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ABSTRACT 

We propose a d e f i n i t i o n o f t ime c o n s i s t e n t p o l i c y f o r i n f i n i t e hor i zon econo­
mies w i th compet i t i ve p r i v a t e agents . A l l o c a t i o n s and p o l i c i e s are de f ined as 
f unc t i ons o f the h i s t o r y of past p o l i c i e s . A s u s t a i n a b l e e q u i l i b r i u m i s a 
sequence o f h i s t o r y - c o n t i n g e n t p o l i c i e s and a l l o c a t i o n s tha t s a t i s f y c e r t a i n 
sequen t i a l r a t i o n a l i t y c o n d i t i o n s fo r the government and fo r p r i v a t e a g e n t 3 . 
We prov ide a complete c h a r a c t e r i z a t i o n of the s u s t a i n a b l e e q u i l i b r i u m outcomes 
fo r a v a r i a n t of F i s c h e r ' s (1980) model o f c a p i t a l t a x a t i o n . We a l s o r e l a t e 
our work to recent developments in the theory o f repeated games. 

*Kehoe acknowledges f i n a n c i a l support from the N a t i o n a l Sc ience Foundat ion and 
the S loan Foundat ion . The views expressed here are those o f the authors and 
not n e c e s s a r i l y those o f the Federa l Reserve Bank o f M i n n e a p o l i s . 



This paper develops an e q u i l i b r i u m concept and techniques fo r a n a l y z i n g e q u i ­

l i b r i a in a r ep resen ta t i ve agent economy where the government chooses p o l i c y 

s e q u e n t i a l l y and p r i v a t e a l l o c a t i o n s are determined i n a compet i t i ve e q u i l i b ­

r ium. Th is work b u i l d s on three d i s t i n c t l i t e r a t u r e s . F i r s t , we extend the 

a n a l y s i s of p o l i c y des ign in dynamic genera l e q u i l i b r i u m models w i thout com­

mitment techno log ies (see Kydland and P resco t t 1977 and 1980, Ca lvo 1978, 

F i sche r 1980, and Lucas and Stokey 1983). Second, we b u i l d upon ideas d e v e l ­

oped in the theory o f repeated games, p a r t i c u l a r l y i n the o l i g o p o l y l i t e r a ­

t u re , (see Friedman 1971, Fudenberg and Maskin 1986, and Abreu 1988). T h i r d , 

we b u i l d upon the recent l i t e r a t u r e on time cons is tency in macroeconomic 

models (see Barro and Gordon 1983 and Rogoff 1987). 

The a n a l y s i s o f p o l i c y des ign i n models wi thout commitment i n tu rn 

b u i l d s upon the standard framework f o r p o l i c y des ign i n genera l e q u i l i b r i u m 

models w i th commitment stemming from Ramsey (1927). Ramsey s tud ied a s t a t i c , 

r ep resen ta t i ve consumer economy w i th many goods. In that economy, a govern ­

ment requ i res f i x e d amounts of these goods, which are purchased a t market 

p r i c e s and f inanced by p r o p o r t i o n a l e x c i s e t axes . Given the e x c i s e t a x e s , 

p r i c e s and q u a n t i t i e s are determined i n a compe t i t i ve e q u i l i b r i u m . The gov­

ernment 's problem i s to choose tax r a t e s to maximize the we l fa re o f the r e p r e ­

sen ta t i ve consumer over the r e s u l t i n g compet i t i ve e q u i l i b r i u m a l l o c a t i o n s . An 

opt imal p o l i c y together w i th the r e s u l t i n g compet i t i ve e q u i l i b r i u m i s c a l l e d a 

Ramsey e q u i l i b r i u m . I t i s s t r a i gh t f o rwa rd to extend Ramsey's fo rmu la t i on to 

dynamic models by r e i n t e r p r e t i n g the goods as da te -con t ingen t commodit ies. In 

t h i s dynamic context the Ramsey e q u i l i b r i u m can be i n t e rp re ted as a one- t ime 

choice o f p o l i c y w i th consumers making d e c i s i o n s s e q u e n t i a l l y . Th i s f o rmu la ­

t i on of the p o l i c y des ign problem i s appropr ia te i n environments where s o c i ­

e t i e s have a commitment technology to b ind the a c t i o n s o f fu tu re governments. 
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In many s i t u a t i o n s , however, i t i s more appropr ia te to th ink o f 

p o l i c i e s as being chosen a t each date and s o c i e t y having no a b i l i t y to commit 

to fu tu re p o l i c i e s . For an environment wi thout commitment, a s o l u t i o n to the 

p o l i c y des ign problem requ i res that p o l i c i e s be s e q u e n t i a l l y r a t i o n a l , i n the 

sense that they maximize we l fa re a t each da te . In t u r n , r a t i o n a l i t y on the 

par t of p r i v a t e agents requ i res that they f o recas t fu ture p o l i c i e s as being 

opt imal fo r s o c i e t y . In a f i n i t e ho r i zon economy, we can use backward induc­

t i o n (as in Kydland and P resco t t 1 9 7 7 ) to so lve the f o r e c a s t i n g problem. We 

compute an op t ima l p o l i c y f o r the l a s t per iod f o r every s t a t e . Th i s y i e l d s a 

p o l i c y func t i on d e s c r i b i n g how p o l i c i e s w i l l be chosen in every s t a t e . Taking 

t h i s p o l i c y func t ion and r e s u l t i n g compet i t i ve e q u i l i b r i u m func t i on as g i v e n , 

we compute opt imal p o l i c i e s f o r the next to l a s t pe r iod and so o n . 1 

For i n f i n i t e hor i zon problems t h i s procedure i s no longer a v a i l ­

a b l e . So we borrow from the game theory t r a d i t i o n to so lve the f o r e c a s t i n g 

problem imposed by s e q u e n t i a l r a t i o n a l i t y . We a l low p o l i c i e s and a l l o c a t i o n s 

to depend on the h i s t o r y o f past d e c i s i o n s by governments. Thus, p o l i c i e s , 

a l l o c a t i o n s , and p r i c e s are de f ined as h i s t o r y - c o n t i n g e n t f u n c t i o n s . We need 

to break from the genera l e q u i l i b r i u m approach o f d e f i n i n g e q u i l i b r i a as 

func t i ons cont ingent only on exogenous events because the government i s not a 

p r i c e t ake r . S ince the government must p r e d i c t how p r i v a t e agents w i l l r e ­

spond to i t s d e c i s i o n s , p r i v a t e a l l o c a t i o n s and p r i c e s are de f ined as f u n c ­

t i ons o f the h i s t o r y o f the government's p o l i c i e s . To s a t i s f y the requirement 

of sequen t i a l r a t i o n a l i t y , va r ious d e f i n i t i o n s o f e q u i l i b r i u m have been o f ­

fered in the l i t e r a t u r e (see , f o r example, Lucas and Stokey 1983). To d i s t i n ­

gu ish our d e f i n i t i o n , we c a l l a sequence of h i s t o r y - c o n t i n g e n t p o l i c y r u l e s , 

a l l o c a t i o n s , and p r i ces which together s a t i s f y s e q u e n t i a l r a t i o n a l i t y a s u s ­ 

t a i n a b l e e q u i l i b r i u m . 
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To i l l u s t r a t e the no t ion o f sus ta i nab le e q u i l i b r i u m we use an i n f i ­

n i t e l y repeated ve rs ion o f F i s c h e r ' s (19-80) model o f c a p i t a l t a x a t i o n . Each 

per iod i s d i v i ded in to two d i s t i n c t s tages . In the f i r s t s tage , consumers 

have a g iven endowment and they decide how much o f i t to save and how much to 

consume. In the second s tage , they dec ide how much labor to supply and how 

much to consume. The government se ts tax ra tes on c a p i t a l and labor supply a t 

the second stage to f i nance the p r o v i s i o n o f an exogenously s p e c i f i e d amount 

o f government consumption. 

Our r e s u l t s show tha t there i s a unique s u s t a i n a b l e e q u i l i b r i u m when 

the hor izon i s f i n i t e ; but , when the ho r i zon i s i n f i n i t e , the se t o f s u s t a i n ­

ab le e q u i l i b r i a i s l a rge and d i f f i c u l t to c h a r a c t e r i z e . F o r t u n a t e l y , the se t 

o f a l l o c a t i o n s and p o l i c i e s r e s u l t i n g from a s u s t a i n a b l e e q u i l i b r i u m i s easy 

to c h a r a c t e r i z e . We show that an a r b i t r a r y p o l i c y and a l l o c a t i o n sequence i s 

sus ta inab le i f and only i f two cond i t i ons are met. F i r s t , the sequence must 

be a da te -ze ro compet i t i ve e q u i l i b r i u m . Second, i t must be the outcome o f a 

p a r t i c u l a r sus ta i nab le e q u i l i b r i u m c a l l e d the r e v e r t - t o - a u t a r k y e q u i l i b r i u m . 

Th is e q u i l i b r i u m s p e c i f i e s that both p r i v a t e agents and the government con­

t inue wi th the g iven sequence i f there has been no d e v i a t i o n in the p a s t . I f 

there has been a d e v i a t i o n , then the e q u i l i b r i u m s p e c i f i e s that a l l agents 

rever t to the f i n i t e hor i zon sus ta i nab le e q u i l i b r i u m f o r e v e r . Th i s r e s u l t 

a l l ows us to c h a r a c t e r i z e the se t o f s u s t a i n a b l e p o l i c i e s and a l l o c a t i o n s by a 

s imple se t of i n e q u a l i t i e s . We use these i n e q u a l i t i e s to show tha t w i th 

s u f f i c i e n t l y l i t t l e d i s c o u n t i n g , even the Ramsey a l l o c a t i o n s can be supported 

by a sus ta i nab le e q u i l i b r i u m . 

One ques t ion that a r i s e s in the a n a l y s i s i s how the no t ion o f time 

cons is tency cons idered here i s r e l a t e d to the no t ion o f p e r f e c t i o n i n game 

theory. We ana lyze t h i s by mapping our economy, wi th budget c o n s t r a i n t s and 
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compet i t i ve p r i v a t e agents , i n to an anonymous game and show that the symmetric 

per fec t Bayesian e q u i l i b r i u m outcomes o f the game c o i n c i d e w i th the s u s t a i n ­

ab le outcomes of our economy. 

We b r i e f l y r e l a t e our work to the three l i t e r a t u r e s mentioned in the 

opening paragraph. In the l i t e r a t u r e on p o l i c y des ign i n e q u i l i b r i u m models 

the d e c i s i o n s o f p r i v a t e agents and the government depends on a t most exoge­

nous events , whereas in our fo rmu la t ion these d e c i s i o n s can depend on the 

complete h i s t o r y o f past p o l i c y . Th is d i f f e r e n c e e x p l a i n s why i n our f o rmu la ­

t i on the Ramsey p lan may be dynamica l ly c o n s i s t e n t wh i le i n o ther fo rmu la t ions 

i t t y p i c a l l y i s not . From game theory we borrow the idea o f h i s t o r y -

cont ingent d e c i s i o n s and from the l i t e r a t u r e on repeated games, Abreu ' s t e c h ­

nique o f us ing the worst e q u i l i b r i u m to c h a r a c t e r i z e the e n t i r e se t o f e q u i ­

l i b r i u m outcomes. In tha t l i t e r a t u r e , however, the games c o n s i s t o f a f i n i t e 

number o f p l a y e r s , each o f whom has s t r a t e g i c power. In ou rs , there i s one 

la rge agent , the government, and a continuum o f compet i t i ve p r i v a t e agen ts . 

For t h i s reason , s tandard r e s u l t s from the theory o f repeated games cannot be 

a p p l i e d . F i n a l l y , in the l i t e r a t u r e on macroeconomic p o l i c y games i t o f ten 

appears as i f the government p lays a game aga ins t a c o a l i t i o n o f p r i v a t e 

agents , who may have d i f f e r e n t o b j e c t i v e s than the government. In our model 

the government maximizes the we l fa re o f p r i v a t e agents , who behave compet i ­

t i v e l y . 

I. A One-Per iod Economy 

Consider a one-per iod economy a long the l i n e s o f F i sche r (1980). The economy 

con ta ins a l a r g e number o f i d e n t i c a l consumers and a government. There i s a 

l i n e a r p roduc t ion technology, f o r which the marg ina l product o f c a p i t a l i s a 

constant R > 1, and the marg ina l product o f l abor i s 1. Consumers make d e c i ­

s ions a t two d i s t i n c t po in t s i n t ime: the f i r s t s tage and the second s tage . 
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At the f i r s t s tage , consumers are endowed w i th u u n i t s o f the consumption good 

out o f which they consume C | and save k. At the second stage they consume c 2 

and work £ u n i t s . Second-stage income, net o f taxes , i s (1-6)Rk + ( 1 - T ) £ , 

where <S and T denote the tax ra tes on c a p i t a l and l a b o r . For s i m p l i c i t y we 

assume that f i r s t - s t a g e consumption and second-stage consumption are p e r f e c t 

s u b s t i t u t e s . A consumer, conf ronted wi th tax ra tes 6 and T , chooses ( c ^ k ; 

C2,£) to so lve 

(1.1) max V(c^+c2,l) 

s . t . c^ + k < w 

c 2 < (1-6)Rk + ( 1 - T ) H . 

