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In t roduct ion 

During s i x o f the seven twent ie th-century h y p e r i n f l a ­

t i ons i n Europe, r e a l balances tended to f a l l over time wh i le 

i n f l a t i o n ra tes tended to r i s e . Cagan's model of h y p e r i n f l a t i o n 

under r a t i o n a l expecta t ions imp l ies tha t such a systemat ic pa t te rn 

cou ld not occur , except by chance. (See Sargent and Wal lace 

] and Sargent [ 1) . According to that model, r e a l b a l ­

ances and i n f l a t i o n may d r i f t , but are p red ic ted not to move 

sys tema t i ca l l y upward or downward. There i s a l s o a long-s tand ing 

c l a im that the European h y p e r i n f l a t i o n s appeared to proceed a t 

ra tes tha t exceeded the ra tes that would maximize the revenue from 

seignorage. (See Cagan [ 1 or Sargent [ ] ) . Th is paper 

descr ibes a model that aims to account f o r these p o s s i b i l i t i e s . 

We study a l i n e a r s tochas t i c dynamic system i n the p r i ce 

l e v e l and per c a p i t a base money, designed to r e f l e c t aspects o f 

h y p e r i n f l a t i o n s . The dynamic system i s a so lu t i on of two d i f f e r ­

ence equat ions , one each that descr ibe the behavior of the p u b l i c 

and the government. The p u b l i c ' s behavior i s descr ibed by a 

l i n e a r vers ion o f Cagan's demand func t ion f o r r e a l ba lances , which 

we express as 

(a) p ( t ) = XE t p( t+ l ) + Yh( t ) + u ( t ) , Y > 0 , 1 > X > 0 

where p( t ) i s the p r i c e l e v e l a t t , h ( t ) i s per c a p i t a base money 

a t t , and E^f*) i s the l i n e a r l eas t squares p ro jec t i on of ( • ) , 

c o n d i t i o n a l on in format ion a v a i l a b l e at t , which i s assumed to 

inc lude at l eas t ( h ( t ) , h ( t - l ) , . . . , p ( t ) , p ( t - l ) , . . . ) . In (a ) , u ( t ) 

i s a zero mean random process , poss ib l y nons ta t ionary , that r e -
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f l e c t s d is turbances to p o r t f o l i o balance d e c i s i o n s . The govern­

ment's behavior i s descr ibed by the budget cons t ra in t 

(b) h ( t ) h ( t - l ) + Cp( t ) + e ( t ) 

where h( t ) i s per c a p i t a base money, n i s the growth rate of the 

popu la t i on , £p( t ) + e( t ) i s the nominal government d e f i c i t per 

c a p i t a . In (b ) , e ( t ) i s a zero mean, poss ib l y nonstat ionary 

random disturbance to the per c a p i t a nominal government d e f i c i t , 

wh i le C > 0 i s a constant that measures the average l e v e l o f the 

per c a p i t a r e a l d e f i c i t . The force o f (b) i s that the government 

p r i n t s base money to f inance a r e a l per cap i t a d e f i c i t that i s on 

average constant at the ra te 5 . From the i n t e r a c t i o n o f (a) and 

(b) there r e s u l t s a c losed system that determines the evo lu t ion o f 

p ( t ) and h( t ) as s t ochas t i c processes. 

Sargent and Wallace ( 1 analyzed the de te rm in i s t i c 

vers ion of t h i s system that emerges when u( t ) and e( t ) are each 

set i d e n t i c a l l y to zero . They showed that the evo lu t ion of that 

vers ion o f the system i s represented by the d i f f e rence equat ion 

(c) » ( t + l ) - • - ( l / ( l +n )X ) • l / i r ( t ) 

where i r ( t+ l ) = p ( t + l ) / p ( t ) , and <j> 3 (A~ 1 +( l+n)~ 1 -5Y/X) . Equation 

(c) i s graphed i n f igure 1, 
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i r ( t + l ) A 

Figure 1 

which i nd i ca tes that there are two s ta t i ona ry po in t s and tfg 

w i th (l+n)~ < < < X " • These s ta t ionary po in ts correspond 

to two a l t e r n a t i v e s ta t i ona ry l e v e l s o f the gross i n f l a t i o n ra te 

p ( t + l ) / p ( t ) that s a t i s f y p o r t f o l i o balance and that f inance a 

constant r e a l per c a p i t a d e f i c i t £• For an i n i t i a l i r ( 0 ) in the 

i n t e r v a l (n^ ,~ ) , the system converges to t<2' T h e lower s ta t ionary 

po in t IT-J^ i s unstable i n t h i s sense. F igure 1 r e f l e c t s that f a c t 

that the de te rm in i s t i c vers ion of the system formed by (a ) , (b) 

possesses a continuum o f e q u i l i b r i a w i t h i n the c l a s s o f e q u i l i b r i a 

fo r which p( t ) and h( t ) a re of exponent ia l order s t r i c t l y l e s s 

than A " 1 . Here e q u i l i b r i a are def ined as elements o f the space o f 

sequences of ( p ( t ) , h ( t ) , t > 0 ) . E v i d e n t l y , t h i s n u l t i p l i c i t y o f 

e q u i l i b r i a i s l o g i c a l l y d i s t i n c t from the m u l t i p l i c i t y o f "specu­

l a t i v e bubble" e q u i l i b r i a , which are const ructed by us ing the 

freedom of adding t r a n s i e n t terms of exponent ia l order to the 

so lu t i on for the p r i c e p rocess . (See Sargent and Wal lace fo r more 

d e t a i l s . ) 



The present paper s tud ies a s tochas t i c ve rs ion o f the 

system for severa l reasons in order to t r y to account f o r the time 

s e r i e s observat ions on r e a l balances and i n f l a t i o n c i t e d above. 

To accomplish t h i s t a s k , we f i r s t have to cha rac te r i ze whether and 

how the m u l t i p l i c i t y o f e q u i l i b r i a of exponent ia l order l e s s tha t 

w i l l surface i n a s tochas t i c system. A s tochas t i c vers ion o f 

the system i s convenient f o r s tudying time s e r i e s obse rva t i ons , 

and fo r making the model econometr ica l ly o p e r a t i o n a l . Some o f the 

forces captured i n t h i s model were a l luded to by us i n an in fo rma l 

way in e a r l i e r work that attempted to r a t i o n a l i z e the pa t te rn o f 

Granger c a u s a l i t y between ( logar i thms) of base money and p r i c e s 

that appears throughout a number o f h y p e r i n f l a t i o n s . There i s a 

marked tendency f o r p r i c e s to Granger cause money, but much weaker 

evidence that money Granger causes p r i c e s . In our e a r l i e r work, 

we pos i ted a system wi th extens ive feedback from p r i c e s to money, 

which we argued in fo rma l l y might r e f l e c t dynamics coming from the 

government budget c o n s t r a i n t . The current paper re turns to t h i s 

issue and presents a formal a n a l y s i s that i s permit ted by our 

adopt ing a re la ted but d i s t i n c t parameter iza t ion to the one used 

i n Sargent and Wallace [ ] and Sargent [ ] . A genera l reason 

fo r s tudying the current system i s that i t i s a labora to ry f o r 

e x h i b i t i n g what can be learned about the demand fo r money from 

observat ions on money and p r i c e s drawn from a system i n which 

there are extensive dynamic i n t e r a c t i o n s between money and p r i ces 

that r e f l e c t the behavior both of p r i va te agents and agents f o r 

the government. 
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2 . E q u i l i b r i u m 

We cons ider the system 

(1) p ( t ) = XE t p( t+ l ) + Yh( t ) + u ( t ) 

h( t ) = h ( t - l ) + Cp(t) + e ( t ) 

where 1 > X > 0 , Y > 0 , £ > 0 , n > 0 . 

