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1. Introduction

Dynamic competitive models have had considerable success recently explaining
fluctuations in, and correlations between, aggregate variables in closed economies. In
open economy macroeconomics Stockman (1980), Helpman (1981), Obstfeld (1981), Lucas
(1982), Helpman and Razin (1982,1984,1985), Aschauer and Greenwood (1983), Persson
(1984), Svensson (1985), Frenkel and Razin (1985), and Stockman and Svensson (1985)
have used similar tools to advance our understanding of fluctuations in domestic and
world output, trade, and exchange rates. We follow the Heckscher-Ohlin tradition in
basing trade on differences among countries, and extend this line of research to genera!
stochastic environments with heterogeneity in both endowments and preferences.

Our goal is to draw out the empirical content of this class of models, although we
also extend the theory in several ways. We argue, to puf it simply, that theory places
strong restrictions on correlations between real quantities but fairly weak restrictions on
correlations with nominal variables like the exchange rate. The suggestion is that the
intensive study of exchange-rate behavior surveyed by Obstfeld and Stockman (1985)
should be supplemented by a systematic investigation of quantity comovements. This
change in emphasis follows directly from using dynamic competitive analysis, an approach
that we think has a number of features that recommend it. First it builds on a long
tradition of work in general equilibrium theory and, particularly in matters of governmeni
policy, enforces a degree of internal consistency that is absent from some models using
other frameworks. Second, with some additional structure these models are capable ol
generating very strong predictions about the behavior of world and country-specific
variables. These predictions serve to focus empirical work and provide a starting point for
models with less restrictive structure.

We proceed by specifying a dynamic stochastic economy with many agents,
associated with countries, who trade a single good each period. Intertemporal trade is
generated by differences across countries in preferences, endowments, and government

spending. In Section 2 we describe the real environment and review two interpretations of
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equilibrium. In the first all trades are made at the beginning of time, "date 0," subject to
present—value budget constraints. In the second trades are executed sequentially, and
borrowing and lending takes place using two—period assets. The first is more convenient
mathematically, but the second is needed to make sense of some kinds of government
policies. It is essential to the cash—in—-advance approach to money used in Sections 5 and
6.

We characterize equilibria in the real economy in Section 3. Consumers maximize
expected discounted utility, but both the utility functions and endowments may differ
across countries.  With time-separable preferences and equal discount factors.
consumption in each country is a deterministic function of world consumption:
consumption is perfectly correlated across countries. With mild restrictions on the
endowment processes consumption is less variable than output and net exports are
positively correlated with output. Heterogeneity is handled easily by following Negishi
(1960) and Mantel (1971) in computing competitive equilibria as solutions to social
planning problems. We go on to consider ways of weakening the correlation between
consumption across countries, including different and/or stochastic discount factors.

In Section 4 we extend the model to include government spending, taxation, and
nontraded goods. We show that movements in government spending alter the correlation
hetween net exports and output, but suggest that they are unlikely to change its sign.
However, any correlation between government deficits and trade deficits can be made
consistent with the theory. The reason is the Ricardian theorem, which allows us to alter
the timing of taxes, and hence of deficits, without affecting consumption or the balance of
trade. We then turn to nontraded goods, and show that the risk-sharing result from the
previous section applies only to consumption of the traded good. With sufficient freedom
in choosing the stochastic behavior of nontraded goods we can generate any correlation we
like between total consumption in different countries.

In Sections 5 and 6 we introduce money using cash-in-advance constraints and

examine the hehavior of exchange rates. We generalize earlier work by Helpman (1981),
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Lucas (1982), and Sargent (1987a) and prove a general irrelevance proposition: real
variables in the monetary economy are identical to those of an analogous real economy.
We then present two neutrality propositions to the effect that real variables are
independent of both the currency of denomination of government debt and of government
financial policy, including open market operations. As a result, the correlation between
the exchange rate and the trade balance can have any sign. We contrast this strong
separation between real and financial variables with contrary ones from other models in
international finance, and discuss the reasons behind the irrelevance of the denomination
of government debt.

We conclude with a summary of the model's predictions and suggestions for future

empirical work.

2. The Real Economy

Our world is a dynamic stochastic Arrow—Debreu economy with a finite commodity
space. In this section we review two definitions of competitive equilibrium and
demonstrate the Ricardian theorem for this economy. In the "date-0" equilibrium,
consumers and governments face lifetime budget constraints: the present value of their
expenditures is constrained by the present value of their contingent claims. In the
"sequence" equilibrium agents face a sequence of two-period budget constraints plus
boundary conditions on initial and final wealth. The latter requires considerably more
hookkeeping, but the extra detail is essential when we examine government financial and
monetary policies.  The Ricardian theorem amounts to noticing that the date-0
equilibrium depends on the present value, but not the timing, of taxes.

The environment and notation extend Lucas (1984) to allow for multiple agents. The
economy has a single good each period whose quantity varies stochastically over time and
across consumers. Each period t, for t = 0, 1, ..., T, the economy experiences an event,
s,. We denote by st = (sl.,...,St] the history of events up through and including period t

{
and by S* the finite set of all possible histories of length t. The probability, given S0 ol




observing any particular history is known to all and denoted ft(si'). This suggests a
natural commodity space in which goods are differentiated by date and history. We use
the abbreviation "commodity s'" for the good at date t given history S (T price will be
denoted qt(st).

The economy contains I countries, each of which is represented by a government and
a consumer. The g()vernment of country i, fori =1, 2, ..., I, consumes gi(st) and collects
lump-sum taxes 7 ( ) in period t if history qt occurs. The endowment of consumer i in

period t is denoted yl_{s ): the aggregate endowment is y (s Y L t). Consumption

allocations are likewise denoted ci(s") individually and (:t{st’) in aggregate. In addition to
their endowments, we also permit consumers to start with initial wealth, xé{su}.
governments initial debt, IJE)(SO], both measured in units of the commodity at date 0.

Consistency requires each asset to be matched by a debt:

N P,
‘i"‘ﬂ“o) - ?bo(%}'

The preferences of consumer i are represented by the expected utility function,

U.

