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Sales of the representative firm at time t.

Number of firms in the industry, assumed constant over time.

The rate of depreciation per unit of time of inventories of
finished goods.

The amount of labor employed by the representative firm during
time t.

Output of the representative firm at time t.

Stock of inventories of finished goods of the representative firm
at the beginning of period t.

Price of a finished good sold during period t.

Rental rate of labor at time t.

A (px1) vector whose first element is w(t) and whose second
element is P(t); the remaining elements of Z(t) are variables
that help to predict w(t)'s and/or future P(t)'s.

A random shock to costs.

A random shock to costs.

A (1xp) row vector with one in the first place and zeroes
elsewhere.

A (1xp) row vector with one in the second place and zeroes
elsewhere.

The information set of the representative firm at time t.

A discount factor, 0 < B < 1.
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a, d, e, f, and g are positive scalar constants,-g > (1-0).

v
g(L) = I - ) g.L
=1

where Cj is a (pxp) matrix, j =1, ..., q, and I is the (pxp) identity matrix.
r

(L) =1 - % §, LY,

)
: 321 ¥

b

J = by r$, is a scalar

r

() = = Ld,
S -ﬁ B

J=1"J

where §
wj’

where § , j =1, «ve., r , is a scalar.
Dj P

The Problem of the Representative Firm

Maximize

N o
lim Y B*{P(t)[aL(t)-I(t+1)+oI(t)] - o(t)L(t)
Now t=0

- SIL(E)+p(8)1% - S[L(t+D)-L(1)]

- SI®)+p()]? - B[1(t+1)-01(1)]%) (1)
subject to LO’ I0 given and

- gV
6$(L)w(t) = Ut (1)

= uP
Sp(L)p(t) = Ut 2)

Z

z(L)Z(t) = Uy (3)

p(t), P(t) and Z(t) are of mean exponential order less than 1//B, and @ includes
at least {I(t),I(t—1),...L(t),L(t—1),...w(t),w(t-1),...p(t),p(t-T),...w(t),

w(t-1),...P(t),P(t-1),...}, as well as the parameters of (1), (2) and (3).
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The unique solution of the above problem that satisfies the Euler

equations and the transversality condition is:

AJB
L(t+1) = Aq L(t) - —l— 2 (1 B)J[dE p(t+3+1) + E m(t+3+1)
J-
- aEtP(t+j+1)] (9)
A3Bf © j 3P(t)
I(t+1) = 2A3I(E) - Z (A3B) Egp(t+3+1) - ——
Ay AgB
+ (12— T (A3B)IE P(£++1) (141)
3 0

0 < \q < 1/vVB, 0 < A3 < 1/VB.

Neither (9) nor (14') are decision rules because terms 1like
Etp(t+j+1), Etp(t+j+1), Etw(t+j+1), for all j greater than zero, are unknown to
firms at time t. Such terms must be expressed as functions of the elements of
agents' information set, Qt.

By imposing rational expectations and substituting in the optimal pre-

dictions, we find that the decision rules are:

A,B L Bz (L)
L(t+1) = A L(t) - —E7{(21—a22)[ ; 1}z(t)
1-A1BL"
-1 -1 -1
X1Bd [L (A B)GD(L)]
- e =5 p(t) (11)
1-X1BL
ALP(t) A. AB
_ 3 g, 43P
I(te1) = AI(E) + - ~— + (1=)—2%,
L'T-L'1;-1(X3B);(L) A3BE L—T-L_16$1(k3B)G$(L)
[ = 12(t) - ——I mr Jy(t). (15)
1-A3BL g 1-A,BL

If private agents observe p(t) and {(t) but the econometrician does

not, the econometric model becomes

A,B A A S OW 1 368

L(E+1) = A L(E) = ——{(&,-ak,) —

1}2(t) + e (t) (a)
1—X1BL



_ 3 AgoheP
I(t+1) = l3I(t) F = o + (1 0) 2 2

L-1—L-1C-1(K3B)C(L)

