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ABSTRACT 

A r r o w - D e b r e u c o m p e t i t i v e e q u i l i b r i u m a n a l y s i s i s ex tended to 
e n v i r o n m e n t s w i t h i n f o r m a t i o n s e t s d i f f e r i n g i n s p a c e as w e l l a s 
i n t i m e and w i t h p e o p l e mov ing between l o c a t i o n s . E q u i l i b r i u m i s 
shown t o e x i s t and t o be o p t i m a l and t he e q u i l i b r i u m p r i c e s y s t e m 
i s c h a r a c t e r i z e d . Such e n v i r o n m e n t s i n c l u d e many o f t h o s e s t u d i e d 
i n t h e e q u i l i b r i u m s e a r c h l i t e r a t u r e . 

* B o t h , F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s and t he U n i v e r s i t y o f 
M i n n e s o t a . The a u t h o r s a c k n o w l e d g e t h e comments o f V . V . C h a r i , 
J a v i e r D i a z , Juan K e t t e r e r , Andreu M a s - C o l e l l , and Ramon Mar imon , 
and e s p e c i a l l y o f Hugo Hopenhayn , Tim K e h o e , D a v i d L e v i n e , and 
H a r a l d U h l i g . 

The v i e w s e x p r e s s e d h e r e i n a r e t h o s e o f t h e a u t h o r s and no t n e c e s ­
s a r i l y t h o s e o f the F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t h e 
F e d e r a l R e s e r v e S y s t e m . T h i s paper i s p r e l i m i n a r y and i s c i r c u ­
l a t e d t o s t i m u l a t e d i s c u s s i o n . I t i s n o t t o be q u o t e d w i t h o u t t h e 
a u t h o r s ' p e r m i s s i o n . 



1. I n t r o d u c t i o n 

The r o l e o f c o m p e t i t i v e g e n e r a l e q u i l i b r i u m t h e o r y i n 

economics has been c o n t i n u a l l y e x p a n d i n g s i n c e i t s f i r s t r i g o r o u s 

f o r m u l a t i o n i n t he f o r t i e s and f i f t i e s . I n i t i a l l y i t was seen a s 

a s t a t i c , h i g h l y s t y l i z e d c o n c e p t . A l t h o u g h t he i d e a o f i n d e x i n g 

goods by da te and l o c a t i o n , mak ing them d i f f e r e n t g o o d s , can be 

t r a c e d back t o L i n d a h l i n t he t w e n t i e s and H i c k s and T i n t n e r i n 

t h e t h i r t i e s , o n l y r e c e n t l y h a s t h i s t h e o r y been taken s e r i o u s l y 

a s a t o o l to s t u d y dynamic p r o b l e m s . The i n t r o d u c t i o n o f u n c e r ­

t a i n t y by Arrow and Debreu i n the f i f t i e s by c o n s i d e r i n g t r a d e s o f 

goods c o n t i n g e n t on s t a t e s o f n a t u r e was a major e x p a n s i o n i n t he 

s c o p e o f t he p rob lems t h a t t h i s t h e o r y c o u l d a d d r e s s . T h i s a p ­

p r o a c h has become a s t a n d a r d t o o l o f economic a n a l y s i s i n m a c r o ­

e c o n o m i c s , f i n a n c i a l economics and p u b l i c f i n a n c e . 

S u b s e q u e n t l y , b e g i n n i n g i n t h e l a t e s i x t i e s t h e r e have 

been a number o f i m p o r t a n t advances i n g e n e r a l e q u i l i b r i u m a n a l y ­

s i s p e r m i t t i n g t he a n a l y s i s o f economies w i t h l a r g e numbers o f 

p r o d u c t s and h o u s e h o l d s . These a d v a n c e s ( i n p a r t i c u l a r , t h o s e o f 

Bewley (1972) and M a s - C o l e l l ( 1975) ) were e x p l o i t e d i n an e x t e n ­

s i o n o f t he c l a s s i c a l a p p r o a c h t o a c l a s s o f economies w i t h p r i ­

v a t e i n f o r m a t i o n ( P r e s c o t t and Townsend (1984a) and ( 1 9 8 4 b ) ) . 

W i t h t h e i r a p p r o a c h , t r a d e d and p r i c e d a r e i n c e n t i v e c o m p a t i b l e 

c o n t r a c t s i n the s e n s e o f H u r w i c z ( 1 9 7 1 ) . These c o n t r a c t s a r e 

l o t t e r i e s on the u n d e r l y i n g commodity s p a c e . 

O the r economies i n wh ich c o n t r a c t s w i t h l o t t e r i e s a r e 

t he a p p r o p r i a t e commodity p o i n t f o r c o m p e t i t i v e a n a l y s i s i n c l u d e 

ones w i t h i n d i v i s i b i l i t i e s i n i n d i v i d u a l l a b o r s u p p l y p o s s i b i l i -
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t i e s . (See R. Rogerson (1988) f o r t h i s deve lopment and G . Hansen 

(1985) f o r an a p p l i c a t i o n t o b u s i n e s s c y c l e m o d e l i n g . ) 

The p u r p o s e o f t h i s paper i s to show t h a t an even w i d e r 

c l a s s o f economies can be a d d r e s s e d u s i n g c o m p e t i t i v e g e n e r a l 

e q u i l i b r i u m a n a l y s i s . In p a r t i c u l a r we a r e i n t e r e s t e d i n e c o n o ­

m ies i n w h i c h p e o p l e , p r o d u c t i o n , and i n f o r m a t i o n a r e g e o g r a p h i ­

c a l l y d i s p e r s e d and i n wh ich p e o p l e and goods can move between 

l o c a t i o n s . 1 T h i s work i s i n p a r t m o t i v a t e d by t he d e s i r e t o a p p l y 

c l a s s i c a l c o m p e t i t i v e a n a l y s i s to the s t u d y o f s e a r c h e n v i r o n m e n t s 

p r e v i o u s l y s t u d i e d u s i n g o t h e r t e c h n i q u e s . An example o f s u c h an 

e n v i r o n m e n t i s t he one s t u d i e d by L u c a s and P r e s c o t t i n t h e i r 

2 

e q u i l i b r i u m s e a r c h and unemployment paper ( 1 9 7 4 ) . I t a l s o i s 

m o t i v a t e d by t h e absence o f a p p l i e d g e n e r a l e q u i l i b r i u m t o o l s to 

a s s e s s t he consequences o f more t i m e l y b u s i n e s s and employment 

s t a t i s t i c s . Needed t o c a r r y ou t s u c h a n a l y s e s a r e g e n e r a l e q u i ­

l i b r i u m t o o l s t h a t a r e c a p a b l e o f d e a l i n g w i t h e n v i r o n m e n t s w i t h 

i n f o r m a t i o n a l l y d e c e n t r a l i z e d p r o d u c t i o n and c o n s u m p t i o n . 

Key t o t he e x t e n s i o n i s t he c h o i c e o f a commodity s p a c e 

w h i c h p e r m i t s t he r e p r e s e n t a t i o n o f t he e n v i r o n m e n t as a Debreu 

(1954) economy. A p o i n t i n our commodity s p a c e i s an i n f i n i t e 

sequence o f s i g n e d measures w i t h e l e m e n t s b e i n g i ndexed by t y p e , 

d a t e , l o c a t i o n , and d a t e - l o c a t i o n e v e n t . A c r u c i a l f e a t u r e o f t h e 

e n v i r o n m e n t s c o n s i d e r e d i s t h a t t he a g g r e g a t e p r o d u c t i o n p o s s i b i l ­

i t y s e t s depends o n l y upon t he f i r s t moments o f t h e s e s i g n e d 

m e a s u r e s . T h i s f e a t u r e p r e s e r v e s s t a n d a r d p r o d u c t i o n t h e o r y , w i t h 

i t s e m p i r i c a l l y d e t e r m i n e d p r o d u c t i o n f u n c t i o n s , w h i l e p e r m i t t i n g 

r i c h c o n t r a c t u a l a r rangemen ts between f i r m s and h o u s e h o l d s . 
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S t a n d a r d consumer b e h a v i o r t h e o r y , w h i c h r e q u i r e s c o n v e x i t y and no 

p r i v a t e i n f o r m a t i o n , however , i s n o t p r e s e r v e d . S e c t i o n 2 f o r m ­

a l l y d e s c r i b e s t he env i r onmen t and r e p r e s e n t s i t a s an economy. 

W i th t h i s commodity s p a c e , p r o d u c t i o n and c o n s u m p t i o n p o s s i b i l i t y 

s e t s a r e c o n v e x , a s a r e p r e f e r e n c e s . 

In S e c t i o n 3 a t o p o l o g y f o r t he commodity s p a c e i s 

i n t r o d u c e d f o r w h i c h t he u t i l i t y f u n c t i o n s a r e c o n t i n u o u s and t h e 

c o n s u m p t i o n and p r o d u c t i o n p o s s i b i l i t y s e t s c l o s e d . In S e c t i o n 4 , 

by e s t a b l i s h i n g t h a t t he s e t o f f e a s i b l e a l l o c a t i o n i s compact and 

nonempty , t he s e t o f P a r e t o o p t i m a i s shown t o be nonempty. In 

S e c t i o n 5 , t he f i r s t w e l f a r e theorem i s p r o v e d f o r ou r e c o n o ­

m i e s . I t i s a s t r a i g h t f o r w a r d a p p l i c a t i o n o f Theorem 1 i n Debreu 

( 1 9 5 4 ) . In S e c t i o n 6 , t he second w e l f a r e theorem i s p r o v e d , 

n a m e l y , f o r ou r economies any P a r e t o opt imum can be s u p p o r t e d a s a 

q u a s i c o m p e t i t i v e e q u i l i b r i u m w i t h t r a n s f e r s . A s t r o n g e r t o p o l o g y 

than t h e one p r e v i o u s l y used i s r e q u i r e d i n o r d e r t h a t the a g g r e ­

g a t e p r o d u c t i o n p o s s i b i l i t y s e t have nonempty i n t e r i o r . The f a c t 

t h a t t he c o n s t r a i n t s d e f i n i n g t h i s s e t i n v o l v e o n l y the f i r s t 

moments o f t he s i g n e d measures i s t he r e a s o n why we can show the 

a g g r e g a t e p r o d u c t i o n p o s s i b i l i t y s e t has nonempty i n t e r i o r . W i t h 

t h i s r e s u l t t he p r o o f i s an a p p l i c a t i o n o f Theorem 2 o f Debreu 

( 1 9 5 4 ) . 

In S e c t i o n 6 e x i s t e n c e o f a q u a s i c o m p e t i t i v e e q u i l i b ­

r i um w i t h o u t t r a n s f e r s i s e s t a b l i s h e d . The p r o o f , u n l i k e t he 

w e l f a r e t h e o r e m s , i s no t an a p p l i c a t i o n o f an e x i s t i n g t h e o r e m . 

I t a d o p t s t he p r o o f s t r a t e g y d e v e l o p e d by Bew ley ( 1 9 6 9 ) , M c G i l l 

( 1 9 8 1 ) , and M a s - C o l e l l (1986) f o r e x i s t e n c e o f e q u i l i b r i u m w i t h an 
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i n f i n i t e d i m e n s i o n a l commodi ty s p a c e . Under a d d i t i o n a l c o n d i ­

t i o n s , a cheape r p o i n t f o r t he h o u s e h o l d s i s shown to e x i s t . T h i s 

i n s u r e s a q u a s i c o m p e t i t i v e e q u i l i b r i u m i s a c o m p e t i t i v e e q u i l i b ­

r i u m . 

