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There i s s c a r e l y a Chinaman [one 
European sa id (between 1 7 3 3 and 1735)1 how­
ever wretched he may be , who does not ca r ry 
s c i s s o r s and a p r e c i s i o n sca le around w i th 
h im. The former i s used to cut go ld and 
s i l v e r . . . ; the l a t t e r . . . i s used to 
weigh the ma te r i a l s . . . (C i ted in B r a u d e l , 
The S t ruc tu res of Everyday L i f e , V o l . 1, p. 

D i v i s i b i l i t y has o f ten been noted to be one of the 

p rope r t i es of asse ts that impor tan t l y enhance t h e i r t r a d a b i l i t y . 

Cons is ten t w i th that n o t i o n , most f i n a n c i a l i n te rmed ia r i es seem to 

produce d i v i s i b i l i t y and some—money market mutual funds, f o r 

example—seem to produce noth ing but d i v i s i b i l i t y (see K l e i n 

11973]). A lso cons i s ten t wi th tha t n o t i o n , some economies at some 

t imes seem to have su f fe red s i g n i f i c a n t l y from shortages of d i v i s ­

i b l e or low value asse ts (see , f o r example, Hanson [ l 9 T 9 l and 

Timber lake [1978] , Chapter 9 ) . However, desp i te the con jec tu red 

importance of d i v i s i b i l i t y of a s s e t s , we know of no genera l e q u i ­

l i b r i u m study of the p r o v i s i o n of c o s t l y d i v i s i b i l i t y of a s s e t s . 

Thus, no one has s y s t e m a t i c a l l y s tud ied whether p r i v a t e p r o v i s i o n 

of d i v i s i b i l i t y f o r assets d i f f e r s s i g n i f i c a n t l y from such p r o v i ­

s ion f o r other t h i n g s , or whether p r i v a t e p r o v i s i o n of d i v i s i b i l ­

i t y fo r money- l ike asse ts d i f f e r s s i g n i f i c a n t l y from such p r o v i ­

s ion fo r o ther a s s e t s . 

In t h i s paper, we undertake an a n a l y s i s that takes a 

step toward answering such q u e s t i o n s . To do t h a t , we study a 

model i n which d i v i s i b i l i t y i s scarce i n the f o l l ow ing sense. The 

economy i s endowed wi th asse ts i n a la rge s i z e and w i th a r e -
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sou rce -us ing technology f o r d i v i d i n g the la rge s i z e i n t o smal le r 

s i z e s . As a way of genera t ing a demand fo r d i v i s i b l e a s s e t s , we 

use an over lapp ing generat ions model of two-per iod l i v e d agents i n 

which members of the same generat ion cannot share asse ts or i n any 

way in te rmed ia te among themselves. We assume tha t the environment 

i s s t a t i o n a r y and that each genera t ion c o n s i s t s of a continuum o f 

agen ts . 

The model we study c o n t a i n s , e s s e n t i a l l y , two d i s t i n c t 

o b j e c t s . One object i s a s i n g l e consumption good ( a c t u a l l y one 

per date) which i s p e r f e c t l y d i v i s i b l e and which cannot be p ro­

duced. The economy's endowment of i t at each date i s exogenous 

and can e i t h e r be consumed or used i n a product ion process to 

produce l i m i t e d d i v i s i b i l i t y o f the other ob jec t i n the model . 

The other ob jec t i s an a s s e t . (The consumption good cannot be 

s tored and, hence, cannot i t s e l f be an a s s e t . ) The economy i s 

endowed, o n c e - f o r - a l l , w i th some number o f u n i t s of the asset of a 

p a r t i c u l a r s i z e w i th sma l le r s i z e s p roduc ib le us ing the f o l l o w i n g 

techno logy . At any da te , a un i t o f the asset of any s i z e can be 

d i v i ded or cut i n h a l f any number of t imes at a g iven cost per 

d i v i s i o n or cut i n terms of the cur rent consumption good. Con­

s tant cos ts are assumed to make i t easy to p r i c e a s s e t s , wh i le the 

c u t t i n g - i n - h a l f technology i s adopted p r i m a r i l y because i t l i m i t s 

i n a simple way the v a r i e t y of s i z e s that can be produced. We 

study two ve rs ions of t h i s model which d i f f e r regard ing whether 

asse ts p h y s i c a l l y d e p r e c i a t e . 
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The f i r s t ve rs ion i s one i n which asse ts do not d e p r e c i ­

a t e . In t h i s v e r s i o n , the asset wi th which the economy i s endowed 

( " t r e e s " or " l and " ) has an exogenous and constant d iv idend per 

pe r iod c o n s i s t i n g of some nonnegat ive amount of that p e r i o d ' s 

consumption good. D iv ided un i t s of the asset have d iv idends 

p r o p o r t i o n a l to t h e i r s i z e . I f the d iv idend i s z e r o , then the 

asset i s something l i k e a f i a t money i n f i xed s u p p l y . 

The second v e r s i o n i s our attempt to model s i t u a t i o n s i n 

which co ins or u n i t s of paper currency wear out so tha t there i s a 

replacement prob lem. In t h i s v e r s i o n , we assume tha t the d i v idend 

i s zero and that u n i t s of the asse t wear out i n a p a r t i c u l a r 

way. For u n i t s o f a p a r t i c u l a r s i z e , there i s a p r o b a b i l i t y tha t 

u n i t s he ld from t to t + 1 " d i s i n t e g r a t e . " We assume that a 

d i s i n t e g r a t e d asset cannot be t raded at t + 1, but can be c o n ­

ver ted at the cost imp l ied by our technology i n t o a n o n - d i s i n t e ­

grated a s s e t . 

A l l our r e s u l t s are f o r s t a t i o n a r y e q u i l i b r i a . We show 

that such e q u i l i b r i a e x i s t and desc r i be some o f t h e i r c h a r a c t e r i s ­

t i c s . One c h a r a c t e r i s t i c of s t a t i o n a r y e q u i l i b r i a i n the p o s i t i v e 

d iv idend case i s that d i f f e r e n t s i z e asse ts have d i f f e r e n t ra tes 

of r e tu rn . Moreover, as we show, i t i s poss ib l e to have e q u i l i b ­

r i a i n which asse ts wi th d i f f e r e n t ra tes of r e tu rn are h e l d . A 

second c h a r a c t e r i s t i c i s t h a t , because of the i n d i v i s i b i l i t y , 

e q u i l i b r i u m marginal ra tes of s u b s t i t u t i o n do not i n genera l equal 

ra tes of r e tu rns . ks noted below, t h i s i s c o n s i s t e n t w i th one 

i n t e r p r e t a t i o n of shortages of low value a s s e t s . 
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As regards we l fa re p r o p e r t i e s , one genera l and obvious 

c h a r a c t e r i s t i c of e q u i l i b r i a i n our model , whether s t a t i o n a r y or 

nons ta t i ona ry , i s that they are nonopt imal i f we regard as f e a s ­

i b l e any consumption a l l o c a t i o n that does not more than exhaust 

the exogenous (and d i v i s i b l e ) endowment of the consumption good. 

Since we severe ly l i m i t t r ad i ng o p p o r t u n i t i e s by r e q u i r i n g tha t 

a l l t rade be i n t e r - g e n e r a t i o n a l and accompl ished through purchases 

and subsequent sa les of imper fec t l y d i v i s i b l e a s s e t s , very gener ­

a l l y e q u i l i b r i u m a l l o c a t i o n s f a i l to s a t i s f y two necessary c o n d i ­

t i o n s fo r o p t i m a l i t y i n tha t c l a s s o f f e a s i b l e a l l o c a t i o n s : 

e f f i c i e n c y — n a m e l y , that no resources be devoted to producing 

asset d i v i s i b i l i t y — a n d i n t r a - g e n e r a t i o n e q u a l i t y o f marginal 

r a tes of s u b s t i t u t i o n . A l e s s obvious c h a r a c t e r i s t i c — a n d , t h e r e ­

f o r e , one we desc r ibe i n some d e t a i l be low—is that our model has 

m u l t i p l e s t a t i o n a r y e q u i l i b r i a , some o f which can be ordered by 

P a r e t o - s u p e r i o r i t y . This m u l t i p l i c i t y r e s u l t and our a n a l y s i s o f 

taxes and subs id ies—on the d i v i s i b i l i t y process i n the f i r s t 

ve rs i on and on asset replacement i n the second ve rs i on—imp ly tha t 

market p r o v i s i o n of c o s t l y d i v i s i b i l i t y of asse ts can g ive r i s e to 

subopt imal outcomes even w i th in the c l a s s of outcomes c o n s i s t e n t 

w i th t rade tak ing p lace accord ing to the mechanism we have de­

s c r i b e d . 

The remainder of the paper i s organized as f o l l o w s . In 

Sec t i on I, we desc r ibe the nondeprec ia t ing asset ve rs i on and 

present the s t a t i o n a r y - e q u i l i b r i u m ex i s tence r e s u l t . In Sec t ion 

I I , we descr ibe features of such s t a t i o n a r y e q u i l i b r i a . Sec t i on 
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I I I conta ins the d e s c r i p t i o n and a n a l y s i s of the ve rs i on wi th 

d i s i n t e g r a t i n g a s s e t s . Sec t ion IV con ta ins a l l the ex i s t ence 

p r o o f s , wh i le Sec t ion V con ta ins conc lud ing remarks. 
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I. Nondeprec ia t ing Asse t s : S t ruc tu re and E q u i l i b r i u m 

We study a d i s c r e t e t ime ove r lapp ing generat ions model 

of two-per iod l i v e d agents def ined over i n teger dates t , t > 1 . 

Each generat ion c o n s i s t s of a cont inuum, the un i t i n t e r v a l , o f 

agen ts . Fo rma l l y , each generat ion i s represented by the atomless 

measure space ( [0 , l ] , b [ 0 , l ] , X ) , where B ( [ 0 , l ] ) i s the B o r e l o-

f i e l d on [ 0 , l ] and X i s the Lebesgue measure. At each da te , two 

k inds of ob jec ts e x i s t : a s i n g l e , nonproduc ib le , nons to rab le , and 

d i v i s i b l e consumption good; and asse ts which can be c o s t l e s s l y 

s tored and can a t a cost be d i v i d e d . 

1 . Assets and the technology 

The economy i s endowed at t = 1 w i th some (average) 

amount o f asse ts of a uni form s i z e , which i s normal ized to be 

u n i t y . Each un i t of the asset throws o f f a d iv idend of d un i t s of 

the consumption good at each da te , where d > 0 . 

There i s a techno logy , an i r r e v e r s i b l e Leon t i e f t e c h n o l ­

ogy, a v a i l a b l e to any agent at any t ime fo r d i v i d i n g , p o s s i b l y 

r e p e a t e d l y , a un i t of the asset of any s i z e i n t o two h a l v e s . The 

constant cost o f a d i v i s i o n or cut i s a u n i t s of the cur rent 

consumption good, where a > 0 . Fo rma l l y , the economy's product ion 

set at any date t (of f i n a l or in te rmed ia te outputs a t t ) c o n s i s t s 

of a l l t r i p l e t s ( a l 5 a p , a ^ ) s a t i s f y i n g ( a ^ , a ? , a ^ ) = (2m,-m,-met) f o r 

some nonnegative in teger m, where a^ i s output of the asset i n 

u n i t s of s i z e 2 ~ ^ n + " ' " ^ , ap i s output of the asset i n u n i t s of s i z e 

2 ~ n , a^ i s output of the consumption good, and n i s any nonnega-
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t i v e i n t e g e r . We assume that asset d i v i s i o n g ives r i s e to propor ­

t i o n a l d iv idend d i v i s i o n so that one un i t of s i z e 2~n has a d i v i ­

dend per per iod d n = 2 - n d . F i n a l l y , i n t h i s ve rs ion of the model , 

asse ts of any s i z e are c o s t l e s s l y s t o r a b l e from one date to the 

nex t . 

2 . Agents 

We separa te ly desc r ibe a l l two-per iod l i v e d agents and 

the agents who are i n the second and l a s t pe r i od of l i f e at t = 1, 

genera t ion 0 . Members of generat ion t , t >1, who are present at t 

and t + 1 have p r e f e r e n c e s , represented by u t i l i t y f u n c t i o n s , over 

t h e i r own consumption of time t and t ime t + 1 consumption good. 

They a l s o have endowments of those goods. Members of genera t ion 0 

have pre ferences over time 1 consumption good only and are endowed 

w i th some o f that good and w i th some nonnegative i n teger amount o f 

the asset in s i z e u n i t y . 

Fo rma l l y , fo r a l l t > 1, generat ion t i s descr ibed by a 

2 2 2 measurable mapping G: l 0 , l ] + C(PT) X R + , where C(R + ) i s the space 

o f cont inuous func t ions on R + . (R n i s n d imensional Euc l idean 

space , R^ i s the nonnegative o r than t , and i s the p o s i t i v e 

o r t h a n t . ) Given i e [ 0 , l ] , G( i ) = { u ^ O ^ } , where u . : R^ + R i s 

1 2 k 

the u t i l i t y func t ion of i , w^ = (w^,w~), and w i i s i ' s endowment 

o f the consumption good i n the k t n per iod of l i f e or at age k. I t 

i s assumed that mean endowments are f i n i t e ; i . e . , f. ,v.dX{i) < 

+°° f o r k = 1, 2 . (From now on , when the context i s c l e a r , we 

w r i t e f j 0 1 j f ( i ) d X ( i ) as / f ( i ) d X . ) Generat ion 0 i s descr ibed by a 

measurable mapping G Q : [0,1] + C(R + ) x R + x Z + ; i . e . , G Q ( i ) = 
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2 0 
( u Q i ( * ) » w

o i » z o i ) , where u Q i : R + + R i s i ' s u t i l i t y func t ion which 
p 

i s assumed to be s t r i c t l y i n c r e a s i n g , w" i s i ' s endowment of date 

1 consumption good, and z j ^ i s i ' s endowment of asse ts of s i z e 

u n i t y . ( Z + denotes the set of nonnegative i n t e g e r s . ) Aga in , we 

assume f i n i t e n e s s ; fo r mean endowments, Jw^dA < +°° and fo r the 

mean exogenous supply of the und iv ided a s s e t , f z ^ d A = x^ < +<*>. 

L a t e r we w i l l impose a d d i t i o n a l assumptions on G and 

X 1 " 1 . Note tha t we have imposed s t a t i o n a r i t y on the environment by 

supposing that the technology i s unchanging and that the mapping G 

descr ibes a l l generat ions t f o r t > 1. Note a l s o that only mem­

bers of generat ion 0 are endowed wi th a s s e t s . We now turn to 

d e s c r i b i n g compet i t i ve e q u i l i b r i u m . 

3 . P r i c e s and the consequences of p r o f i t maximizat ion 

We l e t the current consumption good serve as a numeraire 

and denote by p" the per iod t p r i c e of one un i t of the asset of 

s i z e 2 ~ n . We a l s o l e t p = ( p £ , p * , . . . ) and P = ( p - ^ p p , . . . ) . 