1: 1 - tit {
2 ;’i’ t,‘ Lf(q']u[ (s }],0<;3’i<l_.
t=0 's"¢S

Each period—utility function, u;, is increasing, concave, and differentiable and satisfics

the Inada conditions,

limu)(c) =w, limuy(c) = 0.
-0 C+o

Now consider two definitions of equilibrium, which we state using a notational

convention from Debreu (1954). Let ¢' denote the collection of elements C:(St)’ one for
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each s', and let (c") denote the set {¢ ¢ Define similar objects for other

variables

Definition 1. A real date-0 equilibrium in this economy is a collection of allocations ((.:'_).

prices q, and government policies [(g'),(7")] satisfying:

o market clearing: for each date and history

22 g (s") + gl (" =Sy yi(sh).

e  consumer maximization: for each consumer i, quantities ¢! maximize U i [c] subject 1o

the budget constraint

(2.3) T q,(s)c!(sY) = 5 a6y - 7Y
tfgl t 7 t=0 ' ..St t t

+ ag(sp)xp ().

e government budget constraints: for each government i, policies obey
I . t I v it i
(2.4) ¥ X q(‘“») = % a, ()71 (s") = 4 (5)ba(50)-
120 sbeg B8 Bt t_{}ktfst AL 0°0"°0%0

In a date—0 equilibrium all trades are executed at the beginning of time and there is
no need to follow agents' balance sheets through time. To do just that, we introduce

tml,s ) be the price of

two—period assets and their associated prices. Let vt(st = v.(s
commodity s in units of commodity s et x (q ) denote ownership by consumer i ol
bonds paying one unit of commodity s' and b;(s ') government debt in like bonds. We can

now state:

Definition 2. A real sequence equilibrium in this economy is a collection of allocations

(c]), asset positions (x ) prices v, and government policies [(g ) (7 ) (b )] satisfying



e market clearing: for each date and history (2.2) holds.
e  consumer maximization: for each consumer i, quantities ¢’ maximize Ui[cl] subject to

the sequence of budget constraints

‘ it t PR}
(2‘6) C;(S ) y‘+1 t|+l[s ?S-L+1 t+1[g qt+]) = Yt(b )_- T ) + XE(S Ja

for all dates and histories, and the terminal condition, xri, Y 0.

e government budget constraints: for each government i, policies obey the sequence of
budget constraints,

(2.7) b {(s") — 71(s") + bi(s",

{ t i
Vi1 (88D (878 q) = 8

t+1
for all dates and histories, and the terminal condition b+ 4 =0 Equilibrium in

bond markets is implied.
We now demonstrate that the two definitions are equivalent.

Proposition 1. (Equivalence of date—0 and sequence equilibria).

Any sequence equilibrium is also a date-0 equilibrium with prices qt(s[) =
'l'I}’tlvj(s'i) and qg(sﬁ) = 1. Conversely, any date—0 equilibrium is a sequence equilibrium
with prices vt[st) = qt(st)/qthl(s"—l) for all dates t = 1, 2, ..., T, and asset t — |

positions and bond supplies defined recursively by

8 xE=q@)+E v E T e + 6
and

> 1 £ i i

(29)  bi(sh) = S vn6 b 6 - gl + 76",

g boo o g § a0
for all dates t and histories s, starting with XT4q = bT+1 = 0.
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Proof. Since market—clearing, consumer preferences, and initial wealth positions are
identical in the two formulations, the proof consists of demonstrating equivalence of
sequence and present—value budget constraints. We show first that the sequence of
budget constraints is equivalent to the present—value constraint. Multiply each constraint
(2.6) by qt(st'), sum over t and st. and note that all of the asset terms cancel but xg}{ 5o)
. -
_.i‘ﬂ(slﬂ].
constraint, equation (2.3). The government budget constraints are handled analogously.

and x The latter is zero by assumption, and we are left with the date-0
Conversely we can derive the sequence constraints from (2.8) and (2.9) starting with

t=FE v

Proposition 1 contains the ingredients of a many-country version of the Ricardian

theorem, which we state in two parts. The first part is: If [(cl),(x_]),v,(gz),(rl},{l)l)] is a

equilibrium for the economy with endowments (‘viﬁgi), where q is given by (2.10). The
timing of taxes, in other words, is irrelevant. The second part is: If [(ci),q] is a real
date-0  equilibrium  for the economy with endowments (_yi,gi], then
{((:i).,(x.i)‘v,(g'z),{ ri).(bi)] is a sequence equilibrium for the economy with endowments ( ._vi)
for any set of financing policies [( ri),(bi)] satisfying (2.7); v and (xi] are defined in

Proposition 1. We return to this result in Sections 4 through 6.

3. Comovements in the Real Economy

We proceed to describe equilibrium in the model without governments (gizri:D} and
comment on its empirical content. We show that with identical discount factors the
model implies a deterministic time-invariant relation between consumption in different
countries. With additional restrictions on the endowment process it also implies that the
covariance between net exports and domestic income is positive. Different discount
factors induce trends in consumption, and therefore in net exports. We refer to these as

"low-frequency" models and suggest that trends in the data be removed by filtering. The




implications for the detrended "high—frequency" data are the same as the equal discount
factor case.

Consider then:
Proposition 2. (Equilibrium with equal discount factors).

In the exchange economy with equal discount factors (4, = A) and no governments
(gj = ti = 0), competitive equilibria are characterized by allocation functions, a;, one for

each consumer, and a pricing function, b, such that

i7 & t
(:t(s Yo a-.i[ct(s ),
and

t el t i
qy(s") = B (s")ble,(s")],
where ct{st’) is aggregate consumption. Furthermore, the allocation functions are
increasing, and the pricing function decreasing. With no governments ct(sl') == yl,(st'} and

we can replace aggregate consumption with the aggregate endowment.

Proof. We exploit the equivalence between Pareto optima and competitive equilibria in

Arrow—Debreu economies. Since the utility functions are concave, any optimum can be
computed as the solution to a planning problem of the form

L s )uclsY)]

. ae 4 TT el — a3y 3 b
(3.1) max XA Ue] = max YA X4 i

Iy 1 1y 1 t s
(¢) (¢’)
subject to the resource constraints,

_Ec;{st) <L y;(s"), for all t, s',
: :

1

for some choice of nonnegative welfare weights, A.



