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1. Introduction

For a deterministic model, Sargeht and Wallace [ 4] gave a
formula desecribing the behavior of prices where expectations are formed
rationally and where Cagan's portfolio balance schedule rules. To
illustrate that formula they showed the response of prices to a known
future increase in the money supply.

This paper gives a formula describing the covariation of
prices and money in the more realispic case in which money is a purely
indeterministic stochastic process, which means that future money
creation (aﬁd therefore also inflation) can be predicted only imperfectly.
We do assﬁme that money is strictly econometrically exogenous in the
portfolio balance schedule, which is restrictive, but parallels
assumptions made by Lucas in his applications of rational expectations.
Our interest in this exercise was sparked by our access to data from
Argentina, which display a dramatic seasonal in the money supply, a
consequence of the government's practice of giving workers a deficit-
financed bonus every December. One aim of this paper is to provide a
framework for studying how‘exogenous seasopal variation in the money
supply gets translated into seasonal variation in prices; in particular,
how the portfolio balance schedule makes seasonal movements in money
cause seasonal movements in prices of modified amplitude and shifted
phase {or timing).

From a technical point of view, this paper illustrates a
useful, somewhat novel application of Lucas's undetermined coefficients
method for calculating rational expectations equilibria. We formulate
the existence problem in the frequency domain, and by exploiting the

assumed exogeneity of the money supply process, reduce the number of

-1 -



undetermined coefficients to one, regardless of the autoregressive order
of the money process. This affords a considerable simplification as
compared with comparable calculations in the time domain. The method is
applicable to a broad class of linear, rational expectations models with
_exogenous driving variables.

Section 2 contains the detailed derivation of our results,
aside from a proof of uniqueness which we have placed in the appendix.
The nontechnical reader can skip most of Section 2 and proceed to
Section 3, where we illustrate our formula describing the covariation

between money creation and inflation.

2. Derivation of the Formula

The portfolio balance schedule assumes Cagan's form
- = —_ <
(1) m - p. = $EP, 7Pt uy ¢ <0

where m is the matural log of the money supply at time t, P, iz the
natural log of the price level at t, and Etpt+l is the linear least

squares estimate of Py conditioned on current and lagged p's and m's.

1
We assume that m is strictly econometrically exogenous in (1), by which

. . 1 .
is meant that u is orthogonal teo past, present, and future m.~/ Solving

1) for P, gives
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Notice that ¢ <0 implies 0 < @ <1, 0< Y <1. First differencing (2)

gives
Pp = Py T Ompm )+ YIER 7P+ (PP )
- - e - e
(B P Peop)] + %~ %
or
T e R L L
where x S P~ P g, MW = m -~ m 4, BX oy SE (P 47P)s
nt = Et - £ 1" Rearranging the preceding equation gives
x = u +-L (Ex . -E,_.x)+-i=n
t 1-y "t 1~y tTttl -1t 1I-vy t
or
= —_ —_ T
(3} x, =B - ¢Qd L)E x .3 + 1N,

whetre nt' = nt/(l—Y), and where L is the lag operator defined by

Equation (3) can be written

= -— - T
X, = M, $(1 L)E[xb+l|ut,ut_l, R n,

- $(1-L){E x

. t+1"E[Xt+1|“t’”t—1’ sl

We claim that by virtue of the strict econometric exogeneity of u, the

composite random disturbance nt' - qb(l-~L){Ii‘.txt+l - E[xt+1lut’ut~l’ ve.]}

is orthogonal to the entire y process. This implies that the projection

of x, on the entire y process is given by the first two terms on the
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right side of the above equation. For this reason, the preceding equation
itself completely characterizes the covariance structure between the x

and ¢ processes, To verify the composite disturbance in the equation is
orthogonal to the entire u process, consider the following argument.

The linear least squares forecast Etxt+l made on the basis of

the information {ut,u ..} can be written

ETEETEEEE St ST

E = E(L)ut + ¢(L)Xt

e+l

where £(L) = EOLO + ElLl + ..., P(L) = wOLO + wlLl + ... . Calculating

the linear least squares regression (projection) of Etx against the

t+1

set of current and past u's {ut,u .+.}, we have
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E[E, x [{ut,ut_

Kl I = E(L)ut

l)

LN AC N M LY

+WEx o hLe o, )

+ WElx__,lu u c.l)

t-1’

n

lu_,u

Ewn + 1 WEx_ uow .

j=0

1.