Not ice that when (1-6)R = 1, the consumer i s i n d i f f e r e n t between sav ing h i s 

e n t i r e endowment w and not sav ing a t a l l . 

The government se ts p ropo r t i ona l tax ra tes on c a p i t a l and labor 

income to f i nance an exogenously g iven amount o f second-stage per c a p i t a 

government spending g . The government's budget c o n s t r a i n t i s 

(1.2) g < 6Rk + t i l . 

We assume, throughout, that 

(1.3) g > (R-1)o). 

Th is assumption turns out to imply that in any e q u i l i b r i u m , i t i s necessary 

f o r the government to tax l a b o r . We a l s o assume that i t i s f e a s i b l e to f i ­

nance government spending w i th on ly a tax on l a b o r . 

In what f o l l o w s , we l e t x = ( x 1 t x 2 ) denote an i n d i v i d u a l ' s f i r s t -

and second-stage a l l o c a t i o n s , where x 1 = ( c 1 t k ) and x ? = (c P ,S! . ) . 
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A. Commitment 

Cons ider , f i r s t , the case i n which an i n s t i t u t i o n or commitment technology i s 

a v a i l a b l e through which the government can b ind i t s e l f to a tax p o l i c y at the 

beginning o f the p e r i o d . Th is technology i s fo rma l i zed by the f o l l o w i n g 

sequence o f even ts : the government se t s tax r a t e s , then consumers make t h e i r 

f i r s t - and second-stage d e c i s i o n s . 

In t h i s se tup , a p o l i c y f o r the government i s a p a i r o f numbers 

IT = ( 6 , T ) w i th 0 < 6 , x < 1 . S ince the government needs to p r e d i c t how con­

sumers w i l l respond to i t s p o l i c i e s , consumer behavior i s desc r ibed by r u l e s 

that assoc ia te government p o l i c i e s w i th a l l o c a t i o n s . Forma l l y , an a l l o c a t i o n 

r u l e i s a func t i on f that maps government p o l i c i e s i n t o a l l o c a t i o n s . For any 

a l l o c a t i o n r u l e f , the problem of the government i s to choose some p o l i c y n 

that maximizes consumer u t i l i t y 3 

( 1 . 4 ) v ( 7 T , f ) = u t c j d O + c ^ i O . i d O ) 

sub jec t to the budget c o n s t r a i n t 

( 1 . 5 ) g < 6Rk(*) + TSI(TT), 

where f(it) = ( c 1 U ) ,k( it) , c 2 ( i r) , fc(ir)). We then have the f o l l o w i n g d e f i n i ­

t i o n : A Ramsey e q u i l i b r i u m i s a p o l i c y n and an a l l o c a t i o n r u l e f that s a t ­

i s f y 

• Government max imiza t ion . The p o l i c y TT so lves the government 's 

problem. 

• R a t i o n a l i t y by consumers. For every p o l i c y T T ' , the a l l o c a t i o n 

f ( n ' ) so l ves the consumer's problem ( 1 . 1 ) . 

In the Ramsey e q u i l i b r i u m (rr , f) some p a r t i c u l a r a l l o c a t i o n w i l l be 

r e a l i z e d , namely x = f(nt). We c a l l the Ramsey p o l i c y together w i th t h i s 

f f 
a l l o c a t i o n the Ramsey outcome and denote i t by (n,x ). 
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P ropos i t i on 1. (The Ramsey Outcome.) 

f f f The Ramsey outcome (it ,x ) has f i r s t - s t a g e a l l o c a t i o n s c^ = 0 and 

f f f k 1 = to, and a c a p i t a l tax ra te 6 1 = ( R - 1 ) / R . Second-stage a l l o c a t i o n s c 2 

f f and 8, and the labor tax ra te x so lve 

(1.6) U f = max U ( c 2 , d ) 

s . t . c 2 < u + ( 1 - T ) Z 

- V U c = ( 1 - > 

g < (R-1)w + x£. 

Proo f . Consider the a l l o c a t i o n r u l e fo r c a p i t a l k ( i t ) . I f the tax 
f 

ra te on c a p i t a l i s s t r i c t l y g rea te r than 6 , then consumers save z e r o ; i f 
f f 6 = 6 , consumers are i n d i f f e r e n t among a l l l e v e l s o f sav ings and i f 6 < 6 

f 

consumers save t h e i r e n t i r e endowments. For now, assume that when 6 = 6 , the 

a l l o c a t i o n r u l e s p e c i f i e s k(n) = w. The tax on c a p i t a l a c t s l i k e a lump-sum 

tax when i t i s se lec ted a t any l e v e l l e s s than or equal to 6 . C l e a r l y i t i s 

opt imal to r a i s e as much revenue as p o s s i b l e from t h i s t a x . S ince g > ( R - 1 ) u , 

government spending i s g rea te r than the maximal p o s s i b l e revenue from t h i s 

c a p i t a l tax , namely 6 Rio; t h e r e f o r e , i t i s opt imal to se t 6 so that 

{1-6)R = 1. Faced wi th t h i s tax , consumers save t h e i r e n t i r e endowments. 

Given these f a c t s , the opt imal tax problem reduces to choosing c 2 , l, and x to 

so lve ( 1 . 6 ) . 
f 

Now suppose tha t when 6 = 6 , k(u) equals some number a w i th 0 < a < 

to. We c la im that such an a l l o c a t i o n r u l e i s not c o n s i s t e n t w i th an e q u i l i b ­

r ium. For such an a l l o c a t i o n r u l e , the government's o b j e c t i v e f u n c t i o n i s 
f 

d iscont inuous at 6 = 6 and no op t ima l p o l i c y e x i s t s . With such a r u l e , the 

government can increase i t s u t i l i t y by s e t t i n g 6 a r b i t r a r i l y c l ose to but 
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sma l le r than 6 r and x c lose enough to x 1 so tha t I t can r a i s e the r e s t o f the 

needed revenue. Consumers w i l l now choose to save t h e i r e n t i r e endowments, 

and the government i s s t r i c t l y be t te r o f f . Thus, such a s p e c i f i c a t i o n o f k(it) 

i s i ncons i s ten t w i th e q u i l i b r i u m . 0 

B. No Commitment 

For the e q u i l i b r i u m j u s t descr ibed to be v i a b l e , the government needs to have 

some s p e c i a l commitment technology by which i t can b ind i t s e l f to s p e c i f i c 

p o l i c i e s . When no such technology i s a v a i l a b l e , the no t ion o f what c o n s t i ­

tu tes an op t ima l p o l i c y i s qu i t e d i f f e r e n t . Fo rma l l y , the lack o f commitment 

i s modeled by assuming that the government does not set p o l i c y u n t i l a f t e r 

consumers have made t h e i r f i r s t - s t a g e d e c i s i o n s . Thus, events a re timed as 

f o l l o w s : consumers make t h e i r f i r s t - s t a g e d e c i s i o n s , then governments se t tax 

p o l i c i e s , and then consumers make t h e i r second-stage d e c i s i o n s . 

In t h i s se tup, consumers' second-stage d e c i s i o n s are a l l owed to 

depend on the tax p o l i c y . Thus, a consumer's second-stage d e c i s i o n s are 

descr ibed by a p a i r of func t ions f 2 ( n ) = ( C 2 ( T T ) , a ( i t ) ) . We c a l l f 2 a second-

stage a l l o c a t i o n r u l e to d i s t i n g u i s h i t from a p a r t i c u l a r second-s tage a l l o c a ­

t i o n x 2 . Consumers' a l l o c a t i o n s over the two stages are d e s c r i b e d by a p a i r 

( x 1 t f 2 ) . A p o l i c y fo r the government i s a p a i r o f tax ra tes it = ( 6 , x ) . An 

e q u i l i b r i u m i s a p o l i c y p lan and a se t of a l l o c a t i o n r u l e s that s a t i s f y c e r ­

t a i n cond i t i ons that are developed r e c u r s i v e l y . F i r s t , we cons ide r the s e c ­

ond-stage problem faced by consumers f o r a g iven tax p o l i c y . We then cons ide r 

the problem faced by the government. F i n a l l y , we cons ide r the f i r s t - s t a g e 

problem faced by consumers. For the second-stage problem we have: The p a i r 

( x 1 , f 2 ) i s r a t i o n a l fo r consumers a t the second stage i f f o r every h i s t o r y it' 

o f tax p o l i c y , the second-stage d e c i s i o n s ^2^') so l ve 
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(1.7) max U(c^+c2,i) 
c2,i 

s . t . c 2 < R (1 -6 ' ) k + ( 1 - T ' ) a . 

Next , cons ider the government's problem. Given the d e c i s i o n s x^ and 

knowing that second-stage d e c i s i o n s are se l ec ted accord ing to the r u l e f 2 , the 

government s e l e c t s a p o l i c y u that maximizes consumer we l fa re sub jec t to i t s 

budget c o n s t r a i n t . Thus, g iven x 1 and f 2 , a p o l i c y n i s r a t i o n a l f o r the  

government i f i t maximizes 

(1.8) V ( 1 r , x 1 , f 2 ) = D ( o 1 + o 2 ( « ) t f t ( v ) ) . 

s . t . g < 6Rk + tfc(ir). 

F i n a l l y , cons ider the consumer's problem a t the f i r s t s t a g e . Each 

consumer p i cks an i n d i v i d u a l a l l o c a t i o n fo r the f i r s t s tage x^ = ( C | , k ) t o ­

gether w i th an a l l o c a t i o n r u l e f 2 f o r tak ing a c t i o n s a t the second s t a g e . 

Each consumer takes as g iven that the fu ture p o l i c y i s se t acco rd ing to it. We 

then have: For a g iven p o l i c y tr, an a l l o c a t i o n plan ( x 1 ? f 2 ) i s r a t i o n a l f o r  

consumers a t the f i r s t stage i f x 1 and f 2 ( n ) so l ve 

max U(c 1 +c 2 ( IT ) ,2.(TT) ) 

s . t . c 1 < ID - k 

C 2 ( T T ) < (1-5)Rk + ( 1 - T ) £ ( T T ) . 

We have de f ined the consumer's and the government's problems r e c u r s i v e l y . 

Combining these g ives an e q u i l i b r i u m wi th s e q u e n t i a l r a t i o n a l i t y b u i l t i n f o r 

both the p r i va te agents and the government. As a r e s u l t , we say the e q u i l i b ­

rium i s s u s t a i n a b l e . Fo rma l l y , a sus ta i nab le e q u i l i b r i u m i s a t r i p l e ( T T , , 

f ? ) that s a t i s f i e s 
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• Sequen t ia l r a t i o n a l i t y by consumers. The p a i r ( x ^ f , , ) i s r a t i o n a l 

fo r consumers a t the f i r s t s tage , and fo r every h i s t o r y it1 the 

a l l o c a t i o n r u l e f^Cir ' ) i s r a t i o n a l f o r consumers a t the second 

s tage . 

• Sequen t ia l r a t i o n a l i t y by the government. Given x^ and f 2 , the 

p o l i c y n i s r a t i o n a l f o r the government. 

In Sec t i on I I I we use the s u s t a i n a b l e e q u i l i b r i u m from t h i s one 

per iod model to he lp cha rac te r i ze the se t o f s u s t a i n a b l e p o l i c i e s and a l l o c a ­

t i ons f o r the i n f i n i t e hor izon model. To he lp d i s t i n g u i s h these two e q u i ­

l i b r i a , we c a l l the sus ta inab le e q u i l i b r i u m for the one-per iod model the 

autarky e q u i l i b r i u m and denote i t by s u p e r s c r i p t a . We then have 

P ropos i t i on 2 . (Autarky E q u i l i b r i u m . ) 

In any autarky e q u i l i b r i u m (rf , x . , f ^ ) , the f i r s t - s t a g e a l l o c a t i o n s 

are c a = u and k a = 0 . The c a p i t a l tax S a s a t i s f i e s ( 1 -6 a )R < 1 . The labor 

tax x a i s g iven in the s o l u t i o n to the problem, 

( 1 . 9 ) max U ( W + ( 1 - T H , I ) 

s . t . - U / U = ( 1 - t ) 
I c 

g < T i . 

The a l l o c a t i o n r u l e f a i s de f ined as f o l l o w s : f o r any T T ' , the a l l o c a t i o n s 

f a ( T t ' ) so l ve 

( 1 . 1 0 ) max U((D+C 2 ,S>) 
c 2 , H 

s . t . c 2 < ( 1 - T ' H . 

cL %3L 3 

Proo f . We f i r s t v e r i f y tha t any such t r i p l e (TT ,x . j , fT) i s an e q u i ­

l i b r i u m . Consider the second-stage a l l o c a t i o n r u l e . By d e f i n i t i o n t h i s r u l e 
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must s a t i s f y ( 1 . 7 ) . With k a = 0 and c a = w, the problem ( 1 . 7 ) reduces to 

( 1 . 1 0 ) , and f | i s r a t i o n a l fo r consumers. Consider the f i r s t - s t a g e a l l o c a ­

t i o n s . I f ( 1 - 6 ) R < 1 , i t i s opt imal f o r consumers to save noth ing and consume 

t h e i r endowments. I f (1-6)R = 1 , consumers are i n d i f f e r e n t among a l l sav ings 

l e v e l s , i n c l u d i n g sav ing no th ing . Thus, x a i s r a t i o n a l f o r consumers f o r any 

6 s a t i s f y i n g (1-6)R < 1. 

