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ABSTRACT 

A c r i t i c a l r oadb lock to m o d e l l i n g i n v e n t o r i e s of f i n i s h e d goods 

has been the c l a i m tha t p r o d u c t i o n and i n v e n t o r y d e c i s i o n s of a p e r f e c t l y 

c o m p e t i t i v e f i r m are determined independen t l y o f each o t h e r . A b a s i c 

goa l o f t h i s s tudy i s to s p e c i f y fundamental p r e f e r e n c e s of economic a g e n t s , 

t e c h n o l o g i e s , c o n s t r a i n t s and market s t r u c t u r e s tha t a r e . i n a rough way, 

capab le of g e n e r a t i n g p a t t e r n s of s e r i a l c o r r e l a t i o n and c r o s s c o r r e l a t i o n 

between i n v e n t o r i e s and employment o f f a c t o r s of p r o d u c t i o n tha t are c o n ­

s i s t e n t w i t h those observed i n the d a t a . The c l a i m i s made tha t the t ime 

s e r i e s f o r i n v e n t o r i e s , output and employment can be i n t e r p r e t e d as 

emerging from a w e l l s p e c i f i e d dynamic , s t o c h a s t i c c o m p e t i t i v e e q u i l i b r i u m 

i n wh ich economic agents are assumed to form r a t i o n a l e x p e c t a t i o n s about 

v a r i a b l e s not i n c l u d e d i n t h e i r i n f o r m a t i o n s e t s . I n v e n t o r i e s and employ­

ment w i l l not be r e l a t e d i n a d i r e c t way i f and o n l y i f the p r i c e e l a s ­

t i c i t y of demand f o r output i s equa l to i n f i n i t y . 



I. I n t r o d u c t i o n 

Desp i t e the gene ra l concensus among economists t ha t i n v e n t o r y 

f l u c t u a t i o n s p l a y an impor tant r o l e i n the dynamics o f output and the 

employment of f a c t o r s o f p r o d u c t i o n , the re seems to be l i t t l e agreement 

as to what tha t r o l e i s . A c r i t i c a l r oadb lock to m o d e l l i n g i n v e n t o r i e s 

of f i n i s h e d goods has been the c l a i m tha t the p r o d u c t i o n and i n v e n t o r y o f 

f i n i s h e d goods d e c i s i o n s of a p e r f e c t l y c o m p e t i t i v e f i r m are determined 

independen t l y o f each o the r ( B l i n d e r [ 3 ] , B l i n d e r [ 4 ] , and B l i n d e r and 

F i s c h e r [ 5 ] ) . In p a r t i c u l a r , the f i r s t - o r d e r necessary c o n d i t i o n s f o r the 

max im iza t i on of the expec ted p resen t va lue of the p r o f i t s of a p e r f e c t l y 

c o m p e t i t i v e f i r m which produces s t o r a b l e goods a re a l l e g e d to decompose 

i n t o two b l o c k s : one f o r i n v e n t o r i e s , the o the r f o r p r o d u c t i o n d e c i s i o n s . 

Th is decompos i t i on theorem can be i n t e r p r e t e d as an e x c l u s i o n r e s t r i c t i o n 

on the feedback p a r t o f the c l o s e d loop system fo r employment of f a c t o r s 

of p r o d u c t i o n and i n v e n t o r i e s of f i n i s h e d goods. I f L ( t + J ) r e p r e s e n t s 

the f i r m ' s employment of l abo r a t t ime ( t +• J ) and I ( t + J ) r e p r e s e n t s the 

f i r m ' s i n v e n t o r i e s o f f i n i s h e d goods a t t ime ( t + J ) , the feedback pa r t of 

the c l o s e d loop system f o r L ( t + J ) and I ( t + J ) w i l l be o f the form: 

where 

J 

L(t + 1) 

Kt + 1) 
I A , 

J=0 J 

L(t - J) 

K t - J) 

0 b 

0 
f o r a l l nonnegat ive J . 

The r e s u l t of t h i s "decompos i t i on theorem" has been an i n a b i l i t y to r e l a t e 

changes i n the employment of f a c t o r s of p r o d u c t i o n and i n v e n t o r i e s of 
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f i n i s h e d goods a t the microeconomic l e v e l i n a p e r f e c t l y c o m p e t i t i v e 

env i ronment . 

D e s p i t e the c l a i m s tha t the decompos i t i on problem a r i s e s a t the 

l e v e l o f the p e r f e c t l y c o m p e t i t i v e f i r m , the re are no c l a ims tha t output 

i s independent o f i n v e n t o r y s t ocks a t the i n d u s t r y l e v e l , o n l y tha t those 

e f f e c t s are i n d i r e c t . U n f o r t u n a t e l y , the a s s e r t i o n t h a t , i n a c o m p e t i t i v e 

env i ronment , the decompos i t i on theorem ho lds a t the f i r m l e v e l but f a i l s 

a t the i n d u s t r y l e v e l has not been i n v e s t i g a t e d . I n s t e a d , the apparent 

i n a b i l i t y of p e r f e c t l y c o m p e t i t i v e models to genera te r e s u l t s c o n s i s t e n t 

w i t h the da ta has prompted some to v iew i n v e n t o r i e s as a phenomenon which 

i s i n c a p a b l e of be ing addressed w i t h i n the c o n f i n e s o f c o m p e t i t i v e e q u i l i ­

br ium theory (Arrow [ 1 ] , B l i n d e r and F i s c h e r [ 5 ] , and Honkapohja and 

I t o [ 12 ] ) . 

B l i n d e r [ 4 ] , B l i n d e r and F i s c h e r [5] and Hay [11] have examined the 

problem from the p e r s p e c t i v e o f a m o n o p o l i s t , w h i l e I t o and Honkapohja [ 12 ] , 

Bryant [6] and M i l l s [25] have concen t ra ted on f i n i s h e d goods i n v e n t o r i e s 

as a b u f f e r s t ock i n the face o f f l u c t u a t i n g demand and q u a n t i t y r e s t r i c ­

t i o n s . Others such as L o v e l l [15] and Hay [11] have viewed the t ime s e r i e s 

on i n v e n t o r i e s o f f i n i s h e d goods as hav ing been generated by the lagged 

adjustment of a c t u a l i n v e n t o r i e s to some o p t i m a l " e q u i l i b r i u m " l e v e l of 

i n v e n t o r i e s which i s t y p i c a l l y p o s t u l a t e d to be a l i n e a r f u n c t i o n of s a l e s . 

In essence a l l of these e f f o r t s r e v o l v e around the n o t i o n tha t the observed 

da ta are somehow fundamenta l l y i n c o n s i s t e n t w i t h n o t i o n s o f c o m p e t i t i v e 

e q u i l i b r i u m . 

T h i s s tudy at tempts to d e a l w i t h the above i s s u e s i n the s p i r i t of 
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recen t a t tempts to i n t e r p r e t economic t ime s e r i e s as r e s u l t i n g from the 

i n t e r a c t i o n of economic agents who face and s o l v e n o n t r i v i a l dynamic 

s t o c h a s t i c o p t i m i z a t i o n prob lems. A b a s i c g o a l o f the a n a l y s i s i s to 

s p e c i f y fundamental p r e f e r e n c e s of economic a g e n t s , t e c h n o l o g i e s , c o n ­

s t r a i n t s , and market s t r u c t u r e s tha t a r e , i n a rough way, capab le o f 

g e n e r a t i n g p a t t e r n s o f s e r i a l c o r r e l a t i o n and c r o s s c o r r e l a t i o n c o n s i s t e n t 

w i t h those observed i n the d a t a . In p a r t i c u l a r , we w i l l c l a i m tha t i t i s 

p o s s i b l e to i n t e r p r e t the t ime s e r i e s f o r i n v e n t o r i e s , ou tpu t , s a l e s and 

employment o f f a c t o r s of p r o d u c t i o n as the laws of mot ion emerging from a 

w e l l s p e c i f i e d dynamic, s t o c h a s t i c c o m p e t i t i v e e q u i l i b r i u m i n wh ich 

economic agents a re assumed to form r a t i o n a l e x p e c t a t i o n s about v a r i a b l e s 

not i n c l u d e d i n t h e i r i n f o r m a t i o n s e t s . Because the c r i t i c a l i s s u e s i n 

the l i t e r a t u r e seem to r e v o l v e around the behav io r o f f i r m s , we adopt an 

approach i n which the c r i t i c a l , dynamics emerge from the supp ly s i d e r a t h e r 

than the demand s i d e . In p a r t i c u l a r , the c y c l i c a l b e h a v i o r o f employment 

and i n v e n t o r i e s i s model led as be ing generated by s p e c u l a t i o n on f u t u r e 

commodity p r i c e s , r e n t a l r a t e s of f a c t o r s o f p r o d u c t i o n and the c o s t s o f 

h o l d i n g i n v e n t o r i e s . Moreover , these dynamics a r i s e from the techno logy 

and c o n s t r a i n t s tha t economic agents face r a t h e r than from ad hoc a d j u s t ­

ments to e q u i l i b r i u m . 