[ = 12(t) + e,(t) (151)
Tud B
3
Z(L)Z(t) = UZ(t) (e)
or
L(t+1) = XTL(t) = b(L)Z(t) + e1(t) (a')
Aq
I(t+1) = A3I(t) + C(L)Z(t) - EEP(t) + 52(t) (b")
Z(L)Z(t) = UZ(t) (c')
where
A,Bd L_1—L“16"1(X1B)6 L
e, (t) = - [ 0 g~ (wyuP(e)
e 1-x1BL“1 o
ABE LU oG )
e () = - [ : ¥ 187 (LyuY(e)
o8 1-A.BL™] v
3
g=1
b(L) = ) b,LI
j=0 3
and
q-=1
e(L) = Z LY
3=g *

Notice that because the bj(L) and cj(L), j=1 «.., 9 - 1, are nonlinear func-
tions of production parameters, as well as the parameters of (L), estimation of

the system {a',b',c'} is subject to cross-equation restrictions.

Examgle
If
P(t) = 8PP(t-1) + UP(t)
W(t) = 8¢¢(t—1) + Uw(t)
w(t) = %% (t-1) + U®(¢t)




o(t) = 8Pp(t-1) + UP(t)

A,B p w o}
L(t+1) = A,L(t) - 1 d0%(t) e¥u(t) a6®p(t),
1-31399 1-11Bew 1-}1Bep
P
A,Bf b A,oB6 P(t)
I(t+1) = AI(Y) - N | ) -

o8 (1-;\358"’) qu-MBeP)’

Competitive Equilibrium

The industry demand curve for final consumption of the good is given by

>0

P(t) = A - Aals(t) o Us(t): Ao! A‘|

0

where "-" denotes an industry-wide variable.
r

S 5
_ yS oz J
a(L)U_(t) = V°(t), alLl) = jgoo.jL .

Let M(t) be a (px1) vector random process that obeys
Z(LIN(E) = V(L) (25)

We now let w(t) be the first element of M(t).
The representative firm's problem is to choose linear contingency
plans for L(t+1) and I(t+1) as functions of the information available at time t,

of the form

L(t+1) = £y + ¢ L(t) + e I(t) + fL(L)E(t) + fI(L)T(t) + £ (LIM(t)

0
+ qu(L)US(t) + fw(l..h!)(t) + f‘p(L)p(t) (28)
I(t+1) = gy + d L(t) + dI(t) + gLE(t) + gIT(t) + gy (LIM(t)
¥ By (L)Us(t) + gw(L)¢(t) + gp(L)p(t) (29)
S

to maximize



e )

N

lim Ej ] Bt{[AO—A1[af(t)—f(t+1)+df(t)]][aL(t)—I(t+1)
N+wo “t=0

+ OI(8) = w(B)L(t) - S[L(E)+p(£)]?
- g[L(t+1)-L(t)]2 - g[I(t)-w(t)]z
- E[1(t+1)-01()17}

subject to LO, IO given and

a(L)U (L) = V3(t) (22)
8 (LIU(E) = ¥t (23)
§,(L)p(t) = uP(t) (24)
Z(LIM(E) = VL), (25)

and firms view the aggregate stock of inventories and labor as evolving according

to

L(t+1) = Fo+ FLE(t) + FIf(t) + Fy(L)M(t) + FusUs(t)

+ Fw(L)¢(t) ¥ Fp(L)p(t) (26)
I(t+1) = Gy + GLE(t) s Gif(t) + Gy (L)M(t) + GUSUS(t)
+ Gw(L}w(t) + GD(L)p(t). (27)

Definition: A rational expectations equilibrium is four linear functions (26),

(27), (28), and (29) such that

(i) given the aggregate laws of motion (26) and (27), the contingency

plans (28) and (29) solve the firm's problem; and



B

(ii) the contingency plans of the representative firm (28) and (29) imply

the aggregate laws of motion (27) and (28) so that

F(e) = nf(.)

and

G(e)

ng(e).

The solution to the above problem reduces to solving the following

Euler equation.

