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1. Introduction

The role of competitive general equilibrium theory in
economics has been continually expanding since its first rigorous
formulation in the forties and fifties. Initially it was seen as
a static, highly stylized concept. Although the idea of indexing
goods by date and location, making them different goods, can be
traced back to Lindahl in the twenties and Hicks and Tintner in
the thirties, only recently has this theory been taken seriously
as a tool to study dynamic problems. The introduction of uncer-
tainty by Arrow and Debreu in the fifties by considering trades of
goods contingent on states of nature was a major expansion in the
scope of the problems that this theory could address. This ap-
proach has become a standard tool of economic analysis in macro-
economics, financial economics and public finance.

Subsequently, beginning in the late sixties there have
been a number of important advances in general equilibrium analy-
sis permitting the analysis of economies with large numbers of
products and households. These advances (in particular, those of
Bewley (1972) and Mas-Colell (1975)) were exploited in an exten-
sion of the classical approach to a class of economies with pri-
vate information (Prescott and Townsend (1984a) and (1984b)).
With their approach, traded and priced are incentive compatible
contracts in the sense of Hurwicz (1971). These contracts are
lotteries on the underlying commodity space.

Other economies in which contracts with lotteries are
the appropriate commodity point for competitive analysis include

ones with indivisibilities in individual labor supply possibili-



ties. (See R. Rogerson (1988) for this development and G. Hansen
(1985) for an application to business cycle modeling.)

The purpose of this paper is to show that an even wider
class of economies can be addressed using competitive general
equilibrium analysis. In particular we are interested in econo-
mies in which people, production, and information are geographi-
cally dispersed and in which people and goods can move between
locations.' This work is in part motivated by the desire to apply
classical competitive analysis to the study of search environments
previously studied using other techniques. An example of such an
environment is the one studied by Lucas and Prescott in their
equilibrium search and unemployment paper (19?4).2 It also is
motivated by the absence of applied general equilibrium tools to
assess the conseguences of more timely business and employment
statisties. Needed to carry out such analyses are general equi-
librium tools that are capable of dealing with environments with
informationally decentralized production and consumption.

Key to the extension is the choice of a commodity space
which permits the representation of the environment as a Debreu
(1954) economy. A point in our commodity space is an infinite
sequence of signed measures with elements being indexed by type,
date, location, and date-location event. A crucial feature of the
environments considered is that the aggregate production possibil-
ity sets depends only upon the first moments of these signed
measures. This feature preserves standard production theory, with
its empirically determined production functions, while permitting

rich contractual arrangements between firms and households.



Standard consumer behavior theory, which requires convexity and no
private information, however, is not preserved. Section 2 form-
ally describes the environment and represents it as an economy.
With this commodity space, production and consumption possibility
sets are convex, as are preferences.

In Section 3 a topology for the commodity space is
introduced for which the utility functions are continuous and the
consumption and production possibility sets closed. In Section 4,
by establishing that the set of feasible allocation is compact and
nonempty, the set of Pareto optima is shown to be nonempty. In
Section 5, the first welfare theorem is proved for our econo-
mies. It is a straightforward application of Theorem 1 in Debreu
(1954). In Section 6, the second welfare theorem is proved,
namely, for our economies any Pareto optimum can be supported as a
quasi competitive equilibrium with transfers. A stronger topology
than the one previously used is required in order that the aggre-
gate production possibility set have nonempty interior. The fact
that the constraints defining this set involve only the first
moments of the signed measures is the reason why we can show the
aggregate production possibility set has nonempty interior. With
this result the proof is an application of Theorem 2 of Debreu
(1954).

In Section 6 existence of a quasi competitive equilib-
rium without transfers is established. The proof, unlike the
welfare theorems, is not an application of an existing theorem.
It adopts the proof strategy developed by Bewley (1969), McGill

(1981), and Mas-Colell (1986) for existence of equilibrium with an



infinite dimensional commodity space. Under additional condi-
tions, a cheaper point for the households is shown to exist. This
insures a quasi competitive equilibrium is a competitive equilib-
rium.

Finally in Section 7 we address the problem of repre-
senting the price system. Theorem 1 of Prescott and Lucas (1971)
is extended and used to guarantee existence of a quasi competitive
equilibrium with prices being the sum of the values of the signed
measures that constitute a commodity point. Theorem 7 is another
representation result. It shows that equilibrium prices for our
economy can be written as linear functions of the first moments of
the measures. Furthermore the coefficients of these linear func-
tion are derived from marginal rates of substitution and transfor-

mation.

2. The Economy

The economy is an infinite-period one, with a continuum
of identical agents that is taken to be of measure one. There is
a finite number I of agent types. Each type i € {1,2,...,I} of
agents has Lebesgue measure xi. There are L islands and agents
can go from island % at date t to island &' at date t + 1. Agents
care about leisure and consumption of the produced good. They
have standard preferences over such pairs; their endowment is one
unit of time per period. There is a neoclassical production
function with inputs capital and labor. This function is subject
to date-location specific technology shocks. These shocks are
observed only on the island they affect; however, next period

their values will be known everywhere. The capital once installed



cannot be moved. Investment can flow from one island to an-
other. The consumption good, however, has to be consumed at the
same date-location as it is produced.

Consumers choose probabilities over pairs of labor-
consumption contingent on available information on each island.

There is only one firm or technology but, with a con-
stant returns of scale technology, one and many firms are essen-
tially the same. This firm unlike the households, chooses quanti-
ties of the labor and consumption goods contingent on the history
of shocks at each date-location. The way to reconcile the objects
that interest the firm and the consumers is by letting the firm
choose signed measures over consumption-labor pairs. In particu-
lar, it can choose an atomic one.