The r o l e o f e q u i l i b r i u m i s ex t remely impor tan t i n t h i s pape r . The 

p o s i t i o n i s taken tha t the decompos i t i on problem i s n o t , as some have 

c l a i m e d , an agg rega t i on p rob lem, but r a t h e r an e q u i l i b r i u m prob lem. 

Viewed i n t h i s way, the paper may be looked a t as an example p o i n t i n g out 

the impor tance o f g e n e r a l i z i n g s i n g l e agent d e c i s i o n theory to market 



con tex t s and concepts of e q u i l i b r i u m . As i t tu rns o u t , the decompos i t i on 

theorem a l l u d e d to ho lds a t the i n d u s t r y l e v e l i f and o n l y i f the rewards 

of any one agent do not depend on the d e c i s i o n s o f o t h e r a g e n t s . In terms 

of our p rob lem, t h i s i s e q u i v a l e n t w i t h s a y i n g tha t the i n d u s t r y demand 

curve i s i n f i n i t e l y e l a s t i c . 

The paper a l s o at tempts to p r o v i d e a t r a c t a b l e e m p i r i c a l model of 

the c y c l i c a l behav io r of employment and i n v e n t o r i e s of f i n i s h e d goods 

which i s c o n s i s t e n t w i t h recen t developments i n dynamic economic t h e o r y . 

Lucas [17 ] , Lucas and Sargent [21] and Sargent [ 31 ] , among o t h e r s , have 

po in ted out the impor tance of the o b s e r v a t i o n t h a t the b e h a v i o r a l r u l e s 

o f r a t i o n a l economic agents cannot be expec ted to remain i n v a r i a n t to 

changes i n the c o n s t r a i n t s tha t they f a c e , such as the laws of mot ion 

d e s c r i b i n g the e v o l u t i o n over t ime of the p r i c e s of goods tha t they buy 

and s e l l . Changes i n p e r c e p t i o n s of these laws of mot ion w i l l , i n g e n e r a l , 

generate changes i n a g e n t s ' d e c i s i o n r u l e s . Th i s v i e w , i f taken s e r i o u s l y , 

n e c e s s i t a t e s r e t h i n k i n g what c l a s s e s o f o b j e c t s shou ld be regarded as 

" s t r u c t u r a l " o r i n v a r i a n t to changes i n the environment which a f f e c t 

a g e n t s ' c o n s t r a i n t s , such as changes i n government p o l i c y r u l e s . What i s 

c l e a r i s tha t d e c i s i o n r u l e s such as supp ly and demand f u n c t i o n s do not 

be long to t h i s c l a s s of s t r u c t u r a l o b j e c t s . As s u c h , e s t i m a t i o n shou ld not 

be aimed a t i d e n t i f y i n g the c o e f f i c i e n t s of d e c i s i o n r u l e s . I n s t e a d , i t 

shou ld be aimed a t i d e n t i f y i n g the fundamenta l parameters of a g e n t s ' c o n ­

s t r a i n t s , p re fe rences and techno logy . 

To be s u c c e s s f u l , such an e s t i m a t i o n s t r a t e g y must be based on a 

t h e o r e t i c a l model which p rov ides the e c o n o m e t r i c i a n w i t h a mapping from 
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the fundamental parameters of the problem to d e c i s i o n r u l e s of agents and 

the r e s u l t i n g laws of mot ion o f marke t -de termined v a r i a b l e s . I f t h i s can 

be done i n a way such tha t the f r e e parameters of p r e f e r e n c e s , t e c h n o l o g i e s 

and c o n s t r a i n t s are i d e n t i f i a b l e e c o n o m e t r i c a l l y , i t o f f e r s the m o d e l l e r , 

i n p r i n c i p l e , the a b i l i t y to p r e d i c t how marke t -de termined v a r i a b l e s 

respond to changes i n the environment t ha t a l t e r a g e n t s ' c o n s t r a i n t s . 

A r e l a t e d but somewhat d i f f e r e n t i s s u e i s the o b s e r v a t i o n , made by 

Sargent [31] and Hansen and Sargent [ 9 ] , tha t r e g a r d l e s s o f whether a 

g i ven v a r i a b l e d i r e c t l y impinges on a g e n t s ' o b j e c t i v e f u n c t i o n s , to the 

ex ten t tha t the v a r i a b l e Granger causes o r h e l p s p r e d i c t v a r i a b l e s wh ich 

d i r e c t l y a f f e c t o b j e c t i v e f u n c t i o n s , they be long i n a g e n t s ' o p t i m a l d e c i s i o n 

r u l e s . Wh i le much work has been devoted to d e r i v i n g the i m p l i c a t i o n s of 

the n o n i n v a r i a n c e of d e c i s i o n r u l e s , e s p e c i a l l y i n macroeconomics (Sargent 

and Wa l l ace [ ] , McCal lum [ ] ) , r e l a t i v e l y l e s s a t t e n t i o n has been p a i d 

to t h i s l a t t e r i s s u e . Th i s paper hopes to po i n t out tha t i g n o r i n g the 

Granger c a u s a l i t y i s s u e may l ead to s e r i o u s m i s i n t e r p r e t a t i o n s of the da ta 

as w e l l as l e a d i n g to m i s l e a d i n g t h e o r e t i c a l r e s u l t s . 

The models employed i n t h i s paper i n v o l v e se tups i n which the 

environment and d e c i s i o n r u l e s of agents can be mode l led as t ime i n v a r i a n t 

l i n e a r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s . There are a number of advantages 

to such an approach . One of the c e n t r a l messages of e x i s t i n g r e s e a r c h 

on dynamic economic theory i s that the d e c i s i o n r u l e s of o p t i m i z i n g agents 

are not i n v a r i a n t to changes i n the c o n s t r a i n t s tha t they f a c e . In our 

c o n t e x t , the dynamic demand schedu les of c o m p e t i t i v e f i rms f o r f a c t o r s 

of p r o d u c t i o n and dynamic supp ly f u n c t i o n s f o r goods to the market are 
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s y s t e m a t i c f u n c t i o n s o f the s t o c h a s t i c p rocesses f a c i n g agen ts . 

An advantage of s p e c i f y i n g a g e n t s ' o b j e c t i v e f u n c t i o n s as be ing 

q u a d r a t i c and t h e i r c o n s t r a i n t s as be ing l i n e a r i s tha t the r e l e v a n t 

dynamic s t o c h a s t i c o p t i m i z a t i o n theory i s t r a c t a b l e a n a l y t i c a l l y . F u r t h e r ­

more, i t permi ts one to e x p l o i t the p roper ty of c e r t a i n t y e q u i v a l e n c e 

which enab les us to sepa ra te the maximum problem which agents face i n t o 

two p a r t s , an o p t i m i z a t i o n problem and a f o r e c a s t i n g prob lem. The r e s u l t i n g 

d e c i s i o n r u l e s w i l l depend s e p a r a t e l y on the parameters of t a s t e and 

techno logy and on the parameters d e s c r i b i n g the environment i n wh ich agents 

e x i s t . Fu r the rmore , when the environment i s d e s c r i b e d i n terms o f s t a t i o n ­

a ry Markov p r o c e s s e s , the e q u i l i b r i u m laws of mot ion of the sys tem, w h i l e 

be ing h i g h l y n o n l i n e a r i n the fundamental parameters to be e s t i m a t e d , take 

the form of a system of t ime i n v a r i a n t l i n e a r s t o c h a s t i c d i f f e r e n c e 

e q u a t i o n s . Th is l a s t f e a t u r e . i s ex t remely conven ien t f rom the p o i n t of 

v iew of e s t i m a t i o n . 