Next , cons ider the problem o f the government. With k a = 0 , the gov­

ernment i s i n d i f f e r e n t among a l l c a p i t a l tax r a t e s , i n c l u d i n g those ra tes 

s a t i s f y i n g (1 -6 )R < 1. Thus, any such 6 i s r a t i o n a l f o r the government. 

No t i ce tha t any 6 s a t i s f y i n g (1 -6)R > 1 would be i n c o n s i s t e n t wi th consumers' 

sav ing d e c i s i o n s . F i n a l l y , cons ider the labor tax T . P u t t i n g together the 

f a c t that sav ings are zero and that f a so l ves ( 1 . 1 0 ) , we can reduce the o p t i -

mal tax problem o f the government to ( 1 . 9 ) . Thus, the s p e c i f i e d (n , x ^ , f 2 ) i s 

a s u s t a i n a b l e e q u i l i b r i u m . 

I t should be c l e a r that no other e q u i l i b r i a are s u s t a i n a b l e . Sup­

pose, f o r example, there were an e q u i l i b r i u m wi th k > 0 . An op t ima l tax 

p o l i c y would r a i s e as much revenue as p o s s i b l e from t h i s c a p i t a l , and thus 6 

would be set equal to m i n ( g / R k , 1 ) . S ince we have assumed g > (R-1 ) io , t h i s 

c a p i t a l tax would s a t i s f y ( 1 - 6 ) R < 1 . For such a tax r a t e , however, i t would 

be op t ima l f o r consumers to set k = 0 . Thus, there can be no e q u i l i b r i a w i th 

p o s i t i v e s a v i n g s . 0 

In an autarky e q u i l i b r i u m , the r e a l i z e d second-stage a l l o c a t i o n s 

are f a ( i t a ) . We l e t the r e a l i z e d va lue o f u t i l i t y be denoted U a , where U a = 

U(<o+(1-T H ( T T ) , « , ( T T ) J . No t i ce that wh i le there i s a unique value o f u t i l ­

i t y r e a l i z e d i n an autarky e q u i l i b r i u m , there i s a range o f c a p i t a l tax r a t e s 

c o n s i s t e n t w i th e q u i l i b r i u m . For concre teness , we de f i ne 6 = 1 . 
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I t i s immediate to show that fo r t h i s economy, the va lue o f an 

i n s t i t u t i o n tha t a l l ows the government to commit to i t s p o l i c y i s s t r i c t l y 

p o s i t i v e : 

Lemma 1. The l e v e l o f u t i l i t y i n the Ramsey e q u i l i b r i u m i s s t r i c t l y 
p 

g rea te r than the l e v e l of u t i l i t y i n a sus ta i nab le e q u i l i b r i u m ; that i s , U > 

U a . 

P roo f . Comparing the Ramsey tax problem (1 .6) to the autarky tax 

problem ( 1 . 9 ) , i t i s c l e a r that the autarky tax problem i s s imply the Ramsey 

problem wi th a l a r g e r l e v e l of g , namely g = g + (R-1)w. S ince the u t i l i t y 

func t i on i s s t r i c t l y i nc reas ing i n both arguments, the maximized value of the 

Ramsey problem i s s t r i c t l y g rea te r than tha t o f the autarky problem. 0 

11. An I n f i n i t e Hor izon Economy 

Consider an i n f i n i t e r e p e t i t i o n o f the one per iod economy desc r ibed in S e c t i o n 

I. Each per iod i s indexed by t , f o r t = 0, 1, and each consumer's u t i l ­

i t y i s the sum o f each p e r i o d ' s u t i l i t y d iscounted a t r a t e 8. We w i l l assume 

throughout tha t government spending i s constant and s a t i s f i e s g > (R -1 )u . We 

cons ider two ve rs ions o f t h i s economy, one w i th commitment and one w i thou t . 

In the commitment v e r s i o n , the government se t s a sequence o f tax ra tes once 

and for a l l a t the beginning o f t ime. Consumers then choose a sequence o f 

a l l o c a t i o n s f o r a l l t ime. In c o n t r a s t , i n the no commitment ve rs i on the 

government and the consumers make d e c i s i o n s s e q u e n t i a l l y . For each per iod the 

t im ing of d e c i s i o n s i s the same as in the one-per iod problem. We then compare 

the opt imal p o l i c i e s f o r these two v e r s i o n s . 

A. Commitment 

Cons ider , f i r s t , the commitment economy i n which the government and the con­

sumers make t h e i r d e c i s i o n s a t the beginning of t ime. In p a r t i c u l a r , l e t n = 
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( T ( Q , 7 . ; . . . ) denote an i n f i n i t e sequence o f tax ra tes s t a r t i n g at time z e r o . 

For each per iod t , l e t x f c = ( x

l t > x

2 t ^ b e t n e a l l o c a t i o n s f o r t h e f i r s t and 

second stages o f t , and l e t x = ( X Q , X ^ , . . . ) denote the i n f i n i t e sequence o f 

such a l l o c a t i o n s . For t h i s environment, a p o l i c y f o r the government i s an 

i n f i n i t e sequence o f tax ra tes n. An a l l o c a t i o n r u l e i s a sequence o f f unc ­

t i o n s f = ( f Q j f p . . . ) that map government p o l i c i e s in to sequences o f a l l o c a ­

t i o n s . We have: A Ramsey e q u i l i b r i u m i s a p o l i c y it and an a l l o c a t i o n r u l e f 

that s a t i s f y 

• Government max imiza t ion . The p o l i c y u maximizes 

V ( s , f ) = F o B t U ( c 1 t ( 7 t ) + c 2 t ( 7 r ) , ! l t ( i T ) ) 

s . t . g < 6 Rk (IT) + x 8, (*) f o r t = 0, ». 

• R a t i o n a l i t y by consumers. For every p o l i c y T T ' , the a l l o c a t i o n r u l e 

f ( T t * ) so l ves 
CO 

r t 
max ) 6 U(c . +c„ ,8. ) 

t=0 ] t d Z C 

s . t . c 1 t < <o - k t 

c 2 t < (1 -«pRk f c + d - x ' ) 8 t . 

We denote a Ramsey e q u i l i b r i u m by the p a i r ( i r , f ) . I t immediately f o l l o w s tha t 

the Ramsey e q u i l i b r i u m fo r t h i s i n f i n i t e hor i zon model i s s imply the Ramsey 

e q u i l i b r i u m fo r the one-per iod model repeated i n f i n i t e l y many t imes . No t i ce 

that any Ramsey e q u i l i b r i u m ( i T , f ) induces some p a r t i c u l a r outcome ( n , x ) , where 

x s f ( i r ) . By c o n s t r u c t i o n t h i s outcome s a t i s f i e s consumer max imizat ion and 

the sequence o f government budget c o n s t r a i n t s . Hence, t h i s outcome i s some 

s p e c i f i c da te -0 compet i t i ve e q u i l i b r i u m . More g e n e r a l l y , we w i l l say a p a i r 

o f sequences ( T T , X ) i s a date-0 compet i t i ve e q u i l i b r i u m i f i t s a t i s f i e s con­

sumer maximizat ion and the sequence of government budget c o n s t r a i n t s (but not 
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n e c e s s a r i l y government max im iza t ion ) . ( In Sec t i on I I I we c h a r a c t e r i z e c o n d i ­

t i ons under which a date-0 compet i t i ve e q u i l i b r i u m can be supported by a 

sus ta inab le e q u i l i b r i u m . ) 

B. No Commitment 

As i n the one-per iod economy, the lack o f a commitment technology i s f o rma l l y 

modeled by assuming that the t iming scheme i s as f o l l o w s : f o r each per iod t , 

consumers make t h e i r f i r s t - s t a g e d e c i s i o n s , then the government se t s cu r ren t 

tax r a t e s , and then consumers make t h e i r second-stage d e c i s i o n s . 

In each per iod the consumers and the government can vary t h e i r 

dec i s i ons depending on the h i s t o r y o f government p o l i c i e s up to the po in t when 

the d e c i s i o n i s made. At the f i r s t s tage o f per iod t , each consumer chooses a 

f i r s t - s t a g e a l l o c a t i o n as a func t ion o f the h i s t o r y h^_^ = ( n s | s = 0 , . . . , t - 1 ) 

and a cont ingency plan fo r s e t t i n g f u tu re a c t i o n s f o r a l l p o s s i b l e h i s t o ­

r i e s . The f i r s t - s t a g e consumption and sav ings d e c i s i o n s are denoted by 

f 1 t ( h f c _ l ) . A f t e r the f i r s t - s t a g e d e c i s i o n s have been taken, the government 

se t s t ime- t tax ra tes as a func t ion o f the cur ren t h i s t o r y h^._^ and chooses a 

cont ingency p lan f o r s e t t i n g fu ture tax ra tes as a f unc t i on o f any fu tu re 

aggregate h i s t o r y i t may f ace . Let o , (h . .) denote the t ime- t tax ra tes 

chosen by the government when faced w i th h i s t o r y h^._^. At the second stage o f 

t , an i n d i v i d u a l ' s h i s t o r y i s h .̂ = h f c_^ u (TT^.). Faced wi th h t , consumers 

choose a second-stage a l l o c a t i o n f . (h ) and a cont ingency p lan f o r s e t t i n g 

fu ture a c t i o n s f o r a l l p o s s i b l e fu ture h i s t o r i e s . 

Now, to de f ine a sus ta i nab le e q u i l i b r i u m , we need to e x p l a i n how 

p o l i c y p lans induce fu tu re h i s t o r i e s . We l e t denote a p o l i c y p lan f o r the 

government from time t onwards; that i s , o f c = (o.,a . , . . . ) i s a sequence o f 

p o l i c y r u l es from time t onwards. For any p o l i c y p lan a = (a^,ay ...) and any 

time t , we c a l l o t the con t i nua t i on o f o. Let f t denote the cor respond ing 



- 15 -

ob jec ts fo r the a l l o c a t i o n r u l e s . Given a h i s t o r y h^._^, the p o l i c y p lan a 

induces fu tu re h i s t o r i e s by h f c = (h f c 1 » ° t ( h

t «))» a n d s o o n -

Consider the second stage o f per iod t . Given some symmetric h i s t o r y 

h 2 t , an i n d i v i d u a l consumer chooses a cont ingency p lan ( f 2 t _ , f t + 1 ) . Each con­

sumer takes as g iven that fu tu re p o l i c i e s w i l l evo lve accord ing to the h i s t o ­

r i e s induced by a^*\ Fo rma l l y , g iven a p o l i c y p lan o, the a l l o c a t i o n r u l e f 

i s r a t i o n a l f o r consumers a t the second stage a f t e r the h i s t o r y hj., i f the 

con t inua t ion of f maximizes 

j / - f y c ) s < h s . 1 ) « 2 s < h s ) , y h s ) ) 
s=t 

s . t . c . (h J < a) - k (h ) IS S-1 s s - l 

c . o ( h ) < (1-6 (h ) ) R k J h .) + ( 1 - T (h . ) )« . Ah J 
2s s v S S - l ' s s-1 v S S - l ' s s 

where fo r a l l s > t , the fu tu re h i s t o r i e s are induced by o t + 1 . For any h i s ­

tory hj._^, r a t i o n a l i t y a t the f i r s t s tage of t i s de f ined in a s i m i l a r f a s h ­

i o n . 

Next , cons ider the s i t u a t i o n o f the government in per iod t . Given 

some h i s t o r y h t - 1 and that a l l o c a t i o n s evolve accord ing to f , the government 

chooses a p o l i c y p lan that maximizes the we l fa re o f the consumers sub jec t 

to i t s budget c o n s t r a i n t s . Given an a l l o c a t i o n r u l e f , the p o l i c y p lan o i s 

r a t i o n a l fo r the government, a f t e r the h i s t o r y h^_^, i f the con t i nua t i on o f o 

maximizes 

(2.1) V t ( o t , f f c , h t _ 1 ) . I 6 s - t u ( c 1 s ( h s _ 1 ) + c 2 s ( h s ) , a s ( h s ) ) . 
s=t 

s . t . g < 6 (h ,)Rk (h .) + t (h ,)l Ah ) 6 s s-1 s v s-1 s s-1 s v s 
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fo r a l l h i s t o r i e s induced by a , f o r a l l s > t . Let l ( f » h . « ) denote the 

set o f p o l i c y p lans o f c that s a t i s f y these budget c o n s t r a i n t s . 