A further argument is needed to be able to say that an
allocation is feasible when consumers choose probabilities and the
firm chooses measures--in particular, something that guarantees
the realization of the lotteries leads to an ex post distribution
of the agents that is the same as the ex ante probabilities. In
short we need a law of large numbers. It is well-known (see for
example Judd (1985)) that with a continuum of random variables
(our case since we have a continuum of consumers) severe measur-
ability problems appear. However, in a very recent paper Uhlig
(1987) has proved a version of the L, law of large numbers for a
continuum of random variables that are identically and indepen-
dently distributed. This fits our problem permitting us to equate
ex ante probabilities to ex post realizations and hence measures

of agents. This allows us to talk about feasible and equilibrium



allocations in terms of signed measures on both the consumption
and the production sides of the economy.3
As of time 0 there is a probability assigned to shocks

in each date location. Let's call these shocks z ,. They have

Lt
support on a finite set Z. Let z_= { 3y 2% =

Bl s IR

{Zyy.p2. ), and b, = {ztﬂi,zgt}. The last element is the infor-
mation available at (&,t). By Kolmogorov's Extension Theorem
there exists a probability space (@,0(),v) with the property that
for each (&,t) and possible history hg, € Hyy, “(hgt) is the
probability of history h,, happening. (We write “(hat) instead of
the cumbersome notation =({w: proj  (w)= hat}])'

We can identify the set @ as the set of all possible
elements of ; 2. Let o(Q) be the Borel o-field generated by Q.

Int;%e same fashion, let o(zt} and c(hat} be the small-
est o-fields on @ that make z% and hgt measurable. Clearly
[U(Zt)}zzo is an increasing family of o-fields, a filtration on

the probability space (2,0(Q),n).

Properties of these o-fields are:

L o(h,,) < a(z%) and a(h,,) < olh, )

'LE+1

for all 2, &', t. We can think of U(hat) as the information
available at &,t.

Now for each (&,t) the set Hi of possible histories

t

h is a finite set, and H = U H is a countable set.
Lt 3k ot
There is an underlying consumption set of the agent, It
is €, a closed subset of Rz. Moreover, C ¢ {[-1,0]x[0,c]} where

the first component is the negative of the length of time within



each period devoted to work and hence (l+c1) is an agent's lei-
sure.u The second component is the consumption good where ¢ is an
upper bound for consumption.

Let M be the set of finite signed measures defined on
the Borel sets B(C) of C, the underlying consumption possibly

set. Let Sat[g’g(h ),M) be the space of functions @ - M such

et

that they are measurable with respect to G(hit)'

The commodity space S is:

L @
20000 My teor

w
i

(5,

Note that S can be characterized as sequences of signed measures
indexzed by h € H.

The consumption possibility set X is:

X = {x €5 : x satisfies (1)-(1)},

where the xit(hzt’

date t and consuming some element c belonging to Borel set A c C

A) are the probabilities of being at island g at

given hlt' The four conditions are as follows:

(1) The x_,(h_,,C) are a(zt“?) measurable.

R

This condition requires that the probability of being at (2,t) is

not contingent on the actual shock z as the decision to be

9t?

at (¢,t) is previous to its realization.

(2) J %, (h,,C) = 1 for all t, all 2%,
&

(Note z% defines hgy for all 2.) This insures that with probabil-

ity one a person is always in one and only one of the locations.



(3) There exist functions b 2 » R , measurable with

E,t+1,l':
respect to °(hg't) for all (%,4',t) such that:

- L}
%bg’t+1,£,(h£,t) = Xy, (hy,,C) for all (2',8,h ).

The bg tel g functions are the joint probabilities of being at
1 1

(¢',t) and (8,t+1) given (hg‘t>' Thus, condition (3) is a consis-

tency property for the probabilities of being in each location

every period.

(&) )

2,t+1)'

- xﬁ,t+1(h

(]
E,t+1’c) for all (2',t,h

This is another consistency property for the probabilities of
being at the different locations. Note that the arguments of the
functions on the two sides of (4) are different. This reflects
the fact that the decisions to move and to choose labor consump-
tion pairs are based on different information sets. Finally, from

conditions (2) and (3) or (2) and (4)

t

(h...) =1 forall ¢, z.

;, %bft,tﬂ,ﬂ.' L't

Preferences of a type i agent are discounted expected
utility:
T At i
E{}) 8 U(c)},
0 £=0 ¢

where 0 < 8 < 1 and vi: ¢ R, 1s bounded and strictly increas-
ing.

The aggregate production possibility set Y is:




Y = {y e 8: there exist measurable k., : zb-1, R, and measur-
able ag ¢.q ¢ Hye> R for all (2,%',t) satisfying (5),

(6), and (7)}.

In the above a (hit) is the amount of the investment good

g,E+1,0"

produced at (%,t) contingent on event hit and shipped to location

¢' for use at time t+1 while kgt(zt_z) is beginning of period
-1

capital stock at (%,t) given history zt Condition (5) is

) = K (z

(5) k. ( 2,61

ot ) TR

K
for all t = 1, 2, and all 281,

This is just the law of motion for the capital stock
given the initial capital stocks k;q. Condition (6) is

(6) é Cy Yyplhyyrde) + %,az',t+1,n(hat)

t=-1
S B f[km(z ),-é{ c}y“(h%,de)]
for all (i,t,hgt).

The function f is a constant returns to scale neoclas-
sical production function whose first argument is the capital
input and the second is the labor input. Note that c, is the
first component of C and c, the second. Consequently ~f cy

{h__,de) is the event contingent labor input at (2,t) while the

AT
left side of (6) is the event contingent production of the con-
sumption good also at (&,t). We assume f(k,1) is bounded. This

assumption insures a uniform bound for output, and therefore for

consumption. Condition (7) is



- 10 =

).

(7 -f ¢,¥,(hy.,de) 2 0 for all (g,t,h,,

c
This condition guarantees that labor cannot be an output of the
production process.

All agents of the same type choose the same commodity
point. This is not a restriction given that there are lotteries
as the law of large numbers guarantees that the ex post distri-
bution is the same as the ex ante distribution for each of the I

classes of consumers.

i

An allocation [(x'),y] is feasible if x* ¢ X for all i,

ify ¢ ¥, and if for all (2.t.h.. ),

et

A) =y, (h  ,A) for all A e B(C).

i
g* ALY

This is the standard requirement that objects in the production

side have to equal those in the consumption side.

