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Abstract

We analyze the incentive for a government to default on its debts in
a variant of the Lucas and Stokey (1983) model of optimal taxation. Optimal
fiscal poliecy requires the use of debt to smooth tax distortions over time.
Dynamic consistency requires that governments not have an incentive to default
on the inherited debt. We consider policy and allocation rules which map the
history of the economy into current decisions. A sustainable equilibrium is a
sequence of history-contingent functions which satisfy sequential rationality
for the government and for private agents. We characterize sustainable
equilibrium outcomes when the horizon in finite. We show that, under
plausible assumptions, the loss in welfare due to the absence of a commitment

technology to honor debts is small.



This paper analyzes a classic problem in the literature on time
consistency, namely, the incentive for governments to default on their
debts. We analyze this issue in a representative agent model of optimal
taxation adapted from the seminal paper by Lucas and Stokey (1983).i Govern-
ment consumption, which is exogenously given, fluctuates over time and the
revenues to finance this consumption are raised through distortionary taxes on
labor. The government chooses tax rates in each period to maximize the wel-
fare of the representative agent. The public finance tradition, stemming from
Ramsey (1927), is a useful starting point in thinking about this problem.

In this tradition, the government first chooses the entire sequence
of tax rates. Prices and quantities are then determined in a competitive
equilibrium, given the tax sequence. The government chooses a tax policy to
maximize the representative agent's welfare over the resulting competitive
allocations. An optimal policy, together with the resulting competitive
equilibrium, is a Ramsey equilibrium. Implicit in this equilibrium is a
sequence of debt issues and repayments. Consequently, the optimal tax poli-
cies imply an optimal debt policy.

This approach to the optimal taxation problem is appropriate in
environments where societies have access to a commitment technology to bind
the actions of future governments. In many situations, however, it is more
appropriate to think of policies as being chosen at each date with no ability
to commit to future poliecies. A solution to the optimal taxation problem must
then require that policies be sequentially rational. That is, the policy
rules must maximize the government's welfare function at each date, given that
private agents behave optimally. Likewise, optimality by private agents
requires that they forecast future policies as being sequentially rational for

the government. Of course, competitive private agents must also take future



policies as unaffected by their actions. Various definitions of equilibrium
have been offered in the literature (see, for example, Lucas and Stokey 1983)
to satisfy these requirements. To distinguish our definition from the others,
we call a sequence of rules for policies, allocations, and prices which sat-

isfy sequential rationality a sustainable equilibrium.

Qur formulation allows policies, allocations, and prices to depend
on the entire history of past decisions by the government as well as past
aggregate (or per capita) allocations. Thus, policies, allocations, and
prices are defined as history-contingent functions. This break from the
general equilibrium tradition of considering equilibria which are event-
contingent functions is essential in imposing sequential rationality. Both
governments and competitive agents must forecast how current decisions affect
future outcomes. Allowing for history-contingent functions solves this fore-
casting problem. In a companion piece (Chari and Kehoe 1987b), we define and
characterize sustainable equilibria in a model where there are no state vari-
ables linking actions between periods. In the model considered here, however,
government debt is an essential link between periods. This makes the analysis
both more complicated and more interesting.

In the model we allow the government to default on its debts.
First, we consider a finite horizon version of the model. As might be ex-
pected, the Ramsey allocations are not, in general, outcomes of a sustainable
equilibrium since the debt issues associated with a Ramsey allocation are
positive at some dates. When the inherited debt is positive, the government
has an incentive to default. Recognizing this, private agents will not buy
such debt in previous periods. This does not imply, however, that a sustain-
able equilibrium must have a continuously balanced budget. The government can

smooth tax distortions over time by issuing negative debt, that 1is, by



purchasing claims on private agents. We fully characterize sustainable equi-
libria with a finite horizeon. We show that sustainable allocations solve a

programming problem called the constrained Ramsey problem. The sustainable

allocations maximize the welfare of the representative consumer at date zero,
subject to the budget constraint and a sequence of constraints which require
that the present value of the government's surplus be nonpositive at all
future dates. All sustainable equilibria yield the same discounted value of
utility at date zero.

With an infinite horizon, the set of sustainable equilibria becomes
larger. The limit of the finite horizon equilibria is also an equilibrium
with an infinite horizon. We show that an arbitrary sequence of policies,
allocations, and prices is a sustainable outcome if it satisfies two simple
conditions. We then show how our results generalize to the case of uncer-
tainty.

A particularly interesting question is the magnitude of loss in
welfare due to the absence of a commitment technology. We show that under
plausible assumptions, the difference between utility in a sustainable
equilibrium and the Ramsey utility can be made arbitrarily small by making the
horizon sufficiently long and the discount factor sufficiently close to
unity Note that this result holds in a finite horizon and thus does not rely
upon "trigger" strategies. Rather, the result holds because the ability to
issue negative debt allows for almost as much tax smoothing as in a Ramsey
equilibrium.2 [Chari and Kehoe (1987a) characterize sustainable equilibria
when the government cannot own claims on private agents. For such environ-
ments the results obtained are rather different.]

We conclude by characterizing sustainable equilibria in a series of

examples.



1. Commitment

Consider a simple production economy populated by a large number of
identical infinitely lived consumers. In each period there are two goods:
labor and a consumption good. A constant-returns-to-scale technology is
available to transform one unit of labor into one unit of output. The output
can be used for private or for government consumption. The per capita level
of government consumption in each period, denoted G, is exogenously spec-

ified. Let c¢ and 2, denote the individual levels of consumption and labor,

t
and let C. and L, denote the aggregate (or per capita) values of these vari-

ables. An aggregate allocation (C,L) = {Ct’Lt}:zo is feasible if it satisfies
(1:1) C.+G_=1L_.
The preferences of each consumer are given by
(1.2) ) 8%U(e, ,2,)
t=0

where U is strictly increasing, strictly concave, and bounded, and where 0 < 8
< 1. We also assume that consumption and leisure are normal goods.