F i n a l l y i n S e c t i o n 7 we a d d r e s s the p r o b l e m o f r e p r e ­

s e n t i n g the p r i c e s y s t e m . Theorem 1 o f P r e s c o t t and L u c a s (1971) 

i s e x t e n d e d and u s e d t o g u a r a n t e e e x i s t e n c e o f a q u a s i c o m p e t i t i v e 

e q u i l i b r i u m w i t h p r i c e s b e i n g t he sum o f t he v a l u e s o f t he s i g n e d 

measures t h a t c o n s t i t u t e a commodity p o i n t . Theorem 7 i s a n o t h e r 

r e p r e s e n t a t i o n r e s u l t . I t shows t h a t e q u i l i b r i u m p r i c e s f o r ou r 

economy can be w r i t t e n a s l i n e a r f u n c t i o n s o f t he f i r s t moments o f 

the m e a s u r e s . F u r t h e r m o r e t he c o e f f i c i e n t s o f t h e s e l i n e a r f u n c ­

t i o n a r e d e r i v e d f rom m a r g i n a l r a t e s o f s u b s t i t u t i o n and t r a n s f o r ­

m a t i o n . 

2 . The Economy 

The economy i s an i n f i n i t e - p e r i o d o n e , w i t h a c o n t i n u u m 

o f i d e n t i c a l a g e n t s t h a t i s t a k e n t o be o f measure o n e . The re i s 

a f i n i t e number I o f a g e n t t y p e s . Each t y p e i e { 1 , 2 , . . . , I } o f 

a g e n t s has Lebesgue measure X 1 . The re a r e L i s l a n d s and a g e n t s 

can go f rom i s l a n d l a t d a t e t t o i s l a n d a t d a t e t + 1. Agen ts 

c a r e abou t l e i s u r e and c o n s u m p t i o n o f t h e p roduced g o o d . They 

have s t a n d a r d p r e f e r e n c e s o v e r s u c h p a i r s ; t h e i r endowment i s one 

u n i t o f t ime pe r p e r i o d . The re i s a n e o c l a s s i c a l p r o d u c t i o n 

f u n c t i o n w i t h i n p u t s c a p i t a l and l a b o r . T h i s f u n c t i o n i s s u b j e c t 

to d a t e - l o c a t i o n s p e c i f i c t e c h n o l o g y s h o c k s . These s h o c k s a r e 

o b s e r v e d o n l y on t he i s l a n d they a f f e c t ; howeve r , n e x t p e r i o d 

t h e i r v a l u e s w i l l be known e v e r y w h e r e . The c a p i t a l once i n s t a l l e d 
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canno t be moved. I nves tmen t can f l o w f rom one i s l a n d to a n ­

o t h e r . The c o n s u m p t i o n g o o d , however , has t o be consumed a t t he 

same d a t e - l o c a t i o n a s i t i s p r o d u c e d . 

Consumers choose p r o b a b i l i t i e s o v e r p a i r s o f l a b o r -

consumpt ion c o n t i n g e n t on a v a i l a b l e i n f o r m a t i o n on e a c h i s l a n d . 

T h e r e i s o n l y one f i r m o r t e c h n o l o g y b u t , w i t h a c o n ­

s t a n t r e t u r n s o f s c a l e t e c h n o l o g y , one and many f i r m s a r e e s s e n ­

t i a l l y t he same. T h i s f i r m u n l i k e t h e h o u s e h o l d s , c h o o s e s q u a n t i ­

t i e s o f t h e l a b o r and consump t i on goods c o n t i n g e n t on the h i s t o r y 

o f s h o c k s a t e a c h d a t e - l o c a t i o n . The way t o r e c o n c i l e t he o b j e c t s 

t h a t i n t e r e s t t he f i r m and t he consumers i s by l e t t i n g t h e f i r m 

choose s i g n e d measures o v e r c o n s u m p t i o n - l a b o r p a i r s . In p a r t i c u ­

l a r , i t can choose an a t o m i c o n e . 

A f u r t h e r argument i s needed to be a b l e t o s a y t h a t an 

a l l o c a t i o n i s f e a s i b l e when consumers choose p r o b a b i l i t i e s and t he 

f i r m c h o o s e s m e a s u r e s — i n p a r t i c u l a r , some th i ng t h a t g u a r a n t e e s 

the r e a l i z a t i o n o f t he l o t t e r i e s l e a d s to an ex p o s t d i s t r i b u t i o n 

o f t he a g e n t s t h a t i s t he same a s t he ex a n t e p r o b a b i l i t i e s . In 

s h o r t we need a l aw o f l a r g e numbers . I t i s w e l l - k n o w n ( s e e f o r 

example Judd ( 1 9 8 5 ) ) t h a t w i t h a con t i nuum o f random v a r i a b l e s 

(our c a s e s i n c e we have a con t i nuum o f consumers ) s e v e r e m e a s u r -

a b i l i t y p rob lems a p p e a r . However , i n a v e r y r e c e n t paper U h l i g 

(1987) has p roved a v e r s i o n o f t he L 2 law o f l a r g e numbers f o r a 

con t i nuum o f random v a r i a b l e s t h a t a r e i d e n t i c a l l y and i n d e p e n ­

d e n t l y d i s t r i b u t e d . T h i s f i t s ou r p r o b l e m p e r m i t t i n g us t o equa te 

ex a n t e p r o b a b i l i t i e s t o ex p o s t r e a l i z a t i o n s and hence measures 

o f a g e n t s . T h i s a l l o w s us to t a l k abou t f e a s i b l e and e q u i l i b r i u m 
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a l l o c a t i o n s i n te rms o f s i g n e d measures on b o t h t he c o n s u m p t i o n 

and t he p r o d u c t i o n s i d e s o f t h e e c o n o m y . 3 

As o f t ime 0 t h e r e i s a p r o b a b i l i t y a s s i g n e d to s h o c k s 

i n each d a t e l o c a t i o n . L e t ' s c a l l t h e s e s h o c k s z . . They have 

s u p p o r t on a f i n i t e s e t Z . L e t = { z ^ , . . . , z ^ z f c = 

{ z ^ , . . . , z ^ } , and h ^ = { z f c " , z a f c } . The l a s t e l emen t i s t he i n f o r ­

m a t i o n a v a i l a b l e a t ( £ , t ) . By K o l m o g o r o v ' s E x t e n s i o n Theorem 

t h e r e e x i s t s a p r o b a b i l i t y s p a c e [a,a(Q),-n] w i t h t he p r o p e r t y t h a t 

f o r each ( a , t ) and p o s s i b l e h i s t o r y h l t e H a f c , ^ h ^ ) i s t h e 

p r o b a b i l i t y o f h i s t o r y h a t h a p p e n i n g . (We w r i t e " ( h ^ ) i n s t e a d o f 

t he cumbersome n o t a t i o n n ( { u : p r o j . ( « ) = h . . } ) ) . 

We can i d e n t i f y t he s e t n as t he s e t o f a l l p o s s i b l e 

" L 
e l e m e n t s o f n Z . L e t o( f i ) be t he B o r e l o - f i e l d g e n e r a t e d by n . 

t=0 

In the same f a s h i o n , l e t o ( z u ) and ° (hg_ t ) b e fche s m a l l ­

e s t o - f i e l d s on Q t h a t make z ^ and h m e a s u r a b l e . C l e a r l y 

{ o ( z ^ ) } ™ _ n i s an i n c r e a s i n g f a m i l y o f o - f i e l d s , a f i l t r a t i o n on 

the p r o b a b i l i t y s p a c e ( f l , o ( f t ) , i r ) . 

P r o p e r t i e s o f t h e s e o - f i e l d s a r e : 

o ( z t _ 1 ) c o ( h t t ) c o ( z t ) and aih^) c o ( h a , ) 

f o r a l l 2., a ' , t . We can t h i n k o f o (h ) a s t he i n f o r m a t i o n 

A. U 

a v a i l a b l e a t a , t . 

Now f o r each ( £ , t ) t h e s e t H o f p o s s i b l e h i s t o r i e s 

h , i s a f i n i t e s e t , and H = U H , L i s a c o u n t a b l e s e t . 

The re i s an u n d e r l y i n g c o n s u m p t i o n s e t o f t h e a g e n t . I t 

i s C , a c l o s e d s u b s e t o f R . M o r e o v e r , C c { [ - 1 , 0 ] x [ 0 , c ] } where 

t he f i r s t component i s t h e n e g a t i v e o f t he l e n g t h o f t i m e w i t h i n 
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each p e r i o d d e v o t e d to work and hence (1+c.j) i s an a g e n t ' s l e i ­

s u r e . "* The second component i s t he c o n s u m p t i o n good where c i s an 

upper bound f o r c o n s u m p t i o n . 

L e t M be t he s e t o f f i n i t e s i g n e d measures d e f i n e d on 

t he B o r e l s e t s B(C) o f C , t he u n d e r l y i n g consump t i on p o s s i b l y 

s e t . L e t S ( f l , o (h ) ,M) be t he s p a c e o f f u n c t i o n s Q • M s u c h 

t h a t t hey a r e m e a s u r a b l e w i t h r e s p e c t t o a ( h . ) . 

The commodity s p a c e S i s : 

Note t h a t S can be c h a r a c t e r i z e d as sequences o f s i g n e d measures 

i ndexed by h e H. 

The consump t i on p o s s i b i l i t y s e t X i s : 

X = {x € S + : x s a t i s f i e s ( 1 ) - ( 4 ) } , 

where t h e x (h ,A ) a r e t h e p r o b a b i l i t i e s o f b e i n g a t i s l a n d «, a t 

d a t e t and consuming some e lemen t c b e l o n g i n g to B o r e l s e t A c C 

g i v e n h . The f o u r c o n d i t i o n s a r e a s f o l l o w s : 

(1 ) The x (h ,C ) a r e o ( z t _ 1 ) m e a s u r a b l e . 

T h i s c o n d i t i o n r e q u i r e s t h a t t he p r o b a b i l i t y o f b e i n g a t ( J . , t ) i s 

no t c o n t i n g e n t on t he a c t u a l shock z , a s t he d e c i s i o n t o be 

a t ( l , t ) i s p r e v i o u s to i t s r e a l i z a t i o n . 

(2) I x (h ,C ) = 1 f o r a l l t , a l l z f c . 

(Note z f c d e f i n e s h f c t f o r a l l l.) T h i s i n s u r e s t h a t w i t h p r o b a b i l ­

i t y one a p e r s o n i s a l w a y s i n one and o n l y one o f t he l o c a t i o n s . 
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(3 ) There e x i s t f u n c t i o n s b . 1 Q •* R , m e a s u r a b l e w i t h 

r e s p e c t t o o(h , ) f o r a l l ( £ , £ ' , t ) s u c h t h a t : 

The b . , f u n c t i o n s a r e t he j o i n t p r o b a b i l i t i e s o f b e i n g a t 
St J W T 1 J X. 

U ' , t ) and ( a , t + 1 ) g i v e n (h , ) . T h u s , c o n d i t i o n (3 ) i s a c o n s i s -
it Li 

t e n c y p r o p e r t y f o r the p r o b a b i l i t i e s o f b e i n g i n each l o c a t i o n 

e v e r y p e r i o d . 