3. Some Preliminary Mathematical Results

Our sets X and Y are the projections of sets onto S.

Formally, let R be

2 froos @ L+1 -
R = [r-{rh}h=1. rpe R, stp |r£h| ¢ 1y for all h}.

Define T,, T, as

-3
1]

{(s,b,0) € S,xR: (s,b) satisfies (1) to (1)}

= {(s,a,k) € SxR: (s,a,k) satisfies (5) to (7)}.

=
1"

Then
¥ = Pr‘oj(T1 onto S)

Y = Pr‘oj(T2 onto S).
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The sets T; are convex and closed in the product topol-
ogy over sequences whose components have the weak*® topology. The
reason is that they are defined as the intersection of a countable
number of closed and convex constraints.

In this topology the set R is compact. This insures the
projections of closed subsets of S x R onto S are closed. Projec-
tions of convex sets are convex. All this can be summarized in

the following Lemma.

Lemma 1: The sets X and Y are convex and are closed in the prod-

uct topology with the weak*® topology for components.
Regarding preferences, the following result holds:

Lemma 2: Preferences can be represented by ul: X » R,

ub(x) = E.{ v gt T ure)|d %, (h
Ot)=:0 c ); n&

Et’dc) ]}"

Furthermore, in the product topology generated by the weak* topol-

ogy on M(C), ul is a continuous and linear function.
Proof: See Appendix. O

4. Existence of Pareto Optimal Allocations

Theorem 1: For any y e Ri with § u' = 1 the problem
i

max Z xlulul(xl)
i i
[(x),y]
subject to feasibility, has a solution. The solutions are neces-

sarily Pareto optimum allocations if ui > 0 for all i.
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Proof: By Theorem 6-4 of Parthasarathy (1967), a version of the

Banach-Alaoglu Theorem, the set

T, = [She M (C): (I; ds, < 1}

is weak¥* compact. By Tychonov's Theorem,

T = {(s,b) € SxR: s e T, for all h}

h

is compact in the product topology over components. T, is a
closed subset of T, a compact set, hence compact itself. The
projection operator is continuous, hence X is a compact set.

From our definition of feasibility, allocation [(xi),y]

i

being feasible implies x* ¢ X all i, y € Y, and y = 2 »*x*. con-
i

vexity of X implies y € X. So [(xi),Y] being feasible implies
x1 ¢ X for all i and yeXnY. Y is closed, X is compact; hence,
X n Y is compact. Applying Tychonov's Theorem again, the set of
feasible allocations i.e., {XIx X n Y} is compact in the topology
being used.
Lemma 2 shows ul is a continuous function. Then

1.3 4: I : : : I
z pAau (x7) is also a continuous function since u, A ¢ R*.
i

Continuous real functions over compact sets achieve a

maximum. [

5. Optimality of Competitive Equilibria

A competitive equilibrium is a feasible allocation
[(El),§] together with a price system v (i.e., a nontrivial linear

functional on S) for which:

(i) For all i, x ¢ X and u'(x) > u'(x') implies v(x) > v(X').
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(ii) y € Y implies v(y) < v(y).

Condition (i) is utility maximization subject to a budget con-
straint while condition (ii) is profit maximization subject to a

technology constraint.

Theorem 2: If the allocation [(il),§}, for i = 1, ..., I, to-
gether with the price functional v, is a competitive equilibrium

then it is a Pareto optimal allocation.

Proof: To establish optimality of competitive equilibria we apply
Theorem 1 of Debreu (1954). The theorem is that competitive
equilibria are necessarily Pareto optima if the X are convex, no
x1 is a satiation point and preferences are convex. By Lemma 1
the X are convex. The point x° which places mass one on the point
set {(0,¢)} for all (2,t,h, ) is the only satiation point. Given
our assumptions no allocation that places mass one on ¢ for any
type for any (E,t,hlt) is feasible. Consequently feasibility
rules out satiation for any type. The convexity of preferences
property 1is that x', x'' e X and ub(x') > ul(x'') implies
ui(ux'+(1—a)x") > ul(x'') for any a € (0,1). This is an immedi-

ate result of Lemma 2. O

Debreu's Theorem does not require S to be a topological
space and therefore price system v to be continuous. An alterna-
tive approach would be to introduce a topology, modify Debreu's
definition of competitive equilibrium to require continuity of the
valuation function, and then establish local nonsatiation. Opti-
mality of competitive equilibrium then follows by the standard

argument.
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For technical reasons the underlying consumption set C
was constrained to be bounded. Our theory, however, can also be
applied to some environments in which this set is not bounded.
Whenever the utility possibility frontier for the n types is not
reduced by introducing some sufficiently large bound on consump-
tion, the theory is applicable. For example, if C = [-1,0] «x

[0,=) and for fixed ¢y the ul are strictly concave in c,, any

c > sup zf(k,1) ¢

z,k,i M

is an appropriate bound.

To see why this is the case, note consumption ¢ is a
bigger number than that which can be feasibly consumed by all type
i people. Still it is possible for agents of type i to consume an
x that at some (E,t,hgt) puts some positive probability on an
amount bigger than ¢, and hence necessarily also puts positive
probability on an amount smaller than ¢. But given the fact that
agents are risk averse, i.e., the ul are strictly concave in c,,
that allocation will not be Pareto optimal since it is dominated
by another that puts probability one on the first moment of the
former. This new allocation is feasible (first moments do not
change). All economies with a ¢ that satisfies the above property
will share Pareto optimal allocations and, as Theorem 2 shows,

competitive equilibria.