G Y(t+1) + GoY(t) + G_,¥(t-1) = £(t)
where
L(t)
¥E) =
I(t)
and
-[Bd+e(1+B)
-Bgnl.a
+nBa2AT] L
G. =
0 -[B02g+g+Bf
2x2
=HonhE 22
+BnA1+B o nA1]
e | 0
G_1 =
2%x2 anA1 g + BnA1g
eB | Ban.ﬂ.1
G, =




and

Bdp(t) + Bw(t) - BaU_(t) - BaA,

L(t) =
2x2
- BgA

| BEy(t) + U_(t-1) - BoU_(t) + A

0 04

It turns out that solving the above equations for the equilibrium paths

of L(t+1) and I(t+1) is equivalent to solving the following social planning

problem, which consists of maximizing the expected discounted consumer surplus
from sales of the good minus the total social costs of production, or
Maximize

N
Lin B, § B*{nlA3+Us(t)] [aL(t)-I(t+1)+0I(t)]
t=0

N+co

A n2

—[aL(£)-I(t+1)+0L(t)]2

- u(8nL(t) - BL(t)+p(£)]°

- Eg{L(t+1)-L(t)]2 - fg[l(t)+¢(t)12
- BRI(t+1)-01(£)] ) (33)
subject to I..0 and I0 given and
Z(LIM(t) = V(t) (25)
a(LIU_(t) = V3(t) (22)
8, (LI(E) = u¥(t) (23)
= UP(t). (24)

L t
Gp( )p(t)
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The information set  (t) consists of at least {L(t),I(t),ﬁ(t),ﬁs(t),s(t)}, and
the parameters of the stochastic processes (22), (23), (24), and (25) are known
with certainty by the social planner. The maximization is over linear contin-
gency plans setting L(t+1) = nL(t+1) and I(t+1) = nI(t) as functions of the
social planner's information set Q(t).

The equilibrium laws of motion for L(t+1) and I(t+1) will then be of

the form

L(t+1) = Fy + F L(t) + F1f<t) + Fy(L)M(t) + FuS(L)US(t)

+ Fw(L)¢(t) + Fp(L)p(t) (39)
I(t+1) = Gy + G L(t) + GIf(t) + G (LIM(t) + GusUs(t)

+ G (L)Y(E) + G (L)p(L). (40)

Proposition
For the linear quadratic model under consideration, in which produc-
tion and inventory costs are additively separable, the rational expectations

equilibrium laws of motion for labor and inventories decompose, F._ = GL = 0, ir

T

and only if the elasticity of consumer demand for industry output is

S(t) _ as(t) _ _
B(t) ~ aP(t) '

In the absence of such restrictions, the econometric model becomes

L(t+1) = B+ FLE(t) + Fif(t) + Fy(L)M(E)
+ Fus(L)Us(t) + L (¢) (41)
T(t+1) = Gy + GLf(t) + GIT(t) + Gy (L)M(t)

+ GUS(L)US(t) + [1(r) (42)
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a(L)U (L) = v3(t)

and
C(LYM(E) = V'(t)
where
ZL = Fw(L)w(t) + Fp(L)p(t)
and
)1 = G, (L)p(E) + G (L)p(E).
Estimation
Define
L(t) p(t) 2 (8)
y(t) = |_ o(t) = i ShEY =
I(t) T (t) Jp(t)
F (L) F1(L) Fy (L) F“s(L)
n1(L) = . ﬁ2(L) =
GL(L) GI(L[ GM(L) GUS(L)
M(t) F (L) F (L)
2(t)d = ) Ty(L) = hd o , 8(L) =
UJ (t) G, (L) G (L)
S V p
i
L
Sw (L) 10
0 ap (L)

U (t) vice)
uce) = | Y . and V(t) = )
U (t) vo(t)
P
Hence, our system may be written as

yt+1) = m o (L)y () + my(L)2(t) + J(t)

a(t) = ﬂ3(L)¢(t)

(22)

(25)



R I

oLIU_(t) = v3(t)

ZLIM() = Vb))

Introduce the new process

C(t) = U(t) = AV(t)

where C(t) is a (2x1) column vector and )\ is a (2x(P+1)) matrix where
E[Cc(t)V(t)] = o.