(4) 

T h i s i s a n o t h e r c o n s i s t e n c y p r o p e r t y f o r t h e p r o b a b i l i t i e s o f 

b e i n g a t t he d i f f e r e n t l o c a t i o n s . Note t h a t t he a rguments o f t he 

f u n c t i o n s on t he two s i d e s o f (4 ) a r e d i f f e r e n t . T h i s r e f l e c t s 

t he f a c t t h a t t he d e c i s i o n s t o move and t o choose l a b o r consump­

t i o n p a i r s a r e based on d i f f e r e n t i n f o r m a t i o n s e t s . F i n a l l y , f r om 

c o n d i t i o n s (2 ) and (3 ) o r (2) and (4 ) 

a ' a 

P r e f e r e n c e s o f a t y p e i a g e n t a r e d i s c o u n t e d e x p e c t e d 

u t i l i t y : 

U t=0 

where 0 < 8 < 1 and U 1 : C + R + i s bounded and s t r i c t l y i n c r e a s ­

i n g . 

The a g g r e g a t e p r o d u c t i o n p o s s i b i l i t y s e t Y i s : 
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Y = {y € S : t h e r e e x i s t m e a s u r a b l e k ^ : Z • R + and m e a s u r ­

a b l e a ^ t + 1 a > : R + f o r a l l U , 2 , ' , t ) s a t i s f y i n g ( 5 ) , 

( 6 ) , and ( 7 ) } . 

In the above a . . , ( h ) i s t he amount o f t he i n v e s t m e n t good 

p roduced a t (S. , t ) c o n t i n g e n t on e v e n t h and s h i p p e d to l o c a t i o n 

l' f o r use a t t ime t+1 w h i l e k . ( z ^ ~ ) i s b e g i n n i n g o f p e r i o d 

c a p i t a l s t o c k a t ( a , t ) g i v e n h i s t o r y z^~\ C o n d i t i o n (5) i s 

<5> W ' W ) ' S , t - i { l W ) * | . V » < , V , t - i ) 

XV 

f o r a l l t > 1, I, and a l l z t _ 1 . 

T h i s i s j u s t the law o f m o t i o n f o r t he c a p i t a l s t o c k 

g i v e n t he i n i t i a l c a p i t a l s t o c k s k^Q. C o n d i t i o n (6 ) i s 

f o r a l l ( d , t , h ) . 

The f u n c t i o n f i s a c o n s t a n t r e t u r n s t o s c a l e n e o c l a s ­

s i c a l p r o d u c t i o n f u n c t i o n whose f i r s t argument i s the c a p i t a l 

i n p u t and t he second i s the l a b o r i n p u t . Note t h a t c^ i s t he 

f i r s t component o f C and c 2 the s e c o n d . C o n s e q u e n t l y - J c^ 

y o f ( h , d c ) i s t he e v e n t c o n t i n g e n t l a b o r i n p u t a t (i,t) w h i l e t he 

l e f t s i d e o f (6) i s the e v e n t c o n t i n g e n t p r o d u c t i o n o f the c o n ­

s u m p t i o n good a l s o a t ( s . , t ) . We assume f ( k , 1 ) i s bounded. T h i s 

a s s u m p t i o n i n s u r e s a u n i f o r m bound f o r o u t p u t , and t h e r e f o r e f o r 

c o n s u m p t i o n . C o n d i t i o n (7 ) i s 
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rn 

T h i s c o n d i t i o n g u a r a n t e e s t h a t l a b o r canno t be an o u t p u t o f t he 

p r o d u c t i o n p r o c e s s . 

p o i n t . T h i s i s no t a r e s t r i c t i o n g i v e n t h a t t h e r e a r e l o t t e r i e s 

a s t he law o f l a r g e numbers g u a r a n t e e s t h a t t h e ex p o s t d i s t r i ­

b u t i o n i s t he same a s t he ex a n t e d i s t r i b u t i o n f o r e a c h o f t he I 

c l a s s e s o f consumers . 

i f y € Y, and i f f o r a l l U , t , h ) , 

i x i x i v \ t ' A ) = y i t ( h n t ' A ) f ° r a n a - b ( c ) -

i 

T h i s i s t he s t a n d a r d r e q u i r e m e n t t h a t o b j e c t s i n t h e p r o d u c t i o n 

s i d e have t o e q u a l t h o s e i n t he c o n s u m p t i o n s i d e . 

3 . Some P r e l i m i n a r y M a t h e m a t i c a l R e s u l t s 

Our s e t s X and Y a r e t he p r o j e c t i o n s o f s e t s o n t o S . 

F o r m a l l y , l e t R be 

A l l a g e n t s o f t he same t y p e choose t he same commodity 

An a l l o c a t i o n [ ( x x ) , y ] i s f e a s i b l e i f x e X f o r a l l i , 

R = {r={r. } r e R 1+1 , sup | r | < r. f o r a l l h } . 
h ' h = T h 

D e f i n e T 1' L2 T 0 a s 

( s , b ) s a t i s f i e s (1) t o (4) } 

T_ = { ( s , a , k ) e S x R : ( s , a , k ) s a t i s f i e s (5 ) t o ( 7 ) } . 

Then 

X 

Y 

= P r o j ( T 1 o n t o S) 

= P r o j ( T 2 on to S ) . 
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The s e t s T j a r e convex and c l o s e d i n t h e p r o d u c t t o p o l ­

ogy o v e r sequences whose components have t he weak* t o p o l o g y . The 

r e a s o n i s t h a t t hey a r e d e f i n e d a s t h e i n t e r s e c t i o n o f a c o u n t a b l e 

number o f c l o s e d and convex c o n s t r a i n t s . 

In t h i s t o p o l o g y t he s e t R i s compac t . T h i s i n s u r e s t he 

p r o j e c t i o n s o f c l o s e d s u b s e t s o f S x R o n t o S a r e c l o s e d . P r o j e c ­

t i o n s o f convex s e t s a r e c o n v e x . A l l t h i s can be summar ized i n 

the f o l l o w i n g Lemma. 

Lemma 1: The s e t s X and Y a r e convex and a r e c l o s e d i n t he p r o d ­

u c t t o p o l o g y w i t h t he weak* t o p o l o g y f o r components . 

R e g a r d i n g p r e f e r e n c e s , t he f o l l o w i n g r e s u l t h o l d s : 

Lemma 2 : P r e f e r e n c e s can be r e p r e s e n t e d by u 1 : X + R + , 

u ^ x ) = E { I 6 f c J UHOU x o t

( \ t ' d c ) ] } -
u t=0 C a 

F u r t h e r m o r e , i n t h e p r o d u c t t o p o l o g y g e n e r a t e d by t h e weak* t o p o l ­

ogy on M ( C ) , u 1 i s a c o n t i n u o u s and l i n e a r f u n c t i o n . 

P r o o f : See A p p e n d i x . 0 

4 . E x i s t e n c e o f P a r e t o O p t i m a l A l l o c a t i o n s 

I v i Theorem 1: F o r any y € R w i t h ) p = 1 t h e p r o b l e m 4- V 1 

r , i i i , i> max i X vi u (x ) 

[ U ^ . y ] 1 

s u b j e c t to f e a s i b i l i t y , has a s o l u t i o n . The s o l u t i o n s a r e n e c e s ­

s a r i l y P a r e t o opt imum a l l o c a t i o n s i f > 0 f o r a l l i . 
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P r o o f : By Theorem 6-4 o f P a r t h a s a r a t h y ( 1 9 6 7 ) , a v e r s i o n o f t h e 

B a n a c h - A l a o g l u Theorem, t he s e t 

i s weak* compac t . By T y c h o n o v ' s Theorem, 

T = { ( s , b ) e SxR : s h € T h f o r a l l h} 

i s compact i n t he p r o d u c t t o p o l o g y o v e r componen ts . T^ i s a 

c l o s e d s u b s e t o f T , a compact s e t , hence compact i t s e l f . The 

p r o j e c t i o n o p e r a t o r i s c o n t i n u o u s , hence X i s a compact s e t . 

From ou r d e f i n i t i o n o f f e a s i b i l i t y , a l l o c a t i o n [ ( x L ) , y ] 

b e i n g f e a s i b l e i m p l i e s x 1 e X a l l i , y € Y , and y = £ X 1 x 1 . C o n -
i 

v e x i t y o f X i m p l i e s y € X . So [ ( x x ) , y ] b e i n g f e a s i b l e i m p l i e s 

x 1 € X f o r a l l i and y e X n Y . Y i s c l o s e d , X i s c o m p a c t ; h e n c e , 

X n Y i s compac t . A p p l y i n g T y c h o n o v ' s Theorem a g a i n , t he s e t o f 

f e a s i b l e a l l o c a t i o n s i . e . , {X*x X n Y} i s compact i n t he t o p o l o g y 

b e i n g u s e d . 

Lemma 2 shows u 1 i s a c o n t i n u o u s f u n c t i o n . Then 
£ p 1 X 1 u 1 ( x 1 ) i s a l s o a c o n t i n u o u s f u n c t i o n s i n c e y , X € . 
i 

C o n t i n u o u s r e a l f u n c t i o n s o v e r compact s e t s a c h i e v e a 

maximum. 0 

5 . Q p t i m a l i t y o f C o m p e t i t i v e E q u i l i b r i a 

A c o m p e t i t i v e e q u i l i b r i u m i s a f e a s i b l e a l l o c a t i o n 

[ ( x 1 ) , ^ ] t o g e t h e r w i t h a p r i c e s y s t e m v ( i . e . , a n o n t r i v i a l l i n e a r 

f u n c t i o n a l on S) f o r w h i c h : 

( i ) F o r a l l i , x € X and u x ( x ) > u 1 ( x 1 ) i m p l i e s v ( x ) > v ( x x ) . 
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( i i ) y e Y i m p l i e s v ( y ) < v ( y ) . 

C o n d i t i o n ( i ) i s u t i l i t y m a x i m i z a t i o n s u b j e c t t o a budge t c o n ­

s t r a i n t w h i l e c o n d i t i o n ( i i ) i s p r o f i t m a x i m i z a t i o n s u b j e c t t o a 

t e c h n o l o g y c o n s t r a i n t . 

Theorem 2 : I f t he a l l o c a t i o n [ ( x x ) , y ] , f o r i = 1, I, t o ­

g e t h e r w i t h the p r i c e f u n c t i o n a l v , i s a c o m p e t i t i v e e q u i l i b r i u m 

then i t i s a P a r e t o o p t i m a l a l l o c a t i o n . 