6. The Second Welfare Theorem

Debreu (1954, Theorem 2) establishes that if S is a
linear topological space, Pareto optimum allocations [(il),f;] for

; i . i ; ;
which no ¥~ is a satiation point can be supported as a quasi
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competitive equilibrium if the following five conditions are

satisfied:

I. X is a convex set.

II. For x', x'' € X, and for all i
ul(x') < ul(x'') implies u*(x') < u*(x%)
where x* = ax' + (1-a)x'' for a € (0,1).

III. For all x, x', x''" € X and for all o € [0,1] the set
{a € [0,1]: ul(x?) < ui(x)} is closed, where x* is as be-
fore.

IV. Y is a convex set.

V. Y has an interior point.

Theorem 3: Any Pareto optimal allocation [(¥%),7] can be sup-
ported as a quasi competitive equilibrium; that is, there exists a

nontrivial continuous linear functional v such that:

(i) For all i, x ¢ X and ui(x) > ui(ﬁl) implies v(x) 2 v(zh).

(ii) y € Y implies v(y) < v(y).

Proof: With the product topology which was used to establish the
existence of optima, Y has an empty interior. Hence another
topology is needed for application of Debreu's Theorem 2. The
topology used in the one induced by the following norm:

Isi = sup{lis, I} = sup{ sup [ g ds, |}
heH heH geC(C) C

Igh_=1



= 36

Note that the term in braces is the usual norm for signed mea-
sures, with C(C) being the space of continuous bounded functions
on C. The topology induced by this norm is the topology of uni-
form convergence of sequences of signed measures.

Conditions I and IV are Lemma 1. Condition II is the
immediate consequence of the linearity of ul as established in
Lemma 2. Continuity of ul with respect to a weaker topology as

established in Lemma 2, implies continuity with respect to this

1

stronger topology. Continuity of the u™ is a stronger condition

than condition III.
5
To prove condition V, we will show a point yo is in

the interior of Y, where for all h

_VE(A) = 1 if (-1/2,0) € A

0

and zero otherwise. To show yo € Y, let a“ be identically zero

and k9 be such that kgt(hit) = kmo for all h. Since (yo,ko,ao) €
Ty, yo € Y.
Let
G
N, = {she M(Cc): |J c,ds, - il cjdyh]< 1/4}
0
N, = [she M(C): |[ ¢ ds, - f c,dy, |< e}
where

e = inf z f(k
2,z

20,1/4).

Sets N, and N, are weak* neighborhoods of yg. Since the topology

induced by | ll,, is a stronger one, there exists an e¢' > 0 such

M
that
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0y . : 0 .
0,(y,) = {sye MC): Us -y Iy< €'} c N, a N,

This €' is the same for all h. We will show that the open set
o(y®) = {s e s: 1s-y°1< e}

is contained in Y.
If s € 0(y%) then for all h, s, ¢ oh(yg) which implies

Sp € N1 n Nz. Thus

[ -c ds, ¢ (1/4,3/4)

1
and

” c2dsh| < e.

This, in turn, implies (s,ko,ao) satisfies (5)-(7) and hence

s € Y. This completes the proof. O
Comment: To support the optimum, the transfer must be
ot = v@h - eluy)
where 81 is the share of the firm owned by type i (note ie8=1). A
household of type i maximizes ui(xi) subject to xl ¢ X and to
vixh) < ot + el

Market clearing insures iey = 0.

Theorem 3 guarantees the existence of a quasi competi-
tive equilibrium with transfer payments. In the next theorem we
show that a quasi competitive equilibrium with zero transfers also
exists. The argument proceeds by constructing a correspondence

x: M-+ M, where M c RI is compact, and x is convex, upper hemi-
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continuous (uhc), and compact, and then applying Kakutani's Fixed
Point Theorem. The argument is in the spirit of Bewley (1969),

Magill (1981), and Mas-Colell (1986).°

Theorem U4: For the class of economies studied, there exists a
quasi equilibrium, i.e., a feasible allocation [(il),ﬁl, and price

system v, such that:

ut(x) > u(z') implies v(x) = 8'v(j) for all i,
and

y € Y implies v(y) < v(y).
Proof: See Appendix. [

We still have not shown the existence of a competitive
equilibrium, We will show its existence by applying the well-
known result (see Debreu (1954)) that if every agent has a cheaper
point in his budget set, then the guasi competitive equilibrium is
a competitive one. In the following theorem we give sufficient
conditions on the Pareto optima to guarantee that every agent has
a cheaper point. These conditions are that agents do not consume
the least desirable point in the underlying consumption set C for

all (&,t,h . ). The argument establishes a contradiction between

Lt
profit maximization and lack of existence of a cheaper point.

Define X% as

fzlrex: | (1+c,)dx, <c and I e, dx, Ce for some heH}.

Theorem 5: If allocation {(ﬁl},ﬁ] and nontrivial continuous

linear functional v is a quasi equilibrium such that there exists
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e > 0 with the property that for all i, X § X%, then

{{(ﬁi).i],v} is a competitive equilibrium.

Proof: Let xg(ﬁ) = 1/L if (-1,0) € A and zero otherwise for all
h. Note x* e X. Consider the allocation [{xi),y*] where x = x*
for some i, xJ = ¥ for j # i and y* = ) Wz« alx*.  since z ¢
X® for some ¢ > 0, type i are COHSHmhé:ZﬁSS per capita and sup-

plying more labor per capita for x* than for %' for all h. Con-

sequently y* ¢ Y. Profit maximization implies
viy¥*) < v(y).
Linearity of v implies
viy*) = atv(x*) + ) av)).
J*i
Hence v(x*) < v(X').

Note v(x*) = v(%%) implies v(y*) = v(y), which will be
shown to be inconsistent with profit maximization. The nature of
the argument is to show y* is an interior point of Y. If v(y¥*) =
v(y), given v is nontrivial, there would be some point y in every
neighborhood of y* with the property that v(y) > v(y¥*).