The remainder of t h i s paper i s o r g a n i z e d as f o l l o w s . S e c t i o n I I 

con ta ins a d e t a i l e d c r i t i q u e o f the decompos i t i on theorem. S e c t i o n I I . 1 
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deve lops a model i n wh ich the re e x i s t s a w e l l d e f i n e d i n v e n t o r y p o l i c y 

f o r p e r f e c t l y c o m p e t i t i v e f i r m s . The r a t i o n a l e x p e c t a t i o n s c o m p e t i t i v e 

e q u i l i b r i u m of t h i s i n d u s t r y i s c a l c u l a t e d i n S e c t i o n I I . 2 . The r a t i o n a l 

e x p e c t a t i o n s e q u i l i b r i u m f o r the monopoly case i s c a l c u l a t e d i n S e c t i o n 

I I . 3 . S e c t i o n I I . 4 c o n t r a s t s the laws o f mot ion d e s c r i b i n g the t ime paths 

o f i n v e n t o r i e s , employment and p r i c e s emerging from a dynamic Nash e q u i l i ­

b r ium w i t h those tha t emerge from the c o m p e t i t i v e and monopoly e q u i l i b r i a . 

S e c t i o n I I I d i s c u s s e s e s t i m a t i o n s t r a t e g i e s wh ich are aimed a t the f unda ­

menta l parameters of a g e n t s ' o b j e c t i v e f u n c t i o n s and c o n s t r a i n t s wh ich 

i n c l u d e the v a r i o u s s t o c h a s t i c p rocesses tha t economic agents ca re about 

2 
but have no c o n t r o l o v e r . 

I I . An E q u i l i b r i u m Model of I n v e n t o r i e s and Employment 

In S e c t i o n I I . 1 we d e a l w i t h p e r f e c t l y c o m p e t i t i v e f i rms who 

maximize the expec ted p resen t v a l u e of p r o f i t s . F i rms a re a l l owed to 

h o l d i n v e n t o r i e s of f i n i s h e d goods as w e l l as to produce ou tpu t . The 

f i r m s ' problem i s s o l v e d by u s i n g the d i s c r e t e t ime c a l c u l u s of v a r i a ­

t i o n s . Opt ima l d e c i s i o n r u l e s are then c a l c u l a t e d . The f i r s t - o r d e r n e c e s ­

sa ry c o n d i t i o n s , which take the form of a s e t of E u l e r equa t ions and 

a s s o c i a t e d t r a n s v e r s a l i t y c o n d i t i o n s , decompose i n t o two sepa ra te b l o c k s , 

one f o r i n v e n t o r i e s , the o the r f o r p r o d u c t i o n d e c i s i o n s . However, when 

an e x p l i c i t dynamic r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m i s c a l c u l a t e d i n 

S e c t i o n I I . 2 , the e q u i l i b r i u m laws o f mot ion f o r the employment of l a b o r 

and i n v e n t o r i e s of f i n i s h e d goods a re s i m u l t a n e o u s l y determined a t the 

i n d u s t r y l e v e l . In S e c t i o n I I . 3 , the n - p l a n t monopoly case i s c o n s i d e r e d . 
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In S e c t i o n I I . 4 the Nash e q u i l i b r i u m i s examined. 

I I . 1 The Problem of the R e p r e s e n t a t i v e F i r m 

T h i s s e c t i o n deve lops a l i n e a r - q u a d r a t i c model of the b e h a v i o r of 

p e r f e c t l y c o m p e t i t i v e f i rms who produce s t o r a b l e ou tpu t . 

S ( t ) • s a l e s of the r e p r e s e n t a t i v e f i r m at t ime t 

n = number o f f i rms i n the i n d u s t r y , assumed cons tan t over 

t ime 

(1 - a) = the r a t e o f d e p r e c i a t i o n per u n i t of t ime o f i n v e n t o r i e s 

of f i n i s h e d goods 

L ( t ) • the amount of l a b o r employed by the r e p r e s e n t a t i v e f i r m 

d u r i n g t ime p e r i o d t 

Q( t ) = output of the r e p r e s e n t a t i v e f i r m at t ime t 

I ( t ) • s tock o f i n v e n t o r i e s o f f i n i s h e d goods of the r e p r e s e n t a ­

t i v e f i r m a t the end of p e r i o d t 

P ( t ) = p r i c e of a f i n i s h e d good s o l d a t p e r i o d t 

u ( t ) • r e n t a l r a t e of l a b o r a t t ime t 

Z ( t ) * a (P x 1) v e c t o r whose f i r s t element i s u" and whose second 

element i s P ( t ) ; the remain ing e lements of Z ( t ) a re 

v a r i a b l e s tha t he lp to p r e d i c t f u tu re w ^ ' s and /o r f u t u r e 

p ( t ) • a random shock to c o s t s 

ij>(t) • a random shock to c o s t s 

Both p ( t ) and <!>(t) are observed by the f i r m but are unobserved by the 

e c o n o m e t r i c i a n . 



B = a d i s c o u n t f a c t o r , 0 < B < 1 

a , d , e , f and g a re s c a l a r c o n s t a n t s , 0 < a < 1, e > 0 , g > 0 , 

d > 0 , f > 0 

We a l s o d e f i n e the f o l l o w i n g po l ynomia l s i n the l a g ope ra to r L : 

q 
C(L ) = I - I 5 L , where the r a re (p x p) m a t r i c e s and I i s the 

J - l 0 

(p x p) i d e n t i t y m a t r i x 

C * , 
6 (L) • 1 - ) 6, L , where the 5 , are s c a l a r s 

* J - l * J * J 
r 

P j 
o (L) = 1 - 7 6 L , where the 6 are s c a l a r s . 

D J J - l P J P J 

The r e p r e s e n t a t i v e f i r m i s assumed to maximize the expected p resen t 

va lue of p r o f i t s . Output of the f i r m i s governed by 

Q( t ) =• a L ( t ) 

and s a l e s o f the f i r m a re 

S ( t ) = Q(t ) - [ I ( t ) - a l ( t - 1 ) ] . 

Hence, the t o t a l revenue of the f i r m at t ime ( t ) i s 

TP( t ) = P ( t ) [ a L ( t ) - I ( t ) + a l ( t - 1 ) ] . 

In o rde r to reproduce the decompos i t i on r e s u l t a t the f i r m l e v e l , we must 

assume tha t the c o s t s o f p r o d u c t i o n and chang ing the l e v e l of i n v e n t o r i e s 

o f f i n i s h e d goods are a d d i t i v e l y s e p a r a b l e . 

TC( t ) = T C 1 ( t ) [ L ( t ) , L ( t - 1 ) , a ( t ) , p ( t ) ] + T C K O 

• [ I ( t ) , I ( t - 1 ) , K t ) ] 
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In p a r t i c u l a r , 

TCKt) - | [ L ( t ) - L ( t - l ) ] 2 + | [ L ( t ) + o ( t ) ] 2 + u ( t ) L ( t ) 

T C 2 ( t ) =* | [ I ( t ) - a l ( t - l ) ] 2 + | [ I ( t ) + K t ) ] 2 

where: 

6 ( L ) t ( t ) - (1) 

5 ( L ) p ( t ) =» U p (2) 

and 

K D Z ( t ) =» U Z ( t ) (3) 

where 

u* - Kt) - E[*(e)/a t - 1 l 

- p ( t ) - E [ p ( t ) / 0 ] 

= z ( t ) - E [ z ( t ) / n t _ 1 ] 

E i s the l i n e a r l e a s t squares p r o j e c t i o n ope ra to r and i s the i n f o r m a t i o n 

se t at t ime t . We assume t h a t Q i n c l u d e s at l e a s t [ I ( t - 1 ) , I ( t - 2 ) , . . . , 

L ( t - 1 ) , L ( t - 2 ) , . . . , K t ) , K t - 1 ) , K t - 2 ) , . . . . o(t), p ( t - 1 ) , . . . , K 

K t - 1 ) , K t - 2 ) , . . . . P ( t ) , P ( t - 1 ) , . . . ] . 

The terms | [ L ( t ) - L ( t - l ) ] 2 and § [ I ( t ) - o I ( t - l ) ] 2 r ep resen t 

c o s t s of adjustment which are i n t e r n a l to the f i r m . These cos t s a re 

p o s t u l a t e d to r i s e at an i n c r e a s i n g r a t e as a f u n c t i o n of the a b s o l u t e 

v a l u e o f the change i n l a b o r i n p u t s and the a b s o l u t e va lue o f the change 

i n i n v e n t o r i e s of f i n i s h e d goods. 

d 2 

The term j [ L ( t ) + p ( t ) ] i s i n c l u d e d f o r two r e a s o n s . The f i r s t 

reason i s to rep resen t the n o t i o n tha t the re are c o s t s i n t e r n a l to the f i r m 
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a s s o c i a t e d w i t h l a r g e s i z e . The second and more impor tant reason i s that 

i t w i l l g i v e us a model o f the e r r o r term wh ich we may c o n t r a s t w ih t the 
3 

one t h a t emerges from the se tup o f Hansen and Sargent [ 9 J . 
f 2 

The t e r m - j [ I ( t ) + Kt) ] i s i n c l u d e d f o r the l a t t e r reason as 

w e l l as to capture the na tu re of the v a r i o u s ad hoc i n v e n t o r y h o l d i n g cos t 

f u n c t i o n s tha t appear i n the l i t e r a t u r e . S e t t i n g d • g • 0 w i l l not 

s i g n i f i c a n t l y a l t e r the q u a l i t a t i v e c o n c l u s i o n s tha t emerge from the model . 