P r o o f : To e s t a b l i s h o p t i m a l i t y o f c o m p e t i t i v e e q u i l i b r i a we a p p l y 

Theorem 1 o f Debreu ( 1 9 5 4 ) . The theorem i s t h a t c o m p e t i t i v e 

e q u i l i b r i a a r e n e c e s s a r i l y P a r e t o o p t i m a i f t he X a r e c o n v e x , no 

x 1 i s a s a t i a t i o n p o i n t and p r e f e r e n c e s a r e c o n v e x . By Lemma 1 

t he X a r e c o n v e x . The p o i n t x s w h i c h p l a c e s mass one on t he p o i n t 

s e t { ( 0 , c ) } f o r a l l ( a , t , h , ) i s t he o n l y s a t i a t i o n p o i n t . G i v e n 

ou r a s s u m p t i o n s no a l l o c a t i o n t h a t p l a c e s mass one on c f o r any 

t ype f o r any ( a , t , h . ) i s f e a s i b l e . C o n s e q u e n t l y f e a s i b i l i t y 

r u l e s ou t s a t i a t i o n f o r any t y p e . The c o n v e x i t y o f p r e f e r e n c e s 

p r o p e r t y i s t h a t x ' , x " e X and u 1 ( x ' ) > u 1 ( x ' ' ) i m p l i e s 

u 1 ( a x ' + ( 1 - a ) x * 1 ) > u i ( x ' ' ) f o r any a e ( 0 , 1 ) . T h i s i s an immed i ­

a t e r e s u l t o f Lemma 2 . 0 

D e b r e u ' s Theorem does no t r e q u i r e S to be a t o p o l o g i c a l 

space and t h e r e f o r e p r i c e s y s t e m v t o be c o n t i n u o u s . An a l t e r n a ­

t i v e a p p r o a c h would be t o i n t r o d u c e a t o p o l o g y , m o d i f y D e b r e u ' s 

d e f i n i t i o n o f c o m p e t i t i v e e q u i l i b r i u m t o r e q u i r e c o n t i n u i t y o f t he 

v a l u a t i o n f u n c t i o n , and t h e n e s t a b l i s h l o c a l n o n s a t i a t i o n . O p t i ­

m a l i t y o f c o m p e t i t i v e e q u i l i b r i u m then f o l l o w s by t h e s t a n d a r d 

a rgument . 
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F o r t e c h n i c a l r e a s o n s t he u n d e r l y i n g c o n s u m p t i o n s e t C 

was c o n s t r a i n e d t o be bounded . Our t h e o r y , however , can a l s o be 

a p p l i e d t o some e n v i r o n m e n t s i n w h i c h t h i s s e t i s no t bounded . 

Whenever t he u t i l i t y p o s s i b i l i t y f r o n t i e r f o r t he n t y p e s i s no t 

r e d u c e d by i n t r o d u c i n g some s u f f i c i e n t l y l a r g e bound on consump­

t i o n , t he t h e o r y i s a p p l i c a b l e . F o r e x a m p l e , i f C = [ - 1 , 0 ] x 

[ 0 , » ) and f o r f i x e d c^ t he U 1 a r e s t r i c t l y concave i n c 2 , any 

b i g g e r number t han t h a t w h i c h can be f e a s i b l y consumed by a l l t y p e 

i p e o p l e . S t i l l i t i s p o s s i b l e f o r a g e n t s o f t y p e i t o consume an 

x t h a t a t some ( n , t , h ) p u t s some p o s i t i v e p r o b a b i l i t y on an 

amount b i g g e r t han c , and hence n e c e s s a r i l y a l s o p u t s p o s i t i v e 

p r o b a b i l i t y on an amount s m a l l e r t h a n c . Bu t g i v e n t he f a c t t h a t 

a g e n t s a r e r i s k a v e r s e , i . e . , t he U 1 a r e s t r i c t l y concave i n c 2 , 

t h a t a l l o c a t i o n w i l l no t be P a r e t o o p t i m a l s i n c e i t i s d o m i n a t e d 

by a n o t h e r t h a t p u t s p r o b a b i l i t y one on t he f i r s t moment o f t h e 

f o r m e r . T h i s new a l l o c a t i o n i s f e a s i b l e ( f i r s t moments do n o t 

c h a n g e ) . A l l economies w i t h a c t h a t s a t i s f i e s t he above p r o p e r t y 

w i l l s h a r e P a r e t o o p t i m a l a l l o c a t i o n s a n d , a s Theorem 2 shows , 

c o m p e t i t i v e e q u i l i b r i a . 

6 . The Second W e l f a r e Theorem 

Debreu ( 1 9 5 4 , Theorem 2) e s t a b l i s h e s t h a t i f S i s a 

l i n e a r t o p o l o g i c a l s p a c e , P a r e t o opt imum a l l o c a t i o n s [ ( x X ) , y ] f o r 

w h i c h no x 1 i s a s a t i a t i o n p o i n t can be s u p p o r t e d a s a q u a s i 

c > sup 
z , k , i 

i s an a p p r o p r i a t e bound . 

To s e e why t h i s i s t he c a s e , n o t e consump t i on c i s a 
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c o m p e t i t i v e e q u i l i b r i u m i f t he f o l l o w i n g f i v e c o n d i t i o n s a r e 

s a t i s f i e d : 

I. X i s a convex s e t . 

I I . F o r x ' , x " e X , and f o r a l l i 

u x ( x ' ) < u x ( x " ) i m p l i e s u x ( x ' ) < u 1 ( x a ) 

where x a = a x ' + ( 1 - a ) x ' ! f o r a € ( 0 , 1 ) . 

I I I . F o r a l l x , x ' , x " € X and f o r a l l a e [ 0 , 1 ] t he s e t 

{a € [ 0 , 1 ] : u 1 ( x a ) < u * ( x ) } i s c l o s e d , where x a i s as b e ­

f o r e . 

IV . Y i s a convex s e t . 

V . Y has an i n t e r i o r p o i n t . 

Theorem 3 : Any P a r e t o o p t i m a l a l l o c a t i o n [ ( x 1 ) , ^ ] can be s u p ­

p o r t e d a s a q u a s i c o m p e t i t i v e e q u i l i b r i u m ; t h a t i s , t h e r e e x i s t s a 

n o n t r i v i a l c o n t i n u o u s l i n e a r f u n c t i o n a l v s u c h t h a t : 

( i ) F o r a l l i , x e X and u x ( x ) > u 1 ( x 1 ) i m p l i e s v ( x ) > v ( x 1 ) . 

( i i ) y e Y i m p l i e s v ( y ) < v ( y ) . 

P r o o f : W i th t he p r o d u c t t o p o l o g y w h i c h was used to e s t a b l i s h t he 

e x i s t e n c e o f o p t i m a , Y has an empty i n t e r i o r . Hence a n o t h e r 

t o p o l o g y i s needed f o r a p p l i c a t i o n o f D e b r e u ' s Theorem 2 . The 

t o p o l o g y used i n t he one i n d u c e d by the f o l l o w i n g norm: 

llsll = sup{ l ls . I l j = sup{ sup |J* g d s . | } . 
heH h€H geC(C) C 
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Note t h a t t he term i n b r a c e s i s t he u s u a l norm f o r s i g n e d mea­

s u r e s , w i t h C(C) b e i n g t he s p a c e o f c o n t i n u o u s bounded f u n c t i o n s 

on C . The t o p o l o g y i n d u c e d by t h i s norm i s t he t o p o l o g y o f u n i ­

form c o n v e r g e n c e o f sequences o f s i g n e d m e a s u r e s . 

C o n d i t i o n s I and IV a r e Lemma 1. C o n d i t i o n I I i s t he 

immed ia te consequence o f t he l i n e a r i t y o f u 1 a s e s t a b l i s h e d i n 

Lemma 2 . C o n t i n u i t y o f u 1 w i t h r e s p e c t t o a weaker t o p o l o g y a s 

e s t a b l i s h e d i n Lemma 2 , i m p l i e s c o n t i n u i t y w i t h r e s p e c t t o t h i s 

s t r o n g e r t o p o l o g y . C o n t i n u i t y o f t he u 1 i s a s t r o n g e r c o n d i t i o n 

than c o n d i t i o n I I I . 

To p rove c o n d i t i o n V , we w i l l show a p o i n t y^ i s i n 

t he i n t e r i o r o f Y , where f o r a l l h 

y ° ( A ) = 1 i f ( - 1 / 2 , 0 ) € A 

and z e r o o t h e r w i s e . To show e Y , l e t a® be i d e n t i c a l l y z e r o 

and k ° be s u c h t h a t ^ ( h ^ ) = k%Q f o r a l l h . S i n c e ( y 0 , k ° , a 0 ) e 

T 2 , y ° € Y . 

L e t 

N 1 = f s h € M ( C ) : | J C l d s h - J c,dy°\< 1/4} 

N 2 = { s h e M ( C ) : | J c 2 d s h - J c 2 d y £ | < e} 

where 

e = i n f z f ( k 1 / 4 ) . 
a , z 

S e t s N^ and N 2 a r e weak* n e i g h b o r h o o d s o f y ^ . S i n c e t he t o p o l o g y 

i nduced by II l l ^ i s a s t r o n g e r o n e , t h e r e e x i s t s an e ' > 0 s u c h 

t h a t 
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W = < v M ( c ) : » v w ^ c N i n N 2 -

T h i s e ' i s t he same f o r a l l h . We w i l l show t h a t t h e open s e t 

0 ( y ° ) = {s e S : l l s - y ° l l < e»} 

i s c o n t a i n e d i n Y . 

I f s e 0 ( y ° ) t hen f o r a l l h , s h € O^Cy^) w h i c h i m p l i e s 

s h e N 1 n N 2 - Thus 

J - c 1 d s h e ( 1 / 4 , 3 / 4 ) 

and 

T h i s , i n t u r n , i m p l i e s ( s , k , a u ) s a t i s f i e s ( 5 ) - ( 7 ) and hence 

s e Y . T h i s c o m p l e t e s t he p r o o f . D 

Comment: To s u p p o r t the op t imum, t he t r a n s f e r must be 

i>1 - 9 i v ( y ) 

where e 1 i s t he s h a r e o f t he f i r m owned by t ype i ( n o t e X»8=1) . A 

h o u s e h o l d o f t y p e i m a x i m i z e s u 1 ( x 1 ) s u b j e c t t o x 1 e X and t o 

v U 1 ) < • 1 + 6 X v ( y ) . 

Marke t c l e a r i n g i n s u r e s X• 14* = 0 . 

Theorem 3 g u a r a n t e e s the e x i s t e n c e o f a q u a s i c o m p e t i ­

t i v e e q u i l i b r i u m w i t h t r a n s f e r paymen ts . In t he n e x t theo rem we 

show t h a t a q u a s i c o m p e t i t i v e e q u i l i b r i u m w i t h z e r o t r a n s f e r s a l s o 

e x i s t s . The argument p r o c e e d s by c o n s t r u c t i n g a c o r r e s p o n d e n c e 

x : M •* M, where M c R 1 i s c o m p a c t , and x i s c o n v e x , upper h e m i -
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c o n t i n u o u s ( u h c ) , and c o m p a c t , and then a p p l y i n g K a k u t a n i ' s F i x e d 

P o i n t Theorem. The argument i s i n t he s p i r i t o f Bewley ( 1 9 6 9 ) , 

M a g i l l ( 1 9 8 1 ) , and M a s - C o l e l l ( 1 9 8 6 ) . 6 

Theorem 4 : F o r t he c l a s s o f economies s t u d i e d , t h e r e e x i s t s a 

q u a s i e q u i l i b r i u m , i . e . , a f e a s i b l e a l l o c a t i o n [ (x ) , y ] , and p r i c e 

sys tem v^ s u c h t h a t : 

u x ( x ) > u I ( x 1 ) i m p l i e s v ( x ) > 9 1 v ( y ) f o r a l l i , 

and 

y e Y i m p l i e s v ( y ) < v ( y ) . 