Let p. denote the price of the consumption good at time t in an
abstract unit of account, and let p = {pb}:=0 denote the vector of such
prices. Since the constant-returns-to-scale technology transforms a unit of
labor into one unit of output, the wage rate equals the price of the consump-
tion good. We assume that revenues can be raised only through a proportional

tax on labor income. Let T denote the tax rate on the labor income earned in

m

t=0

budget constraint of the representative consumer at time 0 is then

period t, and let t = {rt} denote the sequence of such tax rates. The

(1.3) p,[e.-(1-t )2 | = 0.
téo t 't | A



Notice that we have written the consumer's budget constraint in
"date 0" or present-value form. Implicit in this constraint is a sequence of
government debt held by consumers. To understand the government's incentives
to tax (or to default) on the debt, it is useful to write out this sequence
explicitly,

Following Lucas and Stokey (1983), we allow for government debt of
all maturities. In each period t the government has outstanding net claims
denoted B=1{ ,B}

t£-1 E-1"s

t the government raises revenues and issues new debt claims, which result in a

gt where ¢ 4B. is a claim to goods at time s. At time

net debt position of .B. (One can think of (B as a single bond with time-
varying coupon payments.) Let & « [0,1] denote the default rate on debt

outstanding in period t. Here 6t = 0 corresponds to complete repayment,

5t = 1 to complete default and 0 < st

of 6t as a tax on debt.) Let ¢dg be the price at time t of the debt claim

< 1 to partial default. (One can think

maturing in period s. The value of the outstanding debt at time t is given by

I3 7 tqs t-iBs'

The government's budget constraint at time t is
R N ] eds ¢85 = (1-8) Z t9s £-1°s
s=t+1 =t

where _4B = 0.

i

The analogous sequential budget constraints for the aggregate allo-

cations {C Lt -0 @

S pp[Cp-Ul-rpdly] + ) ag By = (1-8)) Z (ts t-1%s
s=t+1
where 4B = 0. Obviously, in a competitive equilibrium there is an arbitrage

relation between the prices of the consumption goods and the prices of the

debt claims, namely, .q. = pg and



(1.6) g = ps(1~6t+1)(1-5t+2)---(1-55), for all s 2 t + 1.

In this economy an individual agent's allocation is a vector of

( ). An aggre-

1]

consumption and labor, denoted by x = {Kt}:xo’ where xg sty

gate allocation is defined analogously and denoted by X = {Xt}:_o, where Xt -
(Ct’Lt)' A policy for the government is a sequence of tax rates on labor,
default rates on debt, and debt issues and is denoted by = = {nt}:_o, where

LIt (rt,ét,tB). We can now define a competitive equilibrium.

Definition: A competitive equilibrium is a set of individual allocations x,

an aggregate allocation X, price systems p and q, and a policy v that satisfy

* Consumer maximization. Given =, p, q, and X, the individual allo-

cation x maximizes utility (1.2) subject to (1.3).

» Sequential constraints for aggregate allocations. The aggregate

allocation X satisfies (1.5) for each t.

+ Sequential constraints for government policies. The policy

satisfies (1.4) for each t.
+ No arbitrage. The price systems p and q satisfy (1.6) for all t.

*» Representativeness. x = X.

Notice that the sequential constraints (1.4) and (1.5) imply the feasibility
condition (1.1).

We comment briefly on the no-arbitrage condition and the sequence of
constraints for aggregate allocations. We can derive these conditions from
consumer maximization by including the sequence of period budget constraints
for each of the consumers. These period budget constraints include the debt
claims held on other consumers as well as on the government. Consumer maximi-
zation then implies the no-arbitrage condition. Market clearing in private

debt and representativeness then imply the sequence of constraints for aggre-



gate allocations., For notational convenience we have simply imposed these
conditions as part of the definition of equilibrium,

Since in any equilibrium the individual and aggregate allocations
coincide, we refer to such a competitive equilibrium as (=,%,p,q). Let E
denote the set of policies for which an equilibrium exists. Assume that for
each m in E there is a unique allocation X(w). (A sufficient condition for
this to be true is that consumption and leisure are normal goods.) The equi-
librium value of utility under a policy = is given by

V(m,X(n)) = tZOBtU(Ct(ﬂ),L (%)),

We say (nm,X,p,q) is a Ramsey equilibrium if = solves

max V(w,X(n))
ek

and X = X(wn), p = p{(w), and q = q(n). The idea behind this equilibrium is
that there is a commitment technology through which the government can commit
to a policy = once and for all at the beginning of time.

In this model we have allowed government to tax labor and to default
on debt. As we shall see, in the no-commitment equilibrium the incentive to
default on debt drives the time inconsistency problem. However, interestingly
enough, in the Ramsey equilibrium the ability to default is irrelevant; and,
in terms of allocations, all that really matters is the tax on labor.
Specifically, the Ramsey equilibrium for this economy coincides with the
Ramsey equilibrium considered by Lucas and Stokey (1983) in which governments
are assumed to honor their debts. The reason for this is that letting the
government default does not expand the set of allocations attainable under a

government poliey. We then have



Proposition 1: (The Ramsey Equilibrium.)

The consumption and labor allocations C and L in the Ramsey equilib-

rium solve the problem

max ) BtU(Ct,Lt)

t=0
sub ject to
1.3 Co + Gy = Ly
(1.8) J &R, = 0
t=0

where Rt - UCCt + Uth is the government surplus in perioed t in units of

marginal utility.

Proof: First, the set of allocations attainable is the same as those in an
economy where the government sets the default rate identically equal to
zero. To see this, note that if (r,X,p,q) is an equilibrium with the default
rate 8¢ possibly positive for some t, then so is (n,X,p,q) with Ty = T

-~

8 = 0, £dg = Pgo and tBs & tBS(T—Gt”)o--U-ﬁS) for all s, and t, with s 2

t o+ 1. Next, notice that in any competitive equilibrium, the consumer's

first-order conditions imply
(1.9)  p, = 8°U_(C,,L,)
’ t ~ ettt
and
(1.10) (1~rt) -~ "Ua(ct'Lt)/Uc(Ct'Lt)'

Substituting (1.9) and (1.10) into the consumer's budget constraint (1.3)

gives (1.8). Clearly there are many debt sequences [tB}z:O and default rates

{ét}:_o which satisfy the sequential budget constraints (1.4) and (1.5). ¢



2. No Commitment

In an environment without commitment, we can no longer retain the
fiction that all agents make decisions once and for all at the beginning of
time and then simply execute those decisions at the appropriate time. Indeed,
we need to ensure that these decisions are sequentially rational. In terms of
the timing of decisions, we model the sequential decision making by assuming
that governments in each period chooses a policy at the beginning of the
period and then consumers choose their consumption and labor supply decisions.

In each period t the government chooses policies as a function of
the aggregate history, which consists of past aggregate consumption and labor
decisions and past policies. The aggregate history confronting the government

at time t is

Notice that this aggregate history does not include individual allocations.
This omission is in keeping with the assumption that tax rates are the same
across all consumers and cannot be altered by the decisions of any single
consumer.

Consumers make their choices of consumption and labor at date € as
functions of their individual histories. Such a history includes the policy
choice w. as well as the past individual decisions, past aggregate decisions,

and past policy choices. The individual history h,, is given by
h,, = {x ,X ,w
and the aggregate history Hg is

H,, = {Xs,ﬁsls=0,...,t-1} u {ﬂt}.
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In keeping with the representative agent model used, only symmetric histories
are considered.