The term a b l ( t - 1) r ep resen ts b e n e f i t s a c c r u i n g to the f i r m due to 

beg inn ing of the p e r i o d i n v e n t o r y s t o c k s . The presence of such a term 

emphasizes tha t the i n v e n t o r i e s i n t h i s model are h e l d by f i rms wh ich have 

reasons to h o l d them i n a d d i t i o n to s p e c u l a t i v e m o t i v e s . As i s emphasized 

i n A i y a g a r i , E c k s t e i n and Eichenbaum [ ] , the s o l u t i o n o f the model i n 

which i n v e n t o r i e s are h e l d on l y by s p e c u l a t o r s may be c o n s i d e r a b l y d i f f e r e n t 

a l though the rough c o r r e l a t i o n s between the t ime s e r i e s remain the same. 

The r e t u r n s o r r e d u c t i o n s to cos t s due to b e g i n n i n g of p e r i o d i n v e n t o r i e s 

are rep resen ted i n the above form so as to r e t a i n a decomposable environment 

We assume ' 

E [ U t l n t - l ] * E [ U t ^ t - l ] = ° ' 

and 

E [ U t ' V l ]
 * 0 a n d E t U c ( U t ) T ] = E 

where Z i s a p o s i t i v e d e f i n i t e (p x p) m a t r i x , 

B [ ( U * ) 2 ] = Var (U* ) 

E [ ( U p ) 2 ] = V a r ( U ° ) . 

Hence, 

U i s a wn i te n o i s e which i s fundamenta l f o r ' K t ) 
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U P i s a wh i te n o i s e which i s fundamental f o r p ( t ) 

and i s a (p x 1) v e c t o r wh i te n o i s e wh ich i s fundamenta l f o r Z ( t ) ^ 

We f u r t h e r assume tha t p ( t ) , ip(t) and Z ( t ) a re j o i n t l y c o v a r i a n c e 

s t a t i o n a r y s t o c h a s t i c p r o c e s s e s . S u f f i c i e n t c o n d i t i o n s f o r t h i s a re 

tha t the r o o t s of 5 (Z) = 0 , <5 (Z) = 0 and det C(Z) = 0 l i e o u t s i d e the 
0) p 

u n i t c i r c l e . ^ Note tha t g i ven our s p e c i f i c a t i o n of 8 . the f i r m knows 

{ p c , p £ i|» t, <»t_^» Z c , Z ...} but does not know w i t h 

c e r t a i n t y { p t + J } j . r ^ C + J > j , r 

The f i r m ' s problem i s to choose a l i n e a r con t i ngency p l an f o r 

L ( t ) and I ( t ) to maximize i t s expected p resen t v a l u e 

N N 
l i m E n I B n ( t ) = l i m E„ £ B c { P ( t ) [ a L ( t ) - I ( t ) + a l ( t - 1) ] 
» * • t - 0 N-*» t=0 

- co( t )L( t ) - | [ L ( t ) + p ( t ) ] 2 - | [ L ( t ) - L ( t - l ) ] 2 

+ b a l ( t - 1) - | [ I ( t ) + - K t ) ] 2 - f [ I ( t ) - a l ( t - l ) ] 2 (4) 

sub jec t to L - and I_1 g i ven and to ( 1 ) , (2) and ( 3 ) . The symbol 

E t [ Z ( t + J ) ] r ep resen ts the mathemat ica l e x p e c t a t i o n of Z(c + J) c o n d i ­

t i oned on i n f o r m a t i o n a v a i l a b l e a t t ime t , i . e . , E c ( Z ( t + J ) ) • 

E [ Z ( t + J ) / Q e ] . 

N o t i c e tha t the above problem decomposes i n t o two separa te problems 

( I ) Choose a l i n e a r con t ingency p l a n f o r L ( t ) to maximize 

N 
I 

N-H» t - 0 
l i m E Q I B t { P ( t ) a L ( t ) - u ( t ) L ( t ) - | [ L ( t ) + p ( t ) ] 2 

- | [ L ( t ) - L ( t - l ) ] 2 } (5) 
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s u b j e c t to L j g i ven and to (2) and ( 3 ) . 

( I I ) Choose a l i n e a r con t ingency p l a n f o r I ( t ) to maximize 

N 
l i m E I B C { - P ( t ) I ( t ) + [P ( t ) + b ] a l ( t - 1) - | [ l ( t ) + <KO] 
N-*» u t=0 z 

- f [ I ( t ) - a l ( t - l ) ] 2 } (6) 

s u b j e c t to I ^ g i v e n and to (1) and ( 3 ) . 

I t can be shown tha t ( I ) and ( I I ) a re w e l l d e f i n e d problems w i t h 

w e l l d e f i n e d s o l u t i o n s . Hence, the n o n - e x i s t e n c e theorem f a i l s a t the 

f i r m l e v e l . However, i f by decompos i t i on i t i s meant tha t the feedback pa r t o f 

I ( t ) does not depend on L ( t - J ) , J - 0 and the feedback p a r t of L ( t ) 

does not depend on I ( t - J ) , J - 0 , then the decompos i t i on theorem does 

not f a i l at the f i r m l e v e l . In p a r t i c u l a r , the s o l u t i o n s to ( I ) and ( I I ) 

w i l l not enable us to j u s t i f y a d i r e c t e f f e c t of i n v e n t o r y s t o c k s o r 

i n v e n t o r y investment on p r o d u c t i o n d e c i s i o n s . N o t i c e however t ha t the 

presence of P ( t ) i n both o b j e c t i v e f u n c t i o n s and p o s s i b l e c o r r e l a t i o n s 

between P ( t ) and ai(t) imp ly c r o s s - e q u a t i o n r e s t r i c t i o n s on the d e c i s i o n 

r u l e s f o r L ( t ) and I ( t ) . T h e r e f o r e , L ( t ) and I ( t ) w i l l , i n g e n e r a l , be 

c o r r e l a t e d . 

We now proceed to s o l v e problems ( I) and ( I I ) . As noted i n S e c t i o n 

I, problems such as ( I ) and ( I I ) wh ich have q u a d r a t i c r e t u r n f u n c t i o n s and 

l i n e a r c o n s t r a i n t s e x h i b i t c e r t a i n t y e q u i v a l e n c e o r the s e p a r a t i o n p r i n c i p l e . 

In p a r t i c u l a r , we may sepa ra te f o r e c a s t i n g from o p t i m i z a t i o n c o n s i d e r a t i o n s . 

Cons ide r problem ( I ) where { w ( t ) } ™ = 0 > { P ( t ) } " = Q and { p ( t ) } ™ = 0 a re known 

and are of e x p o n e n t i a l o rde r l e s s than 1/Jli. We s o l v e the problem by use 
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of the d i s c r e t e t ime c a l c u l u s of v a r i a t i o n s . 

The f i r s t - o r d e r necessa ry c o n d i t i o n s are o b t a i n e d by d i f f e r e n t i a t i n g 

(5) w i t h r e s p e c t to t • 0 , 1 , T - l and s e t t i n g each d e r i v a t i v e equa l 

to z e r o . The r e s u l t i s the system o f E u l e r equa t i ons 

BL ( t + 1) + * L ( t ) + L ( t - 1) = - [o j ( t ) + dp ( t ) - a P ( t ) ] 
e 

t = 0 , 1 , . . . . T - l (7) 

• + B) + | ] 

D i f f e r e n t i a t i n g w i t h respec t to L(T) we o b t a i n the t r a n s v e r s a l i t y 

c o n d i t i o n 

l i m E Q B N [ P ( T ) a - u(T) - dL(T) - dp(T) - eL(T) - L (T - 1) ] = 0 (8) 
T-H» 

w h i c h , g i ven our assumpt ions , i s c l e a r l y s a t i s f i e d . 