If we reverse the order of summation in the welfare function, writing it as

% AsY B el Y],
Y. g 1

then the planning problem divides naturally into two steps. The first is

max X ,\.ui[cl(st)]
fel(s! Ldgi
ct(s 3, . C Gy (8 )}

i

t(St] = (:t(st'), for each date and history. Concavity of the period utility

subject to ¥ ¢
i

functions, plus the Inada conditions, guarantees that consumption by each consumer is an
increasing function of aggregate consumption. Since this problem has the same form for
each date and history, the function does not depend on either, although it does depend on
the choice of welfare weights.

Denote the solution of the first step by w[ct(st‘)] and note that w inherits concavity
and Inada conditions from the Then step two consists u-l's. Then step two consists of

maximizing

% A wle,(sY)
t,s

subject to the resource constraints, (:t(sl’) < yt(st). If we denote the Lagrange multipliers

on the constraints by qt(SL) then the first—order conditions imply
' t ty bty b
wle,(s4)] = q,(s")/8'(sh).

Since w is concave this establishes the form of the pricing function and the proof is

complete. ¢
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Proposition 2 describes the well-known risk—sharing properties of competitive
equilibria in Arrow-Debreu economies.  Similar results appear in Breeden and
Litzenberger (1978), Scheinkman (1984), and Townsend (1986). Its usefulness here lies in
its strong implications for time-series data on consumption. In our economy we would
observe a perfect, possibly nonlinear relation between consumption by one individual and
consumption by any other, since both are increasing functions of world consumption.
Since sums of increasing functions are also increasing, we can apply the same reasoning o
aggregates of consumers, like states or countries. The proposition generalizes to
economies with governments and some kinds of production; see section 4 and Backus and
Kehoe (1986), respectively.

The proposition also tells us something about comovements between net exports and
output. The consumption smoothing motive that underlies proposition 2 suggests that
countries will import when their endowments are low, and export when they are high. We
might expect, therefore, a positive correlation between net exports and domestic output.
We can state this more precisely if we impose a small amount of structure on the
endowment processes. In our pure-exchange economy, net exports is the difference

i

between the endowment and consumption, nxg

= y; - c{, and the covariance of net

exports with output is
i [ i : -
cov(nx',y') = var(y ) —cov(c,y ).

Now since consumption is a function of the world endowment, net exports and output will
be positively correlated if the covariance between domestic and world output is not foo
large; that is, if there is a large enough idiosyncratic component to domestic output
fluctuations. A second implication of this assumption is that consumption has a smaller
variance than output. Put another way: the covariance between net exports and output
in a pure exchange economy is positive if the variance of output exceeds that of

consumption.  Strictly speaking this holds only for exchange economies without
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government; we discuss government spending in section 4 and capital accumulation in
Backus and Kehoe (1986).

Two examples illustrate these features of exchange economies. In the first agents
have identical homothetic preferences, so the model could be solved more easily for prices
and aggregate quantities by combining them into a single representative consumer. As a
result of this aggregation possibility the pricing function does not depend on the welfare
weights.  We also show how the weights associated with a particular competitive
equilibrium depend on the distribution of wealth. Preferences in the second example are
neither homothetic nor identical, and both prices and aggregate quantities depend, in

equilibrium, on the distribution of wealth.

Example 1. Let u.i{c} = log ¢, all i. Then equilibrium quantities and prices for a

particular distribution of wealth are

i, * t
cl(s") = Aty,(s")
and

,(s") = D'T'(s") /v (s"),

where A‘%‘ = A b /\j. Note that equilibrium prices do not depend on A.

We generate the complete set of equilibria and optima by varying the welfare
weights. For a particular distribution of wealth we find the appropriate weights (that is,
the appropriate optimum) by imposing the budget constraints. With logarithmic
preferences the weight on country i is just its share of the value of the world endowment,

corrected for initial wealth:
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with prices defined above. This recursive solution technique (find prices, then use the
budget constraints to find the weights) works because equilibrium prices do not depend on
A

We can also check comovements between consumption, net exports, and output if we
specialize the model further. Suppose that events 5, are distributed independently and
identically over time. Then y, ¢, and nx are iid random variables and we can be concrete

about what we mean by covariances among them. In this case,
iy i * i
cov(nx,y ) = var(y ) — AT covly,y )s

which, for any )\‘{ is positive if the covariance between domestic and world output is not
too large. To see how this might fail to hold, let yi = 0y + ay S0 that y and yi are
perfectly correlated. Then var yi = (x‘? var and cov(y, yi') = @, vary, and cov{nxi,yi) >0
if a > h’: If o, is small enough then domestic output will be smoother than world output

and consumption, and the inequality goes the other way.

Example 2. Let ui(c} = -af{1 exp(wai(:), a, >0, all i. Then equilibrium allocations and
prices are

=} ]

c;:(sz‘) = a';l(a*yi(st) + log A - o* X a;" log Aj]

and

1/a. « !
q(s') = A'1'(s") (I ,\./a-']"‘ exp(—a*y, (s"),
j J

where o* = [E a}l ]—1. Note that the pricing function depends on the distribution of
wealth through so that finding the weights associated with a particular distribution of
wealth involves simultaneous determination of welfare weights and equilibrium prices.

Mantel (1971) describes a fixed—point algorithm for doing this.
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The empirical content of this model is its strength, but we suspect that the perfect
correlation predicted between consumption across countries is too strong to be realistic.
We therefore consider two extensions that weaken this link without losing the flavor of
the original. The first allows consumers in different countries to have different discount
factors, a device that figures prominently in Helpman and Razin (1982,1984,1985) and
Frenkel and Razin (1985). We show that it introduces deterministic trends into
consumption and net exports. The second introduces randomness on the demand side
with state—contingent utility or discount factors.

Of course trends can be introduced into consumption paths even with identical
discount factors if the aggregate endowment is nonstationary, as the following

deterministic example demonstrates.

Example 3. Let there be two countries, with period utility functions 111((‘) = ¢ and

112(0] = log ¢, and let the aggregate endowment be ¥ = 'yt, 7> 0. Then

c.l: t—/\

1. 2/ A

l-

which clearly has a geometric trend. This motivates the boundedness condition in the

following proposition. We assume here that T is infinity.
Proposition 3. (Equilibrium with different discount factors).