P r o o f : See A p p e n d i x . 0 

We s t i l l have no t shown the e x i s t e n c e o f a c o m p e t i t i v e 

e q u i l i b r i u m . We w i l l show i t s e x i s t e n c e by a p p l y i n g t he w e l l -

known r e s u l t ( s e e Debreu (1954 ) ) t h a t i f e v e r y a g e n t has a c h e a p e r 

p o i n t i n h i s budge t s e t , t hen t he q u a s i c o m p e t i t i v e e q u i l i b r i u m i s 

a c o m p e t i t i v e o n e . In t he f o l l o w i n g theorem we g i v e s u f f i c i e n t 

c o n d i t i o n s on t h e P a r e t o o p t i m a t o g u a r a n t e e t h a t e v e r y a g e n t has 

a cheape r p o i n t . These c o n d i t i o n s a r e t h a t a g e n t s do no t consume 

the l e a s t d e s i r a b l e p o i n t i n t he u n d e r l y i n g c o n s u m p t i o n s e t C f o r 

a l l ( a , t , h ) . The argument e s t a b l i s h e s a c o n t r a d i c t i o n between 

p r o f i t m a x i m i z a t i o n and l a c k o f e x i s t e n c e o f a cheape r p o i n t . 

D e f i n e X £ as 

X £ = {x e X : J* ( 1 + c 1 ) d x h < e and J" c 2 d x h < e f o r some heH} . 

Theorem 5 : I f a l l o c a t i o n [ ( x x ) , y ] and n o n t r i v i a l c o n t i n u o u s 

l i n e a r f u n c t i o n a l v i s a q u a s i e q u i l i b r i u m s u c h t h a t t h e r e e x i s t s 
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e > 0 w i t h t he p r o p e r t y t h a t f o r a l l i , x 1 | X e , t hen 

{ [ ( x 1 ) , y ] , v } i s a c o m p e t i t i v e e q u i l i b r i u m . 

P r o o f : L e t x * ( A ) = 1/L i f ( - 1 , 0 ) e A and z e r o o t h e r w i s e f o r a l l 

h . Note x * e X . C o n s i d e r t he a l l o c a t i o n [ ( x 1 ) ^ * ] where x 1 = x * 

f o r some i , x^ = x-' f o r j * i and y * = £ X^x^ + X ^ x * . S i n c e x 1 $ 

X e f o r some e > 0 , t y p e i a r e consuming l e s s pe r c a p i t a and s u p ­

p l y i n g more l a b o r p e r c a p i t a f o r x * t han f o r x 1 f o r a l l h . C o n ­

s e q u e n t l y y * e Y . P r o f i t m a x i m i z a t i o n i m p l i e s 

v ( y * ) < v ( y ) . 

L i n e a r i t y o f v i m p l i e s 

v ( y » ) = X X v ( x * ) + I X J v ( x j ) . 

j*i 
Hence v ( x * ) < v ( x 1 ) . 

No te v ( x * ) = v ( x x ) i m p l i e s v ( y * ) = v ( y ) , w h i c h w i l l be 

shown t o be i n c o n s i s t e n t w i t h p r o f i t m a x i m i z a t i o n . The n a t u r e o f 

t he argument i s t o show y * i s an i n t e r i o r p o i n t o f Y . I f v ( y * ) = 

v ( y ) , g i v e n v i s n o n t r i v i a l , t h e r e wou ld be some p o i n t y i n e v e r y 

n e i g h b o r h o o d o f y * w i t h t he p r o p e r t y t h a t v ( y ) > v ( y * ) . 

A n e i g h b o r h o o d o f y * , 0 ( y * ) c Y i s c o n s t r u c t e d a s f o l ­

lows : 

Two weak* n e i g h b o r h o o d s o f y * a r e t h o s e a s s o c i a t e d w i t h 

c o n t i n u o u s f u n c t i o n s c.j and c 2 and bounds e X 1 / 2 L . By t h e same 

r e a s o n i n g a s i n the p r o o f o f c o n d i t i o n V o f Theorem 3 , t h e r e 

e x i s t s an open s e t 0 ( y * ) i n t he t o p o l o g y i n d u c e d by the norm on S 

s u c h t h a t y e 0 ( y * ) i m p l i e s t h a t f o r a l l h , 



- 20 -

and 

< 

S i n c e 

and 

J c 2 d y * > 

and 

and f o r a l l h 

J c 2 d y h 

Note t h a t ( y , i c , a ) € T 2 , where ic, a a r e the f u n c t i o n s 

a s s o c i a t e d w i t h t he q u a s i e q u i l i b r i u m a l l o c a t i o n y . T h e r e f o r e 

p r o o f . D 

7. P r i c e R e p r e s e n t a t i o n 

The e q u i l i b r i u m p r i c e v l i e s i n t he d u a l o f t he commod­

i t y space S , a s p a c e d i f f i c u l t t o c h a r a c t e r i z e . In Theorem 6 we 

show t h a t t h e r e e x i s t s a q u a s i e q u i l i b r i u m p r i c e f u n c t i o n a l p t h a t 

l i e s i n t he p r e d u a l i . e . , t he s p a c e o f s e q u e n c e s o f c o n t i n u o u s 

bounded f u n c t i o n s on C whose norms a r e summable. T h i s p r i c e 

f u n c t i o n a l p has a d o t p r o d u c t r e p r e s e n t a t i o n w h i c h a g r e e s w i t h 

ou r i n t u i t i o n s o f what p r i c e s s h o u l d b e , namely t hey a r e r o o t e d i n 

m a r g i n a l c o n d i t i o n s . 

P r e s c o t t and L u c a s (1972) d e v e l o p s u f f i c i e n t c o n d i t i o n s 

f o r e x i s t e n c e o f p r i c e s y s t e m s w i t h d o t p r o d u c t r e p r e s e n t a t i o n s 

0 ( y» ) c Y . Hence v ( x * ) < v ( x ) f o r a l l i . T h i s c o n c l u d e s t he 
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f o r commodity s p a c e s whose e l e m e n t s a r e sequences o f members o f 

normed l i n e a r s p a c e s . 

T h e i r r e q u i r e m e n t s a r e t h a t any f e a s i b l e p o i n t can be 

t r u n c a t e d ; i . e . , i f a p o i n t i s f e a s i b l e so i s any o t h e r t h a t i s 

e q u a l to i t i n i t s f i r s t T components and z e r o t h e r e a f t e r . In 

a d d i t i o n they r e q u i r e t h a t a g e n t s d i s c o u n t c o n s u m p t i o n i n d i s t a n t 

s t a t e s . S i n c e an a l l o c a t i o n i n ou r economy i n c l u d e s a s e t o f 

p r o b a b i l i t i e s f o r consumers , t r u n c a t i n g w i t h the z e r o measure i s 

no t f e a s i b l e and we canno t a p p l y t h e i r r e s u l t . In t he f o l l o w i n g 

r e s u l t we g e n e r a l i z e t h e i r Theorem 1 to p e r m i t t r u n c a t i o n w i t h 

o t h e r t han t he z e r o e l e m e n t . F o r t h i s t heo rem, the a g g r e g a t e 

endowment, to, i s no t assumed t o be z e r o , and t h e r e a r e a f i n i t e 

number o f t e c h n o l o g i e s i ndexed by j . 

L e t S be t he l i n e a r s p a c e lis II = sup lis, II... F o r any 
, n H n 

s € S , l e t s < T be s u c h t h a t i t s f i r s t T components a r e t h o s e o f s 

and t he l a t t e r z e r o . L e t Syj . = s - s ^ . 

Theorem 6 : Suppose a l l o c a t i o n ( ( x 1 ) , ^ ) ] and n o n t r i v i a l c o n t i n u ­

ous l i n e a r f u n c t i o n a l v i s a c o m p e t i t i v e e q u i l i b r i u m f o r an e c o n ­

omy f o r w h i c h no x 1 i s a s a t i a t i o n p o i n t . Suppose i n a d d i t i o n t o 

c o n d i t i o n s I and I I t h a t t h e r e e x i s t x 1 e X* f o r a l l i , and € 

YJ f o r a l l j s u c h t h a t : 

V I . F o r a l l x 1 € X 1 , a l l T , E x * t + x 1 ^ e X 1 . For a l l y J € 

Y J , a l l T , y ^ s y ^ + y ^ € y J . 

i i ' 

V I I . I f x i s s t r i c t l y p r e f e r r e d t o x by a g e n t i , t hen t h e r e 

e x i s t s T ' s u c h t h a t f o r T > T ' , is s t r i c t l y p r e f e r r e d t o 

x 1 ' . 
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V I I I . I X 1 x 1 = I + co. 

i J 

Then 

q ( s ) = l i m v ( s < T ) , 

a l o n g w i t h [ ( x x ) , ( y ^ ) ] i s a q u a s i e q u i l i b r i u m f o r t h i s economy. 

P r o o f : See A p p e n d i x . 0 

The f i n a l theorem u s e s t h i s r e s u l t t o e s t a b l i s h e x i s ­

t e n c e o f a s p e c i f i c t y p e o f r e p r e s e n t a t i o n o f p r i c e s y s t e m . F i r s t 

i t a l l o w s f o r a p r i c e to be r e p r e s e n t e d a s a d o t p r o d u c t , i . e . , 

t he v a l u e o f a commodity p o i n t i s the sum o f t he v a l u e s o f i t s 

d a t e - l o c a t i o n - e v e n t components . S e c o n d , w i t h i n each d a t e -

l o c a t i o n - e v e n t component t he v a l u e depends o n l y on t he f i r s t 

moments o f t he s i g n e d measures w i t h r e s p e c t t o bo th the consump­

t i o n good and t i m e , i n a way t h a t t h e i r r e l a t i v e v a l u e s c o i n c i d e 

w i t h t h e m a r g i n a l r a t e s o f s u b s t i t u t i o n and t r a n s f o r m a t i o n . 

Theorem 7 : Suppose a l l o c a t i o n [ ( x 1 ) , ^ ] and l i n e a r f u n c t i o n a l v 

a r e a c o m p e t i t i v e e q u i l i b r i u m then t h e r e e x i s t s a c o n t i n u o u s 

l i n e a r f u n c t i o n a l p o f t he fo rm 

PCs) = I J ( p 1 h V p 2 h c 2 ) d s h 

h 

s u c h t h a t [ ( x 1 ) , } ? ] t o g e t h e r w i t h p a r e a q u a s i c o m p e t i t i v e e q u i ­

l i b r i u m . 

" i 

P r o o f : No te t h a t a s s u m p t i o n VI h o l d s f o r ou r economy f o r x^ = 

( { ( - 1 , 0 ) } } = 1/L f o r a l l i and a l l h , and y ( { ( - 1 , 0 ) } ) = 1/L f o r 
A A 

a l l h . D i s c o u n t i n g t a k e s c a r e o f a s s u m p t i o n V I I and x = y w h i c h 
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s u f f i c e s f o r a s s u m p t i o n V I I I . Then Theorem 6 g u a r a n t e e s t h a t a q 

e x i s t s and t h a t i t t o g e t h e r w i t h [ ( x X ) , y ] i s a q u a s i e q u i l i b r i u m . 

A r e s u l t used i n t h i s p r o o f and p roven i n t he Append i x 

i s : 

Lemma 3 : Suppose v , p a r e c o n t i n u o u s , n o n t r i v i a l l i n e a r f u n c t i o n ­

a l on t o p o l o g i c a l l i n e a r s p a c e S . Suppose s e Argmax v ( s ) s u b ­

j e c t to p ( s ) < p ( s ) . Then t h e r e e x i s t s a > 0 s u c h t h a t o p ( s ) = 

v ( s ) , f o r a l l s e S . 

D e f i n e f o r a l l h t he s e t 

Y h 5 {y € Y : y h , = y h , f o r a l l h ' * h } . 

C o n s i d e r t he f o l l o w i n g p r o g r a m : 

max q ( y ) s u b j e c t t o y e Y ^ . 

y 

E lement y s o l v e s i t . 