We assume that the system s t a r t s out at t ime t = 0 , and tha t 

( u ( t ) , e ( t ) ) = ( 0 , 0 ) fo r t < 0 . We assume that f o r t > 0 , ( u ( t ) , 

e ( t ) ) i s a vector s tochas t i c process with d iagonal noncontempo-

raneous c ross -covar iance mat r i ces . In p a r t i c u l a r , we assume that 

(2) u( t ) = & 1 ( L ) w ( t ) , 

e ( t ) = ag(L)w(t) 

where 

Ew(t) = 0 fo r t > 0 . 

Ew(t)w(t -s) = 
0 fo r s * 0 and t > 0 

(o ( t ) o ( t ) \ 

l o 1 2 ( t ) o 2 2 ( t ) ) f ° r S = ° a n d t * ° ' 

In ( 2 ) , a 1 ( L ) and a^ih) are each (1x2) vectors in the l ag operator 

that are one-s ided and square summable i n nonnegative powers of the 

l ag operator L. In t h i s s e c t i o n , we study the s e r i a l l y uncor re­

c t e d case in which 
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a : ( L ) = (1 0) 

agdi) = (0 l ) . 

We seek so lu t i ons o f the system o f expec ta t i ona l s t o ­

chas t i c d i f f e rence equat ions ( l ) o f the form 

(3) p ( t ) = d (L )v ( t ) + T1

tFl + n 2

t F 2 

h( t ) = g (L ) v ( t ) + i r 1

t J 1 + i r ^ J g . 

Here and a r e the two zeroes of the same c h a r a c t e r i s t i c 

polynomial analyzed by Sargent and Wallace [ 1, and which w i l l 

reappear below. The parameters F^, Fg and J ^ , J 2 are constants 

that can be regarded as represent ing the i n i t i a l p o s i t i o n o f the 

system at time t = 0. In ( 3 ) , d(L) and g(L) are each (1x2) vector 

square summable polynomials i n the l ag operator that are one-s ided 

i n nonnegative powers of L. We seek so lu t i ons of the form (2) i n 

which p( t ) and h( t ) are each o f mean exponent ia l order l e s s than 

X , i . e . , so lu t i ons fo r which 

l i ra E X j p( t+J) = l i m E X J h( t+ j ) = 0. 

For the base money process h ( t ) , t h i s cond i t i on i s imposed to 

guarantee that the geometric sum 

00 
E. I A J h( t+ j ) 

* J=o 

converges fo r each t . The p r i ce l e v e l a t t can be represented as 

a l i n e a r func t ion of t h i s geometric sum of expected fu tu re 

h ( t + j ) ' s , and an analogous sum o f expected future u ( t + j ) ' s , so 

that convergence of t h i s sum i s a necessary cond i t i on f o r the 

ex is tence o f a so lu t i on o f the d i f f e rence equation system ( l ) . 
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As we note more f u l l y i n sec t i on 6, the e n t i r e c l a s s o f 

s o l u t i o n s of mean exponent ia l order l e s s than A~* cannot be rep re ­

sented i n the form o f (3 ) . There are a d d i t i o n a l s o l u t i o n s depend­

ing on spurious i n d i c a t o r s . 

The exponent ia l terms i n and T T 2 represent the deter ­

m i n i s t i c par t o f the s o l u t i o n , which was s o l e l y focused upon by 

Sargent and Wal lace , and which cont inues to p lay a ro le in the 

s o l u t i o n o f the s t ochas t i c ve rs ion o f the system. 

We s h a l l proceed by deducing the r e s t r i c t i o n s that the 

model imposes on d(L) and g ( L ) , and across the F ^ ' s and J ^ ' s . The 

r e s t r i c t i o n s on these s tochas t i c and de te rm in i s t i c pa r ts o f the 

s o l u t i o n can be deduced sepa ra te l y . Turning f i r s t t o the d e t e r ­

m i n i s t i c p a r t s , we have that ( l ) , (2 ) , and (3 ) , imply that 

( » 1

t F 1 + i r 2

t F 2 ) = A [ T r 1

t + 1 F 1 + T T 2

t + 1 F 2 l + Y l » 1

t J 1 + » 2

t j 2 J 

U j V j + i ^ J g ) = Y^J- [ w 1

T " 1 J 1 " K 2

t " l j 2 l + 5 [ 1 T i t F 1 + * 2

t F 2 ] . 

R e c a l l from Sargent and Wallace that n-̂  and n 2 s a t i s f y the charac­

t e r i s t i c equation 

I t then fo l lows that the above p a i r o f equations i s so lved by 

(F^ jJ^ ) pa i r s s a t i s f y i n g 

w F i • r ^ i 

F 2 " 1 - \ i F 2

J 2 ' 
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These equations express the c o e f f i c i e n t on Hj i n the p r i c e l e v e l 

s o l u t i o n as a weighted geometric sum of future values of the 

c o e f f i c i e n t s on Wj* i n the s o l u t i o n fo r the money supply (see 

( l ) ) . The r e s t r i c t i o n s that the model imposes across F j ' s and 

J j ' s thus have a na tu ra l i n t e r p r e t a t i o n . We s h a l l regard and 

J 2 as f ree parameters and use (5) to determine F± and F 2 -

We now deduce the r e s t r i c t i o n s that the model imposes on 

d(L) and g (L ) . Using ( l ) , ( 2 ) , (3 ) , and the Wiener-Kolmogorov 

p r e d i c t i o n formula, we f i nd the fo l l ow ing r e s t r i c t i o n s on d ( L ) , 

g ( D : 

d(L) = \ [ ^ L i - ^ ° ] + Y g ( L ) + a 1 ( L ) 

g(L) = ^ - g ( L ) L + 5d(L) + a 2 ( L ) . 

Rearranging these in matr ix form g ives 

( l - X l T 1 ) 

- 5 

-Y 

(1 - 1+n 

d(L) 

g(L) 

a i ( L ) - A d 0 L 

a 2 ( L ) 

-1 

P remu l t i p l y i ng by the inverse of the matrix on the l e f t and sub­

s t i t u t i n g a x ( L ) = (1 0 ) , a 2 ( L ) = (0 l ) g ives 

(5) 
fdiLV - A " 1 

(1-IT1L)(1-TT2L) 

(1 - I ^ L ) ( L - A d 0 1 ) , - A d 0 2 ( l - ^ D . Y L 

C ( L - A d 0 1 ) , - C A d 0 2 + ( L - A ) 

where the determinant of the matr ix on the l e f t s ide o f (h) s a t i s ­

f i e s 
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( l - A L ^ K l - ^ - L ) - Y5 1+n 

= - X L " 1 ( l - i t 1 L ) ( l - n 2 L ) 

where » L T * 2 " [ ( ^ M I - H O ^ - C Y A ) ± 

/ ( r 1

+ ( l + n ) - 1 - 5 Y A ) 2 - V ( l + n ) J / 2 , a n d W h e r e ( l + n ) _ 1 < "1 * "2 < 

X~^« (This c h a r a c t e r i s t i c polynomial i s i d e n t i c a l wi th the one 

analyzed by Sargent and Wal lace [ ] , who e s t a b l i s h the i n ­

e q u a l i t i e s . ) We assume that ( X ' M l + n ) " 1 - ^ / * ) ) 2 - k/( l+n)X > 0, 

which i s a necessary cond i t i on fo r an equ i l i b r i um to e x i s t . This 

cond i t i on p laces an upper l i m i t on 5 , the average per c a p i t a r e a l 

d e f i c i t . The upper l i m i t i s given by -1/ 

€ max = £ [ - i - + y - 2/ 1 ] . 

