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In their 1981 paper, Kareken and Wallace (1981) questioned whether
markets can determine exchange rates among fiat monies. They displayed a
model in which markets cannot in the following sense: in their two currency
framework, any unchanging exchange rate between the two currencies is consis-
tent with a perfect foresight equilibrium. Two features account for their re-
sult. One is that the real return on a fiat currency (on any nondividend
paying asset) is simply the ratio of its price at two different dates and,
hence, is homogeneous of degree zero in those prices. The second is that
people in their model are indifferent between currencies whose real returns
are equal. In this paper, we use versions of those features to show that the
indeterminacy extends to a large class of random processes for exchange rates,
where the randomness is nonfundamental in the sense of having nothing to with
preferences, endowments, technologies, or government policies. While our
contribution is theoretical, it is motivated largely by recent experience with
floating exchange rates. For some currencies and time periods exchange rate
movements appear largely unrelated to factors identified by standard economic
models as determining exchange rates--national money stocks, incomes, nominal
interest rates, etc. (see Meese and Rogoff (1983) and Adams and Boyer (1986)).

Although the Kareken and Wallace model can be shown to have (ra-
tional expectations) equilibria in which exchange rates display nonfundamental
uncer'taint},r,1 their model has two implausible consequences. First, under
certainty, a currency is held only if its return is as high as that of any
other asset, including any other currency. Second, almost all equilibria are
such that the faster growing currency becomes the world's money supply with
world-wide inflation converging to its growth rate. For this reason, here we
use a version of a cash-in-advance model in which only some people, a kind of

speculative fringe, substitute among currencies on the basis of their return



distributions; other people must use particular currencies. The cash-in-
advance feature allows all currencies to have lower returns than other
assets. The existence of people who must use particular currencies limits the
range over which exchange rates are indeterminate and completely reverses the
Kareken and Wallace conclusion concerning currencies whose growth rates dif-
fer. It implies that a currency which grows relative to others is held only
by those who must use it. Our model also differs from models of exploding
"bubble" equilibria in foreign exchange markets (see Singleton (1987)). All
our exchange rate paths are bounded, with bounds implied by the behavior of
the people who must use particular currencies.

Although our model is motivated by features of the observed behavior
of exchange rates, we do not attempt to explain puzzles related to real ex-
change rates or deviations from purchasing power parity. We use a one good
model, or equivalently, a model in which all goods are freely traded, so
purchasing power parity always holds exactly in our model. Although the model
can be amended to include nontraded goods and deviations from purchasing power
parity, we do not pursue that development here.2

The paper has two main sections. The first is concerned primarily
with showing that there can be equilibria in which exchange rates display
randomness unrelated to fundamentals. That being the case, we do not strive
for generality. We set out a model of two currencies and three agent types,
with one type being the speculative fringe and with each of the other types
constrained to using a particular currency. After setting out the model, we
first describe some of its equilibria with all fundamentals held fixed--in
particular, with the stocks of both currencies held constant through time. We
first show the sense in which Kareken and Wallace indeterminacy appears in

this model. Then, we introduce a stationary two-state sunspot process and



show that there is a large class of stochastic processes for the exchange rate
which are equilibria. We do this for two versions: one with complete securi-
ties markets so that exchange-rate risk can be insured against and the other
with no such possibilities available to people. In the former case, expected
returns on currencies are equalized and real allocations are unaffected by the
uncertainty. In the latter case, neither of these implications hold. We then
use two specific parametric examples to explore whether standard tests for
currency substitution performed on equilibria from our model would uncover the
true nature of currency demands in the model. We show that they would not.
We end the first section by considering situations in which the two currencies
grow at different rates. We show that in such situations nonfundamental
uncertainty cannot play a role and that fundamentals like the stocks of the
two currencies should explain the exchange rate. In other words and somewhat
paradoxically, exchange rate indeterminacy appears in our model when countries
pursue similar policies.

The second section is devoted to the normative implications of
nonfundamental exchange-rate uncertainty. In particular, we consider whether
such uncertainty is grounds for favoring some sort of fixed rate system rather
than a floating rate system. We demonstrate that an "irrelevance result"
holds for a quite general complete markets framework which includes the model
of the first section as a special case. If everyone has unrestricted access
to markets for sharing exchange-rate risk, then nonfundamental exchange-rate
uncertainty is innocuous in that the corresponding real allocations could have

arisen as equilibrium allocations in a comparable one currency world.

I. The Model
The example economy has 3 persons (really 3 trader-types), 2-

currencies, 1-good per date, no production, and currency demands implied by a



variant of a cash-in-advance constraint. Two versions are considered: 1in one
there is full participation in complete risk-sharing markets; in the other
there are no such markets.

In both versions, trading at each date occurs in the following
sequence. First, the stochastic shock is realized and the outcome made known
to all three traders. Then, all traders meet: in the first version they
settle up outstanding contingent claims, purchase contingent claims for the
next period, and exchange currencies; in the second version they exchange
currencies only. After the trading in securities and currencies is concluded,
the individuals disperse to trade the single good for currencies. As in Lucas
(1982), each person may be regarded as a partnership in which one partner
purchases the good for currency while the other sells the endowment for cur-
rency. We assume that traders are unconstrained as to where or from whom they
may buy the good, but that some persons are constrained as to which currency
they may accept as payment for the endowment. Specifically, each of two
people is constrained to accept only a particular currency, while the third
person is free to demand payment in either currency or a combination of the
two currencies. The currency composition which the third person demands can
be viewed as known once the shock is realized.

This kind of cash-in-advance constraint differs from that in Helpman
(1981) and Lucas. They constrain which currency agents may offer as payment
for goods whereas we constrain which currency may be accepted as payment.
Both formulations have the same timing of trading, have all sellers getting
stuck holding currency, and have some sellers getting stuck holding particular
currencies. We adopt our formulation because it yields an equilibrium in
which there is a constant total of real balances even though there is substi-
tution among currencies. A priori, it seems as attractive as the Helpman-

Lucas formulation.