Given our c o n s t a n t - r e t u r n s - t o - s c a l e techno logy , the 

cond i t i on that p r o f i t s not be p o s i t i v e , a necessary c o n d i t i o n f o r 

compe t i t i ve e q u i l i b r i u m , i s that f o r a l l n and t , p < 
x 

2 " (p"~*+ct). Moreover, i f s i z e 2~ n asse ts are produced at t , 

then p" = 2~ 1(p"~ 1+ct). A l s o , i f at t , asse ts of 2 " n are produced 

s t a r t i n g wi th u n i t s of s i z e one, then p = 2 (p +a) f o r r = 1, 

2 , n so that p" = 2 " n p J + ( l - 2 _ n ) a . 
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Compet i t ive u t i l i t y maximizat ion 

The budget set we s p e c i f y f o r an agent i of generat ion 

t , t > 1 a l lows the agent to depart from h is or her endowment on ly 

by purchas ing and subsequent ly s e l l i n g nonnegative in teger amounts 

of the (outs ide) asset i n the s i z e s that can be produced. In 

p a r t i c u l a r , agent i cannot borrow and cannot ( there fo re ) j o i n t l y 

own or share asse ts w i th o ther agen ts . We a l s o b u i l d p e r f e c t 

f o r e s i g h t in to the budget set by hav ing agent i at t face a c t u a l 

asset p r i c e s at t and at t + 1. F i n a l l y , we do not inc lude p r o ­

duc t ion p o s s i b i l i t i e s d i r e c t l y , because fo r p r i ces s a t i s f y i n g the 

nonpos i t i ve p r o f i t c o n d i t i o n , p roduc t ion p o s s i b i l i t i e s are redun­

dant g iven t r ad i ng o p p o r t u n i t i e s . Thus , g iven a system o f p r i c e s 

P s a t i s f y i n g p" < 2 ^ (p " +<*)» we w r i t e the budget set of agent i 

o f generat ion t , t > 1, as 

^ ( p ^ , P t + ^ ; w ^ ) = {c e R + : there i s z e Z + such tha t 

1 ^ 1 v 0 0 n n 2 ^ 2 <?<*•, n -,nN ni 
C < W i " P t Z ' C < W i + WW* ) Z } 

where Z + i s the set of sequences (z® ,z.^,...) wi th z n e Z + . The 

vec to r z i s the p o r t f o l i o , c o n s i s t i n g o f i n t ege r amounts o f asse ts 

of p roduc ib le s i z e s , that supports the consumption bundle c . 

In order that demands s a t i s f y the c o n t i n u i t y p rope r t i es 

we need fo r e s t a b l i s h i n g ex is tence of an e q u i l i b r i u m , we de f ine 

consumption demand of an agent i i n genera t ion t , t > 1, over the 

c l osu re of f?(p ,p ;w. ), denoted c£8( ) . That i s , t h i s demand i s 

de f ined by <f>ti(P) = argmax { u ^ c ) : c e c£B(p t , P t + 1 )}. Note 

tha t the c losu re of 6( ) con ta ins the l i m i t as n + » of the c o n -
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sumption supported by p o r t f o l i o s which con ta in asse ts of s i z e 

2 - n . For example, f o r s t a t i o n a r y p r i c e s f o r which p n * a as n + 

1 2 
0 0 , the c losu re of 6( ) con ta ins (w^-ccr^w^+am), which i s the l i m i t 

as n + » of the consumption supported by the p o r t f o l i o z n = m, z k 

= 0 , k * n. 

Having def ined consumption demand over the c l osu re of 

6( ), we cannot de f ine the demand f o r asse ts i n the obvious way as 

the set of p o r t f o l i o s tha t support a g iven consumption demand. 

I ns tead , we proceed as f o l l o w s . G iven e ^ ^ ( P ) , we de f ine the 

cor responding demand fo r asse ts by • ( c ^ ; P , v ^ ) = {z z Z + : there 

e x i s t sequences {c(q)} and |z (q) } w i th c(q) e R^ and z(q) e Z + 

such that c(q) + c t l , z(q) * z and , f o r a l l q , c (q) < 
1 v ° ° n nt \ j 2 / \ ^ 2 i r - « o / n ,n« n, x 1 w i - ) . n = 0 P t

z U ) , and c - (q ) < v± + \n_Q ( p t + ] + d )z ( q ) j , where 

z(q) * z means that z(q) converges to z i n the product topology 

( i . e . , z(q) converges to z po in tw ise (see Robertson and Robertson 

[1973] ) ) . Note that i f c t i e £i( ) , then t h i s d e f i n i t i o n p i cks out 

e x a c t l y those p o r t f o l i o s that support c^.^ i n the o rd ina ry sense. 

For c t ^ i n the c losu re of 6( ) but not in B( ), t h i s d e f i n i t i o n 

does not requ i re that the cor respond ing p o r t f o l i o , c a l l i t z , 

2 2 r 8 0 / n n \ n support O n i n the sense that c L . < w, . + ) p, +d )z . Thus, t i t i t i Ln=0 ^t+1 ' 

f o r example, at s t a t i o n a r y p r i c e s t h i s d e f i n i t i o n ass igns to c t ^ 

1 2 
= (w^-ctm,w^+con), the p o r t f o l i o z n = 0 f o r a l l n even though 

P P 
w'." + con > w. f o r m > 0 . (Note that zn = 0 f o r a l l n i s the l i m i t 

1 1 

i n the product topology as j + <° o f z^ = m, z^ = 0 , k * j . ) We 

denote elements o f IJJ by 
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The budget set of agent i o f genera t ion 0 i s 

6 f / P l ; W 0 i , Z 0 i ^ = J° £ R + : C < W 0 i + P l Z 0 i ^ a n d * 0 i ( p ) = a r S m a x 

{ U Q ^ ( C 1 : C e ^ o ^ P l ' W O i ' z 0 i ^ ^ S t l i e a S e n t ' s demand. I t f o l l ows 

from monotonic i ty of u o i that <j>Qi (P) = w ^ + P?z2^ and that agent 

i s u p p l i e s the i n i t i a l asset endowment, z ^ ^ , at any p o s i t i v e 

0 
p r i c e p^, f ac t s we use below. 

5 . D e f i n i t i o n of compet i t i ve e q u i l i b r i u m 

A sequence of i n t eg rab le mappings { c 2 ( c ^ , c 2 z . ) " } where 
u t t t 1 

c ^ : [0 , l ] + R (the mapping d e s c r i b i n g age k consumption of gener-

a t i o n t ) and z • [0 , l ] •*• Z (the mapping d e s c r i b i n g the asse ts "t + 

he ld by generat ion t from t to t + 1, the i n t e g r a b i l i t y of which 

i s def ined i n the proof of P r o p o s i t i o n l ) , and a sequence o f 

p r i c e s P i s a compet i t i ve e q u i l i b r i u m i f : (a) fo r a l l t > 1, 

p£ > 0 and p" < 2 ~ 1 ( p £ - 1 + a ) and the l a t t e r w i th e q u a l i t y i f 

/ ( z? - 2 ! ! ! > 0 ; (b) fo r a l l t > 1 and almost a l l i e [0 , l ] , 

1 2 2 

^ ° t i ' C t i ^ E * t i ^ a n d z t i e * ( c t i » P ' w i ^ ' a n d c o i e * 0 i ^ ; ^ 

f o r a l l t > 1 

( i ) / ( c ^ ) d X + / ( c ^ - v ^ d X + 

and 

and (d) the sequence f { /z "dX} n ~ Q J ^ " ^ s a t i s f i e s the i r r e v e r s i b i l i t y 

o f the product ion p rocess . 
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A compet i t i ve e q u i l i b r i u m i s s t a t i o n a r y i f f o r a l l t > 

1, ( c ^ , c 2 , z t ) = ( c \ c ^ , z ) a . s . and p̂ . = p. A l t e r n a t i v e l y , the 

P 1 2 

c o l l e c t i o n of i n teg rab le mappings f c ^ , c ,c~,z} and the sequence p 

= (p ,p ,p , . . . ) i s a s t a t i o n a r y e q u i l i b r i u m i f : ( a ' ) p^ > 0 and 

P n = 2 _ 1 ( p n - 1 + a ) ; (b ' ) ( c * , c 2 ) e argmax ( u . ( c ) : c e c t g l p . p . w ^ } , 

z i e + (C i»P»w i ) , and c Q i e argmax { u Q i ( c ) : c e B 0 ( p ; w Q i , z Q i ) } 

a . s . ; and ( c ' ) 

J ( c 2 - w 2 ) d X + j(c1-w1)d\ + a £ = 1 ( ^ = 1 2 " r ) J z n d X - x°d = 0 

/ ( c 2 - w 2 ) d X + / ( c W O d X - x°d = 0 

( i i i ' ) C o 2 - n / z n d X = ^ . 

Not ice that ( i ) and ( i i ) and ( i ' ) - ( i i i ' ) are market-

c l e a r i n g cond i t i ons fo r the consumption good and fo r the a s s e t . 

The t h i r d term on the l e f t s ide i n ( i ) and ( i ' ) i s the input of 

the consumption good in to the d i v i s i o n p r o c e s s . As imp l ied by 

( i 1 ) and ( i i ' ) , i n a s t a t i o n a r y e q u i l i b r i u m a l l asset d i v i s i o n 

occurs at t = 1. T h i s , i n t u r n , guarantees s a t i s f a c t i o n of the 

i r r e v e r s i b i l i t y of the product ion p rocess . 

6 . Ex is tence of s t a t i o n a r y e q u i l i b r i a 

We e s t a b l i s h the ex i s tence of a s t a t i o n a r y e q u i l i b r i u m 

under the f o l l ow ing a d d i t i o n a l assumpt ions. 

A . l (Monoton ic i ty and c o n t i n u i t y . ) For almost a l l i e l 0 , l ] , 

i s s t r i c t l y monotone and i s con t inuous . 
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A . 2 ( D e s i r a b i l i t y of consumption when young.) For almost a l l i e 

[ 0 , l ] , there i s no c 2 G R + such tha t u i ( 0 , c 2 ) > u^ (v^ ) . 

A .3 ( A b i l i t y to save. ) Vor almost a l l i e [ 0 , l ] , a < w*. 

A..U (Des i re to save . ) For almost a l l i e 10,11 , u ^ ( v * - a , 

w^+a) > u . ( w . ) . 
1 1 1 

A . 5 ( N o n t r i v i a l i t y . ) "x3 = J z ^ d A e ( 0 , l ] , 

P r o p o s i t i o n 1. For an economy {f i^,0,a,d} s a t i s f y i n g d > 0 , a > 0 , 

and A . 1 - A . 5 , there e x i s t s a s t a t i o n a r y e q u i l i b r i u m wi th p e 

[ c t , w 1 / x ° ] , where w 1 = Jw^dX. (See Sec t i on IV f o r a p r o o f . ) 

Al though assumptions A . 3 - A . 5 are f a i r l y s p e c i a l , t h e i r 

r o l e i s s t r a i g h t f o r w a r d . They guarantee that asse ts are d i v i ded 

i n most cases . I f the n o n t r i v i a l i t y assumpt ion, A . 5 , i s s t r e n g t h ­

ened so tha t x^ E ( 0 , l ) , then i n e q u i l i b r i u m there i s d i v i s i o n of 

a s s e t s . 

While the Sec t ion IV proof of P r o p o s i t i o n 1 i s s tandard , 

two s p e c i a l fea tures of our model p lay a c r u c i a l r o l e i n the 

argument. F i r s t , our cho ice of technology a l lows us to parameter­

i z e the s t a t i o n a r y p r i ces of a p o r t f o l i o by a s c a l a r , ra ther than 

by an i n f i n i t e d imensional v e c t o r . Second, even though there i s 

an i n f i n i t e (countable) number of a v a i l a b l e a s s e t s , f o r the pur ­

pose of equat ing demand and supp l y , only the t o t a l amount demanded 

by an i n d i v i d u a l (the der ived or imp l ied demand fo r un i t s of s i z e 

u n i t y ) ma t te rs , not i t s compos i t ion . (Th is fo l l ows from ( i i i * ) 

w i th the order of summation and i n t e g r a t i o n reversed . ) We use 
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t h i s fac t and our cont inuum-of-agents hypothes is to ob ta in the 

necessary c o n v e x i f i c a t i o n e f f e c t ; that i s , to e l i m i n a t e i n the 

aggregate the poss ib l e nonconvexi ty of i n d i v i d u a l demand imp l ied 

by the fac t that i n d i v i d u a l s choose i n tege r amounts of a s s e t s . 
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I I . Nondeprec ia t ing A s s e t s : Features o f S ta t i ona ry E q u i l i b r i a 

In t h i s s e c t i o n , we desc r ibe some o f the c h a r a c t e r i s t i c s 

o f s t a t i o n a r y e q u i l i b r i a of the model descr ibed in the l a s t s e c ­

t i o n . S ince some of the d i s c u s s i o n i n v o l v e s the c o n s t r u c t i o n o f 

examples which depend h e a v i l y on the fea tu res of ra tes of re tu rn 

and budget sets imp l ied by s t a t i o n a r y p r i c e s , we review those 

fea tu res f i r s t . 

1. S t a t i o n a r y ra tes of re turn and budget sets 

As noted above, purchase o f an asset of s i z e 2~ n at the 

(ex -d i v idend ) p r i c e p n e n t i t l e s the purchaser to a d iv idend or 

coupon at the next date in the amount (2~ n )d and to the proceeds 

from s e l l i n g the asset a t the next d a t e , which assuming s t a t i o n a r y 

p r i c e s , i s p n . At s t a t i o n a r y p r i c e s cons i s ten t w i th p o s i t i v e 

p roduc t ion of asse ts of s i z e 2 ~ n , p n = ( 2 ~ n ) p ° + ( l - 2 - n ) c t . (Note 

t h a t , f o r a g iven p ° , p n •> o as n + ».) I t f o l l ows that the one 

per iod i n t e r e s t rate on an asset of s i z e 2~ n i s d/[p(-'+( 2 n - l ) a] . 

Thus, f o r a g iven p^ > a , the i n t e r e s t ra te i s decreas ing i n n and 

approaches zero as n * 2d ( i n what f o l l o w s , we again l e t p 

denote p^.) 

For an i n d i v i d u a l i faced w i th s t a t i o n a r y p r i c e s , there 

i s a s imple c h a r a c t e r i z a t i o n of consumption bundles that are 

a t t a i n a b l e and tha t s a t i s f y the budget c o n s t r a i n t s wi thout 

s l a c k . I t i s e a s i l y shown tha t any consumption bundle tha t i s 

supported (without s l ack ) by {z?} w i th £™ z " = m i s a weighted 

average of (w^-mp ,w?+m( p+d)) and (wl-ma,w?+mct)—the former be ing 
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the bundle imp l ied by the p o r t f o l i o {z"} = ( m , 0 , 0 , . . . ) at the 

p r i c e p, the l a t t e r be ing the l i m i t as k + » of the bundle imp l ied 

k n 

by z^ = m, = 0 f o r n * k. In p a r t i c u l a r , at any p r i c e p, the 

consumption bundle imp l ied by { z"} w i th ^ z " = ra i s 

y(w*-mp,w2+m(p+d)) + (1-y) (w^-ma,w2+mct) where y = (£™ 2~ n z?) /m e 

( 0 , l ) . —^ F igure 1 shows an example of the c l osu re of the budget 
1 2 

s e t . I t i s drawn to sca le f o r p = (3/2)ct, d = a = 1, (w^,wf) = 

( U , l ) . For these parameters, only p o r t f o l i o s w i th m = 1 and m = 2 

are a f f o r d a b l e . 

2 . 4n example i n which d i f f e r e n t re tu rn asse ts are he ld 

We now use the above c h a r a c t e r i z a t i o n of budget se ts and 

the p a r t i c u l a r example d i sp layed in F igure 1 to show that i t i s 

p o s s i b l e to have an e q u i l i b r i u m i n which d i f f e r e n t s i z e asse ts 

(wi th d i f f e r e n t ra tes of re turn) are h e l d . 