Let the process for endowments be bounded, so that yt(s") <Y < wforall tands'.
Define I* to be the set of countries with maximal discount factors:

I* = {i|B; = max(By, BBy}

e g g g doty
I'hen for i not in 1 llmthm (.-t(h )= 0.
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Proof. The first—order conditions for the planning problem (analogous to (3.1) but with

different discount factors) are

toipadeb t, b
ABhulley(sh] = q(s)/1(s),
which implies

/A ey el = (3,/8)"

for any two countries i and j. Let j be in I* and i be any country not in I*, so that ,j"i'j >
ﬁi. Then as t increases the ratio of marginal utilities approaches infinity. Since the
endowment is bounded so is consumption; the Inada conditions require C‘t(SL) to approach

Zero, as stated. o

Proposition 3, which has antecedents back to Ramsey (1928), shows that different
discount factors introduce trends into consumption paths. If one is interested, as we are,
in high—frequency fluctuations, the obvious solution is to filter the trend out of the data
before computing cross—correlations. The point is illustrated with a specialization of

example 1.

Example 4. Consider example 1 with two countries, and let events be iid with two
equally probable outcomes. In "state" 1 country 1 has endowment 1 + a, in state 2, 1 —a.
Country 2 has the reverse so that the aggregate endowment is 2 in each state. With equal
discount factors the symmetric equilibrium involves consumption by both countries of 1 in
each state. Net exports of country 1 are a in state 1, —a in state 2, and the reverse for
country 2; clearly net exports is positively correlated with domestic output in both

countries.
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With different discount factors the solution to the planning problem is

in each state for each country i, where ,\‘;‘( = )\ ’i‘ o> /\ ﬁt The point, which is clear
from the definition of A’i‘(t), is that there is a trend in the consumption path of each
country. Net exports fluctuates randomly around a similar trend.

We conclude this section with an example in which temporary random fluctuations in
preferences, which we can interpret in this case as random discount factors, breaks the
perfect, correlation in consumption across countries. Sargent (1987b) describes this as a
way of introducing transitory consumption into the permanent income hypothesis, and

similar specifications are commonly used by econometricians in applied work.

Example 5. Consider example 4 with equal discount factors, but with state-dependent

period utility functions,
u [ci(l) (‘2{2)] = Gi lo ci{l) “+ {Ji log ci(‘Z)
Lo\ G 1 98 % g% L

for each country i, where G} is a random variable that affects country i's utility of

consuming in state j. A particularly simple parametric example is the following;:

Event  Probability y] y‘z 0! 0>
1 1/2 l1+4a 1-a 1+b 1-b
2 1/2 l1-a 14a 1-b 1+b

The symmetric solution is then consumption by country 1 of 1 + b in state 1, 1 = b in

state 2, and the reverse for country 2. Net exports for country 1 is then a — b and a + b
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in the two states. The covariance between net exports and output in each country is
a(a-b), which is negative if b > a. With this condition the variance of consumption
exceeds that of income, as must be the case. We think this might be a reasonable way of
weakening the tight link predicted between consumption in countries 1 and 2, but too

much of this medicine destroys the spirit of the analysis.

4. Government Finance and Nontraded Goods

We now extend the analysis in two directions. The first direction is government
finance, and we show that the risk—sharing result of section 3 applies here to output net of
government spending. Comovements between output and the trade balance now depend
on the stochastic behavior of g. Taxes, on the other hand, are restricted only by
government budget constraints and have no effect on either consumption or net exports.
As a result the model places no restrictions on the correlation between trade deficits and
government deficits. The second direction is nontraded goods, and we show that the
risk—sharing argument applies only to traded goods. If traded and nontraded goods are
not observable separately, apparent deviations from complete risk—sharing may in fact be
the result of fluctuations in quantities of nontraded goods.

We start with government finance. With regard to government spending, we note

that proposition 2 still holds. In the proof the resource constraint is now
'Ec:‘(st) + _Sg;(st) <3 y:(st), all t, s,
i I 7 i

and in the second step we simply substitute y — g, rather than y, for ¢. Consumption by
each country is still a function of aggregate consumption so they are still perfectly
correlated.

We must also modify the conditions that led us to predict a positive correlation
between net exports and output. With nonzero government spending the covariance can

be written
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cov(nx',y') = var y' B cov(cl,y]) - cov(gl,yk),

since nx = yi - (:i o gi in this economy. The point is that a large positive covariance
between g and y could reverse the predicted positive covariance between nx and y.
During the postwar period governmment purchases of goods and services in the United
States have been only slightly procyclical, so in practice this correction will probably not
make much difference.

It has been popular recently to relate government deficits to trade deficits, so we
consider the model's implications for comovements between these variables. We show, in
essence, that it has none. Any correlation between the two deficits can be made

consistent with the theory.

Proposition 4. (Comovements between government deficits and trade deficits are

arbitrary).

Given stochastic processes for endowments and government spending that induce a
nontrivial process for net exports, a process for taxes can be chosen to attain any
correlation between the government deficit and net exports.

The proof follows directly from the Ricardian theorem. Its logic is illustrated by the

following example.

Example 6. Consider once more the symmetric two—country model of example 4 with

logarithmic preferences, equal discount factors, and equally—probable iid events:

) — 2 2
Event Probability yi y g =g ¢t =c m(l = X

1 1/2 l+a 1-a g9 1-gg a
2 1/2 l1-a 1+a £y 1-g ~3
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Now consider taxes. We know from the Ricardian theorem that the timing of taxes
can be chosen arbitrarily, without affecting consumption or trade, as long as their present
value equals the present value of government spending (here zero) and the outstanding
debt. We can therefore choose a tax policy, 7 = To T b in state 1, o~ b in state 2, with
appropriate choice of 7o (for example, T = gﬂ). In this case government deficits and
trade deficits are positively related if b > 0, and negatively related if b < 0, so the
covariance is not restricted by the model.

A similar problem afflicts nontraded goods unless we can observe them separately.
Let y and z denote endowments of traded and nontraded goods, respectively, and ¢ and
consumption of the same. We extend the framework as follows. Assume for simplicity
that the period utility functions are additively separable between the two goods, and can
be written

ui[c:l(s%),di(st)] &% uli[ci(st)] + uQi(d;(st]].

Proposition 5. (With nontraded goods comovements between consumption across

countries are arbitrary).
Given stochastic processes for endowments of traded goods, processes for nontraded

goods can be chosen to attain any correlation between total consumption across countries.