Combining these requirements g i ves us a type of e q u i l i b r i u m that 

w i l l not break down as time evo l ves , s i n c e by cons t ruc t i on the va r ious c o n t i n ­

gency p lans w i l l be c a r r i e d out f o r any p o s s i b l e se t of h i s t o r i e s . We then 

have: A sus ta inab le e q u i l i b r i u m i s a pa i r ( o , f ) tha t s a t i s f i e s 

• Sequen t ia l r a t i o n a l i t y by consumers. Given a p o l i c y p lan a, the 

a l l o c a t i o n r u l e f i s r a t i o n a l f o r consumers a t the f i r s t s tage fo r 

every h i s t o r y h ! . _ 1 , and t h i s a l l o c a t i o n r u l e i s r a t i o n a l f o r con­

sumers a t the second stage fo r every h i s t o r y h^. 

• Sequen t ia l r a t i o n a l i t y by governments. Given an a l l o c a t i o n r u l e f , 

the p lan a i s r a t i o n a l f o r the government fo r every h i s t o r y h ) . _ 1 . 

For l a t e r use , l e t V Q ( o , f ) denote the value o f u t i l i t y i n a s u s t a i n a b l e e q u i ­

l i b r i u m . 

I I I . C h a r a c t e r i z a t i o n o f Sus ta inab le E q u i l i b r i a 

In t h i s s e c t i o n we cha rac te r i ze the a l l o c a t i o n s and p o l i c i e s tha t r e s u l t from 

sus ta i nab le e q u i l i b r i a . R e c a l l that a s u s t a i n a b l e e q u i l i b r i u m ( o , f ) i s a s e ­

quence o f f unc t i ons that s p e c i f y p o l i c i e s and a l l o c a t i o n s f o r a l l p o s s i b l e 

h i s t o r i e s . S t a r t i n g from the n u l l h i s t o r y a t date 0 , a s u s t a i n a b l e 

e q u i l i b r i u m induces a p a r t i c u l a r sequence o f p o l i c i e s and a l l o c a t i o n s , say 

( i t , x ) . We c a l l t h i s the outcome induced by the s u s t a i n a b l e e q u i l i b r i u m . The 

technique fo r c h a r a c t e r i z i n g the se t o f such outcomes b u i l d s on Abreu ' s (1988) 

seminal work on repeated games. In our models, agents behave c o m p e t i t i v e l y 

ra ther than s t r a t e g i c a l l y ; thus, we need to re fo rmula te Abreu 's arguments. 

We f i r s t show that the autarky a l l o c a t i o n s o f the one-per iod economy 

(def ined in Sec t i on I) are sus ta i nab le a l l o c a t i o n s in the i n f i n i t e ho r i zon 

economy. We then prove that a sequence o f p o l i c i e s and a l l o c a t i o n s can be 
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induced by some s u s t a i n a b l e e q u i l i b r i u m i f and only i f i t can be induced by a 

p a r t i c u l a r sus ta i nab le e q u i l i b r i u m c a l l e d the r e v e r t - t o - a u t a r k y e q u i l i b r i u m . 

We use t h i s r e s u l t to show that an a r b i t r a r y sequence o f p o l i c i e s and a l l o ­

ca t ions i s an outcome o f a s u s t a i n a b l e e q u i l i b r i u m i f and only i f i t s a t i s f i e s 

two c o n d i t i o n s : f i r s t , the sequence i s a compet i t i ve e q u i l i b r i u m a t date 0 ; 

second, the sequence s a t i s f i e s some s imple i n e q u a l i t i e s . 

Cons ide r , f i r s t , the autarky e q u i l i b r i u m (o , f ) which i s de f ined as 

f o l l o w s . For any h i s t o r y h t _ 1 ( the autarky p o l i c y p lan se t s ^ ( h , . ^) equal to 

the autarky p o l i c y n a de f ined i n the one-per iod problem in P r o p o s i t i o n 2. The 

autarky a l l o c a t i o n r u l e f a i s de f ined as f o l l o w s . For the f i r s t s t a g e , f o r 

every h i s t o r y h f c _ 1 t h i s r u l e s p e c i f i e s that consumers save noth ing and consume 

a l l t h e i r endowment; that i s , se t k a ( h t ,,) = 0 and c a ( h t _ 1 ) = to. For the 

second s tage , g iven any h i s t o r y h f c t h i s r u l e se t s the a l l o c a t i o n s equal to 

those de f ined in the one-per iod autarky problem, namely f l A i r . ) , where the 

func t ion f a i s de f ined in P r o p o s i t i o n 2. We then have 

Lemma 2. The autarky e q u i l i b r i u m i s s u s t a i n a b l e . 

P roo f . We f i r s t v e r i f y sequen t i a l r a t i o n a l i t y by consumers. For 

the f i r s t stage i t i s c l e a r , g iven that o s p e c i f i e s a c a p i t a l tax ra te o f 1, 

that i t i s op t ima l f o r consumers never to save. For the second s tage , the 

consumer's problem reduces to the s t a t i c problem of P r o p o s i t i o n 2, so the 

second-stage a l l o c a t i o n s are op t ima l by c o n s t r u c t i o n . We next v e r i f y sequen­

t i a l r a t i o n a l i t y by the government. We need to show tha t fo r every h i s t o r y 

h t - 1 -
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f o r every a € I ( f a >'h t j ) . Given that the consumer's cont ingency p lan s p e c i ­

f i e s zero sav ing fo r a l l f u tu re h i s t o r i e s regard less o f the past p o l i c i e s o f 

the government, the tax problem o f the government reduces to a s e r i e s o f 

s t a t i c problems. For each such problem the s o l u t i o n i s , by c o n s t r u c t i o n , the 

autarky p o l i c y o f P r o p o s i t i o n 2 . 0 

In the next lemma we show tha t autarky e q u i l i b r i u m i s the worst 

sus ta inab le e q u i l i b r i u m . Prov ing t h i s i s the key to our method o f cha rac ­

t e r i z i n g the se t o f sus ta i nab le a l l o c a t i o n s . We have 

Lemma 3. The autarky e q u i l i b r i u m i s the worst s u s t a i n a b l e e q u i l i b ­

r ium. That i s , fo r any s u s t a i n a b l e e q u i l i b r i u m ( o , f ) 

(3.1) V 0 ( o , f ) > V Q ( o a , f a ) . 

P roo f . For a g iven s u s t a i n a b l e e q u i l i b r i u m ( a , f ) , we cons t ruc t a 

p lan o which s a t i s f i e s 

(3.2) V Q ( o , f ) > V 0 ( 5 , f ) > V Q ( o a , f a ) . 

Mote that VQ(o, f ) can be w e l l de f ined even when ( o , f ) i s not an e q u i l i b r i u m . 

In the c o n s t r u c t i o n we e x p l o i t a f a c t about s u s t a i n a b l e e q u i l i b r i a : second-

stage d e c i s i o n s so lve a s imple s t a t i c problem. To see t h i s , no t i ce tha t a t 

the second stage o f any per iod t , g iven the f i r s t - s t a g e d e c i s i o n s and the 

cur rent tax r a t e s and 6 t , the cont ingency p lans o^ + ^ and f^+^ have no 

e f f e c t on the second-stage problem o f consumers. More p r e c i s e l y , f o r any 

h i s t o r y h t = (h f c ^ » ^ ) > the f unc t i on ^ t ^ t 1'*t^ c a n b e w r i f c t e n a s s o m e f u n c " 

t i o n f^(k^,-n^) g iven i n the s o l u t i o n to the problem: choose c 2 and £ to so l ve 

(3.3) max U(w-k h + c 5 , a ) 
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s . t . e 2 < ( l - « t ) R k t + ( 1 - x t ) » . 

Let us de f ine 5 as f o l l o w s : For any h t _ ^ , l e t a (h ^) be the o p t i ­

mal tax p o l i c y in the problem 

(3.4) 

c 2 < (1-6)Rk f c + ( 1 - T H 

max U(u-k +c_,«,) 

s . t . 

U / U 
a c 

( 1 - T ) 

where k f c i s g iven by f ^ t ( h f c _ ^ ) . Now by cons t ruc t i on o f a and the f a c t tha t 

f 2 t so lves ( 3 . 3 ) , i t i s c l e a r that o i s f e a s i b l e fo r any such a l l o c a t i o n 

r u l e . Thus, the f i r s t i n e q u a l i t y i n (3.2) fo l l ows from d e f i n i t i o n o f sequen­

t i a l r a t i o n a l i t y o f the government. 

autarky u t i l i t y repeated f o reve r . We argue that the u t i l i t y r e a l i z e d under 

the p lans o and f i s a t l e a s t as h i g h . Let h f c denote the h i s t o r y induced 

by o. For any t such that f . (h . ) s p e c i f i e s zero s a v i n g , the t ime - t u t i l i t y 

co i nc i des w i th that o f au ta rky . For any t such tha t f ^ f c ( h f c ^) s p e c i f i e s 

p o s i t i v e sav ings , the t ime - t u t i l i t y exceeds that o f au ta rky . In any such 

per iod the government w i l l c o l l e c t a s t r i c t l y p o s i t i v e amount o f revenue us ing 

what i s e s s e n t i a l l y a lump-sum tax on c a p i t a l . Thus, in per iod t , the amount 

o f revenue the government r a i s e s us ing the d i s t o r t i o n a r y tax on labor i s 

s m a l l e r , so we l fa re i s h i ghe r . S ince t h i s argument ho lds fo r any such per iod 

t , we l fa re under ( o , f ) must be a t l e a s t as h igh as i t i s under ( o a , f a ) where 

a l l revenue i s r a i sed through the d i s t o r t i o n a r y labor tax . 0 

Consider the second i n e q u a l i t y i n ( 3 . 2 ) . The u t i l i t y r e a l i z e d under 

the autarky p lans o a and f a i s s imply the d iscounted va lue o f the one-per iod 
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In the next p r o p o s i t i o n , which i s the main r e s u l t o f the paper, we 

cha rac te r i ze the cond i t i ons under which an a r b i t r a r y sequence o f a l l o c a t i o n s 

and p o l i c i e s i s s u s t a i n a b l e . The proof uses a modi f ied v e r s i o n of the autarky 

p lans , which we c a l l the r e v e r t - t o - a u t a r k y p l ans . (For those f a m i l i a r w i th 

Abreu ( 1 9 8 8 ) , i t w i l l be c l e a r that these p lans are r e l a t e d to h i s op t ima l 

simple penal codes. ) For an a r b i t r a r y sequence ( i r ' , X ' ) the r e v e r t - t o - a u t a r k y 

p o l i c y p lans and a l l o c a t i o n r u l e s are denoted o r and f r . The p o l i c y p lan o r 

i s de f ined as f o l l o w s . I f h t - 1 = ( i t ' , w • , . . . j ) , then o^(h f c _ 1 ) = ir£. For 

a l l o ther h i s t o r i e s , rever t to the autarky tax r u l e o f Lemma 2. Def ine the 

reve r t - t o -au ta rky a l l o c a t i o n r u l e s f as f o l l o w s . I f n t - l 

= (w' ,TT' . . . , n ' . ) , l e t f ^ ( h . , ) = x 1 h . For a l l o ther h i s t o r i e s 
U I t - 1 I t t - 1 1 *> 

l e t fr. Ah. .) be the autarky a l l o c a t i o n s x . as s p e c i f i e d i n Lemma 2 . The 

second stage a l l o c a t i o n func t i ons are de f ined s i m i l a r l y . We then have: 

P ropos i t i on 3 . (Sus ta inab le Outcomes.) 

An a r b i t r a r y p a i r o f sequences (n ,x ) i s the outcome of a s u s t a i n a b l e 

e q u i l i b r i u m i f and only i f ( i ) the p a i r (n ,x ) i s a compe t i t i ve e q u i l i b r i u m a t 

date 0 and ( i i ) fo r every t , the f o l l ow ing i n e q u a l i t y ho lds 

( 3 . 5 ) I / ^ e ^ c * s ) > u d ( k f c ) • j*- u\ 
s=t 

where U d ( k t ) i s de f ined i n ( 3 . 4 ) . 

P roo f . Suppose, f i r s t , that ( i r ,x ) i s the outcome o f a s u s t a i n a b l e 

e q u i l i b r i u m ( o , f ) . Sequen t ia l r a t i o n a l i t y by consumers r e q u i r e s tha t (n ,x ) 

maximize consumer we l fa re a t date 0 . Sequen t i a l r a t i o n a l i t y by the govern­

ments imp l i es that ( i t ,x ) s a t i s f i e s the government's budget c o n s t r a i n t a t date 

0 . Thus, (TV,X) i s a compet i t i ve e q u i l i b r i u m under commitment. Next , a t time 

t , g iven a h i s t o r y h ( . _ 1 , a d e v i a t i o n to the p lan o de f i ned in Lemma 3 i s 



- 21 -

f e a s i b l e . Under t h i s d e v i a t i o n , the t ime- t u t i l i t y i s U a ( k t ) (de f ined in 

Lemma 3 ) , and fo r any s > t , Lemma 3 guarantees the t ime-s u t i l i t y i s a t l e a s t 

U a . C l e a r l y , then, the u t i l i t y o f the government must be a t l e a s t as l a r g e as 

the r i g h t s i de o f ( 3 - 5 ) f o r every per iod t . Thus ( i ) and ( i i ) h o l d . 