A neighborhood of y*, O(y*) < Y is constructed as fol-

lows:

Two weak¥* neighborhoods of yg are those associated with
continuous functions ¢; and ¢, and bounds exl/saL. By the same
reasoning as in the proof of condition V of Theorem 3, there
exists an open set O0(y*) in the topology induced by the norm on S

such that y € 0(y¥*) implies that for all h,



- * Ae
and
i
= * Ae
!.r ezdyh .rc2dyh| < 2L L
Since
i
= % y AE
[ eydy - [ eyt > 5
and
i
i * Ae
[ eydy, = [ epdyt > 55,
and

P
™

|

[ ed§, - [ eqdy, > 3¢
and for all h

}\15

Iczdih-.rcedyh>f.

Note that (y,k,a) € T,, where k, a are the functions
associated with the quasi equilibrium allocation y. Therefore
O(y*) < Y. Hence v(x*) < v(X') for all i. This concludes the

proof. O

7. Price Representation

The equilibrium price v lies in the dual of the commod-
ity space S, a space difficult to characterize. In Theorem 6 we
show that there exists a quasi equilibrium price functional p that
lies in the predual i.e., the space of sequences of continuous
bounded functions on C whose norms are summable. This price
functional p has a dot product representation which agrees with
our intuitions of what prices should be, namely they are rooted in
marginal conditions.

Prescott and Lucas (1972) develop sufficient conditions

for existence of price systems with dot product representations
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for commodity spaces whose elements are sequences of members of
normed linear spaces.

Their requirements are that any feasible point can be
truncated; i.e., if a point is feasible so is any other that is
equal to it in its first T components and zero thereafter. In
addition they require that agents discount consumption in distant
states. Since an allocation in our economy includes a set of
probabilities for consumers, truncating with the zero measure is
not feasible and we cannot apply their result. In the following
result we generalize their Theorem 1 to permit truncation with
other than the =zero element. For this theorem, the aggregate
endowment, w, is not assumed to be zero, and there are a finite
number of technologies indexed by j.

Let S be the linear space [s] = s§pﬂshﬁH. For any

s € S, let s be such that its first T components are those of s

and the latter zero. Let Syp = 8 - Scp-

Theorem 6: Suppose allocation [(il),(§j)] and nontrivial continu-
ous linear functional v is a competitive equilibrium for an econ-

omy for which no %' is a satiation point. Suppose in addition to

1

conditions I and II that there exist x' ¢ X! for all i, and yj €

vJ for all j such that:

~ .

i i i i i i j
VI. For all %~ € X+, all T, Kp = Xp + X o € X*. For all yY €

YJ, all T, y% = yéT + ygT ¢ 1J.

il

VII. If xt is strictly preferred to x by agent i, then there

exists T' such that for T > T', %o

T is strictly preferred to

s
Xl
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q(s) = %im V(SsT)’

along with [(ii),(ﬁj}} is a quasi equilibrium for this economy.
Proof: See Appendix. 0O

The final theorem uses this result to establish exis-
tence of a specific type of representation of price system. First
it allows for a price to be represented as a dot product, i.e.,
the value of a commodity point is the sum of the values of its
date-location-event components. Second, within each date-
location-event component the value depends only on the first
moments of the signed measures with respect to both the consump-
tion good and time, in a way that their relative values coincide

with the marginal rates of substitution and transformation.

Theorem 7: Suppose allocation [(il),§] and linear functional v
are a competitive equilibrium then there exists a continuous
linear functional p of the form

p(s) = g [ (pyyeq#pypey)dsy
such that [(El),§] together with p are a quasi competitive equi-
librium.

P

Proof: Note that assumption VI holds for our economy for x; =

({(-1,00}) = 1/L for all i and all h, and y, ({(-1,0}) = 1/L for

all h. Discounting takes care of assumption VII and x = y which
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suffices for assumption VIII. Then Theorem 6 guarantees that a g
exists and that it together with [(X%),y] is a quasi equilibrium.
A result used in this proof and proven in the Appendix

is:

Lemma 3: Suppose v, p are continuous, nontrivial linear function-
als on topological linear space S. Suppose S € Argmax v(s) sub-
jeet to p(s) < p(s). Then there exists a > O such that ap(s) =
v(s), for all s € S.

Define for all h the set

¥ {y e ¥: y,,= §,, for all h'#h}.

Consider the following program:

max q(y) subject to y € Yh.

¥
Element y solves it.

Let s(h) - S¢ = Scp-1) then a(s) = g v[s(h)]. Define
Vlsy) = v{s(h)]. Since for no h agents put mass on the most

preferred point in C, utility maximization guarantees vy is non-

trivial. Consider also the program:

zax vh(sh)
h

subject to:

r -
g (02+ whc1)dsh < é (02+ whc1}dyh
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where w, = Zy fz[kh,- f c1dyh]. Suppose Y does not solve it.

Then there exists s, such that vy (s,) > vh{§h) and

é (e + woe )ds, < g (v w e )dy, .

Then there exists a & e (0,1) such that v, (8sy) > vh(yh) and
[ (e * woe )d(8s,) < f (cy+ W c,)dy, .
- h
c
Given the value of w, and the properties of the produc-

tion function, there exists a y ¢ (0,1) such that for

Y- - -
Sy, = Yésh + (1 y)yh,

0 > « il ¥ i
vh(sh) > vh(yh). Furthermore, the set {y e S: ¥~ By and  yi=
¥, for h's h} is contained in Y,. But this contradicts the fact
that y solves the previous program, hence ?h solves this one.

Since v, and the constraint are both nontrivial continu-

ous linear functionals on a topological linear space, for all h,

Lemma 3 implies that there exists ap > 0 such that
vh(sh) = o ; (02+ whc1}dsh.

Since g(s) is well-defined,
p(s) = E / (P4 1+ Py Colds,

is also well-defined where py, = a,W /a4y, Py, = ay/ay. (Note that
nontriviality of v, implies @ + 0 all h.) Since q(s) was a quasi

equilibrium, so is p(s). O
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Recall that Theorem 4 gives sufficient conditions for a
quasi equilibrium to be a competitive one regardless of whether or

not the price function has a dot product representation.