L e t s ( h ) a s < h - s<h_v t h e n q ( s ) = £ v ( s ( h ) ) . D e f i n e 

v h ( s h ) = v ( s ^ h ^ ) . S i n c e f o r no h a g e n t s pu t mass on t he most 

p r e f e r r e d p o i n t i n C , u t i l i t y m a x i m i z a t i o n g u a r a n t e e s v^ i s n o n -

t r i v i a l . C o n s i d e r a l s o t he p r o g r a m : 

max v h ( s h ) 
S h 

s u b j e c t t o : 

J ( V w h C l ) d s h < J ( c 2 + w h C l ) d y h 
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where w h = z ^ ^ l ^ h ' " J" ^ ^ h l * Suppose does no t s o l v e i t . 

Then t h e r e e x i s t s s ^ s u c h t h a t v ^ s ^ ) * v h ^ y h ^ a n d 

J ( c 2 + w h C l ) d s h < J ( c 2 + w h C l ) d y h . 

Then t h e r e e x i s t s a 6 € ( 0 , 1 ) s u c h t h a t v h ( s s h ) > v

h ( y h ) a n d 

J ( c 2 + V i ) d ( 6 s h } < [ ( V V i l d V 

G i v e n the v a l u e o f w^ and t he p r o p e r t i e s o f t he p r o d u c ­

t i o n f u n c t i o n , t h e r e e x i s t s a y e ( 0 , 1 ) s u c h t h a t f o r 

S h 5 Y 5 s h + ( 1 " y ) V 

V h ^ S h ^ > V h ^ h ^ " F u r t h e r m o r e , t h e s e t {y e S : y Y = s Y and y^» = 

y. , f o r h ' * h} i s c o n t a i n e d i n Y h . Bu t t h i s c o n t r a d i c t s t he f a c t 

t h a t y s o l v e s t he p r e v i o u s p r o g r a m , hence y h s o l v e s t h i s o n e . 

S i n c e v h and the c o n s t r a i n t a r e b o t h n o n t r i v i a l c o n t i n u ­

ous l i n e a r f u n c t i o n a l s on a t o p o l o g i c a l l i n e a r s p a c e , f o r a l l h , 

Lemma 3 i m p l i e s t h a t t h e r e e x i s t s a h > 0 s u c h t h a t 

W = a h J" ( V V i ) d V 

S i n c e q ( s ) i s w e l l - d e f i n e d , 

P ( s ) = I J ( P 1 h c 1 + P 2 h c 2 ) d s h 

i s a l s o w e l l - d e f i n e d where p ^ = a h w h ^ a 1 ' ^2h = a h / a 1 " (No te t h a t 

n o n t r i v i a l i t y o f v^ i m p l i e s * 0 a l l h . ) S i n c e q ( s ) was a q u a s i 

e q u i l i b r i u m , s o i s p ( s ) . 0 
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R e c a l l t h a t Theorem 4 g i v e s s u f f i c i e n t c o n d i t i o n s f o r a 

q u a s i e q u i l i b r i u m t o be a c o m p e t i t i v e one r e g a r d l e s s o f whe ther o r 

no t the p r i c e f u n c t i o n has a d o t p r o d u c t r e p r e s e n t a t i o n . 
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A p p e n d i x 

P r o o f o f Lemma 2 : E x i s t e n c e , c o n t i n u i t y and l i n e a r i t y o f t h e 

u t i l i t y f u n c t i o n d e f i n e d . L e t 

CO 

U ( x ) i E { I 8 f c j " U ( o ) [ J x (h d c ) ] } . 
u t=o c i z t ac 

We must show f i r s t t he e x p e c t a t i o n o p e r a t o r i s w e l l - d e f i n e d . 

F i r s t d e f i n e g T : n * R a s : 

T i-
g T(«u) = I 8 C I J" U ( c ) x 0 . ( h . (o>),dc) > 0 . 

1 t=0 8, C a c a c 

Now g i v e n t h a t up t o t t he s e t o f p o s s i b l e h i s t o r i e s i s a f i n i t e 

s e t , we have t h a t : 

u < t ( x ) = E

0 t e T

( w ) 1 

T t-

' 1 * 1 I * ( h i t > U ( C ) x i t > i t ( w ) ' d c > > ° 
t=o 

where a g a i n H i s t he s e t o f p o s s i b l e h i s t o r i e s up t o ( i t , t ) and 

n ( h j l t ) i s t he p r o b a b i l i t y o f h ^ . Now f o r each u , g T ( w ) + g(u j ) , 

where 

g(w) = I B C I J U ( c ) x (h (o , ) ,dc ) > 0 , 
t=0 d c " u 

s i n c e t h e r e i s d i s c o u n t i n g , C i s compact and U ( c ) i s b o t h n o n -

n e g a t i v e and bounded , t h i s l i m i t e x i s t s . 

Now s i n c e f o r a l l u>, g-p(w) i s bounded above by 

p = y 8^ J sup U ( c ) , we a p p l y Lebesgue Dominated C o n v e r g e n c e 
t=0 8, ceC 

Theorem ( s e e Wheeden and Zygmund ( 1 9 7 7 ) , Theorem 5 . 1 9 ) t o c o n c l u d e 

t h a t : 
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u ( x ) = E 0 [ l i m g T ( « ) 

= l i m u ( x ) 

= E { I 6 C J U(C) I x [h dc ] } 
u t=0 C a l z w 

Hence, u ( x ) i s a w e l l - d e f i n e d f u n c t i o n . 

We now t u r n t o c o n t i n u i t y . R e c a l l t h a t f o r e a c h 

( i , t , h ) t he t o p o l o g y used i s t h e weak* w h i l e o v e r t he p r o d u c t 

a c r o s s d a t e s , l o c a t i o n s and h i s t o r i e s t he t o p o l o g y i s t h e p r o d u c t 

o n e . So x n •+ means t he c o n v e r g e n c e i s p o i n t w i s e . 

The argument o f t he p r o o f i s t o show t h a t f o r a l l e > 0 

t h e r e e x i s t s an N such t h a t f o r any n > N : 

i / n , / 0 \ i . | u ( x ) - u (x )I < e . 

Now l e t u > T ( x ) = u ( x ) - u £ T ( x ) . By t h e t r i a n g l e i n ­

e q u a l i t y i t f o l l o w s t h a t 

| u ( x n ) - u ( x ° ) | < | u < T ( x n ) - u 5 T ( x ° ) | 

+ | u > T ( x n ) - u > T ( x ° ) | . 

But n o t i c e t h a t f o r any x e X , 

6 T + 1 

0 < u . _ ( x ) < f max U ( c ) . 

> T 1 - 8 ceC 

C o n s e q u e n t l y , f o r any e > 0 t h e r e e x i s t s T s u c h t h a t f o r a l l x € X 

and hence f o r x^1 and t he x n , 

u > T ( x ) < | . 
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T h i s i m p l i e s | u > T ( x ° ) - u > T ) x n | < e / 2 , f o r a l l n . 

Now, f i x e d T , u < T ( x ) i s a f i n i t e sum o f c o n t i n u o u s f u n c ­

t i o n s , s o we c a n a l w a y s choose N g s u c h t h a t f o r any n > N € 

| u < T ( x ) - u ^ T ( x ) | < 2 -

Hence | u ( x ° ) - u ( x n ) | < £ f o r n > N . T h i s e s t a b l i s h e s c o n t i n u i t y o f 

t he u f u n c t i o n s . 

L i n e a r i t y o f u ( x ) f o l l o w s t r i v i a l l y . D 

P r o o f o f Theorem 4 : In S t e p 1 we show t h a t any a l l o c a t i o n i n 

r ( y ) , the s e t o f s o l u t i o n s t o the s o c i a l p l a n n e r p r o b l e m , can be 

s u p p o r t e d as a q u a s i e q u i l i b r i u m w i t h t r a n s f e r s (QET) by a l l t h e 

members o f c e r t a i n c o n v e x , nonempty s e t o f v a l u a t i o n f u n c t i o n s 

V ( u ) . In S t e p 2 we c o n s t r u c t a f u n c t i o n t h a t maps t he u n i t s i m ­

p l e x i n t o the r e a l l i n e and show i t i s c o n t i n u o u s . A s s o c i a t e d 

w i t h any p o i n t i n t he range o f t h i s f u n c t i o n i t w i l l be shown 

t h e r e i s a P a r e t o o p t i m a l a l l o c a t i o n . S i n c e e v e r y P a r e t o o p t i m a l 

a l l o c a t i o n i s t h e s o l u t i o n t o some s o c i a l p l a n n e r ' s p r o b l e m , we 

can s u p p o r t i t as a QET. In S t e p 3 we c o n s t r u c t a t r a n s f e r s 

c o r r e s p o n d e n c e and show i t i s compac t , nonempty and c o n v e x . In 

S t e p 4 we show i t i s uhc and f i n a l l y i n S t e p 5 t h a t a s u i t a b l e 

t r a n s f o r m a t i o n o f i t has a f i x e d p o i n t t h a t c o r r e s p o n d s t o a q u a s i 

e q u i l i b r i u m w i t h z e r o t r a n s f e r s . 

S t e p 1. C o n s i d e r t he f o l l o w i n g program 

v i , i i , i , max X u (x ) 

X €X 

s u b j e c t to 
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T h i s p r o b l e m has a s o l u t i o n ( b y Theorem 1) and the v a l u e 

o f t h e o b j e c t i v e i s a c o n t i n u o u s f u n c t i o n U ( u , x ) . We d e f i n e an 

economy w i t h one agen t and w i t h p r e f e r e n c e s U ( y , x ) and t e c h n o l o g y 

s e t Y . I t s s e t o f P a r e t o o p t i m a i n c l u d e s t he s o l u t i o n s t o 

max U ( ) j , x ) . 
xeXnY 

Any s o l u t i o n to t he s o c i a l p l a n n e r ' s p r o b l e m o f t he 

o r i g i n a l economy i m p l i e s a s o l u t i o n to t h i s one where x = y . The 

f o l l o w i n g lemma i s an i m p o r t a n t i n t e r m e d i a t e s t e p : 

Lemma: L e t x , x be two d i f f e r e n t s o l u t i o n s to t h e one a g e n t e c o ­

nomy s o c i a l p l a n n e r p r o b l e m and l e t v s u p p o r t x a s a QET, t h e n v 

a l s o s u p p o r t s x . 

P r o o f : S i n c e x , x s o l v e t he p r o b l e m , U ( y , x ) = U ( y , x ) , x , x e Y , 

and v s u p p o r t s x , v ( x ) = v ( x ) . Then U ( y , x ) > U ( u , x ) i m p l i e s v ( x ) 

> v ( x ) = v ( x ) and y € Y i m p l i e s v ( y ) < v ( x ) = v ( x ) , hence v s u p ­

p o r t s x . • 

A r b i t r a r i l y s e l e c t [ ( x 1 ) , ^ ] e r ( y ) w i t h a s s o c i a t e d a l l o ­

c a t i o n i n t he one a g e n t economy x = y . Theorem 3 g u a r a n t e e s t he 

e x i s t e n c e o f a n o n t r i v i a l v € S * t h a t s u p p o r t s i t as a QET i n t h e 

one a g e n t economy, i . e . , U ( y , x ) > U ( u , x ) = ^ u 1 X 1 u 1 ( x 1 ) i m p l i e s 

v ( x ) > v ( x 1 ) and y e Y i m p l i e s v ( y ) < v ( x ) . P i c k any ( ^ 1 ) i g I w i t h 

t he p r o p e r t y t h a t f o r i * j , x 1 = x 1 and x^ i s s u c h t h a t u^(x- ' ) > 

u J ( x J ) . L e t x = J X 1 ! 1 . As 

v , i i i / ~ i \ v , i i i / - i \ IA v u (x ) > IA v u (x ) 
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i t f o l l o w s t h a t U ( y , x ) > U ( p , x ) and t h i s i n t u r n t h a t v ( x ) > 

v ( x ) , £ ,X v ( x ) > ^ i X 1 v ( x 1 ) and v(^) > v ( x ^ ) . S i n c e the t e c h ­

n o l o g y s e t s a r e t he same, v s u p p o r t s [ ( x 1 ) , ^ ] a s QET i n t he o r i g i ­

n a l economy. 