For this environment, a sustainable equilibrium consists of an indi-
vidual allocation rule f, an aggregate allocation rule F, a poliey plan o, and
price systems p and q that satisfy certain sequential rationality condi-
tions. An individual allocation rule is a sequence of funections f = {ft}t 0’
where ft maps each individual history h1t into an agent's current choice of
consumption and labor. Likewise, an aggregate allocation rule is a sequence
of functions F = {Ft}::D’ where F. maps each aggregate history Hy  into an
aggregate amount of consumption and labor. A policy plan ¢ is a sequence of
functions o = {Ut}::o’ where o, maps each history H¢ into a current tax on
labor, a default rate on debt, and new debt issues. Finally, price systems p
and q are sequences of functions p = {pt}:=0 and q = {tQ}::O’ where p, maps
each history H, . into a price for the consumption good at t and where . q maps
each history H,, into a vector of debt prices {tqs}:=

In order to define a sustainable equilibrium, we need to explain how
allocation and policy functions induce future histories. In what follows, we
consider only symmetric histories. Let £t = (ft,ft+1,...} denote a sequence
of individual allocation rules from time t onward. Let FU and o' denote the
corresponding objects for the aggregate allocation rules and policy plans.

t

Given an individual history h1t’ the functions ft, Ft, and ¢ induce future

individual histories. For example, an agent's history at time t + 1 is

(HyooF (R )]

4 (A

£o(h, ), F (H

1641 (n 1t 167 %41

In a similar fashion, given any aggregate history, say Hg, the allocation

rules F' and policy plans o induce future aggregate  histories

(H1t!Ht+1’H1t+1"") in the obvious way.



- Tt =

In a sustainable equilibrium, sequential rationality by consumers is
modeled by assuming that the policy plans, allocation rules, and price func-
tions form a competitive equilibrium for each aggregate history. In this
equilibrium, each consumer is assumed to act competitively in that he assumes
the evolution of policies and prices is not influenced by his actions. In
particular, since future policies and prices are determined by aggregate
histories, acting competitively implies that each consumer believes his ac-
tions have no effect on aggregate histories.

t

For some given functions Ft, ct, pt, q°, and a history h,., the

problem of the consumer at time t is to choose an allocation rule £¥ to maxi-

mize

oo

5
(2.1) sZtB U(e (h, )2 (h, )

sub ject to the budget constraint

(2.8 ) ps(H1s)[Cs(h1s)-(1-TS(HS)]Es(h1s)]
8=t

m

= (1-8(8)) ) a (Hde 4B,
s=t

In such a competitive equilibrium, the allocation rule F* must sat-

isfy the following sequence of constraints. For all s 2 t,

m

L (9,.(H, ) B (HY)

(2.3) pS(H1S)[CS(HTS)-[‘I-TS(HS)]LS(H‘ls)l + r‘:s+1 1s'sr

= (1-8,(H))) (H, ) (H_ ).

r

H~1g

sqr 1s 3-1Br s=1

S

We then have the following definition of sequential rationality.

Definition: Sequences of individual and aggregate allocation rules £¥ and Fb,

£

price functions pt and qt, and poliecy plans o, are sequentially rational for

consumers at time t, given a symmetric history hy,, if they satisfy
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« Consumer maximization. Taking Ft, pt, qt, and oY as given, et

solves the consumer's problem of maximizing (2.1) subject to (2.2).

» Sequential constraints for aggregate allocations. Ft satisfies
(2.3) foralls=¢t

* No arbitrage. The price systems pt and qt satisfy

splthg) = pr(HTr)(1"65+1(Hs+1)]'°'(1_6r(Hr)] and

SqS(H1S) = ps(H1s) for all r and s, withr 2 5 2 t + 1.

-

Representativeness. et - Ft.

It is important to note that, in this definition, the future histories h,g,
Hyg» and Hg are induced by ct, ft, and F¥. Since representativeness is part
of the definition of sequential rationality, we summarize these functions by
(o ,Ft,p t)

Next consider the problem of the government. At time t the govern-
ment, faced with an aggregate history H, takes as given that future aggregate
allocations and prices evolve according to the functions Ft, pt, and qt. It
is important to note that, in contrast to individual consumers, the government
can influence the future allocations and prices by affecting the aggregate
history. The objective function of the government at t is given by the util-

t

ity of the representative agent from t onward under F® and o ; namely,

(2.4) v (a JFC; jH) = { U(C (H, )L (H, ).

The government's choice set at time t, given a history Hi, is the

t

set of policy plans o” from t onward that satisfy the government budget con-

straints



= 13=

(2.5) P (H, )["s(”s)'-s(” $)-6] + ,.:Eﬂsqr‘”m’sﬂr‘“s)

- 1 4 (H ) 15 s=-1 r‘(Hs-1)

IIME

for all s 2 t, where the future histories are induced from Hg by ot and FL.
We denote this choice set by & (Ft,pt,qt°H ). We then define a sustainable

equilibrium.

Defiinition: A sustainable equilibrium is a (o¢,F,p,q) that satisfies

» Sequential rationality by consumers. For every history Hit' the
sequence of functions (at,Ft,pt,qt) are sequentially rational for

consumers.

+« Sequential rationality by the government. For every history Ht'
t

the policy plan ¢“ maximizes consumer welfare (2.4) over the set

t, t t t
L(F7,p7,q H ).

The sustainable equilibria have a simple feature which we will
repeatedly use in our characterization results: the consumption and labor
allocations in period t depend only on current policies and the prices for

debt. More precisely, we have

Lemma 1: (Properties of the Sustainable Equilibrium Allocation Rules.)

In any sustainable equilibrium (o¢,F,p,q), the consumption and labor
allocation rules satisfy Ct(H1t) - C(rt,Kt) and Lt(Hlt) = L(tt,Kt), where the
functions C and L are defined by -UE/UC = (1-1t) and C + (1-t)L = K, where
K¢ is defined by

(2.6) Ue(C,LIK, = (1'6t(Ht))Sgttqs(H1t)t-1Bs - 5=E+1tqs(H1t)tBs<Ht)'

Proof: Since (o0,F,p,q) is a sustainable equilibrium, we know for any history
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H1t' the allocation rule f¥ solves the consumer's problem. The necessary
conditions include

_ Uz[cs(h1s)’gs{h1s)]
Uc[cs(h1s)'ms(h1s)]

(2.7) = [1—15(83)], for all s 2 t.

By representativeness, the same must hold for FY. Since FY must also satisfy
the sequential constraints for aggregate allocations, the result follows.
Notice that since consumption and labor are normal goods, the functions C and

L are uniquely defined. ¢

3. Finite Horizon

In this section we consider a finite horizon version of the model.
We show that sustainable allocations and policies solve a certain programming
problem we call the constrained Ramsey problem. As will be evident, our
analysis builds on the work of Lucas and Stokey (1983).

