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I n t r o d u c t i o n 

These pages p r e s e n t s t a t i c and dynamic a n a l y s e s o f some s t a n d a r d 

macroeconomic m o d e l s . By s t a t i c a n a l y s i s we mean t he a n a l y s i s o f e v e n t s 

assumed to o c c u r a t a p o i n t i n t i m e . I n e f f e c t , s t a t i c s s t u d i e s t he 

a l t e r n a t i v e p o i n t - i n - t i m e o r momentary e q u i l i b r i u m v a l u e s f o r a s e t o f 

endogenous v a r i a b l e s a s s o c i a t e d w i t h a l t e r n a t i v e p o s s i b l e s e t t i n g s f o r 

t he exogenous v a r i a b l e s a t t he p a r t i c u l a r p o i n t i n t ime under c o n s i d e r a t i o n . 

Endogenous v a r i a b l e s a r e t h o s e d e t e r m i n e d by the mode l a t h a n d , w h i l e 

exogenous v a r i a b l e s a r e t h o s e g i v e n f r om o u t s i d e the m o d e l . 

The t a s k o f d y n a m i c s i s to s t u d y t he t ime p a t h s o f t he endogenous 

v a r i a b l e s a s s o c i a t e d w i t h a l t e r n a t i v e p o s s i b l e t ime p a t h s o f t he exogenous 

v a r i a b l e s . T h u s , i n a dynamic a n a l y s i s , t h e b e h a v i o r o f a mode l i s 

s t u d i e d as t i m e i s p e r m i t t e d to p a s s . I n c o n t r a d i s t i n c t i o n , i n a s t a t i c 

a n a l y s i s , a t t e n t i o n i s c o n f i n e d to e v e n t s assumed to o c c u r i n s t a n t a n e o u s l y ; 

i . e . , a t a g i v e n moment. 

A t h i r d k i n d o f a n a l y s i s , t h a t o f s t a t i o n a r y s t a t e s , i s a 

l i m i t i n g f o rm o f dynam ic a n a l y s i s , and i s d i r e c t e d toward e s t a b l i s h i n g 

t he u l t i m a t e t e n d e n c i e s o f c e r t a i n endogenous v a r i a b l e s , s u c h as t he 

c a p i t a l - o u t p u t r a t i o , a s t ime p a s s e s w i t h o u t l i m i t and as c e r t a i n c r i t i c a l 

exogenous v a r i a b l e s r e m a i n c o n s t a n t t h r o u g h t i m e . S t a t i o n a r y a n a l y s i s 

ough t n o t t o be c o n f u s e d w i t h s t a t i c s . 

The d i s t i n g u i s h i n g f e a t u r e o f a s t a t i c a n a l y s i s i s t h a t i t i s 

c a p a b l e o f d e t e r m i n i n g a l t e r n a t i v e v a l u e s o f t he endogenous v a r i a b l e s , 

t a k i n g a s g i v e n o n l y t h e v a l u e s o f the exogenous v a r i a b l e s a t t h a t p o i n t 

i n t i m e , w h i c h may i n c l u d e v a l u e s o f endogenous and exogenous v a r i a b l e s 

w h i c h were d e t e r m i n e d i n t he p a s t and a r e t h u s g i v e n o r p r e d e t e r m i n e d a t 

t he p r e s e n t moment. A s we s h a l l s e e , some mode ls f o r w h i c h a dynamic 
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a n a l y s i s i s p o s s i b l e s i m p l y c a n n o t be s u b j e c t e d to s t a t i c a n a l y s i s . In 

o r d e r to p e r f o r m s t a t i c e x p e r i m e n t s , i t i s n e c e s s a r y p a r t l y to d i v o r c e 

c u r r e n t e v e n t s f r om f u t u r e e v e n t s s o t h a t what happens i n t he f u t u r e 

does no t a f f e c t what happens now. T h i s r e q u i r e s r e s t r i c t i n g t he way i n 

w h i c h p e o p l e a r e assumed t o f o rm e x p e c t a t i o n s abou t t he f u t u r e , and i n 

p a r t i c u l a r r e q u i r e s t h a t p e o p l e no t p o s s e s s p e r f e c t f o r e s i g h t . 