Now d e f i n e V (u ) = ( v € S * : v(x)=1 (x t he most p r e f e r r e d 

p o i n t i n X) v s u p p o r t s x as QET f o r t he one a g e n t economy where 

x i s a s s o c i a t e d w i t h some [ ( x 1 ) , y ] € r ( y ) , i . e . , x = y } . Note t h a t , a s 

we have shown, i f v e V ( y ) s u p p o r t s some s o l u t i o n t o t he s o c i a l 

p l a n n e r p r o b l e m , i t s u p p o r t s them a l l . The s e t s V (y ) a r e c l o s e d 

and c o n v e x . To show i t i s nonempty , n o t e t h a t Theorem 3 g u a r a n ­

t e e s t he e x i s t e n c e o f a n o n t r i v i a l s u p p o r t i n g v . As av a l s o 

s u p p o r t s f o r a > 0 , we o n l y have t o show v ( x ) > 0 . In o r d e r to do 

t h i s c o n s i d e r x , t he w o r s t p o s s i b l e p o i n t . I t i s t he one t h a t 

p u t s a l l measure on ( - 1 , 0 ) e C , x e Y . S i n c e 0 e Y and y m a x i ­

m i z e s p r o f i t s , v ( y ) > 0 . Note t h a t (y+ax) e I n t Y ( t o show t h a t , 

i t i s easy t o c o n s t r u c t t he r i g h t n e i g h b o r h o o d ) and p r o f i t m a x i m i -

z a t i o n p r e c l u d e s then v ( x ) > 0 . C o n s i d e r x a = ax + ( 1 - a ) x . The re 

e x i s t s a e ( 0 , 1 ) w i t h t h e p r o p e r t y U ( y , x a ) = U ( u , x ) w h i c h i m p l i e s 

a v ( x ) + ( l - a ) v ( x ) = v ( x a ) > v ( x ) = v ( y ) > 0 . 

B u t , s i n c e v ( x ) < 0 i t i s t r u e t h a t v ( x ) > 0 . N o r m a l i z i n g v s o 
A. 

t h a t v ( x ) = 1, t he nonemp t i ness o f V ( y ) i s e s t a b l i s h e d . 

S t e p 2 . Nex t we c o n s t r u c t the f o l l o w i n g f u n c t i o n a : A* + R + 

where a ( y ) = max faeR: apeU} . Here U d e n o t e s t he s e t o f f e a s i b l e 

u t i l i t i e s , t h a t have been n o r m a l i z e d s o t h a t u x ( x ) = 0 a l l i and 

u x ( x ) < 1. 
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Note t h a t a s s o c i a t e d w i t h a p o i n t u € U t h e r e e x i s t s a 

f e a s i b l e a l l o c a t i o n . C o n v e x i t y o f X , Y , and p r e f e r e n c e s i m p l y U 

i s c o n v e x . U i s t r i v i a l l y bounded . To show i t i s c l o s e d , p i c k 

any c o n v e r g e n t sequence { u n } , u n e U . A s s o c i a t e d w i t h i t t h e r e i s 

a sequence o f a l l o c a t i o n s t h a t b e l o n g t o a weak* compact s e t and 

hence a l i m i t o f a subsequence e x i s t . C o n t i n u i t y o f t h e u t i l i t y 

f u n c t i o n s i n t h i s t o p o l o g y g u a r a n t e e s t h a t t he l i m i t o f {u n } i s i n 

U. Hence U i s c l o s e d . T h i s i m p l i e s a ( y ) i s w e l l - d e f i n e d . The 

f a c t t h a t a ( y ) > 0 i s o b v i o u s f rom the f a c t t h a t f o r a l l i , 

U X ( X Q ) > u 1 ( x ) , where X Q p u t s 1/L mass on t he p o i n t ( 0 , 0 ) e C . 

To show a ( y ) i s c o n t i n u o u s n o t e t h a t a ( y ) i s t he u n i q u e 

s o l u t i o n t o 

a r g min l l y -u l l 
a , u 

s u b j e c t t o u € U and ay = u . The theorem o f the maximum i m p l i e s 

a ( y ) i s a c o n t i n u o u s f u n c t i o n . F u r t h e r m o r e n o t e t h a t a s s o c i a t e d 

w i t h u ( y ) ( a l s o p a r t o f the s o l u t i o n o f t he p rogram) t h e r e i s a 

P a r e t o opt imum a l l o c a t i o n , [ ( x ) , y ] . O t h e r w i s e , g i v e n s t r i c t 

m o n o t o n i c i t y o f p r e f e r e n c e s w i t h r e s p e c t t o t he s t o c h a s t i c o r d e r ­

i n g , a p r o p e r r e a l l o c a t i o n can be made w h i c h y i e l d s a h i g h e r 

u t i l i t y f o r e v e r y b o d y . 

By Lemma 3.1 o f P r e s c o t t and Townsend (1984a) any P a r e t o 

o p t i m a l a l l o c a t i o n i s t he s o l u t i o n t o some s o c i a l p l a n n e r ' s p r o b ­

l e m ; i . e . , t h e r e e x i s t s a y ' ( y ) € A 1 s u c h t h a t [ ( x * ) , y ] e A r g max 

l y ' 1 X 1 u 1 ( x ) s u b j e c t t o f e a s i b i l i t y . By Theorem 3 and S t e p 1 i t 

can be s u p p o r t e d by any v e V ( y ' ) . 
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S t e p 3 : L e t •{>: A + R be 

«fr(u) = f z e R 1 : 1^=0, z 1 = X 1 v ( x 1 ) - X 1 e 1 v ( y ) where [ ( x x ) , y ] 

i s some a r b i t r a r i l y c h o s e n a l l o c a t i o n t h a t g i v e s 

u (u ) and v € V ( p ' ( u ) ) } . 

C l e a r l y z i / X 1 i s t he s e t o f t r a n s f e r s f o r QET 

{ [ ( x 1 ) » y ] > v l • A s shown, <t> i s nonempty . C o n v e x i t y o f V (u ) i m p l i e s 

<t> i s c o n v e x . I t f o l l o w s t h a t a z e r o o f <j> i m p l i e s a q u a s i e q u i l i b ­

r i u m w i t h no t r a n s f e r . 

S t e p 4 . I t i s t o show t h a t <t> i s uhc i . e . , i f z n + z , w n -*• M and 

z n € * ^ p n ^ a 1 1 n ' t h e n Z 6 W e w i l 1 s t a r t b v f i n d i n g a 

n e i g h b o r h o o d o f 0 € S , N(0) s u c h t h a t f o r any y , v e V ( p ) , and 

| v<s ) j < 1 f o r a l l s € N ( 0 ) . R e c a l l t h a t 1 = v ( x ) > v ( x ) = v ( y ) > 

v ( x ) and v ( y ) > 0 . The re e x i s t s a e [ e , D s u c h t h a t U ( y , x a ) = 

U ( w , x ) , ( because by compac tness o f t he s i m p l e x , U ( y , x ) > U ( y , x 0 ) > 

U ( u , x ) where x Q i s a t o m i c measure on ( 0 , 0 ) e C and i n t u r n a v ( x ) + 

( l - a ) v ( x ) > v ( x ) > 0 w h i c h i m p l i e s v ( x ) > - ( ( 1 - e ) / e ) . No te t h a t 

t h e r e e x i s t s N c Y open s e t s u c h t h a t v ( s ) > v ( x ) a l l s c N . J u s t 

p i c k a y e Y s u c h t h a t f o r a l l h , J ( 1 + c , ] ) d y h > 0 , J c

2

d y h > 0> 

and J" c 2 d y h < z f [ k h , J (1+c 1 )dy h J and c o n s t r u c t a n e i g h b o r h o o d 

a round i t . S i n c e f o r a l l s e N , o ( x - s ) e Y , a > 0 , i t i s c l e a r 

t h a t v ( s ) > v ( x ) . Now, d e f i n e N(0) = { seS : s=( 1 / 2 y ) ( s ' - y ) , a l l 

s ' € N,y= m a x ( l , 1 - e / e ] } . N (0 ) i s open and 0 € N ( 0 ) . F o r any 

s € N ( 0 ) , | v ( s ) | < 1 f o r any v € V ( u ) . D e f i n e t he s e t K = { v e S * : 

| v ( s ) | < 1 , s e N ( 0 ) } . By t he ##?Banach-A laognu Theorem, t h i s s e t i s 

weak* compac t , and by c o n s t r u c t i o n , f o r any u, V (y ) c K. 
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Now a s s o c i a t e d w i t h z „ , t h e r e i s a { f ( x 1 ) , y ] , v } € 

r ( y ) x V ( y ) . S i n c e v n e K f o r a l l n and S * i s c o m p l e t e , a s u b s e ­

quence o f i t has a weak* l i m i t v . Rename the s e q u e n c e . L e t w 1 e 

X 1 be s u c h t h a t u 1 ( w 1 ) > u i ( x i ) where x 1 i s i n r ( y ) . P i c k 

w 1 + w 1 w i t h t he p r o p e r t y u 1 ( w 1 ) > u 1 ( x 1 ) . L e t u 1 = u 1 ( x 1 ) . 
m m n n 

S i n c e f o r a l l x € X 1 , u 1 ( x ) i s bounded above and b e l o w , t h e r e i s a 

c o n v e r g e n t subsequence o f u . We a g a i n rename the s e q u e n c e . The 

u t i l i t y f u n c t i o n s and a(\i) a r e c o n t i n u o u s . C o n s e q u e n t l y u x • 

a ( y ) y X , w i t h w h i c h some a l l o c a t i o n i s a s s o c i a t e d . T h i s i m p l i e s 

t h a t f o r a l l m, t h e r e e x i s t s n Q (m) s u c h t h a t n > nQ(m) i m p l i e s 

u 1 ( w 1 ) > u 1 ( x 1 ) , w h i c h i n t u r n i m p l i e s v ( w 1 ) > v ( x 1 ) . By d e f i -
m n ' r n m n n J 

n i t i o n o f <t>, X X v ( x 1 ) = z 1 + X X 9 X v (y ) and by p r o f i t m a x i m i z a -
' n n n n Jn J v 

t i o n , f o r a l l y € Y , X X v ( x 1 ) > z 1 + X 1 8 1 v ( y ) . These t h r e e f a c t s 
' J n n n n J 

i m p l y t h a t f o r n > n n ( m ) . X X v ( w x ) > z 1 + X i 9 1 v ( y ) . 
n m n n 

T a k i n g l i m i t s on n , * X v ( w x ) > z 1 X 1 9 1 v ( y ) . T a k i n g 

l i m i t s on m, X 1 v ( w 1 ) > z 1 + x 1 e v ( y ) . B u t , f o r any w 1 , u i ( w i ) > 

u 1 ( x 1 ) , [ ( x ) , y ] e r ( p ) , and i n p a r t i c u l a r f o r w 1 = x^ = x 1 , 

s i n c e [ ( x x ) , y ] e r ( u ) where y = ^ X x . So X 1 v ( x 1 ) > z 1 + 

X 1 9 1 v ( y ) f o r any y € Y , and s o a l s o f o r y . By a g g r e g a t i o n we 

c o n c l u d e t h a t v C x 1 ) = z 1 / X 1 + 9 x v ( y ) . To show t h a t v s u p p o r t s , 

n o t e t h a t f o r u 1 ( w i ) > u x ( x x ) wh i ch i m p l i e s v ( w x ) > v ( x x ) . F i ­

n a l l y , v ( x ) = 1 because i t i s t he weak* l i m i t o f v n . T h i s shows 

t h a t z e <)>(u) and hence uhc o f <j>. 