The example i s of an economy wi th i d e n t i c a l agents i n 

which each agent ends up ho ld ing the p o r t f o l i o {z"} = 

( 0 , 1 , 1 , 0 , 0 , . . . ) . (Here and below the term " a g e n t s , " when not 

q u a l i f i e d , re fe rs to members of a l l generat ions other than genera­

t i o n 0.) We w i l l work backwards to the s p e c i f i c a t i o n of an econ­

omy that has such an e q u i l i b r i u m . 

F i r s t , s ince z " = z n f o r a l l i imp l i es /z?dX = z n , 

market c l e a r i n g requ i res £ 2 ~ n z n = ~>P o r x^ = 3 A . 

Second, s i nce the cor respond ing proposed consumption 

bundle i s po in t B i n F igure 1, we need to have pre ferences tha t 

imply that t h i s point i s p r e f e r r e d to a l l other po in ts i n the 

budget s e t . I t i s obvious from F igure 1 that there e x i s t w e l l -

behaved i n d i f f e r e n c e curve maps tha t make B most p r e f e r r e d . 2J 
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This example and e q u i l i b r i a , i n g e n e r a l , are cons i s ten t 

wi th shortages of low value asse ts i n the f o l l o w i n g sense . Very 

g e n e r a l l y , e q u i l i b r i u m marg ina l ra tes of s u b s t i t u t i o n of most two-

per iod l i v e d agents do not equal the re tu rns on any o f the asse ts 

tha t are traded in e q u i l i b r i u m . S ince such agents cou ld achieve 

p re fe r red consumption streams i f there ex i s t ed lower va lue asse ts 

w i th the same re turns as e x i s t i n g a s s e t s , the nonexistence of such 

asse ts can be regarded as a shor tage . 

3 . M u l t i p l e e q u i l i b r i a ordered by Pareto s u p e r i o r i t y 

We have such m u l t i p l i c i t y r e s u l t s both fo r d > 0 and d = 

0 . For d > 0 , we produce p a r t i c u l a r examples w i th m u l t i p l e e q u i ­

l i b r i a ordered by Pareto s u p e r i o r i t y . For d = 0 , a more genera l 

argument can be g i v e n . Below we show that i f d = 0 , then there i s 

always an e q u i l i b r i u m wi th p = a and tha t any p > a e q u i l i b r i u m i s 

Pareto supe r io r to the p = a e q u i l i b r i u m . We a l so show, i n part 

by appea l ing to the proof o f P r o p o s i t i o n 1, that many, i f not 

most, d = 0 economies have an e q u i l i b r i u m wi th p > a . 

(a) M u l t i p l e e q u i l i b r i a ordered by Pareto s u p e r i o r i t y : d > 0 . 

For d = a = 1 and ( w ^ w 2 ) = ( l » , l ) , F igure 2a shows some 

of the a t t a i n a b l e consumptions at two p r i c e s : p = ( 3 / 2 ) a and p' = 

p + a . This r e l a t i o n s h i p between p and p 1 imp l i es that the p o r t ­

f o l i o z = ( 1 , 0 , 0 , . . . ) at the p r i c e p 1 supports the same consump­

t i o n as does the p o r t f o l i o z = ( 0 , 2 , 0 , 0 , . . . ) at the p r i c e p, po in t 

B i n F igu re 2 a . I f a l l agents are i d e n t i c a l , i f B i s p re fe r red 

under both p r i c e s , and i f x = 1, then we have m u l t i p l e e q u i l i b r i a 



- 18 -

ordered by Pareto s u p e r i o r i t y . ( A l l agents o ther than members of 

genera t ion 0 are i n d i f f e r e n t between the e q u i l i b r i a ; generat ion 0 

does b e t t e r under p* because they rece i ve more f o r what they own.) 

There e x i s t pre ferences so that 3 i s p re fe r red under 

both p and p ' . For example, an i n d i f f e r e n c e curve map wi th an 

i n d i f f e r e n c e curve that i s tangent at B to the l i n e connect ing B-̂  

and B and tha t i s above point A-̂  g i ves that r e s u l t (see F igure 

2 a ) . Note that po in t C i s the consumption imp l ied by z = 

( 0 , 1 , 0 , 0 , . . . ) at p' and that no consumption on the l i n e segment 

connect ing B and C i s a t t a i n a b l e at p 1 . 

An economy of the sor t j u s t descr ibed generates a mean 

demand fo r u n i t s of s i z e un i t y l i k e that shown i n F igure 2b. 

Thus, i t has other e q u i l i b r i a , ones w i th p r i c e s i n a neighborhood 

o f p' and w i th an e q u i l i b r i u m p o r t f o l i o fo r each person c o n s i s t i n g 

of one un i t of und iv ided a s s e t . The e q u i l i b r i u m consumptions f o r 

these appear i n F igu re 2a on a l i n e segment of s lope -1 pass ing 

through the e q u i l i b r i u m consumption f o r the p r i ce p' . I f an 

i n d i f f e r e n c e curve i s tangent at the p' consumption to a l i n e w i th 

s lope l e s s than - 1 , i t f o l l ows that there are e q u i l i b r i a at p r i c e s 

near to and lower than p' which g ive e q u i l i b r i a which a l l two 

per iod l i v e d agents s t r i c t l y p re fe r to the p r i c e p 1 e q u i l i b r i u m 

and, hence, to the p r i c e p e q u i l i b r i u m . Since p r i ces i n the 

neighborhood of p' exceed p, members of generat ion 0 a l s o do 

b e t t e r under such p r i c e s than under p. 

Although the above example i s very s imp le , i t i s no t , 

un fo r t una te l y , robust to pe r tu rba t i ons in the under l y ing space o f 
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c h a r a c t e r i s t i c s . In p a r t i c u l a r , as i s c l e a r from F igure 2b, any 
_0 

pe r tu rba t i on o f x from un i t y e l i m i n a t e s the m u l t i p l i c i t y . We 

next descr ibe a robust example of Pareto ordered e q u i l i b r i a — 

robust in the sense that such m u l t i p l i c i t y occurs i n an open se t 

i n the space of c h a r a c t e r i s t i c s J^J 

F igure 3a , which i s drawn to sca le fo r (w^w-) = ( 5 , l ) , 

ct = 3 /2 , and d = 1/2, shows the consumptions supported by s e v e r a l 

p o r t f o l i o s at seve ra l p r i c e s . The po in t s l a b e l l e d a ( p ) , b(p) and 

c(p) are the consumptions supported at the p r i c e p by the p o r t ­

f o l i o s z = ( 1 , 0 , 0 , . . . ) , z = ( 0 , 1 , 0 , 0 , . . . ) and z = ( 0 , 1 , 1 , 0 , 0 , 

. . . ) , r e s p e c t i v e l y . As we now e x p l a i n , fo r these parameters there 

e x i s t s a d i s t r i b u t i o n of preferences that generates mean demand 

fo r un i t s of s i z e un i t y l i k e that shown in F igure 3b. T h i s , i n 
_0 

t u r n , imp l i es that Pare to-ordered e q u i l i b r i a e x i s t fo r any x i n 

an i n t e r v a l and fo r pe r tu rba t i ons of a l l o ther c h a r a c t e r i s t i c s . 

Suppose the d i s t r i b u t i o n of pre ferences i s such that a t 

P = 2 , the consumption supported by z = ( 0 , 1 , 1 , 0 , 0 , . . . )—name ly 

c ( 2 ) — i s the unique p re fe r red consumption f o r everyone. One such 

i n d i f f e r e n c e curve i s shown i n F igure 3a and, s ince c(2) i s a 

co rne r , there can be a nondegenerate d i s t r i b u t i o n of p re ferences 

s a t i s f y i n g that c o n d i t i o n . Now cons ide r p r i c e s s l i g h t l y h igher 

than p = 2 . As p inc reases from 2, the p o r t f o l i o z = ( 1 , 0 , 0 , . . . ) 

becomes p re fe r red to z = ( 0 , 1 , 1 , 0 , 0 , . . . ) f o r more and more peo­

p l e . This imp l ies mean demand that inc reases toward un i t y (see 

F igure 3b) . As the p r i c e i nc reases f u r t h e r toward p = 2 + a = 

7 / 2 , the p o r t f o l i o z = ( 0 , 1 , 0 , 0 , . . . ) becomes p re fe r red fo r more 
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and more peop le . Th is imp l i es a mean demand tha t decreases toward 

1/2 (see F igure 3b) . 

As shown by F igure 3a , everyone i s b e t t e r o f f at any 

p r i c e i n a neighborhood below p = 7/2 than at any p r i ce i n a 

neighborhood above p = 2. Moreover, s ince there i s an e q u i l i b r i u m 
_0 

i n each o f these neighborhoods fo r any x i n a neighborhood above 

3 / U , t h i s example g ives r i s e to Pare to-ordered e q u i l i b r i a . F i n a l ­

l y , s ince smal l pe r tu rba t i ons i n the d i s t r i b u t i o n of endowments 

and pre ferences and i n d and a generate smal l pe r tu rba t ions i n the 

mean demand fo r un i t s of s i z e u n i t y , such m u l t i p l i c i t y occurs i n 

an open set in the space of a l l c h a r a c t e r i s t i c s . 

The c r u c i a l feature of t h i s example (and o f the p rev ious 

one) i s tha t a i s s u f f i c i e n t l y la rge r e l a t i v e to d . I f , i n s t e a d , 

a i s s u f f i c i e n t l y smal l r e l a t i v e to d , then u t i l i t y i s decreas ing 

i n p f o r a l l s a v e r s . 

(b) M u l t i p l e e q u i l i b r i a ordered by Pareto s u p e r i o r i t y : d = 0 

We begin by showing c o n s t r u c t i v e l y that when d = 0 , 

there i s always an e q u i l i b r i u m wi th p = a . 

Proposi t ion 2 . Assume A . l , A . 3 - A . 5 . I f d = 0 , then p = a i s an 

e q u i l i b r i u m . 

Proof . Let m¥ be the nonnegative i n tege r va lue of m i tha t max i ­

mizes u i (w^-am i ,w?+am i ) . At p = a , a l l {z™} such that £™ z " = m* 

support u t i l i t y maximizing consumption. The re fo re , to meet the 

demand of the young fo r asse ts a t p = a , the on ly requirement i s 

t ha t ]L Jz n dX = /m*dX = m*. 
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Let i be the in teger s a t i s f y i n g 2 1 " 1 < m /x < 2 1 . 

S ince assumptions A . 3 - A . 5 imply m* > x ° , we have i > 0 . With i so 

determined, suppose we l e t the average number of u n i t s of s i z e 

2~^+^-, / z * - ^ d X , be 2*x^ - m*, the average number of u n i t s of s i z e 

2 " 1 , J V d X , be 2m* - 2 i x ° , and J*zndX = 0 f o r n t f i - l , i } . 

By cho ice of i , these are nonnegative q u a n t i t i e s . A l s o , 

the t o t a l average number of u n i t s i s m*. The only other e q u i l i b ­

r i a _n r n —0 

rium requirement i s ). 2 J z d X = x . T h i s , t oo , i s e a s i l y seen 

t o be s a t i s f i e d . A 

I t i s tempting to i n t e r p r e t t h i s p = a e q u i l i b r i u m as 

one i n which the value of f i a t money i s i t s cost of p r o d u c t i o n . 

At p = a , the average quan t i t y of f i a t money supp l ied not d i s t i n ­

guished by s i z e i s p e r f e c t l y e l a s t i c in tha t any average quan t i t y 

l a r g e r than un i t y can be produced wh i le cover ing cos ts and meeting 
_0 

the c o n s t r a i n t on x (see the p r o o f ) . S ince demanders do not 

d i s t i n g u i s h among s i z e s a t p = a and s i n c e , by assumpt ion, demand 

i s at l e a s t one un i t on average, i t i s not s u r p r i s i n g that there 

i s an e q u i l i b r i u m at p = a . 

We now show that t h i s p = a e q u i l i b r i u m i s i n f e r i o r to 

any p > a e q u i l i b r i u m . 

P r o p o s i t i o n 3 . Assiime A . l . Tf d = 0 , then any p > a e q u i l i b r i u m 

i s Pareto supe r io r to any p = a e q u i l i b r i u m . 

P r o o f . Let c^(a) denote the e q u i l i b r i u m consumption of person i 

i n generat ion t , t > 1, when p = a . S ince c^(a) e c£g(p,w^) f o r 

any p, i t f o l l ows that person i weakly p re fe rs her or h i s consump-
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t i o n under the p > a e q u i l i b r i u m . S ince members of generat ion 0 

s t r i c t l y p re fe r p > a to p = a, we have Pareto s u p e r i o r i t y . A 

Given these p r o p o s i t i o n s , m u l t i p l i c i t y of e q u i l i b r i a 

ordered by Pareto s u p e r i o r i t y occurs when d = 0 fo r any economy 

fo r which there e x i s t s a p > a e q u i l i b r i u m . (Such a s i t u a t i o n i s 

i l l u s t r a t e d in F igure h.) Our genera l ex is tence proof imp l i es 

tha t such an e q u i l i b r i u m e x i s t s i f there e x i s t s a p > o a t which 

y°° t n —0 

_Q Jz d i > x . Although assump­

t i o n s A .3 -A .5 do not imply that such a p e x i s t s , one e x i s t s f o r 

many economies. —' There might a l s o be Pare to -o rdered e q u i l i b r i a 

w i t h i n the set of e q u i l i b r i a w i th p > a . In f a c t , the type o f 

m u l t i p l i c i t i e s s tud ied f o r d > 0 are more l i k e l y to occur when d = 

0 . 

Thus, whether d > 0 or d = 0 , ve rs ions of our model have 

Pare to-ordered s t a t i o n a r y e q u i l i b r i a w i th p o s i t i v e va l ua t i on of an 

ou ts ide a s s e t . The presence of p o s i t i v e d i v i s i b i l i t y cos ts i s 

necessary f o r such occurrence i n the sense that i f o i s set a t 

z e r o , then our model—at l e a s t ve rs ions i n which everyone s a t i s ­

f i e s A.3 and A.U and hence, i s a "saver"—becomes a standard 

s t a t i o n a r y , pure exchange over lapp ing generat ions model. In such 

models, i t i s w e l l known that any s t a t i o n a r y e q u i l i b r i u m wi th a 

constant nonnegative i n t e r e s t r a t e , as i s imp l ied by constant and 

p o s i t i v e va l ua t i on of an ou ts ide a s s e t , i s Pareto o p t i m a l . 