Next , suppose some a r b i t r a r y p a i r o f sequences (n ,x ) s a t i s f i e s ( i ) 

and ( i i ) . We show that the assoc ia ted r e v e r t - t o - a u t a r k y p lans ( o r , f r ) c o n s t i ­

tu te a sus ta i nab le e q u i l i b r i u m . Consider h i s t o r i e s under which there have 

been no d e v i a t i o n s from it up u n t i l t . S ince (rr,x) i s a compet i t i ve e q u i l i b ­

rium a t date 0 , i t i s obvious that i t s con t i nua t i on from date t i s r a t i o n a l 

for consumers. Thus, sequen t i a l r a t i o n a l i t y fo r consumers holds f o r such 

h i s t o r i e s . Consider the s i t u a t i o n of the government. For any d e v i a t i o n a t 

time t , the d iscounted va lue of u t i l i t y from time t+1 onwards i s g iven by the 

second term on the r i g h t s i de o f ( 3 - 5 ) . R e c a l l tha t the p o l i c y p lan o was 

const ructed to maximize t ime- t u t i l i t y f o r any k^. Thus, faced w i th such a 

h i s t o r y , the maximal u t i l i t y a t t a i n a b l e under any d e v i a t i o n by the pol icymaker 

at t i s s imply the r i g h t s i de o f ( 3 . 5 ) . Hence, g iven tha t the assumed i n ­

equa l i t y h o l d s , then s t i c k i n g wi th the s p e c i f i e d p lan i s always o p t i m a l . 

Consider now h i s t o r i e s f o r which there has been a d e v i a t i o n before 

time t . The r e v e r t - t o - a u t a r k y r u l e s ( o r , f r ) s p e c i f y autarky from then o n ­

wards. C l e a r l y , the autarky a l l o c a t i o n s a re r a t i o n a l f o r consumers. F i n a l l y , 

faced w i th the autarky a l l o c a t i o n r u l e , i t i s op t ima l fo r the government to 

choose the autarky p o l i c y . Thus, (o , f ) i s a s u s t a i n a b l e e q u i l i b r i u m . 0 

P r o p o s i t i o n 3 complete ly c h a r a c t e r i z e s the cond i t i ons under which an 

a r b i t r a r y sequence of p o l i c i e s and a l l o c a t i o n s i s s u s t a i n a b l e . In p a r t i c u l a r , 

the p ropos i t i on g i ves necessary and s u f f i c i e n t c o n d i t i o n s fo r a da te -0 compe­

t i t i v e e q u i l i b r i u m to be the outcome o f a s u s t a i n a b l e e q u i l i b r i u m . I t i s 

worth no t ing that some compet i t i ve e q u i l i b r i a cannot be the outcome o f any 
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worth no t ing that some compet i t i ve e q u i l i b r i a cannot be the outcome of any 

sus ta inab le e q u i l i b r i u m . Indeed, any e q u i l i b r i u m tha t generates lower u t i l i t y 

than autarky cannot be a sus ta i nab le outcome. For example, cons ide r an e q u i ­

l i b r i u m wi th the tax on c a p i t a l i d e n t i c a l l y equal to one and w i th the tax on 

labor i n e f f i c i e n t l y h igh ( f o r example, l e t the tax on labor be on the f a r s i d e 

of the La f f e r c u r v e ) . C l e a r l y , t h i s e q u i l i b r i u m generates lower u t i l i t y than 

the autarky e q u i l i b r i u m and thus i t i s not s u s t a i n a b l e . No t i ce tha t t h i s 

e q u i l i b r i u m cannot be sus ta ined f o r any d iscount f a c t o r i n the u n i t i n t e r v a l . 

I t f o l l ows from P r o p o s i t i o n 3 tha t i f an outcome (TT,X) i s s u s t a i n ­

ab le fo r some d iscount f a c t o r , then i t i s s u s t a i n a b l e fo r a l a r g e r d i scoun t 

f a c t o r . A more i n t e r e s t i n g r e s u l t a l s o f o l l o w s : namely, i f the d i scoun t 

f a c t o r i s s u f f i c i e n t l y h i g h , the Ramsey outcome i s s u s t a i n a b l e . Fo rma l l y , we 

have 

P ropos i t i on 4 . ( S u s t a i n a b i l i t y of Ramsey A l l o c a t i o n s . ) 

There i s some d iscount f ac to r 8 € (0 ,1) such that f o r a l l 8 € (8 ,1 ) 

the Ramsey a l l o c a t i o n s are s u s t a i n a b l e . 

Proo f . From P r o p o s i t i o n 3 i t s u f f i c e s to show tha t the i n e q u a l i t y 

(3.5) holds f o r the Ramsey a l l o c a t i o n s . R e c a l l from P r o p o s i t i o n 1 that in the 
f 

one-per iod model, the l e v e l o f u t i l i t y under commitment i s U . For the i n f i ­

n i t e hor i zon model, the u t i l i t y under the Ramsey e q u i l i b r i u m i s the d iscounted 

sum o f these numbers U . R e c a l l from P r o p o s i t i o n 2 that i n the one-per iod 

model, the l e v e l of u t i l i t y under autarky i s U a . For the i n f i n i t e ho r i zon 

model, the u t i l i t y under autarky i s the d iscounted sum o f u t i l i t i e s . Thus, to 

prove the r e s u l t i t s u f f i c e s to v e r i f y the i n e q u a l i t y 
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Rearranging terms g i ves 

(3.6) y-£— [ U f - U a ] > ( U d ( k f ) - U f ) . 

From Lemma 1, the l e f t s i de o f (3.6) i s s t r i c t l y p o s i t i v e . Thus, there i s 

some 8 s t r i c t l y l e s s than one such that t h i s i n e q u a l i t y ho lds f o r a l l 6 ^ 

8. 0 

Two remarks about P r o p o s i t i o n 3 and 4 are warranted. F i r s t , i t i s 

important to emphasize that i n the r e v e r t - t o - a u t a r k y e q u i l i b r i u m consumers do 

not "pun ish " the government when i t d e v i a t e s ; r a t h e r , they choose the autarky 

a l l o c a t i o n s because—tak ing the fu tu re aggregate a l l o c a t i o n s and p o l i c i e s as 

beyond t h e i r c o n t r o l — i t i s op t ima l to choose these a l l o c a t i o n s . Second, i n 

these p ropos i t i ons we develop cond i t i ons under which an i n f i n i t e sequence o f 

s p e c i f i e d outcomes can be sus ta ined by an e q u i l i b r i u m . A separate ques t ion i s 

whether some s p e c i f i e d d iscounted value of u t i l i t y can a r i s e in an e q u i l i b ­

r ium. For i ns tance , from Lemma 2 i t f o l l ows that fo r any d i scoun t f a c t o r 8, 

the autarky u t i l i t y U / ( 1 - B ) i s s u s t a i n a b l e . From P r o p o s i t i o n 3 i t f o l l o w s 
f 

that f o r a h igh enough d iscount f a c t o r , the Ramsey u t i l i t y U / ( 1 - 8 ) i s s u s ­

t a i n a b l e . One might wonder i f any u t i l i t y between the two i s s u s t a i n a b l e . To 

rephrase the quest ion more p r e c i s e l y one might ask : g iven any number U s a t -

a f 

i s f y i n g U < U < U , i s there some d iscount f a c t o r such tha t U/ (1-8) i s the 

da te -0 u t i l i t y l e v e l o f some s u s t a i n a b l e e q u i l i b r i u m ? C l e a r l y , by c o n s i d e r i n g 

an e q u i l i b r i u m that a l t e r n a t e s in an app rop r ia te fash ion between the autarky 

and the Ramsey a l l o c a t i o n s and by choosing the d i scoun t f a c t o r to be h igh 

enough, any such u t i l i t y l e v e l can be s u s t a i n e d . 
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IV. An Example 

We present an example to i l l u s t r a t e four f ea tu res o f s u s t a i n a b l e outcomes and 

t h e i r assoc ia ted u t i l i t y l e v e l s that f o l l o w from P ropos i t i ons 3 and 4. F i r s t , 

f o r low enough va lues of the d iscount f a c t o r , poss ib l y z e r o , the only s u s t a i n ­

ab le outcome i s au ta rky . Second, i f a c e r t a i n outcome i s s u s t a i n a b l e f o r some 

d iscount f a c t o r , then i t i s s u s t a i n a b l e f o r a l a rge r d i scoun t f a c t o r . T h i r d , 

fo r la rge enough va lues of the d iscount f a c t o r , the Ramsey outcome i s s u s t a i n ­

a b l e . F i n a l l y , f o r la rge enough va lues o f the d iscount f a c t o r , a l l u t i l i t i e s 

between autarky and Ramsey are s u s t a i n a b l e . 

We focus on s t a t i o n a r y outcomes, namely outcomes ( i r ,x ) fo r which n t 

and x t are independent of t . For such outcomes the i n e q u a l i t i e s in (3 .5) 

reduce to the s i n g l e i n e q u a l i t y 

(4.1) U ( c 1 + c 2 , H ) > (1 -6 )U d ( k ) + S U a . 

In terms o f c h a r a c t e r i z i n g the se t of u t i l i t i e s that s a t i s f y ( 4 . 1 ) , i t s u f ­

f i c e s to cons ider outcomes i n which 6 = ( R - 1 ) / R , the tax on labor i s se t 

o p t i m a l l y , and k takes on a l l va lues i n [ 0 , u ] . For any k, l e t U(k) denote the 

maximized value o f u t i l i t y under such an outcome. For any d i scoun t f a c t o r 8 

in [ 0 , 1 ] , l e t E(6) be the se t o f s t a t i o n a r y sus ta inab le u t i l i t y l e v e l s ; that 

i s , 

(4.2) E(6) = {U(k)| U ( k ) > ( 1 - 8 ) U d ( k ) + 8 U a , k € [ 0 , » ] } . 

Let the u t i l i t y func t ion be 

(4.3) U ( c 1 + c 2 , l ) = [ ( c l + c 2 ) a

+ Y ( a - O a ] 1 / a 

and l e t a = - 0 . 3 , Y = 1.2, I = 100, u = 10, g = 25, and R = 2. For t h i s 

example, the se t o f s t a t i o n a r y s u s t a i n a b l e u t i l i t y l e v e l s i l l u s t r a t e s the four 
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fea tu res (see F igure 1) . F i r s t , f o r 6 < 0 . 1 , E(S) = U A . Second, E(8) c E ( 8 ' ) 

fo r 6 < 8 ' . T h i r d , fo r 8 > 0.1 the U f e E ( e ) . Fou r th , the 8 > 0 .48 , E(8) = 

[ U A , U F ] . 

F i n a l l y , a ra ther s p e c i a l fea tu re o f the example i s that f o r some 

values o f 8--namely, 8 e [ 0 . 1 , 0 . 4 8 ] , the Ramsey u t i l i t y i s s u s t a i n a b l e but 

some u t i l i t i e s between the Ramsey u t i l i t y and the autarky u t i l i t y are not 

sus ta inab le (at l e a s t wi th s t a t i o n a r y outcomes). 

V. Anonymous Games 

In t h i s sec t i on we prov ide one r a t i o n a l i z a t i o n o f the e q u i l i b r i a cons idered i n 

the prev ious s e c t i o n s , but i n a game- theoret ic con tex t . In p a r t i c u l a r , we 

make p r e c i s e the r e l a t i o n s h i p between the e q u i l i b r i a o f the economies w i th and 

without commitment and the pe r fec t e q u i l i b r i u m o f c e r t a i n games. We f i r s t 

show that the Ramsey e q u i l i b r i u m i s the unique subgame p e r f e c t e q u i l i b r i u m o f 

a game wi th commitment. More impor tant , we then show that the se t o f s u s t a i n ­

ab le e q u i l i b r i a correspond to the set of symmetric pe r fec t Bayes ian e q u i l i b r i a 

o f a game wi th no commitment. (For r e l a t e d work, see Atkeson 1988.) 

In the economies cons idered e a r l i e r , we modeled p r i v a t e agents as 

behaving c o m p e t i t i v e l y , in the sense that they assume p o l i c i e s are unaf fec ted 

by t h e i r d e c i s i o n s . We capture t h i s fea tu re i n a game by us ing two assump­

t i o n s . F i r s t , we assume there are a continuum of agents . Second, we assume 

i n d i v i d u a l s observe on ly t h e i r own d e c i s i o n s and aggregate outcomes. A game 

with t h i s feature i s c a l l e d an anonymous game (see Green 1980, 1984). 