In ( 5 ) , we have adopted the no ta t ion 

d Q = ( d Q 1 d Q 2 ) 

where d Q i s the c o e f f i c i e n t on i n d ( L ) . 

Equat ions ( l ) , (k) and (5) represent the c l a s s of form 

(3) of so lu t i ons of mean exponent ia l order l e s s than X~^ and 

revea l that there i s a continuum of so lu t i ons w i t h i n t h i s 
o / 

c lass-=- ' The continuum i s mu l t i d imens iona l , and sur faces both i n 

the de te rm in i s t i c and the moving average par t of the s o l u t i o n . 

F i r s t , g iven any l e v e l o f i n i t i a l per c a p i t a nominal balances h( -

l ) , i t i s poss ib l e to choose the f ree parameters and J 2 i n a 

continuum of ways. This i s the dimension of the continuum tha t 
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was focused on by Sargent and Wallace [ ] . Second, there i s 

another dimension o f the continuum that i s convenient ly indexed by 

the two underdetermined parameters d ^ , d g 2 . F o r any values o f 

(dQ2» d Q 2 ) , (5) g ives a s o l u t i o n to our system w i th in the admiss i ­

b le c l a s s . S ince (l+n)"^" < ^ < i 2 , *ke form o f the rep resen ta ­

t i o n (5) revea ls that fo r almost a l l of the s o l u t i o n s , both p ( t ) 

and h(t) w i l l eventua l ly become processes of mean exponent ia l 

order u 2 . 

Wi th in the preceding c l a s s o f s o l u t i o n s , there i s a 

unique so lu t i on which i s of mean exponent ia l o rder '"i^- This 

s o l u t i o n r e q u i r e s , f i r s t , that J 2 = 0. Second, t h i s so lu t i on a l s o 

requ i res that <1Q̂  and C ! Q 2 be set a t those values that cause each 

o f the moving average polynomials i n the matr ix i n brackets on the 

r igh t s ide of (5) to have zeroes a t »2™^i thereby c a n c e l l i n g the 

denominator polynomial ( l - i t 2 L ) . Since there are four moving 

average polynomials i n the matr ix on the r i g h t s ide o f ( 5 ) , and 

only two free parameters d ^ and CIQ2, i t needs to be shown that 

choices o f d ^ and <1Q2 e x i s t that achieve the des i red c a n c e l l a ­

t i o n . Such values do e x i s t , namely, 

. _ -y( l+n) 
d 02 " X ( l - i r 2 ( l +n ) ) * 

With these values of dg-^ and CHQ2, the so lu t i on (5) f o r (d(L) ,g (L) ) 

assumes the s p e c i a l form 

([1 - 1^)7-, -Y(l+n)/(l-ir 2(l+n)) 

S/* 2 , X-(5Y( l+n))/( l -« 2 ( l+n) 
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This i s the unique s p e c i a l case i n which at t i n e t , the p r i c e 

l e v e l and the per c a p i t a nominal balances are each expected even­

t u a l l y to r i s e a t a gross ra te t,. For a l l o ther s e t t i n g s o f d Q 1 , 

dQg, and J 2 , p r i ce and per c a p i t a nominal balances are each ex­

pected eventua l ly to r i s e at gross ra tes o f n 2

 > * i " ^ n p a r t i c ­

u l a r , even i f J 2 = 0 , un less d ^ and dg 2 are set to s a t i s f y (6 ) , 

the p r i ce l e v e l and per c a p i t a nominal balances w i l l even tua l l y 

r i s e at mean exponent ia l orders approaching n 2 . 

We now o f f e r some observat ions about i n t e r p r e t i n g the 

m u l t i p l i c i t y of e q u i l i b r i a in t h i s model. One way to i n te rp re t 

the m u l t i p l i c i t y o f e q u i l i b r i a i s as r e f l e c t i n g the incompleteness 

o f the "feedback law" (b) as a desc r i p t i on o f the evo lu t ion o f 

h ( t ) . According to (b ) , namely 

(b) h ( t ) = -jjjj- h ( t - l ) + 5p( t ) + 5 ( t ) , 

the monetary au thor i t y simply p r i n t s enough new money to buy 

(5+e( t ) /p ( t ) ) goods per c a p i t a , at the r u l i n g p r i ce l e v e l p ( t ) . 

With t h i s s p e c i f i c a t i o n o f p o l i c y , there are many e q u i l i b r i a . 

An a l t e r n a t i v e d e s c r i p t i o n of p o l i c y i s that the author­

i t y chooses J - ^ , J 2 and a k e r n e l g(L) i n the moving average rep re ­

senta t ion f o r h ( t ) , 

h ( t ) = g (L )w t + F j i j * + P 2 * 2

t , 

subject to the cond i t i on that the d e f i c i t i s f inanced and tha t 

p o r t f o l i o balance p r e v a i l s . Th is i s equ iva lent wi th the au tho r i t y 

choosing F^, F 2 and dg. Not ice that to formulate p o l i c y i n t h i s 

way, the au tho r i t y has to know the parameters of the model, and to 



see current and lagged w ( t ) ' s . To execute (b ) , the authori ty-

needs nuch less in fo rmat ion . I t simply p r i n t s enough new money to 

purchase £ + 5 ( t ) / p ( t ) goods i n pe r iod t . 

From t h i s v iewpo in t , i t i s understandable that the 

equ i l i b r i um i s not unique w i th a l e s s complete s p e c i f i c a t i o n o f 

p o l i c y , and that uniqueness can be obtained by s p e c i f y i n g the 

evo lu t ion o f p o l i c y ac t ions i n a more r e s t r i c t i v e way. In a way, 

t h i s example i l l u s t r a t e s a genera l po in t , namely, the importance 

o f the s p e c i f i c a t i o n o f s t ra tegy spaces i n i n f l u e n c i n g matters o f 

ex is tence and uniqueness o f e q u i l i b r i a . 

Table 1 shows values o f 5 max, and fo r var ious 

va lues of the f ree parameters. Given X , Y has been se lec ted so 

that h/p evaluated at an expected gross i n f l a t i o n rate o f un i t y 

and a zero d is turbance to p o r t f o l i o ba lance, which we denote 

( h / p ) ( l ) , assumes the i nd i ca ted va lue . The value o f Y tha t 

achieves t h i s i s Y = ( l - X ) / ( h / p ) ( l ) . Under t h i s s p e c i f i c a t i o n , 

the maximum sus ta inab le per c a p i t a d e f i c i t £ max i s g iven by 

5 max - k l ) • J L [ 1 . + 1 2/ 1 I. 
P X ~ X 1 + n X XTlTnT 

Not ice tha t 5 max va r i es p r o p o r t i o n a l l y wi th h / p ( l ) , which i s the 

base fo r the i n f l a t i o n tax , d i r e c t l y wi th n, and i nve rse l y wi th 

X. When n = 0 , l i m % max = 0 , as a p p l i c a t i o n o f l ' h o s p i t a l ' s r u l e 
X+l 

to the above equation shows. 
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Table 1 