E{E x

Fea " . t+1lut’ut~1’ ...} , which is the error

Now calculate rt = E

in taking Ex ... A8 an estimate of people's expectations of

t+llut’ut—l’

inflation. We have

r =E E{ e..}

t e+

o0
Z Y. (x__.-E[x,__
j=0 1 4 t

%epq Moot g

1

&) Juu . oD

3

Now the assumption that W is strictly econometrically exogenous in the
portfolio balance schedule implies that the regression of X, on the
entire U process—-past, present, and future HU's--is one-sided on the

2 .
past and present.—/ Thus, we can write

= cee] .
X g E[Xt—j*ut’ut—l’ ] Vi
= E[Xt"j lut_j ,ut—j"‘l’ . '] + wt_j
where wt—j is a second-order stationary random variable that is orthogonal

to U at all leads and lags. Therefore, (4) becomes

oo
5 = - gl poH b=
() Te Etxt+l E 3t+1| £ t-1* °°° jgo lpj""rt—j

-

Since W is orthogonal to It at all lags, so is ro being a linear

combination of current and past w's.



Using these results, (3) can now be written as

= - - 1
x_ = W, - ¢Q-L) Elx Ju,u 1y <o+t +r
or
6 = - ~
(6) X, By ¢(1-L) Euxt+l + a
= = '
where Euxt+l = Ext+1|ut’ut-l’ ... and a, rt + nt . In (&), Mt is

orthogonal to a, at all lags by virtue of its orthogonality to r and ™'
at all lags. Thus, Ut is strictly econometrically exogenous in (6).

It follows that the covariances between x and M at all lags are determined
by the single relationship (6). That is, (6) is a valid statistical
"final form" with strictly exogenous processes on the right-hand side.

Let the covariance generating function of u be Sp(z) =

[~+]
Z R (T)ZT, where the coefficient on z' is the covariance RU(T) =

TE-—(D

E{(ut—Eu)(ut_T-Ep) . We assume that p, in addition to being second-
order stationary is linearly regular or indeterministic.gj Under this

specification, Su(z) has the representation
5 (2) = o“B(2)B(z ")
i .
where B(z) = Z bjz:I . We assuyme that B(z) has a one-sided inverse,
=0

which means that u has an autoregressive representation. The cross-

fre]

covariance generating function qu(z) is X qu(T)zT where

T==~c0

qu(T) = E{(xt-Ex)(ut_T—Ep)} )

Le s write E as
tu e uxt+l

E X1 = h(Lyn, »

where h(L) = z h.L'. The classic Wiener-Kolmogorov formula for h{z)
j=0

.4

is
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-1
S (z)z
h{z) = 21 zy 1
0 B(z) B(z ) +
where [ ]+ means ignore all negative powers of z. Using the above

equality, (6) implies

i qu(z)z—l
S_,(z) =5 (z) - ¢$(1l-2) —T— | S (z)
xH U o2B(z) B(z 1y |+ M
or
-1
S (2)=z .
S () = 6*B(2)B(z 1) - ¢(l-z) —= i s?B(z)B(z 1)
o B{(z) B(z ) +
or
- -1
_ S (z)z _
5.(2) = BBz ) = (1-z) [ ool BETH
H Bz ) +

where we have normalized B(z) by setting 02 = 1, as we are free to do.
The above equality can be written

-1 qu(z)z-l \
7 5.,(2) = Bz ) 1B(2) - ¢(l-2) | F—| 1.
B(z ) +
A rational expectations equilibrium is a pair (B(z), qu(z)) that
satisfies the functional equation (7). It is proper to consider qu(z)

as a function of the generating function B(z) that characterizes the

second-order properties of U. Consider the operator

-1
S . (2) S (2)=z
z[————X“_l ] = (B(2) - §Q1-n) | Z——1 1},

B(z ) B(z ) |+
qu(z)
defined on the space of functions 1 defined on the unit circle and
B(z )
for which
2
S
- —————XU(Z) dz . .
2mi f - »

C B(Z_l) Z



where C is the unit circle. This space, which is complete, is the space
of all cross-covariance generating functions between pairs of strictly

. . , . . 6/
indeterministic covariance stationary stochastic processes.— Under
suitable restrictions on ¢, it is possible to show that [ ] is

a contraction mapping. Then by the contraction mapping theorem,

there exists a unique qu(z) that satisfies equation (7). Details

are relegated to the appendix.