Note , however, that s e t t i n g o = 0 does two th ings i n our 

model: i t e f f e c t i v e l y e l i m i n a t e s i n d i v i s i b i l i t i e s and i t e l i m i ­

nates from the model a product ion techno logy . In the case of 
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asse ts wi thout d i v i d e n d s , the mere presence of a product ion t e c h ­

nology—one having nothing to do wi th d i v i s i b i l i t y — can g i ve r i s e 

to Pare to-ordered s t a t i o n a r y e q u i l i b r i a w i th p o s i t i v e v a l u a t i o n o f 

an ou ts ide a s s e t . For example, suppose an ove r lapp ing genera t ions 

(or o ther i n f i n i t e l y l i v e d economy) s t a r t s wi th d i v i s i b l e green 

money and a c o n s t a n t - r e t u r n s - t o - s c a l e technology f o r conve r t i ng i t 

i n t o d i v i s i b l e red money (by " p a i n t i n g " i t ) , where a i s the cost 

i n cur ren t consumption good per un i t of money i n making the con­

v e r s i o n . Then, i f ( p ^ , p r ) = (p*,p*+ct) are constant va lues of 

green and red money in an (opt imal) e q u i l i b r i u m i n which no red 

money i s produced and held and i f p* > a, i t fo l lows tha t there i s 

a P a r e t o - i n f e r i o r e q u i l i b r i u m wi th (Pg»P r) • (p*-ct,p*) i n which 

only red money i s h e l d . The m u l t i p l i c i t y we f i nd i n our model 

when d = 0 may be r e l a t e d to t h i s t r i v i a l k ind of m u l t i p l i c i t y but 

the m u l t i p l i c i t y we f i nd when d > 0 i s not . I t i s easy to see 

that such t r i v i a l m u l t i p l i c i e s cannot a r i s e i f d > 0 ; i f d > 0 , 

then " p a i n t e d " d i v i s i b l e asse ts are not held because the lower 

p r i ced "unpa in ted" d i v i s i b l e a s s e t s have a h igher ra te of r e ­

t u r n . Thus, at l eas t fo r the case of p o s i t i v e d iv idend a s s e t s , 

the i n d i v i s i b i l i t y i s p l ay i ng a c r u c i a l r o l e i n genera t ing P a r e t o -

ordered s t a t i o n a r y e q u i l i b r i a . —/ 

h. A tax on the d i v i s i b i l i t y process 

Suppose a tax T (a subsidy i f x < 0) i s l e v i e d on the 

d i v i s i b i l i t y process so that the cost to an i n d i v i d u a l of making a 

d i v i s i o n i s (1+T)O i ns tead o f a . We can preserve s t a t i o n a r i t y 

under such a tax by d i s t r i b u t i n g the proceeds of the tax to mem-
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bers of generat ion 0 . I f we do, then we can s imply r e i n t e r p r e t 

the no- tax s t a t i o n a r y e q u i l i b r i u m as a tax e q u i l i b r i u m by l e t t i n g 

a = ( 1 + T ) O ' , the g r o s s - o f - t a x cos t of d i v i d i n g , and by a p p r o p r i ­

a t e l y ad j us t i ng consumption of genera t ion 0 . 

Three po in ts can be made about such a tax scheme. 

F i r s t , the scheme i s nonneutra l i n the sense tha t T * 0 generates 

e q u i l i b r i u m a l l o c a t i o n s wh ich , i n g e n e r a l , are d i f f e r e n t from 

those imp l ied by T = 0 . Second, there i s no obvious sense i n 

which the presence of such a tax i s d i s t o r t i n g . S ince there i s no 

s t ra igh t f o rwa rd r e l a t i o n s h i p between (the gross of tax) a and 

marg ina l ra tes of s u b s t i t u t i o n i n e q u i l i b r i u m , the usua l "wedge-

type" arguments fo r taxes on product ion do not apply to our 

model. T h i r d , i f one were to p o s i t a s o c i a l we l fa re func t i on as a 

weighted average of u t i l i t i e s of the members o f generat ion 0 and 

o f the u t i l i t i e s of a l l two-per iod l i v e d agents , then there would 

g e n e r a l l y be some e q u i l i b r i u m for some T * 0 tha t imp l ied a h igher 

va lue f o r t h i s func t ion than i s a t t a i ned under any e q u i l i b r i u m 

w i th T = 0 . This i s an i m p l i c a t i o n of the nonneu t ra l i t y of the 

t a x . 

These i m p l i c a t i o n s of a tax o r subs idy on the d i v i s i b i l ­

i t y p r o c e s s , l i k e the ex is tence of Pare to -o rdered e q u i l i b r i a , sug ­

gest that l a i s s e z - f a i r e p r o v i s i o n of c o s t l y d i v i s i b i l i t y o f asse ts 

i s not n e c e s s a r i l y d e s i r a b l e . 
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I I I . D i s i n t e g r a t i n g Assets 

Here we mainta in the model of Sec t ion I except that we 

assume that assets deprec ia te i n a p a r t i c u l a r way. We a l s o assume 

that there are no d iv idends (d = 0 ) , so that we are focuss ing on 

the consequences of currency wearing ou t . We use t h i s model to 

compare what happens i f agents face d i r e c t l y the imp l ied r e p l a c e ­

ment c o s t s , a regime we l a b e l l a i s s e z - f a i r e , wi th what happens i f 

replacement i s s u b s i d i z e d , f inanced by t a x a t i o n . H i s t o r i c a l l y , 

both k inds of s i t u a t i o n s have been exper ienced . A ve rs i on of 

l a i s s e z - f a i r e reigned dur ing the n ineteenth cen tu ry , at l eas t i n 

the Uni ted States and i n Eng land, when ho lders of go ld co ins bore 

d i r e c t l y the consequences of wear of such c o i n s . Ii The subs idy 

s i t u a t i o n i s the common one i n p lace today; i n most c o u n t r i e s , 

s u f f i c i e n t l y worn u n i t s of paper currency are rep laced by new 

u n i t s at government expense, hi 

We assume that d e p r e c i a t i o n of asse ts occurs as f o l ­

l ows . A un i t of an asset of s i z e 2 - n held from t to t + 1 has a 

p r o b a b i l i t y of " d i s i n t e g r a t i n g " at the beg inn ing of or j u s t p r i o r 

t o t + 1. At t + 1, a d i s i n t e g r a t e d un i t cont inues to be the 

f r a c t i o n ? ~ n of an und iv ided un i t except that i t takes a form that 

cannot be s t o r e d . I t can only be combined w i th other d i s i n t e ­

grated u n i t s to produce asse ts of s i z e u n i t y , which can then be 

d i v i d e d i n t o s to rab le u n i t s of va r ious s i z e s us ing the same c o s t l y 

d i v i s i o n technology assumed i n Sec t ion I. The combining of d i s i n ­

tegra ted u n i t s i n t o un i t s of s i z e un i t y i s assumed to be c o s t l e s s . 
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One can i n t e r p r e t the above assumptions i n terras of go ld 

c o i n s . For a gold co in of s i z e 2~ , there i s a p r o b a b i l i t y that 

the co in turns in to powdered go ld ( d i s i n t e g r a t e s ) which cannot be 

used as a co in ( s t o r e d ) . However, the powder can c o s t l e s s l y be 

combined w i th other powder to produce u n i t s of s i z e u n i t y . A l t e r ­

n a t i v e l y , a d i s i n t e g r a t e d co in can only be "melted down" in com­

b i n a t i o n wi th other such co ins to produce u n i t s of s i z e u n i t y . 

This way of modeling the d e p r e c i a t i o n process i s s imple 

i n s e v e r a l r e s p e c t s . F i r s t , the process does not i t s e l f produce 

a d d i t i o n a l s i z e s of a s s e t s . Second, i t i s cons i s ten t under l a i s ­

s e z - f a i r e w i th the ex is tence of s t a t i o n a r y e q u i l i b r i a ( i n wh ich , 

however, consumption i n the second per iod of l i f e i s i n genera l a 

random v a r i a b l e ) . T h i r d , under some a d d i t i o n a l assumpt ions, i t i s 

c o n s i s t e n t wi th an absence of aggregate r i s k . T h i s , i n t u r n , 

makes i t r e l a t i v e l y easy to desc r ibe the consequences of tax 

schemes that f inance replacement of d i s i n t e g r a t e d u n i t s . -2/ 

We study two tax-scheme a l t e r n a t i v e s to l a i s s e z -

f a i r e . HI/ The f i r s t scheme has lump-sum taxes payable i n the 

second per iod of l i f e which f inance a l l rep lacement . The taxes 

are lump-sum i n that they are not viewed by agents as dependent on 

t h e i r p o r t f o l i o d e c i s i o n s . S ince the tax f inances a l l r e p l a c e ­

ment, taxes a s i d e , the s i t u a t i o n fac ing agents i s the same as tha t 

when asse ts do not d i s i n t e g r a t e . The second scheme has insurance 

t a x e s . Under i t , an agent pays a tax i n the second pe r i od of l i f e 

equal to the expected replacement cost of the agen t ' s p o r t f o l i o . 

(Th is scheme can a l s o be thought of as the r e s u l t of the opera t ion 
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of a p r i va te insurance market.) We are i n t e r e s t e d p r i m a r i l y i n 

comparing l a i s s e z - f a i r e w i th lump-sum t a x a t i o n , the l a t t e r be ing 

the system that resembles cur rent p o l i c y i n most c o u n t r i e s . 

1. The model and s t a t i o n a r y e q u i l i b r i u m 

The model i s i d e n t i c a l to tha t descr ibed i n Sec t i on I 

except that here a un i t of the asset of s i z e 2 - n he ld from t to t 

+ 1 d i s i n t e g r a t e s wi th constant p r o b a b i l i t y 9 n . Thus, i f z j \ de­

notes the in teger number of u n i t s of asse ts of s i z e 2 - n he ld by 

agent i from t to t + 1 and y . denotes the number of these tha t 
Xr 1 

d i s i n t e g r a t e , then y " i s a b inomia l random v a r i a b l e wi th param-

e t e r s z j \ and 9 n . 

In t h i s s e c t i o n , we de f ine demands only f o r s t a t i o n a r y 

p r i c e s that s a t i s f y p n = 2 " n p + ( l - 2 - n ) a . Moreover, we s i m p l i f y 

the d e s c r i p t i o n of the d e c i s i o n problem by assuming, as imp l ied by 

s t r i c t monoton ic i ty of p re fe rences , that budget c o n s t r a i n t s a re 

s a t i s f i e d as e q u a l i t i e s . 

We begin by i n t roduc ing some no ta t ion which a l lows us to 

desc r ibe the d i s t r i b u t i o n of d i s i n t e g r a t i o n l osses imp l ied by a 

p o r t f o l i o . Let M(R +) denote the space of p r o b a b i l i t y measures on 

( R + , B ( R + ) ) where B(R + ) i s the Bo re l sigma f i e l d on R + . Then we 

de f ine ir( «;p,w,z) e M(R +) by i r (x ;p ,w,z) = prob {x = w 2 + A p z -

c t ( l -A)y: y n has the b inomia l d i s t r i b u t i o n w i th parameters ( z n , 9 n ) 

fo r a l l n > o } , where I = ( 1 , 1 , . . . ) , A = (2~° , 2 - 1 , 2 - 2 , . . . ) and Ap 

= pA + c t ( l -A ) , p being the p r i c e of a un i t o f s i z e u n i t y . Note 

tha t IT( • ; p ,w ,z ) i s the d i s t r i b u t i o n of second-per iod income (con­

sumption under monoton ic i ty ) under l a i s s e z - f a i r e . 
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Given a measure IT e M(R ) w i th countable support and a 

u t i l i t y func t ion u : R + R, we can def ine the f o l l ow ing u t i l i t y 

f unc t i ons on R + x M ( R + ) : V ( C , T T ) = ^ i r (x )u(c ,x) and v(c , i r ) = 

u ( c , T x i r (x )x ) , the summations be ing over the support of ir. The 

func t i on v i s expected u t i l i t y under l a i s s e z - f a i r e whi le the 

func t i on v i s u t i l i t y under insurance t a x a t i o n . Note that f o r 

g iven ( p , w , z ) , second-per iod consumption under insurance taxa t i on 

i s s imply the expected value of second-per iod consumption under 

l a i s s e z - f a i r e . We a l s o de f ine the budget c o n s t r a i n t 8(p,w) = 

{(c,ir) e R + x M ( R + ) : t he re e x i s t s z e Z + such that c = w^ - ApZ 

and IT = -ir( »;p,w,z) }. 

Under l a i s s e z - f a i r e , the demand fo r consumption of agent 

i of generat ion t , t > 1 ( f ac i ng s t a t i o n a r y p r i c e s s a t i s f y i n g p n = 

2~ n p + ( l - 2 " n ) a ) i s ? . (p ) = argmax ( • . (< : ,» ) : ( c ,n ) e cfcStp.w.^} , 

where the c losu re of 8( •) i s taken w i th respect to the product 

topology induced by the Euc l idean topology and the topology of 

convergence i n measure. S i m i l a r l y , under insurance t a x a t i o n , the 

demand of agent i i s g iven by <^(p) = argmax | V ^ ( C , T T ) : (c,rc) e 

c £ 8 ( p , w i ) | . 

The set of p o r t f o l i o s suppor t ing a cho ice (c, i r) e 
A 

c£R(p,w^) i s (c, i r ) ;p,w^) = {z e Z + : there e x i s t sequences 

fc(q)} and {z(q)} such t h a t , fo r a l l q , c(q) e R + , z(q) e Z™, c (q) 

- w i - ^ ^ ( q ) . if( ; P , w i , z ( q ) ) + ) , c(q) + c , and z(q) * z } , 

where convergence fo r n i s convergence i n measure. The re fo re , 

asset demand i s g iven by ^ ( p ) = { • ( ( c t n ) ; p , w . ) : (C,TT ) e ^ ( p ) } 

and ij^(p) = {<J»( (c ,TT) ; p ,w^ ) : ( C , I T ) e ^ ( p ) } under l a i s s e z - f a i r e and 

insurance t a x a t i o n , r e s p e c t i v e l y . 
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With lump-sum t a x a t i o n , demands d i f f e r from those of the 

nondeprec ia t ing asset model only i n tha t they depend on nonrandom 

lump-sum t a x e s , x , payable i n the second per iod of l i f e . Thus, 

the budget c o n s t r a i n t of agent i of genera t ion t , t > 1, i s 

1 \ r 2 M 1 1 8(p,x,w^) = jc e R + : there e x i s t s z e Z + such that c = w^ - A^z 

and c 2 = w 2 + ApZ - x}. The demand f o r consumption i s then 

^ ( P j i ) = argmax ( u ^ c ) : c e c £3(p, T ,v . )} and the demand f o r 

asse ts i s ^ ( p . r ) = {ip(c ;t>, x , w j : c e • . ( p , t ) } , where ij)(c ; p , x ,w i ) 

= {z e Z + : there e x i s t sequences {c(q)} and {z(q)} such that fo r 

a l l q c(q) e R 2 , z(q) e Z + " , c X ( q ) = w} - A p Z ( q ) , c 2 ( q ) = w 2 + 

A p z(q) - x , c(q) + c , and z(q) + z } . 

A l l of the above p e r t a i n to agents of generat ion t , t > 

1, two-per iod l i v e d agents . Agents of genera t ion 0 behave e x a c t l y 

as in the no -deprec ia t i on model; they supply a l l t h e i r assets at 

any p o s i t i v e p r i c e and consume the proceeds and t h e i r endowment. 
o i 

The re fo re , a c o l l e c t i o n ( c Q , ( c , i r ) , z ,p ) —where 
2 1 

( c ^ , c , Z ) a re i n teg rab le maps; f o r a l l i , ir^ i s a p r o b a b i l i t y 

measure, and p i s a s c a l a r — i s a s t a t i o n a r y e q u i l i b r i u m under 

l a i s s e z - f a i r e i f : (a) p > 0 ; ( b l ) c ^ = w 2 + pz° a . s . ; (b2) 
A* X 2 2 

( c 1 , u i ) e <t>(p) and z± e ^( {c^ ,1^) ; p , w t ) a . s . ; ( c l ) / ( c 0 - w 0 ) d X + 

/ ( c 1 - w 1 ) d X + fa ( l -A )zdX = 0 ; (c2) / ( c 2 - w 2 ) d X + f ( c 1 - w 1 ) d X + 

fa ( l -A)ydX = 0 ; where c^ and y^ are the random v a r i a b l e s induced 

by z ^ ; and (c3) /AzdX = x ° . 
2 1 

S i m i l a r l y , a c o l l e c t i o n ( C Q , ( C , i r ) , z , p ) , w i th the above 

p r o p e r t i e s , i s a s t a t i o n a r y e q u i l i b r i u m under insurance taxa t i on 

i f i t s a t i s f i e s ( a ) , ( b l ) , (b2 ' ) ( C ^ T T J e ^ ( p ) and z± e 

1>^( ( c j , T K ) ;p,w^) a . s . , and ( c l ) - ( c 3 ) . 
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F i n a l l y , a c o l l e c t i o n ( c ^ , ( c , c " ) , z , r , p ) , where 

P 1 2 

( c ^ , ( c , C " ) , Z , T ) are i n t eg rab le maps and p i s a s c a l a r , i s a s t a ­ 

t i o n a r y e q u i l i b r i u m under lump-sum t a x a t i o n i f ( a ) , ( b l ) , (b2") 
I P I P ( c i , c i ) e ^ ( p . T j ) and z e tji. ( (C j , c i ) ; p , x± ,w. ) a . s . , ( c l ) - ( c 3 ) , 

and (d) / a ( l - A ) y d X = JxdX, where y^ i s the random v a r i a b l e induced 

by z j . 