A h /p ( l ) n 5 max 5 \ l£ 
.005 100 0 86 .7918 % max 1U. H i w i 

.1 100 c 51.91*91* g max 3.162U " 1 

. 3 100 c 29 .2221 £ max 1.82579 "1 

.!» 100 0 22.511*8 5 max 1.58 * i 

.1* 100 0 2 2 . 5 1 ^ 8 15 1.2116 2 . 0 6 3 

. 5 100 0 1 7 . 1 5 7 £ max l . U l U * i 

. 5 100 .015 17 .777 Q max 1.1*037 " i 

. 5 100 0 17 .157 15 1.25 1.6 

. 7 100 0 8 .8933 i max 1.195 "I 

. 7 100 0 8 .8933 8 1.129 1.265 

. 8 100 0 5.5728 . £ max 1.118 "1 

. 9 100 0 2.633»* % max 1.051*1 n i 

• 9 200 0 5 .2668 £ max 1.051*1 

.95 100 0 1.2823 E max 1.026 "1 

. 9 8 100 0 .50506 C max 1.010 " 1 

.98 100 .005 .783265 5 max 1.008 * i 

• 995 100 0 .1253 :, max 1.0025 * i 



- l U -

3« Simulat ions and Evidence 

Figures 1-2 show s imula t ions o f the system wi th n = 

, X = , Y = , and o n ( t ) = , and o 2 2 ( t ) = , 

o ^ 2 ( t ) = 0. In the s imula t ion summarized in f i gu re 1, dg has been 

set to s a t i s f y (6) and J 2 = 0 . Here gross i n f l a t i o n o s c i l l a t e s 

around = » whi le r e a l balances o s c i l l a t e around the average 

that obta ins under a gross i n f l a t i o n ra te averaging n^. F igure 2 

s imulates a system wi th J 2 = 0 , but wi th dp v i o l a t i n g (6 ) . Here 

i n f l a t i o n s t a r t s out near i t j , then grows toward i r 2 . Real balances 

decrease over t ime, converging toward the average behavior appro­

p r i a t e fo r an average gross i n f l a t i o n ra te o f n 2 . 

F igure 3 p l o t s the time s e r i e s of logs of i n f l a t i o n and 

r e a l balances during the German h y p e r i n f l a t i o n s . The l a s t two 

months of October and November 1923, which are often excluded i n 

emp i r i ca l work, are inc luded i n these graphs. 

F igures h, 5, 6, 7, 8, and 9 p lo t i n f l a t i o n and r e a l 

balances during the h y p e r i n f l a t i o n s i n Greece, Hungary a f t e r World 

War I I , A u s t r i a , Hungary a f t e r World War I, Poland and Russ ia , 

r e s p e c t i v e l y . The data are those used by Cagan. Of these seven 

c o u n t r i e s , only Russ ia f o r long seems to have been c l ose to a case 

i n which the e f f ec t s o f Hj have been zeroed out . (See Keynes's 

remarks about the ingenui ty of the Sov ie ts i n e x t r a c t i n g se ignor -

age. A l s o , no t i ce R u s s i a ' s p o s i t i o n i n the tab le o f Cagan, r e ­

produced by Sargent [ ].) The remaining coun t r ies more c l o s e l y 

resemble e q u i l i b r i a of the k ind depicted t h e o r e t i c a l l y i n f i gu re 

2 , in which the i t 2 components gradua l ly assume inc reas ing impor-

tanc e. 
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h. I d e n t i f i c a t i o n 

We f i r s t study i d e n t i f i c a t i o n i n the s i n g u l a r case i n 

which J 2 - 0 and dg s a t i s f i e s (6 ) . In t h i s case , the b i v a r i a t e 

( p ( t ) , h ( t ) ) process evolves accord ing to 

(8) 
'p(t)> -1 

rft)) 

(1 - - r r r L ) f - . -Y ( l +n ) / ( l - i r 0 ( l +n ) 
l+n IT. 2 

, X - ( 5 Y ( l + n ) ) / ( l - » 2 ( l + n ) ) | 

w x ( t ) 

v 2 ( t ) 

f Y J 1 / ( l - X i t 1 ) l 

We assume that the covar iance matr ix o f w(t) grows geomet r i ca l l y 

at the ra te i . e . , 

Ew( t )w( t ) T = i r ^ V 

where V i s a p o s i t i v e d e f i n i t e mat r ix . Let G~^ be a lower t r i a n ­

gu lar matrix that normal izes and d iagona l i zes V, i . e . , I = 

i IT 
G VG . Define the transformed dis turbance vector 

n( t ) = i r 1 - " t / 2 G - 1 w ( t ) . 

Thus, E n ( t ) n ( t ) T = I, wh i le F n ( t ) n ( t ) T = n * I , where n( t ) = 

Now using w(t) = G n ( t ) , we can express (8) as 
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/ p ( t ) \ . 
( l - T T - U l ( = X"1 

1 Vh(t)/ 

1(1 - L i ) i -1(1 
1+n g 

x - 1 

r-
g l l 0 | 

g 2 1 g 2 ? n 2 ( t ) 

-V( l+n) 
l - i r 2 ( l+n) 

X -
CY(l+n) 

l - i r 2 ( l+n) 

YJ1/(1-XTT1) 

J, 

or 

(9) 

g l l 

= X 

4 g n / ^ + g 2 1 ( x 

Y g 2 1 ( l + n ) - g 2 2 Y ( l + n ) 

l - i r 2 ( l+n) ' l - n 2 ( l + n ) 

• | Y ( l * n ) ) „ f x ST(l+n) 
l - n 2 ( l + n ) J ' S22[X - l - i r 2 ( l + n ; 

n x ( t ) 

) n 2 ( t ) 

In t h i s rep resen ta t i on , the three parameters, g ^ , g 2 1 , g 2 2 r ep re ­

sent the covar iance matrix of the o r i g i n a l w(t) p rocess . The 

n( t ) process was const ructed by or thonormal iz ing the w(t) process 

w i th the matr ix G. The matr ix G thus summarizes a l l o f the i n f o r ­

mation i n V. 

Equation (9) i s a vector au toregress ive moving average 

representa t ion whose i d e n t i f i a b l e parameters can be d isp layed as 

f o l l ows . Represent (9) as 
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J 1 + c J 2 L , c 1 2 \ / n x ( t ) \ / c 1 3 \ t 

C 21 • C 2 2 / \ ^ 2 ( t ) / \ C 2 3 

The i d e n t i f i a b l e pa ramete rs a r e and t he c ^ ' s . From (9) and 

t he f o r m u l a f o r * 2 , t h e s e pa rame te r s a r e l i n k e d t o t h e deep 

pa rame te r s o f t he model by t he f o l l o w i n g e q u a t i o n s : 

( 1 0 ) 4 . ^ * 1 : ^ TITnT-

(11) 

(12) 

, - 1 
1 ~ X S l l  

C l l " ( l + n ) » 2 

- A _ 1 g 2 2 Y ( l + n ) 
C 1 2 = 1 - * 2 ( l + n ) 

(13) c 2 1 - - X [ _ • g 2 1 ( X - 1 ^ g ( l 4 a ) ) J 

(1*0 _ , - 1 r, S Y ( H - n ) i 
C 2 2 " X g 2 2 l X " l - n 2 ( l + n ) J 

(15) » l , n 2 = { ( A - 1

+ ( i + n ) - 1 - ? y / A ) 

+ [ ( X - 1 + ( l + n ) - 1 - 4 Y A ) 2 - V ( l + n ) X ] 1 / 2 } / 2 

(16) c 1 3 = YJx/Cl-Avx) 

(17) c 2 3 = J r 

The known v a r i a b l e s i n t he n i n e e q u a t i o n s ( 1 0 ) - ( 1 7 ) a r e w^* c i i » 

c l l ' c 1 2 ' c 2 1 ' c 2 2 » c 1 3 ' c 2 3 * ' ^ l i e u n ^ n o w n v a r i a b l e s t o be d e t e r ­

mined a r e X , 5 , Y , n , * 2 , g n , g 2 1 , g 2 2 > W e t h u s h a v e n i n e 
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equations to be solved f o r nine unknowns, which i s promis ing from 

the viewpoint of i d e n t i f i c a t i o n . 

