p r o x i m a t e l y a C o b b - D o u g l a s p r o d u c t i o n f u n c t i o n 

i n K t - 1 and H t _ 1 . C o n s e q u e n t l y , the r e s u l t s i n t h i s paper can be compared 

w i t h the many o t h e r s t u d i e s t h a t use t h i s f u n c t i o n a l f o r m . T h i r d , b e c a u s e o f 

t he l i n e a r homogene i t y o f f , t he a g g r e g a t i o n t h e o r y u n d e r l y i n g t he p r o d u c t i o n 

f u n c t i o n i s s i m p l e ( s e e , e . g . , S a r g e n t [1979, p p . 6 -10 ] ) . 
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L a t e r , I end up a s s i g n i n g a v e r y s m a l l v a l u e t o a, i m p l y i n g t h a t 

i n v e n t o r y s t o c k s p l a y a m ino r d i r e c t r o l e i n p r o d u c t i o n . N e v e r t h e l e s s , some 

m o t i v a t i o n o f why i n v e n t o r i e s p l a y any d i r e c t r o l e a t a l l i s w a r r a n t e d . — ^ ' I 

a l l o w a n o n z e r o v a l u e f o r o f o r two r e a s o n s . F i r s t , o t h e r t h i n g s e q u a l , 

l a r g e r i n v e n t o r y s t o c k s p r o b a b l y do augment s o c i e t y ' s a b i l i t y t o p r o d u c e 

g o o d s . F o r e x a m p l e , l a r g e i n v e n t o r y s t o c k s r e d u c e the l i k e l i h o o d o f u n e x ­

p e c t e d s t o c k o u t s , l e t t i n g r e t a i l e r s bunch o r d e r s and t h e r e b y e c o n o m i z e on 

l a b o r i n p u t s . Ano the r r e a s o n f o r g i v i n g i n v e n t o r y s t o c k s a d i r e c t r o l e i n 

p r o d u c t i o n i s t h a t w i t h o u t t h i s n o n n e g a t i v e c o n s t r a i n t s on i f c a r e b i n d i n g , 

i n v a l i d a t i n g t h e s o l u t i o n t e c h n i q u e I u s e f o r o b t a i n i n g e q u i l i b r i u m d e c i s i o n 

r u l e s f o r my m o d e l . 

T h i s paper works w i t h p e r c a p i t a r a t h e r t han a g g r e g a t e q u a n t i t i e s . 

A c c o r d i n g l y , I c o n v e r t e d t he r e s o u r c e c o n s t r a i n t to per c a p i t a te rms by d i v i d ­

i n g bo th s i d e s o f ( 2 . 1 ) by N t , t he t o t a l p o p u l a t i o n . The r e s u l t i s 

< " > s • * t - ^ t - , * l t - ' K \ l ( ' - e , ° - 8 ( < < - ^ > C , i - e -

where l o w e r c a s e l e t t e r s deno te v a r i a b l e s measured i n p e r c a p i t a t e r m s . 

Because the r e s o u r c e c o n s t r a i n t i s d y n a m i c , c o n v e r t i n g t o p e r c a p i t a q u a n t i ­

t i e s r e q u i r e s mak ing an a s s u m p t i o n abou t N t / N t _ 1 . I s i m p l y assume t h i s i s a 

c o n s t a n t , e q u a l to n . 2 A 2 ' 

The d i s c u s s i o n o f s o c i e t y ' s p r o d u c t i o n t e c h n o l o g y i s c o m p l e t e d by 

d e s c r i b i n g t he s t a t i s t i c a l model f o r z t . I assume 

( 2 . 4 ) z f c = z t - 1 exp ( x t ) , 

where x^. i s a s t a t i o n a r y s t o c h a s t i c p r o c e s s , whose d i s t r i b u t i o n i s to be 

d e s c r i b e d b e l o w . 
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The r e a s o n f o r p o s i t i n g (2.4) i s t h a t i t — i n c o n j u n c t i o n w i t h t he 

a s s u m p t i o n s p l a c e d on p r e f e r e n c e s b e l o w - - h a s i m p l i c a t i o n s c o n s i s t e n t w i t h t he 

s t a t i s t i c a l p r o p e r t i e s o f U . S . d a t a on c o n s u m p t i o n , i n v e s t m e n t and o u t p u t . As 

w i l l be shown be low , i n the s o l u t i o n t o t h i s m o d e l , the l a t t e r v a r i a b l e s a r e 

the p r o d u c t o f z t and a c o v a r i a n c e s t a t i o n a r y s t o c h a s t i c p r o c e s s . C o n s e ­

q u e n t l y , the model i m p l i e s t h a t l o g a r i t h m i c f i r s t d i f f e r e n c i n g i s r e q u i r e d t o 

i n d u c e s t a t i o n a r i t y . U n i t e d S t a t e s d a t a on c o n s u m p t i o n , i n v e s t m e n t and o u t p u t 

a r e c o n s i s t e n t w i t h t h i s i m p l i c a t i o n ( s e e , e . g . , N e l s o n and P l o s s e r [1982]) . 

2 . b P r e f e r e n c e s 

As o f t he s t a r t o f d a t e 0 , t he r e p r e s e n t a t i v e consumer i n t h i s 

economy o r d e r s c o n s u m p t i o n and h o u r s s t r e a m s a c c o r d i n g t o t h e f o l l o w i n g c r i t e ­

r i o n : 

(2 .5 ) E Q ^ = 0 6 t { e x p ( u f c ) In ( c j - y h j Y > 0 , 

where u f c i s a z e r o mean t a s t e shock and E f c i s t he e x p e c t a t i o n o p e r a t o r c o n ­

d i t i o n e d on i n f o r m a t i o n a v a i l a b l e a t t he s t a r t o f d a t e t . T h i s u t i l i t y f u n c ­

t i o n was used by Gary Hansen [ 1 9 8 5 ] . 

The p a r t i c u l a r fo rm o f t he u t i l i t y f u n c t i o n i n ( 2 . 5 ) p l a y s an i m p o r ­

t a n t r o l e i n t h i s p a p e r , and so w a r r a n t s some d i s c u s s i o n . The r e a s o n t he 

l o g a r i t h m o f c,_ a p p e a r s i n ( 2 . 5 ) , r a t h e r than f o r example exp (u )(c*/<t>), 

(ji * 0 , i s p a r t l y c o m p u t a t i o n a l . The s o l u t i o n s t r a t e g y I use t o s o l v e t he 

model r e q u i r e s t h a t the f u n c t i o n r e l a t i n g c o n s u m p t i o n to i n s t a n t a n e o u s u t i l i t y 

have the p r o p e r t y t h a t i t c o n v e r t m u l t i p l i c a t i o n i n t o a d d i t i o n , a s t he l o g a ­

r i t h m d o e s . A number o f p a p e r s have a t t e m p t e d t o e s t i m a t e © i n s e t t i n g s where 

the v a r i a n c e o f u f c i s z e r o , and f i n d t h a t <t> = 0 i s no t a bad a p p r o x i m a t i o n 

( s e e , f o r e x a m p l e , Hansen and S i n g l e t o n [1982,1983]) . However , i t i s n o t 

c l e a r how r e l e v a n t t h e s e s t u d i e s a r e f o r t he p r e s e n t c o n t e x t , i n w h i c h the 

v a r i a n c e o f u,. i s no t z e r o . 
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G . Hansen [1985] showed t h a t the l i n e a r i t y o f h f c i n ( 2 . 5 ) i s i m p o r ­

t a n t f o r e x p l a i n i n g t he l a r g e o b s e r v e d f l u c t u a t i o n s i n h f c g i v e n t he m a g n i t u d e 

o f the t e c h n o l o g y s h o c k s o b s e r v e d i n t he pos twar U n i t e d S t a t e s , and a s s u m i n g a 

f ramework ve ry s i m i l a r t o the one i n t h i s p a p e r . The re a r e a t l e a s t two 

ways to i n t e r p r e t the l i n e a r i t y o f h f c i n ( 2 . 5 ) . One i s t h a t i t r e f l e c t s t he 

a s s u m p t i o n t h a t i n d i v i d u a l h o u s e h o l d u t i l i t y f u n c t i o n s t a k e t he form g i v e n i n 

( 2 . 5 ) . T h i s can be c r i t i c i z e d on two g r o u n d s . F i r s t , i t i m p l i e s t h a t i n d i ­

v i d u a l h o u r s worked a r e v a r i e d c o n t i n u o u s l y o v e r t i m e . Heckman [1984] a r g u e s 

t h a t t h i s i s a t v a r i a n c e w i t h t he f a c t s , s i n c e a l a r g e p a r t o f the v a r i a t i o n 

i n a g g r e g a t e h o u r s r e f l e c t s f l u c t u a t i o n s i n employment r a t h e r t han i n h o u r s 

pe r w o r k e r . F o r e x a m p l e , t he s t a n d a r d d e v i a t i o n o f a v e r a g e week l y h o u r s i n 

t he m a n u f a c t u r i n g s e c t o r i s a mere 37 m i n u t e s i n t h e p o s t war p e r i o d , i . e . , 

t he t ime f o r one o r two c o f f e e b r e a k s . (See Economic R e p o r t o f t h e 

P r e s i d e n t [ 1986 , p. 3 0 0 ] . ) A second d i f f i c u l t y w i t h t h i s i n t e r p r e t a t i o n i s 

t h a t i t i m p l i e s t h a t l e i s u r e a t d i f f e r e n t d a t e s i s i n f i n i t e l y s u b s t i t u t a b l e . 

T h i s i s i n c o n s i s t e n t w i t h e m p i r i c a l r e s u l t s f ound i n p a n e l d a t a ( s e e A l t o n j i 

[1986] and MaCurdy [ 1 9 8 1 ] ) . 

G. Hansen [ 1 9 8 5 ] , d r a w i n g on work by work by Roge rson [ 1 9 8 4 ] , d e ­

s c r i b e s an a l t e r n a t i v e i n t e r p r e t a t i o n o f t he l i n e a r i t y o f h f c i n ( 2 . 5 ) t h a t 

a v o i d s b o t h the c r i t i c i s m s d e s c r i b e d i n the p r e c e d i n g p a r a g r a p h . U n f o r t u n ­

a t e l y , t h e s e b e n e f i t s do no t come w i t h o u t c o s t . Under H a n s e n ' s i n t e r p r e t a ­

t i o n , the u t i l i t y f u n c t i o n i n ( 2 . 5 ) i s c o n s i s t e n t w i t h any d e g r e e o f i n t e r ­

t e m p o r a l s u b s t i t u t a b i l i t y o f l e i s u r e a t t he i n d i v i d u a l l e v e l . M o r e o v e r , 

H a n s e n ' s i n t e r p r e t a t i o n has t he i m p l i c a t i o n t h a t a v e r a g e week l y h o u r s a r e 

c o n s t a n t , and t h a t a l l f l u c t u a t i o n s i n a g g r e g a t e h o u r s r e s u l t f rom f l u c t u a ­

t i o n s i n employment . T h i s l a t t e r i m p l i c a t i o n p r o b a b l y goes t oo f a r . F o r 

e x a m p l e , Heckman [1984 , p. 212] a r g u e s t h a t , a t t he q u a r t e r l y l e v e l , v a r i a t i o n 
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i n p e r s o n s employed c o n s t i t u t e s abou t h a l f o f t o t a l a g g r e g a t e v a r i a t i o n i n 

h o u r s . A l i t e r a l r e a d i n g o f H a n s e n ' s i n t e r p r e t a t i o n a l s o has o t h e r u n f o r ­

t u n a t e i m p l i c a t i o n s ; f o r examp le , t h a t an i n d i v i d u a l ' s p r o b a b i l i t y o f b e i n g 

unemployed i s i ndependen t f rom q u a r t e r to q u a r t e r . These and o t h e r d i f f i c u l ­

t i e s w i t h H a n s e n ' s f ramework a r e t he s u b j e c t o f c u r r e n t r e s e a r c h . D e t a i l s on 

t h i s a p p r o a c h , some o f i t s s h o r t c o m i n g s , and p o s s i b l e f i x e s a r e d e s c r i b e d i n 

Hansen [ 1 9 8 5 ] , Roge rson [ 1 9 8 4 ] , and P r e s c o t t [ 1 9 8 6 ] . 

2 . c S t o c h a s t i c S t r u c t u r e o f Exogenous S h o c k s 

I assume t h a t t he s h o c k s t o t a s t e s and t e c h n o l o g y , w f c = ( u f c , x t ) ' , 

have t he f o l l o w i n g t ime s e r i e s r e p r e s e n t a t i o n : 

( 2 . 6 ) w t = a + A w t _ 1 + e t , 

where e f c i s a w h i t e n o i s e w i t h v a r i a n c e V , and u n c o r r e l a t e d w i t h w t _ s , s > 

0 . A l s o , a i s a 2 by 1 v e c t o r w i t h f i r s t e l emen t z e r o , and A i s a d i a g o n a l 

m a t r i x , w i t h e i g e n v a l u e s l e s s than one i n a b s o l u t e v a l u e . In t h i s m o d e l , 

t a s t e and t e c h n o l o g y s h o c k s may be c o r r e l a t e d t o t he e x t e n t t h a t t h e i r i n n o v a ­

t i o n s a r e c o r r e l a t e d , bu t t hey do no t G r a n g e r - c a u s e each o t h e r . Under ( 2 . 6 ) , 

the t e c h n o l o g y s h o c k , z f c , has t he f o l l o w i n g r e p r e s e n t a t i o n : 

( 2 . 7 a ) ( 1 - A 2 2 L ) ( 1 - L ) In ( z f c ) = a 2 + e 2 t 

s o t h a t 

( 2 . 7 b ) ( 1 - L ) In ( z f c ) a a 2 / ( 1 - A 2 2 ) + e 2 t + A 2 2 e 2 t - 1 

where t he a p p r o x i m a t i o n i s good f o r A 2 2 s m a l l . H e r e , L d e n o t e s t h e l a g o p e r ­

a t o r , and 



(2.7c) a = 0 A = A n 0 

a 2 0 A 2 2 

W r i t i n g the r e p r e s e n t a t i o n f o r z t i n t he fo rm i n (2.7) a l l o w s us to g i v e A 2 2 

an i n t e r p r e t a t i o n . In p a r t i c u l a r , o f a g i v e n one p e r c e n t s u r p r i s e upward move 

i n z f c , U A 2 2 p e r c e n t i s pe rmanen t , and - A 2 2 i s t e m p o r a r y . Rough c a l c u l a t i o n s 

r e p o r t e d i n P r e s c o t t [ 1 9 8 6 ] , w h i c h assume 0 = . 3 6 , s u g g e s t a v a l u e o f A 2 2 i n 

the n e i g h b o r h o o d o f - . 2 . A l s o , 1 0 0 ( 1 - 9 ) a 2 / ( 1 - A 2 2 ) i s t he a v e r a g e q u a r t e r l y 

p e r c e n t g rowth i n p r o d u c t i v i t y , o r " t e c h n i c a l p r o g r e s s . " So low [1957] e s t i ­

mated t h i s to be .37 f o r t he p e r i o d 1909 t o 1949, w h i l e D e n i s o n [1980] r e p o r t s 

an e s t i m a t e o f .4 f o r the p e r i o d 1929 t o 1969. 

2 .d I n f o r m a t i o n S t r u c t u r e 

I assume t h a t a t the b e g i n n i n g o f t he q u a r t e r , when h o u r s and c a p i ­

t a l i n v e s t m e n t d e c i s i o n s have to be made, o n l y a n o i s y o b s e r v a t i o n on w f c i s 

a v a i l a b l e . A f t e r the h o u r s and i n v e s t m e n t d e c i s i o n s a r e made, t hen w t i s 

o b s e r v e d e x a c t l y , a t w h i c h t ime the consump t i on and i n v e n t o r y i n v e s t m e n t 

d e c i s i o n s a r e made. T h i s i n f o r m a t i o n s t r u c t u r e i s i n t e n d e d t o c a p t u r e t he 

i d e a t h a t t h e r e i s "momentum" i n employment and c a p i t a l i n v e s t m e n t d e c i ­

s i o n s . Momentum e x i s t s i n t he s e n s e t h a t i n t he m i d d l e o f a q u a r t e r , when w f c 

i s o b s e r v e d e x a c t l y , f i r m managers have t o go t h r o u g h w i t h the p r o d u c t i o n and 

c a p i t a l i n v e s t m e n t d e c i s i o n s they made a t t he b e g i n n i n g o f t he q u a r t e r , even 

i f t hese now l o o k s u b o p t i m a l . By c o n t r a s t , t h e r e i s no such momentum i n 

consump t i on and i n v e n t o r y i n v e s t m e n t d e c i s i o n s . 