A. General Setup 

There i s a continuum o f p r i v a t e agents represented by Lebesque measure X on 

the i n t e r v a l [0,1] and a p laye r c a l l e d the government. A p o l i c y f o r the 

government i s a p a i r o f tax r a t e s Tt = ( 6 , T ) w i th 0 < 6 , T < 1. An a c t i o n 
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p r o f i l e f o r p r i v a t e agents i s a p a i r o f measurable f unc t i ons x = (k,8,) : [0 ,1] 

* [0,u>] x R + . We denote the imp l ied a c t i o n of an i n d i v i d u a l agent i by x ( i ) = 

( k ( i ) , l ( i ) ) . The s i n g l e - p e r i o d payof fs o f agent i are 

(5.1) V . ( * , x ( i ) , x ) = U(u)-k( i ) + ( 1 -6 )Rk ( i ) + ( 1 - T H ( i ) , ! l ( i ) ) + W ( 6 , T , K , L ) 

where K = J" k ( i ) x ( d i ) and L = J" 2 , ( i ) X ( d i ) and where the f unc t i on W equa ls zero 

i f i t s arguments s a t i s f y g < 6RK + T L and equals some l a rge negat i ve number, 

say - M , o the rw ise . The government's payof f i s 

(5.2) V(n ,x ) = J V . ( n , x ( i ) , x ) x ( d i ) . 

R e c a l l that i n the usua l d e f i n i t i o n o f a game, there are no budget con­

s t r a i n t s . The func t i on W incorpora tes the budget c o n s t r a i n t of the government 

in to i t s preferences in such a way that i t w i l l seek to balance the budget. 

In what f o l l ows we cons ider i n f i n i t e hor i zon games i n which agents 

maximize the d iscounted present value o f the stream o f s i n g l e - p e r i o d p a y o f f s . 

B. Commitment Game 

In a commitment game, the government f i r s t chooses an i n f i n i t e sequence o f 

p o l i c i e s it = ( O ^ . A s t ra tegy f o r the government i s thus j u s t an i n f i n i t e 

sequence o f p o l i c i e s . P r i v a t e agents , having seen it, then make t h e i r d e c i ­

s i o n s . A s t ra tegy p r o f i l e f o r p r i v a t e agents i s a sequence o f f u n c t i o n s 

f = ( f )™ tha t map p o l i c i e s it i n t o a c t i o n p r o f i l e s x . A s t ra tegy p r o f i l e f 

n a t u r a l l y induces s t r a t e g i e s f o r each agent o f the form f . ( i , i r ) f o r every 

p e r i o d . For p r i va te agents , the payof fs over s t r a t e g i e s are de f ined to be 

CD 

(5.3) I S t V i ( * t , f t ( i , i 0 , f t ( i 0 ) . 
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L ikew ise , the payof fs f o r the government are 

CO 

(5.4) I 8 f c V(n. , f , U ) ) . 
t=0 C C 

We can now de f i ne an e q u i l i b r i u m : A subgame p e r f e c t e q u i l i b r i u m fo r the 

commitment game i s a s t ra tegy Tt f o r the government and a s t ra tegy p r o f i l e f 

fo r p r i va te agents tha t s a t i s f y ( i ) fo r each agent i , g i ven the s t r a t e g i e s o f 

other agents as s p e c i f i e d by f and any p o l i c y n' f o r the government, the 

s t ra tegy f ( i , T T 1 ) maximizes agent i ' s payof f and ( i i ) g i ven the s t ra tegy p ro ­

f i l e f , the s t ra tegy o maximizes the government 's payo f f . Comparing t h i s 

d e f i n i t i o n w i th the Ramsey e q u i l i b r i u m of Sec t i on I I , we immediately have: 

P ropos i t i on 5 . ( E q u i l i b r i u m Outcomes o f the Commitment Game.) 

The subgame pe r fec t e q u i l i b r i u m p o l i c i e s and a l l o c a t i o n s ( n , f ( T t ) ) 

of the commitment game are i d e n t i c a l to the Ramsey p o l i c i e s and a l l o c a t i o n s . 

The proof o f P r o p o s i t i o n 5 i s g iven i n the Appendix. The r e q u i r e ­

ment of subgame p e r f e c t i o n i s c r u c i a l i n demonstrat ing t h i s p r o p o s i t i o n . 

Suppose that we drop the requirement o f p e r f e c t i o n and ins tead cons ider Nash 

e q u i l i b r i a . R e c a l l , a Nash e q u i l i b r i u m i s de f ined as above except that we 

requ i re the s t ra tegy p r o f i l e , say f*, to be an e q u i l i b r i u m fo r p r i v a t e agents 

only a t the e q u i l i b r i u m p o l i c y of the government, say n* . Thus, f o r p o l i c i e s 

other than i t * the s t ra tegy p r o f i l e f* i s u n r e s t r i c t e d . The se t o f Nash e q u i ­

l i b r i a i s cons ide rab ly l a rge r than the se t o f subgame pe r fec t e q u i l i b r i a . 

Indeed, any compet i t i ve e q u i l i b r i u m (n,x) i s the outcome o f a Nash e q u i l i b ­

r ium. To see t h i s , l e t the s t ra tegy p r o f i l e f* s p e c i f y x i f the p o l i c y n i s 

chosen and spec i f y zero sav ings and zero labor supply f o r any other p o l i c y . 

By cons t ruc t i on of W, the government's payof f i s some l a rge negat ive number 

f o r any p o l i c y other than TT . Hence, i t i s op t ima l f o r the government to 
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choose u. Then, s i nce (n ,x) i s a compet i t i ve e q u i l i b r i u m , x i s a best r e ­

sponse to T t . Thus, ( - r t , f * ) i s a Nash e q u i l i b r i u m wi th outcome ( i r , x ) . 

C. The No Commitment Game 

Next , cons ider a game without a commitment technology. Let the t im ing o f the 

moves be the same as in the no-commitment i n f i n i t e hor izon economy. In d e f i n ­

ing t h i s game, we must be c a r e f u l about what the p layers have observed when 

they make t h e i r d e c i s i o n s . We fo rma l i ze t h i s by d e f i n i n g h i s t o r i e s both o f 

the game and fo r the p l a y e r s . The h i s t o r y o f the game i s a complete d e s c r i p ­

t i o n of a l l the a c t i o n s chosen in the past by a l l p l a y e r s . In p a r t i c u l a r , a t 

the f i r s t stage o f pe r iod t , the h i s t o r y o f the game i s h l t = ( X S , T T s | s< t ) . At 

the second stage o f t , the h i s t o r y o f the game i s t^j. = h 1 f c u ( x 1 t , T t f c ) . In 

c o n t r a s t , the h i s t o r y fo r a p laye r i c o n s i s t s only of observed outcomes. Each 

i n d i v i d u a l observes on ly aggregate outcomes and, o f course , h i s own past 

d e c i s i o n s . Thus, a p layer i ' s h i s t o r y at the f i r s t stage o f pe r i od t i s 

h u ( i ) = (x ( i ) , X ,Tt |s<t) where X = J x ( i ) x ( d i ) . The h i s t o r y f o r p laye r i 

a t the second stage i s s i m i l a r l y d e f i n e d . The government observes on ly aggre­

gate outcomes. A h i s t o r y f o r the government a t time t i s Hj. = ( X g , n s | s < t ) u 

X 1 f 

P l a y e r s ' h i s t o r i e s correspond to in fo rmat ion se t s i n the obvious 

way. For example, the i n d i v i d u a l h i s t o r y o f p laye r i a t t ime t c o r r e ­

sponds to the in format ion set c o n s i s t i n g o f a l l h i s t o r i e s o f the game h ^ t that 

are c o n s i s t e n t w i th h 1 ( . ( i ) . More p r e c i s e l y , an i n d i v i d u a l h i s t o r y h 1 t ( i ) = 

(x ( i ) , X ,n |s<t) corresponds to an in fo rmat ion set c o n s i s t i n g o f a l l h i s t o -
3 S S 

r i e s h i = (x ' ,7 t ' | s< t ) that s a t i s f y x ( i ) = x * ( i ) , X = J x ' ( i ) x ( d i ) , and 

-n = n ' f o r a l l s < t . From now on we i d e n t i f y in format ion s e t s w i th h i s t o -
s s 

r i e s in t h i s way. 
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Cons ide r , nex t , the s t r a t e g i e s f o r the p laye rs in the game. A 

s t ra tegy fo r the government i s a sequence of f unc t i ons o = ( o

f c ) ™ _ 0 wh ich , f o r 

each t , maps government h i s t o r i e s H F C i n to p o l i c i e s HJ. . A s t ra tegy p r o f i l e f o r 

p r i va te agents i s a sequence of func t ions f = i t ' ^ t ^ t - O w n i - c n > f o r e a c h 

s tage , maps h i s t o r i e s o f the game in to a c t i o n p r o f i l e s . A s t ra tegy p r o f i l e 

n a t u r a l l y induces s t r a t e g i e s fo r each agent o f the form f 1 f c ( i , h ^ t ) and 

f 2 t ( i , h 2 t ) . To be c o n s i s t e n t w i th our i n fo rma t iona l r e s t r i c t i o n s , we r e q u i r e 

that f o r each i , f . ( i , - ) and f _ ( i , •) depend on ly on i n d i v i d u a l h i s t o r i e s . 

( T e c h n i c a l l y , we requ i re that f ( i , - ) be measurable w i th respect to the a -

a lgebra generated by the i n d i v i d u a l h i s t o r i e s . ) Such p r o f i l e s w i l l be c a l l e d 

anonymous s t ra tegy p r o f i l e s . 

Payof fs f o r the p laye rs are n a t u r a l l y de f ined from the outcomes tha t 

the s t r a t e g i e s induce. For example, the payof f f o r p laye r i at date t , g i ven 

a h i s t o r y o f the game h ^ t , i s 

CO 

(5.5) W ( o , f ( i ) , f ; h ) = I 6 S _ t V U ,x ( i ) , x ) 

s = t 

where the fu tu re a c t i o n s are induced from h 1 t by f and o. The payof f f o r the 

government a t date t , g iven a h i s t o r y of the game h t , i s s i m i l a r l y d e f i n e d : 
CO 

(5.6) W . ( o , f ; h . ) = I S S " t V ( i r o , f ) 
z z

 s = t 

where the fu tu re a c t i o n s are induced from h .̂ by f and a. 

Now we want to de f ine some type o f pe r fec t e q u i l i b r i u m for t h i s 

game. One approach would be to cons ider subgame p e r f e c t e q u i l i b r i u m . Given 

the i n fo rma t i ona l r e s t r i c t i o n s , however, the on ly proper subgame i s the o r i g i ­

na l game i t s e l f ; hence, any Nash e q u i l i b r i u m i s subgame p e r f e c t . 5 An a l t e r ­

na t i ve i s to cons ider a type of Bayesian e q u i l i b r i u m . (See, fo r example, 

Fudenberg and T i r o l e 1988.) 
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A Bayesian e q u i l i b r i u m c o n s i s t s of s t ra tegy p r o f i l e s together w i th a 

sequence of p r o b a b i l i t y d i s t r i b u t i o n s . For every in format ion se t there i s a 

p r o b a b i l i t y d i s t r i b u t i o n over h i s t o r i e s of the game c o n s i s t e n t w i th that 

in format ion s e t . Let y ( h . , | h . ( i ) ) denote a p r o b a b i l i t y d i s t r i b u t i o n over the 

h i s t o r i e s o f the game h 1 t that are c o n s i s t e n t wi th the in format ion set a s s o c i ­

ated w i th p laye r i ' s f i r s t - s t a g e h i s t o r y h 1 f c ( i ) . L i kew i se , l e t u ( h t | H f c ) and 

y ( h . |h„ ( i ) ) denote p r o b a b i l i t y d i s t r i b u t i o n s a t a government in fo rmat ion set 

and a t a p laye r i ' s second-stage in fo rmat ion s e t . Let y denote the c o l l e c t i o n 

o f these p r o b a b i l i t y d i s t r i b u t i o n s . Given some c o l l e c t i o n o f p r o b a b i l i t y 

d i s t r i b u t i o n s y and s t r a t e g i e s o and f , we can use (5 .5) to w r i t e the expected 

u t i l i t y o f p laye r i a t the in fo rmat ion se t assoc i a t ed w i th h i s t o r y h 1 f c ( i ) as 

J W . t ( a , f ( i ) , f ; h l t ) d u ( h l t | h l t ( i ) ) . 

We use (5 .6) to de f ine the expected u t i l i t y f o r the government a t the in fo rma­

t i on se t assoc i a t ed w i th a h i s t o r y H as 
v 

J W t ( o , f ; h t ) d u ( h f c | H f c ) . 

The payo f fs f o r p l aye rs a t the second-stage are s i m i l a r l y d e f i n e d . 

A pe r fec t Bayesian e q u i l i b r i u m i s an anonymous s t ra tegy p r o f i l e f , a 

government s t ra tegy a , and a c o l l e c t i o n o f p r o b a b i l i t y d i s t r i b u t i o n s y such 

that ( i ) f o r each p layer i , per iod t and h i s t o r y h j t ( i ) , j = 1 , 2 , the c o n t i n ­

ua t ion o f the s t ra tegy f ( i ) maximizes p laye r i ' s expected payo f f , ( i i ) f o r 

each per iod t and h i s t o r y H^., the con t i nua t i on o f o maximizes the government 's 

expected payo f f , and ( i i i ) y ass igns p r o b a b i l i t y one to h i s t o r i e s o f the game 

along the e q u i l i b r i u m path . 