For any vector of inherited debt t—1B’ the constrained Ramsey prob-

. T
lem at t is to choose {Cs’Ls}s=t to solve

T
3.1 max z BSU(C ,L )
oo S
sub ject to
(3.2) Cs + GS = Ls’ 98 8 2 B, weap Ty
T . T o
(3.3) sZts R @ min| E:E U, ¢_1Bs:0s
and
% s
(3.4) ) 8 R, <0, forr=t+1,..,T,
S=r

where R, = U Co + UgLg is the government surplus at date s and the derivatives
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of U(+,+) are evaluated at Cs and Lg. Denote the solutions to this problem by
C5(¢_4B) and L .(,_4B) for s = t, ..., T, and let Vc(t_1B) denote the maximized
value of welfare.

A useful feature of the constrained Ramsey problem is that it is

recursive. We have

Lemma 2: (Recursive Nature of Constrained Ramsey Problem.)

B)}z:t to the con-

5
strained Ramsey problem, there is a unique sequence {SB} such that Cr(SB) =

Cn(y_4B) and L.(B) = L.(;_4B), for all r 2 s and s 2 t.

Proof: For any given . 4B, we first construct a candidate debt sequence and
then show it is unique. Now consider the value of the debt under the con-
strained Ramsey problem: either zzztssuc t-?Bs < 0 or the right side of
(3.3) can be set equal to zero without loss of generality. Obviously, if the
present value of the debt is positive, the solution to the constrained Ramsey
problem is identical to one where B = 0. In what follows we consider only
the case where the present value of the debt is nonpositive. By setting
t-?B = 0 where it appears, we obtain the solution in the case where the value
of debt is positive.

Consider the constrained Ramsey problem at date t.  Suppose con-
straint (3.4) binds at dates T1, S TK’ with t = T1 < T2 S wes 2 Ty = T Ik
is clear that the constrained Ramsey problem is equivalent to K + 1 (uncon-

strained) "mini"-Ramsey problems. The k" such problem is to maximize dis-

counted utility between dates T _4 and T - 1, subject to
T,-1 .
(3.5) ) 8R_20
s
s5=T

k-1
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and (3.2), for s = Tyoqr =een T - 1. Notice that by hypothesis, constraint

(3.4) is not binding and hence can be dropped.

Consider the constrained Ramsey problem at ¢t. The first-order
conditions for s = t, ..., Ty - 1 are given by
(3.6) (1+l0)(Uc+U£) + lo((Cs-t_1Bs)(Ucc+Uc£)+Ls(Uc£+Ugg)] =0,

where the derivatives of U are evaluated at (CS,LS) and Ay is the Lagrange

multiplier on (3.3). If Ty = t + 1, then set B = 0. If T, >t + 1, then
consider the constrained Ramsey problem at date t + 1 with inherited debt
¢B. We wish to construct B so that the solution to the date t + 1 con-
strained Ramsey problem coinecides with the solution to the date t constrained
Ramsey problem. Suppose, therefore, that these solutions coincide. By
assumption, starting from date t + 1 with inherited debt tB' the present value
of the government surplus must also be zero at date T1. Furthermore, con-

straint (3.4) is not binding for r = t + 2 through Ty - 1. The first-order

conditions for the date t + 1 constrained Ramsey problem are

3.7 (141 )(U _+U ) + *1[(Cs'r,Bs)(”ce*ucz)"Ls(Uu*”cg.’] =0

for s =t + 1, ..., Ty - 1. Subtracting (3.6) from (3.7), we obtain

(3-8) A B =

1 tBs = 2g g-1Bs + (2

1720’2

where

A - U, ¢ Uy % (Ul 00, wlll ol L

s Ucc + Ucz

for s =t +1, ..., Ty - 1. Equation (3.8) defines the debt sequence B, from

s=t, ..., Ty - 1 in terms of the constrained Ramsey allocations and the
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Lagrange multipliers 10 and k1. For s 2 T1, set trBS = 0. It follows by con-
struction that for any such tB, the solution to the date t + 1 constrained
Ramsey problem coincides with the solution to the date t constrained Ramsey

problem.

To verify uniqueness of the constructed debt sequence, it suffices

) 4

.- the Lagrange

to show that for some given solution {Cs(t*TB)’Ls(t-1B)}

multiplier A, is unique. Now by hypothesis the present value of the gov-

1
ernment surplus at date t + 1 is negative. From constraint (3.4) we have that
this value equal the present value of the inherited debt. Hence we can mul-
tiply (3.8) by BSUC, add the resulting equations from s = t + 1 through T, -
1, and obtain
T1-T T1~1

(3.9) A13=§+133[RS-UCaS] = 105=%+188{Uc c_1Bs-Ua ]

This equation defines a unique value for iy, Substituting this value into
(3.8) gives a unique value for (B..

Proceeding in the same way we construct the unique debt sequence SB

for 4 = B, viuyp T = 1e ©
A useful corollary to this lemma can be obtained in the special case
where . B = 0. We use (3.8) and (3.9) to get

T,-1 T,-1
) 8'Ra, / )} BUa_.
£

(3.10) B
S I‘:t.+1 rs

From (3.6), using normality, it follows that Uc - UE > 0. We can rewrite

(3.6) using the definition of ag to get (Uc+U£) - Aoas(Ucc+Uc1) = 0. Normal-

ity implies that ag 2 0. Recall that the present value of the government

surplus at date t + 1 is negative. Hence, it follows that (B, < 0, for all

s. We have established the following corollary.



- 18 -

Corollary: 1If the value of the initial inherited debt is nonnegative, then
the debt sequence which supports the constrained Ramsey allocations is nonpos-
itive at all dates. In particular, since _4B = 0, the constrained Ramsey debt

sequence starting at date zero is never positive at any date.

So far we have assumed that at time t, given some inherited debt

t-1B' the government chooses a single default rate §_ on all the coupons

£
{. .B }T This corollary implies that for the debt sequence supporting the

t-1"8’s=t"’
date-0 constrained Ramsey allocations, all of these coupons will be nonposi-
tive. Now suppose that at time t we allowed the government to choose a dif-
ferent default rate for each such coupon. Clearly the government will set its
default rate to zero for all nonpositive coupons. Thus, allowing the govern-
ment to default separately on these coupons does not change the set of sus-
tainable outcomes.

We now show that the set of sustainable outcomes coincides with the
set of solutions to the constrained Ramsey problem. Denote the allocations
that solve the constrained Ramsey problem at any time t for some inherited
debt . _,B by {xs(t-lﬁ)}§=t' We will use the solutions to these various prob-
lems to construct a candidate equilibrium denoted (ac,Fc,pc,qc). We will then
use a type of backward induction argument to show that this candidate is
indeed an equilibrium. When considering our candidate equilibrium, it is
useful to remember that we must define policies for all histories Hg and
prices and allocations for all histories H,..