I assume t h a t the h o u r s and c a p i t a l i n v e s t m e n t d e c i s i o n i s c o n t i n ­

gen t on o b s e r v i n g w^, where 

( 2 . 8 ) 5 = w t • v f c , E v f c v ; _ s 

V s = 0 v 

s * 0 



- 10 -

and E v . e . = 0 f o r a l l s . G i v e n t h i s s t r u c t u r e , 
t t - s 

( 2 . 9 ) w. = E [w . |w . , s > 0 ; w . ] = a + Aw. . + D ( v . + e . ) , 

where D = V [ V V + V ] ~ 1 . E q u a t i o n ( 2 . 9 ) f o l l o w s f rom s t a n d a r d Kalman f i l t e r i n g 

arguments ( s e e , e . g . , S a r g e n t [ 1 9 7 9 , p . 2 0 8 ] ) . No te f rom ( 2 . 9 ) t h a t i f t h e r e 

i s no o b s e r v a t i o n n o i s e , i . e . , V y = 0 , t hen w f c = w f c . By c o n t r a s t , i f t he 

o b s e r v a t i o n n o i s e i s v e r y l a r g e , t hen D = 0 and w i s j u s t t h e b e s t p r e d i c t o r 

o f w f c based on l a s t p e r i o d ' s d i s t u r b a n c e , w ( . _ 1 . 

2 . e E q u i l i b r i u m Q u a n t i t i e s 

Be low I d e s c r i b e t he e q u i l i b r i u m q u a n t i t i e s o f t he model a s the 

s o l u t i o n to a c e n t r a l p l a n n i n g p r o b l e m . I do no t t ake a s t a n d on t he d e c e n ­

t r a l i z a t i o n mechanism t h a t s u p p o r t s t h i s e q u i l i b r i u m , s i n c e t h e r e a r e s e v e r a l , 

and they a l l have t he same i m p l i c a t i o n f o r a g g r e g a t e , pe r c a p i t a q u a n t i ­

t i e s . ? - ^ / I t i s t he l a t t e r t h a t a r e o f i n t e r e s t i n t h i s p a p e r . 

The p rob lem a t d a t e t i s t o m a x i m i z e ( 2 . 5 ) o v e r s t a t e c o n t i n g e n t 

p l a n s f o r { c t + s , k t + s , i t + s ' h t + s ^ ' s - °» s u b J e c t t 0 ( 2 - 3 ) , t he i n f o r m a t i o n 

s t r u c t u r e , and t he i n i t i a l c o n d i t i o n s : k t _. | , and w f c _ 1 . The s o l u t i o n to 

t h i s o p t i m i z a t i o n p rob lem i s a s e t o f f u n c t i o n s , Cj . = c(J2j . ) , i j . = i(Q^), 

h t = h ( O f c ) , k f c = k ( Q t ) . H e r e , Q f c = { e f c ,w f c _ 1 , h t , k t , k t _ 1 , i f c _ - | } , and 5 f c = 

{ e f c + v t , w t _ 1 , k f c _ 1 , i f c _ 1 } . Methods f o r o b t a i n i n g c , i , h , k e x a c t l y and f o r 

d o i n g t h i s s u f f i c i e n t l y r a p i d l y t o make e c o n o m e t r i c e s t i m a t i o n f e a s i b l e a r e 

no t a v a i l a b l e , a s f a r as I know. I n s t e a d , a p p r o x i m a t i o n s t o c , i , h , and k 

were c a l c u l a t e d . T h i s i s d e s c r i b e d i n the n e x t s e c t i o n . 

3 . A p p r o x i m a t e S o l u t i o n to the P l a n n i n g P rob lem 

The s o l u t i o n p r o c e d u r e used i s r e l a t e d t o t he one p r o p o s e d i n 

Kyd land and P r e s c o t t [ 1 9 8 2 ] . T h e i r p r o c e d u r e canno t be a p p l i e d d i r e c t l y i n 
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t he model o f t h i s p a p e r , s i n c e i t r e q u i r e s t h a t t he c e r t a i n t y v e r s i o n o f t he 

model p o s s e s s a s t e a d y s t a t e . (By " c e r t a i n t y v e r s i o n " o f t he m o d e l , I mean 

t he one w i t h V = V y = 0 . ) T h i s i s no t t he c a s e i n my model b e c a u s e I s p e c i ­

f i e d the l o g a r i t h m o f t he t e c h n o l o g y shock to be a random wa lk w i t h d r i f t . 

A l t h o u g h t he endogenous v a r i a b l e s o f t he model do n o t c o n v e r g e t o a s t e a d y 

s t a t e , they do c o n v e r g e t o a s t e a d y s t a t e g rowth p a t h . I t i s p o s s i b l e , by 

e x p l o i t i n g t h i s f a c t , t o t r a n s f o r m the mode l economy i n t o a n o t h e r one ( t h e 

" s t a r economy") whose v a r i a b l e s do p o s s e s s a s t e a d y s t a t e . The f i r s t p a r t o f 

t h i s s e c t i o n does t h i s . The second s u b s e c t i o n o b t a i n s a v e r s i o n o f t he 

K y d l a n d / P r e s c o t t l i n e a r q u a d r a t i c a p p r o x i m a t i o n to the d e c i s i o n r u l e s f o r t he 

s t a r economy. F i n a l l y , t he t h i r d s u b s e c t i o n " u n w i n d s " t h e a p p r o x i m a t e d e c i ­

s i o n r u l e s o b t a i n e d f o r the s t a r economy t o g e t a p p r o x i m a t e d e c i s i o n r u l e s f o r 

t he p rob lem o f i n t e r e s t , n a m e l y , ( 2 . 1 0 ) . 

3 . a The S t a r Economy 

D e f i n e 

( 3 . 1 ) k* = l o g ( k t / z t _ 1 ) , c * E l o g ( c f c / z t ) , i * = l o g ( i t / z f c ) , h * = l o g ( h f c ) 

No te t h a t ( 3 . 1 ) i s w e l l d e f i n e d b e c a u s e o f t he n o n n e g a t i v i t y c o n s t r a i n t s on 

k f c , c t , h f c , and because the p o s i t e d p r o b a b i l i t y model f o r z t g u a r a n t e e s t h a t 

t h i s v a r i a b l e i s a l w a y s p o s i t i v e . B e c a u s e o f t h i s , t he r e s o u r c e c o n s t r a i n t , 

( 2 . 3 ) , i s u n a l t e r e d i f b o t h s i d e s o f t h a t e q u a t i o n a r e d i v i d e d by z f c . Do ing 

s o , and s u b s t i t u t i n g f rom ( 3 . 1 ) and ( 2 . 4 ) , 

( 3 . 2 ) exp ( c * ) • exp ( - x f c ) exp ( k » ) - exp [ - ( x ^ x ^ ) ] exp ( k * ^ ) 

+ exp ( i * ) - exp ( - x f c ) ^ exp ( i * _ , ) ^ e x p ( y * ) 

whe re , 
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( 3 . 3 ) exp ( y » ) = r f 9 exp [ ( 1 - 9 ) h * | exp ( - 6 x f c ) 

i - f l / / v x [ ( 1 - o ) exp ( v x f c _ 1 ) exp ( - • j k j ^ J + a exp ( - v i * ^ ) 

H e r e , y^. = z^. exp ( y * ) i s p e r c a p i t a o u t p u t . 

No te t h a t ( 2 . 5 ) can be r e w r i t t e n a s f o l l o w s : 

( 3 . 4 ) E Q ^ _ 0 8 f c (exp ( u f c ) c * - y exp (h« ) + exp (u f c ) In ( z f c ) } . 

S i n c e ( 3 . 2 ) and ( 3 . 4 ) a r e i d e n t i c a l t o ( 2 . 3 ) and ( 2 . 5 ) , r e s p e c t i v e l y , i t i s 

i m m a t e r i a l t o t he p l a n n e r whe ther ( 2 . 3 ) , ( 2 . 5 ) i s m a x i m i z e d d i r e c t l y f o r c t , 

h t , i f c , k f c , o r i n s t e a d ( 3 . 2 ) , ( 3 . 4 ) i s max im ized f i r s t w i t h r e s p e c t t o 

c * . h * , i * , k* , and then c o n v e r t e d t o c f c , i f c , k f c , h f c v i a ( 3 . 1 ) . From my p o i n t 

o f v i e w , i t i s more c o n v e n i e n t t o work w i t h ( 3 . 3 ) and ( 3 . 4 ) , because t he c e r ­

t a i n t y v e r s i o n o f t h a t s ys tem p o s s e s s e s a s t e a d y s t a t e . 

No te t h a t the t h i r d te rm i n b r a c e s i n ( 3 . 4 ) i s beyond the c o n t r o l o f 

t he p l a n n e r and can be d ropped f rom the a n a l y s i s . Impos ing t he s t r i c t e q u a l ­

i t y i n ( 3 - 2 ) ( r e f l e c t i n g n o n - s a t i a t i o n ) , use ( 3 . 2 ) to s u b s t i t u t e ou t f o r c * i n 

( 3 . 4 ) and deno te the r e s u l t i n g f u n c t i o n by r . In t h i s way, t he p l a n n i n g 

p r o b l e m becomes t o max im ize 

E o ^ B f c p < k t - r k t ' 1 t - r 1 t » h t ' l , t - i » , , t ) ' 

s u b j e c t to the i n f o r m a t i o n s t r u c t u r e and the i n i t i a l c o n d i t i o n s . A way to 

p r e s e n t t h i s p rob lem w h i c h r e f l e c t s e x p l i c i t l y t he i n f o r m a t i o n a l c o n s t r a i n t s 

i s a s t he dynamic programming p r o b l e m : s o l v e 

( 3 . 5 ) ^ . i ^ t - r V r V V = J a * E ^ x ^ ^ r ^ t - r ^ ^ V r V 
V " t x t 

+ S v ( k * , i * , w t , £ t + l + v t + 1 ) | T j | T t } 
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s u b j e c t t o ( 2 . 6 ) . H e r e , T f c = {e , w f c _ 1 , h » , k * , k * _ 1 , } and T f c = {e f c+-v f c,w f c_ 1 , 

k* . , i * . } . The s o l u t i o n to t h i s i s a s e t o f f u n c t i o n s i * = i * ( T ) , h * = 
t—1 t—1 w L U 

My o b j e c t i v e i s t o a p p r o x i m a t e i , k , c and h . My s t r a t e g y f o r d o i n g 

t h i s a p p r o x i m a t e s i * , k* , h * and then u s e s ( 3 . 1 ) to deduce t he a p p r o x i m a t i o n s 

i m p l i e d f o r i , k, h . The i m p l i e d a p p r o x i m a t i o n f o r c can then be o b t a i n e d by 

s u b s t i t u t i n g the a p p r o x i m a t i o n s f o r i , k, h i n t o ( 2 . 3 ) . The n e x t s u b s e c t i o n 

p r e s e n t s my s t r a t e g y f o r a p p r o x i m a t i n g i * , k* , h * . 

3 .b Comput ing A p p r o x i m a t e D e c i s i o n R u l e s f o r t he S t a r Economy 

The K y d l a n d / P r e s c o t t a p p r o x i m a t i o n t e c h n i q u e i n v o l v e s t a k i n g a 

second o r d e r T a y l o r s e r i e s e x p a n s i o n o f r abou t the s t e a d y s t a t e v a l u e s o f 

k*, i * , h * . w , . Denote t he s t e a d y s t a t e v a l u e o f a v a r i a b l e by r e p l a c i n g i t s 
t t t ^ 

t ime s u b s c r i p t by an s . T r i v i a l l y , w g = ( I - A ) - 1 a . The t h r e e v a r i a b l e s 

k*, i * and h* a r e t he u n i q u e s o l u t i o n t o t he f o l l o w i n g t h r e e f i r s t o r d e r 

c o n d i t i o n s , w h i c h must o b t a i n a t an i n t e r i o r s t e a d y s t a t e : r 2 + S r ^ = 0 , 

r i | + Br^ = 0 , r^ = 0 . H e r e , P j d e n o t e s t he d e r i v a t i v e o f r w i t h r e s p e c t to 

i t s j - t h a rgumen t , e v a l u a t e d a t k* . = k*, k* = k*, i * . = i * , i * = i * , h * = 
C — i S C S t*~ I S w S 

h * , w f , = w „ , \a. - w_. The s o l u t i o n i n Append i x D i s shown to be 

i * = 
s 

l o g (X) + k* 

k* = l o g U ) + h* 
s s 

exp ( h * ) = exp (u) 
Y 

( i - e ) ( 0 l / o 2 ) 

where 
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f - M 

x _ r o [ 1 - S ( 1 - 6 ) exp ( - x ) / n ] i l W 
( 1 - o ) exp [ ( v + 1 ) x ] [ 1 - s exp ( - x ) / n ] 

8-t-v -1 

^ . ^ n 9 e x p [ ( 8 - v - 1 ) x ] [ 1 - S ( 1 - ' 5 ) e x p ( - x ) / n ] C ( 1 - o ) e x p ( v x ) - t - o x " V 3 V j 1 9 

S 8 ( 1 - o ) 

- 9 / . \ , 8 r / i \ / \ , - v n - 9 / v 
a 1 = n exp (-9x)i> [ ( 1 - o ) exp (vx)+aX J 

a 2 = a r f * e x p ( - x H 1 - 0 - S ) exp ( -x) /n]+Xi | i [ 1- exp ( - x ) / n ] } 

( u , x ) = w \ 

Denote t he second o r d e r T a y l o r s e r i e s e x p a n s i o n o f r a b o u t s t e a d y 

s t a t e by R. The a p p r o x i m a t i o n s to i * , k* , h * a r e t h e n o b t a i n e d by r e p l a c i n g r 

by R i n ( 3 . 5 ) and s o l v i n g t he r e s u l t i n g q u a d r a t i c dynamic p rogramming p r o b l e m 

s u b j e c t to t he l i n e a r c o n s t r a i n t s , ( 2 . 6 ) . The d e t a i l s o f t h i s a r e d e s c r i b e d 

i n Append ix B. The s o l u t i o n d e r i v e d t h e r e i s 

k* k* 

x t - 1 t 

k* k* 
( 3 . 8 ) fc = d . + d . t _ 1 + d w . + d D(e + v . ) . 

h * 0 1 i# w t -1 £ t t 
n t X t - 1 

A p r o p e r t y o f ( 3 . 7 ) i s t h a t i * , = A , . i * , , where i * E ( i * , i * „ ) ' and i * = f »r j W ) 1 11 e , 1 ' w w , 1 w , 2 e 

( i * . i * _ ) ' . U s i n g t h i s , ( 3 . 7 ) can be w r i t t e n , 
e , l e,d 

k t - 1 k t 
( 3 - 7 ) ' l t " l 0 + 1 1 * S ! t 2 s t - 1 * 4 J , 2 « 2 t * A d „ + 1 « , 1 u f 

l t - 1 t 

where u f c = A 1 1 u f c _ l + e 2 t n a s b e e n u s e d ^ s e e t 2 - 6 ] ) , and r e c a l l t h a t w f c = 

( u f c x t ) ' . The mapping f rom the s i x t e e n s t r u c t u r a l p a r a m e t e r s , S , 9 , n , 6 , y , 

a , v , a , A , V , V y t o t he r e d u c e d fo rm p a r a m e t e r s i n ( 3 . 7 ) and ( 3 - 8 ) i s g i v e n 

i n Append ix B . ^ . ^ / 
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3 .c The App rox ima te S o l u t i o n t o t he P l a n n i n g P r o b l e m 

To g e t t he a p p r o x i m a t i o n to i , k, c , h , s u b s t i t u t e (3 .1) i n t o (3.7) 

and (3-8) and r e a r r a n g e , t o g e t 

l o g k - l o g z 2 

(3 .9) l o g i -- l o g z + i * + i * • i*w • i * e 
l o g l f c _ 1 - l o g z f c _ 1 

l o g k - l o g z . 

l o g h c 

l o g k l o g z l o g k - l o g z ^ 
( 3 . 1 0 ) c -- c " ' + d n + d . c _ l + d w . 

l o g h f c 0 l o g - l o g z t _ 1 

+ d D(e.+v, ) 
e t t 

the e q u a t i o n g e n e r a t i n g o u t p u t i s 

/-> i i \ r . l ( 1 - 9 ) - 6 r / , \ , - v • - v T - 9 / V 
( 3 . 1 1 ) y f c = l z t h t j n [ ( 1 - a ) k

t _ 1

+ o l

t _ 1 ^ 

w h i c h can be computed r e c u r s i v e l y a f t e r ( 3 . 9 ) and ( 3 . 1 0 ) . Consumpt i on can 

then be d e r i v e d f rom t he n a t i o n a l income i d e n t i t y , ( 2 . 3 ) . T h i s c o m p l e t e s t he 

d i s c u s s i o n o f a p p r o x i m a t i n g t he s o l u t i o n to t he p l a n n i n g p r o b l e m . 

4 . Pa rame te r E s t i m a t i o n 

The u n d e r l y i n g d i s t u r b a n c e s o f t he model a r e t he e. * s and v ' s . The 

j o i n t G a u s s i a n d e n s i t y o f t h e s e i s p r o p o r t i o n a l t o 

f < V V = N V | V V | ] 2 e x p { - l e ' V - 1

V l v ' v ; 1 v t } . 

L e t x f = ( l o g k , , l o g h, , l o g y, , l o g i . ) ' . The o b j e c t i v e i s to e x p r e s s the t t t t t 

d e n s i t y o f t he d a t a s a m p l e , {x , . . . , x }, i n te rms o f f ( e , v ) , t = 1, T , 
l i t t 

and i n i t i a l c o n d i t i o n s . 
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E q u a t i o n s ( 3 - 9 ) - ( 3 . 1 0 ) can be w r i t t e n 

g ( e t , v t ; x t _ 1 , : < t _ 2 , . . . , x 1 , z 0 , z _ 1 , k 0 , i 0 , w 0 ) t = 2 , 3 , 4 , 

x t = 

g ( e 1 , v l ; z 0 , z _ r k 0 , i 0 , w 0 ) t = 1. 