- 26 =

Appendix

Proof of Lemma 2: Existence, continuity and linearity of the

utility function defined. Let

tgost g U{C)[E xgt(hlt’dc)]}'

u(x) = EU{
We must show first the expectation operator is well-defined.

First define gy: @ » R as:

g(w) = E 8% § [ ue) 2, (h, (u),de) > 0O

T Tt0 e A A A ’
Now given that up to t the set of possible histories is a finite

set, we have that:

(x)

u

Hil

oT Eqfgp(w)}

"

T
ety ) n(hge) [ UCe) %, (h (w),de) > 0

t=0 2 hgteﬂgt

where again Hmt is the set of possible histories up to (2,t) and
ﬁ(hgt) is the probability of hlt' Now for each w, gT(m) +» glw),
where

g(w) = tzost % g u(e) %, (h,, (w),de) >0,
since there is discounting, C is compact and U(c) is both non-
negative and bounded, this limit exists.

Now since for all w, gT(w) is bounded above by
b = E st z sup U(e), we apply Lebesgue Dominated Convergence

t=0 2 ceC

Theorem (see Wheeden and Zygmund (1977), Theorem 5.19) to conclude

that:
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u(x)

E,[lim g (w)]
0 Tow T

Lm0

o

- Eo{tzoat g U(e) % %, [h,, ,de]}.
Hence, u(x) is a well-defined function.
We now turn to continuity. Recall that for each
(i’t’hgb) the topology used is the weak* while over the product
across dates, locations and histories the topology is the product
one. So x" » xo means the convergence is point wise.

The argument of the proof is to show that for all ¢ > 0

there exists an N such that for any n > N:

lu(x") - u(xo)l

ey
1

Now let uyp(x) u(x) - ucp(x). By the triangle in-

equality it follows that

lu(z") - u(xo)l

1A

IugT(xn) - usT(xo)I

¢ Ju (™) - u>T(xG)|.

>T

But notice that for any x € X,

T+1
1T -8

w

max U(e).

0 < u_,{x) <
" ceC

Consequently, for any € > O there exists T such that for all x ¢ X

0

and hence for x” and the x1,

£
u)T(x) < 5
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This implies |u>T(xo) - uyp)x"| < /2, for all n.
Now, fixed T, u.p(x) is a finite sum of continuous func-

tions, so we can always choose N_ such that for any n > N_
0 n 3
|u5T(x ) - usT(x )| < 5

Hence |u(x?)-u(x")| < ¢ for n > N. This establishes continuity of
the u functions.

Linearity of u(x) follows trivially. O

Proof of Theorem 4: 1In Step 1 we show that any allocation in

r(u), the set of solutions to the social planner problem, can be
supported as a quasi equilibrium with transfers (QET) by all the
members of certain convex, nonempty set of valuation functions
V(u). In Step 2 we construct a function that maps the unit sim-
plex into the real line and show it is continuous. Associated
with any point in the range of this function it will be shown
there is a Pareto optimal allocation. Since every Pareto optimal
allocation is the solution to some social planner's problem, we
can support it as a QET. In Step 3 we construct a transfers
correspondence and show it is compact, nonempty and convex. In
Step 4 we show it is uhe and finally in Step 5 that a suitable
transformation of it has a fixed point that corresponds to a quasi

equilibrium with zero transfers.

Step 1. Consider the following program

iii i
max ).uAu (x)
S
i 1

% <X

subject to
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ik

LA E = X

This problem has a solution (by Theorem 1) and the value
of the objective is a continuous function U(u,x). We define an
economy with one agent and with preferences U(u,x) and technology
set Y. Its set of Pareto optima includes the solutions to

max U(p,x).

xeXn¥Y

Any solution to the social planner's problem of the
original economy implies a solution to this one where x = y. The

following lemma is an important intermediate step:

Lemma: Let X, X be two different solutions to the one agent eco-
nomy social planner problem and let V support x as a QET, then v

also supports z.

Proof: Since X, % solve the problem, U(yu,X) = U(u,X), X, % € Y,
and Vv supports %, v(X) = ¥(X). Then U(u,x) 2 U(u,X) implies v(x)

> V(%) = V(%) and y ¢ ¥ implies v(y) < V(X) = V(%), hence V sup-

Arbitrarily select [(ﬁi),ﬁ] e I'(p) with associated allo-
cation in the one agent economy X = y. Theorem 3 guarantees the
existence of a nontrivial v ¢ S* that supports it as a QET in the
one agent economy, i.e., U(u,x) = U(u,x) = Ziuiliui(ﬁi) implies
v(x) 2 v(ii) and y ¢ Y implies v(y) < v(x). Pick any (}?i)ieI with
the property that for i # j, " = %' and %) is such that uwl(%J) =

353 R
uv(xv), Let x = Eil X" . As

iii ~i i i i,=3
>
zil gy 2 Eik pu(x)
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it follows that U(u,x) 2 U(u,X) and this in turn that v(X) 2
v(x), zikiﬁ(ii) > Zikiﬁ(ii) and G(ij) > G(EJ). Since the tech-
nology sets are the same, v supports [{Ei),§} as QET in the origi-
nal economy.

Now define V() = {veS*: v(x)=1 (x the most preferred
point in X) v supports x as QET for the one agent economy where
X is associated with some [(ii},ﬁler(u),i.e.,§=§}. Note that, as
we have shown, if v € V(u) supports some solution to the social
planner problem, it supports them all. The sets V(u) are closed
and convex. To show it is nonempty, note that Theorem 3 guaran-
tees the existence of a nontrivial supporting v. As av also
supports for a > 0, we only have to show v(;} > 0. In order to do
this consider K, the worst possible point. It is the one that
puts all measure on (-1,0) € C, X € Y. Since 0 ¢ Y and y maxi-
mizes profits, v(y) = 0. Note that (§+u§) € Int Y (to show that,
it is easy to construct the right neighborhood) and profit maximi-
zation precludes then V(f) > 0. Consider x* = ax + (1—a)§. There

exists o € (0,1) with the property U(y,x%) = U(u,X) which implies

H

av(x) + (1-a)v(x) = v(x%) = v(X) = v(§) 2 O.