To find a formula for qu(z), we use the method of undetermined

coefficients. From (7) we have that

s (1]
s (y | B(-90-2) |FE—re
xu? B(z ) _|+/,

Su(z) ; B(z)

which is one-sided in z by virtue of the exogenity of H. (Remember that
an(z)lsu(z) is the z-transform of the coefficients of the projection of
X on current, past, and future W's, which is one-sided, as Sims's

theorem 2 assures us.) The preceding equation can be written

-1
S (z) S ~(z)z
L= - B(2) = «p(1-2) | g |
B(z ) B(z ) |+

(8)

Now the exogeneity of U implies that the projection of x on past and
present U's equals the projection on past, present, and future W's,

which is to say
qu(z) 1 qu(z)

Bz Ly | + 33 mypeh)

whicﬁ‘is one-sided by virtue of the exogeneity of U Since B(z) is one-
sided, it follows that qu(z)/B(z—l) is one-sided. Therefore

~1
qu(z)z
— g has at most one term in negative powers of z. We can write
B(z )
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-1 -1
S (z)=z S (2)z
(9) i v R
B(z ) B(z ) +

where g is a coefficient to be determined.

Now substituting (9) into (8) gives

-1
s (2) S (z)z _
—§H~f- - B(z) = -¢(1-2) —EE——:Ef“'* gz t
B(z ) B(z )

which can be written, after a little algebra,
-1 -1 -1 -1
(1-9+¢= )qu(z) = SU(Z) + ¢z z "B(z 7) - ¢g B(z )
Noting that 1 - ¢ = 1/(1-Y} and multiplying by (1-Y) gives

(1-¥2"DS, () = 05,(2) - gz B(zTD) + YgB(z D)

or

Sal® 4 vgz 1 + Yg
Su(z)

vz (vz DBz (-vz HB(2)

(10

Now each side of (10) must be one-sided, by the exogeneity of M,
which gives us the condition needed to determine g. Assuming that M is

th s .
governed by an n  ~order autoregression gives

1

an B(z) = -
1—613-__,—6n2
Under (11), (10) becomes
- - —8.y=...=8 yMz"1
qu(z) lad aYz 1 ) y(1-Y)gl1l lY P O |4 . 0
Su(2) 1-v2 1-v2"t

where £(z) is one-sided. For qu(z)/su(z) to be one-sided we require

l n
aY - Y(l_Y)g[l—alY""—GnY } = 0



or

o4

(12) g = — -

(A-v)[1-6;v=...=6 v}

Equations (10) and (12) allow us to compute qu(z)/Su(z) as a function

of SU(Z)’ i.e., the ¢'s, and & and Y. Defining k(z) = SXU(Z)/SU(Z)’
and Sa(z) as the spectrum of the a's in (6), we have that the spectrum

(autocovariance generating function) of X, obeys

Sx(z) = Ik(z)l2 Su(z) + Sa(z)

where
-1

k(z) = —%— - ——T82 + &

1-Yz (1-Yz T)B(z) {1-Yz T)B(z)

Tl

B(z) = -

l—Glz—...—an

o 1
g = = »

n n
(=Y 16 Y=o oo=8 7 ] 1-8 y-...=8 Y
since o/(1-y) = 1. The z-transform of the coefficients in the regression

of X, on past, present, and future U's is given by k(z).