D e f i n e W = 3 g / 3 ( e ' , v * ) . A f t e r some a l g e b r a , we f i n d 

d D d D 
e e 

W = 
A B 

where 
A 1 B 1 

A = 
A 2 B 2 

H e r e , Aĵ  and Bi a r e 1 x 2 v e c t o r s , t = 1 , 2 , and 

A 2 = i £ • i * ( d e D ) , B 2 = i * ( d £ D ) 

A 1 = ( 1 - 9 ) [ ( 1 , 0 ) d £ D + ( 0 , 1 ) ] , B 1 = ( 1 - 9 ) ( 1 , 0 ) d £ D . 

I t i s a s t a n d a r d r e s u l t ( s e e , e g . , Dhrymes [1974, p. 10]) t h a t t he 

c o n d i t i o n a l d e n s i t y o f x f c can be e x p r e s s e d a s f o l l o w s : 

h ( x t x t - r x t - 2 ' • • • » W ^ r V V o * 

= f ( e t , v t ) | W r 1 . 

T h u s , c o n d i t i o n a l on t he i n i t i a l o b s e r v a t i o n s , z Q , z _ ^ , k Q , i Q , w Q , t he den­

s i t y o f { x 1 , . . . , x T } , i s 

h ( X r p , . . . ,x. j | Z Q , Z _ ^ , k g , 1 Q » ) 

= h(x^p x ^ , ^ ^ , . . . , X , , Z Q , Z ^ ^ , k j - j , 1Q,Wg) 

h ( x 1 | z 0 , z _ 1 , k 0 , i 0 , w 0 ) 
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- | W | " T [ | V | | V v | ] " 2 e x p { - ^ • V - l e t . i v ' V ; 1 v t } . 

F i n a l l y , the G a u s s i a n l o g l i k e l i h o o d i s 

( 4 . 1 ) L = -T l o g JW| - I l o g | V | - \ l o g | V v | - \ c J V _ 1 e t - \ ^ V ; 1 v f c . 

Da ta on k t , h t , y f c , i t f o r t h e 115 q u a r t e r s 1955.3-1984.1 were used 

f o r e s t i m a t i o n . F o r any a d m i s s i b l e v a l u e o f the pa rame te r v e c t o r r = 

( 6 , 9 , n , 6 , y , a , v , a , A , V , V " v ) , t h e s e d a t a can be used to compute a s e t o f 111 

f i t t e d d i s t u r b a n c e s e , v f o r t he p e r i o d 1956 .3 -1984 .1 i n seven s t e p s : 

1. Compute the r e d u c e d fo rm p a r a m e t e r s i * , i * , I*, i * , i * , d g , d , , d w , d £ , D 

i n ( 3 . 7 ) and ( 3 . 8 ) u s i n g t he f o r m u l a s i n Append i x B. 

2. Compute a s e t o f 114 z / s f o r t he p e r i o d 1 9 5 5 . 4 - 1 9 8 4 . 1 u s i n g t he p r o d u c -

t i o n f u n c t i o n , ( 3 . 1 1 ) . 

3. G i v e n the z ' s , compute a s e t o f e ' s f o r t he p e r i o d 1 9 5 6 . 2 - 1 9 8 4 . 1 u s i n g 

( 2 . 7 a ) . 

4 . G i v e n t he z ' s , compute a s e t o f 113 t e c h n o l o g y s h o c k s , x = w , f o r t he 
t t 2 t 

p e r i o d 1956 .1 -1984 .1 u s i n g ( 2 . 4 ) . 

5. Use t he z ' s and (3.1) t o compute a s e t k* i * f o r t he p e r i o d 1 9 5 6 . 1 -

1 9 8 4 . 1 . 

6. S o l v e e q u a t i o n ( 3 . 7 ) ' f o r u f o r 1956.2-1984.1 u s i n g i * k* f o r 1956.1-
c t t 

1984.1 and t.. f o r 1 9 5 6 . 2 - 1 9 8 4 . 1 . Use t he u ' s to compute a s e t o f e , ' s 

f o r the p e r i o d 1956 .3 -1984 .1 u s i n g (2.6) and ( 2 . 7 c ) . 

7 . U s i n g t he w ' s and e ' s , compute a s e t o f v ' s f rom ( 3 . 8 ) . 
w C t 

The e t ' s and v ' s computed above were s u b s t i t u t e d i n t o ( 4 . 1 ) t o g e t 

L ( r ) , the l i k e l i h o o d f u n c t i o n o f the d a t a , c o n d i t i o n e d on t he i n i t i a l o b s e r ­

v a t i o n s . The d a t a on w h i c h t he l i k e l i h o o d i s c o n d i t i o n e d a r e the 1955.3-

1956.2 o b s e r v a t i o n s on k . and U and t h e 1955.4-1956.2 o b s e r v a t i o n s on h,. and 

y t . I t took r o u g h l y 2 cpu s e c o n d s to e v a l u a t e L once on an IBM 3033 c o m p u t e r . 



My pa rame te r e s t i m a t o r i s d e f i n e d by r = argmax L ( r ) , where t he 

m a x i m i z a t i o n was c a r r i e d ou t o v e r a d m i s s i b l e pa rame te r v a l u e s . Because o f t he 

dependence o f d c D on V and V v , i t was no t p o s s i b l e t o c o n c e n t r a t e V and V y o u t 

o f the l i k e l i h o o d f u n c t i o n . I d i d no t s e a r c h o v e r 6, n , 6 , w h i c h were s e t t o 

. 9 9 , 1.00324 and . 0 1 8 , r e s p e c t i v e l y , and so d e l e t e d t h e s e f rom r. The v a l u e s 

f o r n and 6 were chosen based on c a l c u l a t i o n s r e p o r t e d i n Append i x A . The 

v a r i a n c e - c o v a r i a n c e o f the pa rame te r e s t i m a t o r was e s t i m a t e d by minus t he 

i n v e r s e o f t he second d e r i v a t i v e o f L , e v a l u a t e d a t r = r. 

5 . F i t t i n g t he Mode l t o Da ta 

I used two s t r a t e g i e s t o a s s i g n n u m e r i c a l v a l u e s to t he p a r a m e t e r s 

o f t he m o d e l . I c a l l t he f i r s t s t r a t e g y " c a l i b r a t i o n , " because i t r e s e m b l e s 

i n some r e s p e c t s t he one p roposed i n K y d l a n d and P r e s c o t t [ 1 9 8 2 ] . A d i f f e r ­

ence between my a p p r o a c h and t h a t o f K y d l a n d and P r e s c o t t i s t h a t I do n o t 

u t i l i z e pa ramete r e s t i m a t e s taken f rom o t h e r s t u d i e s . My a p p r o a c h r e s e m b l e s 

t h e i r s i n t h a t i t p l a c e s heavy emphas is on m a t c h i n g t h e f i r s t moment i m p l i c a ­

t i o n s o f t he model w i t h sample f i r s t moments. The s e c o n d s t r a t e g y a t t e m p t s t o 

match f i r s t and s e c o n d moment i m p l i c a t i o n s o f t he model w i t h the c o r r e s p o n d i n g 

samp le o b j e c t s . T h i s s t r a t e g y c o r r e s p o n d s to s t a n d a r d e c o n o m e t r i c e s t i m a t i o n , 

i n t h a t t he m e t r i c used i s the c o n d i t i o n a l G a u s s i a n l i k e l i h o o d f u n c t i o n d e ­

s c r i b e d i n S e c t i o n 4 . B e f o r e p r e s e n t i n g the r e s u l t s , I b r i e f l y d e s c r i b e t he 

d a t a . F o r a more d e t a i l e d d i s c u s s i o n , see Append i x A. 

5 . a The Data 

My consump t i on measure i s c o n s u m p t i o n o f n o n d u r a b l e s and s e r v i c e s , 

p i u s t he imputed r e n t a l v a l u e o f t he s t o c k o f consumer d u r a b l e s , p l u s g o v e r n ­

ment c o n s u m p t i o n . I nves tmen t was d e f i n e d a s f i x e d i n v e s t m e n t p l u s c o n s u m p t i o n 

o f d u r a b l e g o o d s , p l u s government i n v e s t m e n t . A c a p i t a l s t o c k s e r i e s w h i c h 



- 19 -

c l o s e l y matches my i n v e s t m e n t c o n c e p t was u s e d . I t i n c l u d e s t he sum o f f i x e d 

n o n r e s i d e n t i a l c a p i t a l ( p r i v a t e and g o v e r n m e n t ) , p l u s t he s t o c k o f d u r a b l e 

goods h e l d by consumers , p l u s t he s t o c k o f government and p r i v a t e l y h e l d 

r e s i d e n t i a l c a p i t a l . My measure o f i n v e n t o r i e s i s t he sum o f fa rm and non fa rm 

i n v e n t o r i e s . I n v e n t o r y i n v e s t m e n t i s t he f i r s t d i f f e r e n c e o f t he s t o c k o f 

i n v e n t o r i e s . G r o s s o u t p u t was d e f i n e d as c o n s u m p t i o n p l u s i n v e s t m e n t p l u s 

i n v e n t o r y i n v e s t m e n t . The d i f f e r e n c e between my measure o f GNP and the one 

p u b l i s h e d by t he Su rvey o f C u r r e n t B u s i n e s s i s t h a t mine i n c l u d e s t he imputed 

r e n t a l v a l u e o f t he s t o c k o f consumer d u r a b l e s , bu t does n o t i n c l u d e ne t 

e x p o r t s . 

Hours were measured i n " e f f i c i e n c y u n i t s " by w e i g h t i n g h o u r s worked 

by d i f f e r e n t a g e - s e x c a t e g o r i e s by t h e i r a v e r a g e wage i n t he 1 9 7 0 ' s . The d a t a 

were c o n s t r u c t e d by Ga ry H a n s e n . A l l d a t a were c o n v e r t e d t o pe r c a p i t a te rms 

by d i v i d i n g by t he t o t a l p o p u l a t i o n between t he ages o f 15 and 6 5 . These d a t a 

were c o n v e r t e d to e f f i c i e n c y u n i t s i n t he same way a s t he h o u r s d a t a . Reasons 

f o r w o r k i n g w i t h p o p u l a t i o n and h o u r s d a t a t h a t a r e q u a l i t y a d j u s t e d i n t h i s 

way a r e d e s c r i b e d i n D e n i s o n [1979, c h a p t e r 3 ] and Darby [ 1 9 8 4 ] . 

5 .b C a l i b r a t i o n R e s u l t s 

The f i r s t co lumn i n T a b l e 5 .1 r e p o r t s t he r e l e v a n t a v e r a g e s f o r the 

d a t a used i n t h i s p r o j e c t . The second co lumn p r e s e n t s s t e a d y s t a t e v a l u e s 

i m p l i e d by t he model a t i t s " c a l i b r a t e d " pa rame te r v a l u e s . These a r e r e p o r t e d 

i n co lumn 1 i n T a b l e 5 . 2 . A b r i e f d i s c u s s i o n o f the way I c h o s e t h e s e f o l ­

l o w s . 

The pa ramete r n was e q u a t e d to t he a v e r a g e g r o w t h i n t he q u a l i t y 

a d j u s t e d , w o r k i n g age p o p u l a t i o n f o r t he p e r i o d 1952-1984 . G i v e n t h i s v a l u e 

o f n , 6 = .018 i s r e q u i r e d i f t he g r o s s i n v e s t m e n t s e r i e s i m p l i e d by k t -

1—6 
k^ i s to r e s e m b l e t he g r o s s i n v e s t m e n t s e r i e s s u p p l i e d by the D e p a r t -
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merit o f Commerce. (See Append i x A f o r a f u r t h e r d i s c u s s i o n . ) The v a l u e o f 

t he pa ramete r S was s i m p l y t aken f rom K y d l a n d and P r e s c o t t [ 1 9 8 2 ] . The r e ­

m a i n i n g p a r a m e t e r s t h a t d e t e r m i n e s t e a d y s t a t e v a l u e s a r e v , 9 , a, a 2 / ( 1 -

A 2 2 ) . I chose t h e s e as f o l l o w s . G i v e n n u m e r i c a l v a l u e s f o r v , 9 , a, a z t 

s e r i e s can be computed f rom ( 2 . 3 ) u s i n g t he h i s t o r i c a l d a t a on h f c , k f c , and 

i f c . V a l u e s f o r a 2 and A 2 2 were then o b t a i n e d as the c o n s t a n t and s l o p e t e r m s , 

r e s p e c t i v e l y , i n t he l e a s t s q u a r e s r e g r e s s i o n o f l o g ( z t / z f c _ 1 ) on 

l o g ( Z | . . / Z j . 2 ) . I s e a r c h e d o v e r a l t e r n a t i v e v a l u e s o f v , 9 and a t o make t he 

m o d e l ' s s t e a d y s t a t e i m p l i c a t i o n s c l o s e t o the c o r r e s p o n d i n g a v e r a g e s l i s t e d 

i n t he f i r s t s i x rows o f co lumn 1 i n T a b l e 5 . 2 . The v a l u e s I chose f o r o and 

v c o i n c i d e w i t h t h e v a l u e s u s e d by K y d l a n d and P r e s c o t t [ 1 9 8 2 ] , whose p r o d u c ­

t i o n f u n c t i o n i s i d e n t i c a l t o m i n e . T h i s p r o c e d u r e i m p l i e d a v a l u e o f .0032 

f o r a 2 / ( 1 - A 2 2 ) . T h i s i s t he s t e a d y s t a t e g rowth r a t e o f z t and t h e r e f o r e o f 

a l l t he v a r i a b l e s o f t he m o d e l , e x c e p t h*., w h i c h does no t grow i n s t e a d y 

s t a t e . 

B e f o r e s t u d y i n g t he v e r s i o n o f t he model w i t h o b s e r v a t i o n n o i s e , we 

need more p a r a m e t e r v a l u e s . In p a r t i c u l a r , we need V and V y , w h i c h e n t e r t he 

d e c i s i o n r u l e s f o r k f c and h f c v i a D i n ( 3 . 1 0 ) . (D i s d e f i n e d a f t e r [ 2 . 9 ] . ) We 

a l s o need a v a l u e f o r A ^ . I o b t a i n e d t h e s e by m a x i m i z i n g t h e l i k e l i h o o d 

f u n c t i o n , ( 4 . 1 ) , w i t h r e s p e c t to V , V v and A ^ and h o l d i n g t he r e m a i n i n g 

pa rame te r s f i x e d a t t h e i r v a l u e s r e p o r t e d i n T a b l e 5 . 2 . 

T a b l e s 5 . 3 and 5 .4 p r o v i d e an a n a l y s i s o f t he r e s i d u a l s o f the 

c a l i b r a t e d m o d e l . The e s t i m a t e d i n n o v a t i o n s t o p r o d u c t i v i t y , e 2 , c o r r e s p o n d 

w e l l w i t h the h y p o t h e s i s o f w h i t e n o i s e . T h i s r e f l e c t s i n p a r t t he f a c t t h a t 

they a r e t he r e s i d u a l s f rom a l e a s t s q u a r e s r e g r e s s i o n , and i n p a r t t h a t t he 

g rowth r a t e o f p r o d u c t i v i t y , z f c , seems o n l y to have s i g n i f i c a n t a u t o c o r r e l a ­

t i o n o f o r d e r o n e . ( T h i s i s c o n s i s t e n t w i t h r e s u l t s i n P r e s c o t t [ 1 9 8 6 ] . ) The 



o t h e r r e s i d u a l s do no t con fo rm s o w e l l w i t h t h e h y p o t h e s i s o f w h i t e n o i s e . 

F o r e x a m p l e , t he i n n o v a t i o n t o t a s t e s h o c k s has s i g n i f i c a n t n e g a t i v e f i r s t 

o r d e r a u t o c o r r e l a t i o n . In a d d i t i o n , t h e r e i s v e r y s u b s t a n t i a l p o s i t i v e a u t o ­

c o r r e l a t i o n i n t he e s t i m a t e d o b s e r v a t i o n e r r o r s , v t . The r e s u l t s i n T a b l e 5 . 3 

r e p r e s e n t s t r o n g e v i d e n c e a g a i n s t the c a l i b r a t e d m o d e l . 

F u r t h e r e v i d e n c e a g a i n s t t he model shows up i n a c o m p a r i s o n o f 

T a b l e s 5 . 4 and 5 . 2 . The re we see t h a t t h e r e i s a ma jo r d i s c r e p a n c y between 

t he e s t i m a t e d V and s e c o n d moment p r o p e r t i e s o f t h e f i t t e d e t ' s . F o r e x a m p l e , 

a c c o r d i n g t o t he e s t i m a t e s r e p o r t e d i n T a b l e 5 . 2 , t he s t a n d a r d d e v i a t i o n o f 

t he i n n o v a t i o n to l o g ( z t ) i s an a s t o u n d i n g 14 .5 p e r c e n t . By c o n t r a s t , t he 

s t a n d a r d d e v i a t i o n o f t he e s t i m a t e d i n n o v a t i o n s t o l o g ( z f c ) i s a more r e a s o n ­

a b l e 1.9 p e r c e n t . I f t he c a l i b r a t e d model were a good r e p r e s e n t a t i o n o f t he 

d a t a , t h e s e r e s u l t s wou ld be s i m i l a r . The n u m e r i c a l l y l a r g e c o r r e l a t i o n 

between t he f i t t e d v 1 and flnrl f i t t e d £2 c o n s t i t u t e s f u r t h e r e v i d e n c e 

a g a i n s t the m o d e l . 