G e n e r a l l y , ou r mode ls w i l l c o n s i s t o f n s t r u c t u r a l e q u a t i o n s 

i n n endogenous v a r i a b l e s y ^ ( t ) , i = l , . . . , n and m exogenous v a r i a b l e s 

x . . ( t ) , i = l , . . . ,m: 

(1) g j / y ^ t ) , y 2 ( t ) , . . . , y n ( t ) , x 1 ( t ) , . . - , x m ( t ) ) = 0 , i = l , . . . , n . 

A s t r u c t u r a l e q u a t i o n summar i zes b e h a v i o r , an e q u i l i b r i u m c o n d i t i o n , o r 

an a c c o u n t i n g i d e n t i t y , and c o n s t i t u t e s a b u i l d i n g b l o c k o f the m o d e l . 

I n g e n e r a l , more t h a n o n e , and p o s s i b l y a l l n endogenous v a r i a b l e s c a n 

a p p e a r i n any g i v e n s t r u c t u r a l e q u a t i o n . The s y s t e m o f e q u a t i o n s (1) 

w i l l be t hough t o f a s h o l d i n g a t e a c h moment i n t ime t . T ime i t s e l f 

w i l l be r e g a r d e d a s p a s s i n g c o n t i n u o u s l y , so t h a t t may be r e g a r d e d a s 

t a k i n g a l l v a l u e s a l o n g t he ( e x t e n d e d ) r e a l l i n e . 

The exogenous v a r i a b l e s x ^ ( t ) , i = l , . . . , m a r e assumed to be 

r i g h t - c o n t i n u o u s f u n c t i o n s o f t i m e , and f u r t h e r m o r e a r e assumed to 

p o s s e s s r i g h t - h a n d t i m e d e r i v a t i v e s o f a t l e a s t f i r s t , and somet imes 

h i g h e r o r d e r a t a l l p o i n t s i n t i m e . By r i g h t - c o n t i n u i t y o f the f u n c t i o n s 

x ^ ( t ) we mean 

l i m x i ( t ) = x . ( t ) , 

t -> t 

t > t 

s o t h a t x . ( t ) a p p r o a c h e s x . ( t ) a s t a p p r o a c h e s t f rom a b o v e ; i . e . , f rom 
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t he f u t u r e . However , t he f u n c t i o n x ^ ( t ) can jump a t t , so t h a t we do 

no t r e q u i r e 

l i r a x i ( t ) = x i ( t ) . x ± ( t ) 

t •*• t 

t < t 

F o r e x a m p l e , c o n s i d e r the f u n c t i o n 

x . ( t ) = 0 , t < t 

X i ( t ) = 1 t > t , 

l 

0 

t 

F i g u r e 1 

w h i c h i s g r a p h e d i n F i g u r e 1. I t i s r i g h t - c o n t i n u o u s e v e r y w h e r e even 

though i t j u m p s ; i . e . , i s d i s c o n t i n u o u s , a t t . 

The r i g h t - h a n d t ime d e r i v a t i v e o f x ^ ( t ) , w h i c h i s assumed to 

e x i s t e v e r y w h e r e , i s d e f i n e d a s 

, , - , _ , . x . ( t ) - x . ( t ) d _ x . ( t ) = l i m l i 
dt 1 i:\ « ' 

F o r t he f u n c t i o n g r a p h e d i n F i g u r e 1 , the r i g h t - h a n d d e r i v a t i v e i s z e r o 

e v e r y w h e r e , e v e n though t he f u n c t i o n jumps and hence i s n ' t d i f f e r e n t i a b l e 

a t t = t . 

A mode l i s s a i d to be i n s t a t i c e q u i l i b r i u m a t a p a r t i c u l a r 

moment i f t he endogenous v a r i a b l e s assume v a l u e s t h a t a s s u r e t h a t e q u a t i o n s 

(1) a r e a l l s a t i s f i e d . N o t i c e t h a t i t i s n o t an i m p l i c a t i o n o f t h i s 

d e f i n i t i o n o f e q u i l i b r i u m t h a t t he v a l u e s o f t he endogenous v a r i a b l e s 

a r e u n c h a n g i n g t h r o u g h t i m e . On t he c o n t r a r y , s i n c e the v a l u e s o f t h e 

exogenous v a r i a b l e s w i l l i n g e n e r a l be c h a n g i n g a t some n o n z e r o r a t e s 

p e r u n i t t i m e , t he endogenous v a r i a b l e s w i l l a l s o be c h a n g i n g o v e r t i m e . 