3. Illustrations

Summarizing our results, we have assumed the structure

— = —_ <
(1 m -p. =9%Ep ,-P)+u, $<0

which upon first differencing gives

3 = - - 1
3 ¥e T Me T 9ULIEx , + g
where

= - = — = _ ] - .
Xy =P =Py Mo =@ - m 4 Etxt+l Etpt+1 Pos and ﬂt satisfies
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E{nt'us} = 0 for all t and s, which means that {Ut} is assumed to be
strictly econometrically exogenous in (3). We also assume that Ut

. th .
follows the stationary n  -order autoregressive process

Moo= 48y

. 1Heop t 62u + ... +du + U

t-2 n t-n t
or
(1 lL [ L )“t d)

where Ewt Ut_ = 0 for all T > 1. Under these conditions, X, can be

T

expressed as a one-sided distributed lag of Ut,
(13) X, = k(L)Ut + a,

where E a_ Ut = 0 for all t and s, and where k{L) is given by

- t
Yg(1-L™h) (18,1~ .. -8 L")

(14) k(L) = +
1-y1t a-v.™h

_ 1
(1-8,v-8,7%. . .=8 ")

1
o o= —
1-¢
N ¢
’Y-"l__qb-
had L3
We can write k(L) = z kjLJ, where kj is given by
j:
4 n j_l n .
ve Ll Sy - ) 8¥1+a i=0
i=1 i=0
n & » n . .
Y [ ) 8y7ITH_ ] sy 1<j%n
i=j+1 i=j * '
(l4a) by =
~Yg Op j=no

. 0 Otherwise
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with 60 = -1.

It is straightforward to verify that k(L) is one-sided on nonnegative
powers of L, despite the presence of terms in L_l on the right-hand side
of (14).2/

Using (14), we can evaluate the sum of the lag weights kj as

k(1)

i
Il ~1 8
b

Q

=== 1.

1-y
Notice that the sum of lag weights is unity regardless of the values of
the parameters X and ¢.
It is interesting to calculate the frequency response function

of k(L), which is given by
k(e+1w) = Z k.ele .

+iw . .
The frequency response function k(e ) gives the response of x, in

(13) to an input Ut = e-1Wt:
o - -
x, = I -iw(t-3)
j=0
_ -iwt °Z° o 1w
j=0

. . . +i . i
Similarly, the response of x_ in (13) to an input L% = e Wt ;g e+1Wt

Write k(é+lw) in the polar form

(15) k(e™) = gwetd™
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The quantity g(w) is termed the "gain' while ©(w) is called the "phase

shift." Then the response of X, in (13) to a sipusoidal input
ut =2 cos wt = eth + e-th is given by
x, = ethk(e-iw) + e‘thk(e+iw)
= o(w) (el W8y | -i(ut-0(w))
(16) x, = g(w) 2 cos[wt-6(w)]

Thus, the response of X, in (15) te a VU input of cos wt is a cosine wave

with phase shifted by -6(w) and amplitude multiplied by g(w). It must

be emphasized, however, that our device of inserting a cosine wave input

into (13) is only a heuristic one, since to derive (13) we have assumed

that Ut is governed by an autoregressive process. Such an indeterministic

H process has an arbitrarily small proportion of its variance occurring

in an arbitrarily small band about any frequency w. If the money supply

input Ht were really of the form cos wt, the relationship (13) would

break down because the formula for the linear least squares forecast

used to get (13) does not represent the best forecast for such a deter-

ministic H process. 1In effect, under the assumption that M is governed

by an nth—order autoregression, Ut is composed of a continuum of components

cos wt with w between ~T and +T. The importance of the various bands of

components is controlled by the Sj's. Fquation (16) gives a picture of

how the component of U at a given frequency is shifted in phase and

multiplied in amplitude in contributing to the composition of inflation x.
For purposes of comparison, it is useful to derive the analogue

of (16) when Ut is governed by a deterministic process (i.e., a process
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perfectly predictable from its own past), such as

= cos .
Ut wt

For convenience, assume that (3) holds with ﬂt = 0, which, because then

E X » implies

X+ T Tl
or
=
xt lit + Yxt+l .

This difference equation can be solved for X, s

(4]
j o
a7 x, =0 2 Y H = —1u_ .
t A R
The response in (17) of X, to ut = eth is
[ea}
x, = eVt o Z YJeiWJ
j=0
iwt o
= @ —_—
1-Ye*¥
The response of X, to Ut = o MWE
~iwt o
X = o .
1-Ye

o
We can express @/ (1-Ye 1w) in the polar form

o i0 (w)
——— = r({W)e
1-Ye'¥

r(w} = Y

\/1+Y2-2 Yecos w

—Yshlw]

arctan [
l1-vcos w

(W)
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iwt —-iwt

The response of X, to an input 2 cos Wt = e + e is easily deduced
to be
(18) X, = r(w) cos[wt-B(w)].