Under e i t h e r t axa t i on scheme, these d e f i n i t i o n s can be 

s a t i s f i e d only i f there i s no aggregate r i s k . ( i f there were 

aggregate r i s k , c o n d i t i o n (c?) would imply random consumpt ion, 

which v i o l a t e s the cond i t i ons under l y ing demands i n the t a x a t i o n 

c a s e s . ) 

In order to assure no aggregate r i s k , the t a x a t i o n 

schemes are s tud ied only under the assumption of homogeneous 

consumers, a l though the r e s u l t s are e a s i l y extended to a model 

w i th a f i n i t e number o f d i s t i n c t consumer t y p e s . (The t e c h n i c a l i ­

t i e s of assuming no -agg rega te - r i sk i n our model are d iscussed at 

the end of Sec t i on IV. ) Under l a i s s e z - f a i r e , aggregate r i s k i s 

not troublesome because any aggregate v a r i a t i o n i n the t o t a l cos t 

of r ep lac i ng d i s i n t e g r a t e d asse ts i s " f i n a n c e d " by e x a c t l y o f f s e t ­

t i n g randomness i n aggregate consumption in the second per iod of 

l i f e . A formal statement of homogeneity of consumers i s as f o l ­

l ows . 

A . 6 . (Homogeneous consumers.) G: [0 , l ] •*• C(R~) X R + i s constant 

almost s u r e l y . 
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We then have the f o l l o w i n g ex i s t ence p r o p o s i t i o n f o r 

l a i s s e z - f a i r e and insurance t a x a t i o n . 

P r o p o s i t i o n h. 

(a) Assume A . 1 - A . 5 * Under l a i s s e z - f a i r e , there e x i s t s a s t a t i o n ­

ary e q u i l i b r i u m wi th p e [c t jwVx^) . 

(b) Assume A . 1 - A . 6 . Under insurance t a x a t i o n , there e x i s t s a 

s t a t i o n a r y e q u i l i b r i u m wi th p e [a ,wVx^ ] . 

(The proof i s g iven i n Sec t ion IV . ) 

We have two ex is tence r e s u l t s under lump-sum t a x a t i o n , 

wh ich , however, are l e s s genera l than the P r o p o s i t i o n k r e s u l t s . 

The f i r s t r e s u l t g ives s u f f i c i e n t cond i t i ons f o r ex is tence of a 

s t a t i o n a r y e q u i l i b r i u m wi th p > a; the second g ives s u f f i c i e n t 

cond i t i ons for one wi th p = a . 

Both r e s u l t s depend on the f o l l o w i n g strengthened v e r ­

s ions of A.2 and A . 3 , r e s p e c t i v e l y : 

A . 2 ' . ( D e s i r a b i l i t y of consumption.) ^or almost a l l i e [ 0 , l ] , 

f o r a l l c e and c* e R + , u i ( c 1 , c 2 , ) > U i ( c * , 0 ) and u ( c 1 , c 2 ) > 

u i ( 0 , c * ) . 

A .3 '« (Bounds on endowment.) There e x i s t s a p o s i t i v e i n teger m 

1 2 1 such that f o r almost a l l i e [ 0 , l ] , w. > ran and w^ - w^ + ma > 0 . 

The f i r s t r e s u l t a l so assumes that the f o l l ow ing c o n d i ­

t i o n h o l d s . 
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Cond i t i on B. There e x i s t s a cont inuous func t i on p: [0,w ] • (a , 0 0 ) 

such that i f x e fiji(p( x ) , r)d X, then x > x . 

Th is cond i t i on a s s e r t s tha t there i s a cont inuous lower bound on 

e q u i l i b r i u m p r i c e s . U n f o r t u n a t e l y , i t i s d i f f i c u l t to desc r i be 

o ther than qu i te s p e c i a l economies which s a t i s f y i t . - i i / 

The second r e s u l t does not r e l y on Cond i t i on B, but uses 

as a d d i t i o n a l assumptions the f o l l o w i n g . 

A . 7 . (Common p r o b a b i l i t i e s of d i s i n t e g r a t i o n . ) For a l l n , 9 n = 

6. 

A . 8 . (A ve rs i on of normal goods.) For almost a l l i , i f u ^ ( c ^ , c 2 ) 

> u i ( c 1 + 6 , c 2 - 6 ) fo r some 6 > 0 , then U 1 ( C 1 , C 2 - Y ) > u i ( c 1 + 6 , c 2 - 6 - Y ) 

f o r a l l y > 0 . 

Assumption A.8 i s s a t i s f i e d i f u i s tw ice d i f f e r e n t i a b l e and i t s 

second d e r i v a t i v e s s a t i s f y Upp - u-̂ p < 0 . 

The p r o p o s i t i o n s , proofs of which are g iven i n Sec t i on 

IV, are as f o l l o w s . 

P r o p o s i t i o n 5. Assume A . l , A . 2 ' , A . 3 ' , A . 6 , and Cond i t ion B. 

Under lump-sum t a x a t i o n , there e x i s t s a s t a t i o n a r y e q u i l i b r i u m 

w i th p e ( c i j w V x ^ ) . 

P ropos t ion 6. Assume A . l , A .2 ' , A . 3 ' , and A . l t - A . 8 . Under lump­

sum t a x a t i o n , there e x i s t s an e q u i l i b r i u m wi th p = a . 
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The proof of P r o p o s i t i o n 5 uses a f i x e d po in t argument, wh i le that 

o f P r o p o s i t i o n 6 i s , i n p a r t , c o n s t r u c t i v e a long the l i n e s of the 

proof of P r o p o s i t i o n 2. 

I f the assumptions of both P r o p o s i t i o n s 5 and 6 h o l d , 

then there are m u l t i p l e e q u i l i b r i a under lump-sum t a x a t i o n , at 

l e a s t one wi th p > a and at l e a s t one w i th p = a . In con t ras t to 

the s i t u a t i o n i n the no -dep rec ia t i on v e r s i o n ( P r o p o s i t i o n 3 ) , we 

cannot immediately conclude tha t a p > a e q u i l i b r i u m i s Pareto 

supe r io r to one w i th p = a . Such a conc lus ion f o l l o w s , accord ing 

t o an argument e x a c t l y l i k e that used fo r P r o p o s i t i o n 3, i f taxes 

i n the p > a e q u i l i b r i u m do not exceed taxes i n the p = a e q u i l i b ­

r ium. 

2 . Asset re turns and s t a t i o n a r y e q u i l i b r i u m budget sets 

Before we compare e q u i l i b r i a under d i f f e r e n t p o l i c i e s , 

we desc r ibe fea tures of the s t a t i o n a r y re turn d i s t r i b u t i o n s on 

asse ts o f va r ious s i z e s under the d i f f e r e n t p o l i c i e s and the 

r e l a t e d fea tu res o f budget s e t s . 

Table 1 l i s t s the expected value of the i n t e r e s t ra te on 

an asset of s i z e 2 ~ n , E ( r n ) , and i t s va r iance V ( r n ) . No t i ce tha t 

under l a i s s e z - f a i r e , the mean i s decreas ing and the var iance i s 

i n c r e a s i n g i n n i f 9 n = 9 fo r a l l n. Under insurance t a x a t i o n , 

the (mean) re turn i s the mean re turn under l a i s s e z - f a i r e , wh i le 

under lump-sum t a x a t i o n a l l re turns are z e r o . This g ives some 

i n d i c a t i o n that i n a s t a t i o n a r y e q u i l i b r i u m , the i ncen t i ve to 

avo id s m a l l - s i z e d asse ts i s g rea tes t under l a i s s e z - f a i r e and 

weakest under lump-sum t a x a t i o n (prov ided tha t the sequence {9 } 
1 n ' 

i s nondecreas ing) . 
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F igure 5 d i s p l a y s some fea tu res of the budget sets under 

the d i f f e r e n t p o l i c i e s . I t i s drawn to s c a l e f o r (w-^w 2) = 

( 1 5 , 3 ) , a = 5, e n = 9 = 1/U and p = T. 

Under insurance t a x a t i o n , i f 9 n = 9, a l l consumptions 

suppor tab le by a p o r t f o l i o w i th Iz = m are convex combinat ions o f 

the consumption imp l ied by the p o r t f o l i o ( m , 0 , 0 , . . . ) and the l i m i t 

as k •*• °° of the consumption imp l ied by z = m and z = 0 fo r n * 

k. The former i s (w-^-mp ,w2+mp) wh i le the l a t t e r i s 

(w -ma,w 2 +m(1-9)a). These consumptions are shown i n F igu re 3 f o r 

m = 1 and m = 2. As above, a convex combinat ion of these w i th 

weights u and 1 - y, r e s p e c t i v e l y , i s a t t a i n a b l e i f and on ly 

i f v = ( A z ) / ( l z ) f o r some z e Z + and ( i z ) = m. Po in t A i n F igure 

5 i s the consumption imp l ied by the p o r t f o l i o z = ( 0 , 2 , 0 , 0 , . . . ) 

under insurance t a x a t i o n . 

Under l a i s s e z - f a i r e , d i f f e r e n t d i s t r i b u t i o n s o f consump­

t i o n correspond to d i f f e r e n t p o r t f o l i o s . For p o r t f o l i o s w i th m = 

2 , these are i n genera l U-point d i s t r i b u t i o n s , but the d i s t r i b u ­

t i o n c o l l a p s e s fo r some m = 2 p o r t f o l i o s . Thus, fo r the p o r t f o l i o 

7, = ( 2 , 0 , 0 , . . . ) , the d i s t r i b u t i o n c o l l a p s e s to (w^-2p,w 2+2p) 

because d i s i n t e g r a t i o n of und iv ided asse ts does not imply a 

l o s s . For the p o r t f o l i o z = ( 0 , 2 , 0 , 0 , . . . ) , the d i s t r i b u t i o n 

c o l l a p s e s to 3 p o i n t s : a^ (corresponding to y 1 = 0) w i th proba­

b i l i t y (3 A ) 2 , a-̂  (cor responding to = l ) w i th p r o b a b i l i t y 

2( 3 / M ( l / U ) , and a ^ (corresponding t o y 1 = 2) wi th p r o b a b i l i t y 

( 1 / U ) 2 . 
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Under lump-sura t a x a t i o n , the set of a t t a i n a b l e consump­

t i o n depends on the tax T . I f T = 0 , then the a t t a i n a b l e consump­

t i o n s are the same as those i n the nondeprec ia t ing asset model 

wi th d = 0 . They are on the l i n e w i th s lope - 1 pass ing through 

the endowment. I f T > 0 , they are s i m i l a r except that the l i n e 

wi th s lope - 1 passes through the a f t e r - t a x endowment ( W ^ , W ^ - T ) . 

3 . L a i s s e z - f a i r e can Pareto dominate lump-sum t a x a t i o n and v i c e 

ve rsa 

We now d iscuss examples that show tha t l a i s s e z - f a i r e can 

be e i t h e r Pareto super io r or Pareto i n f e r i o r to lump-sum t a x a t i o n . 

(a) L a i s s e z - f a i r e can be Pareto supe r io r to lump-sum t a x a t i o n 

Th is example i s one of homogeneous consumers w i t h 

( w 1 , * 2 ) = ( 1 5 , 3 ) , 6 n = e = l/>4, a = 5 , and x ° = 1 . We w i l l show, 

us ing F igure 6 , that there are pre ferences such tha t : ( i ) under 

lump-sum t a x a t i o n , there i s an e q u i l i b r i u m wi th (p , t ) = ( 7 , 5 A ) 

and z^ = ( 0 , 2 , 0 , 0 , . . . ) f o r a l l i ; and ( i i ) under l a i s s e z - f a i r e , 

there i s a Pareto supe r io r e q u i l i b r i u m wi th p = 7 and z ^ = 

( 1 , 0 , 0 , . . . ) f o r a l l i . Note that both p o r t f o l i o s s a t i s f y market 

c l e a r i n g . 

S ince x = 5/U = a/h i s the amount that f inances r e p l a c e ­

ment f o r a common p o r t f o l i o z = ( 0 , 2 , 0 , 0 , . . . ) , i t f o l l ows that the 

consumption imp l ied by tha t p o r t f o l i o and tax under lump-sum 

t a x a t i o n i s the one imp l ied by the same p o r t f o l i o under insurance 

t axa t i on—po in t A in F igure 6 . Let p re ferences be such that the 

i n d i f f e r e n c e curve through po in t A has s lope - 1 at A . This gua r ­

antees that c l a im ( i ) h o l d s . 
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Assume a l s o tha t the i n d i f f e r e n c e curve through point B 

i s h igher than that through po in t A and i s a l s o above a l l bundles 

imp l i ed by p o r t f o l i o s w i th m = 2 under insurance t a x a t i o n . Then p 

= T and the p o r t f o l i o z^ = ( 1 , 0 , 0 , . . . ) f o r a l l i i s an e q u i l i b r i u m 

under insurance t a x a t i o n . I t f o l l ows that t h i s i s a l s o an e q u i ­

l i b r i u m under l a i s s e z - f a i r e , because po in t B i s a f f o r d a b l e under 

l a i s s e z - f a i r e and i s p re fe r red to a l l o ther a f f o r d a b l e consumption 

d i s t r i b u t i o n s a t p = 7 so long as the agent i s r i s k averse o r neu­

t r a l . Th is l a s t fac t i s t rue because fo r any a f f o rdab le l a i s s e z -

f a i r e consumption d i s t r i b u t i o n at a g iven p r i c e p, there i s an 

a f f o r d a b l e consumption under insurance t a x a t i o n a t that p r i c e 

which i s weakly p r e f e r r e d . S ince B i s by c o n s t r u c t i o n p re fe r red 

t o A , c l a im ( i i ) i s e s t a b l i s h e d . (Note that ( P , T ) = ( 7 , 0 ) i s not 

an e q u i l i b r i u m under l a i s s e z - f a i r e t a x a t i o n because there are 

a f f o r d a b l e consumptions under (p , r ) = ( 7 , 0 ) tha t are p re fe r red to 

B and because the p o r t f o l i o suppor t ing any such consumption i s not 

c o n s i s t e n t wi th market c l e a r i n g . Th i s f o l l ows because 

(w^- -2a ,w 2 +2a) i s p re fe r red to B, wh ich , i n t u r n , imp l i es tha t 

there are m = 2 p o r t f o l i o s that support consumption p r e f e r r e d to 

B.) 