Note that if U(t) and V(t) are uncorrelated )} = [0] and C(t) =
u(t).

Then the system to be estimated is

y(te1) = [T (L)1 7 Dy (L) @(L) +mg (L) (LIATVCE)

+ [I-m ()] 7 [mg (L) §(LYT CCE)

(a)
Z(LM(E) = V(t) (b)
MM
Ectct-j =0y E‘-’t t-j =0

for j # 0 and

M
Ectvt—j=0
for all j. Note that M(t) is strictly exogenous in the equation of the above
system.
Define
Al [x
yt = : y MT = E
Vi MT
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Then the normal log likelihood function for (?t,ﬁt) is

y
N 1 1[5 T
£q = = ,(T+TP)log 2T - , log det [ - G TMT]P My
where
vo| | v
fp = E _T T4
Me] M1

where the mean (;},ﬁ%) is zero because we are dealing in deviations from the
mean.
Hannan (1970) has suggested an approximation to the above log likeli-

hood function £T’
1 T
= - ,(T+TP)log 2 - Z {det[S(w )]}

=1
trace [S(mJ) I(wJ)]

1
2p2

1" ~13

t

: - a _2nj
where I(wj) is the periodogram for the (Yt,MT) process at frequency wj = =7 and
S(w) is the theoretical spectral density matrix of (YT,ET) process. One then

maximizes £¥ by one of several acceptable iterative methods, beginning from an

initial consistent estimate of the free parameters.



Appendix B - Numerical Examples

We now consider various numerical examples of the competitive equilib-
rium emerging from the model of Section II.Z2.

As we indicated in Section II, in order to compute the equilibrium laws
of motion for [L(t+1),I(t+1)] = [nL(t+1),nI(t+1)], we solve the following social

planning problem; maximize

By, ) B [nlAg+0,(0)) [al(1)-T(541)401(1)] (333
A n2

] [aL(t)-T(t+1)+gI(t)]°

- w()nL(t) - S2L(E)+p(£)]7 - SR[L(E+1)-L(E)]7

- gﬂ[I(t)+w(t)]2 - %E[I(t+1)-01(t)]2

subject to
a(L)U (L) = V3(t) (22)
8y (L)¥(t) = US(E) (23)
8o(L)p(L) = uP(t) (24)
Z(LM(t) = V™(t) (25)

where w(t) is the first element of the (Px1) vector process M(t). At time t the
social planner knows {L(t),I(t),L(t),I(t)} and {M(t),M(t—T),...,Us(t),Us(t-1),
ceeyp(t),plt=1),00.,¥(t),¥(t-1),...}, as well as the parameters of (22), (23),

(24), (25), and those of the demand schedule, A, and A,.

0 1
The maximization is over linear contingency plans for setting [L(t+1),
I(t+1)] as functions of the elements of the planner's information set at time t.

Given the optimal decision rule for [L(t+1),I(t+1)], the equilibrium laws of



motion for [L(t+1),I(t+1)] is obtained by using [L(t+1),K(t+1)] = n[L(t+1),
I(t+1)]. For all the examples, solutions are arrived at by iterating on the
matrix Riccati difference equation until the convergence criterion is fulfilled.

In particular, successive iterations were performed on the feedback law
F, = B[Q+88'P,B] 'B'P, A
t t t
where iterations on the matrix Riccati difference equation

1 2,1 1 =151
Pt+1 = BA PtA + R - BA PtB[Q+BB PtB] B PtA

were started from PD = 0. Convergence was claimed when the norm, defined as the
maximum absolute value over the elements of (Ft+1—Ft), was less than 10_5.