Equation (18) gives the response of x to a deterministic component of ¥,
i.e., a component corresponding to a spike in the spectral density of U
at frequency w.

To illustrate cur formula 14, we assume that the money creation

process ut is strictly exogenous and is governed by the Markov process

(19) -t = e (A <1)

where Et is a white noise process that is fundamental for Ht. Equation (19)

can be inverted to yield the moving average representation for HM:

12

(20) Ho= (1-AL )"182t

or

U o= (1+AL12+)\2L2£’+ ...)et .

The random variable Et is the "innovation'" in ut; that is, it is the
one-step-ahead prediction error for Y, which is the unexpected part of
money creation. From (20) we know that the spectrum for U is given by
O'Ez
(-2 -2

>

SU(Z) =

which for A > 0 is characterized by peaks at the "seasonal' frequencies.

We think of time having the units of months.
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‘For two values of A and two values of ¢, Tables 1, 2, and 3
record the gain g(w), phase 9(w), and distributed lag weights kj
obtained by using formulas (l4a) and (15). Graphs of the phase and gain
are also recorded in Graphs 1, 2, 3, and 4. TFor each value of d,

Table 4 records the gain and phase that obtain in the deterministic
case.

The gain and phase reveal the following patterns. At the
seasonal periodicities of 12, 6, 4, 3, 2.4, and 2 months, the gain is
less than one indicating that the seasonal power in U is being attenuated
or transmitted to x with diminished power. This attenuation becomes
more pronounced, i.e., the gain becomes smaller, as ¢ becomes larger,
given A, and as X becomes larger, given ¢. Notice that for each ¢ the
gain at each seasonal frequency gets closer to the gain for the deter-
ministic case as X goes from .1 to .9. This is consistent with the fact
that at A = .9 a much larger proportion of the seasonal variation in M
is predictable. Notice that the gain for A = .9 is still slightly above
the gain at the seasonals for the deterministic case.

The phase shift at the seasonal frequencies is negative, which
indicates a lead of inflation over money creation at those frequencies.
(The phase is recorded im radians. To convert to units of time, divide
the phase by the frequency, which is also recorded in radians.) The
magnitude of the lead grows as A increases, given ¢, The lead is greatest
in the deterministic case. The lead grows with A because as A increases,
the extent to which seasonal movements are predictable increases. TFor large
enough A, the magnitude of the lead grows with increases in the absolute
value of ¢.

The tendency for the gain to fall and the phase shift to

increase as ¢ increases is reasonable, since ¢ governs the extent to
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which expectétions of future money creation influence current inflation.
This influence grows with the absolute value of ¢. The greater attenuation
and phase shift that accompany increases in i is the counterpart of

the bigger initial jump in price that occurs in response to a known

future increase in money in Sargent and Wallace's diagram,

Table 3 presents the distributed lag coefficients and indicates
how they depend on ¢ and A. Notice that k12 is negative in each instance
and that the lag distribution is not "smooth" in the vicinity of kll’
klz’ k13. It is, of course, well known that where lag distributiocns
reflect optimal forecasting procedures, they often will be very choppy.
Notice also that as A and 9 each increase in ahsolute value, the absolute
values of coefficients at lags of 10, 11, and 12 increase. Table 3
should serve as a warning that rational expectations models do not imply
lag distributions of inflation on money creation that are concentrated
at zero lag;g/

The lag distribution k(L) characterizes the projection of X,

on Nt,

(21) x, k(L)llt + a,

it

where E asut 0 for all t,s. Combining (21) with (20), we can derive
the lag distribution linking %, to Et’ which is the unexpected change in
Ut {that is, Et is the one-step-ahead prediction error in predicting N

from its own past):

(22) X, = —ELL%E- €, + a,
1-AL
= h(L)Et + a, »

k(L) AL 2a L2y Ly,

i)

where H{L)
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It is straightforward to verify that the coefficients of h(L) obey

h, =k, i=0, ..., 11

12 12 0
hi = lki_lz i=13, ..., 23
h., = A + 22k
24 = Mgy 0
h, = A i= 25 35
i i-24 R
. 12 .2_24
Indeed,writing out h(L) = k(L) (I+X "+XL° + ... ), we have
_ 11 12 12, (13
h(L) = kO + le + ... + kllL + klzL + AkOL + le + ...
23 24 2. 24
X X e
4+ lkllL + klzL + kOL +