(b) Lump-sum t a x a t i o n can be P a r e t o - s u p e r i o r to l a i s s e z - f a i r e 

In t h i s example, consumers are homogeneous wi th ( w \ w 2 ) 

= ( 2 0 , 3 ) and vie1 ,e2) = ( 3 / U ) l o g ( c 1 + l ) + ( l A ) l o g ( c 2 + l ) - l o g U c 1 -

c 2 ) 2 + l ) , 6 n = 9 = l A fo r a l l n , a = h and x ° = 3 / 2 . There i s a 

lump-sum t a x a t i o n e q u i l i b r i u m wi th (p ,x) = ( 9 / 2 , 1 / 2 ) and z^ = 

( 1 , 1 , 0 , 0 , . . . ) which supports consumption (c-*-,c 2) = (1+5 A , 1 * 5 A ) 
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wi th u(l*5/U,U5/U) = 1«088. In p a r t i c u l a r , at (p ,x) = ( 9 / 2 , 1 / 2 ) , 

the p o r t f o l i o z = ( 2 , 0 , 0 , . . . ) supports c = ( 1 1 , 1 1 . 5 ) , wh i l e the 

p o r t f o l i o z = ( 1 , 0 , 1 , 0 , 0 , . . . ) supports ( 9 1 / 8 , 8 9 / 8 ) , both of which 

y i e l d lower u t i l i t y . No t i ce tha t p = 9/2 and z = ( 1 , 1 , 0 , 0 , . . . ) i s 

a l s o an e q u i l i b r i u m under insurance t a x a t i o n . In p a r t i c u l a r , u(c) 

= u( l*5/4,U5/U) i s tangent at (1*5/U,U5/U) to the l i n e segment 

con ta i n i ng a l l m = 2 a t t a i n a b l e consumptions under insurance 

t a x a t i o n . 

Under l a i s s e z - f a i r e , the p o r t f o l i o z = ( 1 , 1 , 0 , . . . ) 

supports c = (1+5/1+ ,1*7/U) w i th p r o b a b i l i t y 3/U and c = ( , 3 9 / 4 ) 

w i th p r o b a b i l i t y l/h and , hence, imp l i es expected u t i l i t y equal to 

. 8 8 7 . I t i s e a s i l y shown that t h i s p o r t f o l i o i s p re fe r red to any 

o ther p o r t f o l i o w i th m = 2. In p a r t i c u l a r , z = ( 2 , 0 , 0 , . . . ) sup­

por ts c = (11,12) and u ( l l , 1 2 ) = . 7 8 7 . I t i s a l s o the case tha t 

no m = 1 or m > 2 p o r t f o l i o i s p re fe r red under l a i s s e z - f a i r e . In 

p a r t i c u l a r , z = ( 1 , 0 , 0 , . . . ) supports c = (31 /2 ,15 /2 ) and 

u ( 3 l / 2 , 1 5 / 2 ) = - . 6 6 7 . 

An example of t h i s so r t produces the intended r e s u l t i n 

par t because demands are s u f f i c i e n t l y unresponsive that the " d i s ­

t o r t i o n " imp l ied by agents not f a c i n g replacement cos ts under 

lump-sum taxa t i on does not ope ra te . What remains i s the ga in from 

e l i m i n a t i n g r i s k . 

The above examples show tha t any genera l case fo r e i t h e r 

l a i s s e z - f a i r e or lump-sum t a x a t i o n must somehow cope w i th counter 

examples. 
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IV . Ex i s tence Proofs 

1. Proof of P r o p o s i t i o n 1 

We prove P r o p o s i t i o n 1 by app ly ing a simple g e n e r a l i z a ­

t i o n of the Intermediate Value Theorem. However, t h i s f i n a l 

argument i s based on p r o p e r t i e s of the budget c o n s t r a i n t and 

demand correspondences tha t we e s t a b l i s h f i r s t i n a s e r i e s o f 

lemmas. 

We s i m p l i f y our no ta t ion by us ing the f o l l ow ing sym­

b o l s : A = ( l , 2 - 1 , 2 - 2 , . . . , 2 " n , . . . ) , I = ( 1 , 1 , . . . , 1 , . . . ) , Ap = pA + 

a ( l - A ) and A ( p + ( j ) = (p+d)A + c t ( l -A ) , where p, a, and d are r e a l 

numbers. F i n a l l y , i f z = (z^ , z ^ , . . . ) then Az = j ^ - n 2 _ n z n and 

s i m i l a r l y f o r ApZ and A ^ + ( j ^ z . 

We now proceed to study the p rope r t i es of the budget 

c o n s t r a i n t and demand correspondences fo r sequences of s t a t i o n a r y 

p r i c e s of the form P = ( A p , A p , . . . ) ( that i s , s t a t i o n a r y p r i c e s 

s a t i s f y i n g p n + 1 = 2 - 1 ( p n + a ) f o r a l l n > 0 , where p = p ° ) . 

Let 6(p,w) = S(Ap,Ap,w) = {c e R^: there e x i s t s z e z " 

1 1 P P 

such that c < w - A z p and c < w- + ^ ( p + d ) z K a n ^ ^- e ' t 

x(p,w) = {z e Z + : w^-A^z > 0 and w ^ + A ^ + ^ z > o } , so tha t x (p» w ) 

i s the set of p o r t f o l i o s tha t support g (p ,w) . 

Lemma 1: I f p e [ct,°>) and z e x(p>w)> then Iz < w ^ / o . 

Proo f_. I f z e x ( p , w h "then w 1 > ApZ = [pA+a(l-A) ]z > 

[aA+a( I -A) ]z = a l z . A 
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Let 8 +(p,w) = {c e 8(p,w): c >> o} , where x >> 0 means 

that there e x i s t s an e > 0 such that x > e. (8 + (p ,w) i s the set 

o f consumptions i n the budget set w i th consumption at age 1 

bounded away from 0. ) 

Lemma 2: The correspondence 3 +( «,w) i s cont inuous at every p e 

[ c t ,») . 

P r o o f . We f i r s t show that fj ( »,w) i s upper hemi -cont inuous. F i x 

p e [ a , " ) . By assumption A . 3 , B + (p,w) i s not empty. We show that 

f o r every open subset U of R 2 such that 8 + (p,w) i s conta ined i n U, 

there i s a r e l a t i v e l y open subset V of R such that for a l l p e V , 

8 + (p,w) i s conta ined i n U. 

Without l oss of g e n e r a l i t y , cons ider open sets o f the 

form U £ = {c e R 2 : | c - c | < e and c e 8 + (p,w)} and l e t V £ = 

(max( a,p-ea/2w^-) ,p+ea/2w-1-). A lso note that 8 + (p,w) = {c e R 2 : 

t he re e x i s t s z e Z + such that 0 << c 1 < w-'- - (pAz+a( l -A)z) = w^ -

(pAz+a( l -A)z) + (p-p)Az and 0 < c 2 < w 2 + ((p+d)Az + a ( l - A ) z ) = w 2 

+ ((p+d)Ad + a ( l - A ) z - (p -p )Az } . 

Now g iven c e 8 + ( p , w ) , l e t c 1 = max ( e / 2 ^ ^ - ( p - p ) Az) 

and c 2 = max ( 0 , c 2 + ( p - p ) A z ) . Then c = (c1 ,c2) e 8 +(p,w) and | c - c | 

< max f e / 2 , | p - p | A z } . But | p -p |Az < Ip -p lw^ /a by lemma 1. There ­

f o r e , i f p e V . , then | p -p |Az < e /2 . Thus, i f p e V and c e 

8 + ( p , w ) , then | c - c | < e/2 so tha t 6 + (p,w) i s conta ined i n U e . 

We now show that the correspondence 8 + ( * ,w) i s lower 

hemi -cont inuous. F i x p e [a, 0 0) and l e t (p(q)} be an a r b i t r a r y 

sequence converging to p. For any c e 8 (p ,w) , there i s a z e 



- ho -

such that 0 « c 1 + y = w 1 - ApZ and 0 < c + y = w + A ^ + d ^ z , 

where y 1 > 0 and y 2 > 0 are s l ack v a r i a b l e s . Def ine the sequence 

(c(q)} by c 1 ( q ) = w 1 - Ap( q )Z - Y 1 and c 2 ( q ) = w 2 + A ( p ( q ) + d ) z -

Y 2 . Then fo r q l a rge enough, c(q) e 8 + (p(q) ,w) f o r a l l q > q , 

which e s t a b l i s h e s the lower hem i - con t i nu i t y of 3 + (« ,w) at p. A 

R e c a l l that the i n d i v i d u a l demand fo r consumption fo r a 

two-per iod l i v e d agent i i s ^ ( p ) = argmax {u^(c) : c e 

cfcB(p,v J }. 

Lemma 3: Assume A . 1 - A . 3 . For almost a l l i e [ 0 , l ] , <|>̂  i s non­

empty and upper hemi-cont inuous at every p e [ a , 0 0 ) . 

p r o o f . Le t 4>T(p) = argmax ( u i ( c ) : c e c2 ,g + ( p ,w i ) } , where 

c£6 + (p ,w^ ) i s the c losu re of S + ( p , w ^ ) . We f i r s t note that <(it(p) 

i s nonempty. Th is fo l l ows from c o n t i n u i t y of p re ferences (assump­

t i o n A . l ) , boundedness of B(p,w^) and nonemptiness o f B + (p,w^) 

(assumption A.3) . We next note tha t <fr̂ (p) = <(K(P). Th is fo l l ows 

from assumptions A . l and A . 2 , which imply that i f c e 4>^(p), then 

>> 0 and , hence, c e c £ 8 + ( p , w ^ ) . 

By lemma 2, c £ 6 + ( * , w ^ ) i s a cont inuous correspondence. 

(The c l osu re of a cont inuous correspondence i s con t inuous . ) I t i s 

a l s o compact v a l u e d . The conc lus i on of the lemma i s , t h e n , a 

consequence of the Maximum P r i n c i p l e ( see , fo r example, 

Hi ldenbrand [ 1 9 7 M , p. 2 9 ) . A 

Next, r e c a l l tha t ^ ( p ) = {»|»(c;p,w.): c e ^ ( p ) } . By 

mono ton i c i t y , assumption A . l , i t f o l l ows tha t i)i.(p) = {z e Z : 
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there e x i s t s c e <J>.(p) s a t i s f y i n g A z = w\ - c 1 and A, , , z = c 2 

i p i (p+d; 

Lemma k: Assume A . 1 - A . 3 . For almost a l l i e [0 , l ] , ij^ (which 
CO. 

maps R + to subsets of Z + ) i s upper hemi-cont inuous at every 

p e lct ,«0. 

P r o o f . By lemma 1, i f a sequence {z(q)} i s i n x(p>w)> then Iz = 

| | z ( q ) | | ^ < wVct. There fo re , there i s a subsequence }z(q^)} f o r 

which l im | | z ( q ^ ) | L e x i s t s . Given t h i s fac t and the monoton ic i ty 

assumpt ion, A . l , i t i s easy to see tha t i|)^(p) = {z e Z + : there 

e x i s t s c e <f^(p) and a sequence (z(q)} s a t i s f y i n g z(q) e Z + , z(q) 

+ z , c = w^ - (p-a)Az - a l im | | z ( q ) | | ^ , and c 2 = w 2 + -(p+d-ct)Az 

+ a l i m | | z ( q ) | 1 ^ } . 

F i x p e [a, 0 0) and l e t p(q) + p , z(q) + z and z(q) e 

i|) i(p(q)) fo r a l l q . Given z(q) e ^ ( p ( q ) ) , there i s a c(q) e 

^ ( p ( q ) ) and a sequence (z(q)^} such that z ( q ) r + z(q) and c^(q) = 

w 1 = (p(q) -a)Az(q) - a l i m | | z ( q ) r | | 1 and ana logous ly f o r c 2 ( q ) . 

Let {z^} be a subsequence of the sequence {z(q)^} fo r which l i m 

| 1 z q! I x e x i - s t s * Then c 1 ( q ) + w 1 - (p-a)Az - a l i m | | z q | | ^ = 

and analogously for c 2 ( q ) . By upper hem i - con t i nu i t y o f 4>i( ) at 

p, i t f o l l ows that c e <t> (̂p). F i n a l l y , s ince Z + i s a c losed 

subset of R M i n the product topo logy , we can conclude that z e 

^ ( p ) . A 

Now l e t 'F(p) = fh\\>Ap)&\ where / A i j ^ p j d X = { /Az^dX: z± e 

lji^(p) a . s . } . That i s , *F(p) i s the imp l ied or der ived mean demand 

f o r un i t s of s i z e un i t y at p. 
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Lemma 5: Assume A . 1 - A . 3 . The correspondence ¥ i s upper hemi-

cont inuous and convex valued at every p e l a , 0 0 ) . 

p r o o f . For almost a l l i e [ 0 , l ] , i t f o l l ows from lemma k and the 

f a c t that A i s a cont inuous l i n e a r map that AI|K i s an upper hemi-

cont inuous correspondence. Fur thermore, by lemma 1, fo r any p e 

l a , » ) , A z i < w^ /a fo r a l l z± e ^ ( p ) . Then, s i nce / (w* /a )dX < °°, 

the upper hemi -con t i nu i t y of V{ •) f o l l ows from P r o p o s i t i o n 8 i n 

Hi ldenbrand [1971*] , page 73. The convex i ty of 4"(») fo l l ows from 

Theorem 3 i n Hi ldenbrand [l97U] , page 62. A 

The next lemma simply shows that over the range o f 

p r i c e s [o,w /x ] , there i s p o s i t i v e and nonnegative excess supply 

o f a s s e t s . 

Lemma 6. Assume A . 1 - A . 5 . ( i ) ( P o s i t i v e excess supp ly . ) For 

a l l p > w / x , where w 1 = Jw^dX, x < x^ whenever x e H'(p). ( i i ) 

(Nonnegative excess supp ly . ) (a) i f d > 0 and i f x e ? ( a ) , then x 

> x ° . (b) I f d = 0 , then there e x i s t s x e Y(a) such that x > x ° . 

p r o o f . ( i ) F i x p > vrl/x°. I f x e f (p) , then there e x i s t s 

z . e tj).(n) a . s . such that x = fAz.dX and A z . = pAz. + a ( l - A ) z . i i J i p i * i i 

= w^ - c^ f o r some c^ e i)V(p). S ince fo r almost a l l i , c^ > 0 

and a ( l - A ) z i > 0 , p A z i < w j . The re fo re , x = /AzdX < w V p < 

-1 .,-1 ,-0s -0 w A w /x ; = x . 

( i i a ) I f p = a , then p n = a f o r a l l n. I t f o l l ows by 

monoton ic i ty of pre ference and d > 0 , that i f z^ i s any p o r t f o l i o 

w i t h Iz^ = m and z " > 0 f o r some n > 0 , then z^ i ifi^(a). That i s , 

on ly p o r t f o l i o s of the form z . = ( m - , 0 , 0 , . . . ) are demanded at p = 
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a. S ince assumption A.U imp l i es tha t m^ > 1 f o r almost a l l i , 

fAz.dX = fm.dX > 1 > x ° . l ' I 

( i i b ) I f p = a , so tha t p n = a , and d = 0 , i t f o l l ows 

tha t i f some p o r t f o l i o z . e (a) a n d Iz.. • m . , then z , = 
i i i I i 

( m ^ , 0 , 0 , . . . ) e ij)^(a). And s ince A.U imp l i es that m̂  > 1 f o r 

almost i , i t f o l l ows as i n ( i i a ) that there e x i s t s x e *F(a) such 

tha t x > 1 > x ° . A 

Proof of the P r o p o s i t i o n 

By monoton ic i ty o f p r e f e r e n c e s , a l l budget c o n s t r a i n t s 

are s a t i s f i e d without s l a c k . Then ( i i i 1 ) and the i n t e g r a l s of 

these budget c o n s t r a i n t s (at e q u a l i t y ) imply ( i ' ) and ( i i ' ) 

(Wal ras ' Law), where ( i ' ) - ( i i i ' ) are the market c l e a r i n g c o n d i ­

t i o n s i n the d e f i n i t i o n of a s t a t i o n a r y e q u i l i b r i u m . In other 

words, i n order to prove ex i s tence o f a s t a t i o n a r y e q u i l i b r i u m , i t 

i s enough to show that there e x i s t s p* e [a,w*/x^] such tha t 

x°e f ( p » ) . 