But, since v(x) < 0 it is true that v(x) > 0. VNormalizing v so

that v(x) = 1, the nonemptiness of V(u) is established,

Step 2. Next we construct the following function a: ﬂI + R

+
where a(u) = max{acR: aueU}. Here U denotes the set of feasible

utilities, that have been normalized so that ul(x) = 0 all i and

ul(x) < 1.
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Note that associated with a point u € U there exists a
feasible allocation., Convexity of X, Y, and preferences imply U
is convex. U is trivially bounded. To show it is closed, pick
any convergent seguence [un}, u, € U. Associated with it there is
a sequence of allocations that belong to a weak* compact set and
hence a limit of a subsequence exist. Continuity of the utility
functions in this topology guarantees that the limit of {un} is in
U. Hence U is closed. This implies a(p) is well-defined. The
fact that a(u) > 0 is obvious from the fact that for all i,
ui(xo) > ui(§), where x5 puts 1/L mass on the point (0,0) ¢ C.

To show af{u) is continuous note that a(u) is the unique
solution to

arg minfu-ul

a,u

subject to u € U and ap = u. The theorem of the maximum implies
a(p) is a continuous function. Furthermore note that associated
with u(u) (also part of the solution of the program) there is a
Pareto optimum allocation, [(xi),y]. Otherwise, given strict
monotonicity of preferences with respect to the stochastic order-
ing, a proper reallocation can be made which yields a higher
utility for everybody.

By Lemma 3.1 of Prescott and Townsend (1984a) any Pareto
optimal allocation is the solution to some social planner's prob-
lem; i.e., there exists a u'(u) e A1 such that [(x1),y] € Arg max
) P subject to feasibility. By Theorem 3 and Step 1 it

can be supported by any v € V(u').
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Step 3: Let ¢: al = RI be

o(u) = {zeRI: zizlzo, zt=atv(xt)-atetv(y) where [(xl),y]
is some arbitrarily chosen allocation that gives

u(u) and v € V(u'(n))}.

Clearly z'/A' is the set of transfers for QET
{[(xl),y],v}. As shown, ¢ is nonempty. Convexity of V(u) implies
¢ is convex. It follows that a zero of ¢ implies a quasi equilib-

rium with no transfer.

Step 4. It is to show that ¢ is uhc i.e., if 2z, » 2z, u -+ u and

2, € ¢(un) all n, then z € ¢(u). We will start by finding a

neighborhood of 0 € S, N(0) such that for any u, v € V(u), and

%

|v(s)] < 1 for all s e N(0). Recall that 1 = v(x) 2 v(x) = v(y)

V(f) and v(y) 2 0. There exists a € [e,1) such that U(u,x%)

A

U(u,X), (because by compactness of the simplex, U(u,x) 2 U(u,xo)
U(u,f) where X, is atomic measure on (0,0) € C and in turn “V(f) +
(1-a)v() 2 v(X) > O which implies v(x) > -((1-¢)/¢). Note that
there exists N c Y open set such that v(s) > V(f) all s € N, Just
pick a y € Y such that for all h, f (1+cj)dyh > 0, f czdyh > 0,
and f cgdyh <z f[kh, f (1+c1)dyh] and construct a neighborhood
around it. Since for all s ¢ N, “(f‘s) e ¥, a > 0, it is clear
that v(s) 2 v(x). Now, define N(0) = {seS: s=(1/2y)(s'~y), all
s'e N,y= max[?,1~e/sl}. N(0) is open and 0 € N(O). For any
s € N(0), |v(s)]| €1 for any v € V(u). Define the set K = {veS*:
|v(s)|<1, seN(0)}. By the ##?Banach-Alaognu Theorem, this set is

weak* compact, and by construction, for any u, V(u) < K.
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. . . i
Now associated with z , there is a {[(xn).yn],vn} 3
r{u) x V(u). Since v, € K for all n and S* is complete, a subse-

quence of it has a weak* limit v. Rename the sequence. Let wl e

¥} be such that ui(wi) > ui(xi) where x* is in T(u). Pick
W- > W' with the property u*(w.) > ul(xl). Let ul = u'(x}).
m m n n

i

Since for all x « X—, ui(x) is bounded above and below, there is a
convergent subsequence of ui. We again rename the sequence. The
utility functions and a(u) are continuous. Consequently ui >
a{u)ui, with which some allocation is associated. This implies
that for all m, there exists no(m} such that n > no(m) implies
ui(w;) > ui(xi), which in turn implies vn(wi) > vn(xi). By defi-

nition of o, klvn(x;) & z; + klelvn(yn) and by profit maximiza-

1

tion, for all y € Y, len(x;) > z + xlalvn(y). These three facts

imply that for n > no(m). xivn(wé) > zi

- lieivn(y).

Taking 1limits on n, Aiv(w;) > gl Aieiv(y). Taking
limits on m, 1iv(wi) >z 4 Aiaiv(y). But, for any wi, ui(wi) >
ul(xl), [(xi),y] e I'(u), and in particular for who= oxl - ii,
since [(ii),§] € I'(u) wherey = Z yigd, So liv(ii) > zi 4
xieiv(y) for any y € Y, and so also for y. By aggregation we
conclude that v(ﬁi) = 2/t . eiviﬁ). To show that v supports,
note that for ul(wl) > u'(z') which implies v(wl) 2 v(z'). Fi-

nally, v(x) = 1 because it is the weak* limit of v, . This shows

that z € ¢(u) and hence uhc of ¢.

Step 5. In order to apply Kakutani's fixed point theorem we must
verify the correspondence maps a set into itself. First consider
6(71) where i = O for some i. Then x' = x and z' < 0. In the

. -1 ; i ’ % wa & ;
same fashion when u~ = 1 for some i, z!' < 1 since x is infeasible

and v(x) = 1. Extend now ¢ to the set



-3y -

M= {seRI: Eisi=1, sia - max(1/xj)]
J

where ¢i(u) = ¢i(ﬁ), when ui < 0 and Ei = 0. Obviously ¢(M) c M.