To s o l v e the E u l e r equa t i ons f o r t * 0 , 1 , 2 , s u b j e c t to the 

i n i t i a l c o n d i t i o n s and the t r a n s v e r s a l i t y c o n d i t i o n s , we f a c t o r the 

c h a r a c t e r i s t i c po l ynom ia l o f (7) 

[ i + y z + | z 2 ] - [1 - \±z] [ i - * 2

Z ] 

Equat ing powers o f Z g i v e s 

*1 * • » * * 1 • 1 

B~ 1 2 ' A 1 X 2 = B ° r A 2 = I^B 

Hence 

Now the f u n c t i o n \ , B + r— a t t a i n s a minimum at X = 1/ >̂B and i s equa l to 
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lf& t h e r e . For 0 < B < 1 , 1 + B 1 w i t h e q u a l i t y a t B - 1. F u r t h e r , 

-<fr̂  - 1 + B w i t h e q u a l i t y i f d = 0 . Hence, w i t h d > 0 , the s o l u t i o n s f o r 

A and A . , as d e p i c t e d i n F i g u r e 1 , a re r e a l and d i s t i n c t . 

FIGURE 1 

Without l o s s o f g e n e r a l i t y , l e t A be the s m a l l e r r o o t . Then the 

above i m p l i e s t ha t 0 < A^ < 1 < < Hence, we r e w r i t e (7) as 

(1 - X j L K l - * 2 D L ( t + 1) - ^ t ^ ( t ) + dp ( t ) - a P ( t ) ] 

In o rde r to s a t i s f y the t r a n s v e r s a l i t y c o n d i t i o n , we must s o l v e 

the u n s t a b l e r oo t forwards and the s t a b l e roo t backwards. As such we have 

L ( t + 1) - X . L . ( t ) + r [o)(t) + dp ( t ) - a P ( t ) ] 
1 1 e B ( l - X^L)~ 

or 
A, - j 

L ( t + 1) - A L ( t ) - — I (A .B) [u( t + J + 1) + dp( t + J + 1) 
1 A J=0 1 

- a P ( t + J + 1) ] 

R e c a l l i n g t ha t { P ( t ) } ™ = 1 , { w ( t ) } " a l and { p ( t ) } " = 1 a re i n f a c t 

unknown a t t • 0 , we r e p l a c e the terras 
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I (A B) [w(t + J + 1) + dp( t + J + 1) - a P ( t + J + 1) ] 

by 
oo 
^ ( A 1 B ) J [ E t + 1 u ( t + J + 1) + d E t + 1 p ( t + J + l ) - a E c + 1 P ( t + J + l ) ] 

Hence, 
A. - . 

L ( t + 1) - A L ( t ) - — I ( A . B ) J [ E ( . . 1 u ( t + J + 1) 

+ d E t + 1 p ( t + J + 1) - a E t + 1 P ( t + J + 1) (9) 

Now, (9) i s no t ye t a d e c i s i o n r u l e because terms l i k e E c P ( t + k) , 

E c p ( t + k) and E t o j ( t + k ) , k > 0 , must be expressed as f u n c t i o n s of v a r i a b l e s 

i n c l u d e d i n the i n f o r m a t i o n s e t s o f agents a t t ime t , . R e c a l l t ha t f i rms 

are max im iz ing (5) s u b j e c t to (2) and ( 3 ) , the o b j e c t i v e s t o c h a s t i c p r o ­

c e s s e s . In the con tex t of t h i s problem t h i s i s the con ten t o f the r a t i o n a l 

e x p e c t a t i o n s assumpt ion . That i s to say tha t the parameters o f the p e r ­

ce i ved s t o c h a s t i c p rocesses tha t agents use i n making d e c i s i o n s are the 

same as the o b j e c t i v e parameters of those p r o c e s s e s . Hansen and Sargent 

[9] d e r i v e formulas f o r terms such as 

I 5 J E Z ( t + J ) 

where Z ( t ) i s a ( P x l ) v e c t o r . In p a r t i c u l a r , i f 

; ( L ) 2 ( t ) - U Z ( t ) 

then the moving average r e p r e s e n t a t i o n f o r Z ( t ) i s 

Z ( t ) = c ' ^ D t f t t ) 

and 
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I 6 J E Z( t + J) = [ I - L - V ^ ^ U j z ( t ) 

J=0 1 - 6L 

- r l ( « ) [ I + ^ ( I « k " J C 1 e ) L J ] Z ( t ) (10) 
J - l J-lc+1 

We use the above p r e d i c t i o n fo rmu la t o o b t a i n the f o l l o w i n g c l o s e d 

form f o r the f i r m ' s d e c i s i o n r u l e tha t exp resses the r e s t r i c t i o n s imposed 

ac ross the d e c i s i o n r u l e and the parameters o f the s t o c h a s t i c p rocess o f 
a 

co(t ) , P ( t ) and p ( t ) . D e f i n i n g & , i • 1 , 2 , as the ( l x P ) row v e c t o r w i t h 

one i n the i t h p l a c e and zero e l sewhere , we o b t a i n 

X. I - L _ 1 X B c ' V . B ) C ( L ) 
L ( t ) - X L ( t - 1) - -± {(I. - a £ . ) } [ r± ]Z ( t ) 

1 e 1 2 i - X l B L _ 1 

X . d 1 - L - 1 X , B 6 " 1 ( X , B ) 6 (L) 
- - i - [ 1 P , l ° ] p ( t ) (11) 

e 1 - X X BL 

CO 

N o t i c e tha t a l t hough the agent ca res o n l y about {P( t + J ) } J _ Q , 
0 0 CO 

{o)(t + J ) } j = Q and {p(t + J ) } j I I Q , i n the sense tha t on l y those s t o c h a s t i c 

p rocesses d i r e c t l y a f f e c t t h e i r o b j e c t i v e f u n c t i o n s , equa t i on (11) i m p l i e s 

t ha t the c u r r e n t and pas t va lues of a l l v a r i a b l e s tha t he lp p r e d i c t i o ( t ) , 

P ( t ) and p ( t ) be long i n the d e c i s i o n r u l e . A l t e r n a t i v e l y , a l l p rocesses 

tha t agents see and Granger cause u i ( t ) , P ( t ) and /o r p ( t ) be long i n the 
9 

a g e n t ' s d e c i s i o n r u l e f o r L ( t ) . 

We now c o n s i d e r problem I I . The r e l e v a n t E u l e r equa t i ons are 

B c g K t + 1) - [ g ( l + B a 2 ) + f ] I ( t ) + g a l ( t - 1) - P ( t ) - BoP( t + 1) 

+ ft|;(t) - Bba 

o r 
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B I ( t + 1) + • , I ( t ) + I ( t - 1) - — [ P ( t ) - BoP( t + 1) 2 ag 

+ £ * ( t ) - Bba] (12) 

where 

• _ (1 + B a 2 ) f 
y 2 a ag 

The a s s o c i a t e d t r a n s v e r s a l i t y c o n d i t i o n i s 

l i m E B T { - P ( t ) - f l ( T ) - f * (T ) - g l ( T ) + gaI (T - 1)} = 0 (13) 

As be fo re we must f a c t o r the c h a r a c t e r i s t i c p o l y n o m i a l 

*2 Z 2  

[ 1 + B Z + T ] = ( 1 " X 3 ) ( 1 " V 

Equa t i ng powers o f Z i m p l i e s t ha t 

~ T * X 3 + V X 3 X 4 = B ° r \ = X^B 

G iven our assumpt ions , we see as b e f o r e tha t 0 < X ^ < 1 < 1 / B < X 4 . 

Hence, 

I ( t + 1) - X . I ( t ) - V T " BoP( t + 1) + f - K t ) - Bba] 

j Bag i - A^L 
o r 

X °° 
I ( t + 1) - X _ I ( t ) - — I ( X „ B ) J [ P ( t + J + 1) - BaP( t + J + 2) 

J 0 8 j=0 J 

X-Bb 
+ f K t + J + 1) ] + g ( l - X3B) 

o r 
A„ f » 

Kt) - x .K t - l ) - -j- I ( X J J ) j E K t + J ) 
s J=0 

X 0 0 

-—I ( X , B ) J [ E P ( t + J) - BaE P ( t + J + 1) ] 

X_Bb 
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As b e f o r e we impose the h y p o t h e s i s o f r a t i o n a l e x p e c t a t i o n s to 

e v a l u a t e terms l i k e E £ K t + k ) , E t P ( t + k ) , k > 0 . 