Le t P + = {p e [a t w^7x_] : t he re e x i s t s x e f(j>) s a t i s f y ­

i n g x > x } and P~ = {p e [a,w / x ] : there e x i s t s x s f (p) s a t i s ­

f y i n g x < x^}. By the upper hem i - con t i nu i t y of ¥ ( • ) , lemma 5, p _ 

and P + a re c losed subsets of [ct,w / x ] . By d e f i n i t i o n , t h e i r 

un ion i s [a,w^"/x^] and, by lemma 6, both subsets are nonempty. I t 

f o l l ows tha t the i n t e r s e c t i o n of P + and P~ i s nonempty, because 

emptiness would imply that [x,w^"/x^] i s the union of two nonempty 

d i s j o i n t c losed s e t s , a c o n t r a d i c t i o n . F i n a l l y , i f p* e P and 

p* e P~, then by the convex i t y of 'P(p), lemma 5> e ^ ( p * ) . A 
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2 . Proof o f P r o p o s i t i o n k 

We prove t h i s p r o p o s i t i o n by s u i t a b l y modi fy ing the 

argument used to prove P r o p o s i t i o n 1 . B a s i c a l l y , we have to show 

that i n d i v i d u a l demands s a t i s f y the requ i red c o n t i n u i t y p roper ­

t i e s . The rest of the argument i s the same and w i l l not be r e ­

pea ted . 
A 

Lemma 7. The correspondence c £ 6 + ( , , w ) i s cont inuous and compact 

va lued at every p e [ a , » ) . 

P r o o f . F i x p e [ a , 0 0 ) . S ince fo r any (c, i r) e c £ 6 + ( p , w ) , c s 

[0,w-H and TT(X) = 0 fo r any x > w* + w 2 , c£6 + (p ,w) i s compact. 

( F o r m a l l y , the set {IT e M ( R + ) : there e x i s t s c e R + and (c, i r) 

e f3+(p,w)} i s " t i g h t " and the re fo re compact (theorem 6 , p. 2k0 i n 

B i l l i n g s l e y [ 1 9 6 8 ] ) . ) 

Now l e t U £ = {(C,TT) e R + x M ( R + ) : max ( | c - c | ,p(ir, ir)) < e 

and (c , i r ) e 8 (p,w)} and l e t V = (max (a,p-ea/2w ), p + ea/2w-*-), 

1 ? / 
where p i s the Prohorov m e t r i c . ^ - ' Then, proceeding as i n lemma 

A 

2 , i t f o l l ows that i f p e V , then f3 (p,w) i s conta ined i n U . 

Th i s e s t a b l i s h e s upper hemi -con t i nu i t y of 8 + (« ,w) a t p. 

F i n a l l y , lower hem i - con t i nu i t y of g(»,w) i s proved as i n 

lemma 2. A 

Lemma 8 . The func t ions v i ( , ) and v ^ ( « , » ) are cont inuous on R + x 

M ( R + ) . 

P r o o f . The r e s u l t i s a d i r e c t a p p l i c a t i o n of Theorem 5«5 i n 

B i l l i n g s l e y [1968] . 
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The res t of the proof proceeds us ing arguments s i m i l a r 

to those used i n the proof of P r o p o s i t i o n 1. A 

3 . Proof of P r o p o s i t i o n 5 » 

This proof d i f f e r s from that o f P r o p o s i t i o n 1 mainly i n 

that i t uses a f i xed po in t argument on p r i c e s and t a x e s . A g a i n , 

some lemmas are requ i red to support the f i n a l argument. 

R e c a l l tha t B + + ( p , x , w ) = {c e R^ + : there e x i s t s z e Z™ 

such tha t c 1 < w 1 - A ^ z , c 2 < w 2 + A p z - x}. An argument s i m i l a r 

to that i n the proof of lemma 2 e s t a b l i s h e s the fo l l ow ing r e s u l t s . 

Lemma 9 . The correspondence 6 + + ( * , , , w ) i s cont inuous at every 

(p ,x ) e Ia,<°) x [O.w1] . 

The i n d i v i d u a l demand fo r consumption fo r a two-per iod 

l i v e d agent i i s de f ined by ^ ( p . x ) = argmax {u^(c) : c e 

c£S(rj ,x,w^) }. A s t ra igh t f o rwa rd m o d i f i c a t i o n of the proof of 

lemma 3 g ives the f o l l ow ing r e s u l t . 

Lemma 10. Assume A . l , A . 2 ' , and A . 3 ' • For almost a l l i e [ 0 , l ] , 

(*V i s nonempty and upper hemi-cont inuous at every (p ,x) e l a , 0 0 ) x 

l O . w 1 ] . 

Instead of prov ing upper hem i - con t i nu i t y of the demand 

correspondence fo r a s s e t s , we study the c o n t i n u i t y p rope r t i es o f 

the correspondence A i ( , ) de f ined by A i ( p , x ) = { (x,y) e R^: there 

e x i s t s c e <J> (̂p,x) and a sequence |z (q) } such t h a t , f o r a l l q , 

z(q) e z j , w 1 - A p Z ( q ) » 0 and w 2 + Ap Z (q) - x >> 0 , z(q) + z , c 1 

= w 1 _ (p-a)Az - a l i m | | z ( q ) | | - , , c 2 = w 2 + (p-a)Az + a l i m 
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j | z( q.) [ | ^ - T , x = Az, and y = a [ l im | | 9 z ( q ) | | 1 - A8z] } , where 0z 

e r"0 w i th t y p i c a l element 8jS • No t i ce that i f (x ,y ) e A i ( p , x ) , 

then x corresponds to the der ived demand fo r u n i t s o f s i z e un i t y 

imp l ied by the demanded p o r t f o l i o z and y corresponds to the 

expected replacement cos t o f z . 

Lemma 11 . Assume A . l , A . 2 ' , and A . 3 ' . For almost a l l i e [0,1 ] , 

A^ i s upper hemi-cont inuous at every ( p , r ) e (ct,») x [0 ,w^] . 

P r o o f . By compactness of the range, i t i s enough to show that 

A i( , ) i s c l o s e d . Let (p(q) , t (q) ,x (q) ,y (q) ) + ( p , t , x , y ) where 

( x (q ) , y (q ) ) e A^(p(q) , r (q)) fo r a l l q . Then fo r every q , there 

e x i s t s c(q) e <frj(p(q) , t (q) ) and a sequence z ( q ) r such that z ( q ) r • 

z (q) and c ^ q ) = w 1 - (p(q) -a) Az (q ) -a l im | | z ( q ) r | | , c 2 ( q ) = w 2 + 

(p (q) -a ) Az(q) + a l im | | z( q) r | | ̂ . Let { z^\ a subsequence o f 

{z(q)^} f o r which l im M z q M i a n d ^ m l l ® z q l l i e x i s t a n d l e t z = 

l i m Zq. Then c^(q) • w* - (p-a)Az - a l i m | | z | |^ = c 1 and c 2 ( q ) • 

w + (p-a)Az + a l i m | | z q | | i = c • By upper hem i - con t i nu i t y o f 

• * ( • » • ) , ( C ^ J C 2 ) e ^ ( P , T ) . Fur thermore, x = Az and y = a [ l i m 

| 9 Z q | | ^ - A 9 z l . F i n a l l y , s i nce the i n t e r i o r cond i t i ons i n the 

d e f i n i t i o n o f A^ are a l s o s a t i s f i e d , i t f o l l ows that (x ,y ) e 

A i ( p , x ) . A 

Let ? (p , t ) = / p r o j ^ A i ( p , t ) d X , where " p r o j ^ ' means the 

f i r s t component p r o j e c t i o n . 

Lemma 12 . Assume A . l , A . 2 ' , A . 3 ' , and A . 6 . For a l l (p ,x) e 

( v V x 0 , - ) x l O . w 1 ] , i f x e T ( P , T ) , then x < x ° . 
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P r o o f . See the proof of lemma 6 , par t ( i ) . 

Proof of the P r o p o s i t i o n 

As i n the proof of P r o p o s i t i o n 1, by Wal ras ' l aw, i t i s 

enough to show that there e x i s t s ( p * , t * ) e (a, 0 0 ) x [OjW-1-] such 

that ( X ° , T * ) e / A i ( p * , T * ) d X . 

Def ine the correspondence y(« ,«) by y ( x , f ) = argmax 

{p (x -x^ ) : p e [p( T) , W V X ^ ] }, where p ( « ) , by cond i t i on B, i s a 

cont inuous f unc t i on such that p( T) > a and x > i f x e 

? ( P ( T ) , T ) . Next , de f ine the correspondence Y ( P » X * T ) = y (x ,x ) x 

A ( p , x ) , where A ( P , T ) = JA (p,*r)dX. By lemma 11 and the argument 

used in lemma 5, A ( « , » ) i s upper hemi-cont inuous and convex v a l ­

ued. Fur thermore, the same i s t rue for y ( « , « ) . Then, s ince 

y (p , x , x ) maps {a,™1/*?} x [O.wVctl x [OjW1] i n t o subsets of i t ­

s e l f , a standard g e n e r a l i z a t i o n of K a k u t a n i ' s f i xed po int theorem 

shows tha t Y has a f i x e d p o i n t . That i s , there e x i s t s ( p * , x * , t * ) 

such that ( p * , x * , T * ) = Y ( P * , X * , T * ) . 

Not i ce that s i nce T * e p r o J 2 A ( p * , T * ) , taxes f inance 

replacement as requ i red by c o n d i t i o n (d) i n the d e f i n i t i o n o f 

e q u i l i b r i u m under lump-sum t a x e s . Not i ce a l s o that s i nce p* = 

U ( X * , T * ) , p* > a . I t on ly remains to show that x* = . 

Suppose that x* > x ° . Then, by the d e f i n i t i o n o f y, p* 

= w V x • However, by lemma 12, t h i s imp l i es x* < x ^ , a c o n t r a d i c ­

t i o n . Suppose, a l t e r n a t i v e l y , tha t x* < x ^ . Then y imp l i es that 

p* = p ( t * ) , which, by hypothes is ( cond i t i on B ) , imp l i es x* > x , a 

c o n t r a d i c t i o n . A 
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h. Proof of P r o p o s i t i o n 6 

We show that there e x i s t s a monotone func t i on g that 

maps [0,wl] i n t o l0,w^-] and i s such that a f i x e d po in t of i t i s 

the requ i red e q u i l i b r i u m . (We take fo r granted the obvious fac t 

that such a monotone func t i on has a f i x e d p o i n t . ) 

The func t ion g i s de f ined as f o l l o w s . F i x p = a . Then, 

fo r each T e [0,w^] , we use the argument i n the proof o f P r o p o s i ­

t i o n 2 to f i nd an i n t eg rab le func t ion z , a p o r t f o l i o , such that z^ 

e ir>^(a,-r) almost su re l y and such that /AzdX = x ^ . Then we l e t 

g(x) = 9ct / ( l-A)zdX, the cost o f expected d i s i n t e g r a t i o n o f the 

p o r t f o l i o z . I t f o l l ows that i f T * i s a f i x e d point of g , then 

(p ,x) = (a,T*) i s a s t a t i o n a r y e q u i l i b r i u m under lump-sum t a x a ­

t i o n . 

We now e s t a b l i s h the ex is tence and requ i red p r o p e r t i e s 

of g . For a f i x e d x, l e t m*(T) be the l a r g e s t nonnegative i n t e g e r 

1 2 

m^ tha t maximizes u^ (w^-am^ ,W~+COTU-T) . By assumptions A . 2 ' , A . 3 ' , 

A . U , and A . 8 , m*(x) > 1. (Note that A . 3 ' and A.h imply tha t 

m¥(o) > 1. Then assumption A . 8 , along w i th A . 3 ' , imp l i es that 

m*( T) > 1 fo r a l l T . ) 

At p = a , a l l z^ such that Iz^ = m?(-r) support u t i l i t y 

maximiz ing consumption. The re fo re , to support such consumption, 

we requ i re only that z s a t i s f y / i z d X = j V ( T ) d X 5 m*(x) . 

Let i be the in teger s a t i s f y i n g 2 i _ 1 < m* ( x ) / x ° < 2^. 

I t f o l l ows from A.5 that i > 0 . As i n the proof of P r o p o s i t i o n 2 , 

we l e t / z 1 - 1 d X = 2 i x ° - m* ( t ) , / z 1 dX=2m* (x ) - 2 i x ° , a n d l e t 

Jz ndX = 0 f o r n £ { i - l , i } . I t f o l l ows tha t / l z n d X = m*( f ) , that 
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/ A z n d X = x and that g( x) = 9 a / ( l - A ) z d X = 8ct [ J l zdX- /AzdX ] = 

8a[m*(x) -x^ ] . Note that al though the in teger i depends on x , g(x) 

depends on x only by way o f m*( x ) , a r e s u l t that uses assumption 

A .T . 

With g(x) = 8 a [ m * ( x ) - x ° ] , i t f o l l ows that g(x) e l O . w 1 ] , 

s i n c e am*(x) < w 1 . F i n a l l y , assumption A.ft imp l i es that m*(x) i s 

nondecreasing i n x, which imp l i es that g i s nondecreas ing . (Ob­

v i o u s l y , g(x) i s a nondecreasing step f u n c t i o n . ) A 

5 . The absence of aggregate r i s k . 

As we have s a i d , e q u i l i b r i a wi th t axa t i on schemes are 

w e l l def ined prov ided there i s no aggregate r i s k . I t i s w e l l 

known that i n models where i n d i v i d u a l s bear some r i s k and those 

r i s k s are independent, the ex is tence of a continuum of agents i s 

not s u f f i c i e n t to ru le out aggregate r i s k . In our model there i s 

an a d d i t i o n a l comp l i ca t ion i n that the d i s t r i b u t i o n s of the i n d i ­

v i d u a l random v a r i a b l e s are endogenous. However, as we now 

b r i e f l y e x p l a i n , there i s no aggregate r i s k at e q u i l i b r i u m i f the 

numbers o f types i s f i n i t e ( i n f a c t , we assume on ly one t y p e ) . 

For any p e[ct,°°), "{"(p) = Ji|>(p)dX ( a l t e r n a t i v e l y , fo r any 

(p ,x ) e fa, 0 3 ] x [o,w-H , A (p , t ) ) i s a c l osed convex subset of R (of 

R 2 ) . By the Kre in-Mi lman Theorem (Rudin [ 1 9 7 3 ] p. 7 0 ) , 

( A ( p , t ) ) i s the convex h u l l of the set o f i t s extreme p o i n t s . Due 

to the s t r u c t u r e of the budget c o n s t r a i n t s and the f i n i t e n e s s o f 

the number of t ypes , the set of extreme po in ts i s a f i n i t e set and 

corresponding to each extreme po in t there i s a , p o s s i b l y l i m i t i n g , 

p o r t f o l i o suppor t ing such a p o i n t . 
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There fo re , i f x e T(p) ( (x ,y ) e A ( p , t ) ) , then there 

e x i s t (V1!»Mp»• • •»%) s u c h t h a t > ° ' I y k = 1 a n d x = £ k y k ^ A z k ^ 

( ( x , y ) = I k U k ( A z k , a l im | | 6z k (q ) | ^ - A9 z R ) , where z k ( q ) + z k ) . 