1. Assumptions and Equilibrium Conditions

There are three infinitely-lived people who have identical prefer-
ences and endowments of goods. Each person maximizes the expected value
of z::DBtu[ch(et)), where 8 ¢ (0,1) and ch(et) is consumption of time t good
by person h in state 6.. Here 6., which is assumed known at the beginning of
period t, summarizes the relevant history of the economy through date t. We
assume that u is increasing, strictly concave, and twice differentiable. We
further assume that endowments of goods are constant over time with each
person receiving y units of goods per period.

In the market setup that we study, within each period each person is
subject to a sequence of constraints that corresponds to the order of transac-
tions described above. All of these transactions are conditioned on the state
By - First, in the financial markets, individuals trade currencies and contin-
gent claims competitively--pk(et) is the state 6, price of the kth currency
and s(8, ,;6,) is the state &  price of claims on state 6, , consumption.
Agent h chooses nonnegative amounts of "pocket" currency, ﬁt{et), and contin-
gent claims, qh(et+1;et), for those states 8, , that are possible given 6.
The financial market constraint is

kak(et)fﬁt(et) + Eet+13(3t+1;et}qh(ecn;at) < kak(st)m:(st_1)

+ qh(at;et_1) + rh(et).

The right side of this inequality is financial wealth carried over from t - 1
plus transfers in t, Th(et) (paid in currency). Second, agents proceed to the
commodities markets, where their consumption expenditure is constrained by the

requirement that currency is the means of payment,

h -h
c'(8,) <} p (80 (8,).



Then, the total value of currency carried out of the period by agent h is
h ~h h
LP (8 )m (8,) <y + ] op (0 )i (6,) - c (o).

In addition, agent h for h = 1 and 2 is subject to selling y for currency h,
or equivalently, is subject to pi(et)mi(et) 2y, for i = 1, 2. For our pur-
poses, it is convenient to express these constraints by eliminating the inter-

mediate (pocket) currency holdings. This leads to the following equivalent

constraints:

(1) "(0,) + kak(et)mﬁtet) * Zet+15(°t+1;et)qh(et+1;9t)
Sy+ kak(et)mt(et_1) + qh(et;et_1) + rh(et)

(2) p(8)mi(e,) > y; i =1, 2; J,p (6)m(e) > y.

By describing these constraints as equivalent, we mean the follow-
ing. For any consumption level, ch(at), contingent claims position,
qh(9t+1;et)' and end of period cash balance position, mz(et), that satisfies
(1) and (2), we can find pocket currency quantities, ﬁﬁ(st) > 0, such that the
original constraints hold. Conversely, if a configuration of ch(Bt),
qh(at+1;et), mz(et) and ﬁz(et) satisfies the original market constraints, then
ch(et), qh(et+1;et) and mz(et) satisfy (1) and (2).>

Thus, at t, taking current prices and the processes for future
prices as given, person h chooses date t consumption, ch(et), holdings of the
kth currency, mz(etj, and contingent claims, qh(et+1;at), to maximize lifetime
expected utility subject to (1) and (2). (We require that the qh(9t+1;et) be
bounded in absolute value. This bound, which will turn out not to be binding,
is needed to make the constraint set compact.) As initial conditions, we

assume that all three agents enter period 0 with identical portfolios of




positive currency holdings and without contingent claims or transfers.  Of
course, in the version without risk-sharing, we also impose qh(et+1;9t) = 0.
An equilibrium consists of stochastic processes for quantities and prices such
that the quantities are optimal for the individuals at those prices and are
market clearing.

Since person h's choice problem involves maximizing a concave func-
tion over a nonempty, linear, and compact constraint set, subject to nonbind-
ingness of the bound on the qh's (to be verified later), the following stan-
dard first-order conditions are necessary and sufficient for a maximum to that

problem: (1) and (2);
(3) ch(et): u'(ch(at)] < x?(ﬁt)

and with equality if ch(et) Bl

h . y h h h
(4)  m(e,): s):Bmln(em,et)pk(at+1)u'(c (Gt”)]]/pk(ﬂt) < 2(8,) - A5 (8,)
for k = 1, 2 and with equality if mh(e ) > 0 and where A1 (8,) = xe (8,) =0

=D q y k% ga\Bg) = A48 =

3 _ .3 .
and k21(et) = 122(9t), and
h : 2 . h _ h 5

(5) (0, 150,): Buley qieu’ (e (og q)) = Aq(0;)slop q50,)
for each 8¢, 4. In the no risk-sharing version, (5) is replaced by

qh(°t+1;°t) = 0. Here the A's are nonnegative multipliers--x?(et) that asso-

ciated with (1) and Agk(et) that associated with (2)--and w(8, 41;8,) is the
probability that the state at t + 1 is 8¢, 4.

When there are complete markets, general equilibrium requires that
commodity demand equal commodity supply; that the excess demand for contingent
claims be zero; and that the demand for each national money equal its out-
standing stock. The market clearing conditions, which must hold for each

history et, are thus:



(6) Inc (8,) = 3y

h
(1) th (Bt*1;9t) = 0, for each 8,
(8) zhm (8,) =M (6), k=1,2

where M (8.) is the supply of currency k in state 6,. When securities trading
is ruled out, only (6) and (8) are relevant.

We will say that an equilibrium is binding if (2) holds at equality
and if the money holdings that satisfy (2) exhaust the supplies; or, equiva-
lently, if (2) holds at equality and if person 1 does not hold currency 2 and
person 2 does not hold currency 1. It follows immediately that in a binding
equilibrium there are lower and upper bounds on the price of each money;
namely, (et)Mk(et) e [y,2y]. Given that we define the exchange rate,
denoted e(8,), by e(8.) = p;(8.)/py(8), it follows that in a binding equilib-

rium e(8,) e (Mz(et)/M1(9t)][1/2,2}. All our results for this model concern

binding equilibria.