Proof. The planning problem for the model with nontraded goods involves consumption
of nontraded-goods endowments by all countries, since by assumption they cannot be
traded, and risk—sharing as before over traded goods. (With nonseparable preferences
there would be some interaction between the two.) Total consumption in each country, as
measured in the national income accounts, is the sum of the two quantities, evaluated at a
relative price from some base period. Since the nontraded goods component of this total

does not depend on the quantity of traded goods consumed, it can be chosen to attain
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literally any behavior for consumption. By choosing different processes for nontraded
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goods in different countries we can generate any correlation between consumption across

countries. ¢

By similar means we can also generate arbitrary comovements between net exports

and output within a country. Both results are illustrated in the next example.

Example 7. Consider example 6 with the addition of a nontraded goods endowment of
| + b, in state 1, 1 — b, in state 2, for countries i = 1, 2. Preferences are log ¢ + log d in
each country, and the relative price of the two goods in the base period is 1. Total
consumption in country i is 2 + bi in state 1, 2 — bi in state 2; domestic output is 2 + a
+ hi and 2 - a - l')i, respectively. If l).l and 112 have opposite signs then the correlation
between consumption in the two countries is not only less than one, it is negative.
Moreover, the covariance between net exports and output in country i is positive if and
only if a + b, > 0.

Nontraded goods, therefore, provide a second way of weakening the predicted perfect
correlation between consumption across countries. Clearly empirical work will want to

try to separate these two goods.

5. The Monetarv Economy

The exchange rate is without question the most intensively studied variable in
international macroeconomics. We examine its behavior in a theoretical context by
introducing money into the economy of Section 2 using cash—-in—-advance constraints. Our
analysis builds on earlier work by Stockman (1980), Helpman (1981), Lucas (1982), and
Sargent (1987a), and extends it in several ways. Perhaps the most interesting are that we
deal with a general stochastic environment and do not require the cash—in-advance
constraint to bind in all states. The logical structure is closest to Helpman (1931).

The cash—-in-advance environment has been described clearly elsewhere in the

literature so we will be brief. In each period t agents trade money, assets, and goods in




particular ways. At the start of the period, after observing the current event, S, agents
trade currencies and assets in a centralized securities market. The assets are one-period
state—contingent nominal claims and are available in all currencies. At this time claims
incurred in the previous period's security market are settled and taxes are paid to the
government,.

Each household then splits into a worker and a shopper. The shopper travels to
different countries and purchases goods from their workers. The worker stays in his own
country and sells his endowment to shoppers for local currency. All markets close and the
shopper returns home bringing goods and unspent cash. The household enters the next
period holding the cash from both the shopper and the worker and claims accumulated
from maturing assets.

The timing of the government's problem is similar. In the securities market cach
government trades assets and currencies of all denominations. Each government also
collects taxes and issues or destroys units of its currency. In goods markets governments
purchase goods from workers of the various countries with local currency. These
purchases are financed through taxes, creation of money, and sale of assets.

This physical environment leads to the following constraints for the consumer of
country i in state s'. In the goods market for country j, the consumer of country i
purchases cij(st’) units of goods using the MDij(st) units of currency j acquired in the

securities market subject to the cash—in-advance constraint,
Jebvaidsot ijo.t -
(5.1) p(s7)ey’(s7) € MD(s Yufor j=1, .41,

where p-](st) is the currency—j price of good st

In the securities market consumer i acquires MDiJ(sL) units of currency j and

ri _i { " "y I3 i ¥ i ! i
.\H_I(S ,SH_]) shares of an asset paying one unit of currency j at date t + 1 if St 11
occurs. These assets sell for V{ +1(5L,5£ +I) units of currency j in state (i ei'](s") is the

exchange rate between currencies 1 and j (the currency-1 price of one unit of currency j)



21

then consumer 2's budget constraint as he enters the securities market is, in units of

currency 1,

2 eVl 6T

(1 TR
(877 7) < Wi(s),
1] t+1 t

-8 t+1

(52)  SelshMDIEY + zlf
where W i( t') is the total value of his assets. We construct W as follows: The consumer
enters the securities market with pt+l(<=t+l)yi_l(st_k) units of currency i collected from
the sale of endowments at t — 1 and MDHE(st"I) - ;‘)jml(_st_l)cgl(st_l) units of unspent
cash for each currency j. He then pays T i(st) units of currency i in taxes and collects
X,ij(st’) units of each currency j. The net value of his portfolio, measured in units of

currency 1, is

& i i, b Lig by, i t—1, . i -1 i, byl b
(53) W) = ¢ (s)py_y (5" Dy (87) — e ()T (s")
+ DelEh)xsh) + SelshMpl ) - pl_ (68l (87,
] ]

Consumer i, then, chooses consumption quantities ¢, currency positions MDY, and
asset positions X" to maximize U. subject to the cash-in—advance constraint (5.1), the

0.

It

budget constraints (5.2) and (5.3), and the boundary conditions, ‘(0] = 0 and X, 11_{_]

It will be understood that utility depends only on the aggregate quantities,

it h et
ct(s ) = ¢ (8"},
: ey §
since goods in different countries are identical.
The government of country i faces similar constraints. The goods—market constraints

are

pl(s)gl)(s") = MGH(sY), for j = 1, ... 1,
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where g;'](st) and MG;J(St) are, respectively, the quantities of country j's goods and
currency purchased by the government of country i in state s'.  The asset—market

constraints, expressed in units of currency 1, are

t+1(st+l)B]til(t+] 2911( )B]J( )+Lei3(sr)l\16;}(s{‘)

Bl j j

(56) B3 elshv
]t

- e (s Ty(sh) — e s M(s) - My 67

t+1
)

together with the terminal conditions, Br} -35-1 =0 forall j. B is the number of

t+1

+1(“

bonds of type s and denomination j issued by government i. Like consumers' assets

each bond sells for Vt n i( ) units of currency j at date t and pays one unit of the same

currency the following period if state St+l occurs.