To understand cond i t i on ( i i i ) cons ide r , f o r example, a p r o b a b i l i t y 

d i s t r i b u t i o n over an in fo rmat ion se t o f the government a t date 1 . The h i s t o r y 
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o f the game a long the e q u i l i b r i u m path i s h* = x.. = f ^ (h^Q) , where h^Q i s a 

n u l l h i s t o r y . Th i s h i s t o r y o f the game i s a member of the government's i n f o r ­

mation se t corresponding to the h i s t o r y H 1 = X 1 = J" f ^ ( i , h 1 Q ) x ( d i ) . Cond i t i on 

( i i i ) r equ i res tha t y ass ign p r o b a b i l i t y one to t h i s h i s t o r y , namely, 

y ( h j H 1 ) = 1, and p r o b a b i l i t y zero to any other h i s t o r y h* * f ^ h ^ ) i n t h i s 

in format ion s e t . No t i ce tha t cond i t i on ( i i i ) p laces no r e s t r i c t i o n s on y fo r 

h i s t o r i e s o f the game o f f the e q u i l i b r i u m path . 

In the e q u i l i b r i a o f Sec t ions II and I I I , we used a r e p r e s e n t a t i v e 

agent to model the p r i v a t e agents. The standard i n t e r p r e t a t i o n i s tha t the 

rep resen ta t i ve agent stands i n f o r a la rge number o f compet i t i ve p r i v a t e 

agents who, by c o n s t r u c t i o n , ac t i d e n t i c a l l y in e q u i l i b r i u m . The way to model 

a game to keep the a n a l y s i s p a r a l l e l w i th a r ep resen ta t i ve agent model i s to 

requ i re symmetry o f the e q u i l i b r i a . In the commitment game i t i s easy to see 

that a l l the e q u i l i b r i a are (almost everywhere) symmetr ic, so we d id not need 

to impose symmetry. In the no-commitment game there are t y p i c a l l y asymmetric 

e q u i l i b r i a ; hence, we requ i re symmetry f o r that game. 

We say ( o , f ) i s a symmetric pe r fec t Bayesian e q u i l i b r i u m i f , i n 

a d d i t i o n to s a t i s f y i n g cond i t i ons ( i ) - ( i i i ) , i t s a t i s f i e s two o ther c o n d i ­

t i o n s : ( i v ) the s t r a t e g i e s of consumers are symmetric and (v) y a s s i g n s 

p r o b a b i l i t y one to symmetric h i s t o r i e s (both on and o f f the e q u i l i b r i u m 

pa th ) . To understand cond i t i on (v) c o n s i d e r , f o r example, the in fo rmat ion se t 

o f p layer i corresponding to the h i s t o r y h 1 ( . ( i ) = (x ( i ) , X ,it | s< t ) . C o n d i -

t i o n (v) requ i res that y ( - | h . ( i ) ) ass ign p r o b a b i l i t y one to the symmetric 

h i s t o r y o f the game assoc i a ted wi th h 1 t ( i ) , that i s , to the h i s t o r y of the 

game h' = ( x ' , n ' | s < t ) that f o r each s < t , s a t i s f i e s i t ' = -n , x ' ( j ) = X f o r 
I U S S -5 s s s 

each j * i , and x ^ ( i ) = x s ( i ) . In other words, c o n d i t i o n (v) r e q u i r e s that a t 

any in format ion s e t , p laye r i b e l i e v e s w i th p r o b a b i l i t y one tha t a l l the o ther 
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p r i v a t e agents have behaved symmetr ica l ly in the pas t . S i m i l a r l y , c o n d i t i o n 

(v) r equ i res tha t the government be l i eve w i th p r o b a b i l i t y one tha t a l l p r i v a t e 

agents have behaved symmet r i ca l l y i n the p a s t . 

P ropos i t i on 6. ( E q u i l i b r i u m Outcomes o f the No-Commitment Game.) 

The se t o f symmetric pe r fec t Bayesian e q u i l i b r i u m p o l i c i e s and 

a l l o c a t i o n s of the no-commitment g&Tie i s the same as the set o f s u s t a i n a b l e 

e q u i l i b r i u m p o l i c i e s and a l l o c a t i o n s . 

Here we prov ide an i n t u i t i v e exp lana t ion o f the p r o p o s i t i o n and 

re lega te the formal proof to the Appendix. The e s s e n t i a l d i f f e r e n c e between 

the d e f i n i t i o n s o f a sus ta i nab le e q u i l i b r i u m and a symmetric pe r fec t Bayes ian 

e q u i l i b r i u m i s that the l a t t e r requ i res r a t i o n a l i t y a f t e r h i s t o r i e s w i th 

p r i va te d e v i a t i o n s , whereas the sus ta i nab le e q u i l i b r i u m does not even cons ide r 

such h i s t o r i e s . The main po in t of P r o p o s i t i o n 6 i s tha t the e x t r a c o n d i t i o n s 

i n the symmetric pe r fec t Bayesian e q u i l i b r i u m imposed a f t e r such h i s t o r i e s are 

i r r e l e v a n t to the se t of outcome pa ths . Par t o f the proof r e l i e s on a 

s t ra igh t f o rwa rd r e s u l t from game theory : Consider two e q u i l i b r i a f o r which 

the s t ra tegy p r o f i l e s co i nc i de f o r a l l h i s t o r i e s in which there have not been 

simultaneous d e v i a t i o n s in the pas t . The r e s u l t i s that these two e q u i l i b r i a 

generate i d e n t i c a l outcome paths . The reason i s s imply tha t in check ing 

whether a d e v i a t i o n from a candidate e q u i l i b r i u m i s p r o f i t a b l e , the d e f i n i t i o n 

o f e q u i l i b r i u m requ i res us to check on ly d e v i a t i o n s by a s i n g l e p l a y e r . 

I n t u i t i v e l y , a f t e r any h i s t o r y in which there have been no simultaneous d e v i a ­

t i o n s , no p laye r a c t i n g a lone can induce fu tu re h i s t o r i e s in which there w i l l 

be s imultaneous d e v i a t i o n s . Thus, regard less o f how we s p e c i f y the c o n t i n u a ­

t i o n e q u i l i b r i u m a f t e r s imultaneous d e v i a t i o n s (as long as i t i s some e q u i l i b ­

r ium) , we get the same outcome pa th . 
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In our anonymous game, the on ly type o f d e v i a t i o n s by p r i v a t e agents 

that can in f l uence the fu tu re behavior o f other p r i v a t e agents or the govern­

ment (by a f f e c t i n g t h e i r in format ion se t s ) are ones i n which a p o s i t i v e mea­

sure of agents dev ia te s imul taneous ly and change the aggregate outcomes. By 

t h i s r e s u l t we can ignore such d e v i a t i o n s , in the sense that no matter how we 

f i l l in the con t i nua t i on e q u i l i b r i u m a f t e r such h i s t o r i e s , we get the same 

outcome pa th . Moreover, g iven that no s i n g l e p r i v a t e a g e n t ' s d e v i a t i o n can 

a f f e c t the payof f or the in format ion se ts reached by other agents , we can 

ignore s i n g l e d e v i a t i o n s by p r i v a t e agents . P u t t i n g these r e s u l t s together 

and us ing the d e f i n i t i o n s o f s u s t a i n a b l e outcomes and symmetric p e r f e c t 

Bayesian outcomes, the r e s u l t f o l l o w s . 

P e r f e c t i o n , symmetry, anonymity, and the f a c t tha t the set of p l a y ­

e rs i s a continuum a l l p lay c r u c i a l r o l e s in the proof o f P r o p o s i t i o n 6. 

F i r s t , the se t o f Nash e q u i l i b r i a i s much l a r g e r than the se t of p e r f e c t 

e q u i l i b r i a fo r e s s e n t i a l l y the same reasons as in the commitment game. Next , 

the se t of pe r fec t Bayesian e q u i l i b r i a i s l a r g e r than the se t o f symmetric 

pe r fec t Bayesian e q u i l i b r i a . For example, s i n c e consumers are i n d i f f e r e n t 

among a l l sav ing l e v e l s when (1 - 6 ) R = 1, we can have asymmetric e q u i l i b r i a 

where some o f the consumers save a l l o f t h e i r endowments and o thers save 

none. Furthermore, note the importance o f the assumption that the p r o b a b i l i t y 

d i s t r i b u t i o n s ass ign p r o b a b i l i t y one to symmetric h i s t o r i e s . Without t h i s 

assumpt ion, the government's s t r a t e g i e s o f f the e q u i l i b r i u m path are a f f e c t e d , 

and consequently the set o f e q u i l i b r i a can be d i f f e r e n t . 

The r o l e o f anonymity i s somewhat more s u b t l e . Suppose, fo r exam­

p l e , tha t p r i v a t e agents can observe each o t h e r ' s a c t i o n s . We can show that 

f o r s u f f i c i e n t l y l i t t l e d i s c o u n t i n g , i t i s p o s s i b l e to support the e q u i l i b r i u m 

a l l o c a t i o n s obta ined w i th lump-sum t a x a t i o n . We support these e q u i l i b r i u m 
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a l l o c a t i o n s , the s o - c a l l e d command optimum a l l o c a t i o n s , us ing a c e r t a i n type 

o f t r i g g e r s t r a t e g i e s . These s t r a t e g i e s s p e c i f y that i n every pe r iod agents 

save t h e i r e n t i r e endowment and supply the amount o f labor s p e c i f i e d by the 

command optimum as long as a l l agents have chosen these a c t i o n s in the p a s t . 

In the event o f any d e v i a t i o n by any p l a y e r , the s t r a t e g i e s s p e c i f y that each 

agent chooses the worst sus ta i nab le e q u i l i b r i u m a l l o c a t i o n s . With s u f f i ­

c i e n t l y l i t t l e d i s c o u n t i n g , the ga ins from d e v i a t i n g are outweighed by the 

fu tu re l o s s e s and no agent w i l l d e v i a t e . N o t i c e that wh i le no s i n g l e p r i v a t e 

agent has any e f f e c t on cur rent aggregate outcomes, the f a c t tha t each a g e n t ' s 

ac t i ons are observab le means than a d e v i a t i o n by a s i n g l e agent can t r i g g e r a 

move to a "bad" e q u i l i b r i u m . Our r e s t r i c t i o n that ac t i ons are unobservable 

and the assumption that there i s a continuum o f agents together imply that a 

s i n g l e agent can dev ia te wi thout being detected by any other p layer i n the 

game. In our game, these types o f t r i g g e r s t r a t e g i e s are i n c o n s i s t e n t w i th 

the in format ion s t r u c t u r e . 

F i n a l l y , no t i ce that the type o f game set up here i s qu i t e d i f f e r e n t 

from the standard repeated o l i g o p o l y game o f Friedman (1971), as w e l l as the 

more genera l c l a s s o f repeated games ana lyzed by Fudenberg and Maskin (1986) 

or Abreu (1988). In those games there i s a f i n i t e number o f p l a y e r s w i th 

standard in fo rmat ion s t r u c t u r e s . In c o n t r a s t , our game has one la rge p laye r 

and a continuum o f sma l l anonymous p l a y e r s . Such a s t r u c t u r e does not f a l l 

i n t o the c l a s s o f games analyzed by those au tho rs , and t h e i r r e s u l t s do not 

d i r e c t l y app ly . Of course , they a l s o do not d i r e c t l y apply to s u s t a i n a b l e 

e q u i l i b r i u m e i t h e r . The e s s e n t i a l d i f f e r e n c e i s that i n the game, our p r i v a t e 

agents are anonymous (or in the s u s t a i n a b l e e q u i l i b r i u m they are compet i ­

t i v e ) . 6 
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V I . Conclus ion 

When we s ta r t ed t h i s paper, we f e l t there were some open i ssues in the l i t e r a ­

tu re on time cons i s tency . We wrote t h i s paper to address four r e l a ted ques­

t i o n s : 

• Is i t p o s s i b l e to b u i l d a s imple general e q u i l i b r i u m model in which 

p r i v a t e agents are compe t i t i ve , the government maximizes the w e l ­

fa re o f these agents , and which e x h i b i t s t r i g g e r - t y p e e q u i l i b r i a ? 

• I f s o , p r e c i s e l y what i s the e q u i l i b r i u m concept ; in p a r t i c u l a r , 

what are the d e c i s i o n problems o f p r i va te agents? 

• Is i t poss i b l e to c h a r a c t e r i z e a l l the e q u i l i b r i a ? 

• How i s t h i s no t ion o f time cons is tency r e l a t e d to s tandard no t ions 

o f p e r f e c t i o n in game theory? 