For all of the examples we assumed 8 = .7, n = 1,000, a = .8, d = 1.5, e
= 1.4, £ = 1.2. We also set AO = 0, which is equivalent to setting constant terms

in the equilibrium [L(t+1),I(t+1)] equal to zero. As such, the equilibrium

describes variables measured in deviations from the mean.

(1) A, = .010, g = 1.3, 0 = 0.0 or a depreciation rate of 100 percent.
L(t+1) .33750 O L(t)
I(t+1{J .20678 O | I(t)

-.09568 -.17696 -.05481 .01021 | [w(t)

+ p(t)
i)
(II) R1 = w0105 & = 1.3 0 = 42
L(t+1) .33550 -.02521 L(t)

I(t+1) .20511 16661 | I(t)



-.094Y42 -.17432 -.05696 .01031 w(t)
p(t)
y(t)
-.05732 -.10565 -.07345 -.01666 Us(t)

(III) A, = .010, g = 1.3, 0 = .5
L(t+1) .33603 -.05845 L(t)
I(t+1) .20700  +.42522 || I(t)
-.09361 -.17230 -.06218 .01019 | | w(t)
+ p(t)
Y(t)

-.05661 -.10371 -.08064 -.01692 Us(t)

(1IVv) A.I = .010, g = 1.3, 0 = .9
L(t+1) .36381 -.02064 L(t)
I(t+1) .24159 .87532 I(t)

+ p(t)
Y(t)
-.06817 -.12573 -.10970 -.01955 US(t)
(V) A, = .001, g = 1.3, 0 = 0.0
L(t+1) L1677 0 | L(E)
I(t+1) .08218 0| I(t)

-.12199 -.22734 -.02233 L04130 || w(t)

p(t)

+ Y(t)
-.02405 -.04483 -,12271 -.06580 Us(t)



(VI)

(VII)

(VIII)

(IX)

A, =.001, g = 1.3, 0= .2
L(t+1) 41615 -.01037 | |L(t)
I(t+1) .08021 .13823 | | 1(t)
p(t)
+
Y(t)
-.02290 -.04246 -,12689 -.064TY4 Us(t)
A, = .001, g =1.3,0=.5
L(t+1) 41483 -.02911 | [L(t)
I(t+1) .07540 .33669 | | I(t)
[ _.12102  -.22535 -.02660  .04253| | w(t)
& p(t)
Y(t)
-.02038 -.03725 -.13095 -.06184 Us(t)
A_I =.00],g=1.3,0:09
L(t+1) 41219 -.06546] | L(t)
I(t+1) .06450 557821 | I(t)
-.11980 =-.22280 -.02073 oun28| | w(t)
" p(t)
Y(t)
-.01507 =-.02624 -,12885 -,0548Y4 Us(t)
A1 = .010, g = 03, g = .9
L(t+1)| 2445 -,02823| | L(t)
I(t+1) .31959 .86650| | I(t)



-.12307 -.22848  -.11481 .00343 ] [w(t)

p(t)
* ¥(t)
-.09188  -.17011  -.14633  -.02571J LU_(t)
(X) A‘l = t010, g = 11, g = 09
L{t+1) A4195 -,030507 [L(t)
I(t+1) .34190 .86389 [ I(t)
-.12888 -.23995 -.12337 .00210 w(t)
- p(t)
Y(t)
-.09882 -,18317 =-.15692 -.027L6 Us(t)
(XI) A, = .010, g = .00001, 0 = .9
L(t+1)] A5171 -,031787 [ L(t)
I(t+1)J .35431 .86242 I(t)

o(t)
¥(t)
-.10272 -.19051 -.16284 -.02843 Us(t)
While we report the following regularities observed in the specific
examples calculated, no claims are made for their robustness in the face of

alternative specifications for equations (22), (23), (24), (25), and the other

parameters of the model.

aL(t+1) aL(t+1) aI(t+1) oI(t+1) aI(t+1)
aLe) > % ety <9 e > % Bnmy > % s > O
AL(t+1) 3I(t+1) oaL(t+1) aL(t+1)

vty < O 30_(t) ¢ % Sate) < O au_(t) 0