2. A Class of Equilibria Under Constant Currency Supplies

Here we are concerned with constructing a class of binding equilib-
ria for our model economy under the assumption that the currency supplies are
constant through time--and, for convenience, fixed at unity--and that there

are no transfers. We assume that there is an exogenous, nonfundamental pro-

cess & with the following simple probability structure: pr(at+1 ;et} =
pr(5t+1=£2;ﬂt) = 1/2. This is an independently and identically distributed
"sunspot." It follows that the state 6. is the history of sunspots, 8, =

{Et_s} for all s > 0, and that the probabilities of state evolutions in the

preceding expressions, the ﬁ{5t+1;8t), are constant and equal to 1/2,



We consider as a candidate equilibrium process for the price of

currency 1 a stochastic process of the form:

"
il

pl(at) + a[p1(9t)] if £,
(9) py(8,, ) =

[ ]
aal

py(8y) - 8(py(6y)) if ., =

where a and § are functions we will describe. Our candidate is also to be a
binding equilibrium, one that satisfies p1(9t+1) . p2(9t+1) = 3y and p1(et+1)
¢ [y,2y]. Obviously, this bound constrains the functions a and §.

Nonstochastic equilibria. Our example economy displays a multiplie-

ity of binding equilibria in which price levels and exchange rates are non-
stochastic. In terms of (9), this corresponds to equilibria with a = &6 = 0.
This multiplicity originates in the fact that agents of type 3 regard the two
currencies as perfect substitutes when their returns are equal. In particu-
lar, with constant fundamentals, the following constant and nonstochastic
processes are a binding equilibrium for any py e [y,2y]: pq(8.) = py, po(8y)
= pp = 3y-py, e(8;) = e = py/py, S(9t+1;et) = /2, and ch(at) = y. (This is a
consequence of proposition 1, set out and proved below.) In such an equilib-
rium, the gross rate of return on each currency is constant over time at unity
and there is a positive nominal and real gross interest rate equal to 1/8.
However, as noted, any price levels can prevail which are consistent with the
requirement that agents of types h, for h = 1 and 2, hold a real value of
currency equal to y. Since the price levels are indeterminate, the exchange
rate is as well.

Complete contingent claims markets. When complete contingent claims

can be traded in the securities market, there are equilibria with random
values of the currencies, but with consumption nonrandom and the same as in

the nonstochastic equilibria just described. These are equilibria in which
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the expected gross returns on the two currencies are unity, which in terms of
(9) is the restriction a = 6. In fact, as the following proposition asserts,
there is an equilibrium for any such pair, (a,8), that satisfies some boundary

conditions.

Proposition 1. Let a: [y,2y] - R, and a(x) < min(x-y,2y-x). For any such a

and &6 = a and any p1(80) e [y,2y], there is a binding equilibrium with
p1(at+1) given by (9).

The proof is given in the appendix. An example of a permissible
function is shown in Figure 1. Bindingness implies that the graph of any such
function be in the isosceles triangle with base [y,2y] and height y/2.

To summarize under complete markets, the equilibrium values of
national monies may evolve according to many different stochastic processes,
even within the simple class posited above. The common features of the equi-
librium price process are (i) that expected gross returns to currency holding
are equal to each unity for each currency; and (ii) that values of the monies
are bounded by the demands of the restricted agents.

Prohibition on security trading. When there is no security trading,

there are also binding equilibria with random values of currencies. However,
these equilibria are quite different from the equilibria under complete con-
tingent claims markets. We describe some of their features here, leaving the
detailed construction to the proof of the proposition set out below.

Note that bindingness, pi(et) + p2(8t) = 3y, implies that the specu-
lator can always guarantee a sure return of unity on a portfolio by holding
equal amounts of the two currencies. It also implies that all other choices
imply a random return and, hence, by (1), random consumption. Since the
speculator is risk averse, any such choice must give a higher-than-unity ex-

pected return on the portfolio. Bindingness also implies that the equilibrium
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value of a currency varies directly with the speculator's holdings of that
currency, and that Pp = Pp = 3y/2 when the speculator holds equal amounts of
the two currencies. Together these imply that the speculator holds equal
amounts of the two currencies if and only if the expected returns on the two
currencies are equal; and that the speculator tilts holdings toward currency k
if and only if currency k has a higher expected return than the other cur-
rency. From the implied relationship between currency values and expected
returns it follows that a currency must appreciate on average whenever its
value is high or that a and & functions consistent with bindingness satisfy
a(x) >(=)(<) &(x) as x >(=)(<) 3y/2 for x e(y,2y) (see Figure 2). Note, by
the way, that these inequalities on a and § suggest that most realizations of
the process for pk(et) tend either toward y or 2y, one of the bounds.

In the appendix, we prove the following proposition:

Proposition 2. Absent security trading, there exist functions a and §, each

defined on [y,2y] and positive except at the endpoints, such that for any
p1(8g) € [y,2y] there is a binding equilibrium with p,(e., ) given by (9).
Although this proposition says only that there is at least one
nontrivial pair (a,8), the proof makes clear that there is an uncountable set
of them, but a set more tightly bounded and not as simply described as that in

Proposition 1.

3. Tests for Currency Substitution.

We view standard tests for currency substitution as proceeding by
regressing the real value of a currency on discrepancies in expected returns
between this currency and others. Currency substitution is rejected if the
regression coefficient is not positive and large. Here we comment on how

these tests would fare on equilibrium observations generated by the two ver-
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sions of our example economy. We first examine such regressions using the
true difference in expected returns. We then examine them assuming that
proxies for expected returns, functions of exchange rates, are used. >

Suppose first that the true model is the complete risk-sharing model
with an equilibrium with nonrandom consumption and with random currency values
satisfying (9). Since expected returns are equalized for all currency values
in this equilibrium, no regression would be necessary (or could be com-
puted). The currencies would appear as perfect substitutes.

Suppose alternatively that the true model is the incomplete risk-
sharing version. We compute the expected returns for a simple example. It
starts with the following a and § functions in (9) over part of their domains;

namely,

§(x) = (x-y)/2 for z ¢ [y,3y/2]

al(x)

(2y-x)/2 for x e [3y/2,2y].

The extensions of a(x) for x ¢ [y,3y/2] and §(x) for x € [3y/2,2y] are not
arbitrary, but must satisfy equation (v) in the proof of Proposition 2 in the
Appendix, which in turn makes them dependents on the type 3 person’s marginal
utility of consumption. We set u’ [c®(8,)] = c%(6,)™? (logarithmic utility) and
y = 1. The implied functions are shown in Figure 3. Note that they satisfy

a(x) > (=) (<) 6(x) as x > (=)(<) 3y/2 for x € [y,2y].