We begin with the policy functions. For any history H. there is
some inherited debt . 4B and some associated set of constrained Ramsey alloca-

tions X (¢ _4B) from s through T. Let the labor tax TE(Ht) = 1 +

- c ~ :
Ut(xt)/uc(xt)’ where X, = xt(t-1B)' Let the debt tax at(Ht) = 1 if the value
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of inherited debt t-1B evaluated at the constrained Ramsey allocations
xs(t-1B) is positive, that is, if
3 S
L 87U (X (,_4B)),_,Bg > O
s=t
and let SE(Ht) equal zero otherwise. Finally, let th(Ht) be the debt issued
under the constrained Ramsey plan starting at period t with debt . ,B.
Consider next the price function for the debt. Each history H,, =

(H B) specifies a debt tB' For each such tB, the allocations Xs(tB)

£ e %t
solve the associated constrained Ramsey problem at time € + 1. Let
tq:(H.lt) = 0 if the value of the inherited debt tB evaluated at the con-
strained Ramsey allocations xs(ta) is positive, that is, if
% 8% (X_(,B)).B_ > 0
s=t+1 ct'st t's
and let tq:(H1t) = BSUC(XS(tB)] otherwise. (Notice that these debt prices
would be those that arise at time t if the government always followed the
constrained Ramsey policies from time t + 1 on, regardless of what in the past
history gave rise to the inherited debt tB).

We use Lemma 1 and the definitions of q% and o° to construct the
allocation rules F® and price functions p®. For any H,, let FE(H,t) -
K(rt,Kt), where X(Tt’Kt) is defined as in Lemma 1, and where in (2.6) we use

the constructed prices qc(H1t). Finally, we let pg(H1t) be the discounted

marginal utility of consumption evaluated at the same allocations X(Tt,Kt}.

Proposition 2. (Sustainable Outcomes Solve the Constrained Ramsey Programming

Problem.)

The policy plans, allocation rules, and price functions
(¢%,F%,p%,q%) constitute a sustainable equilibrium. Furthermore, the set of
sustainable outcomes coincides with the set of solutions to the constrained

Ramsey problem at date 0.
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Proof: Consider the last period T. In any equilibrium, it follows from Lemma
1 that for every history Hyp, the allocation rules and price functions depend
only upon the current policy and the inherited debt ,_4B, and they must be
: . c c c :

identical to FT(H1T)' pT(HTT)’ and TqT(H1T) by construction of these func-

tions. Hence, the problem of the government at time T, given history Hg, is

to choose UT(HT) to solve

c
max U[FT(H1T))
subject to

¢ c e c
pp(Hyp) [l (B )=Go] = (1-60)qap(Hyp)p_ 4By

c § s

where 19p = P by definition.
It is clear that the optimal policy is to set &p = 1 1if p_4Bp > 0
and to set 5T = 0 otherwise. Under F® we know that (1-Tt} = —UQ/UC and

pg(H1T) = U,(Cp,Lp) and that the sequential constraints for aggregate alloca-
tions together with the government budget constraint imply Cqp + Gp = Lp.
Therefore, the problem facing the government at T is equivalent to choosing

(CT,LT) to

max U(CT,LT)

sub jeet to

and

R, 2 min[U 0]

T2 ¢ T-157?
This is, of course, the constrained Ramsey problem at date T. Hence, any
equilibrium yields the same outcome at date T as the solution to the date T

constrained Ramsey problem. This also determines the price of debt issued at
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time T - 1. For any equilibrium price function g, T-1qT{H1T—1

e
po19p{Hyr_y)-

Consider now the problem of the government at T - 1. Again, using

Lemma 1, it follows that the allocation rules in period T - 1 can depend only

upon the current policy, the inherited debt structure T—EB' and the price
. c .

function ;_4q. We have already argued that g_4Qp = q_4Q;. Since p_4Qp_4q =

Pr_qs it follows that T—1qT-1(H1T-1) = p§_1(H ). Hence, in any equilib-

1T-1

rium, FT—1(HzT~1) S F;-1(H1T~1)' The problem facing the government at T - 1

is

max U(Fy_ (H,. 1)) + 8U(Fp(H )

subject to
(3.11) 8- Wl % @, )Gy ] # o 05l ) B
‘ N R AL IR R A R B SRR AT IR
I c
= (1=8p_4) ) p_495(Hyq_ 1 )p_oBg
§=T-1
and

T e c
(3.12) 8 U [rgly(Hyp)=Gp] = (1-80) [pag(Hyp)y_ 4By ).

[t is clear that for any new debt |_4Bp issued in the solution to
this problem, the period-T policies are chosen exactly as in the period T
problem considered earlier. In particular, the value of 8 which solves this
Furthermore, it 1is

. c . B _
problem is equal to GT(HTT)’ hence = (1 éT)

c c
¥, gy 797"
clearly optimal to set &p_4 = 1 if the value of the inherited debt is posi-
tive. We add (3.11) and (3.12) and use the sequential constraints as before

to derive

-3

C +G =L, fors=T-1,
S s

and
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T-1 T 4 5
g8 RT~1 + B RT > min [ z 8 Uc T-EBS'O]
s=T=-1
and
RT < 0.

Again, the problem of maximizing utility is identieal to the con-
strained Ramsey problem. Furthermore, we have shown that there is a unique
debt restructuring which supports the constrained Ramsey solution. Obviously,
the same debt restructuring solves the problem faced by the government.
Proceeding in the same fashion, it is easy to prove by backward induction that
any equilibrium outcome solves the constrained Ramsey problem.

Sequential rationality by consumers is immediate since, in a finite
horizon, the only implications of sequential rationality for consumers are the
sequential constraints for aggregate allocations and the equality between the

after-tax wage and the marginal rate of substitution. ¢

4, Infinite Horizon

In this section we consider an infinite horizon version of the
model. We first show that the constrained Ramsey allocations are the outcomes
of a sustainable equilibrium. We then provide sufficient conditions for an
arbitrary sequence of prices, policies, and allocations to be the outcome of a
sustainable equilibrium. In particular, this sequence must be a date-0 com-
petitive equilibrium and must satisfy a certain set of inegualities.

The constrained Ramsey problem for the infinite horizon economy is
defined as in (3.1) with T = =, Using the solutions to these problems we
construct the infinite horizon constrained Ramsey equilibrium (cc,FC,pc,qc)

exactly as in the finite horizon case. We then have
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Proposition 3: (Constrained Ramsey Solutions Are Sustainable Outcomes.)

The poliey plans, allocation rules, and price functions
(¢%,F%,p%,q°%) constitute a sustainable equilibrium when the horizon is in-

finite.