To h i g h l i g h t the ro le of equations ( l 6 ) and (17) i n 

he lp ing to achieve i d e n t i f i c a t i o n , we s h a l l begin by ignor ing 

them. Th is amounts to cons ider ing i d e n t i f i c a t i o n in the system 

t J l 
from which the de te rm in i s t i c components IT (_ ) have been removed 

1 

p r i o r to es t ima t i on . In t h i s case , equations (10) - (15) form seven 

equat ions in the e ight unknowns X , C , Y , n , n g t g g g l $ and g 2 2 

so that these parameters are i n genera l u n d e r i d e n t i f i e d . However, 

under the s p e c i a l assumption that g2\ = 0, l o c a l i d e n t i f i c a t i o n 

o b t a i n s . The assumption that g 2 i = 0 i s equ iva lent with the 

hypothesis that w^(t) and w 2 ( t ) , the d is turbances to p o r t f o l i o 

balance and to the government budget, r e s p e c t i v e l y , are or thogo­

n a l . 

In the case that g 2 1 = 0 , i d e n t i f i c a t i o n can be thought 

to proceed as f o l l o w s . Equations (10) and ( l l ) imply tha t 

(1+n) = - C i ] / c n , 

wh i le equations (13) and (10) imply t ha t 

5 = - c 2 1 / c j r 

So n and £ are i d e n t i f i e d . 

A f t e r some a l g e b r a , ( l l * ) , (12) and (15) imply that 

(18) c 2 2 / c 1 2 = ( 1 - " i x ) / - ^ 

Given knowledge o f n and 5 , equation ( l 8 ) together wi th (15) f o r 

T T ^ , namely, 
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B l = - | 1 ) - / ( A - 1 + ( 1 + n ) - l . 5T M / ( l 4 a ) A } , 

form two equat ions i n Y and X which possess a l o c a l l y unique 

s o l u t i o n . Given f-^* 5» and n, i r 2 can be obtained from ( 1 5 ) • 

Then g-^i c a n b e obtained from (10) , and g 2 2 from (12) . This com­

p le tes the d i scuss ion o f i d e n t i f i c a t i o n in the s p e c i a l case in 

which g 2 ^ = 0 and J 2 = 0. 

Wi th J-j_ = 0 and g 2 ^ an unknown to be i d e n t i f i e d , the 

parameters of the model become u n d e r i d e n t i f i e d . In t h i s case , we 

are one r e s t r i c t i o n short of having an i d e n t i f i e d system. When J , 

* 0, equat ions ( l6 ) and (17) add two equations but only one un ­

known t o the system. Th is leaves us wi th a system o f nine equa­

t i ons i n the nine unknown parameters to be i d e n t i f i e d . 

The preceding a n a l y s i s shows that in the s i n g u l a r case 

i n which the root i t 2 has been e l im ina ted from the system, i d e n t i ­

f i c a t i o n i s d e l i c a t e . I d e n t i f i c a t i o n hinges e i t he r on i nc l ud ing 

the de te rm in i s t i c component e x p l i c i t l y i n the es t imat ion 

p rocess , or by a p r i o r i imposing o r thogona l i t y between w-,(t) and 

w 2 ( t ) . 

We now b r i e f l y d iscuss i d e n t i f i c a t i o n in the more gen­

e r a l case i n which u 2 has not been zeroed out . In t h i s case , we 

would assume 

Ew( t )w ( t ) T = i r 2 *V . 

We then proceed as above, d e f i n i n g G~ to be the lower t r i a n g u l a r 

matr ix such tha t I = G - 1 V G ~ 1 T . 
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In t h i s genera l case , the s o l u t i o n has represen ta t ion 

(20) (1 -WjL) (1 - * 2 L) 

(1 - ^ L M L - X d ^ ) , - x d 0 2 ( i - ^ I W L 

5 ( L - X d Q 1 ) , -5Xd Q 2 +(L-X) 

This can be represented i n terras o f i d e n t i f i a b l e parameters as 

(21) (1. 
/ P ( t ) \ 

- - T T L)(1-TT L ) \ I 
2 \ h ( t ) / 

f c l l 4 c l l L * C l l L » C 1 2 + C 1 2 L V " l ( t M / C 3 l \ . fChV 

4l^21L ' C ? 2 4 C 2 2 L / V " 2 ( t ) 

The i d e n t i f i a b l e parameters are T T ^ , T T 2 , and the c ^ ' s . These are 

l i n k e d to the 11 deep f ree parameters (X, y , £ , n, d ^ , d g 2 , g ^ , 

g ^ 2 , g22» *^2^ ^ ^ n e 15 equations created by (15) and by 

matching c o e f f i c i e n t s i n (20) and (21) . According to these " o r ­

der " c o n d i t i o n s , the model i s o v e r i d e n t i f i e d . 

5. E q u i l i b r i a Depending on Spur ious Ind ica to rs 

We now gene ra l i ze the preceding s o l u t i o n . We assume 

that u( t ) = ( a n ( L ) 0 0)w(t) and e ( t ) = (0 a ^ L ) 0 )w( t ) , 

where w(t) i s now a (3x l ) vec tor whi te n o i s e , and a ^ ( L ) and 

a2 2 (L ) are each square summable and i n v e r t i b l e polynomials i n 

nonnegative powers o f L. The t h i r d component w^(t) o f w(t) i s 
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Included t o permit a "nonfundamental" o r " s e l f - f u l f i l l i n g " s t o ­

c h a s t i c component to the so lu t i on fo r ( p ( t ) , h ( t ) ) . We now l e t 

d(L) and g(L) each be (1x3) row vector polynomials i n L. 

The model r e s t r i c t s the polynomials (d (L ) ,g (L ) ) to 

s a t i s f y 

f d ( L ) \ £ l 

U r , i - " i L H i ^ 
I T 

K l ( L ) - X d 0 1 L * 1 ' - A d 0 2 L ' 

( l " l T n - L ) 

( 1 - X L - 1 ) 

-1 - X d 0 3 L -1 

C a 22 

where dp = (dg-^ ,dg 2 ,dg 3 ) • Car ry ing out the m u l t i p l i c a t i o n on the 

r i g h t s i d e , we have 

d ( L ) \ 
1 - A U (22) 

( 1 - l ^ ) ( a l l ( L ) - X d 0 1 L ' 1 ) - ( l - l f e L ) X d 0 2 L ' 1 + Y a 2 2 ( L ) 

5 ( a n ( L ) - X d Q 1 L ' 1 ) , - 5 X d p 2 L _ 1 + a 2 2 (L) ( 1 - X L " 1 ) 

- X d 0 3 L " 1 ( l " 1 ^ L ) 

-1 - 5 X d 0 3 L -

The f i r s t two columns agree wi th our e a r l i e r s o l u t i o n fo r the 

s p e c i a l case i n which a^ j (L) = 1, a ^ f L ) = 1. Equation (*) r e p r e ­

sents a so lu t i on fo r any values o f ( d g ^ d g ^ d g ^ ) e R • 

Equation (22) i n d i c a t e s that there i s an a d d i t i o n a l 

dimension to the m u l t i p l i c i t y of so l u t i ons descr ibed e a r l i e r . 
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This a d d i t i o n a l dimension i s conven ient ly indexed by the undeter ­

mined parameter dg j . So lu t i ons wi th dgg are " s e l f - f u l f i l l i n g " or 

"nonfundamental" so l u t i ons i n which a whi te no ise random process 

w^(t) that has no in f luence d i r e c t l y upon the "fundamental" d i s ­

turbances u ( t ) and e ( t ) never the less plays a r o l e i n the r a t i o n a l 

expecta t ions s o l u t i o n . 