Figure 4 shows the implied difference in expected returns,
Etp1(t+1)/p1(t) - Etpz(t+1)/p2(t), as a function of the real value of currency
1 at t, py(t). The regression coefficient in a regression of py(t) on the
difference in expected returns will be very dependent on the sample. It is as

easy to find a negative relationship as a positive relationship, and it seems
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impossible to find no relationship, a zero regression coefficient. Needless
to say, the regression coefficient does not reveal the true structure under-
lying currency demands in the incomplete risk-sharing version.

The behavior of the difference in expected returns in Figure 4 is
easy to interpret. It is negative when p1(t) is less than 3y/2 (which happens
when the speculator has a portfolio tilted toward currency 2) and is positive
when p1(t) exceeds 3y/2 (which happens when the speculator has a portfolio
tilted toward currency 1). The absolute magnitude is explained by the risk
aversion of the speculator and the amount of risk borne. The current real
value of currency 1 is 3y/2 when the speculator holds equal amounts of the two
currencies and, as a consequence, bears no risk. That explains why the dif-
ference is zero when p1(t) = 3y/2. The speculator also bears no risk at each
endpoint. At all other pT(t)s, the speculator does bear risk and this and
continuity more or less explain the shape of the function. Note, by the way,
that the features noted in this discussion will hold for any binding equilib-
rium with random exchange rates in the incomplete risk-sharing version.

Presumably because it is unclear which price indices to use to
measure expected returns, it is common to measure differences between them
using proxies that are functions only of exchange rate data. Note that the

condition for equality of expected returns can be written as
(10) Etp1(t+1)/Etp2(t+i) - pT(t)/pg(t)

where E¢ denotes mathematical expectation conditional on the state at t. Two
procedures using exchange rate data seem to be common. One amounts to replac-
ing the left side of (10) by the expectation of the exchange rate and the
right side by the exchange rate. The other amounts to taking the logarithm of

both sides of (10) and replacing the logarithm of the left side by the expec-
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tation of the logarithm of the exchange rate. We now examine how regressions
of the real value of a currency on such exchange rate proxies for expected
return differences between currencies would fare on equilibrium observations
generated by our example economy.

First, suppose that the true model is the complete risk-sharing
model with an equilibrium with nonrandom consumption and with random currency
values satisfying (9) for 6 = a and the following a function:

(x-y)/2 for x ¢ [y,3y/2]

a(x) = .

(2y-x)/2 for x e [3y/2,2y]
The results are reported in Figure 5 (exchange rate) and Figure 6 (log of
exchange rate). (We have reversed the axes and plotted the exchange rate
rather than the value of currency 1 on the horizontal axis for reasons to be
discussed later.) If the exchange rate proxies were correct, the regression
coefficient would always be infinite (the function would be identically
zero). The Figures indicate that such an outcome is not likely. Depending on
the sample, small positive or negative regression coefficients are possible,
although a =zero regression coefficient is not. Further, even if a large
positive regression coefficient is obtained, the Figures show that the fit of
the regression will be poor. In any case, the exchangé rate proxies do not
perform well as proxies for the true differences in expected returns in this
model. Finally, the Figures also show that samples of observations from an
equilibrium of this model would lead to rejection of the null hypothesis that
the exchange rate (or the logarithm of the exchange rate) is a martingale,
even though the true difference in returns is a martingale.

If the true model is the incomplete risk-sharing model described

above, then the expected value of the exchange rate again performs poorly as a



proxy for the left-side of (10). The expected value of the logarithm of

exchange rates seems to perform well as a proxy for the logarithm of the left-
side of (10). That is, the true difference in expected returns and the dif-
ference between the expectation of the logarithm of the future exchange rate
and the logarithm of the current exchange rate have the same general shapes as
functions of the current exchange rate. Thus, regressions with this proxy
would resemble those implied by Figure 4.

From these experiments we draw the following conclusions. First,
if the true model is the complete risk sharing version, then correctly mea-
sured expected returns will imply that such returns are equalized. However,
the use of exchange-rate proxies will not. Second, if the true model is the
incomplete risk-sharing version, then the standard test for currency sub-
stitution, either using correctly measured expected returns or exchange-rate

proxies, will not uncover anything like the true structure of currency demand.

4. The Role of Changing Currency Supplies

We now indicate how binding equilibria are affected by changing

currency supplies given that the currency supplies follow deterministic

paths. As noted above, if bindingness holds at t, then e(et) €
[Mz(t)/M1(t)][1/2,2] s [e_:t,ét] = I, where M. (t) is the supply of the kth
currency at t. The idea behind the next proposition is that a necessary

condition for diversification between two currencies at some date t is that
the one-period return distribution at t be such that one currency does not
dominate the other. This, in turn, implies that a necessary condition for
bindingness and diversification at t is that e, ¢ Ii, q; otherwise, one cur-
rency would necessarily appreciate or necessarily depreciate relative to the

other between t and £ + 1. Since e, must also be in I, it follows that e, is

in the intersection of It and It+1' Working backwards, then, as shown below,
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one gets the result that a necessary condition for bindingness and for diver-
sification for all dates t =1, 2, ..., T is nonemptiness of the intersection
of Iy, Iy .uuy IT+1' If this is violated, then in a binding equilibrium,
there is no diversification at some date t. This implies that e, is either
at e with probability one or at g

¢ with probability one, which, in turn,

implies that the exchange rate is unique at all dates prior to t.

Proposition 3. Let Vp dencte the intersection of Ior Iy Iny ey I

{(a) If for any T 2 0, UT is not empty, then e(ao) e V> in any bind-
ing equilibrium,

(b) If for amy T 2 0, Vg is empty, then e(68y) is unique in any
binding equilibrium,

The proof makes use of the following lemma:

Lemma. Suppose it is known at t that e(f,,;) ¢ I,MA.,,; = (a,a}, a<a. Then in
any binding equilibrium (i) if I,NAy4; (N denotes intersection)is not empty, then

e(0,) € I,NAy;; (ii) if &, <a, then e(d,) = e,; (iii) if e, > a, then e(f,) = e,.