Proof: Consider some arbitrary history H,. To verify sequential rationalit
£rool y y oo y

by the government, we need to show that no policy ct that satisfies the
government budget constraints can improve welfare. It suffices to show,
however, that no one-shot deviations by the government can improve utility

[see Whittle (1983), Chapter 24, Theorem 2.1 or Abreu (1984), Proposition

ctb+1

g1 ) satisfying the

1]. That is, we need only show that for any policy (o

government's budget constraints,

et et et

1
SELE T e D,

et et et et >
(4.1) Vt(o 7 q |Ht) 2 V (0,0

Clearly, to establish (4.1) it suffices to show that the allocations

induced by such a deviation satisfy the constraints of the constrained Ramsey

ct+1

problem, Now given that the government will follow o from time t + 1

onward it follows from construction of qc that

-

(4.2) sqg(é1s) = p:(§1r)[1~6§+1(HS+1))---[1-5g(ér))

where for all r > s 2 t, the histories Hr and H, are induced by FC% and

(

1r

¢ 40
ment budget constraints of the form (2.5) and add the resulting equations from

0t+1). For each s > t, substitute the right side of (4.2) into govern-

time t through infinity. Using the sequential constraints (2.3), the consumer
budget constraint (2.2), and representativeness, the resulting sum can be

written as
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pt(H]t)[Ct{H1t)-[1-rt(Ht)]Lt(H1t)]

¢ 88 Cirs e a2
* S=§+1PS{H1S)[CS(HTS)“[?HTS(HS})LS{H1S)]

-~ i C
: (T—Gt(ﬁt)]Sgttqs(Ht}t-lgs'

Using the consumer's first-order conditions (1.9) and (1.10), we can write

this as

T s _ T s
(4.3) Szts R, = (1-8,) E 8°U, ;B

szt
Next, subtracting the sequential constraints for aggregate allocations from

the government's budget constraints gives

(4.4) C,+rG =L, fors=t, t+1,

In addition, because the government follows o1 from £ o+ 1 on, we have

(4.5) § BSRS <0, r=t+ 1, t+2,

s=r
Thus for any one-shot deviation, the resulting allocations satisfy
(4.3)-(4.5). Since the constrained Ramsey allocations were constructed to
maximize the government's utility subject to these constraints, (4.1) then
follows. By induction it follows that no deviations of finite length can
improve welfare. Since the utility function is bounded and 0 < 8 < 1, the
results of Whittle (1983) imply that no infinite deviations can improve wel-
fare.

We now check sequential rationality for consumers. Sequential
constraints for consumers and maximization of utility follow by construc-
tion. Finally, from representativeness we have that the budget constraint in

the constrained Ramsey problem is identical to the consumer's budget con-

straint.¢
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We can use the constrained Ramsey equilibrium to help characterize
other possible sustainable outcomes. To characterize such outcomes we use a

modified version of the above equilibria, which we call the revert-to-con-

strained-Ramsey equilibria. (These equilibria are the natural competitive

analogues of the trigger-strategy equilibria of repeated games.)

For an arbitrary sequence (n,X,p,q), define the revert-to-con-

strained-Ramsey plans (ur,FP,pr,qr) as follows. Consider first the policy

plan o". For any history Hg, o specifies the policy T given by n if the tax

rates (no,...,nt_.l) have been chosen according to = and if the allocations
(XO""’Xt~‘!) have been chosen according to X. If they have not, then revert
to the constrained Ramsey policies; that is, let or(l'lt) = cc(Ht). For any

history Hy., the allocation rules F' and pricing functions p" and g" are

defined analogously. We then have

Proposition 4: (A Set of Sustainable Outcomes.)

An arbitrary sequence (n,X,p,q) is the outcome of a sustainable

equilibrium if

» (m,X,p,q) is a date-0 competitive equilibrium

+« for every t the following inequality holds:

(4.6) I 8%u(cg,Ly) 2 Vi(,_B).

gk t-1

Proof: Suppose some arbitrary sequence (n,X,p,q) satisfies the two conditions
just given. We show that the associated revert-to-constrained-Ramsey plans
constitute a sustainable equilibrium. Consider histories under which there
have been no deviations from (w,X) before time t. Since (=,X,p,q) is a

competitive equilibrium at date 0, it is clear that the continuation of X is
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sequentially rational for consumers. Consider the situation of the govern-
ment. Confronted with allocation rules F' and given that o specifies the
constrained Ramsey policies from t + 1 on, the best one-shot deviation is
simply the constrained Ramsey policies at t. Thus (4.6) guarantees that o' is
sequentially rational for such histories.

Consider now histories for which there has been a deviation before
time t. The plans (ur,FP,pr,qr) specify the constrained Ramsey plans from

then onward. By Proposition 3 these plans are sequentially rational. ¢

5. Uncertainty

In this section we extend the analysis of the previous sections to
allow for stochastic government consumption. We are interested in comparing
the difference in utility between the Ramsey and the constrained Ramsey prob-
lems. This difference gives us a measure of the value of a technology through
which a government can commit its policies. We find it convenient to normal-
ize this difference by dividing utilities by zzzoﬂt- In our comparison we make
two assumptions: First, government consumption follows a persistent Markov
process. Second, under the Ramsey plan tax revenues are smoother than govern-
ment consumption., Given these assumptions, we prove our main result: With
long enough horizons and sufficiently little discounting, the difference in
the normalized value of utility between these allocations tends to zero. (It
is important to note that this result is quite distinet from the folk theorems
of repeated games.)

Government consumption follows a given stochastic process for which
the realizations up to and including time t are denoted Gt = (GO’°"’Gt)' The
probability of observing any particular event Gt is u(Gt). The initial reali-
zation G, is given. Each realization G, is assumed to be in a finite set

{Y1""'Yk}’ with Y € wew K Yy There is no other uncertainty in the econ-
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omy, so the commodity space is the space of infinite sequences (c,%) =
{ct(Gt),lt(Gt)l for all t and Gt}, where ct(Gt) and Et(Gt) are contingent on
the events G. Let (C,L) denote the aggregate allocation. We define similar
objects for the poliey = and price systems p and q.

An aggregate allocation is feasible if

(5.1) ct(ct) G, = Lt(Gt), for all t and GT.