We can now state:

Definition 3. A monetary sequence equilibrium is a collection of allocations (c”), money

and asset positions [(MDU){X'})], prices [(pl),(Vl),(eh)], and government policies

(g l}) (T' ) (B l'] (MCIJ) (M )] satisfying:

e market clearing: for each country j, date t, and history s", markets for goods, assets,

and money clear:
I

61 B (el + gl =6,
I I
(5.8) % X" = 2 BYsY,
i=1 i=1
I .
(5.9) 5 [MDH(s") + MGH(sh) = MiEsh).

i=1
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e consumer maximization: for each consumer i, the collection (:IJ X’J and MD’-' for
= , I, maximize U subject to (5.1)—(5.3) and the boundary conditions, X L e 0
and X I‘+1 = 0.

e government budget constraints: for each government i, policies obey the goods and

asset market constraints (5.5) and (5.6) for all dates, histories, and currencies, and

the boundary conditions, BOJ = 0 and BT 1150, for all j.

The rest of this section describes various features of monetary equilibria through a
series of lemmas and propositions. We begin with two relationships that characterize
equilibrium prices. First, since physical goods located in different countries are perfect
substitutes, their prices are equal in all states. Second, with I currency and asset markets
there are multiple sets of transactions that convert units of currency j, say, in state into
currency j in state st into currency j in state s H. Arbitrage guarantees that these

transactions have equivalent value, which places restrictions on equilibrium prices.

We summarize this in:

Lemma 1. (Arbitrage restrictions on prices).

In any monetary sequence equilibrium prices obey

. L by _ 1 i/t

(5.10) e (") = py(s")/p)(s")

and

- gl ) t+1y
(A1) Vigr s = eVl 6 e d

for all dates, histories, and currencies.
We call (5.10) the law of one price for state—contingent prices and (5.11) interest rate
parity for state—contingent prices. Notice that we have written down only the pairwise

arbitrage restrictions between currency 1 and other currencies. These exhaust the
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arbitrage restrictions on prices since any prices satisfying these conditions satisfy all
possible arbitrage restrictions.

We now turn to the cash—in-advance constraints and present a condition that tells us
whether the cash-in-advance constraints bind. In doing so we let E\f{}-lij(st) denote the

amount of currency j that consumer i has left over from the date—t goods market:
(5.12) NTH:J(SL) S MD;J(st] - p;l(st)cij(sb).

Thus MH?(SQ') is the amount of currency j that consumer i plans to hold from period t to
period t + 1 while [MDij(st) - MHij(st’)] is the amount he plans to spend in the country—j
goods market. Combining (5.12), the government's cash—in—advance constraint, and the
equilibrium condition for goods, we find that the price level obeys the guantity-theory
relation,

. Coe
pi(s") = Mi(s") /s,
when the constraint binds, and
pi(s") = M) -2 Mu (s /")
i

when it does not.

The following lemma tells us when the quantity theory is appropriate.

Lemma 2. (Restrictions across prices and cash—in—advance constraints).
In a given monetary equilibrium, if all sure nominal interest rates are positive in the

sense that
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2 vl (st

_ &l
St+1 t+1

St4+1)

for all currencies j and histories st’, then all cash-in—-advance constraints at date t bind
with equality. If the cash~in—advance constraint on currency j of consumer i in state gt
does not bind, then

£ vl (sts, ) =1

) [ I -

St+l 141 t+1
Proof. Consider the substitution possibilities between money and bonds. If a consumer
holds one unit of currency j from state s' into the following period, he "receives" one unit

of currency j for all possible events s Using asset markets, the currency—j price in

t+1"
state s' of a bundle that pays one unit in all states is

5 Vi, (sts, L)
bt +1 t+1 t+1

If the price of this bundle is less than one, then assets dominate cash as a means of
savings, money—to-hold is zero, and the cash-in-advance constraints bind. If

money—to-hold is nonzero then cash and assets must bear the same return and

5 vl (=10
S._J' ; .
g1 vt

We now demonstrate that a monetary equilibrium divides naturally into a "real
part" and a "monetary part,” where the real part is a real sequence equilibrium

(definition 2 of Section 2).
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Proposition 5. (Classical dichotomy: reduction of a monetary equilibrium to a

equilibrium.)

If consumer decisions [(ci'%],(MDij},(XiJ)] prices [(p ](\f ), (eil)] and government
pohcmq (g ) ‘i),(Bij),(MGij),(I\{i]] constitute a monetary sequence equilibrium then
[((‘ ),(x } (gi),( i),(bi)] is a real sequence equilibrium, where for all consumers i, dates t.

and histories st real variables are defined by

(5:13) s =Ses"), (") = Tg ), bi(s") = £ B ) /ml(s"Y),
J ] i

x,iL(SI’] = ? ( t‘]/p-l(s ) + L MHt [( L 1)/[;{*1(3';_1),
Tf__(st'):'l‘i(s")/pti(s) [p (s")y i( 8")— pt 1( )wt 1(s ]/pi(st'},

and

Proof. Given a monetary sequence equilibrium we show that its real part, as defined in
(5.13), is a real sequence equilibrium. To prove this we use lemmas 1 and 2 to convert the
monetary equilibrium into a real equilibrium and then simply compare the two
definitions. First, if [(cij),(gij)] satisfy the equilibrium conditions (5.7), then summing
over j we have that [(ci),(gi )] satisfy condition (2.2) for a real equilibrium. Next we claim
that if cij, Xij, MDU, for j = 1, ..., I, maximize utility, (2.1), subject to constraints
(5.1)=(5.3) and the terminal conditions given prices [(Vi),(pi),(cli)] and tax policy ’]"i,
then (:i and ¥ maximize (2.1) subject to (2.6) and the boundary conditions given prices v
and tax policy A To demonstrate this we reduce the monetary budget constraints to real
budget constraints. The asset-market constraints (5.2) and (5.3) are reduced to (2.6) as

follows. Add and subtract
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B e(shpl(sh)els!)
]

from (5.2) and use (5.10) and (5.13) to write (5.2) as

(5.14) pp(sh) Be)(s") + SeflshMEN (Y
L

+53 elshvl tHx MY <wish).

t+1 t+1 =

Lemma 2 implies that if MI—l;J(st’) is nonzero then

p Vit =1,

which enables us to aggregate the second and third terms in (5.14) into

. ) : i t+1
(5.15) 58 J( )\r%+l t“"l)[MH_'I;-'(s) X;il{ 4.

From lemma 1 we have

(5.16) (& )V t-H) t—HJ (s b1 (s t+1)

?

i1 t+1(°‘ Vi+ )/v] Pi+1

which we can use to rewrite (5.15) as

617 & Shl GV IMalh + xE ], .