Because t he e s t i m a t e s o f t he i n n o v a t i o n v a r i a n c e s i n T a b l e 5 . 2 

seemed so u n r e a s o n a b l e , f o r s i m u l a t i o n p u r p o s e s I r e p l a c e d them by t he v a l u e s 

r e p o r t e d i n T a b l e 5 . 4 . The l i k e l i h o o d f u n c t i o n c o m p l a i n e d b i t t e r l y a t t h i s 

change , and d ropped t o - 2 4 1 1 2 . 1 0 0 f rom 9 7 1 . 5 0 3 . 

5 c . E s t i m a t i o n R e s u l t s 

I e s t i m a t e d 13 p a r a m e t e r s o f t he model by m a x i m i z i n g t he c o n d i t i o n a l 

l o g l i k e l i h o o d f u n c t i o n , ( 4 . 1 ) . The f r e e p a r a m e t e r s where v , o , 9 , y, V , V y , 

and the t h r e e pa rame te r s i n a and A. The r e s u l t s a r e r e p o r t e d i n t he s e c o n d 

column i n T a b l e 5 . 2 . The pa rame te r v a l u e s o f t h e e s t i m a t e d model d i f f e r f rom 

those o f t he c a l i b r a t e d model i n s e v e r a l i m p o r t a n t r e s p e c t s . F i r s t , n o t e t he 

s u b s t a n t i a l r e d u c t i o n i n t he v a l u e s o f v and o - e l a t i v e t o t h e i r v a l u e s i n 

column 1. The consequence o f t h i s s t h a t i n v e n t o r i e s have been d r i v e n o u t o f 
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the p r o d u c t i o n f u n c t i o n . To see t h i s , r e c a l l t he w e l l - k n o w n r e s u l t t h a t a s v 

goes t o z e r o , [ ( 1 - o ) k ~ w - o i ~ v ] ~ 1 / v goes t o k ' J , i ° . T h e n , a s o goes to 

z e r o , the l a t t e r te rm c o n v e r g e s to k f._^. In a d d i t i o n t o d r i v i n g i n v e n t o r i e s 

ou t o f t he p r o d u c t i o n f u n c t i o n , the e s t i m a t e d model r e d u c e s s u b s t a n t i a l l y t he 

s h a r e o f income g o i n g t o c a p i t a l . The m o d e l ' s e s t i m a t e o f .19 f o r t h i s q u a n ­

t i t y i s c o n s i d e r a b l y l e s s t han what seems p l a u s i b l e f o r t he U . S . economy ( s e e 

f o o t n o t e 2 . 1 ) . 

Ano the r s t r i k i n g d i f f e r e n c e between the c a l i b r a t e d and e s t i m a t e d 

pa ramete r v a l u e s i s t h a t a 2 has a n e g a t i v e s i g n i n t he l a t t e r , i m p l y i n g n e g a ­

t i v e a v e r a g e g r o w t h . The e s t i m a t e d v a l u e o f a 2 / ( 1 - A 2 2 ) i s e x a c t l y what i s 

r e q u i r e d f o r the s t e a d y s t a t e f i r s t o r d e r c o n d i t i o n on i n v e n t o r i e s ( e g . , 

+ 8 r ^ = 0) to h o l d w i t h e q u a l i t y . As no ted i n s e c t i o n 3b, t h i s c o n d i t i o n i s 

assumed i n t he s t e a d y s t a t e c a l c u l a t i o n s . 

The s t e a d y s t a t e i m p l i c a t i o n s o f t he e s t i m a t e d p a r a m e t e r s a r e r e ­

p o r t e d i n co lumn 3 o f T a b l e 5 . 1 . Note t h a t t he c a p i t a l - o u t p u t r a t i o i s abou t 

what i t i s i n t he c a l i b r a t e d m o d e l . T h i s i s because t he e f f e c t s on t he c a p i ­

t a l - o u t p u t r a t i o o f a r e d u c t i o n i n t he v a l u e o f 8 and a 2 / ( 1 - A 2 2 ) a r e o f f s e t ­

t i n g . The d r a m a t i c d i f f e r e n c e between the second and t h i r d co lumns l i e s i n 

t he absence o f i n v e n t o r i e s and the n e g a t i v e g rowth r a t e i n t he l a t t e r . Bo th 

t hese i m p l i c a t i o n s a r e v e r y much a t v a r i a n c e w i t h t he U . S . d a t a . 

T a b l e s 5 .3 and 5 . 4 p r o v i d e an a n a l y s i s o f t h e f i t t e d d i s t u r b a n c e s i n 

the e s t i m a t e d m o d e l . T a b l e 5 .3 shows t h a t t h e r e i s l e s s s e r i a l c o r r e l a t i o n i n 

the f i t t e d d i s t u r b a n c e s than f o r t he c a l i b r a t e d m o d e l . N e v e r t h e l e s s , t h e r e i s 

s t i l l enough s e r i a l c o r r e l a t i o n i n t he f i t t e d o b s e r v a t i o n e r r o r s t o make t he 

n u l l h y p o t h e s i s t h a t they c o r r e s p o n d to an u n d e r l y i n g w h i t e n o i s e i m p l a u s i ­

b l e . In a d d i t i o n , T a b l e 5 .4 shows t h a t the c o r r e l a t i o n s between e. and v a r e 
c c 

n u m e r i c a l l y l a r g e , and p r o b a b l y no t c o n s i s t e n t w i t h t he m o d e l ' s a s s u m p t i o n 

t h a t € and v.. a r e u n c o r r e l a t e d . 
y 1 
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To s u m m a r i z e , t h e r e a p p e a r s to be s u b s t a n t i a l e v i d e n c e a g a i n s t t he 

m o d e l . The e s t i m a t e d model y i e l d s i m p l a u s i b l e pa rame te r e s t i m a t e s and i t s 

f i t t e d d i s t u r b a n c e s d e p a r t f rom the m o d e l ' s a s s u m p t i o n s . In a d d i t i o n , t he 

f a c t t h a t t he p a r a m e t e r s o f t he c a l i b r a t e d and e s t i m a t e d mode ls d i f f e r s o mcuh 

i s a coun t a g a i n s t b o t h o f them. I f t he model were a good a p p r o x i m a t i o n t o 

t he U . S . d a t a , t hen i t s h o u l d no t make s u c h a d i f f e r e n c e whe the r t he pa rame­

t e r s a r e c h o s e n based on f i r s t moment c o n s i d e r a t i o n s a l o n e ( a s i n t he c a l i ­

b r a t e d mode l ) o r based on f i r s t and second moments (as i n t he e s t i m a t e d 

m o d e l ) . H o p e f u l l y , t he d i f f e r e n c e s between t he c a l i b r a t e d and e s t i m a t e d 

mode ls s u p p l i e s c l u e s t o h e l p p roduce a d i a g n o s i s abou t what i s wrong w i t h t he 

m o d e l . P r o v i d i n g s u c h a d i a g n o s i s h e r e i s beyond t he s c o p e o f t h i s p a p e r . 

The dynamic r e s p o n s e o f two v e r s i o n s o f t he c a l i b r a t e d model to an 

i n n o v a t i o n i n t e c h n o l o g y i s g raphed i n F i g u r e s 1-5 . The v e r s i o n l a b e l e d " n o 

n o i s e " i s t he one i n wh ich V v = 0 . The v e r s i o n l a b e l e d " e s t i m a t e d n o i s e " i s 

the one i n w h i c h V v i s a s s i g n e d t he v a l u e s i n T a b l e 5 . 4 . In b o t h v e r s i o n s o f 

t he m o d e l , V i s a s s i g n e d the v a l u e s i n T a b l e 5 . 4 . The f i g u r e s show how t h e 

c a l i b r a t e d model c a p t u r e s t he i n t u i t i o n i n t he i n t r o d u c t i o n . 

The f i g u r e s show the f i r s t 15 q u a r t e r s ' r e s p o n s e s o f z t , h f c , d k f c , 

y t , d i t , and c t t o e 2 t = .019 f o r t = 3 and 0 o t h e r w i s e . The c u r v e s i n t he 

f i g u r e s a r e t he l o g d e v i a t i o n o f t h e s e v a r i a b l e s f rom a b a s e l i n e s c e n a r i o i n 

w h i c h the v a r i a b l e s a r e on a s t e a d y s t a t e g rowth p a t h and e 2 t = 0 f o r a l l t . 

Note the " s p i k e " i n z t . T h i s r e f l e c t s the f a c t t he A 2 2 = - . 0 7 6 , so t h a t o n l y 

92 p e r c e n t o f the i n n o v a t i o n i n t e c h n o l o g y i s permanent ( s e e [ 2 . 7 b ] ) . The 

e f f e c t o f t he shock i s to e v e n t u a l l y pu t z f c on a g rowth p a t h .18 p e r c e n t 

h i g h e r than i f t h e shock had no t o c c u r r e d . Because o f t he b a l a n c e d g r o w t h 

p r o p e r t y o f t he m o d e l , c t , d k f c , d i f c , and y t a l s o e v e n t u a l l y end up .18 p e r c e n t 

h i g h e r . There i s no l o n g run e f f e c t o f the shock on h f . 
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No te t h a t i n t he " e s t i m a t e d n o i s e " v e r s i o n o f t he m o d e l , t h e r e i s 

l i t t l e r e s p o n s e i n h f c ~ a n d hence y f c - - a n d dk f c i n the f i r s t q u a r t e r t o t he 

s h o c k . T h i s r e f l e c t s the f a c t t h a t t he shock i s o n l y i m p e r f e c t l y o b s e r v e d a t 

t he t ime t h e s e d e c i s i o n s a r e made. 
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F o o t n o t e s 

l i - l / T h e t i m e - t o - b u i l d t e c h n o l o g y d e s c r i b e d i n K y d l a n d and P r e s c o t t 

(1982) p r o v i d e s one r e a s o n why a d d i t i o n s t o p l a n t and equ ipment may r e s p o n d 

weak ly to con temporaneous i n n o v a t i o n s i n t a s t e s and t e c h n o l o g y . In t h e i r 

model c u r r e n t a d d i t i o n s t o c a p i t a l depend on d e c i s i o n s t a k e n s e v e r a l p e r i o d s 

e a r l i e r . 

l i ^ F o r e x a m p l e , Deaton ( ) shows t h a t t he s t a n d a r d d e v i a t i o n o f 

an i n n o v a t i o n t o c o n s u m p t i o n i s a f r a c t i o n o f t he s t a n d a r d d e v i a t i o n o f an 

i n n o v a t i o n t o i ncome. 

^ - ^ U n d e r t he a s s u m p t i o n t h a t employed w o r k e r s a r e p a i d t h e v a l u e o f 

t h e i r m a r g i n a l p r o d u c t , (2 .3) i n d i c a t e s t h a t l a b o r ' s s h a r e , ( 1 - 6 ) , i s t he 

r a t i o o f the wage b i l l t o t o t a l g r o s s o u t p u t . A l t h o u g h measurement p r o b l e m s 

make i t d i f f i c u l t t o measure l a b o r ' s s h a r e e x a c t l y u s i n g a g g r e g a t e d a t a , t h e r e 

i s some e v i d e n c e t h a t — r e g a r d l e s s o f how i t i s measured — l a b o r ' s s h a r e i s 

r o u g h l y c o n s t a n t . One way t o measure l a b o r ' s s h a r e under t he a s s u m p t i o n t h a t 

employed p e o p l e a r e p a i d t he v a l u e o f t h e i r m a r g i n a l p r o d u c t i s t o t a k e t he 

r a t i o o f employee c o m p e n s a t i o n p l u s p r o p r i e t o r ' s income to t o t a l g r o s s o u t ­

p u t . I measured t o t a l g r o s s o u t p u t a s GNP p l u s t he imputed r e n t a l v a l u e o f 

t he s t o c k o f consumer d u r a b l e s . (A t i m e s e r i e s on t he l a t t e r was t a k e n f r om 

the d a t a base documented i n 3 r a y t o n and Manskop f [ 1 9 8 5 ] . ) A l l o t h e r c a l c u l a ­

t i o n s i n t h i s f o o t n o t e a r e based on d a t a i n t he Economic R e p o r t o f t he P r e s i ­

den t [1986].) The ave rage v a l u e o f a n n u a l o b s e r v a t i o n s on t h i s r a t i o f o r t he 

p e r i o d 1948-1985 i s 66 p e r c e n t , w i t h a s t a n d a r d d e v i a t i o n o f o n l y 1 p e r c e n t . 

There i s a s l i g h t downward t r e n d i n t h i s s e r i e s . In t he * 9 5 0 ' s i t i s a r o u n d 

67 p e r c e n t , and by t he l a t e 1 9 7 0 ' s and 1 9 8 0 ' s i t i s a b o u t 64 p e r c e n t . N e v e r ­

t h e l e s s , as an a p p r o x i m a t i o n i t seems f a i r to c o n c l u d e t h a t t h i s s e r i e s i s 

r o u g h l y c o n s t a n t . On t he o t h e r h a n d , t h e r e a r e a t l e a s t two p o t e n t i a l s o u r c e s 
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o f measurement e r r o r i n t h i s e s t i m a t e o f l a b o r ' s s h a r e . F i r s t , i n c l u d i n g t h e 

who le o f p r o p r i e t o r ' s income i n the numera to r o v e r s t a t e s l a b o r ' s s h a r e , s i n c e 

some o f t h i s r e p r e s e n t s r e t u r n on c a p i t a l . On t h e o t h e r h a n d , t he wage b i l l 

i s u n d e r s t a t e d by a s s i g n i n g t he who le o f t he d i s c r e p a n c y between n a t i o n a l 

income and n e t n a t i o n a l p r o d u c t (NNP-NI ) t o c a p i t a l ' s s h a r e . A l t e r n a t e l y 

d e l e t i n g p r o p r i e t o r ' s i ncome, and then a d d i n g NNP-NI t o my b a s e measure o f 

l a b o r ' s s h a r e , I g e t measures o f a v e r a g e l a b o r ' s s h a r e o f 57 ( 2 ) and 75 ( 1 ) 

p e r c e n t , r e s p e c t i v e l y . (Numbers i n p a r e n t h e s i s a r e s t a n d a r d d e v i a t i o n s . ) 

T h u s , a l t h o u g h t h e s e — a d m i t e d l y c r u d e — c a l c u l a t i o n s p l a c e l a b o r ' s s h a r e some­

where i n t he r a t h e r l a r g e range o f 57 to 75 p e r c e n t , wha teve r method I u s e 

r e s u l t s i n a r o u g h l y c o n s t a n t s h a r e t ime s e r i e s . So low [1957 , T a b l e 1] r e ­

p o r t s s h a r e d a t a f o r t he p e r i o d 1909 -1948 . T h a t s e r i e s i s a l s o c l o s e t o 

c o n s t a n t , and c l o s e t o my guess o f 66 p e r c e n t . 

p p / 

=-!=•' I t s h o u l d be emphas i zed t h a t t he r o l e o f i n v e n t o r i e s i n t h i s 

model i s no t l i m i t e d t o t he d i r e c t one v i a t he p r o d u c t i o n f u n c t i o n . As w i l l 

be e v i d e n t l a t e r , i n v e n t o r i e s a l s o p l a y a r o l e i n s m o o t h i n g t h e impac t on 

p r o d u c t i o n o f t a s t e s h o c k s and i n s m o o t h i n g t he impac t o f t e c h n o l o g y s h o c k s on 

c o n s u m p t i o n . In a d d i t i o n to t h e s e r o l e s , w h i c h a r e s i m i l a r t o t h e ones p l a y e d 

by f i x e d c a p i t a l , i n v e n t o r i e s p l a y t he r o l e o f a r e s i d u a l . T h i s p a p e r a r g u e s 

t h a t the l a t t e r f u n c t i o n o f i n v e n t o r i e s i s key to u n d e r s t a n d i n g t he l a r g e 

f l u c t u a t i o n s i n i n v e n t o r y i n v e s t m e n t . 

i - ^ T h e a s s u m p t i o n t h a t employment g rowth i s c o n s t a n t i s no t a good 

one f o r the p o s t war U n i t e d S t a t e s . A d e t a i l e d d i s c u s s i o n o f t h i s a p p e a r s i n 

Append i x A . 