The preferences of each agent are given by the expected utility function

(5.2) 1 8%ueHu(e, (65,2, (69).

t Gt

The budget constraint of the representative consumer at time 0 is

(5.3) % ztpt(ct)[ctcct)_[z-rt(ct)gt(gt)}] = 0.
G

The sequential constraints for aggregate allocations and government policies
and the no-arbitrage conditions are the obvious stochastic analogues of (1.3),
(1.4), and (1.6). Note that the implied debt issues are now contingent on the
events G, It is immediate that the Ramsey equilibrium allocations maximize
the aggregate value of utility, subject to (5.1) and

(5.4) )7 8%uchHRr (6" = o,
£t

G
where Rt(Gt) = UeCt(Gt) + Uth{Gt} and the derivatives of U are evaluated at
C,(G%) and L (G%).
The first-order conditions for this problem are (5.1), (5.4), and

for all t and GY,

t t 3
(5.5) (14x)(U_+U ) + xo[ct(c )(U, +U_)+L, (G )(Uc£+Uli)] = 0,

L
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where AO is the Lagrange multiplier on (5.4). Clearly the allocations that
solve this problem depend on only the current value of government consumption

G, and the multiplier A Suppressing the multiplier, we let R(Gt) dencte the

0
value of the government surplus (in marginal utility units) under the Ramsey
allocations. We will use the fact that R(-) is time invariant in the next
propesition.

Next we incorporate uncertainty in the environment without commit-
ment by letting the histories Hy and H,. also include the past realizations of
government spending GY. For such an environment it is immediate to show that
the sustainable outcomes solve the constrained Ramsey problem. For any vector
of inherited debt t_1B(Gt'z), this problem is to choose {CS{GS),LS€GS)} for
21k € = By ey T €6 Solve

T
(5.6)  max ) J 8%u(c®|cMulc (6%),L (6%)

s=t GS

subject to (5.1) as well as

T T
(5.7) ) ssu(c5|ct)r{s(s5) >min[ § § ssu(asmt)uc t,{_135((;3),01
s=t GS s=t Gs
and
% t
(5.8) Y ¥ 8%u(®|c"IR (G%) <0, forr=t+ 1, ..., T
s5=r GS B

where 1u(G3|G%) denotes the conditional probability of G5 given Gt.
In our comparison of the Ramsey and the constrained Ramsey alloca-

tions, we will use two assumptions.

Assumption 1: Government consumption follows a stationary Markov process with
strictly positive elements. Furthermore, it 1is persistent in that

Prob{Gt+1Sy|Gt} is a decreasing function of G, for all vy.
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Let “ij e PPOb(Gt+1=Yj|Gt:Yi)‘ Note that the persistence condition
requires that higher values of government consumption at t give stochastically

larger values of government consumption at t + 1.

Assumption 2: The value of the government surplus under the Ramsey plan,

R(G¢), is decreasing in G..

This assumption requires that the value of tax revenues be smoother
than the value of government spending. In the next section, we give several
examples for which the assumption is satisfied.

In the proposition that follows we use the normalized value of
utility to compare allocations. For any allocation (C,L), the normalized
value of utility is

: t

T
) T 8%ueu(c, (65,1, %)/ | 8.

t=0 Gt t=0

Proposition 5: (The Value of Commitment.)

Given Assumptions 1 and 2 and any ¢ > 0, there is some horizon
length T < » and some discount factor 8 < 1 such that the difference in the
normalized value of utilities under the Ramsey and the constrained Ramsey

allocations is, at most, e.

Proof: Under our assumptions, a useful feature of the Ramsey allocations is
that the present value of the government surplus at any date t is positive if
and only if G < Gj. (Of course the present value of this surplus is equal to
the value of the inherited debt.) To see this, consider the present value of
the government surplus at date t with G, equal to some Y Using Assumption 1
and the fact that the government surplus function R is time invariant, we can

write this present value as
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(5.9) Ry, ) + 8 ; uki[R(Yi)+8 § uiJR(yJ)+ .

Let Gy = Yy From (5.4) it follows that the Ramsey plan satisfies

i
o

(5.10)  R(y,) + 8 ; uiilR(Yi)+B § uiJR(Yj)+ i i)

Subtracting the left side of (5.10) from (5.9) gives

(5.11)  R(y) - R(y,) + 8 § e ROY) -8 ) ug ROY,).

Suppose Yy >y Then, since R is decreasing and the conditional distribution

Q"

stochastically dominates u,, the expression in (5.11) is nonpositive. It

Mk g’
follows that the expression in (5.9) is nonpositive. Likewise, if Yy < Yo
then (5.9) is nonnegative.

Suppose first that Gg = Yq- By the above argument the Ramsey allo-
cations satisfy (5.8). Hence, the Ramsey and the constrained Ramsey alloca-
tions coincide.

Suppose next that G0 > Yq- Consider the following plan: balance
the budget continuously until the first realization of Yy, Say at date t, and
follow the constrained Ramsey plan from then on. Clearly this plan yields
lower utility than the date-0 constrained Ramsey plan. Now, by the above
argument, the value of the inherited debt at Yy is positive under the Ramsey
plan. This implies that the present value of utility from date t on under the
date-t constrained Ramsey plan is higher than the present value of utility
under the original Ramsey plan. Thus the difference in utility between the
Ramsey plan and the date-0 constrained Ramsey plan is bounded by the utility
lost until the first realization of Yy

We can compute an upper bound for this utility loss as follows. Let

u denote the smallest value of u., for i = 1, ..., K. Let u denote the great-

i1

est possible difference in two utility levels in any period. Then the utility

loss is bounded by
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T
Y e¥(1-w 't
t=0

which in normalized utility terms can be written as

- BT+1(1_u)T+1 _

(1 - 8)
(5.12)
(1-6T+1} 1 - 8(1=n)

Now, by hypothesis, u > 0 and U < =. Thus for any ¢ > 0, we can find a dis-
count factor 8 < 1 and horizon length T such that the normalized utility loss

is less then €. ©

Thus, we have established that the value of a commitment technology
becomes arbitrarily small as the horizon increases and the discount factor

approaches one.

6. Examples

In this section we consider several examples. Examples 1-3 are
parametric examples for which the surplus function R(Gt) is decreasing in

G Examples 4-7 are simple deterministic examples which illustrate the logic

to

behind Proposition 4. We begin with a simple quadratic example.

Example 1: Let U be quadratic. Manipulating the first-order conditions to

the Ramsey problem, one can show that

R(G) = ay - a,G - a6

0

where the a; are constants with a, > 0 and

(u U -U 2

2 7 TVeeran” 01)/(Ucc+2U0£+U ).

2%

(See Appendix 1 of Lucas and Stokey (1983) for details.) Since we have as-
sumed that U is concave and consumption and leisure are normal goods, we have

that a, 2 0. Thus R(-) is a decreasing function.
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We consider next a utility function with constant relative risk
aversion in both goods. In addition to providing an example for which our
assumption is satisfied, this next example is interesting in its own right.
For such a utility function there is perfect tax smoothing in the sense that

the Ramsey tax rates are constant.