Proof. To prove part (i), assume the contrary. Then e(f#,) % A,;;. There are
then two possibilities: either e(f,) < a or e(4,) > a. In the former, it is
cercain that currency 1 will appreciate relative to currency 2 from t to t¢ + 1.
This implies that currency 2 is held only to meet constraints (2) or that e(4.)
= g,, which contradicts nonemptiness of I,MA,,;. The second possibility is ruled

out by an enalngous argument. Parts (ii) and 7iii) are obviuus. ©

Proof of Proposition 3. We first define a set A, recursively as follows: Let

Ap = I, and for k 2 1, let



A

s e

IT—ka—kH if this is not empty

nT-k =1 ek if (ii) of the lemma applies
er i if (iii) of the lemma applies.
Given AO, A1, — AT defined in this way, the lemma implies that e(at) € At
fOF & = 85 Ny 25 wway T

If Vp is not empty, then Ay = V;. This establishes part (a). If Vg
is empty, then A, is a singleton for some t. This implies that A, is a sin-
gleton and establishes part (b). ¢

To illustrate the implications of Proposition 3 and the lemma,
consider the following currency supply paths: MT(t) = My for all t, and
M2(t) =M, fort =1, 2, ..., K and Hz(t+1} = aMZ(t) for t 2 K with a > 1. It
follows that for any t, there exists h such that the intersection of I, I, ,,

g It+h is empty. Thus, there is a unique binding equilibrium and the ex-
change rate path is deterministic in that equilibrium. Moreover, using the
reasoning of the lemma, it is immediate that e = ét for all t in that equi-
librium so that the path of M2(t)/M1(t) "explains" the path of €.

Thus, the model we have set out is consistent with exchange rates

being well explained by fundamentals when those fundamentals are different
enough in the sense that the It intervals vary enough over time. Put differ-
ently, in this model multiplicity of equilibria arises only if the two curren-
cies have fundamentals that are similar in the sense that they imply that the
I, intervals do not vary too much over time.

In light of Proposition 3, it is tempting to propose generalizations
of Propositions 1 and 2 to settings with deterministic currency supply
paths. The main difficulty in establishing such results is insuring that the
transfers (the xh(at) of (1)) that produce the currency supply changes are

consistent with bindingness.
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Proposition 3--and in particular, part (b)--must be amended if there
are more than two currencies--for example, if there are K currencies and K + 1
people, with person h constrained to hold a minimum real value of currency h,
h=12, ..., Kand with person K + 1 constrained only to hold a minimum real
value of total currency holdings. If Vq for a pair of currencies is empty,
then it can be shown that the real value of one of the currencies is minimal;
namely that p,(8,)M.(0) = y for one of the currencies. This, though does not
imply that the exchange rate between such a currency and any other currency is
unique; it does imply that some weighted average exchange rate for such a

currency is unique in a binding equilibrium,

II1. Normative Consequences of Nonfundamental Uncertainty

Propositions 1 and 2 show that a world in which some agents choose
among currencies solely on the basis of prospective returns is subject to an
extreme multiplicity of equilibria under floating exchange rates. However,
those results only offer hints about whether the multiplicity is significant,
or is, in some sense, innocuous. Here, we show that if there is full partici-
pation in complete risk sharing markets, then the multiplicity is innocuous in

the sense of the following proposition.

Proposition 4. If an economy (a discrete-time, finite-number-of-states-at-

each-date economy) with currencies 1, 2, ..., K has an equilibrium in which
(a) anyone holding any of these currencies has access to complete contingent
claims markets, and (b) pk(Bt) > 0 and pj(st) > 0 imply rk(et) = rj(at), where
rk(et) = Eet+1[s(et+1;Bt}pk(et+1)|/pk(9t) (the interest factor on the k-th
currency in state @.), then that economy with one currency (and hence, with no
currency-specific constraints) has an equilibrium with the same consumption

allocation.
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We prove this in the appendix by constructing the one-currency
equilibrium in two steps. In the first step, we start with any equilibrium
satisfying the hypotheses, and, by adjusting individual portfolios only,
construct an equilibrium in which everyone holds all the currencies in the
same proportion at every date and state. In the second step, we take that
equilibrium and, by adjusting prices of currencies and currency supplies only,
construct an equilibrium with only the first of the K currencies having value.

The first step shows that the consumption allocation of the initial
equilibrium could arise as an equilibrium in an economy in which there are no
currency-specific constraints, In terms of the economy of Section I, the
first step shows that any consumption allocation that is part of an equilib-
rium that satisfies hypotheses (a) and (b) could also be an equilibrium in an
economy that is identical except that constraint (2) 1is replaced by
zkpk(et)m:(et) > y for all h--an economy with no currency-specific con-
straints. The second step shows that the initial consumption allocation could
be an equilibrium in a world economy with one currency. The first step im-
plies that nothing about the initial equilibrium consumption allocation should
be attributed to currency-specific constraints, while the second step shows
that nothing about it should be attributed to the existence of several cur-
rencies and fluctuations in their relative values. The role of hypotheses (a)
and (b) is to allow us to construct the one-currency equilibrium without
adjusting any taxes (person-specific lump-sum taxes and direct taxes).E

Proposition 4 goes beyond what was established in Section I for the
example economy, because we did not show there that any risk-sharing equi-
librium has constant consumption. It establishes a feature of the entire set
of equilibria for that and other economies in which some agents choose among

7
currencies solely on the basis of prospective returns. It says that if there
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is full participation in risk-sharing markets then, despite the multiplicity
of equilibria under a floating-rate system, that system cannot be indicted on
welfare grounds because any equilibrium consumption allocation is also an
equilibrium in a one-currency or fixed rate world.

The result depends, of course, on it being costless to participate
in such markets. If it is not, then, as illustrated in an extreme way by
Proposition 2, a floating rate system subjects people to risks that they would
not have to bear under a fixed rate system. We should note, however, that our
analysis implies that a fixed-rate system is subject to multiplicities for the
equilibrium quantities of the different currencies linked by fixed exchange
rates, and, hence, multiplicities in equilibrium reserves. If a fixed rate
system is to work well, different outcomes for reserves must not be inter-

preted as requiring other adjustments.