^ - ^ / / T h e s e s h o c k s a r e measured u s i n g t he So low [ 1957 ] ' s method o f 

decompos ing o u t p u t g rowth i n t o p a r t s due t o g rowth i n f a c t o r i n p u t s and a 

r e s i d u a l . The r e s i d u a l i s i n t e r p r e t e d a s a t e c h n o l o g y s h o c k . F o r a r e c e n t 

d i s c u s s i o n o f t h i s , s e e P r e s c o t t [ 1 9 8 6 ] . 
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=^2 'The a v e r a g e o f a v e r a g e week ly h o u r s i n m a n u f a c t u r i n g o v e r t h i s 

p e r i o d was 4 0 . 2 h o u r s pe r week and a p p e a r s t o be t r e n d l e s s . O f t he v a r i a n c e 

i n a v e r a g e week ly h o u r s , a l i t t l e o v e r 70 p e r c e n t i s a c c o u n t e d f o r by v a r i a n c e 

i n a v e r a g e o v e r t i m e h o u r s , wh i ch a v e r a g e s o n l y t h r e e h o u r s a week, and w h i c h 

i s c l o s e t o u n c o r r e l a t e d w i t h s t r a i g h t t ime h o u r s . (The s t a n d a r d d e v i a t i o n o f 

o v e r t i m e h o u r s i s abou t 31 m i n u t e s pe r week . ) Ave rage w e e k l y h o u r s o f a l l 

n o n a g r i c u l t u r a l w o r k e r s has d e c l i n e d s i g n i f i c a n t l y s i n c e t h e 1 9 4 0 ' s , f rom 40 

h o u r s pe r week to abou t 35 i n t he 1 9 8 0 ' s . On the o t h e r h a n d , t he s t a n d a r d 

d e v i a t i o n o f t h i s s e r i e s ' s d e v i a t i o n f rom a t r e n d l i n e i s a l s o t i n y . (The 

d a t a u n d e r l y i n g the d i s c u s s i o n i n t h i s f o o t n o t e were t a k e n f rom economic 

R e p o r t o f t he P r e s i d e n t [ 1986 , p. 3 0 0 ] . ) 

^ - ^ M o r e b a s i c a l l y , I wou ld f i r s t have t o t a k e a s t a n d on w h i c h o f 

the two i n t e r p r e t a t i o n s o f ( 2 . 5 ) d e s c r i b e d i n t he t e x t t o c h o o s e . I f a t t h i s 

s t a g e , G . H a n s e n ' s i n t e r p r e t a t i o n were c h o s e n , t hen I wou ld have t o d e c i d e 

between a t l e a s t two p o s s i b l e marke t s t r u c t u r e s . In H a n s e n ' s m o d e l , w o r k e r s 

choose t o i n s u r e t h e m s e l v e s a g a i n s t t he e v e n t o f b e i n g l a i d o f f . Under one 

marke t s t r u c t u r e , f i r m s s u p p l y t he i n s u r a n c e , w h i l e under t h e a l t e r n a t i v e , an 

i n s u r a n c e company does s o . When f i r m s s u p p l y unemployment i n s u r a n c e , t he wage 

p a i d to employed p e r s o n s i s t he v a l u e o f t h e i r m a r g i n a l p r o d u c t , m inus t he 

c o s t f o r i n s u r a n c e . When a s e p a r a t e i n s u r a n c e company s u p p l i e s unemployment 

i n s u r a n c e , employed p e o p l e a r e p a i d t he v a l u e o f t h e i r m a r g i n a l p r o d u c t . 

Hansen shows t h a t t h e s e two marke t s t r u c t u r e s have the same i m p l i c a t i o n s f o r 

e q u i l i b r i u m q u a n t i t i e s . 

i i - l / l n f a c t , Append ix B o n l y c o v e r s t he c a s e i n w h i c h V v = 0 , i . e . , 

t h e r e i s no o b s e r v a t i o n e r r o r . In t h i s c a s e , d e . D ( e t + v f c ) = d £ e , . . The p r e s e n c e 

o f the D ( e t + v t ) term a r i s e s i n t he V y * 0 c a s e b e c a u s e t h i s i s t he b e s t e s t i ­

mate o f e*., g i v e n w and w,. ... 
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T a b l e 5 . ' . 

Mode l and Sample A v e r a g e s -

Sample Ave rage 
5 6 . 3 - 8 4 . 1 

C a l i b r a t e d 
Mode l 2 - ' 

E s t i m a t e d 
M o d e l i 7 

. 72 
( . 0 1 7 ) ^ 

.729 .91 

( k t - 9 7 8 8 k t _ 1 ) / y t . 27 
( .013) 

.264 .09 

( i t - i t _ 1 / 1 . 0 0 3 2 4 ) / y t .006 
( . 0 0 7 ) 

.006 0 . 

10 .58 
( . 4 4 ) 

10 .85 10.57 

.90 
( . 0 4 7 ) 

.97 . 

\ 320 .4 
( 7 . 7 0 ) 

321.6 4 6 5 . 0 

( c t - e t _ l ) / c f c _ 1 .0039 
( . 0 0 5 6 ) 

.0032 - . 013 

( y t - y t - i ) 7 y t - i .0041 
( . 0 1 1 5 ) 

.0032 - . 013 

< k t - k t - i ) / k t - i .0046 
( . 0 0 2 1 ) 

.0032 - . 0 1 3 

.0042 
( . 0 0 8 2 ) 

.0032 - . 0 1 3 

( h t - h t - i ) / h t - i .00042 
( . 0 1 5 0 ) 

0 . 0 0 . 0 

- ^Rows 1-3 do no t add t o 1 due t o r o u n d i n g . 

- Pa rame te r v a l u e s u n d e r l y i n g t h e s e r e s u l t s a r e r e p o r t e d i n co lumn 

1, T a b l e 5 . 2 . 

^ P a r a m e t e r v a l u e s u n d e r l y i n g t h e s e r e s u l t s a r e r e p o r t e d i n co lumn 

2 , T a b l e 5 . 2 . 

-•^Numbers i n p a r e n t h e s e j -e samp le s t a n d a r d d e v i a t i o n s . 
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T a b l e 5 . 2 

Pa rame te r and L i k e l i h o o d V a l u e s 

C a l i b r a t e d M o d e l - / E s t i m a t e d M o d e l 2 / 

P a r a m e t e r ( s t a n d a r d 
V a l u e e r r o r ) P a r a m e t e r V a l u e 

6 .99 .99 

n 1.00324 1.00324 

6 .018 .018 

V 4 .00338 

9 .39 .19 

a .28 * 1 0 " 5 .92 * 10~ 1 

Y .0026 .0019 

A 2 2 - . 0 7 6 - .216 

a 2 .0035 - . 0 1 6 

ft11 .986 ( . 0 0 2 5 ) .957 

v 1 1 ( . 1 1 1 ) 2 ( . 0 0 1 5 ) ( . 0 3 0 ) 2 

V 1 2 - . 0 1 4 (.0019) - . 0 0 0 2 6 

V 2 2 ( . 1 4 5 ) 2 ( . 0 0 2 8 ) ( . 0 3 3 ) 2 

V v , 1 1 ( . 0 6 3 ) 2 ( . 00050 ) ( . 0 0 7 0 ) 2 

V v , 1 2 - . 0 0 4 4 (.00060) .0012 

V v , 2 2 ( . 0 8 2 ) 2 ( . 00090 ) ( . 0 1 7 3 ) 2 

[2> 9 7 1 . 5 0 3 1785.94 

7 

- The f i r s t 9 p a r a m e t e r v a l u e s o b t a i n e d as d e s c r i b e d i n 

S e c t i o n 5 . b . The n e x t 7 p a r a m e t e r v a l u e s m a x i m i z e ( 4 . 1 ) . The 

c o r r e s p o n d i n g s t a n d a r d e r r o r s appea r i n p a r e n t h e s e s . 

- V a l u e o f ( 4 . 1 ) a t pa rame te r v a l u e s r e p o r t e d a b o v e . 

^ T h e f i r s t 3 pa rame te r v a l u e s o b t a i n e d a s d e s c r i b e d i n 

S e c t i o n 5 .6 . The n e x t 13 o b t a i n e d by m a x i m i z i n g ( 4 . 1 ) . S t a n d a r d 

e r r o r s a r e no t r e p o r t e d , s i n c e t he e s t i m a t e o f a l i e s on a bound ­

a r y . 
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T a b l e 5 . 3 

A u t o c o r r e l a t i o n s o f F i t t e d R e s i d u a l s -

V a r i a b l e 2 3 

L a 6  

4 5 6 7 3 s . e . 3 7 

C a l i b r a t e d M o d e l 2 - 7 

-;1 - . 2 5 .00 .01 .01 - . 2 1 .15 - . 1 1 - . 0 1 .09 

; 2 - . 0 2 .07 . 03 - . 0 1 - . 1 3 - . 0 1 - . 0 9 -.01 .09 

V 1 .89 .76 . 63 .49 .35 .25 .20 .17 • 09 

v 2 .96 .89 .81 .73 .66 .59 . 53 . 4 8 .09 

E s t i m a t e d M o d e l ^ 7 

e 1 - . 2 2 .21 . 10 - . 0 0 - .01 .03 .03 - . 0 5 .09 

6 2 - . 0 2 .05 .04 .03 - . 0 8 - . 0 4 - . 0 6 .04 .09 

v 1 .61 .60 .55 .51 .40 .31 . 25 .26 .09 

v 2 .67 .65 .60 .56 .46 .38 .32 .32 -09 

p l i e d by 

- ^ R e s i d u a l s a r e 

p a r a m e t e r v a l u e s 

t he v a l u e s o f e t and 

r e p o r t e d i n T a b l e 5 . 2 

v t f o r 

and by 

t = 1956 .3 -1984 

U . S . d a t a on k 

. 1 i m -

f 1 t ' 

y t , and h f c ( s e e S e c t i o n 4 f o r d e t a i l s ) . 

- ' U n d e r l y i n g pa rame te r v a l u e s r e p o r t e d i n co lumn 1, T a b l e 5 . 2 . 

^ S t a n d a r d e r r o r under t he n u l l h y p o t h e s i s o f w h i t e n o i s e . 

- ^ U n d e r l y i n g p a r a m e t e r v a l u e s r e p o r t e d i n co lumn 2 , T a b l e 5 . 2 . 



T a b l e 5 .4 

C o v a r i a n c e / C o r r e l a t i o n M a t r i x 

o f F i t t e d R e s i d u a l s - ' 

E 1 e 2 v 1 v 2 

C a l i b r a t e d M o d e l - 7 

e1 .015 - . 6 0 . 13 - . 0 8 1 

£ 2 - . 0 0 0 1 8 .019 - . 4 6 9 .213 

v 1 .00009 - . 0 0 0 4 .046 - . 6 4 6 

v 2 - . 0 0 0 0 9 .0003 - . 0 0 2 3 .076 

E s t i m a t e d M o d e l ^ 

E1 .011 - . 4 5 9 .364 .337 

e 2 - . 0 0 0 0 8 .016 - . 6 3 5 - . 5 9 6 

M .00004 - . 0 0 0 0 9 .009 . 995 

v 2 .00008 - . 0 0 0 2 .0002 .023 

1 / 
- N u m b e r s be low the d i a g o n a l a r e c o v a r i a n c e s Numbers 

above t h e d i a g o n a l a r e c o r r e l a t i o n s . Numbers on t he d i a g o n a l a r e 

s t a n d a r d d e v i a t i o n s . 

? / 
- U n d e r l y i n g p a r a m e t e r v a l u e s r e p o r t e d i n co lumn 1, 

T a b l e 5 . 2 

^ U n d e r l y i n g pa rame te r v a l u e s r e p o r t e d i n co lumn 2 , 

T a b l e 5 . 2 . 
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T a b l e 5 . 5 

Reduced Form P a r a m e t e r s -

C a l i b r a t e d M o d e l ? 7 E s t i m a t e d M o d e l ^ 7 

i » 
s 

= 7 .261 i * = 
s 

- 1 8 . 5 0 0 

k* 
s 

= 9 . 6 7 5 k* = 
s 

9 .051 

h* 
3 

= 5 . 7 7 3 h* = 
s 

6 .142 

l 8 = - . 6 9 1 l 5 = 
-21695598.018 

L* 
i 

= ( 1 0 . 2 8 9 , .923) i * = ( 6 8 3 7 5 7 7 7 . 9 3 , .000073) 

i * 
w 

= ( - . 3 5 8 , - 10.236) i * = 
w 

( - 4 4 4 2 2 6 4 . 1 8 , -68795363.97) 

i * 
e 

= ( - . 3 6 3 , - . 694 ) L« = ( - 4 6 4 1 9 7 . 8 0 , 1941875 .76 ) 

l 5 
= ( - 1 0 . 4 9 8 , .572) 

L 3 = 
( - 6 9 5 8 9 4 9 7 . 0 2 , 5171975 .92) 

d 6 = ( .790, 9 . 975) d o = ( . 6 2 4 , 12 .35 ) 

d i 

.862 

- . 3 7 8 

.0753 

- . 0 7 5 4 
d 1 = 

.930 .9 x 1 0 ~ 1 2 

- . 6 8 6 - . 2 x 1 0 " 1 1 

d 
w 

.039 

1.173 

- . 8 6 7 

.338 
d = w 

.018 - . 9 5 5 

1.079 .425 

d 
e 

.030 

.881 

.050 

.381 
d = 

e 

- . 0 0 2 5 . 089 

.852 .816 

- ' T h e reduced form o f t he model i s d e f i n e d by (3.9) and ( 3 . 1 0 ) . 

- C o r r e s p o n d s t o pa rame te r v a l u e s i n T a b l e 5 . 2 , co lumn 1. 

^ ^ C o r r e s p o n d s t o p a r a m e t e r v a l u e s i n T a b l e 5 . 2 , co lumn 2 . 



- 33 -

T a b l e 6.1 

S t a n d a r d D e v i a t i o n o f One Q u a r t e r Growth R a t e s (a ) and 

C o r r e l a t i o n s o f One Q u a r t e r Growth R a t e s W i t h O u t p u t (b) 

f o r U . S . and Model 

U . S . D a t a C a l i b r a t e d M o d e l l / 

(a ) (b) (a ) (b ) 

O u t p u t .012 .015 
( . 0 0 1 ) 

Consumpt ion .007 .54 .007 
( . 0 0 0 4 ) 

.50 
( . 0 8 5 ) 

I nves tmen t . 0 2 3 .69 .070 
( . 0 0 7 ) 

- . 1 0 
( . 0 8 8 ) 

Hours . 0 1 5 .40 .015 
( . 0 0 1 ) 

.61 
( . 0 5 8 ) 

I ' T h e u n d e r l y i n g model p a r a m e t e r v a l u e s a r e t h o s e i n 

co lumn 1, T a b l e 5 . 2 , e x c e p t V , V v , w h i c h were t a k e n f rom T a b l e 

5 . 4 . 
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T a b l e 6 . 2 

Ave rage A b s o l u t e Q u a r t e r l y Change 

R e l a t i v e to O u t p u t 

U . S . Da ta 

( D 

- C a l i b r a t e d M o d e l - -

(2) (3) 

E s t i m a t e d H i g h Low 

N o i s e - 1 7 N o i s e N o i s e 

Ou tpu t .0098 .012 
( . 0 0 0 9 ) - 7 

.012 
( .0009) 

.012 
( . 0 0 0 8 ) 

Consumpt ion .0046 .0046 
( . 0 0 0 4 ) 

.0046 
( . 0 0 0 4 ) 

.0046 
( . 0005) 

Inves tmen t .0046 .015 
( . 0 0 1 2 ) 

.015 
(.0013) 

. 0095 
( . 0 0 0 8 ) 

I n v e n t o r y I nves tmen t .0050 .019 
( . 0 0 1 7 ) 

.019 
(.0019) 

.002 
( . 0 0 0 1 8 ) 

L i k e l i h o o d V a l u e NA -24112 .10 - 3 0 5 7 7 3 5 2 1 1 . 3 — CO 

- See n o t e 3 , T a b l e 6 . 3 . 

- ' S t a n d a r d d e v i a t i o n a c r o s s 100 model s i m u l a t i o n s . 

l v a l u e o f L i n (4.1) a t t he i n d i c a t e d p a r a m e t e r v a l u e s . Mode l (3 ) 

h a s L = °° s i n c e t h e r e i s a s t o c h a s t i c s i n g u l a r i t y i n t h i s c a s e . 
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T a b l e 6 . 3 

V o l a t i l i t y 1 / 

U . S . Da ta C a l i b r a t e d Mode l 

(1 ) (2 ) 

E s t i m a t e d H i g h 

N o i s e - ' N o i s e 

2 / 

( 3 ) 

No 

N o i s e 

O u t p u t ^ ' .0098 
• 0 1 2 4 / 

( . 0 0 0 9 ) -
.012 

(.0009) 
.012 

( .0008) 

Consumpt ion .65 . 5 2 3 
( . 0 5 0 ) 

.516 
( . 0 4 9 ) 

.538 
( . 0 5 6 ) 

Inves tmen t 1.74 4 . 5 7 
( .49) 

4 . 6 2 
( . 473 ) 

3 . 0 9 
( . 2 4 ) 

I n v e n t o r y I nves tmen t 81.39 2 6 5 . 7 0 
( 7 4 . 0 9 ) 

273 .03 
( 7 6 . 7 5 ) 

29 .71 
(7 .23) 

L i k e l i h o o d V a l u e d 7 NA - 2 4 1 1 2 . 1 0 3057735211 .3 — CO 

— Row 1: Average a b s o l u t e q u a r t e r l y change i n o u t p u t r e l a t i v e t o 
o u t p u t . Rows 2 - 4 : L e t x d e n o t e one o f t he v a r i a b l e s i n rows 2 -4 o f t h e l e f t 
co lumn ( i . e . , x = c o n s u m p t i o n , i n v e s t m e n t , o r i n v e n t o r y i n v e s t m e n t ) , and l e t y 
deno te o u t p u t . On a g i v e n model s i m u l a t i o n , t he v o l a t i l i t y o f x , V x ( s a y ) , 
was computed a s t he r a t i o o f two s t a t i s t i c s , d e n o t e d v x and v,, . H e r e , 

T 
v x = III 

x t=1 V x t -

T 

J / y J / I ( v y 
c t=1 c 

T 
) and v = I 

y t= 1 I V y t - l ' / y f 

Then V x = v x / v y . 