Us ing e q u a t i o n ( 1 0 ) , 

A , f t A . f 1 - L " 1 A . B 6 " 1 ( X . B ) 5 I ( L ) 
J - I ( X 3 B ) J

V ( t + k ) - - J L [ 3 • 3 » } , ( t ) 

C g J=0 J C 0 8 1 - X 3 B L 1 

Now 
CO GO 

I ( A , B ) J E P ( t + J + 1) - I (X B ) J _ 1 E P ( t + J ) " - T r P ( t ) 
J=*0 J c J=0 J c 3 

Hence, 

- X « X Ba » 
— ^ £ (X B ) J E P ( t + J ) + I (X B ) J E P ( t + J + 1) 

8 J - 0 J C 8 J=0 J C 

-X » X Bo » X Bo 

' • Jo <V> V « + J ) + g J 0

 ( X 3 B > V ( t + J> " iTX T̂ p ( t ) 

CO 

- - ( a - X ) J (X B ) J E P ( t + J ) - f P ( t ) 
8 3 J - 0 3 C 8 

S u b s t i t u t i n g i n t o ( 1 4 ' ) and u s i n g (10) we o b t a i n the d e c i s i o n r u l e 

X.Bb 
I ( t ) - X 3 I ( t - 1) + g ( 1

3 . ^ - ~ P ( t ) + \ (a - X 3 ) £ 2 

I - L _ 1 X B ? - 1 ( X _ B ) K L ) 
• [ p ] Z ( t ) 

1 - X 3 B L 

X f 1 - L _ 1 X *6~\\ B)5 (L) 
- [ 3 - ^ f 2 ] ^ ( t ) (15) 

0 g 1 - X B L _ 1 

In sum, the system o f equa t ions to be es t ima ted assuming tha t the 

Z ( t ) p rocess was e c o n o m e t r i c a l l y exogenous i s : 
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A , I - L " 1 U ? " 1 ( L B ) C ( L ) 

L ( t ) - A . L ( t - 1) - -z- ( U . - a O } [ ± r± ] Z ( t ) 

1 e 1 2 i - x 3 B L _ 1 

A-d 1 - L _ 1 A 1 B 6 " 1 ( A 1 B ) 6 (L) 
- - i - [ 1 P p 2 ] p ( t ) (11) 

6 1 - X 1 B L 

A_Bb 

I ( t ) = A 3 I ( t - 1) + g ( l \ - f P ( t ) + - (a - A 3 U 2 

I - B ? " ^ ( L B ) ? ( L ) 

• [ r ] Z ( t ) 

1 - A 3 B L X 

A . f 1 - L " 1 A _ B 6 * 1 ( A , B ) 6 ( ( L ) 
- - f - [ ^ 2 S ] H t ) (15) 

a g 1 - A ^ L " 1 

6 K L ) K t ) =» U*( t ) (1) 

5 P ( L ) p ( t ) = U P ( t ) ( 2 ) 

K L ) Z ( t ) = U Z ( t ) (3) 

N o t i c e tha t equa t i ons (11) and ( 1 5 ) are exac t d e c i s i o n r u l e s . 

However, the assumpt ion tha t p r i v a t e agents observe the random p rocesses 

p ( t ) and K t ) but t ha t the econome t r i c i an does not j u s t i f i e s the e x i s t e n c e 

o f a d i s t u r b a n c e te rm. Wi th t h i s i n t e r p r e t a t i o n the d i s t u r b a n c e term i n 

(11) becomes 

- A , d 1 - L _ 1 A 1 B 6 ' 1 ( A . B ) 6 ( L ) 

M * ) = ~7~ I 1 P

 T

 1 P ] o(t) (16) 

1 6 1 - A ^ B L 

and the d i s t u r b a n c e term i n ( 1 5 ) becomes 
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-A f 1 - L X B6 (X B)6 (L) 
e - ( t ) - - f - [ 3 — 2 ? 2 ] * ( t ) (17) 

2 8 1 - X^BL* 

and the economet r i c model becomes 

X. I - L _ 1 X B C ^ C X B )C(L ) 

L ( t ) - \ . L ( t - 1) - -f { ( I . - a* , ) } [ \ ] Z ( t ) 
1 e 1 2 1 _ A ^ B L - 1 

+ e L ( t ) ( 1 1 ' ) 

X.Bb 

I ( t ) - X 3 I ( t "
 1 } + g(l - X 3 B ) " I P<C> + I ( ° ' X 3 ) £ 2 

I - L ~ 1 X . B i f 1 ( X . B K ( L ) 
• [ f ] Z ( t ) + e ( t ) ( 1 5 ' ) 

1 - X BL L 

and 

C ( L ) Z ( t ) - U Z ( t ) (3) 

I t i s impor tan t to n o t i c e the e x i s t e n c e o f m u l t i p l e c r o s s - e q u a t i o n 

r e s t r i c t i o n s i n the above model . In p a r t i c u l a r , t he re are r e s t r i c t i o n s 

ac ross the parameters i n a g e n t s ' d e c i s i o n r u l e s and the parameters o f the 

s t o c h a s t i c p rocesses tha t a r e , f rom the p o i n t of v iew o f f i r m s , u n c o n t r o l l a b l e . 

As w i l l be d i s c u s s e d i n S e c t i o n I I I these r e s t r i c t i o n s w i l l , g i v e n the 

p a u c i t y of e x c l u s i o n r e s t r i c t i o n s genera ted by the mode l , be a s i g n i f i c a n t 

source of i d e n t i f i c a t i o n . 

Be fo re p r o c e e d i n g , we comment on the q u a l i t a t i v e na tu re of the sys tem. 

R e c a l l equa t i ons (9) and a v e r s i o n of ( 1 4 " ) : 

X " 
L ( t ) =• X L ( t - 1) - — I (X B ) J [ E u ( t + J) + dE p ( t + J ) 

1 e J=0 L 

- a E t P ( t + J ) ] (9) 
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X f - X Bb 
I ( t ) - X 3 I ( t - 1) - ^ " I ( X 3 B ) J E t K t + J ) + -r^ 

J=0 " 3 ' 

+ ^ <A " A

3> I ( X 3 B ) J E t P ( t + J) - Y p ( t ) (14") 
g i - j : x 3 t g 

For any a r b i t r a r y se t o f e x p e c t a t i o n s , the above imply t ha t 

3 U O < o V J > 1 3 L ( t ) < 0 (18) 
3E K t + J ) ° V J " l f 3 K t ) ° ' U 8 J 

and 

3P( t ) ° ' 

I f , i n a d d i t i o n , X 3 < a , wh ich must be the case i f as i n most o f 

the l i t e r a t u r e we assume a = 1, then 

Equa t i on (18) s imp l y says tha t employment w i l l be an i n c r e a s i n g 

f u n c t i o n o f the expec ted v a l u e o f the m a r g i n a l product o f l a b o r and a 

d e c r e a s i n g f u n c t i o n of the expected r e a l wage r a t e . In a d d i t i o n , the 

p lanned i n v e n t o r i e s at t ime ( t ) w i l l be a d e c r e a s i n g f u n c t i o n o f the p r i c e 

l e v e l a t t ime t and an i n c r e a s i n g f u n c t i o n of expec ted s p e c u l a t i v e g a i n s . 

To the ex ten t t ha t one i s w i l l i n g to i d e n t i f y the b u s i n e s s c y c l e 

w i t h P ( t ) , the above r e s u l t s are a h i n t t ha t i n v e n t o r i e s of f i n i s h e d goods 

behave c o u n t e r - c y c l i c a l l y , whereas the employment of f a c t o r s of p r o d u c t i o n 

w i l l behave p r o - c y c l i c a l l y . We now p resen t a s imp le example to i n v e s t i g a t e 

t h i s c o n j e c t u r e . 

I f we s p e c i f y the s t o c h a s t i c p rocesses i n v o l v e d as 
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CO 
I e J p ( t - j) - up(t) |e | < i 

j=o p p 

o ) ( t ) ( l - a L ) ( l - bL) - U W ( t ) \2\ < 1 , | b | < 1 

<Kt) = e % ( t - i ) + o*(t) l e ^ l < l 

p ( t ) » epii<(t - D + u p(t) | e p | < l 

we o b t a i n the f o l l o w i n g d e c i s i o n r u l e s 

X ui(t) 
L ( t ) = A , L ( t - 1) -

1 e [ l - ( i + b ) X 1 B + I b X 2 B 2 ] 

X 2 I bB 
U)(t - 1) 

e [ l - (a + b ) X 1 B + a b X 2 B 2 ] 

aX aX B ' co 

_ i P ( t ) + _ i . ^ 9 ; - j ) 

6 (1 - 0 P X 1 B ) 

X-Bb X 

K t ) • x 3 i ( t - i ) + 8 ( 1 . , - T P ( t ) 

CO 
- - (a - X j 0 P X , B J 0 J P ( t - J ) 

g 3 3 jii p 

x f 
- K t ) 

o g d - O ^ B ) 

In t h i s example, our c o n j e c t u r e i s t r u e . In p a r t i c u l a r , 

3P ( t ) U ' 3P( t ) 

However, the above example i s not meant to suggest t ha t the s i gns of the 
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p a r t i a l d e r i v a t i v e s a re n e c e s s a r i l y i n v a r i a n t to the s p e c i f i c a t i o n o f 

the r e l e v a n t s t o c h a s t i c p r o c e s s e s . 