The response of (the rate of change of) real balances to an unexpected

change in money creation can be deduced by subtracting (22) from (21) to

get
He =% = - TR
1-AL
1~k (L) e
= R - 4a
[1~1L12] £ %
(23) Ut -x = v(L)Et - a,

where v(L) = (l—k(L))/(l~RL12). It is straightforward to determine that
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VO =1 - ho
v, = =h. i>1, i#12, 24, 36,
Vip = A-hy,
14
Vig = A -h, m=1,2,3.

0 0
v, =k j=1, ..., 11
Vig = Avg = Ky

Vj = Avj—lZ j > 12

Using (14), it is straightforward to show that

1

0 0 1-A712
which exceeds 1 so long as A > 0. Therefore, so long as A > 0, we have

that

Since for 3 =1, ..., 11, kj > 0 for $ <0 and X > 0, we have that
v, =-h, = -k, <0 ~ for j =1, ..., 11.

Using (14a) we have that

~YA
ko= —2
12~ T

»

so that h12 = k12 + lko

__~YA + A

l—lle l—Aylz
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h = A_( 1 _Y..)_
12 7 12

Hence, from (24), Vi becomes

12 Loyl
11
_avaowth
l-Aylz
because 0 < A < 1 and 0 < vy = i%g <1 . Thus, we have
Vj <0 for 3 =0, ..., 11
(23) Vj >0 for j = 12 .

This pattern of vj's implies that an unexpected increase in money
creation of Et can be expected to cause (the rate of change of) real
balances to fall at time t, and to continue falling from time t+1 to
time t+1l, and then to increase at time t+12. This pattern is more
pronounced the larger is A, for a given ¢, and the larger is ¢ for a
given A. The pattern mimicks the graph presented by Sargent and Wallace
for the response to a perfectly foreseen future increase in the money
supply. In that graph, at the time that the previously unannounced
increase is announced, real balances fall and continue falling until the
previously announced change in the money supply actually occurs, at
which moment the real money supply rises and expected inflation falls.
That the pattern of vj's is mimicking that graph can be seen by noting
that for A > 0, an unexpected money creation of Et causes previous
expectations of money creation at time t+12 to be revised upward by
lEt.zj The expected response of real balances to this newly forecast

increase in Ut is exactly like that predicted by the deterministic

+12

Sargent—-Wallace diagram. As in the Sargent-Wallace diagram, the extent
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to which real balancés fall prior to the date of the anticipated increase
in ¥ 1s governed by the parameter ¢. The parameter A, which was not a
factor in Sargent and Wallace's deterministic analysis, enters here
because it is the factor by which Et must be multiplied to help determine

the future W at time t+12 expected as of time t.
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Table 1
GAIN
Frequency Period A=0.1
Radians Months p = -0.5 p = =2.0
0. oo 1.0000 1.000
.06545 96 1.002 1.008
G.1309 48 1.006 1.024
0.2618 24 1.003 1.025
0.3927 16 0.9829 0.9611
G.5236 12 0.9891 0.9497
1.047 6 0.9717 0.9294
1.571 0.9602 0.9237
2.094 3 0.9539 0.9216
2.618 2.4 $.9509 0.9208
3.142 yi 0.9500 0.9206
Table 2
PHASE
Frequency Period A= 0.1
Radians Months ¢ = -0.5 $ = -2.0
0. co 0.0 G.0
0.06545 96 -0.00245 -0.01033
0.1309 48 -0.00084 ~0.00741
0.2613 24 0.01227 0.03615
0.3927 16 0.00635 0.04176
0.5236 12 -0.02105 -0.04011
1.047 6 -0.02547 -0. 02644
1.571 4 ~-0.02083 ~0.01654
2.094 3 -0.01397 -0.00982
2.618 2.4 -0.00692 -0.00461
3.142 2 0.0 0.0

= 0.9
¢ = -0.5 b = -2.0
1.000 1.000
1.020 1.073
1.058 1.217
1.035 1.266
0.8477 0.7362
0.9189 0.6390
0.7755 0.4212
0.6648 0.3379
0.5968 0.3014
0.5611 0.2852
0.5500 0.2806