III. Concluding Remarks

We have studied the positive and normative consequences of a some-
what unusual view of currency demands, the view that some people choose among
currencies solely on the basis of their return distributions. There are two
kinds of casual evidence that favor this speculative view of currency
demands. One is the behavior of exchange rates; the volatility of exchange
rates is difficult to explain if currency demands do not satisfy the specula-
tive view. The other is the large amounts of the currencies of several coun-
tries held outside the respective countries of issue; the speculative view can
be expected to apply to the choice among such foreign currencies.

The consequences of the speculative view for a floating rate system
are not surprising. They follow from the fact that the component of demand
that satisfies the speculative view is the "marginal" component that deter-

mines exchange rates if the fundamentals do not dictate corner solutions. If
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they do not, then the "marginal" component implies the existence of a rich
class of stochastic processes for exchange rates any member of which is a
rational expectations equilibrium. The welfare consequences of such equil-
ibria depend on whether there is complete participation in markets for hedging
exchange-rate risk. If there is, then the randomness of exchange rates is
innocuous. Otherwise, the randomness carries over to real wealth and consump-

tion.
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Footnotes

*This research was undertaken in connection with the Sloan Foundation grant
to the University of Minnesota for the study of macroeconomic policy
coordination. Earlier versions of this paper were presented at the 3rd Liverpool
Macroeconomic Workshop, March 1987; the Federal Reserve System Committee on
Financial Analysis, April 1987; the Santa Barbara Conference on Monetary Theory,
May 1987; and at several seminars. We are indebted to participants for helpful
comments, and, in particular, would like to thank Steve LeRoy, Albert Marcet,
Alan Stockman, and Carl Walsh. The views expressed herein are those of the
authors and not necessarily those of the Federal Reserve Bank of Minneapolis or

the Federal Reserve System.

lQuite independently, Manuelli and Peck (1990) have generalized the
Kareken-Wallace results to stochastic equilibria. They work with a model in
which all agents are, in our terminology, part of the speculative fringe and show
that the consumption allocation that is an equilibrium in a one-currency world
can be supported in a multiple currency world by a large class of stochastic
processes for exchange rates. Among our results, only Proposition 1 is closely
related to theirs.

2This has been done by Barnett (1988).

3The latter is trivial. To establish the former note that by (1) and (2),

ch(8y) + Y4, 5(044150:)q"(fe4y,0,) does mot exceed the right-side of the securities
market constraint. Since cP(4,) = 0, we can choose nonnegative ﬁ?(ﬁt) andﬁg(ﬁt)
so the securities market constraint holds at equality; and, for such choices,
ch(ﬁt) < z pk(ﬁt}mﬁ(ﬂt), as required. Finally, it follows from (1) that such

M(f,) choices satisfy the third constraint.

“This assumption could be weakened somewhat without affecting the results.
Among other things, it insures that the constraint set includes positive

consumption.
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SAmong the studies that test for currency substitution by using exchange
rates to proxy for expected returns differences are those by Bordo and Choudhri
(1982), Cuddington (1983), Brissimis and Leventakis (1985). Most of the evidence
from these studies argues against currency substitution. For Canada, Bordo and
Choudhri obtained estimated coefficients that have the correct sign but are
statistically insignificant. For Canada, the U.K. and the U.S., Cuddington
obtains estimated coefficients that either have the correct sign but are
statistically insignificant or have the wrong sign and are statistically
significant. Only for Germany does he obtain a statistically significant
coefficient with the correct sign. For Greece, Brissimis and Leventakis obtained
estimated coefficients that have the correct sign and are statistically
significant. However, when interest rates are added to these equations the
coefficients become insignificant. While Marquez (1987) also includes expected
exchange rate changes in his theoretical model, they do not appear in his
empirical investigation since he assumes expected changes to be zero.

SWithout condition (b), we can duplicate a multiple currency equilibrium
with a single currency equilibrium in general settings only if we can tax the
money holdings of different people differently. In particular, if there are two
currencies with different returns in the multiple currency equilibrium, then in
the single currency analogue we would have to tax the money holdings of those who
in the multiple currency equilibrium are forced to hold the lower return money.
OQur proof does not use any such taxes. Moreover, condition (b) is a consequence
of the way we construct equilibria with nonfundamental exchange rate uncertainty.
In that sense, it is not restrictive.

’Both the proposition and the proof are somewhat complicated because we
permit nonfundamental uncertainty, as represented by the state #,, to affect real
quantities like consumption. It is known that single currency versions of cash~-
in—advance models (see Woodford 1987) and single currency versions of overlapping

generations models (see Azariadis 1981) can have equilibria in which
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quantities like consumption. It is known that single currency versions of cash-
in—-advance models (see Woodford 1987) and single currency versions of overlapping
generations models (see Azariadis 1981) can have equilibria in which
nonfundamental uncertainty can affect allocations. Proposition &4 is applicable

to multiple currency versions of such models.




Appendizx

1. Proof of Proposition 1

The proof is constructive in that a candidate equilibrium is pro-
posed and is shown to satisfy the equilibrium conditions.

The candidate for p,(8,) is given in the statement of the proposi-
tion. For pz(et), We propose pz(at) = 3y - pi(et} (as implied by binding-
ness). Given these prices, let nominal money holdings be those implied by (2)
at equality and (8). The bound on a implies that such holdings are nonnesga-
tive.

We also propose ch(et) = y and A?(Bt) = u'(y) so that (3) and (6)
hold. Note that this proposal for consumption and that for prices implies
that the left side of (4) is gu'(y). Since B < 1, we can choose nonnegative
multipliers for constraint (2) so that (4) holds.