I I . 2 Compe t i t i ve E q u i l i b r i u m 

We now c o n s i d e r the c o m p e t i t i v e e q u i l i b r i u m of the i n d u s t r y i n 

q u e s t i o n . I t i s demonstrated tha t i n a dynamic r a t i o n a l e x p e c t a t i o n s 

c o m p e t i t i v e e q u i l i b r i u m , the decompos i t i on theorem f a i l s a t the i n d u s t r y 

l e v e l . 

Le t the i n d u s t r y demand curve f o r f i n a l consumpt ion of the good 

be 

P ( t ) = A Q - AjS"(t) + U g ( t ) , A Q , k± > 0 (20) 

where " - " denotes an i n d u s t r y - w i d e v a r i a b l e , U g ( t ) i s a s t o c h a s t i c shock 

to demand which obeys the Markov law 

r 
s 

ct(L)U ( t ) = V S ( t ) , a ( D = £ a T L , 
s J=0 J 

V S ( t ) i s a fundamental wh i te n o i s e f o r U ( t ) and the ze roes of det a(Z) 
s 

l i e o u t s i d e the u n i t c i r c l e . At t ime t , t o t a l i n d u s t r y s a l e s are 

S ( t ) = n [Q( t ) - I ( t ) + a l ( t - 1 ) ] 
o r 

S ( t ) = n [ a L ( t ) - I ( t ) + a K t - 1 ) ] 

Hence 

P ( t ) = A Q - A K a L ( t ) - I ( t ) + o I ( t - 1 ) ] + U K t ) ( 2 0 ' ) 
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The r e p r e s e n t a t i v e f i r m ' s problem i s to choose l i n e a r con t ingency 

p l a n s f o r s e t t i n g L ( t ) and I ( t ) as f u n c t i o n s o f i n f o r m a t i o n a v a i l a b l e a t 

t ime t , to maximize 

N 

l i m E Q I B { [A Q - A ^ a L C t ) - I ( t ) + o i ( t - l ) ] a L ( t ) - u ( t ) L ( t ) 
N-*» t-0 

| [ L ( t ) + o ( t ) ] 2 - | [ L ( t ) - L ( t - l ) ] 2 } 

+ l i m E I B C { [A - A [ aL ( t ) - I ( t ) + a l ( t - 1 ) ] ( - I ( t ) + o I ( t - 1)) 
S-KO t =0 

+ b a l ( t - 1) - | [ I ( t ) + K t ) ] 2 - f [ I ( t ) - a l ( t - l ) ] 2 } (21) 

s u b j e c t to I ^ , L ^ and 

and 

ct(L)U ( t ) - V a ( t ) s 

5 ^ ( L ) K t ) = U j 

6 ( L ) p ( t ) - U j P t 

5(L)M(t) - At) 

(22) 

(23) 

(24) 

(25) 

where co(t) i s the f i r s t element o f the (p x 1) v e c t o r random p rocess 

M(t) tha t obeys the (q x 1) o rde r v e c t o r a u t o r e g r e s s i o n (24 ) , v ( t ) i s a 

(q x 1) v e c t o r wh i te n o i s e tha t i s fundamenta l f o r M ( t ) . 

E [ V M ( t ) [ V ^ ( t ) ] C ] • wh ich i s known by the r e p r e s e n t a t i v e f i r m , and the 

roo ts o f de t g(Z) • 0 are a l l g r e a t e r than /& . 

Now, problem (21) i s not a w e l l posed one u n t i l we a t t r i b u t e to the 

f i r m v iews about how the i n d u s t r y - w i d e s tocks of i n v e n t o r i e s , I ( t ) , and 



26 

i n d u s t r y - w i d e employment o f l a b o r L ( t ) , e v o l v e . Once tha t i s done the 

f i r m w i l l have v iews as to the laws o f mot ion of a l l those random v a r i a b l e s 

wh ich i t cannot c o n t r o l but which i n f l u e n c e the expec ted p resen t v a l u e o f 

p r o f i t s . I t i s c l e a r t ha t I ( t ) and L ( t ) en te r t ha t ca tegory because , as 

i s c l e a r from e q u a t i o n ( 2 0 ' ) , they i n f l u e n c e P ( t ) . 

At t h i s po i n t we d e f i n e 

M(t) = [M( t ) , M(t - 1) , M(t - q + 1)] 

U ( t ) - [U ( t ) , U ( t - 1, U ( t - r + 1 ) ] s s s s s 

Kt) - [Kt), K t - D *(t - + D] 

p ( t ) - [ p ( t ) , p ( t - 1 ) , . . . . p ( t - r p + 1) ] 

We assume tha t f i rms v iew L ( t ) and I ( t ) as e v o l v i n g a c c o r d i n g to 

L ( t ) - F [ M ( t ) , U ( t ) , K O , P ( t ) , L ( t - 1 ) , I ( t - 1 ) , 1] (26) s 

and 

I ( t ) - G [ M ( t ) , U s ( t ) , * ( t ) , p ( t ) , L ( t - 1 ) , I ( t - 1 ) , 1] (27) 

where F and G are l i n e a r f u n c t i o n s whose parameters are known by f i rms i n 

the i n d u s t r y . 

Hence the f i r m maximizes (21) s u b j e c t to the laws o f mot ion (22 ) , 

( 2 3 ) , ( 2 4 ) , ( 2 5 ) , (26) and ( 2 7 ) , where the o p t i m i z i n g a c t i o n s are over 

l i n e a r con t ingency p lans of the form 

L ( t ) - f [ M ( t ) , U ( t ) , 5(t) f P ( t ) , L ( t - 1 ) , I ( t - 1) s 

L ( t - 1 ) , K t - 1 ) . 1] (28) 
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Kt) = g[M(t), u (t), K t ) , p(t), L(t - 1 ) , I(t - 1 ) , 

LCt - 1 ) , K t - 1 ) , 1] ( 2 9 ) 

We now d e f i n e a r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m . 10 

D e f i n i t i o n : A r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m i s fou r l i n e a r 

f u n c t i o n s ( 26 ) , ( 2 7 ) , (28) and (29) such tha t 

( i ) g i ven the aggregate laws o f mot ion (26) and (27 ) , the c o n t i n ­

gency p lans (28) and (29) s o l v e the f i r m ' s p rob lem, and 

( i i ) the con t ingency p lans o f the r e p r e s e n t a t i v e f i r m (28) and 

(29) imply the aggregate laws of mot ion (26) and (27) so tha t 

F ( - ) = n f ( - ) 

and 

G ( - ) - ng ( - ) 

I f we w r i t e 

L ( t ) = F Q + F L L ( t - 1) + F ] . I ( t - 1) + F M ( L ) M ( t ) + F u U g ( t ) 

+ F, (L)Kt) + F (L)p(t) (26) 
P 

I(t) - G Q + G LL(t - 1) + G x K t - 1) + GM(L)M(t) + G u (L)U g(t) 

+ G, (L)Kt) + G (L)p(t) (27) 
P 

and 

and 
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Kt) = g Q + d L L ( t - 1) + djKt - 1) + g L ( L ) L ( t - l ) + g i ( L ) I ( t - l ) 

+ g M ( L ) M ( t ) + g u ( L ) U g ( t ) + g| (L)+<t) 

+ g ( L ) p ( t ) (29) 
P 

and m u l t i p l y (28) and (29) by n , we f i n d tha t the a c t u a l laws o f mot ion f o r 

L ( t ) and I ( t ) a re 

L ( t ) = n f Q + [ C L + n f L ( L ) ] L ( t - 1) + [Cj + n f ^ U J l C t - 1) 