- U n d e r l y i n g model p a r a m e t e r v a l u e s a r e t h o s e g i v e n i n T a b l e 5 . 2 ; 
and V was t a k e n f rom T a b l e 5 . 4 . In c a s e ( 1 ) , V v was t a k e n f r om T a b l e 5 . 4 . In 
c a s e ( 2 ) , V v = 5 0 0 I 2 , where I 2 i s t he two d i m e n s i o n a l i d e n t i t y m a t r i x . In 
c a s e ( 3 ) , V v = 0 . 

2 ' H i g h n o i s e : V y = 5 0 0 I 2 , V t a k e n f rom T a b l e 5 . 4 . E s t i m a t e d 
n o i s e : V v , V b o t h t a k e n f r om T a b l e 5 . 4 . No n o i s e : V„ = 0 , V t a k e n f r om 
T a b l e 5 . 4 . 

- ' s t a n d a r d d e v i a t i o n a c r o s s 100 model s i m u l a t i o n s . 

- ' v a l u e o f L i n ( 4 . 1 ) a t t he i n d i c a t e d p a r a m e t e r v a l u e s . Mode l (3 ) 
has L = - » s i n c e t h e r e i s a s t o c h a s t i c s i n g u l a r i t y i n t h i s c a s e . 



Append i x A : D a t a 

F o l l o w i n g i s a d i s c u s s i o n o f t he d a t a used i n t h i s p r o j e c t . 

Q u a l i t y A d j u s t e d , Work i ng Age P o p u l a t i o n 

Da ta on t he t o t a l male and f e m a l e w o r k i n g age p o p u l a t i o n were o b ­

t a i n e d f rom the Chase E c o n o m e t r i c s U . S . Macroeconomic d a t a b a s e . The w o r k i n g 

aged p o p u l a t i o n was d e f i n e d as ma les and f e m a l e s aged 15 to 6 4 . The Chase 

mnemonics f o r t hese d a t a a r e ANPTMT1519, ANPTMT2024, ANPTMT6064, and 

ANPTFT1519, ANPTFT2024, ANPTFT6064, r e s p e c t i v e l y , and they were most 

r e c e n t l y r e v i s e d on A p r i l 2 8 , 1986. The d a t a a r e a v a i l a b l e on an a n n u a l 

b a s i s , and r e p r e s e n t e s t i m a t e s o f t h e p o p u l a t i o n on J u l y 1. 

The model o f t h i s p a p e r a b s t r a c t s f r om the e f f e c t s o f changes i n 

human c a p i t a l on l a b o r p r o d u c t i v i t y . However , t he human c a p i t a l o f t he a v e r ­

age w o r k e r i n the p o s t - w a r p e r i o d has n o t been c o n s t a n t . In an a t t e m p t to 

a d j u s t f o r t h i s , I o b t a i n e d a q u a l i t y a d j u s t e d w o r k i n g age p o p u l a t i o n by 

w e i g h t i n g each a g e - s e x g roup by i t s a v e r a g e wage i n t he 1 9 7 0 ' s . The w e i g h t s , 

w h i c h were s t a n d a r d i z e d on m a l e s aged 35 to 4 4 , were t a k e n f r om Hansen ( 1 9 8 4 ) , 

and a r e a s f o l l o w s : 

T a b l e A1 

Ages M a l e s Fema les 

15-19 .44 .4 

2 0 - 2 4 .61 .51 

25 -34 .86 .64 

35 -44 1.0 .63 

45 -54 1.01 .62 

55-64 

The g r o s s g r o w t h r a t e i n t he q u a l i t y a d j u s t e d (GWEIT) and u n a d j u s t e d (GUNWT) 

w o r k i n g aged p o p u l a t i o n s a r e g r a p h e d i n F i g u r e 1A. The r e s u l t s t h e r e show 
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t h a t a d j u s t i n g t he d a t a a l o n g a g e - s e x l i n e s does n o t have a s u b s t a n t i a l e f f e c t 

on t he numbers . Darby (1984) a r g u e s t h a t t he d a t a ough t to be a d j u s t e d f o r 

e d u c a t i o n l e v e l s and i m m i g r a t i o n f l o w s . T h i s f u r t h e r a d j u s t m e n t may be w o r t h 

e x p l o r i n g , howeve r , I have no t done s o . 

Q u a r t e r l y o b s e r v a t i o n s on t he q u a l i t y a d j u s t e d w o r k i n g age p o p u l a ­

t i o n were o b t a i n e d by l o g - l i n e a r l y i n t e r p o l a t i n g t he a n n u a l d a t a . The c a l ­

c u l a t i o n s were c a r r i e d ou t t r e a t i n g t he a n n u a l o b s e r v a t i o n s a s t h i r d q u a r t e r 

o b s e r v a t i o n s . 

S e v e r a l f e a t u r e s o f the d a t a s t a n d o u t . F i r s t , a s i s p l a i n f r om 

F i g u r e 1A, t hey do no t s a t i s f y t he c o n s t a n t g r o w t h a s s u m p t i o n i n t he t e x t . 

T h i s i s c o n f i r m e d by t he numbers i n T a b l e 2A . 

T a b l e 2 A : P e r c e n t Annua l Growth R a t e , Work i ng Age P o p u l a t i o n 

Not A d j u s t e d 

.9 ( . 1 9 ) 

1.5 ( . 3 5 ) 

1.3 ( -43 ) 

Numbers i n p a r e n t h e s i s i n T a b l e 2A a r e s t a n d a r d d e v i a t i o n s , i n p e r c e n t 

t e r m s . The g r o w t h r a t e o f t he q u a l i t y a d j u s t e d w o r k i n g age p o p u l a t i o n a p ­

p r o x i m a t e l y d o u b l e d i n t he 1 9 7 0 ' s and 1 9 8 0 ' s o v e r what i t was i n t he 1 9 5 0 ' s . 

I n t e r e s t i n g l y , t he r e s u l t s a r e b a s i c a l l y t he same f o r t he u n a d j u s t e d w o r k i n g 

aged p o p u l a t i o n . 

A second i m p o r t a n t f e a t u r e o f t he w o r k i n g age p o p u l a t i o n i s t h a t 

t hey behave v e r y d i f f e r e n t l y f rom d a t a on the p o p u l a t i o n a s a w h o l e . D a t a on 

t he t o t a l p o p u l a t i o n , i n c l u d i n g armed f o r c e s o v e r s e a s , were o b t a i n e d f r om the 

Chase E c o n o m e t r i c s d a t a b a s e (mnemonic N P T ) . From the p e r i o d 1952 to 1961 , 

t h i s d a t a d i s p l a y an a v e r a g e a n n u a l g rowth r a t e o f 1.7 p e r c e n t , w i t h s t a n d a r d 

1952-1961 

1970-1984 

1949-1984 

Q u a l i t y A d j u s t e d 

.85 ( . 0 7 ) 

1.6 ( . 1 9 ) 

1.3 ( . 3 6 ) 
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e r r o r .07 p e r c e n t . F o r the p e r i o d 1970 t o 1984, t he a v e r a g e g r o w t h r a t e was 1 

p e r c e n t w i t h s t a n d a r d e r r o r .1 p e r c e n t . T h u s , t he p a t t e r n o f g r o w t h i n t he 

w o r k i n g age p o p u l a t i o n i s o p p o s i t e t o t h a t o f t he p o p u l a t i o n a s a w h o l e . T h i s 

p r o b a b l y r e f l e c t s the l a r g e number o f b i r t h s s h o r t l y a f t e r t he w a r , w h i c h 

showed up i n t he t o t a l p o p u l a t i o n i m m e d i a t e l y , bu t o n l y w i t h a l a g i n t he 

w o r k i n g age p o p u l a t i o n . Because o f t h i s , t he t ime s e r i e s b e h a v i o r o f e c o n o m i c 

v a r i a b l e s i n pe r c a p i t a te rms a r e s e n s i t i v e to the c h o i c e o f p o p u l a t i o n d a t a 

u s e d . 

A t h i r d f e a t u r e o f t h i s p o p u l a t i o n d a t a i s t h a t t he g r o w t h i n t o t a l 

p o p u l a t i o n e x h i b i t s s u b s t a n t i a l s e a s o n a l i t y , w i t h g rowth b e i n g e s p e c i a l l y h i g h 

i n t h e f i r s t few months o f t he y e a r . O b v i o u s l y my i n t e r p o l a t e d q u a l i t y a d ­

j u s t e d w o r k i n g age p o p u l a t i o n d a t a do n o t e x h i b i t s u c h s e a s o n a l i t y , a l t h o u g h 

t he a c t u a l w o r k i n g age p o p u l a t i o n p r o b a b l y d o e s . The a b s e n c e o f s e a s o n a l i t y 

i n my w o r k i n g age p o p u l a t i o n d a t a i s c o n s i s t e n t w i t h t he f a c t t h a t a l l o t h e r 

d a t a used i n t h i s p r o j e c t have been s e a s o n a l l y a d j u s t e d . 

C a p i t a l S t o c k and Inves tmen t 

I nves tmen t f o r t he p u r p o s e o f t h i s p r o j e c t i s d e f i n e d a s r e a l c o n ­

sumer p u r c h a s e s o f d u r a b l e goods (ECD) p l u s r e a l g r o s s p r i v a t e f i x e d d o m e s t i c 

i n v e s t m e n t ( I F I X E D ) , p l u s r e a l government ( f e d e r a l , s t a t e and l o c a l ) i n v e s t ­

ment , i n c l u d i n g i n v e s t m e n t i n t he m i l i t a r y ( I G I M V E S T ) . ECD and IF IXED a r e a s 

r e p o r t e d i n T a b l e 1.2 o f the S u r v e y o f C u r r e n t B u s i n e s s ( S C B ) . A n n u a l o b s e r ­

v a t i o n s on IGINVEST were p r o v i d e d t o me by John Musgrave o f t he B u r e a u o f 

Economic A n a l y s i s . The IGINVEST d a t a a r e a r e v i s e d and u p d a t e d v e r s i o n o f t he 

government i n v e s t m e n t d a t a d i s c u s s e d i n Musgrave [ 1 9 8 0 ] . Q u a r t e r l y o b s e r v a ­

t i o n s i n IGINVEST were o b t a i n e d u s i n g t he i n t e r p o l a t i o n by r e l a t e d s e r i e s 

method o f Chow and L i n ( 1 9 7 2 ) . The r e l a t e d s e r i e s used f o r t h i s p u r p o s e were 

ECD, IGD82, a c o n s t a n t and a l i n e a r t r e n d . ( IGD82 i s g r o s s p r i v a t e d o m e s t i c 

i n v e s t m e n t , a s r e p o r t e d i n T a b l e 1.2 o f S C B . ) 
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The a g g r e g a t e i n v e s t m e n t d a t a were c o n v e r t e d to pe r c a p i t a te rms by 

d i v i d i n g by t he q u a l i t y a d j u s t e d w o r k i n g age p o p u l a t i o n . 

A n n u a l , end o f y e a r c a p i t a l s t o c k d a t a were o b t a i n e d f rom the J a n u ­

a r y , 1986 SCB, T a b l e s 4 , 8 , 12, 16, 2 0 , f ound on pages 5 9 - 7 5 . These d a t a were 

used to o b t a i n a t i m e s e r i e s on t he 1982 d o l l a r v a l u e o f the n e t s t o c k o f 

c a p i t a l . The d a t a a r e t he sum o f f i x e d n o n r e s i d e n t i a l c a p i t a l ( p r i v a t e , 

f e d e r a l , s t a t e and l o c a l ) , p l u s t he s t o c k o f d u r a b l e goods h e l d by c o n s u m e r s , 

p l u s t he s t o c k o f government and p r i v a t e l y h e l d r e s i d e n t i a l c a p i t a l . F o r 

f u r t h e r d e t a i l s abou t t h i s d a t a , t he r e a d e r i s r e f e r r e d to the d a t a s o u r c e . 

Some d e t a i l s abou t t he c o m p o s i t i o n o f t he c a p i t a l s t o c k a r e o f 

i n t e r e s t . F i r s t , t he a v e r a g e v a l u e o f t he c a p i t a l t o q u a r t e r l y GNP r a t i o i n 

t he p e r i o d 1955 Q U I to 1984 QI i s 1 2 . 8 , w i t h a s t a n d a r d d e v i a t i o n o f . 5 . 

( H e r e , GNP i s d e f i n e d as GNP a c c o r d i n g t o N a t i o n a l Income a c c o u n t s t a n d a r d s , 

p l u s the s e r v i c e s o f consumer d u r a b l e s , m inus n e t e x p o r t s . ) A t t h e end o f 

1984, t he a g g r e g a t e ne t s t o c k o f c a p i t a l was $ 9 , 7 9 9 b i l l i o n , i n 1982 d o l ­

l a r s . Of t h i s , 35 p e r c e n t was p r i v a t e equ ipmen t and s t r u c t u r e s , consumer 

d u r a b l e s were 13 p e r c e n t , p u b l i c and p r i v a t e r e s i d e n t i a l c a p i t a l was 32 p e r ­

c e n t and government equ ipment and s t r u c t u r e s was 20 p e r c e n t . 

S i n c e t he c a p i t a l d a t a i n the SCB a r e a n n u a l , t hey had t o be c o n ­

v e r t e d t o q u a r t e r l y o b s e r v a t i o n s . Q u a r t e r l y o b s e r v a t i o n s on consumer d u r a b l e s 

and p r i v a t e equ ipment and s t r u c t u r e s were o b t a i n e d f rom the MPS model d a t a 

b a s e . ( T h i s i s documented i n B r a y t o n and Manskopf [ 1 9 8 5 ] . ) Da ta on t he 

p r i v a t e s t o c k o f r e s i d e n t i a l c a p i t a l were a l s o o b t a i n e d f rom the MPS d a t a 

b a s e . These d a t a , t o g e t h e r w i t h a c o n s t a n t and l i n e a r t r e n d were used t o 

i n t e r p o l a t e t he a n n u a l p u b l i c and p r i v a t e s t o c k o f r e s i d e n t i a l c a p i t a l d a t a i n 

the SCB. (The method o f i n t e r p o l a t i o n by r e l a t e d s e r i e s due t o F e r n a n d e z 

[1981] was used f o r t h i s . ) A q u a r t e r l y s e r i e s on government equ ipmen t and 
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s t r u c t u r e s was o b t a i n e d by l o g - l i n e a r l y i n t e r p o l a t i n g t he a n n u a l d a t a t a k e n 

f rom the SCB. 

F i n a l l y , a q u a r t e r l y pe r c a p i t a d a t a s e r i e s on t he a g g r e g a t e s t o c k 

o f c a p i t a l was o b t a i n e d by a d d i n g t he i n d i v i d u a l components and d i v i d i n g t he 

r e s u l t by t h e q u a l i t y a d j u s t e d , w o r k i n g age p o p u l a t i o n . 

The d e p r e c i a t i o n r a t e on c a p i t a l , d , p l a y s an i m p o r t a n t r o l e i n t h i s 

paper f o r two r e a s o n s . F i r s t , i t i s a p a r a m e t e r o f t he model s o t h a t t he 

v a l u e i t i s a s s i g n e d has i m p l i c a t i o n s f o r t he a v e r a g e c a p i t a l t o o u t p u t r a t i o 

and o t h e r endogenous q u a n t i t i e s . S e c o n d , i n o r d e r t o deduce my m o d e l ' s i m p l i ­

c a t i o n s f o r c a p i t a l i n v e s t m e n t , I have t o q u a s i f i r s t d i f f e r e n c e t he c a p i t a l 

s t o c k s e r i e s t h a t i t g e n e r a t e s , u s i n g some v a l u e f o r 6 . 

Based on my e x a m i n a t i o n o f the c a p i t a l s t o c k d a t a , I d e c i d e d t o s e t 

6 = . 0 1 8 , w h i c h i s 7 .4 p e r c e n t a n n u a l l y . T h i s i s l o w e r t han t he numbers used 

by o t h e r r e s e a r c h e r s . ( F o r e x a m p l e , K y d l a n d and P r e s c o t t [1982] assume 10 

p e r c e n t a n n u a l d e p r e c i a t i o n . ) The r e a s o n I d i d t h i s was t h a t key t ime s e r i e s 

p r o p e r t i e s o f t h e a c t u a l i n v e s t m e n t d a t a c o i n c i d e w i t h i n v e s t m e n t d a t a d e r i v e d 

f rom my c a p i t a l s t o c k s e r i e s u s i n g 6 - . 0 1 8 . T h i s i s no t t he c a s e when a 10 

p e r c e n t a n n u a l d e p r e c i a t i o n r a t e i s assumed . 