The t h i r d columns of d (L ) , g ( L ) , namely, 

have the proper ty that there i s no n o n t r i v i a l cho ice o f dg^ that 

"zeroes out" the polynomia l (I-TTJL). That i s , i f d 0 g * 0, then 

the s o l u t i o n must even tua l l y become o f mean exponent ia l o rder n^ . 

The reader can convince h imsel f that moving averages i n 

any number o f s e l f - f u l f i l l i n g white no ises can be added to the 

s o l u t i o n , provided that they bear polynomials i n L that are p ro ­

p o r t i o n a l to those o f (d̂ (L).ĝCL)). 

The preceding f i nd ings are cons is ten t w i th s l i g h t l y 

re in te rp re ted vers ions o f the r e s u l t s of Char les Whiteman. Work­

ing i n a s ta t i ona ry con tex t , Whiteman pointed out qu i te genera l l y 

that in cases i n which there e x i s t mu l t i p le l i n e a r r a t i o n a l expec­

t a t i ons e q u i l i b r i a in a H i l b e r t space o f lagged fundamental p ro ­

cesses , there e x i s t many a d d i t i o n a l e q u i l i b r i a tha t can be formed 

by adding to those so lu t i ons moving averages o f a " s p u r i o u s " white 

n o i s e - 2 / 
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6. Granger Causa l i t y 

F i r s t cons ider the s p e c i a l case of the model in which 

a l l ^ k ) - &22^ ) = 0, w ^ = 0. A lso assume that (6) and J 2 = 0 

h o l d , so that the T T 2 mode of the system has been deac t i va ted . In 

t h i s s p e c i a l case , the s o l u t i o n f o r p ( t ) , h ( t ) has the rep resen ta ­

t i o n 

x - 1 

1-TT L 

( l " l * T L ) » ' - Y ( l + n ) / ( l - 7 t 2 ( l + n ) " * ^ — 

5 t 2 , X - (5Y( l+n) ) / ( l -T f 2 ( l+n ) ) | 

w 1 ( t ) 

v 2 ( t ) 

J i I"' 

Note that i n the representa t ion fo r h ( t ) , the polynomials in L on 

w^(t) and Wg(t) are p ropo r t i ona l to one another, wh i le in the 

representa t ion f o r p ( t ) , the polynomials i n w^(t) and w 2 ( t ) are 

not p r o p o r t i o n a l . This impl ies tha t h( t ) Granger causes p ( t ) , 

wh i le p ( t ) f a i l s to Granger cause h(t)SJ 

This s t ruc tu re o f Granger c a u s a l i t y i s a s p e c i a l fea tu re 

o f the s ingu la r case i n which (1-TT2L) has been cance l led out . In 

the general case , p( t ) and h( t ) Granger cause each o the r , which 

can be proved by studying the s t ruc tu re o f the so lu t i on (5) o r 

(22) . We now seek s p e c i a l cases i n which p( t ) Granger causes 

h ( t ) , wi th no Granger c a u s a l i t y extending from h( t ) to p ( t ) . 

We f i r s t cons ider a case i n which there i s no spur ious 

i n d i c a t o r impinging on the s o l u t i o n , so that in (22) dg^ = 0. 

Suppose that a 1 1 ( L ) and a ^ d l ) s a t i s f y the r e s t r i c t i o n 
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The reader can v e r i f y that under the above r e s t r i c t i o n , the p o l y ­

nomials on v^ ( t ) and w 2 ( t ) i n d(L) are p ropo r t i ona l to one an ­

o the r , whi le the polynomials i n g(L) are not p ropo r t i ona l to one 

another . Under t h i s s p e c i a l c o n d i t i o n , i t fo l lows that p( t ) 

Granger causes h ( t ) , but that h( t ) f a i l s to Granger cause p ( t ) . 

To motivate the next s p e c i a l case , no t i ce that r e a l 

balances demanded at a constant expected gross return on money o f 

un i t y are g iven by ( 1 - A ) / Y . Let us reparameter ize the system by 

s e t t i n g Y = ( l - A ) 6 , where 6 = ( p / h ) ( l ) , the inverse of r e a l b a l ­

ances at a gross i n f l a t i o n ra te o f u n i t y . To achieve the f o l ­

lowing s p e c i a l case , we s h a l l th ink o f ho ld ing 8 f i x e d as we vary 

A , so that as A • 1, y + 0. In the l i m i t i n g case w i th A = 1, y = 

0, (22) imp l ies 

d 0 1 - L d 02 d 0 3 
1-L ' 1-L ' 1-L 

* ( d 0 1 - L ) * d 0 2 + ( l - L ) S d Q 3 

( l - L ) d - ^ L ) ' (1 -L) (1 -•JJJJL) ' ( l - L ) d - ^ L ) j 

where we are us ing the fac t that when Y = 0 , T I ^ = ( l + n ) - 1 , * 2 = 

1. In the s p e c i a l case that w l t = 0 , so that the p o r t f o l i o b a l ­

ance schedule i s exac t , d(L) i s such that p+ i s a mar t inga le , so 

that p( t ) i s not Granger-caused by h ( t ) . However, p ( t ) Granger 

causes h( t ) so long as the spur ious i n d i c a t o r i s present . (The 

mart ingale c h a r a c t e r i z a t i o n o f p ( t ) under these cond i t i ons can 

a l s o be deduced d i r e c t l y from equat ion (a ) . ) 



- 2 5 -

These examples c o n s t i t u t e s i ngu la r cases i n which h( t ) 

f a i l s to Granger cause p ( t ) . They i nd i ca te the presence of a 

range of examples c l ose to these i n which 0 ranges c a u s a l i t y 

extends from h(t ) to p ( t ) , but i s d i f f i c u l t to detect i n short 

samples. The model thus appears to be p o t e n t i a l l y capable o f 

accommodating Granger c a u s a l i t y pat terns such as those detected i n 

e a r l i e r work (Sargent and Wallace [ ] ) . 

7« I d e n t i f i c a t i o n i n E q u i l i b r i a wi th Spurious Ind i ca to rs 

Suppose that a s o l u t i o n o f the c l a s s (22) i s gu id ing the 

system. In p a r t i c u l a r , we have that ( p ( t ) , h ( t ) ) i s evo lv ing 

accord ing t o 

(23) 
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We assume tha t 

°11 °12 
E v ( t ) w ( t ) T = I * • I °12 °22 

so that the spur ious white no ise i s or thogonal to the "fundamen­

t a l s . " We represent w(t) as 

S l l 

v(t) - . * / » g 2 1 o 

° g 3 3 

T + /? where E z ^ z ^ = I and where "2 G i s a matr ix tha t or thonormal -

i z e s the w(t) vec to r . The parameters ifg represent the 

covar iance s t ruc tu re o f the w(t) p rocess . 

To beg in , assume as above that a ^ ( L ) = a22(L) = 1. The 

moving average par t o f the s o l u t i o n now has as f ree parameters (X, 

1» 5 , n, g n , g 2 1 , g 22» 833. d 0 1 , d Q 2 , d 0 3 ) wh i le the determin­

i s t i c par t has (J-^, ^2^'' ^ o r a t o t a l ° f 13 parameters to be i d e n ­

t i f i e d . 