Example 2: Let U be given by

1-a 1-a
c 1 L 2

1 =

u(c,L} =

Note that ag 2 0 and, from concavity, we have ay 2 0 and a, < 0. Given the
additive separability of U, we can manipulate the first-order conditions (5.5)
to get

) LEUER

-1
o k UE

c.u
t ce (1

(6.1) (1+10)1‘t + 10 0

where we have suppressed dependence on G' and have let 1, = 1 + Ug/Uc‘ Sub-

t
stituting for the derivatives of U in (6.1), we have that tax rates are con-
stant over time and independent of the current realization of government

consumption. Differentiating R(G) gives
! - I '
R'(G) = [cuccmc}c (G) + [LU“-a-UR]L (G).
Again, substituting for the derivatives of U we get,
t 5 3 t = ¢
(6.2) R'(G) = (1 a1)UcC (G) + (1 uQ)UgL (G).

We also have that C + G = L and
UE
(6.3) =k (1-1)

c

where t is a constant. Given the assumed utility function, (6.3) implies
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(6.4) a2L’(G)/L = a1C'(G)/C

and from feasibility we have C'(G) + 1 = L'(G). Since ay 2 0, and a, < 0, we
have that C'(G) < 0 and L'(G) = 0. Furthermore, substituting (6.4) into

(6.2) gives
R'(G) = [31(1—051)«-0.2(1-u2)(1—1)C/L]UCC'(G)/CA;.

Now since the tax rate is constant and the present value of government con-
sumption is positive, we know t > 0. Thus, a sufficient condition for R to be
decreasing is u1(1—a1) > a2(1-32). Since a, < 0, R is decreasing whenever the
coefficient of relative risk aversion ay < 1. Even if ay > 1, R will be
decreasing if a, is negative enough.

Note that for the log case, U(C,L) = 1n C - a3 1n L, R(G) is always

decreasing.

Example 3: Consider

a o
u(c,L) = € 'L °

with a, 2 0 and ay < 0. The same type of arguments as in Example 2 imply that
R(G) is always decreasing.

We now consider several simple deterministic examples which help
illustrate the intuition behind Proposition 4. In Example Y4 there is no time

consistency problem whatsoever: the Ramsey allocations are sustainable.

Example 4: Let T = =. Let G, =0, for t even, and Gy = vy for t odd. Let U
be as in Examples 1-3 so that R(G.) is decreasing. It is immediate that under

the Ramsey plan, the budget is balanced over each two-period cycle; thus,

R(0) + BR(y) = 0.
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Since R(Gt} is decreasing, R(0) is positive and R(y) is negative. For t even,
o t ® t P ; :
L. 8 R(G) = 0 and for t odd, } ' 8"R(G.) = R(y) < O. This implies the
Ramsey allocations solve the constrained Ramsey problem. From Proposition 3,
the Ramsey allocations are sustainable,.

We can use the infinite horizon version of (3.10) to calculate the

debt issues. For t even,

Be,q = R(/U (C(y),L(y)) <O

and tBs =0, for all s 2 t + 2. For t odd, tBs = 0, for all s 2 £t. Notice

that the debt issues are always nonpositive.

In the next example, a slight variant of Example 4, there is a time
consistency problem, but the value of a commitment technology is not very

large.

Example 5: Let T = =. Let G =y, for t even, and G¢ = O, for t odd. Let U
be as in Examples 1-3. Let R(Gt) denote the surplus function for this pattern

of government consumption. Under the Ramsey plan,
R(y) + 8R(0) = 0.

@ t @ £
For t even, Zr:ts R(G,) = R(0) > 0 and for t odd, zr:tﬁ R(G.) = 0. Thus the
Ramsey allocations do not solve the constrained Ramsey problems. Notice that

the debt issues are as follows. For t even,

¢Be,1 = R(0)/U(C(0),L(0)) > O

and tBs =0, for all s 2t + 2. For t odd, tBs = 0, for all s 2 t.

Consider the following policy. Balance the budget in period O and

follow the constrained Ramsey allocations from date 1 onward. From Example 4,
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we know that from date 1 onward this policy gives the Ramsey allocations of
that example. Thus, the utility difference between this plan and the original
Ramsey plan is at most the utility lost from balancing the budget in the first
period.

In Examples 4 and 5, government consumption followed a two-period

cycle. We now consider examples where it follows a K-period cycle.

Example 6: Let Gt & ¥ for t = nk, where k = 1, ..., K, and the integer
n > 0. Let Y < 72 € e € g Notice that government consumption mono-

tonically increases over each K-period cycle. Let U be such that R is de-
creasing. Under the Ramsey plan the budget is balanced over each cycle so
that

K
] 8R(x,) = o.
=z |

k
Since R(-) is decreasing, we know that

X k

E 8 R(yk) 0, fO0 P 2 2, ouy K

k=r
Thus the Ramsey plan coincides with the constrained Ramsey plan, and there is

no time consistency problem.

Example 7: Consider the same pattern of government consumption as in example

6, except let government consumption start at some Yy That is, let Gt
ol for £t =1, ..., K -J, and Gt+J = Y for t = nk, where k = 1, ..., K,
and the integer n 2 1, Again, under the Ramsey plan the budget is balanced

over each K-period cycle:

K _
R(YJ) + BR(YJ+1) + ... + 8B R(YJ-1) = 0.
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Notice that for appropriately chosen J, the debt will be positive under the
Ramsey plan. Now consider a policy similar to the one used in Proposition
5: balance the budget from period 0 through period K - J and follow the (date
K-J+1) constrained Ramsey plan from then on. Clearly this constrained Ramsey
plan is simply the Ramsey plan of Example 6. Thus, the utility difference
between the original Ramsey plan and the constrained Ramsey plan is bounded by

the utility lost in the first K - J periods.

7. Conelusion

In this paper we have analyzed the incentives of the government to
renege on its debts. We completely characterized the set of sustainable
outcomes when the horizon is finite. A somewhat surprising conclusion of this
analysis is that under plausible assumptions, the value of a commitment tech-
nology become arbitrarily small as the horizon becomes long and the discount
factor approaches unity. We have also given sufficient conditions for an
arbitrary sequence of prices, policies, and allocations to be sustainable when
the horizon is infinite.

Avenues for further research include using the techniques developed
here and in Chari-Kehoe (1988) to analyze capital taxation and international

borrowing and lending. We plan to address these issues in future work.



- 37 -

Footnotes

'For some further work using the model of Lucas and Stokey, see
Alesina and Tabellini (1987), Persson and Svensson (1984), Persson (1987),
Persson and Svensson (1987), and Rogers (1987). For some other work on opti-
mal taxation and debt, see Barro (1979). For some early work on time consis-
tency, see Kydland and Prescott (1977), Prescott (1977), Calvo (1978), Fischer
(1980). For more recent developments, see the surveys by Barro (1985) and
Rogoff (1987).

*In an interesting paper, Bulow and Rogoff (1988) investigated the
implications of allowing for negative debt in an open economy setting. See

also Atkeson (1987) and Grossman and Van Huyck (1986).
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