S t e p 5 . In o r d e r t o a p p l y K a k u t a n i ' s f i x e d p o i n t theorem we must 

v e r i f y t h e c o r r e s p o n d e n c e maps a s e t i n t o i t s e l f . F i r s t c o n s i d e r 

4>(u) where y 1 = 0 f o r some i . Then x x = x and z 1 < 0 . In t h e 

same f a s h i o n when y 1 = 1 f o r some i , z 1 < 1 s i n c e x i s i n f e a s i b l e 

and v ( x ) = 1. E x t e n d now $ t o t he s e t 
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M = { s e R 1 : L s i = 1 , s x > - m a x ( 1 / X J ) } 
1 j 

where • j d i ) = 4K ( U ) , when p 1 < 0 and II1 = 0 . O b v i o u s l y 4>(M) c M. 

A z e r o o f 4>, c a n n o t e x i s t o u t s i d e t he u n i t s i m p l e x . F i n a l l y 

c o n s i d e r x : M * M, X ( M ) = M - 4>(u). By K a k u t a n i ' s f i x e d p o i n t 

t heo rem, a u e x i s t s such t h a t x ( v ) = u and hence 4>(w) = 0 w h i c h 

i m p l i e s e x i s t e n c e o f a q u a s i e q u i l i b r i u m w i t h z e r o t r a n s f e r s . D 

P r o o f o f Theorem 6 : L e t q ( s ) = l i m v ( s < ( p ) . T h i s l i m i t e x i s t s 

(Lemma 1 o f P r e s c o t t and L u c a s ( 1 9 7 2 ) ) . L i n e a r i t y o f v and t he 

f a c t t h a t x T = x ^ + x - x < T i m p l i e s 

( A . 1 ) l i m v ( x T ) = l i m v ( x < T + x - x < T ) = q ( x ) + v ( x ) - q ( x ) . 
T-+(» T-k** 

S t e p 1: Tt i s t o show t h a t i f x i s a s good a s x 1 f o r a g e n t i , 

t hen 

( A . 2 ) q ( x ) > v t x 1 ) + q ( x M - v ( x i ) . 

S t a r t by s e l e c t i n g x 1 , x ' 1 € X 1 such t h a t x ' 1 i s s t r i c t l y p r e ­

f e r r e d t o x 1 and x i s as d e s i r a b l e a s i . L e t x a l = a x 1 + 

( l - a ) x ' 1 . By I, x a i € X 1 and by I I x a i i s s t r i c t l y p r e f e r r e d 

t o I . By V I I t h e r e e x i s t s T ' s u c h t h a t f o r a l l T > T ' , x ^ 1 i s 

s t r i c t l y p r e f e r r e d t o x* . S i n c e v i s an e q u i l i b r i u m p r i c e , t h i s 

i m p l i e s 

v ( x i ) < v ( x j ! i ) . 

T a k i n g l i m i t s when T + <» and a + 1, 

v ( x x ) < l i m v ( x h 

T+c° 
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wh ich by ( A . 1 ) i m p l i e s 

- i *1 "i v ( x ) < q ( x ) + v ( x ) - q ( x ). 

R e a r r a n g i n g we o b t a i n ( A . 2 ) . 

S t e p 2 : I t i s t o show t h a t i f y € YJ then 

( A . 3 ) q ( y ) < v ( y J ) + q ( y J ) - v ( y J ) . 

To show t h i s s t e p n o t e t h a t v b e i n g an e q u i l i b r i u m and by VI 

v ( y ^ ) < v ( y J ) . 

T a k i n g l i m i t s and by ( A . 1 ) 

v ( y J ) > q ( y ) + v ( y J ) - q ( y J ) . 

R e a r r a n g i n g we g e t ( A . 3 ) . 

S t e p 3 : I t i s t o show t h a t p r o f i t m a x i m i z a t i o n i m p l i e s t h a t f o r 

a l l i 

( A . 4 ) q ( x i ) = v ( x X ) + q ( x i ) - v ( x i ) 

and f o r a l l j 

( A . 5 ) q ( y J ) = v ( y J ) + q ( y J ) - v ( y J ) . 

L e t 

x = I X I , x H [ X x , y E I y J , y = I yJ. 
i i J j 

Now n o t e ( A . 2 ) and ( A . 3 ) a l s o a p p l y f o r x 1 and y ^ . By l i n e a r i t y 

o f v and a g g r e g a t i n g o v e r c o n s u m e r s , 
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(A.6) q(x) > v(x) + q(x) - v ( x ) . 

Aggregat ing over producers , 

(A.7) q(y) < v(y) + q(y) - v ( y ) . 

By VI I I y + co = x . By f e a s i b i l i t y of the e q u i l i b r i u m 

a l l o c a t i o n io + y = x . Then, from (A.5) we have 

q(y+u>) > v(y+to) + q(y+co) - v(y+w). 

L i n e a r i t y of v imp l i es 

q(y) i v(y) + q(y) - v ( y ) . 

T h i s , together w i th ( A . 7 ) , imp l i es 

q(y) = v(y) + q(y) - v ( y ) . 

S ince f o r a l l j , 

q ( y J ) > v (y j ) + q ( y J ) - v ( y J ) 

i t f o l l ows 

q ( y J ) = v ( y J ) + q ( y J ) - v ( y J ) . 

By the same reason ing , f o r a l l i 

qCx 1 ) = v ( x x ) + q ( x x ) - v ( x x ) . 

Step 4 : I t i s to show that q i s a quas i e q u i l i b r i u m . But t h i s i s 

immediate from ( A . 2 ) , ( A . 3 ) , ( A . 4 ) , and ( A . 5 ) . Jus t s u b s t i t u t e 

vCx 1 ) + q ( x x ) - v ( x x ) f o r q ( x x ) i n (A.2) and v ( y J ) + q ( y j ) -

v(y^) f o r q(y^) i n (A.3) and the r e s u l t s are the c o n d i t i o n s tha t 

de f ine a quasi e q u i l i b r i u m . Th is completes the proof . 0 
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P r o o f o f Lemma 3 : P i c k any S Q € S s u c h t h a t v ( s Q ) * 0 and 

P ( S Q ) * 0 . D e f i n e a = V ( S Q ) / P ( S Q ) . I f a < 0 t hen s does n o t 

s o l v e t he p r o g r a m . Suppose t h e r e e x i s t s s 1 e S s u c h t h a t v ( s ^ ) 

* a p ( s ^ ) . P i c k Y Q e R and Y 1 € R + s u c h t h a t Y Q P ( S Q ) + 

Y 1 P ( S 1 ) = 0 . 

The f i r s t c a s e i s v ( s . , ) > o p ( s ^ ) . L e t y = s + Y Q S Q + 

Y S ^ . Then 

p ( y ) = p ( s ) + Y 0 P ( s Q ) + Y ^ C S ^ 

= p ( s ) v ( y ) 

= v ( s ) + Y 0 V ( S 0 ) + Y ^ C S ^ 

> v ( s ) + a [ Y 0 p ( s 0 ) + Y ^ C S ^ ] = v ( i ) . 

T h i s c o n t r a d i c t s t he f a c t t h a t s s o l v e s t he p r o g r a m . The second 

a l t e r n a t i v e i s v ( s ^ ) < o p ( s ^ ) . F o r t h i s c a s e l e t y = i - Y Q S Q -

Y - s . . T h i s i m p l i e s v ( y ) > v ( s ) and hence a c o n t r a d i c t i o n . 0 
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Footnotes 

' i n a recent paper, R. Rogerson (1987) has developed a 

model fo r l o c a t i o n a l d e c i s i o n s w i t h i n the Arrow-Debreu-McKenzie 

paradigm. His approach i s to study c e r t a i n reasons f o r appearance 

o f unemployment. He dea ls w i th the nonconvexi ty problem in p re t t y 

much the same way we do. However, h i s approach i s very s p e c i f i c , 

and not e a s i l y g e n e r a l i z e s to incorpora te sea rch . He contemplates 

a d i s u t i l i t y o f moving, that we th ink i s easy to i nc lude i n our 

model. 

Z Other no tab le examples o f search environments i nc lude 

those of Diamond (1984) and Mortensen (1982) who use the Nash 

ra ther than the compet i t i ve e q u i l i b r i u m concept. 

A l s o , S t a r r e t t i n a famous paper (1972) d i s c u s s e s but 

not ana lyzes the p o s s i b i l i t y f o r people to move i n order to avo id 

the d i s u t i l i t y assoc i a t ed w i th p o l l u t i o n . Th is problem d isappears 

i n our framework. Another example i s T o p e l ' s l o c a l l abor market 

model (1986). 

3 There i s another way o f hand l ing t h i s problem o f the 

r e l a t i o n between ex ante p r o b a b i l i t i e s and ex post measures. I t 

i s by generat ing an a r t i f i c i a l s t o c h a s t i c process f o r a l l 

( a , t , h ) upon where each agents makes cont ingent h i s l o t t e r i e s . 

Th i s would not on ly inc rease a l o t the d imens iona l i t y o f the 

problem but would a l s o o b l i g e us to keep t rack o f the agents 

names. We th ink that the use o f U h l i g ' s theorem makes th ings much 

e a s i e r . 

4 Given the way the commodity space i s cons t ruc ted , we do 

not r equ i re the unde r l y i ng consumption p o s s i b i l i t y set to be 
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convex. Th is i s important because i n d i v i s i b i l i t i e s and s p e c i a l ­

i z a t i o n , which o f ten are e s s e n t i a l pa r ts o f a p p l i e d genera l e q u i ­

l i b r i u m a n a l y s e s , r e s u l t i n t h i s se t being nonconvex. 

5 I t i s i n t h i s s tep o f the proof (as w e l l as i n a s i m i ­

l a r argument in the proof o f Theorem 5) where the assumption o f 

nondeprec ia t ion o f c a p i t a l becomes handy. I t s exc l us i on would 

make the statement o f po in t y® much messier wi thout adding any 

i n t e r e s t i n g f e a t u r e . 

6 There are other s t r a t e g i e s f o r prov ing t h i s type of 

r e s u l t . Jones (1987) uses c e r t a i n p r o p e r t i e s o f asymptot ic cones 

to show ex i s t ence and Bewley (1969) uses approx imat ion of econo­

mies in the r i g h t topo logy. The cho ice o f our approach was i n f l u ­

enced by i t s s t rong l i n k s to the second we l fa re theorem, which 

p lays a c e n t r a l r o l e i n our a n a l y s i s . 
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