When a-jj(L) = a22(L) = 1, the i d e n t i f i a b l e parameters o f 

(23) cont inue to be d isp layed i n (21) . Let the moving average 

par t of (23) be represented as 4>(L)Gz and l e t the moving average 

~ ~ t /2 par t of (21) be c ( L ) n t , where z f c = *_ ' z t « Then by us ing the 

same steps used to ob ta in a Wold representa t ion by f a c t o r i n g a 

s p e c t r a l dens i ty ma t r i x , C(L) can be determined by s o l v i n g 

C ( L ) C ( L _ 1 ) T = 4>(L)G G T ' |> (L" 1 ) T . These equations supply a t o t a l o f 

n ine equat ions. Four more equations are given by matching the 
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d e t e r m i n i s t i c pa r ts o f (21) and (23) , wh i le two more equat ions are 

g iven by (15 )• Thus we have a t o t a l of 15 r e s t r i c t i o n s on 13 f ree 

parameters. According to such order c o n s i d e r a t i o n s , the model 

seems o v e r i d e n t i f i e d even wi th a ^ ( L ) = a ^ f L ) = 1 i n the presence 

o f a spur ious n o i s e . 

In gene ra l , r i c h e r s p e c i f i c a t i o n s fo r a ^ ( L ) and a ^ t L ) 

w i l l lead to st ronger o v e r i d e n t i f i c a t i o n . As i nspec t i on o f (+) 

shows, the h igher i s the order of a j j ( L ) , the more c ross -equa t ion 

r e s t r i c t i o n s are there on the moving average represen ta t ion o f the 

( p ( t ) , h ( t ) ) p rocess . 

8 . Es t imat ion 

We descr ibe how to est imate the system (22) , i n which a 

spur ious i n d i c a t o r w-^(t) i s inc luded among the noises d r i v i n g the 

system. We l e t w ( t ) T = ( w 1 ( t ) , w 2 ( t ) , w^ ( t ) ) . Let us represent 

the system as 

(2h) ( l - T T j L H l - T f g L M t ) = (DQ+D 1L+D 2L)w(t) + Hjff j* + ^2 

= D(L)w(t) + HJWJ* + H2Tr2

t 
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where V i s a p o s i t i v e s e m i - d e f i n i t e mat r i x , and where we s h a l l set 

u = T T ^ • We def ine the transformed va r i ab les 

y ( t ) = i i " t / 2 y ( t ) 

v(t) = u" t / 2v(t). 

In terms o f these transformed v a r i a b l e s , {2k) becomes 

(25) ( l - T r l l i - 1 / 2 L ) ( l - 1 - 2 y - 1 / 2 L ) y ( t ) = D ( u - 1 / 2 L ) w ( t ) 

• V i v t / 2 + V 2

v t / 2 -

In (25 ) , D ( u _ 1 / 2 L ) = D Q + D ^ " 1 / 2 ! + D 2 P - 2 / 2 L 2 . 

The moving average component D(u~^^ 2 L)w(t) i s covar iance 

s t a t i o n a r y , and has covar iance generat ing func t i on 

D ( i r 1 / 2 z ) V D ( u - 1 / V 1 ) T , 

where r e c a l l that D i s a 2x3 matr ix and V i s a (3x3) mat r i x . 

We ob ta in a fundamental Wold represen ta t ion f o r 

D ( w - l / 2 L ) w ( t ) by f a c t o r i n g the above covar iance generat ing equa­

t i o n ; that i s , by s o l v i n g 

(26) D ( u " 1 / 2 z ) V D ( p ~ 1 / 2 z - 1 ) T = F ( z ) n F ( z " 1 ) T 

where 2 i s a 2x2 p o s i t i v e s e m i - d e f i n i t e ma t r i x , where F(z) = I + 

F l z + F 2 z 2 ' v n e r e t n e F j a r e ( 2 *2) ma t r i ces , and where the zeroes 

of det F(z) l i e outs ide the un i t c i r c l e . With these s ide c o n d i ­

t i o n s , there i s a unique F(z) that so lves (26). The matr ix ft i s 

the covar iance matrix of a , the vector of one-step ahead e r r o r s 
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i n p r e d i c t i n g y. from i t s own i n f i n i t e pas t : a = y -

^ t - l ^ t - 2 ' * * ' ' 

Given the so lu t i on to (26) , we have that 

(27) D ( u ~ 1 / 2 L ) w ( t ) = F ( L ) a + . 

Equat ion (27) expresses the moving average D(u~^^)w( t ) i n w ( t ) , 

which i s p o s s i b l y unobservable to the econometr ic ian possess ing 

only observat ions on y ( t ) , i n terms of a moving average o f the 

( 2 x l ) vec tor o f no ises a^ that are fundamental f o r y^.. 

S u b s t i t u t i n g (27) in to (25) g ives 

(28) ( l - w 1 M - 1 / 2 L ) ( l - « 2 p - 1 / 2 L ) ? ( t ) = a t + F ^ + F 2 a t _ 2 

t. -t/2 A o t . - t / 2 
2 2 

Solv ing fo r a t g i ves 

( 2 9 ) • S = " piS-i - p

2S-2 - Vi V * / 2 - W » ' t , z + ^ ( t ) 

- (TT 1 +Tt 2 )g" 1 / 2 9( t - l ) + Tf 1Tt 2w~ 1y(t-2). 

This equation expresses innovat ions a^ i n y^ i n terms of values o f 

the f ree parameters of the model. Given a sample on y ( t ) running 

over t = 1, T and assuming that the w ( t ) ' s are d i s t r i b u t e d 

accord ing to the m u l t i v a r i a t e normal d i s t r i b u t i o n , maximum l i k e l i ­

hood est imates can be obtained by maximizing 

l o g L = - T - 1/2 l og det Q - 1/2 a T f i - 1 a 

over the f ree parameters subject to (26), and the r e s t r i c t i o n that 

U • *g» Th is min imizat ion i s to be accomplished by us ing a h i l l 
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c l imbing procedure. For a given set o f values i n the space o f 

f ree parameters, (26) i s to be so lved fo r F ( L ) , then (29) i s to be 

used to c a l c u l a t e the a^ ' s impl ied by those parameters, and (30) 

i s to be computed. 

We now cons ider i n the s p e c i a l case i n which there i s no 

spur ious i n d i c a t o r , so that the model i s (20) . In t h i s case , ( 2 M 

i s to be re in te rp re ted wi th w ( t ) T now being the (2x l ) vec tor 

(w-^(t) , w 2 ( t ) ) . The es t imat ion procedure descr ibed above then 

remains appropr ia te . Not ice that in t h i s case , the step of f a c ­

t o r i n g the s p e c t r a l dens i ty matr ix o f the moving average par t v i a 

equation (26) p lays a ro le even though w(t) i s now ( 2 x l ) . In 

p a r t i c u l a r , i t i s poss ib l e that det D ( u ~ ^ 2 z ) has zeroes i n s i d e 

the un i t c i r c l e . The step o f us ing (26) insures that det F(z) has 

a l l of i t s zeroes outs ide the un i t c i r c l e . This c o n d i t i o n i s 

requ i red fo r (29) to be a v a l i d way of recover ing the a+'s that 

appear i n the l i k e l i h o o d func t ion (30) . 