We let the contingent claims prices be given by (5)--namely,
s(at+1;et} = B/2. Then we let qh(9t+1;et) =y - kak(et+?)m2(et) for each
Bp,1- This is bounded below by -2y and above by y and makes the right-side of
(1) equal to 2y for t 2 1. (Our assumption about prices and initial condi-
tions imply that the right-side of (1) equals 2y at t=0.) It remains only to
show that the proposal for qh(et+1;et) satisfies (7) and is such that (1)

<6 )l g ) =
1i8.)a (e, ,58,) = 0.

holds at equality, which requires that ZB s(8 T

a1
From our proposal for qh(8t+1;8t),

t+

h h
Ina (8,138 = 3y - T[T, pley, m(ep)]

3y - Lllh pilog,Imeloy)]

n
3 - by POy Ly melop)]

3y - I Plo,q) = 0.
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Also from the proposal,

.0 gl : - ; h
Zat+1s(at+1,et)q (B, 130) = B{y—zet+1“(8t+1’et)[zkpk(8t+1)mk(et)l}’

But,

. h " .
Eet+1“(9t+1’et)lzkpk{et+1)mk(et)] Ekmk(at)liet+1“(et+1’et]pk(at+1)l

h
LePopIme(8,) = v,

where the last equality follows from bindingness and the next to last from
each expected return being unity.

Finally, as an aside, note that the gross nominal interest rate at t
on a bond which pays one unit of currency k in each state at t + 1 is

pkcet)/ze s(et+i;et)pk(et+1) and equals 8~! in the proposed equilibrium. ¢
t+1

2. Proof of Proposition 2

This proof is also constructive. Let K be the unique and positive
solution to Bu'(y-K)(1+K/y) = u'(y+K). We start with a function & defined on
[y,3y/2] and a function a defined on [3y/2,2y], where these are nonnegative
and bounded as in Proposition 1, are positive except at y and 2y, respec-
tively, are bounded above by K, satisfy a(3y/2) = &(3y/2), but are otherwise
arbitrary. The bounding by K limits the return realizations on all possible
portfolios so that every person in every period wants to spend all of finan-
cial wealth on consumption. We show that corresponding to any such pair
(a,8) is an equilibrium.

As above, our candidate equilibrium is a binding equilibrium--one
with py(8¢) + pp(8¢) = 3y and with nominal money holdings implied by such

prices, (2) at equality, and (8). Letting py(e.) = x, we begin by expressing
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the distribution of consumption implied by (1) at equality and bindingness in

terms of x and the functions a and §. From (1) at equality,

(1) eM0u41) = PO, Im(0y) = lp (om0 tp oy, )/miC0y)]-

Bindingness and (9) imply the following distributions for returns on monies,

k g 3 £
(ii) 1 1T+ al(x)/% 1 - 8{x)/x
2 1 - alx)/(3y-x) 1 + 6(x)/(3y-x)
Also, for k = 1, 2
e 3 k
(iii) plem(e,) = p (6.)M - p (8 )Im(6.) =p(6.) -y

where the first equality follows from bindingness and (8), and the second from
M = 1and (2) at equality.
Then (i)-(iii), bindingness and (1) at equality imply the following

distributions for the ratio of consumption to y (ch{et+1)/y):

h & g g
(iv) 1 T+a(x)/x 1-6(x)/x
T-a(x)/(3y-x) 1+6(x)/(3y-x)
1+a(x) (x-3y/2)/(3y-x)(x/2) 1-6(x)(x-3y/2)/(3y-x)(x/2)

We now extend a and § so that h = 3 diversifies--so that the left-
side of (4) does not depend on k for h = 3. From (ii) and w{et+1;8t) = 1/2,

this condition can be written

() et [e3ey, 5 g, qm 8] = s (e .= 6],
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We first let x e (y,3y/2) and extend a. For a fixed x, the right-
side is determined by the given & and is positive. Letting a(x) = z, for
fixed x and z ¢ R, the left-side of (v), call it H(z), is a continuous func-
tion of z (since u' is continuous). Moreover, H(0) = 0 and H(é(x)) >

6(x)u'[03(9 =£2)], where the inequality follows from (iv) and u" < 0.

417 t41
By the intermediate value theorem, there exists z ¢ [O,ﬁ(x)) satisfying (v).
The extension of & to (3y/2,2y) so as to satisfy (v) is established in the
same way and implies &(x) e (0,a(x)) for x e (3y/2,2y). Note that this con-
struction implies that the extended functions satisfy all the bounds imposed
initially, a fact we use next,

We have now produced stochastic processes for prices, nominal money
holdings, and consumptions that by construction satisfy constraints (1) and
(2) at equality and the market clearing conditions, (&) and (8), and are such
that the left-side of (Y4) does not depend on k for h = 3. To show that these
constitute an equilibrium, it remains only to show that (3) and (4) hold--
namely, that we can choose nonnegative multipliers so that (3) and (4) hold.

We let A?(at) be given by (3) at equality. Then (4) holds for

nonnegative multipliers for constraints (2) if and only if
(vi) (8/2) Ju'[e"e, e .= e)]p (8, e =£d)/p (8,) < u'[e(e,)]
Lj t+177t+1 K't+177E41 &g T t

for all h, k and 8,. From (ii), p, (8., 4)/p,(8;) ¢ [1-K/y,1+K/y], while from
(iv) and our initial conditions it follows that ch(et) e [y-K,y+K] for all h,
k, and et(or Xx). These bounds and u" < 0 imply that the left-side of (vi) is
bounded above by 8u'(y-K)(1+K/y) and that the right-side is bounded below by

u'(y+K). Since K is such that su'(y-K){(1+K/y) = u'(y+K), (vi) holds. ¢
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3. Proof of Proposition 4

The proof consists of the following two lemmas. We use the notation
of Section I except that we now use a symbol without subseripts or arguments
to denote the entire corresponding vector across states, time, and, if rele-
vant, monies and people. For example, p denotes the entire vector of prices

of currencies across currencies, states, and time.