D "/l (s
ALY t41 t+1 4]

-

Now substitute (5.17) into (5.14), divide by pé(st), and use definitions (5.13) in the

proposition to obtain
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- it t+1 t+1 ptni 1ot
(5.18) ¢,(s") + S?va(s X418 < Wi(sh)/py(s").

Using (5.3) and (5.10) we can express the right—hand side of (5.18) as

(519) Iy Dy 67 =Ty /p (N + 2 v 87 + Xt/ "),
j

i

which, by (5.13), reduces to A

(st') - T;(st’] + x;(st’). Then (5.18) becomes

(5.20) (st + I v

: Hl)x‘ (st"'"l) < y;(st) = ri{st‘) % x{(st),
Tl

410 Xt
the real sequence constraint (2.6).

Finally we need to show that if the monetary government budget constraints hold
then the real government budget constraints hold. The argument is nearly identical to

the one used for the consumer. o

There are two ideas behind this proof that give insight into the structure of the
monetary economy. First, in states in which the sure nominal interest rate is positive,
bonds dominate money as a means of saving and the cash-in-advance constraints bind.
In states where it is zero, money and "sure bonds" are equivalent from a consumer's point
of view and we must include money—to-hold in our definition of real bonds. Second, the
real value of taxes in a monetary economy is the sum of the real value of nominal taxes
and the "inflation tax," which in nominal terms for country i is

T CR GO R N G A Ca
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The dichotomy result depends on this tax being nondistortionary, which holds here
because output is exogenous. If, as in Aschauer and Greenwood (1983), the inflation tax
affected real decisions, proposition 5 would not apply.

It is clear from proposition 5 that a monetary equilibrium has a trivial type of
indeterminacy. Since goods in different countries are perfect substitutes the equilibrium
only pins down total consumption by each consumer and government. It also has a less
trivial indeterminacy. Since the real returns generated from holding one currency can be
duplicated by holding another currency (or currencies) there is also a redundancy in
assets: the equilibrium only pins down the real values of asset holdings by consumers and

governments. More formally we have:

Proposition 6. (Irrelevance of assets' currency of denomination).

If consumer decisions [(cij),(Xij),(MDij)], prices [(Vi],(pi),(e]'i)], and government
policies [(gij),('l‘i),(Bij),( i\fiGij_),{E\»Ii}} constitute a monetary equilibrium, then so do any
(), Xy, DBy, (V). )], and [(g9),(Th).(BU)(MGY),(M")] satisfying the
market clearing conditions (5.7)—(5.9), the cash-in-advance constraints (5.1) and (5.5).
and

(5.21) £ elish) = 2 ell(sh), T glish) = B glsh),
J J

T ST PR AN PR ¢
}_JB:I-'(-S )/pg(s ) gB{j(S )/D%(S ),
] J

£ XY /0% = EXP64) pl(s).

J J
Proof. Given proposition 5, the only part of this proposition that is not obvious is why
nominal prices are the same in the two equilibria. From Lemmas 1 and 2 it is clear that

prices in the two equilibria are equal if and only if
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(5.22) £ MH(SY) = £ MEN(sY) all j, o, st
i i ;

This follows directly from the market—clearing conditions and governments'

cash—in—-advance constraints. ¢

An implication of this proposition is that the denomination of government debt is
irrelevant: changing the composition of the debt affects neither real variables nor nominal
prices. The result is probably obvious in this context, but it is in stark contrast to the
results obtained in either portfolio balance models or international capital asset pricing
models [see Branson and Henderson (1985) for a survey]. In both of these classes of
models the exchange rate depends on the supplies of government bonds of different
denominations.

The question is why our model rules this out. The proof simply amounts to
observing that the real claims on a government that arise from issuing
currency—j~denominated debt can be matched by issuing a suitable bundle of debt
denominated in any other currency. The proposition, therefore, seems to depend on
governments' ability to issue state—contingent debt. A similar result holds, however, even
if governments only issue uncontingent debt. This latter result is more subtle and makes
use of the fact that a Ricardian theorem holds for this environment; see Backus and
Kehoe (1987) for details. We argue there that the experiments considered in the portfolio
balance and international CAPM literatures are not well-posed because they ignore
government budget constraints.

The proposition tells us that the monetary equilibrium has several dimensions along
which there are trivial indeterminacies. To make this clear we will record in a monetary
equilibrium only the real value of consumption and assets for consumers and governments
together with nominal prices, taxes, and money supplies. Using proposition 6 we are

justified in writing a monetary equilibrium more compactly as consumer decisions
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[(ci),(xi)], prices [(Vi),(pi),[eli)], and government policies [[gi),(l)i),(l\;Ii],('l’i)]. In this

representation it will prove useful to write government budget constraints as

(523) & v 6Thby ) = bish) + )Y - Ty")/p(s"Y)

t+1
‘i 1;—1 it
-~ Mish - Ml T /plish),
and consumer budget constraints as

(521) o)+ 3 v 6Tx 6 = 6Ty 65D - T

St+1

+x(s"),

where in  both  (5.23) and  (5.24) v, " 1(SH'I) is  defined to be
p%+l{st'+l)\f%+l( H'i)/p (s t). We use this compact notation from now on.

In the next section we uncover classes of financing strategies for the government that
are consistent with the same real equilibrium. In doing so we require all monetary
equilibria in the class to be associated with the same real equilibrium. This stronger

version of the dichotomy theorem follows.

Proposition 7. (Classical dichotomy: reduction of a monetary equilibrium to a real
equilibrium without governments).

If consumer decisions [(ci),(xi}], prices [V,p.e], and government policies
[(gi),(bi),(Mi),(Ti)] constitute a monetary equilibrium, then [(ci],q] is a real date—0
equilibrium for an economy with endowments (yi—gi).

The proof follows directly from propositions 1, 5, and 6 and the Ricardian theorem.
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6. Comovements in the Monetary Economy

We now turn to the empirical implications of the monetary economy. We start by
reversing proposition 7 to construct multiple monetary equilibria consistent with a single
real equilibrium. This allows us to construct economies with arbitrary comovements
between real and nominal variables. We show, for example, that any pattern of
comovements between the exchange rate and trade deficits, or between the exchange rate
and government deficits, can be reconciled with the theory for some choice of monetary

policy.