The r e g r e s s i o n o f p e r c a p i t a c a p i t a l (k^.) minus p e r c a p i t a g r o s s 

f i x e d i n v e s t m e n t (dkj.) on k .̂_^ p roduced a c o e f f i c i e n t o f . 9 7 8 7 . The samp le 

p e r i o d was 1955 QIV t o 1984 Q I . In te rms o f t he model i n t he t e x t , t h i s 

r e g r e s s i o n c o e f f i c i e n t i s t o be i n t e r p r e t e d as a measure o f ( 1 - 6 ) / n , where n 

i s t he q u a r t e r l y g r o s s g rowth r a t e o f t he w o r k i n g age p o p u l a t i o n and 5 i s t he 

q u a r t e r l y d e p r e c i a t i o n r a t e . W i th n = ( 1 . 0 1 3 ) * 2 - \ t h i s i m p l i e s 5 = . 0 1 8 , an 

a n n u a l d e p r e c i a t i o n r a t e o f abou t 7 .4 p e r c e n t . 

U n f o r t u n a t e l y , k f c - . 9 7 8 7 k t _ 1 and dk> d i f f e r by a s u b s t a n t i a l 

amount . The a v e r a g e v a l u e o f 1001k f c - . 9 7 8 7 k f c _ 1 - d k f c | / j d k f c j i s f i v e p e r c e n t 
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f o r t he p e r i o d 1955,4 - 1 9 8 4 , 1 . ( H e r e , | * | d e n o t e s t he a b s o l u t e v a l u e o p e r a ­

t o r . ) M o r e o v e r , t he d i s c r e p a n c y , k f c - . 9 7 8 7 k f c _ 1 - d k f c i s h i g h l y s e r i a l l y 

c o r r e l a t e d t h r o u g h o u t t he s a m p l e , b e i n g s t r i c t l y p o s i t i v e b e f o r e 1970, 

s t r i c t l y n e g a t i v e t h e r e a f t e r , and c l o s e to z e r o on a v e r a g e . 

These r e s u l t s a r e no t c o n s i s t e n t w i t h my model f o r m u l a t i o n , a l t h o u g h 

t h e r e may be r e a s o n t o b e l i e v e t h a t t h e c o n s e q u e n c e s o f t h i s m i s s p e c i f i c a t i o n 

a r e no t s e r i o u s . T h i s i s because k f c - . 9 7 8 7 k f c _ 1 s h a r e s s e v e r a l key t i m e 

s e r i e s p r o p e r t i e s o f d k f c . F i r s t , b o t h a r e on a v e r a g e 27 p e r c e n t o f g r o s s 

o u t p u t . A l s o , t he mean o f 1 0 0 | ( k t - . 9 7 8 7 k t _ 1 ) - ( k f c _ 1 - . 9 7 8 7 k f c _ 2 ) | / y ( t ) and 

1 0 0 | d k t - d k t _ 1 | / y ( t ) a r e r o u g h l y t he same. The f o rme r i s .46 w i t h s t a n d a r d 

d e v i a t i o n . 4 0 , w h i l e t he l a t t e r i s .47 w i t h s t a n d a r d d e v i a t i o n .39- I f 6 = 

.025 i s u s e d , t h e n t he d e r i v e d i n v e s t m e n t s e r i e s i s s h i f t e d up by a l a r g e 496 

d o l l a r s pe r p e r s o n on a v e r a g e . T h i s i s j u s t the p r o d u c t o f ( . 0 2 5 - . 0 l 8 ) / n and 

t he a v e r a g e v a l u e o f the s t o c k o f c a p i t a l , wh i ch i s l a r g e r e l a t i v e to i n v e s t ­

ment . As a r e s u l t o f t h i s , t he a v e r a g e s h a r e o f g r o s s o u t p u t o f t h i s i n v e s t ­

ment s e r i e s i s 34 p e r c e n t , s u b s t a n t i a l l y h i g h e r t han the a c t u a l , 27 p e r c e n t 

f i g u r e . Because o f t h i s , I s e t 6 = .018 i n t h i s s t u d y and d i d n o t use t he 

more c o n v e n t i o n a l 6 = . 0 2 5 . 

I n v e n t o r i e s 

I n v e n t o r y i n v e s t m e n t was d e f i n e d a s t he change i n fa rm and non fa rm 

i n v e n t o r i e s i n 1982 d o l l a r s as r e p o r t e d i n T a b l e 5 . 9 o f SCB . The s t o c k o f 

fa rm and non fa rm i n v e n t o r i e s i s a s r e p o r t e d i n T a b l e 5.11 o f S C B . 

Q u a l i t y A d j u s t e d Hours Worked 

Time s e r i e s f o r h o u r s worked f o r t he p e r i o d 1955 Q3 t o 1984 Q1 were 

p r o v i d e d t o me by Gary H a n s e n . The u n d e r l y i n g d a t a were o b t a i n e d f r om the 

C u r r e n t P o p u l a t i o n S u r v e y , w h i c h i s a s u r v e y o f h o u s e h o l d s . The d a t a were 



- A7 -

t hen a g g r e g a t e d by a g e - s e x g r o u p s u s i n g t h e w e i g h t s r e p o r t e d i n T a b l e 1A. F o r 

f u r t h e r d e t a i l s abou t t h i s d a t a and t he manner i n w h i c h t h e y were c o n s t r u c t e d , 

s e e Hansen ( 1 9 8 4 ) . 

As I no ted e a r l i e r , Darby [1984] a r g u e s t h a t d a t a ough t t o be f u r ­

t h e r a d j u s t e d t o r e f l e c t changes i n e d u c a t i o n l e v e l s and i m m i g r a t i o n f l o w s . 

Darby p r o v i d e s an a n n u a l h o u r s s e r i e s a d j u s t e d i n t h i s way f o r t he p e r i o d 

1900-1979 ( h i s mnemonic i s QATHWP). The g r o s s r a t e o f change i n t h i s d a t a ( I 

c a l l i t GDARBY) and i n H a n s e n ' s q u a l i t y a d j u s t e d h o u r s s e r i e s (GHANSEM) a p p e a r 

i n F i g u r e 2A . The d i f f e r e n c e between t h e s e two s e r i e s i s n o t g r e a t , s u g ­

g e s t i n g t h a t my a n a l y s i s i s p r o b a b l y no t s e n s i t i v e t o a d j u s t m e n t s f o r i m m i g r a ­

t i o n and e d u c a t i o n . 

I o b t a i n e d a pe r c a p i t a h o u r s s e r i e s by d i v i d i n g q u a l i t y a d j u s t e d 

h o u r s worked by t h e q u a l i t y a d j u s t e d w o r k i n g age p o p u l a t i o n . These d a t a a r e 

g raphed i n F i g u r e 3A. My model i m p l i e s a p e r c a p i t a l h o u r s s e r i e s t h a t f l u c ­

t u a t e s abou t a c o n s t a n t mean. The d a t a , i n f a c t , show v e r y s l i g h t e v i d e n c e o f 

an i n c r e a s e i n h o u r s worked pe r c a p i t a i n t he p o s t war p e r i o d . Ave rage g r o w t h 

i n t he pe r c a p i t a h o u r s s e r i e s i s .16 p e r c e n t a n n u a l l y . On t he o t h e r h a n d , 

t h e s t a n d a r d d e v i a t i o n i s an enormous 6 p e r c e n t . 

Consumpt ion 

The measure o f c o n s u m p t i o n I used i s c o n s u m p t i o n o f n o n d u r a b l e s p l u s 

consump t i on o f s e r v i c e s p l u s t h e imputed r e n t a l v a l u e o f t he s t o c k o f consumer 

d u r a b l e s , p l u s government c o n s u m p t i o n . A l l t h e s e components e x c e p t t h e l a s t 

two were t a k e n f rom S C B . A measure o f t he imputed r e n t a l v a l u e o f consumer 

d u r a b l e s was o b t a i n e d f rom the d a t a b a s e documented i n B r a y t o n and Mauskop f 

[ 1 9 8 5 ] . Government c o n s u m p t i o n i s government p u r c h a s e s o f goods and s e r v i c e s 

m inus IGINVEST. 



- A8 -

Per c a p i t a c o n s u m p t i o n was o b t a i n e d by d i v i d i n g by t h e q u a i 

a d j u s t e d , w o r k i n g aged p o p u l a t i o n . 



- A 9 -

Append ix B : 

S o l v i n g t he LQ A p p r o x i m a t e P rob lem Under Comp le te 
S t a t e I n f o r m a t i o n 

T h i s Append i x d e s c r i b e s t he a l g o r i t h m used t o f i n d d e c i s i o n r u l e s 

f o r i * , k* and h * t h a t s o l v e t he l i n e a r q u a d r a t i c a p p r o x i m a t i o n to t he model 

i n t he t e x t . In t h i s A p p e n d i x , I assume t h e r e i s f u l l s t a t e i n f o r m a t i o n , i n 

the sense t h a t v t E 0 . The s o l u t i o n s t r a t e g y i s t o f i r s t t r a n s f o r m the p r o b ­

lem i n t o t he fo rm o f t he l i n e a r r e g u l a t o r p rob lem i n t he e n g i n e e r i n g l i t e r a ­

t u r e . ( S e e , e . g . , Kwakernaak and S i v a n [ 1 9 7 2 ] ) . 

D e f i n e 

0 0 0 0 

k t - 1 ' d t = l t ' * 1 s 2 x 2 2 , 2 2 x 2 ' * 0 = 2 x 1 

0 A 0 a 

s f c = i * _ 1 k* 2 x 2 2 « 2 2 . 2 2 x 1 

0 1 0 0 

w, h* 2 x 2 2 x 2 2 x 2 2 . 1 

W t - 1 
0 0 0 0 

( B . 1 ) 0 1 0 , e t = 2 x 1 , E e t e J = W = 2x2 2x2 2x2 
£ t 0 V 0 

B = 1 0 0 2 x 1 2 x 2 2 x 2 

0 0 0 0 0 0 0 

4 x 1 4 x 1 4 x 1 2 x 1 2 x 2 2 x 2 2 x 2 

The r e t u r n f u n c t i o n may be w r i t t e n 

( B . 2 ) R ( s t , d t ) - c • c { d t • cT

2st + s j R s t • d ^ Q d t • 2 s j F d t . 

H e r e , c i s a s c a l a r , c^ - 3 * 1 , c 2 ~ 6 x 1 , R ~ 6 x 6 , Q ~ 3 x 3 , F ~ 6 

3 . A l s o , 
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( B . 3 ) R = \ r n r 1 3 r 1 ? r 1 g , Q = \ 

r 31 r 3 3 r 3 7 r 3 6 r 2 4 r 2 2 r 2 5 

r 7 1 r 7 3 r 7 7 r 7 6 r 5 4 r 5 2 r 5 5 

r 6 l r 6 3 r 6 7 r 6 6 

r l 4 r i 2 r 1 5 

r 3 4 r 3 2 r 3 5 

r 7 4 r 7 2 r 7 5 

r 6 4 r 6 2 r 6 5 

H e r e , r^j d e n o t e s t he c r o s s d e r i v a t i v e o f r w i t h r e s p e c t t o i t s i t h and j t h 

a rgumen ts , e v a l u a t e d a t k* = k* = k* , i * = i * = i * , h * = h * w f = w . 

Note t h a t r^ j a r e s c a l a r s f o r a l l i , j = 1, 5 . However , r^ j and r i k a r e 

2 x 1 and 1 x 2 , r e s p e c t i v e l y , k = 6 , 7 , and r k k i s 2 x 2 , k = 6 , 7 . 

F i n a l l y , c o n s i d e r t he c o n s t a n t t e r m s , c 1 and c 2 - L e t z , = 

T T T T ( r i | , r 2 , r ^ ) , z 2 = ( r^ , r ^ , r ^ , r g ) . H e r e , P j d e n o t e s t he d e r i v a t i v e o f r w i t h 

r e s p e c t t o i t s j t h a rgumen t , e v a l u a t e d a t k* 1 = k* = k*, h * = h * , w t _ , = w f c = 

w. Note t h a t r-j and r g a r e 2 x 1 v e c t o r s , w h i l e r j , j = 1, 5 a r e s c a l ­

a r s . 

T h e n , 

c . = z . - 2 F T s - 2Qd 

c 2 = z 2 - 2Fd - 2 R s , 
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where s and d a r e t h e s t e a d y s t a t e v a l u e s o f s t and d t , r e s p e c t i v e l y . In 

p a r t i c u l a r , 

k* i * 
s s 

s = i * , d = k* . 
s s 

w h* 
s 

w 

A n a l y t i c f o r m u l a s f o r t he r j ' s and P J J ' S a r e p r o v i d e d i n A p p e n d i x C . 

In t h e s e t e r m s , t he LQ a p p r o x i m a t e p r o b l e m i s t o choose a c o n t i n ­

gency p l a n f o r d t t o m a x i m i z e 

( B . 4 ) E Q lQ 8 t { c + c ; d t + c J s t + s j R s t + d ^ Q d t + 2 s ^ d t } 

s u b j e c t to 

( B - 5 > s t + i 1 •<> + V t + B d t + V r 

The s o l u t i o n to t h i s p r o b l e m i s o b t a i n e d by i t e r a t i n g on t he f o l l o w i n g f u n c ­

t i o n a l e q u a t i o n i n v : 

( B . 6 ) v ' ( s

t ) • m a x { R ( s t , d t ) + s E t v ( s t + 1 ) } 

t 

s u b j e c t t o ( B . 5 ) and s t g i v e n and o b s e r v a b l e . H e r e , 

( B . 7 ) v ( s ) = v + v j s . + s l v . s . . 
t c s t t Q t 

I now d e s c r i b e one s t e p i n t h i s i t e r a t i o n . S u b s t i t u t i n g ( B . 7 ) i n t o ( B . 6 ) , g e t 

( B . 8 ) V ( s ) = max {c+c^d. +cls. +STRS. +d?Qd, .+2slFd. }, 
d t 

where 
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T T 
( 3 . 9 a ) c = c + 6v + Sv <t>A + 6<i>nvn4>A

 + 8 t r ( v . W ) 
c s o u y u y 

( B . 9 b ) c"J = + 8v^B + 2 8 * J v Q B 

( B . 9 c ) c 2 = C 2 + 8 v s * 1 + 2 B * o V l 

( B . 9 d ) R = R + 8<t^v • 1 

( B . 9 e ) Q = Q + B B T v Q B 

( B . 9 D F = F + 8 ^ v Q B . 

The s o l u t i o n t o t he m a x i m i z a t i o n i n ( B . 8 ) i s 

( B . 1 0 ) d f c - K Q • K l s t , 

where 

( 3 . 1 1 a ) K Q = - ! Q " 1 c 1 

( B . 1 1 b ) K. = - Q " 1 F T 

S u b s t i t u t i n g ( B . 1 0 ) i n t o ( B . 8 ) g e t 

v ' ( s t ) = v ; + ( V s ) T s f c + s j v ' s ^ 

where 

( B . 1 2 ) v ; = o • o]kq * K J Q K 0 

( B . 13) = [ C J K 1 + C ^ 2 K Q Q K 1 + 2 K - F 1 ] = k \ C ] + c? 

( B . 1 4 ) VQ = R + KJQK 1 + 2 F K 1 = R - FK^ + 2 F K 1 = R + FK^ 

The s o l u t i o n t o ( B . 4 ) - ( B . 5 ) i s o b t a i n e d by i t e r a t i n g on ( B . 6 ) to c o n v e r g e n c e . 
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The c a l c u l a t i o n s j u s t d e s c r i b e d can be s i m p l i f i e d f u r t h e r by f i r s t 

i t e r a t i n g t o c o n v e r g e n c e on v Q and K 1 u s i n g ( B . 9 d ) - ( B . 9 f ) , ( B . 1 l b ) , ( B . 1 4 ) . 

E q u a t i o n s ( B . 9 b ) , ( B . 9 c ) , ( B . 1 1 a ) , ( B . 1 3 ) can then be s o l v e d f o r v s and K Q . 

The v e c t o r v s i s o b t a i n e d by s e t t i n g v's = v g i n ( B . 1 3 ) and s o l v i n g f o r v g . 

T h i s y i e l d s 

v s = [ I-S(K^BT+cJ>^) ] " 1 { ^ [ 0 ^ 2 8 8 ^ ^ 1 + 0 2 + 2 6 * ^ ^ } . 

The c o n s t a n t t e r m s , c and v f i , a r e no t needed and so can be i g n o r e d . The 

s o l u t i o n to ( B . 6 ) when v ' = v s o l v e s ( B . 4 ) - ( B . 5 ) . 

An i n t e r e s t i n g f e a t u r e o f t h i s p r o b l e m i s t h a t t he m a t r i x Q i s o f 

rank 2 . The r e s u l t s i n t he Append i x C show t h a t 

T T 
-Q = U + pp , 

where 

1 
1 2 0 I = exp ( - u ) ] r 4 , p = Q ^ 

y2 [ i e ( 1 - e ) 2 M i | i y ] 2 

* cti 

A p r a c t i c a l consequence o f t h i s i s t h a t t he i t e r a t i o n s on VQ c a n n o t be s t a r t e d 

a t VQ = 0 , s i n c e i n t h i s c a s e ( B . I 1a) has no s o l u t i o n . I n s t e a d , I s t a r t e d VQ 

a t t he p r o d u c t o f the i d e n t i t y m a t r i x and a s m a l l number . 