A zero of ¢, cannot exist outside the unit simplex. Finally
consider x: M + M, x(u) = u - ¢(u). By Kakutani's fixed point
theorem, a u exists such that x(u) = u and hence ¢(u) = O which

implies existence of a quasi equilibrium with zero transfers. (I

Proof of Theorem 6: Let q(s) = lim v(sﬁT). This limit exists

(Lemma 1 of Prescott and Lucas (1972)). Linearity of v and the

fact that xp = X.p + X - X o implies

(A.1) lim v(xT} = lim v(x

+x-% ) = q(x) + v(x) - q(x).
Torw Taw <T

<T

Step 1: Tt is to show that if x is as good as %' for agent i,

then

(8.2)  q(x) 2 v(xh) + qxb) - v(xb).

1

Start by selecting x x'? ¢ x! such that x'l is strictly pre-

-i ’ . -i i i
ferred to ¥ and x is as desirable as x . Let x®*!' = ax! +

(1-a)x'l. By 1, x® ¢ x! and by 11 x®! is strictly preferred

to . By VII there exists T' such that for all T > T', x,?l is
strictly preferred to x'l. Since v is an equilibrium price, this

implies
v(ii) < v(x%i).

Taking limits when T » = and a » 1,

V(Ei) < lim v(x;)

T+
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which by (A.1) implies
v(xh) < g0 + vixh) - qxh).

Rearranging we obtain (A.2).

Step 2: It is to show that if y e YJ then

a.3)  aly) < (i) + ayd) - v,

To show this step note that v being an equilibrium and by VI
v(y%) < v(§J).

Taking limits and by (A.1)
v(7) 2 aly) + vyd) - ar)).

Rearranging we get (A.3).

Step 3: It is to show that profit maximization implies that for

all i

@8 qiEh = wEh + gxh) - vixh

and for all j

J

3y 4 aydy - viyd).

+

(4.5) a3 = vy

Let
F=fat F, z=)l iy, §al 7,y = ) yd.
i 1 J J
Now note (A.2) and (A.3) also apply for 2! and ij. By linearity

of v and aggregating over consumers,
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(8.6)  q(R) 2 v(E) + q(x) - v(x).
Aggregating over producers,
(A7) qi) € v(i + qy) - v(y).

By VIIT y + w = x. By feasibility of the equilibrium

allocation w + y = x. Then, from (A.5) we have

W

q(y+w) 2 v(y+w) + q(§+m) - V(;+m).
Linearity of v implies

) 2 (i) + qly) - v(y).
This, together with (A.7), implies

a(§) = v(F) + ay) - viy).
Since for all j,

> vi@h + o) - vy

v

qly

it follows

J

Jy.

a3 = v + ayd) - vy

By the same reasoning, for all i
q(il) = v(zh) + q(xh) - v(xh).

Step 4: It is to show that g is a quasi equilibrium. But this is
immediate from (A.2), (A.3), (A.4), and (A.5). Just substitute
v(@) + q(xh) - v(xh) for q(&Y) in  (A.2)  and v + qy)) -
v(&j) for q(?j) in (A.3) and the results are the conditions that

define a quasi equilibrium. This completes the proof. O
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Proof of Lemma 3: Pick any s, e S such that v(so) + 0 and
p(sg) # 0. Define a = v(so)/p(so). If a < 0 then S does not
solve the program. Suppose there exists s; € S such that v(si)
+ ap(s1). Pick Yg € R and Y € R+ such that TOp(SO) +
Y1P(S‘) = -0,

The first case is v(s;) > op(s;). Let y =5+ YoSp *

YSl . Then

ply) = p(s) + YoP(sy) + 719(51)

p(s)v(y)

v(s) + Yov(so) + Y1v(s1)

b

v(8) + a[ygplsy) + 1,p(s,)] = v(8).

This contradicts the fact that s solves the program. The second
alternative is v(sq) < ap(sy). For this case let y = s - YoSo -

Y45, This implies v(y) > v(s) and hence a contradiction. (I
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Footnotes

'In a recent paper, R. Rogerson (1987) has developed a
model for locational decisions within the Arrow-Debreu-McKenzie
paradigm. His approach is to study certain reasons for appearance
of unemployment. He deals with the nonconvexity problem in pretty
much the same way we do. However, his approach is very specific,
and not easily generalizes to incorporate search. He contemplates
a disutility of moving, that we think is easy to include in our
model.

Other notable examples of search environments include
those of Diamond (1984) and Mortensen (1982) who use the Nash
rather than the competitive equilibrium concept.

Also, Starrett in a famous paper (1972) discusses but
not analyzes the possibility for people to move in order to avoid
the disutility associated with pollution. This problem disappears
in our framework. Another example is Topel's local labor market
model (1986).

3There is another way of handling this problem of the
relation between ex ante probabilities and ex post measures. It
is by generating an artificial stochastic process for all
(ﬂ,t,hlt) upon where each agents makes contingent his lotteries.
This would not only increase a lot the dimensionality of the
problem but would also oblige us to keep track of the agents
names. We think that the use of Uhlig's theorem makes things much
easier.

“Given the way the commodity space is constructed, we do

not require the underlying consumption possibility set to be
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convex. This is important because indivisibilities and special-
ization, which often are essential parts of applied general equi-
librium analyses, result in this set being nonconvex.

It is in this step of the proof (as well as in a simi-
lar argument in the proof of Theorem 5) where the assumption of
nondepreciation of capital becomes handy. Its exclusion would
make the statement of point yo much messier without adding any
interesting feature.

®There are other strategies for proving this type of
result. Jones (1987) uses certain properties of asymptotic cones
to show existence and Bewley (1969) uses approximation of econo-
mies in the right topology. The choice of our approach was influ-
enced by its strong links to the second welfare theorem, which

plays a central role in our analysis.
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