In t h i s paper we analyze these ques t ions in a v a r i a n t o f F i s c h e r ' s 

t a x a t i o n model. We develop an e q u i l i b r i u m concept in which p r i v a t e agents are 

compet i t i ve and that show t r i g g e r - t y p e e q u i l i b r i a are p o s s i b l e . We c h a r a c t e r ­

i z e the e q u i l i b r i u m outcomes by a p a i r o f s imple c o n d i t i o n s . We show the 

equ iva lence between sus ta i nab le outcomes and the symmetric p e r f e c t Bayes ian 

e q u i l i b r i u m outcomes o f an app rop r i a te l y de f ined anonymous game. We b e l i e v e 

that our r e s u l t s w i l l r e a d i l y gene ra l i ze to a wide v a r i e t y of models. 
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Appendix 

A 1 . Proof o f P r o p o s i t i o n 5 

A c t u a l l y , to be t e c h n i c a l l y p r e c i s e the p r o p o s i t i o n should say tha t the r e a l ­

i zed a l l o c a t i o n s i n the subgame p e r f e c t e q u i l i b r i u m , say x , c o i n c i d e w i th the 

Ramsey outcomes, say x * , almost everywhere ( i n the sense that f o r every t the 

measurable f unc t i ons x ( i ) a re cons tant and equal to the s c a l a r s x* up to some 

se t A f c which has zero Lebesque measure). 

Proo f . We show that the e q u i l i b r i u m a c t i o n p r o f i l e s o f consumers in 

the game co inc i des (up to se t s o f measure zero) w i th the Ramsey e q u i l i b r i u m 

a l l o c a t i o n f u n c t i o n . I t i s then immediate t ha t the government's cho ice i s the 
f 

same in both environments. Note that fo r any p o l i c y TT such tha t 6^. * 5 , a l l 

consumers make the same d e c i s i o n s in the game as i n the economic e n v i r o n -
f 

ment. Suppose, f o r some t , 6 - 6 and a measurable set of consumers choose 

to save l e s s than ui. Using the same argument as i n P r o p o s i t i o n 1 , the govern­

ment can increase i t s u t i l i t y by choosing a s l i g h t l y lower c a p i t a l tax ra te 

and r a i s e the r e s t o f the needed revenues from labor t a x a t i o n . The re fo re , the 

e q u i l i b r i u m a c t i o n p r o f i l e co i nc i des wi th the Ramsey e q u i l i b r i u m a l l o c a t i o n 

f u n c t i o n . 0 

A 2 . Proof of P r o p o s i t i o n 6 

To e s t a b l i s h P r o p o s i t i o n 6, we draw on a s imp le lemma which e s t a b l i s h e s tha t 

the se t o f s t r a t e g i e s and b e l i e f s (which are the na tu ra l analogues o f the 

autarky p o l i c y p lans and a l l o c a t i o n ru l es ) i s a symmetric p e r f e c t Bayes ian 

e q u i l i b r i u m . The on ly p lace we use t h i s lemma in the proof o f P r o p o s i t i o n 6 

i s where we cons t ruc t a con t i nua t i on e q u i l i b r i u m a f t e r h i s t o r i e s w i th s i m u l t a ­

neous d e v i a t i o n s . Throughout t h i s s e c t i o n we i d e n t i f y h i s t o r i e s w i th in fo rma­

t i on s e t s in the obvious manner. 
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3 3 3 

The autarky s t r a t e g i e s and b e l i e f s (o , f ,y ) a re de f ined as f o l ­

lows. For any h i s t o r y H f c = ( H t - 1 ' X 2 t - 1 ' X 1 t ^ w i t h X 1 t = K t ' l e t a ^t) S D e c i ^ y 

the tax p o l i c i e s which so l ve (3 .4) w i th k f c rep laced by K f c . For any h i s t o r y 

h ^ f c ( i ) , l e t f a

f c ( i , h 1 t ( i ) ) s p e c i f y zero sav ings . For any h i s t o r y h 2 f c ( i ) w i th 

x l t ( i ) = k f c ( i ) , l e t f 2 t ( i , h 2 t ( i ) ) s p e c i f y the value o f labor tha t so l ves (3 .3) 

w i th k,. rep laced by k ^ ( i ) . For any in format ion se t l e t y a a s s i g n p r o b a b i l i t y 

one to the appropr ia te symmetric h i s t o r y o f the game. 

Lemma. The autarky s t r a t e g i e s and b e l i e f s ( a a , f a , u a ) c o n s t i t u t e a 

symmetric pe r fec t Bayesian e q u i l i b r i u m . 

Proof . We f i r s t v e r i f y c o n d i t i o n ( i ) : o p t i m a l i t y by consumers. 

Consider the f i r s t s tage consumer problem a f t e r some h i s t o r y h 1 t ( i ) . The 

consumer expects the government to set the c a p i t a l taxes accord ing to 

6 a ( H j . S ince S a ( H j so l ves (3 .4) we know i t equals m i n [ g / R K f , 1 ] . S ince by 
t t « 

assumption g > (R-1)w i t f o l l ows that ( l - 6 a ( H ))R < 1. Thus i t i s op t ima l f o r 

the consumer not to save . Consider next the second stage problem a f t e r some 

h i s t o r y ho* . ( i ) . i t i s c l e a r tha t the second stage a c t i o n o f t h i s consumer has 

no e f f e c t on h i s f u tu re p a y o f f s . Thus the consumer's problem reduces to the 

s t a t i c problem o f maximiz ing cur rent u t i l i t y g iven k 1 t ( i ) , x f c , and 6 . . By 

cons t ruc t i on the s o l u t i o n i s f a

t ( i , h 2 ^ ( i ) ) . 

Consider c o n d i t i o n ( i i ) : o p t i m a l i t y by government. Faced w i th a 

s t ra tegy p r o f i l e f a , noth ing the government does a t t i n f l uences i t s payo f fs 

from t + 1 onwards. Thus the government 's problem reduces to a s t a t i c problem 

of maximizing cur ren t u t i l i t y g iven the cur rent h i s t o r y . By c o n s t r u c t i o n y 3 

ass igns p r o b a b i l i t y one to the symmetric h i s t o r y of the game i n t h i s in fo rma­

t i o n s e t . Thus the problem o f the government reduces to (3 .4 ) wh ich , by 

c o n s t r u c t i o n , o a (H ) s o l v e s . 
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Next, by c o n s t r u c t i o n , cond i t i ons ( i i i ) - ( v ) s a t i s f i e d . Hence 

(a , f ,11 ) i s a symmetric pe r fec t Bayesian e q u i l i b r i u m . 0 

Using t h i s lemma we have: 

Proof of P ropos i t i on 6. Suppose ( o , f ) i s a s u s t a i n a b l e e q u i l i b r i u m 

wi th outcome ( i r , x ) . We cons t ruc t a symmetric pe r fec t Bayes ian e q u i l i b r i u m 

( a , f , y ) which has the same outcome. We cons ide r two k inds of h i s t o r i e s in the 

game. F i r s t cons ider h i s t o r i e s o f the government H L = ( T T ' , X I s<t) which 
G S S 

s a t i s f y X . = f . (h ' ), X ~ = f „ ( h ' ) f o r a l l s < t , f o r a l l h | = 
IB IS S—1 ' - ^ t-S S 3 

( I T ' , . . . , T T * ). Such h i s t o r i e s are c a l l e d h i s t o r i e s w i th no s imul taneous 
K) s — I 

d e v i a t i o n s by consumers r e l a t i v e to the s u s t a i n a b l e e q u i l i b r i u m ( a , f ) . For 

such h i s t o r i e s , l e t a (H ) = o.(h! . ) . For a l l o ther h i s t o r i e s , l e t o (H ) = 
U t t t— I C L 

o a (H ) (as de f ined in the lemma o f t h i s append ix ) . We cons t ruc t the consum-

e r ' s s t r a t e g i e s f from the a l l o c a t i o n r u l e f in the s u s t a i n a b l e e q u i l i b r i u m 

and the autarky s t r a t e g i e s f ana logous ly . (A minor d e t a i l i s tha t 

f 2 t ( i , h 2 t ( i ) ) i s se t equal to the d e c i s i o n which so l ves (3.3) w i th k f c r ep laced 

by x ^ t ( i ) f o r a l l h i s t o r i e s h 2 t ( i ) . ) The cons t ruc t i on o f y i s obv ious . 

Now for h i s t o r i e s w i th no s imul taneous d e v i a t i o n s , no p l aye r can 

p r o f i t a b l y dev ia te from ( o , f ) s i nce ( o , f ) i s a sus ta i nab le e q u i l i b r i u m . For 

a l l o ther h i s t o r i e s , no p layer can p r o f i t a b l y dev ia te from ( o , f ) , s i n c e 

( a a , f a , y a ) i s a symmetric pe r fec t Bayesian e q u i l i b r i u m from the lemma o f the 
^ <S -A 

appendix . By c o n s t r u c t i o n , ( o , f , y ) s a t i s f i e s cond i t i ons ( i i i ) through (v) o f 

the d e f i n i t i o n o f such an e q u i l i b r i u m . Therefore ( o , f , y ) i s a symmetr ic 

pe r fec t Bayesian e q u i l i b r i u m . 

The converse i s immediate s i n c e a symmetric p e r f e c t Bayes ian e q u i ­

l i b r i u m requ i res o p t i m a l i t y f o r a l l h i s t o r i e s wh i l e a s u s t a i n a b l e e q u i l i b r i u m 

requ i res tha t d e c i s i o n s be op t ima l only f o r h i s t o r i e s wi th no d e v i a t i o n s by 

consumers. 0 
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Footnotes 

' T h i s a lgor i thm does not adequately impose s e q u e n t i a l r a t i o n a l i t y 

when there are m u l t i p l e compet i t i ve e q u i l i b r i a assoc i a t ed wi th a g i ven p o l ­

i c y . As w i l l become c l e a r , our proposed d e f i n i t i o n o f e q u i l i b r i u m can address 

t h i s problem. 

2The d i f f i c u l t y i s i n model ing the behavior o f p r i v a t e agents in the 

game so tha t the e q u i l i b r i u m outcomes are the same as the compet i t i ve e q u i l i b ­

rium outcomes. In a d d i t i o n , the p a r t i c u l a r se t o f e q u i l i b r i u m outcomes de­

pends on seemingly smal l changes in the s t r u c t u r e o f the game. (These i ssues 

are d i scussed i n Shubik 1982.) 

3The va lue o f t h i s u t i l i t y f unc t i on co i nc i des w i th each consumer's 

u t i l i t y l e v e l when a l l consumers choose the same a c t i o n s . In what f o l l o w s , we 

cons ider symmetric e q u i l i b r i a . A l t e r n a t i v e l y , the government can be thought 

o f as maximizing the sum o f consumers' u t i l i t i e s . For the l a t t e r approach, 

see Sec t i on V. 

''Note tha t we have de f ined the government 's cho ice as a p a i r o f 

numbers but the consumers' second-stage a l l o c a t i o n s as a f u n c t i o n . S ince the 

government's opt imal p o l i c y v a r i e s wi th the f i r s t - s t a g e d e c i s i o n s o f consum­

e r s , why don ' t we de f ine the government's cho ice as a f u n c t i o n o f f i r s t - s t a g e 

d e c i s i o n s ? Indeed, in an e a r l i e r ve rs ion o f t h i s paper we de f ined s u s t a i n a b l e 

e q u i l i b r i u m i n that way. I t turns ou t , however, that i t i s unnecessary to 

de f ine the government's op t ima l d e c i s i o n f o r a l l f i r s t - s t a g e outcomes, because 

no s i n g l e consumer pe rce ives that the government w i l l change i t s p o l i c i e s i f 

he changes h i s d e c i s i o n . However, the government pe rce i ves that i t s p o l i c y 

cho ices w i l l a l t e r second-stage d e c i s i o n s . There fo re , consumers' second-s tage 

d e c i s i o n s must be descr ibed as func t i ons wh i le the government 's d e c i s i o n i s 

descr ibed as a p a i r of numbers. ( A l s o , see Sec t i on V, where we show tha t 

d e v i a t i o n s by consumers can be ignored in a game.) 
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I t should be c l e a r tha t there a re a l a rge number o f ra the r b i z a r r e 

(subgame pe r fec t ) Nash e q u i l i b r i u m outcomes fo r t h i s game. Thus i t i s worth 

no t ing that i t i s not qu i te p r e c i s e to say tha t "dynamic cons is tency i s e q u i v ­

a l e n t to subgame p e r f e c t i o n . " 

In p a r t i c u l a r , Fudenberg and Maskin (1986) show tha t w i th s u f f i ­

c i e n t l y l i t t l e d i s c o u n t i n g , any vec to r o f average payof fs that i s b e t t e r than 

mutual minimax can be supported by a p e r f e c t e q u i l i b r i u m . In our model t h i s 

i s not t r u e . By norma l i z ing U(u ,0 ) to be z e r o , i t i s c l e a r the the mutual 

minimax payof fs are -M. (Each p layer saves noth ing and doesn ' t work, and the 

government cannot meets i t s budget c o n s t r a i n t . ) In our model, r ega rd l ess o f 

the d iscount f a c t o r , no average u t i l i t y that i s lower than autarky (some 

p o s i t i v e number) can be suppor ted. The key d i f f e r e n c e i s , o f cou rse , tha t 

here p r i v a t e agents are anonymous (or c o m p e t i t i v e ) . ( T e c h n i c a l l y , our model 

doesn ' t s a t i s f y Fudenberg and Mask in ' s " f u l l - d i m e n s i o n a l i t y " c o n d i t i o n . ) 
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