The f e e d b a c k r u l e i n ( B . 1 0 ) e x p r e s s e s t he d e c i s i o n v a r i a b l e a s a 

f u n c t i o n o f t he c u r r e n t s t a t e . I t i s c o n v e n i e n t to e x p r e s s t he r u l e f o r i * a s 

f o l l o w s : 

( B . l 4 a ) i * = i ( d f c , s t ) , 

T 
where d. = ( k * , h ) . The s e c o n d two d e c i s i o n r u l e s i n ( B . 1 0 ) a r e w r i t t e n 

( B . 1 4 b ) h t = h ( s t ) 
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( B . 14c) k* = k ( s j . 
t is 

To g e t ( B . l 4 a ) , c a r r y ou t the m a x i m i z a t i o n i n ( B . 8 ) w i t h r e s p e c t 

t o i * , t a k i n g d and s<_ as g i v e n . Do ing s o , I ge t 

( B . 1 5 ) i f = c 0 + c { d t + a ^ s t = i ( d f c , s t ) . 

where 

( B . 1 6 ) a Q = - c 1 , / ( 2 q l 1 ) , = - ( q ^ / q ^ ) , = - F ^ / q ^ , 

F = [ F 1 F 2 J , C l = c n , Q = q n q 1 2 

6 x 1 6 x 2 1 x 1 1x1 1x2 

T 

C 21 q 1 2 q 2 2 

2x1 2x1 2x2 

T h u s , t he s o l u t i o n to ( B . 4 ) - ( B . 5 ) under c o m p l e t e s t a t e i n f o r m a t i o n 

i s g i v e n by ( B . 1 4 ) - ( B . 1 5 ) . 

I t i s c o n v e n i e n t t o e x p r e s s i * , and d t i n ( B . 1 4 ) i n te rms o f e t , 

k t - T l t - T D o i n S s o ' w e 8 e t 

k t - 1 
( B . 1 7 ) i * = i * + i * ^ • l j w ^ • I J . t • i d d t , 

t -1 

where 

X X X X 
i * = ( a 0 + a 2 2 a ) , i * = o 2 1 , i » = ( a 2 3 + c « 2 2 A ) 

T . . . T 
i j = a 2 2 , i j = a r 

T 
H e r e , a 2 has been p a r t i t i o n e d a s f o l l o w s : 

T 
°2 ; 

i T 

i ( a 2 1 

T 
a 2 2 

T 
a 2 3 

1x6 1x2 1x2 1x2 
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A l s o , 

kt 1 t - 1 

{ B - 1 8 ) d t = d o + d i „ * + V f 

To d e s c r i b e t he c o n s t r u c t i o n o f d A , d ^ , d w , d £ , I f i r s t need some n o t a t i o n . 

L e t K Q d e n o t e t he v e c t o r formed by d e l e t i n g t he f i r s t e l emen t o f K Q and l e t 

K, deno te K, m inus i t s f i r s t row . Then d = K n + K . s . . P a r t i t i o n K. a s 
i ' t u i t I 

f o l l o w s : 

1 - nCS1)
 : K < 2 ) : K < 3 ) } 

Then , 
2x6 2x2 2x2 2x2 

d 0 - 0 - S 2 ) - d 1 - i 1 , . d w = ^ 2 ) A ) 

d = K S 2 ) 

e 
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Append i x C : 

A n a l y t i c F o r m u l a s F o r D e r i v a t i v e s 

The d e r i v a t i v e s i n ( B . 3 ) and t h o s e i m p l i e d by c 1 and c 2 can be 

computed n u m e r i c a l l y and a n a l y t i c a l l y . F o r c h e c k i n g p u r p o s e s , i t i s c o n v e ­

n i e n t t o do b o t h . A c c o r d i n g l y , the a n a l y t i c f o r m u l a s p r o v i d e d b e l o w . 

Denote 

y = y [ ( 1 - o ) exp ( V X ) K + 0 1 J 

T h e n , 

exp (u ) , . 
r 2 = - —*-z exp ( - x ) 

1 : " r 2 / 3 

exp (u) 

" ' c 

r 3 = - r 4 / 6 

r 5 = 0 

r 6 = 0 

r ? = - 6 X P - ( U ) { e ( 1 - o ) exp ( v x ) k " V i - j j - * exp ( - 2x ) k } 
c 

r g = exp (u) In c . 

s £xp__(ul ( _ 9 y + e x p ( _ x ) k [ 1 - exp ( - x ) ] - exp ( - x ) 1} 
c 

The e x p r e s s i o n s f o r r^, r^, and r^ e x p l o i t t he s t e a d y s t a t e f i r s t o r d e r n e c e s ­

s a r y c o n d i t i o n s . 
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N e x t , t u r n t o t he second d e r i v a t i v e s . 

r n = - r 2 exp ( - u ) - { e ( 1 - 9 ) exp ( v x ) k ~ ( v + 2 ) exp ( u ) / c } 

x { ( v + 1 ) y - ( 9 + v ) ( 1 - o ) exp ( v x ) y k ~ v } . 

y = y [ ( 1 - o ) exp ( v x ) k ~ v + o i ~ v ] ~ 1 

r 1 2 = - r

1

r > 2 e x P ^ ~ u ^ 

r 1 3 = - r y . exp ( -u ) + e x p . ( u ) 9 ( 1 - o ) exp ( v x ) ( 8 + v ) o y ( k i ) " ( v + 1 ) 

c 

r 1 5 = - r l Y exp ( -u ) + e x p . ( u ) e ( 1 - o ) exp ( v x ) ( 1 - 9 ) y k " ( v + 1 ) 

' 1 6 ' 0 

r 1 ? = - r t r 7 exp ( -u ) + e x P . ( u ) ( v 9 ( 1 - a ) exp ( v x ) y k " ( v + 1 ) 

c 

- ( 9 + v ) 9 ( 1 - o ) 2 exp ( 2 v x ) k " ( 2 v + 1 ) y - ^ exp ( -2x ) } 

r l 8 = r 1 

r i g = - r y g exp ( -u ) - { 9

2 ( 1 - o ) exp ( , x ) k " ( v + 1 ) y 
c 

+ exp ( -2x ) } 

*22 = " r 2 6 X p ( - u ) ' r 2 3 = " r 2 r 3 e x p ( - u ) 

T

2 \ \ = " r 2 r 4 e x p ( ' u ) ' r 2 5 = " r 2 Y e x p ( _ u ) 



- A13 -

r 2 6 = 0 

r 2 7 = _ r 2 r 7 e x P ( - u ) 

r 2 8 = r 2 

r 2 9 
- - r 2 r 9 exp (HI) • exp ( - x ) 

c 

r 3 3 = - r 2 exp ( - u ) + ea e x P . ( u ) {-(v+1)yT 
c 

-(v+2) +(6+v)oy [ - 2 ( v + 1 ) i 

r 3 4 ' - r - r ^ exp ( -u ) 

r 3 5 ' - r T exp (HI) • 9 o i - ( v + 1 ) ( 1 -
c 

9 ) y / h 

r 3 6 = 0 

r 3 7 = - r y 7 exp (HI) - 6 X p . ( u ) 9o ( e + v ) ( 1 -
c 

» 7 - ( v + 1 ) o ) i exp ( v x ) k " v y 

r 3 8 = r 3 

r 3 9 = - r 3 r 9 exp (HI) • ^J^l [ -A l"^ 1 

c 
^ - e x p ( - x ) / n } 

r 4 4 = 

2 
- r ^ exp ( -u ) 

r 4 5 " - r ^ y exp ( -u ) 

r 4 6 = 0 

r 4 7 = - r H r

7

 e x P ( - u ) 

r 4 8 = r 4 

r 4 9 - " r 4 r

9

 e x P ( -u ) 

r 5 5 = - Y 2 exp ( - u ) - 6 ( 1 - 9 ) e X P . ( u ) y /h 2 

0 
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r 5 6 = ° 

v „ - ( y 9 ( 1 - o ) exp (\>x)k~ v+ 1 ~ 5 exp ( - 2x ) k } 
c 

- e x p . ( u ) ( 1 - 9 ) y e ( l - o ) exp ( v x ) k ~ v / h 
c 

r 5 8 = Y 

r 5 9 = - Y r g exp ( -u ) - e x p , ( u ) ( 1 - 9 ) 8 y / h 

r 6 6 = • • • = r 6 9 = ° 

r = - r r exp ( -u) + e X p - ( u ) ( e ( 1 - o ) exp ( v x ) k " v y ( 6 + v ) ( 1 - a ) 
c 

exp ( v x ) k " v + exp ( - 2 x ) k ) 

r ? 9 = - r y 9 exp ( -u ) + e x p . ( u ? {e 2 ( 1-a) exp ( v x ) k " v y 

+ exo ( - 2 x ) k } 
n 

r 8 8 = r 8 

r 8 9 1 r 9 

r g 9 = - r 2 exp ( -u) +

 8 x p . ( u ) { e 2 y - exp ( - x )k+ exp ( - 2 x ) k 

+ exp ( - x ) i / n } . 
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Append i x D 

D e r i v a t i o n o f the S t e a d y S t a t e F o r m u l a s i n S e c t i o n 3 . b 

In s e c t i o n 3 . b I d i s p l a y f o r m u l a s f o r t he l o g a r i t h m o f the s t e a d y 

s t a t e o f k t / z t _ 1 , U / z ^ , and h f c . These a r e d e r i v e d i n t h i s a p p e n d i x . I t i s 

c o n v e n i e n t t o f i r s t d e r i v e t he f o r m u l a s f o r t he l e v e l s , and t o c o n v e r t to l o g s 

a t t he l a s t s t e p . D e f i n e 

( D . 1 ) y t -- y t / z t , e f c = e f c / z f c , k f c = V z t - T ! t = W 

and l e t y , c , k, I, h d e n o t e t he s t e a d y s t a t e v a l u e s o f c f c , k f c , I t, and h t , 

r e s p e c t i v e l y . In a d d i t i o n , l e t w deno te t he s t e a d y s t a t e v a l u e o f w^., s o 

-1 T 

t h a t , t r i v i a l l y , w = ( I - A ) a = ( u , x ) . The l i n k between ( D . 1 ) and t he 

s t a r r e d v a r i a b l e s i n t he t e x t i s g i v e n by 

( D . 2 ) c f c = exp ( c * ) , i f c = exp ( i * ) , 

k f c = exp ( k £ ) , y t = exp ( y * ) , h t = exp ( h * ) . 

In te rms o f t h e s e v a r i a b l e s , t he p l a n n i n g p r o b l e m i s t o max im ize 

( D . 3 ) E Q l 8 ? ( k t . 1 , k t , i t . r i t , h t , w t _ 1 , w t ) , 

s u b j e c t to t he i n f o r m a t i o n s t r u c t u r e and the i n i t i a l c o n d i t i o n s . H e r e , 

( D . 4 ) r ( k t _ l , k t , i t _ 1 , i t , h t , w t _ 1 , w t ) 

= r ( l o g ( k t _ 1 ) , l o g ( k f c ) , l o g ( i t . - | ) » l o g ( i f c ) > l o g ( h

t ) . M t - 1 ' w t ^ 

and r i s d e f i n e d b e f o r e ( 3 - 5 ) . 

The f i r s t o r d e r n e c e s s a r y c o n d i t i o n s s a t i s f i e d by k, i , h a r e , 

r e s p e c t i v e l y , 
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r 2 (k ,k , i , i ,h ,w,w) + Br 1 (k ,k , i , i ,h ,w,w) = 0 

r 4(ic,fc, I, I,h,w,w) + 8r^(k,k, i , i ,h,w,w) = 0 

r g ( t c , £ c , I , i , h , w , w ) = 0 , 

where r\ d e n o t e s the d e r i v a t i v e o f r w i t h r e s p e c t t o i t s j - t h a r g u m e n t . The 

f i r s t r e l a t i o n s t a t e s t h a t t he u t i l i t y c o s t o f i n c r e a s i n g t he c u r r e n t ( d e -

t r e n d e d ) s t o c k o f c a p i t a l must e q u a l t he d i s c o u n t e d u t i l i t y b e n e f i t f rom t he 

r e s u l t i n g i n c r e a s e i n ( d e t r e n d e d ) c o n s u m p t i o n i n the n e x t p e r i o d . The s e c o n d 

and t h i r d r e l a t i o n s have a n a l o g o u s i n t e r p r e t a t i o n s f o r t he s t o c k o f i n v e n t o ­

r i e s and h o u r s , r e s p e c t i v e l y . F o r my p a r t i c u l a r p a r a m e t r i c e x a m p l e , t he above 

f o r m u l a s a r e : 

( D . 5 a ) exp ( - x ) = e { e ( 1 - o ) exp ( v x ) k " ( v + 1 ) 

y [ ( 1 - o ) exp ( v x ) k ~ v + o i ~ v ] ~ 1 + 1 ~ 5 exp ( -2x ) } 

( D . 5 b ) 1 = 8 { e o r ( v + 1 ) y [ ( 1 - o ) exp ( v x ) k " v

+ o i " v ] " 1

+ exp ( - x ) 

( D . 5 c ) S S L M ( 1 - 9 ) I - Y . 
c 

H e r e , 

( D . 6 a ) y ^ n " 9 h ( 1 " 9 ) exp ( - 9 x ) [ ( 1 - o ) exp ( v x ) k " v

+ o i " v ] " ( 9 / v ) . 

A l s o , the s t e a d y s t a t e r e s o u r c e c o n s t r a i n t y i e l d s 

( D . 6 b ) c = y - exp ( - x ) k + 1 ~ & exp ( - 2 x ) k - 1 + exp ( - x ) - I. 

E q u a t i o n s ( D . 5 a ) - (D .ob ) r e p r e s e n t f i v e e q u a t i o n s i n t he f i v e unknowns, y , h , 

I, k, c . We p r o c e e d now t o o b t a i n t h e i r u n i q u e s o l u t i o n . 
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F i r s t , n o t e f rom ( D . 5 b ) t h a t 

- [ , . > , r - v i - 1 1 - 6 exp ( - x ) / n y [ ( 1 - o ) exp ( v x ) k - 0 1 j = . — . 
s e a l " 

S u b s t i t u t i n g t h i s i n t o ( D . 5 a ) , g e t 

exp ( - x ) = s e ( l - o ) exp ( v x ) k " ( % , + 1 ) [ 1-8 exp ( - x ) / n ]/ [ 8 8 o I " ( v + 1 ) ) 

+ s exp ( - 2 x ) 

1=2) exp ( v x ) [ l - 8 exp ( - x ) / n j ( £ ) - < v + 1 > 
I 

exp ( - 2 x ) . 

a 

1 - 6 

r. 

C o n c l u d e , 

t 1 ] 
I . | of 1-S( 1-6) exp ( - x ) / n ] j l v + 1 J 

ic ( 1 - a ) exp [ ( v + 1 ) x ] [ 1 - 8 exp ( - x ) / n | 

o r 

( D . 7 a ) I = xk 

whe re , 

f 1 ) 

(D .7b ) X = [ a[ 1-S( 1-6) exp ( - x ) / n ] | M t v J 

( l - o ) exp ( ( v + 1 ) x ] [ l - s exp ( - x ) / n ] 

S u b s t i t u t e ( D . 7 a ) and ( D . 6 a ) i n t o ( D . 5 a ) t o g e t 

( D . 8 a ) ic = -i>h 

where 

( D . 8 b ) 

^ . ^ n 9 exp [ ( e - v - p x l f 1 -8 (1 -5 ) exp ( - x ) / n | f ( 1 - o ) exp ( v x ) + o \ " v ] v j 1 - 8 

1-a) 

-1 
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N e x t , I u s e ( D . 6 a ) , ( D . 6 b ) , ( D . 7 a ) , (D .8a ) to t r a n s f o r m ( D . 5 c ) i n t o one e q u a ­

t i o n i n h . B e g i n by s u b s t i t u t i n g ( D . 7 a ) and (D .8a ) i n t o ( D . 6 a ) and ( D . 6 b ) : 

( D . 9 ) y = h n " 9 exp ( - 9 x ) * 8 [ ( 1 - o ) exp ( v x ) + o \ ~ v ] ~ ( 9 / v ) = ha., 

( D . 1 0 ) c = y - h {41 exp ( - x ) [ 1 -{1 - 6 ) exp ( - x ) / n | + X » [ 1- exp ( - x ) - ] } = h a 2 < 

H e r e , 

- 9 / „ \ , 9 r / i \ / •< , - V I - 9 / Y = n exp (-9x)iJ> [ ( 1 - o ) exp (vx)+oX j 

a 2 = a 1 - {w exp ( - x ) [ 1-( 1-5) exp (-x)/n]+Xij>[ 1- exp ( - x ) / n ] } . 

S u b s t i t u t i n g t h e s e i n t o ( D . 5 c ) , g e t 

( D . 1 1 ) h = e x P

Y

( u ) ( 1 - 8 ) ( o 1 / a 2 ) . 

E q u a t i o n s ( D . 7 a ) , ( D . 8 a ) , and ( D . 1 1 ) a r e t he s t e a d y s t a t e e q u a t i o n s 

s o u g h t . 
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