S ince each u k can be i d e n t i f i e d w i th a segment on [ 0 , l ] on which 

there i s a s i n g l e d i s t r i b u t i o n of y , tha t induced by the sup­

po r t i ng p o r t f o l i o z k , we can apply p r o p o s i t i o n 2 of Feldman and 

G i l l e s [ 1 9 8 5 ] to ob ta in the absence of aggregate r i s k . 

The Fe ldman-G i l l es c o n s t r u c t i o n orders agents and r e a l ­

i z a t i o n s so that the d i s t r i b u t i o n of r e a l i z a t i o n s over agents i s 

the popu la t ion d i s t r i b u t i o n o f the random v a r i a b l e . (Th is assures 

that the expec ta t ion over agents i s the popu la t ion expec ta t i on . ) 

S t r i c t l y speak ing , such an o rde r ing of agents and r e a l i z a t i o n s 

c o n t r a d i c t s independence of r e a l i z a t i o n s across agen ts . That , 

however, i s of no concern i n our context because we do not permi t 

i n t r a - g e n e r a t i o n t rade of any s o r t . 
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V. Conclud ing Remarks 

We began by posing two q u e s t i o n s . Is p r i v a t e p r o v i s i o n 

o f d i v i s i b i l i t y fo r asse ts d i f f e r e n t from such p r o v i s i o n f o r o ther 

th ings? And i s such p r o v i s i o n fo r money- l ike asse ts d i f f e r e n t 

from i t s p r o v i s i o n f o r o ther asse ts? 

We approached these quest ions us ing a model w i th the 

f o l l o w i n g c r u c i a l i n g r e d i e n t s . We modelled the supply of asse t 

d i v i s i b i l i t y by assuming that the cos ts of producing d i v i s i b i l i t y 

fo r asse ts resembles the cos ts of s p l i t t i n g logs or candy b a r s . 

In o ther words, we modelled the c o s t l y p r o v i s i o n of d i v i s i b i l i t y 

f o r asse ts i n much the same way as one would model the c o s t l y 

p r o v i s i o n of d i v i s i b i l i t y fo r consumption goods. We modelled the 

demand fo r d i v i s i b l e asse ts by assuming that the only way t o 

p rov ide fo r fu ture consumption i n excess of fu ture income i s 

through spot purchases and subsequent spot sa les of ou ts ide a s ­

s e t s , ( i n the context of the over lapp ing generat ions model we 

used, we d id not permit members o f a genera t ion to form c o a l i t i o n s 

t o share a s s e t s . ) 

These assumptions imply that the f e a s i b l e t rades i n our 

model depend on both the extent to which asse ts are made d i v i s i b l e 

and on p r i c e s . In c o n t r a s t , i n models where the consumption goods 

themselves are c o s t l y to d i v i d e , f e a s i b l e t rades depend only on 

the extent to which consumption i s made d i v i s i b l e . Th is d i f f e r ­

ence between i n d i v i s i b i l i t i e s f o r consumption goods and fo r asse ts 

accounts fo r a corresponding d i f f e r e n c e i n we l fa re consequences. 

In models w i th c o s t l y d i v i s i b i l i t y of consumption goods, any 
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compet i t i ve e q u i l i b r i u m i s Pareto opt imal ,±2J In tha t sense, 

there i s nothing s p e c i a l about p r i v a t e p r o v i s i o n o f d i v i s i b i l i t y 

f o r consumption goods. In our model, there i s something s p e c i a l 

about p r i va te p r o v i s i o n of d i v i s i b i l i t y fo r asse ts i n tha t the 

we l fa re p r o p e r t i e s of compet i t i ve e q u i l i b r i a depend s i g n i f i c a n t l y 

on whether asset d i v i s i b i l i t y i s c o s t l y or c o s t l e s s . With c o s t l y 

d i v i s i b i l i t y , in the non -deprec ia t i ng asset v e r s i o n , there are 

m u l t i p l e e q u i l i b r i a ordered by Pareto s u p e r i o r i t y . A l s o , both f o r 

tha t ve rs i on and fo r the d e p r e c i a t i n g asset v e r s i o n , e q u i l i b r i a 

wi th taxes or subs id i es on the d i v i s i b i l i t y process or on r e p l a c e ­

ment are not i n any obvious way worse than l a i s s e z - f a i r e e q u i l i b ­

r i a . 

In our model, market p r o v i s i o n of d i v i s i b i l i t y f o r 

money- l ike asse ts and fo r o ther a s s e t s have s i m i l a r conse­

quences. We d i d , however, f i nd tha t the occurrence of m u l t i p l e 

e q u i l i b r i a ordered by Pareto s u p e r i o r i t y i s more genera l f o r 

money- l i ke a s s e t s . 

S ince the conc lus ion tha t no obv ious ly d e s i r a b l e p roper ­

t i e s f o l l ow from l a i s s e z - f a i r e p r o v i s i o n o f c o s t l y d i v i s i b i l i t y 

f o r asse ts i s ra ther s t a r t l i n g , one would l i k e to know how robust 

i t i s . In p a r t i c u l a r , one would l i k e to know how robust i t i s 

w i th regard to the way we have model led the demand fo r a s s e t s . 

Un fo r t una te l y , we cannot say . We s e t t l e d on our way of mode l l i ng 

asse t demand because we surmised that r e l a t i v e l y s imple s t a t i o n a r y 

e q u i l i b r i a would e x i s t fo r that s p e c i f i c a t i o n . 
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Footnotes 

— Of cou rse , i f d = 0 , then the s t a t i o n a r y ra te of 

i n t e r e s t i s zero f o r a l l s i z e s . However, f o r nons ta t ionary p r i c e s 

s a t i s f y i n g p ? + 1 = 2~^(p"+a) f o r a l l n and t , asse ts have re tu rns t t> 

that vary wi th s i z e even i f d = 0 . 

—^The boundary of the s t a t i o n a r y budget set can be 

X X 2 2 w r i t t e n = w.̂  - [pA+a(I-A) ]z , c . = w~ + [(p+d)A+a( I-A) ] z , where 

A = ( 2 ° , 2 - 1 , . . . , 2 ~ n , . . . ) and I = ( 1 , 1 , . . . ) . I t f o l l ows tha t = 

wj - [ ( A z ) / ( l z ) ] ( l z ) p - ( 1 - A z / I z ) ( l z ) a - wj - [(Az)/m]mp - ( l -

Az/m)ma = uw^ - ump + ( l -u)w^ - ( l - i i )ma = u(w*-mp) + ( l - u ) (wj-ma), 
p 

where y = Az/m = Az / I z e ( 0 , l ] ; and s i m i l a r l y f o r c~ . 

—^Our model and, i n p a r t i c u l a r , examples l i k e t h i s one 

are c o n s i s t e n t w i th the a s s e r t i o n made i n Wal lace [19831 that i f 

the government and the p r i v a t e sec to r have access to the same 

c o n s t a n t - r e t u r n s - t o - s c a l e technology f o r producing a p roper ty l i k e 

d i v i s i b i l i t y , then government asse t exchanges accompl ished a t 

market p r i c e s leave unchanged the set o f e q u i l i b r i a . 

—^Notice that i t i s enough to cons ide r smal l pe r t u rba -
_0 

t i o n s of (a ,d , x ) and of the d i s t r i b u t i o n o f p re ferences and 
endowments among agents of genera t ion t , t > 1. Each d i s t r i b u t i o n 

2 2 
i s g iven by a measure v on C ( R + ) X R + de f ined by v(A) = X { i e [ 0 , l ] : 

(u^,w^)eA) where X{ } denotes the Lebesque measure of { }. Two 
_0 _0 

se ts of c h a r a c t e r i s t i c s , ( x , d , x ,v) and (a* , d ' , x ' , v ' ) , are c l o s e 
_0 _0 

i f ( a , d , x ) and (a* , d ' , x ' ) a re c l ose i n Euc l idean d i s t a n c e , i f 

the supports of v and v ' are c l o s e , and i f v and v ' are c l ose i n 

the topology of weak convergence o f measures. 
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— For example, one e x i s t s fo r a l l i d e n t i c a l agent econo­

mies s a t i s f y i n g x° < 1 and v^(w^-ct, w?+ct) < 1 , where v^ = U j i / U i 2 

i s the marg ina l ra te of s u b s t i t u t i o n of agent i . (The i n e q u a l i t y 

on v^ imp l ies that there e x i s t s p > a such that v^(w^-p , w?+p) = 

1 . At t h i s p r i c e , demand i s {z™} = ( 1 , 0 , 0 , . . . ) , which imp l i es 

excess demand.) 

—^The ex is tence of compet i t i ve a l l o c a t i o n s which are 

dominated w i t h i n the c l a s s of e q u i l i b r i u m a l l o c a t i o n s i s a s t a n ­

dard r e s u l t i n models w i th incomplete markets (see Hart [ 19751 f o r 

an example and Geanakopolos and Pelemarchakis [ 1 9 8 5 ] f o r gener ic 

r e s u l t s ) and i n models o f over lapp ing gene ra t i ons . As we have 

i n d i c a t e d , at l eas t when d > 0 , the c o s t l y p r o v i s i o n o f d i v i s i b l e 

a s s e t s i s a c r i t i c a l i ng red ien t fo r the r e s u l t i n our model . 

— See Jevons ( [ l 8 7 5 l > Chapter 1 0 ) fo r a d e s c r i p t i o n and 

a n a l y s i s of Eng land 's go ld coinage system. In the p r e f a c e , Jevons 

l i s t e d among "cur rency quest ions which press fo r s o l u t i o n " the 

f o l l o w i n g : "How long s h a l l we i n England a l l ow our go ld coinage 

to degenerate i n weight? S h a l l we reco in i t at the expense of the 

s t a te or of the unlucky i n d i v i d u a l s who happen to ho ld l i g h t 

sove re igns?" (p . v i i i ) . His answer was that " the on ly thorough 

remedy i s fo r the government to bear the l oss occasioned by the 

wear of the g o l d , . . . " (p . 1 1 1 ) . 

—^See Supel and Todd [198U] f o r a d i s c u s s i o n of the 

problem f a c i n g the U.S. government under such a replacement p o l ­

i c y . 
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There are other dep rec ia t i on schemes which are s imple 

i n these respects and which we could a l s o a n a l y z e . For example, 

one could assume that d i s i n t e g r a t i o n imp l i es t o t a l l oss of the 

a s s e t , hut that the government i s ab le to c o s t l e s s l y produce new 

u n i t s of s i z e u n i t y . A p o l i c y under which the government s e l l s 

enough asse ts to rep lace d i s i n t e g r a t e d u n i t s and t r a n s f e r s i t s 

p r o f i t s in a lump-sum fash ion to the o l d a t each date i s c o n s i s ­

tent w i th s t a t i o n a r i t y . 

—^In the case of paper cu r rency , one may want to th ink 

of l a i s s e z - f a i r e as a government p o l i c y under which the government 

stands ready to exchange new u n i t s of currency f o r d i s i n t e g r a t e d 

u n i t s p lus the cost of producing new u n i t s . 

— ^ F o r homogeneous consumers, the f o l l o w i n g s i t u a t i o n 

g ives a p f u n c t i o n . Let s( x) maximize u(c) sub jec t to c^ = w^ - s 

and c " = w - - x + s by cho ice of s e R + . I f ( i ) s (x ) i s c o n t i n u ­

ous on [0,w^] and ( i i ) there e x i s t s an in teger m > 0 such that 

(m+l)a > s( x) > ma fo r a l l x e [0 ,w^] , then p(x) = s (x ) /m s a t i s ­

f i e s cond i t i on B. Th is p(x) imp l i es excess demand because at p = 

p( x ) , on l y the p o r t f o l i o z = ( m , 0 , 0 , . . . ) supports s(x) and t h i s 

p o r t f o l i o imp l i es excess demand. The s t r i n g e n t assumption i s 

( i i ) , an almost v e r t i c a l Engel curve assumpt ion. We need i t f o r 

t h i s cons t ruc t i on because i f s (x) = ma fo r some in teger m, then at 

any p r i c e p, z = ( 0 , 0 , . . . ) e i|)(p,x) and t h i s z imp l ies excess 

supp l y . 

\?l 

— - H e r e we use two f a c t s . F i r s t , convergence i n measure 

i s equ iva len t to convergence i n the weak-star topology on M(R) 
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( a l s o c a l l e d the topology of weak convergence i n p r o b a b i l i t y 

t h e o r y ) . Second, s ince R + i s sepa rab le , the weak-star topology i s 

m e t r i z a b l e . Th is m e t r i c , known as the Prohorov m e t r i c , i s de f ined 

as f o l l o w s . I f P and Q are elements of M ( R + ) , then p(P,Q) = 

i n f e > Q {P(A) < Q(A e ) + e and Q(A) < P ( A £ ) + e , f o r a l l A e B ( R + ) } , 

where A £ = {x e R + : d i s t (x,A) < e} ( B i l l i n g s l e y [ 1968] , pp . 

2 3 6 - 2 3 8 ) . 

13/ 

— ' F o r an a n a l y s i s of models wi th i n d i v i s i b l e consump­

t i o n and a continuum of agents , see M a s - C o l e l l [19771. 
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Table 1. Expected Re tu rns , E ( r n ) , 

and V a r i a n c e s , V ( r n ) , o f S i z e 2 " n Assets 

( Y n = ( l - 2 - n ) a / [ 2 - n

P + ( l - 2 - n ) a ] ) 

E ( r n ) V ( r n ] 

L a i s s e z - F a i r e - 9 n Y n 6 n ( l - 9 n ) ( Y n ) : 

Insurance Taxat ion ~ 9 n Y n ^ 

Lump-Sum Taxat ion 0 0 



Figure 1 

An Example of a Budget Set 
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F igure 2a 

Budget Sets Cons is ten t With M u l t i p l e E q u i l i b r i a 
Ordered by Pareto S u p e r i o r i t y (p'=p+a) 
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F igu re 2b 

Mean Demand fo r Un i t s of S i ze Un i t y 
Impl ied by the F igure 2a Economy 
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F igure 3a 

A Robust Example of Pareto-Ordered E q u i l i b r i a 

[ ( w \ w 2 ) = ( 5 , 1 ) , a = 3 /2 , d = 1/2] 



F igu re 3b 

Mean Demand fo r Un i t s of S i z e Un i t y 
Impl ied by the F igure 3a Economy 
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Figure 5 

Some A f fo rdab le Consumption R e a l i z a t i o n s 
i n the D i s i n t e g r a t i n g Asset Model 

[ ( w 1 , * 2 ) = ( 15 ,3 ) , a = 5, 6 = 6 = 1/4, p = 7] 
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Figure 6 

A L a i s s e z - F a i r e E q u i l i b r i u m (Point B) Pareto Super io r to 
a Lump-Sum Taxat ion E q u i l i b r i u m (Point A) 

t ( w ' , w 2 ) = ( 15 ,3 ) , a = 5, 6 n = 0 = 1/4, p = 7] 