= 0.9
¢ = 0.5 o= -2.0
0.0 0.0
-0.02168 ~0.08795
~0.00719 -0.05645
0.1073 0.2682
0.0726 0.5162
~0.2053 ~0.5701
~0.2913 -0.5566
~0.2742 -0.4219
~0.2023 -0.2755
~0.1058 ~0.1352
0.0 0.0
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Table 3

Distributed Lag Coefficients

=]

k(L) = z kiLi

i=0
A= 0.1
= -0.5 $d = -2.0 ¢ = -0
1.000 1.001 1.000
0.000 0.000 0.000
0.000 0.001 0.000
0.000 0.001 0.000
0.000 0.001 0.000
0. 000 0.002 0.000
0.000 0.003 0.001
0.000 0.004 0.002
0. 001 0.007 0.007
0.002 0.010 0.022
0. 007 0.015 0.067
0.022 0.022 0.200
-0.033 -0.067 -0.300

1.000 1.000 1.000
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Table 4

Deterministic Case

Frequency Period GAIN PHASE (Radians)
Radians Months ¢ = -0.5 b = -2.0 ¢ = -0.5 b =-2.0
0.0 o0 1.000 1.000 0.0 0.0
0.06545 96 0.9984 0.9874 -0.0327 -0.1295
0.1309 48 0.9936 0.9523 -0.0649 -0.2512
0.2618 24 0.9754 0.8425 -0.1266 -0.4513
0.3927 16 D.9474 0.7229 -0.1823 -0.5863
0.5236 12 0.9125 0.6193 -0.2302 ~-0.6678
1.047 6 0.7559 0.3780 -0.3335 -0.7137
1.571 4 0.6325 0.2774 -0.3218 -0.5880
2.094 3 0.5547 0.2294 ~0.2426 ~0.4086
2.618 2.4 0.5131 0.2068 -0.1286 ~0.2083

3.142 2 0.5000 0. 2000 0.0 0.0
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Table 5
Distributed Lag Coefficients of
Ut - xt on Et
A =0.1 A=0.9

Lag $ = -0.5 $ = ~2.0 ¢ = 0.5 $p = -2.0

0 -0.000 -0.002 -0. 000 -0.007

1 -0. 000 -0.000 ~0.000 ~-0.003

2 -0.000 -0.001 -0.000 -0.005

3 -0.000 ~0.001 -0. 000 -0.008

4 ~0.000 -0.001 -0.000 -0.012

5 -0.000 -0.002 -0.000 -0.018

6 -0.000 -0.003 ~0.001 ~0.027

7 -0.000 -0.004 -0.002 ~0.040

8 -0.001 -0.007 -0.007 -0.060

9 -0.002 -0.010 -0.022 -0.090

10 ~0.007 ~-0.015 -0.067 -0.134

11 -0.022 -0.022 -0.200 -0.201
12 0.033 0.0669 0.300 0.5977

vj j>12 AVj-lZ Avj—lz AVj—lZ Avj—lZ
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Appendix

Proof of Uniqueness

Consider the operator

-1
S (=) S {(z)z
(A1) 2 (453:;—) = B(z) - ¢(1-z) “EE——“i‘—

B(z ) B{z ) |+

defined on the space F consisting of function f(z) = qu(z)/B(zhl)

defined on the unit circle lzl = 1 and for which
- 2
1 %) | 4z <
27i C B(z—l) z

where C is the unit cirele. This space of functions is complete and
unitarily equivalent to 22(-m, <), the space of two-sided sequences

[» 4]
{xj} with Z llez < o, Indeed, each f(z) in F has Fourier series

j =00
representation
© s
£(z) = )] £,z

with the sequence {fj} belonging to Rz(-W, =}, and where the fj's are

given by

Fo= L - 4z
£, = 9 fc f(z)z 7 2% .

The spaces F and 22(-w, ) are unitarily equivalent, the mapping defined
be the preceding equation being a unitary mapping, i.e., one that preserves
inner products. We can thus express the norm of f(z) in terms of the

norm of {fj}, so that

® 1/2
Heyll= ¢ |fj[7—) |

J=.—m

Now consider the two functions x(z) and y(z) belonging to F. From {AL)

we have
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(A2) (x(2)) - Ky(z)) = *¢(1-Z)[(X(Z)—V(2))z-ll+ .