S t a t i c a n a l y s i s i s d i r e c t e d toward a n s w e r i n g q u e s t i o n s o f the 

f o l l o w i n g f o r m . Suppose t h a t one o f t h e exogenous v a r i a b l e s x ^ ( t ) t a k e s 
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a ( s m a l l ) jump a t t i m e t so t h a t 

11m x ± ( t ) f x . ( t ) . 

t •+ t 
t < t 

Then t h e q u e s t i o n i s to d e t e r m i n e the r e s p o n s e s o f t he endogenous v a r i a b l e s 

a t t . The d i s t i n g u i s h i n g c h a r a c t e r i s t i c o f endogenous v a r i a b l e s i s t h a t 

e a c h o f them i s assumed to be a b l e to jump d i s c o n t i n u o u s l y a t any moment 

i n t ime i n o r d e r to g u a r a n t e e t h a t s y s t e m (1) r e m a i n s s a t i s f i e d i n t h e 

f a c e o f jumps i n t he x ^ ( t ) ' s . T h u s , to be endogenous f r om the p o i n t o f 

v i e w o f s t a t i c s , a v a r i a b l e must be a b l e to change i n s t a n t a n e o u s l y . 

N o t i c e t h a t i t i s p o s s i b l e f o r t he r i g h t - h a n d t i m e d e r i v a t i v e o f a 

v a r i a b l e to be endogenous , i . e . , t o be c a p a b l e o f j u m p i n g d i s c o n t i n u o u s l y , 

even though t h e v a r i a b l e i t s e l f must change c o n t i n u o u s l y t h r o u g h t ime 

( F i g u r e 2 g i v e s an e x a m p l e ) . One way * t̂) 

t o v i e w the d i f f e r e n c e between the 

c l a s s i c a l and K e y n e s i a n mode ls i s t h a t 

i n t he f o rme r the money wage i s a 

v a r i a b l e i n s t a t i c e x p e r i m e n t s , w h i l e 1  

t r 

i n the l a t t e r t he r i g h t - h a n d t ime F i g u r e 2 : z ( t ) i s c o n t i n u o u s , bu t t he 
r i g h t - h a n d d e r i v a t i v e jumps a t t . 

d e r i v a t i v e o f t he money wage i s a 

v a r i a b l e b u t t he l e v e l o f t he money wage i s e x o g e n o u s . 

To answer t he t y p i c a l q u e s t i o n a d d r e s s e d i n s t a t i c s , the 

r e d u c e d f o r m e q u a t i o n s c o r r e s p o n d i n g to t he s y s t e m (1) must be f o u n d . 

The r e d u c e d f o rm e q u a t i o n s a r e a s e t o f e q u a t i o n s , e a c h e x p r e s s i n g one 
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y . ( t ) a s a f u n c t i o n o n l y o f t he x . ( t ) ' s : 

(2) y ± ( t ) = h 1 ( x 1 ( t ) , x 2 ( t ) i = l , . . . , n . 

We w i l l g e n e r a l l y assume t h a t t he f u n c t i o n s g_^( ) i n t h e s t r u c t u r a l 

e q u a t i o n s (1) a r e c o n t i n u o u s l y d i f f e r e n t i a b l e i n a l l d i r e c t i o n s , t h a t 

t he n s t r u c t u r a l e q u a t i o n s we re s a t i s f i e d a t a l l moments i m m e d i a t e l y 

p r e c e d i n g t he moment we a r e s t u d y i n g and t h a t a c e r t a i n f u n c t i o n o f t he 

p a r t i a l d e r i v a t i v e s o f ( 1 ) , e v a l u a t e d a t t h e i m m e d i a t e l y p r e c e d i n g 

v a l u e s o f a l l v a r i a b l e s , i s no t z e r o . To be more p r e c i s e , we s h a l l 

assume t he h y p o t h e s e s o f the i m p l i c i t f u n c t i o n t h e o r e m . Under t h e s e 

h y p o t h e s e s , t h e r e e x i s t c o n t i n u o u s l y d i f f e r e n t i a b l e f u n c t i o n s o f t he 

r e d u c e d f o r m (2) w h i c h h o l d f o r x ^ ( t ) ' s s u f f i c i e n t l y c l o s e t o t he i n i t i a l 