Pr(}po‘silion 8. (Construction of a monetary equilibrium from a real equilii)rium)

If [( { ),q] is a real date-0 equilibrium in an economy with endowments ( y ), then
we can construct a monetary sequence equilibrium in an economy with endowments (; )
for any set of financing strategies [(bi),(Ti),(I\ii)] that satisfy the government budget
constraints (5.23). Prices in [(pi],(\f’i),[eli)] the monetary equilibrium are constructed as
follows. In each country i set pr}[s, .‘} - M,},(ST)/y,‘iN(ST), since in the final period
money-to-hold is zero. For any period t, starting with t = T — 1 and working backwards

to t = 0, compute
t+1 L—H
( )* [NI )/yt(q ] fot +1 ’t_}_]( )/ I-i-l }

for each history st m;(st) < 1 then set p;(sr’) & E\-{:J(st')/y{[st). Otherwise, choose

pi(st') so that

S t+1 A1
pi(s" ) V(s oy 6 =1
t Si41 Tt t+1
Using
i t+1 t+1 t+1
Va6 = pv g 6 /e 6



and

ep'(s') = pr(s")/pl(sY),

we compute bond prices and exchange rates and complete our construction of equilibrium.

This proposition is proved by reversing the steps in the proof of proposition 5, using
lemmas 1 and 2 and the Ricardian theorem. The condition on mi
see whether the cash-in—advance constraint binds. When it does we compute the price

(sl‘) is simply a check to

level from the quantity theory relation. Otherwise, we choose it to maintain a zero
nominal rate of interest on bonds.

The proposition is essentially an algorithm for constructing monetary equilibria in
stochastic cash-in—advance models. Specify first a real economy, including stochastic
processes for endowments and government spending, and compute real allocations and
bond prices. Then specify stochastic processes for money supplies and compute price
levels, bond prices, and exchange rates as indicated.

An immediate corollary of proposition 8 is a neutrality result on government
financing that generalizes earlier results of Helpman (1981), Lucas (1982), and Sargent
(1987a). Helpman's environment is deterministic, but in other respects we follow him
quite closely. Lucas and Sargent allow uncertainty, but consider only symmetric
equilibria and assume that cash—-in—advance constraints bind in all states. Proposition 8,
rather than the policy—neutrality corollary, is more useful for our purposes because it
describes how one might construct equilibria with different correlations between the

exchange rate and real variables. Consider then:

Proposition 9. (Comovements between exchange rates and net exports are arbitrary).
Given stochastic processes for endowments and government spending that induce a
nontrivial process for net exports, processes for money supplies and taxes can be chosen to

vield any desired correlation between exchange rates and net exports.
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Proof. The proof is similar in spirit to those of propositions 4 and 5. Given stochastic

processes for endowments and government spending, we compute the implied stochastic
process for net exports. Proposition 8 then tells us how to choose stochastic processes for
money supplies to support any exchange-rate process. Finally, we specify nominal tax

processes so that governments' budget constraints are satisfied. o

The following example illustrates the procedure.

Example 8. We return to Example 6, in which real variables take on the values

Event Probability yl' y'g C1 = 02 mc1 = ——nx2
1 1/2 l+a 1-a | a
2 1/2 I —® 1+ a 1 -5

We now construct equilibria with arbitrary comovements between net exports and

b s gz = 0 and choose country 2's

the exchange rate. To keep the analysis simple, let g
monetary policy so that p2 is growing at a deterministic, geometric rate p > 0. The
appropriate monetary process for country 2 is “vi'tz o ,u.l'(l-—a,) in state 1, u.t(l+a) in state 2.
| We choose large enough that the cash-in-advance constraint always binds. From the

Ricardian theorem we know we can choose nominal taxes T to balance the government's

budget without influencing equilibrium quantities.

Now consider country 1. Let M i i ;;t(1+b) in state 1, ;_aL(1~h] in state 2, and choose
taxes to balance the government's budget. Then p! = ;Lt'(l+b) /(14a) in state 1,

,ut(]—b]/(l—a) in state 2, and e = plfpz = (14+b)/(1+a) in state 1, (1-b)/(1-a) in state 2.
If b > a then the covariance between nx! and e is positive, if it is negative.
A similar property applies to comovements between exchange rates and government

deficits.

|



Proposition 10. (Comovements between exchange rates and government deficits are

arbitrary).

Given stochastic processes for endowments and government spending that yield a
nontrivial process for net exports, there exist processes for money supplies and taxes that
vield any desired correlation between exchange rates and government deficits.

The logic should be clear from the next example.

Example 9. We continue example 8. Consider first a process for taxes that balances

government 1's budget each period:
ST T TR T PR
T, =-AM, or Tt/pt = &Mt/pt'

Now consider a deviation from this such that the government's deficit, [’I".i-i—ilM }) /pi, is
fin state 1, —f in state 2. Since the states are equally likely and there is no aggregate risk,
they have the same price and this new policy satisfies the government's budget constraint.
Now note that the covariance between the deficit and the exchange rate is positive if , and
negative if f < 0.

Propositions 9 and 10 are probably obvious in our environment, but they provide an
interesting contrast to recent work relating exchange rates, real and nominal, to the two
deficits. A lot of this work is essentially static, and focuses therefore on intratemporal
relative prices. Our own working hypothesis, which is embedded in the assumption of a
single good per period, is that aggregate trade dynamics are the result of intertemporal

considerations.

7. Final Remarks

We have, to summarize briefly, taken a dynamic competitive world economy, with
and without government finance and money, and derived its implications for

comovements between aggregate variables.  Unlike many theories in international
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macroeconomics, ours has strong implications for comovements between real quantities
like consumption and net exports, but weak implications for nominal variables like
exchange rates. The former is the result of the risk-sharing properties of competitive
equilibria. In our framework these lead to strong predictions about comovements between
consumption paths in different countries and between output and the balance of trade
within a country. The latter stems from the neutrality and dichotomy properties of
monetary equilibria in cash—in—-advance models, which allow us to associate arbitrary
price-level and exchange-rate paths with any path of trade deficits.

The suggestion is that empirical work in international macroeconomics might be
fruitfully shifted away from exchange-rate dynamics toward quantity comovements. The
next step is to take a systematic look at international macroeconomic data to see where
the model does well, and where it does not. Preliminary efforts along these lines are

described by Leme (1984) and Backus And Kehoe (1986).
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