The linear operator (1-z) which maps 22(—“% =) into itself has operator

norm 2. That is,

[ 1(1-2) || = sup UQ=22x ()|

X#O | ] X(Z)I l
o 2 1/2
(j=X—m(xj-xj_l) )
= sup - 1/2
j=m o
= o 1/2
(Z—mej2 -2 Zm x xj—l)
= sup P 1/2
x#0 ( z X.Z)
je=
= 2 R

where the last step follows from the following special case of the

Schwartz inequality,

Q0

o
pLosa) < s

Now since

HE 2=y 0211, 1 < |xtz) - vl
+

| A

we have in (A2) that

(A3) IR ONER TN qu|!(1-2)[(X(Z)—)r(Z));l]...'|
< =20l x2) - vyl .

Inequality (A3) establishes that if -2¢ < 1, %(x(z)) is a contraction

mapping on a complete metric space. Therefore, the contraction mapping
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theorem guarantees that the functional equation (7} has a unique solution.
The preceding proves the existence of a unique solution to (7) under the
condition that -¢ < 1/2, This is a sufficient, though not a necessary,

condition for a unique equilibrium to exist.

A mich weaker condition on ¢ can be obtained if it can be
assumed that m and p are covariance staticonary (rather than only assuming
1 and % covariance statiomary, as in the preceding). For then we can

use equation (2) to get

-1 S m(z)z_l -1
Spm(z) = Oc{z)e(z ") + ¥ _E_":T__ﬂ c{z )
clz 7) +
or
-1
5 (=) S (z)=z
(A4) ,Iﬂ%zrq = ac(z) + ¥ _lﬂl_:i__,_
c(z ) c(z 7)) _J+
where Sm(z) = c(z)c(z‘l), celz) = X cjzj . Define the linear cperator
3=0
hi{x(z))
A5)  h(x(z)) = oc(z) +¥Ix(z)z 1,

on the same space F defined above. We have
hex(z)) - hy) 1] = TG -y )21, ||

<ylx@) -y 1],

so that (A5) is a contraction so long as 0 <y < 1. But Y E-ZQﬂ <1

1-¢
so long as 9 < 0, i.e., so long as the demand schedule for money is
sloped downward. Therefore, by the contraction mapping theorem, (44)

possesses a unique solution Spm(z)/c(z_l) so long as ¢ < 0.
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Footnotes

R See the appendix of Sims [ 5] for a useful characterization
of strict econometric exogeneity by way of its relationship to the
{negation of} Granger causality.

2/

="This is a consequence of the material in Sims's appendix [5].
§'/A good treatment of the aspects of stationary stochastic
processes exploited here is Whittle [ 6 ].

4 see Whittle [ 6, p. 66-67, 41-43].

5 . . .
—/To illustrate Lucas's time domain method, consider our
"level' model, suppressing the disturbance, to get

(a) P, = aEtpt+l + Bm. .

£ t

The money process is assumed to obey the Markov law
n
(b) By = .X Vil i1
i=1
Lucas's method is to guess a solution of the form

(c) P, = Mgm, + Mm@, + M, o .
Substituting (b) and (c) into (a) then gives
n
P, = a(no z wimt_i+l+ﬂlmt+...) + Bmt
i=1
or
(d) P, = (awdwi+ﬁ1+8)mt + (aw0w2+w2)mt_l + (a"frow3+ﬂ3)mt_2 + ... .

Equations (c) and (d) involve identical wvariables and must therefore
have coefficients that match, This condition gives us

HO = uwowl *+ Wl + R
T = (av0w2+n2)

Ty = (a“0w3+“3)
ﬂn—l = W,

which is a set of n nonlinear equations that determine the T's as functions
of o, B, and the wi's.
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6 . :

—jGordon [2, p. 647] has interpreted rational expectations
models as implying that inflation on money creation lag distributions
are concentrated at zero lag.

|

7/ s 2
Since Heg2 = Crao + Aet + A € _12 + ... , we have that

2
E[“t+12l€t’ €yr ++o] = Ae, ¥ Ag o+ ... . As before, we use

E[x‘y] to denote the linear least squares projection of x on y.
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