Lemma 1. If an economy has an equilibrium (p,m,q,M;X) that satisfies the

hypotheses of Proposition 4, then the same economy but without currency-spe-

cific constraints has an equilibrium (p,m,q,M;X) = (p,m,q,M;X), where m is

given by
(1) e, )M, (0,) = J.p (0, )m™(8,)/3 p (6, )M (8, )
R A L P S e A T T A s P
and
(ii) (e, ) /A28, ) = M _(8,)/M,(8,)
e Vg M O " A e
and q is given by
. - “h “h oy e -h -h )
(iii) kak(9t+1)mk(et)+q (9t+1’9t) 2 Ekpk(at+1)mk(at) +q (9t+t’et)'

Here X denotes all variables other than those that appear prior to the semi-
colon. Thus, X includes consumption of all goods, holdings of all assets
other than currencies and contingent claims (all of which are assumed to have
payoffs denominated in terms of a numeraire good not in terms of currencies),
and all prices including the contingent claims prices, but not including the

prices of the currencies.

Proof. First we show that for each h, "-" satisfies any constraints on total

currency holdings and is affordable. From (i) and (ii), it is immediate that
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(iv) P f00m (8,) = ] p, (8 )m (8,)

so that any constraints on an individual's total currency holdings are met.

To establish affordability, we show that (a possibly generalized version of)

(1) is satisfied by "-". Given that "-" satisfies (iv) and is constructed to
satisfy (iii), "-" will satisfy (1) if it satisfies
2 : h . =h . ;
(v) Zet+13(et+1’et){q (8,4304)-T (8, 450,)] = 0.
To verify that (v) holds, multiply (iii), by s(8t+1;et) and sum over
CIRE Upon rearranging the order of summation, the terms involving m:{et)

(or Ez(et)) can be written as kak(et)pk(at)rk(at) = r(et)zka(e)pk{st), where
the equality uses hypothesis (b) of the Proposition. Then, using (iv), we get
(v).

Next we note that "-" is utility maximizing. Since all prices are
the same under "#" and "-", the set of affordable bundles is the same. It
follows that, "-" is (remains) utility maximizing. (This is true even if h's
utility depends on "total real balances" held by h.)

Finally, we have to show that m and q satisfy market clearing.
Summing (i) over h implies Xhﬁ?(et) = ﬁi(et). This and (ii) imply zha:(at) =
%k(et) for all k. Market clearing for q follows then from (iii) summed over h

and from market-clearing for m. ¢

Lemma 2. If (p,m,q,M;X) is the equilibrium in the conclusion of Lemma 1,

-~ e R .

then (p,m,q,M;X) = (p,m,q,M;X) is also an equilibrium, where 5k(et) = 0 for

k=2, 3, ..., Kand all B¢, and
(vi) Py(o )M (8,) = ] B, (8,0 (8,); t > 1

(vii) B, (o ) [ (e )-f (o, )] = T,B, (0 )[M (0)-H (8, )], t 21



e G2 we

(viii) ﬂ1(eo} M1(90)

i

(1%) fil(e,) = J (e, )F, (8,)/5.(6,).

(Note that (vi) and (vii) and the initial condition (viii) determine a unique
(51,ﬁ1). It follows trivially, then, that (p,m,q,M;X) is uniquely determined

by UL

Proof. Since condition (ix) holds individual real balances unchanged between
"." and "-", any constraint on an individual's total currency holdings are
satisfied by "~".

As regards affordability of "~", since (ix) implies unchanged indi-
vidual real balances, "~" satisfies (1) if we can show that "~" and "-" give
rise to the same value for the right-side of (1). Since we hold taxes un-
changed and § = q, we have only to show that 51(9t+1)ﬁ?(8t):
Zkﬁk(et+1)ﬁz(et).

By (ii) (of Lemma 1),
1P (8, B (8,) = [E5(e ) /M, (8,)] T, (8, O (0,).

Since (vi) and (vii) imply

-~

By(og, My (0y) = 1By (0 DM (0,),
we get
, -h - K, - -
LB (8 M (8,) = B (o, Imi(e ), (8, )/M, (o).

The last step is to verify that ﬁk(at)ﬁ1(at)/ﬁ1(et) = ﬁ?(at). This follows
from (ix) upon first substituting into its right-side for %E(et) the right

side of (ii) and then using (vi).
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We next show that (m,q,X) is utility maximizing among affordable
bundles. Since (m,q,X) at p gives h the same utility as does (m,q,X) at p, if
there is an alternative, say (m*,q¥*,X*), strictly preferred to (m,q,X) and
affordable at p, then it gives higher utility than (m,d,X) at p. We show that
this implies the existence of (m',q*,X*) affordable at p and strictly pre-
ferred to (m,3,X), a contradiction.

Let m' be given by m‘E(Bb) - m?h(et)ﬁk(at)/ﬁ}(et)' Then

(m',q*,X*) at p gives the same utility as (m¥*,q*,X*) at p if

rm) 'h - . *h
(x) Ekpk(et)m k(et) = p1(8t)m1 (et) for all h and 6

Affordability of (m',q*,X*¥) at p follows if (x) holds and if
- . h : 4
(x1) LeP(0g,q ) (0) 2 Byloy Jmi™(e,).

Equality (x) follows from the definition of m' and from (vi). Inequality (xi)
follows from the definition of m', (vi), and (vii). Thus we have the desired
contradiction.

Since the only quantities for which "~" differs from "-" are cur-
rency holdings, the only market clearing condition to verify is zhﬁ?(at) =

ﬁ1(et}. Summing (ix) over h we get
~h - = N -
Ly (8,) = ], b (8 )M (8,)/B,(8,) = M, (8,),

where the first equality uses the fact that "-" is an equilibrium and the
second uses (vi). Note that since (vii) holds total revenue from currency
creation equal under "~" and "-", holding taxes and governments' real borrow-
ing the same under "~" and "-" is consistent with satisfaction of an aggregate

government cash-flow constraint. ¢
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Figure 1

Equilibrium change-in-price of currency 1 functions: complete markets
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Figure 2

Equilibrium change-in-price of currency 1 functions: incomplete markets
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Figure 3

Equilibrium change-in-price of currency 1 functions:
incomplete markets, logarithmic utility, and y=1
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Figure 4

Equilibrium difference in expected return as a function of the price
of currency1: incomplete markets, logarithmic utility, and y=1
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Figure 5

Expectation of change in the exchange rate:
complete markets example
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Figure 6

Expectation of change in the logarithm of the exchange rate:
complete markets example
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