(p re jump) v a l u e s o f t h e x ^ ( t ) ' s . I f t h e s e e q u a t i o n s (2) a r e s a t i s f i e d , 

we a r e g u a r a n t e e d t h a t t he s t r u c t u r a l e q u a t i o n s (1) a r e s a t i s f i e d . F o r 

jumps i n x ^ ( t ) s u f f i c i e n t l y s m a l l , i . e . , w i t h i n t he n e i g h b o r h o o d i d e n t i f i e d 

i n t he i m p l i c i t f u n c t i o n t h e o r e m , t h e e q u a t i o n s (2) h o l d and c a n be used 

t o answer t he c h a r a c t e r i s t i c q u e s t i o n posed i n s t a t i c a n a l y s i s . In 

p a r t i c u l a r , t h e r e d u c e d f o rm p a r t i a l d e r i v a t i v e 

g i v e s t he r e s p o n s e o f y ^ ( t ) to a jump I n x . . ( t ) t h a t o c c u r s a t t . We a r e 

g e n e r a l l y i n t e r e s t e d i n t he s i g n o f t he p a r t i a l d e r i v a t i v e o f t he 

r e d u c e d f o r m . 

(3) ( X ; L ( t ) , . . . , x n ( t ) ) 

* 
S e e , e . g . T a y l o r and Mann , Advanced C a l c u l u s , Second E d i t i o n , 

p . 3 6 3 . 
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R a t h e r t han u s i n g t he i m p l i c i t f u n c t i o n theorem d i r e c t l y to 

c a l c u l a t e t he r e d u c e d f o rm p a r t i a l d e r i v a t i v e s ( 3 ) , i t w i l l be c o n v e n i e n t 

to u s e t he f o l l o w i n g a l t e r n a t i v e t e c h n i q u e t h a t a l w a y s g i v e s t he c o r r e c t 

a n s w e r . F i r s t , t a k e t h e d i f f e r e n t i a l o f a l l e q u a t i o n s i n (1) to o b t a i n 

0 

(4) T — d y . + . . . + T — dy + T — d x , + . . . + T — dx = 0 , 3y. Jl 3y Jn 3 x , 1 9x m ' 1 n 1 m 

i = l , . . . n . 

a l l p a r t i a l d e r i v a t i v e s b e i n g e v a l u a t e d a t t h e i n i t i a l v a l u e s o f t h e 

x ^ ' s and v j ' s ' Then by s u c c e s s i v e s u b s t i t u t i o n e l i m i n a t e c fc^>• • • f r om 

the above s y s t e m (4) o f l i n e a r e q u a t i o n s t o o b t a i n an e q u a t i o n o f t he 

f o rm 

(5) dy. = f /dx - + fJ"dx, + . . . + f Xdx 
1 1 1 l z m m 

where t h e f . ' s a r e f u n c t i o n s o f t h e p a r t i a l d e r i v a t i v e s a p p e a r i n ( 4 ) . 

Now e q u a t i o n (5) i s t h e t o t a l d i f f e r e n t i a l o f t h e r e d u c e d f o rm f o r y ^ , 

s i n c e d y , i s a f u n c t i o n o n l y o f d x , , . . . , d x . T a k i n g t he d i f f e r e n t i a l o f 1 1 m 

t he f i r s t e q u a t i o n o f (2 ) g i v e s 

dh 9h 
(6) d y . - T ^ d x . + . . . + r J E d x . 1 3x . 1 3x m 1 m 

From (6) and (5) i t t h e r e f o r e f o l l o w s t h a t 

1 3 h l 
f j " f o r j = l , . . . , n , 

so t h a t t h e f . ' s a r e t he r e d u c e d f o rm p a r t i a l d e r i v a t i v e s . S u c c e s s i v e 

s u b s t i t u t i o n i n t h e s y s t e m (4) w i l l a l s o , o f c o u r s e , y i e l d t he d i f f e r e n t i a l s 

o f t he r e d u c e d fo rms f o r the o t h e r endogenous v a r i a b l e s , t h e r e b y e n a b l i n g 

us to o b t a i n t h e c o r r e s p o n d i n g r e d u c e d f o r m p a r t i a l d e r i v a t i v e s . The r e d u c e d 

f o rm p a r t i a l d e r i v a t i v e s a r e o f t e n c a l l e d " m u l t i p l i e r s " i n m a c r o e c o n o m i c s . 