In app ly ing the above method, i t would be fo r tunate i f 

F(L) were independent o f the parameters o f V = Ew(t)w(t) , depend­

ing only on the parameters o f D(L ) . (There seems to be a chance 

fo r t h i s i n the no-spur ious i n d i c a t o r case , but l i t t l e chance when 

w(t) i s o f dimension 3x1.) In t h i s s p e c i a l case , maximum l i k e l i ­

hood est imates can be obtained by min imiz ing 

T 
, . (• ~ ~ T det I a a 

t= l Z % 

over the free parameters that determine D(L ) , i r ^ , iTg sub jec t to v 

= Then the covar iance matr ix ft can be est imated by 

_1 ? T 
ft = T i a. a . 1 , 
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vhere the a+ are evaluated at the maximum l i k e l i h o o d values o f the 

parameters determining D(L ) , and Tig* Th is procedure has the 

advantage o f a reduced number o f parameters over which the search 

f o r an optimum i s conducted, the parameters in V not being 

searched over . 

Procedures fo r S t a r t i n g Fst imates 

To obta in i n i t i a l est imates o f some o f the parameters 

w i th which to pursue maximizat ion o f the l i k e l i h o o d f u n c t i o n , we 

could proceed as f o l l o w s . F i r s t , set n = 0 . Second, est imate ? 

from the sample average o f 

( h ( t ) - h ( t - l ) ) / p ( t ) = I 

T h i r d , est imate the var iance o f e ( t ) by computing the var iance of 

e ( t ) = ( h ( t ) - h ( t - l ) - i p ( t ) . 

Fou r th , est imate Y ( l - X ) as ( h / p ) . , the mean o f h ( t ) / p ( t ) dur ing 

a p r e i n f l a t i o n a r y pe r iod over which the gross i n f l a t i o n ra te 

averaged about u n i t y . F i f t h , est imate X from 

( f ^ ^ C l - A ) 

V 2 Y^ p ' 2 

where ( h /p ) ^ i s the mean (h/p) near the end of the h y p e r i n f l a t i o n 

and ( p + ^ / p ) ^ i s the gross i n f l a t i o n ra te over the same p e r i o d . 

S i x t h , est imate the var iance o f u by us ing the preceding est imates 

o f X and Y together wi th the "var iance bonds" i n e q u a l i t y 

o u

2 < var [ p ( t ) -Xp ( t+ l ) -Yh ( t ) ] . 
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9- A System wi th Bonds 

We now descr ibe how to compute the so lu t i on o f an ex­

panded and re in te rp re ted system, a vers ion o f which was s tud ied by 

Sargent and Wal lace [ ] . The method i s re la ted to the one used 

by Novales to study non l inear r a t i o n a l expecta t ions models. 

The system i s now 

(a) p t = X l ^ j + Yht + u t 

( b ) *t " T T ^ t - l + ^ t + e t 

( C ) b t = T T T t t - l + d t " ( 5 + e t / p t ) 

(d) Rj._i = R ^ P t - l b t - l / h t - l ^ + p t ' r 1 > °* 

Equations (a) and (b) are i d e n t i c a l wi th those s tud ied 

above, only now (Sp^+e^) has an i n t e r p r e t a t i o n as the amount of 

the nominal d e f i c i t per c a p i t a tha t i s to be f inanced by p r i n t i n g 

high-powered money. In ( c ) , P^_i i s the r e a l rate o f re turn on 

one-per iod i n t e r e s t bear ing government bonds, whi le d t i s the r e a l 

per c a p i t a d e f i c i t , net of i n t e r e s t payments. We th ink of dj. as a 

s tochas t i c process that i s exogenous with respect to p t , h t . In 

(1*), p .̂ i s an exogenous, poss ib l y s tochas t i c p rocess , whi le R( •) 

i s a nondecreasing f u n c t i o n , designed to r e f l e c t a dependence o f 

the i n t e r e s t rate on government debt on the r a t i o of bonds to base 

money that i s ou ts tand ing. 

Th is system has a recu rs i ve s t r uc tu re . Equat ions (a) 

and (b) can be solved fo r s t ochas t i c processes f o r ( p t , h t ) . Then 

(c) and (d) can be solved fo r s t ochas t i c processes fo r b t , P^.. 
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Th is system cou ld be used to c reate s imu la t ions o f more 

compl icated and s tochas t i c vers ions of the unpleasant a r i thmet i c 

examples s tud ied by Sargent and Wal lace . Var ious i t e r a t i v e de­

v i ces could be used to incorpora te the idea that there i s an upper 

bound on b t that can c reate a t radeo f f between t i g h t money today 

and loose money tomorrow. For example, fo r a g iven dj. p rocess , we 

cou ld study an e t process w i th a moving average represen ta t ion o f 

the form e t = a 2 2 ^ L ^ w 2 t 5 c ( L ) w 2 t , W g t = - E ^ j C ^ , w i th C j = -1 

fo r J = 0, 1, M; C j = +1 f o r J = M + 1, . . . , 2M. A l a rge 

negat ive innovat ion i n e t generates a s t r i n g of M la rge money 

supply decreases, which are fo l lowed by M money supply i n c r e a s e s . 

S imu la t ions cou ld a l so be generated roughly to match 

data by working backwards from observed time s e r i e s f o r p+, h^ , 

dj., b t , R t _ 1 t o processes fo r e ^ , u t , p t , the func t ion ? ( • ) , and 

the f ree parameters X , £ , X. 
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Footnotes 

—^For s e t t i n g s o f C > C max, so lu t i ons of the expec ta -

t i o n a l d i f f e rence equat ion system ( l ) s t i l l e x i s t , and are of 

exac t l y the form given i n the t e x t . However, when 5 > £ max, the 

roots T T j and are complex con jugates, and the de te rm in i s t i c part 

o f the system 

can be shown to o s c i l l a t e among p o s i t i v e and negat ive values o f 

both p( t ) and h ( t ) . The system only makes economic sense when 

p ( t ) and h(t) are r e s t r i c t e d to remain p o s i t i v e , which i s the 

reason that we requ i re 5 < £ max. (The reader i s i n v i t e d t o 

const ruc t the complete vers ion of f i gu re 1, f i l l i n g in the remain­

ing quadrants, and to use i t to analyze the movements o f the 

de te rm in i s t i c par t of the system when £ > 5 max.) 

2 / 

—'As fo r the moving average par t of the s o l u t i o n , the 

ex is tence of a continuum o f so lu t i ons of mean exponent ia l order 

l e s s than X'1 i s p red ic ted by a modi f ied vers ion o f Whiteman's 

theorem [p. 9 l ] • Mod i f i ca t i ons o f the cond i t ions o f the statement 

o f Whiteman's theorem are needed to a l l ow fo r (a) the fac t that i n 

our system, Whiteman's F 1 i s s i n g u l a r , and (b) the fac t that we 

are seeking a so lu t i on o f mean exponent ia l order l e s s than X , 

whi le Whiteman sought a so lu t i on of mean exponent ia l order l ess 

than u n i t y . 

•2/The so lu t i on i s unique only up to the choice of , 

which can be regarded as r e f l e c t i n g a choice o f u n i t s in which t o 

express money and p r i c e . 
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—^Our assumption i s that the covar iance matr ix of the 

v ( t ) process grows geomet r i ca l l y at the same ra te as the maximal 

roo t , which i s gene ra l l y i f g , but i s ir^ i n the s p e c i a l case now 

under a n a l y s i s . Th is assumption d e l i v e r s a k ind of eventual 

homoskedast ic i ty fo r gross i n f l a t i o n and money c r e a t i o n r a t e s . 

-5/By " a d j u s t i n g " our so lu t i ons by m u l t i p l y i n g the s o l u ­

t i ons by a f a c t o r 6* where 9 > l T g , we could t ransform our system 

to one to which Whiteman's r e s u l t s would app ly . 

Si/ For a p roo f , see exe rc i se o f Sargent [ , Chap­

t e r X I ] . 
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