+ n f M ( L ) M ( t ) + n f (L)U ( t ) + n f . ( L ) K t ) M U S m s 

+ n f ( L ) p ( t ) 
P 

and 

I ( t ) = n g Q + [ d L + n g L ( L ) ] L ( t - 1) + [dj + n g I ( L ) ] I ( t - 1) 

+ n ^ ( l ) M ( t ) + ngy ( L ) U s ( t ) + n g . ( L ) f ( t ) 
s 

+ ng ( L ) p ( t ) 
P 

Because the r a t i o n a l e q u i l i b r i u m r e q u i r e s tha t the a c t u a l laws o f mot ion 

be i d e n t i c a l l y equa l to the p e r c e i v e d laws of mot ion (26) and ( 2 7 ) , we 

have tha t 

n f 0 = F o 

n g o • Go 

n f M ( L ) = F M ( L ) 

n g M ( D - G M ( L ) 
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n£v (L) = Fy (L) 
s s 

ngy (L) = Gv (L) 

ttyio = yu 
n g K D - G ^ L ) 

n f (L) = F (L) 
P P 

ng (L) = G (L) 
P P 

C L + n f j L ) = F L (D 

C T + n f j C L ) = F j ( L ) 

d L + n g L ( L ) = G L ( L ) 

d j + n g j ( L ) = G K L ) 

We no te i n p a s s i n g tha t knowledge o f the aggregate laws of mot ion o f the 

system enab les us to s o l v e r e c u r s i v e l y f o r the d e c i s i o n r u l e s o f the 

r e p r e s e n t a t i v e f i r m . 

As i n S e c t i o n I I . 1 , we b e g i n by s o l v i n g the problem by i n i t i a l l y 

assuming tha t t he re i s no u n c e r t a i n t y i n the sys tem. 

By s u b s t i t u t i n g equa t i on (20) i n t o the E u l e r equa t i ons d e r i v e d 

i n S e c t i o n I I , (7) and ( 1 2 ) , one o b t a i n s the m a t r i x E u l e r equa t ion 

G 1 Y ( t + 1) + G Q Y ( t ) + G _ 1 Y ( t - 1) - J ( t ) 

where 

Y ( t ) = 
L ( t ) 

K t ) 
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- e ( l + B) + d + a 2 n A L anA. 

nA^a - (1 + B a 2 ) ( g + n A 1 ) - f 

eB 0 

-BanA^a Ba(g + nA j ) 

' -1 

e -anA^a 

0 o(g + nAj^) 

and 

J ( t ) 

-aAQ - a U g ( t ) + o»(t) + d p ( t ) 

(1 - B a ) A n + U ( t ) - BaU ( t + 1) + f * ( t ) - Bba 
U s s 

Now i t tu rns out t ha t f o r our prob lem i t i s not necessa ry to 

c a l c u l a t e the f u n c t i o n s f and g tha t de te rmine the d e c i s i o n r u l e s o f the 

f i r m . I n s t e a d , we c a l c u l a t e the e q u i l i b r i u m laws of mot ion 

f o r the i n d u s t r y d i r e c t l y by u t i l i z i n g the L u c a s , P r e s c o t t method [20] 

of c a l c u l a t i n g a r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m . In o rde r to do t h i s 

we pose the i n t e g r a b i l i t y q u e s t i o n : f o r what optimum problem are the 

p a i r of E u l e r equa t i ons (30) and (31) the f i r s t - o r d e r necessa ry c o n d i t i o n s 
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Now the a rea under the demand curve f o r the consumpt ion good i s 

S ( t ) A 

/ [A Q - A j X ( t ) + U s ( t ) ] d X - [A Q + U g ( t ) ] S ( t ) - ~ S 2 ( t ) 

R e c a l l i n g tha t S ( t ) = n [ a L ( t ) - I ( t ) + o I ( t - 1 ) ] , we have tha t 

S ( t ) 
J [A Q - A j X ( t ) + U g ( t ) ] d X = n [ A Q + U s ( t ) ] [ a L ( t ) - I ( t ) 

- a l ( t - 1) ] - -± n 2 [ a L ( t ) - I ( t ) + o I ( t - l ) ] 2 (32) 

Now c o n s i d e r the f o l l o w i n g s o c i a l p l ann ing problem which c o n s i s t s 

of max im iz ing the expec ted d i s c o u n t e d a rea under the demand curve f o r 

f i n a l consumpt ion o f the good minus the t o t a l s o c i a l c o s t s o f p r o d u c t i o n 

and m a i n t a i n i n g and chang ing i n v e n t o r y l e v e l s . The m a x i m i z a t i o n i s over 

con t ingency p lans s e t t i n g L ( t ) • n L ( t ) and I ( t ) • n l ( t ) as l i n e a r f u n c t i o n s 

o f the s o c i a l p l a n n e r ' s i n f o r m a t i o n s e t to be s p e c i f i e d s h o r t l y . 

Maximize 

CO 
l i m E I B t { n [ A + U ( t ) ] [ a L ( t ) - I ( t ) + a l ( t - 1) ] 
N-*» • t - 0 

A n 2

 2 

- - y — [aL ( t ) - I ( t ) + o I ( t - 1) ] - d ) ( t )nL( t ) 

- -y- [ L ( t ) + p ( t ) ] 2 - - y [ L ( t ) - L ( t - l ) ] 2 + nbo I ( t - 1) 

f n [ I ( t ) + * ( t ) ] 2 + n b o K t - 1) - 5 r [ K t ) - a l ( t - l ) ] 2 

" 2 

s u b j e c t to I ^ and L ^ g i ven and 

a (L )U ( t ) = V S ( t ) (22) s 
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S K L ) ( t ) = U* ( t ) (23) 

5 (L) ( t ) - lf(t) (24) 
P 

K L ) M ( t ) =» At) (25) 

The i n f o r m a t i o n s e t c o n s i s t s of a t l e a s t {L ( t - 1 ) , I ( t - 1 ) , 

K t ) , U ( t ) , p ( t ) , i j / ( t)} . The parameters o f the s t o c h a s t i c p rocesses 
s 

( 2 2 ) , ( 2 3 ) , ( 24 ) , and (25) are known w i t h c e r t a i n t y by the s o c i a l p l a n n e r . 

The E u l e r equa t i ons f o r the c e r t a i n t y case a re 

2 
neBL( t + 1) - n [ e ( l + B) + d + a n A ^ U t ) + neL ( t - 1) 

= -naA_ - anU ( t ) + nw(t) + ndp( t ) (33) 0 s 

and 

nBo(g + n A 1 ) I ( t + 1) - n [ g ( l + B o 2 ) + f + n A K l + B o 2 ) ] I ( t ) 

+ no(g + nA_) I ( t - 1) - B o n 2 A 1 a L ( t + 1) + l A ^ a L C t ) 

- n ( l - Bo)A- + nU ( t ) - nBoU ( t + 1) + n f ip( t ) - nBba (34) 0 s s 

I f one m u l t i p l i e s the E u l e r equa t i ons o f the c o m p e t i t i v e f i r m (30) 

and (31) by n and uses the f a c t t h a t L ( t + 1) = n L ( t + 1) and I ( t + 1) = 

n l ( t + 1 ) , i t becomes apparent t ha t the two s e t s o f E u l e r equa t i ons 

{ ( 30 ) , (31)} and { (33 ) , (34)} a re i d e n t i c a l . 1 1 Hence, s o l v i n g (33) and 

(34) y i e l d s the r a t i o n a l e x p e c t a t i o n s c o m p e t i t i v e e q u i l i b r i u m laws o f 

mot ion f o r L ( t ) and I ( t ) , i . e . , s o l v i n g (33) and (34) y i e l d s an e x p l i c i t 

s o l u t i o n f o r the parameters of 

L ( t ) = F [ M ( t ) , U g ( t ) , i K O , p ( t ) , L ( t - 1 ) , I ( t - 1 ) , 1] (26) 

and 
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I ( t ) - G [ M ( t ) , U ( t ) , J ( t ) , p ( t ) , L ( t - 1 ) , I ( t - 1 ) , 1] ( 27 ) 1 ' s 

Upon c o n s i d e r a t i o n o f equa t i ons (33) and ( 3 4 ) , i t i s c l e a r tha t 

i n e q u i l i b r i u m , the decompos i t i on theorem f a i l s a t the i n d u s t r y l e v e l . 

The e q u i l i b r i u m laws o f mot ion f o r L ( t ) and I ( t ) w i l l i n g e n e r a l depend 

on each o the r i n a d i r e c t way and not o n l y through the exogenous s t o c h a s t i c 

p r o c e s s e s . To the ex ten t tha t the aggregate s tock o f i n v e n t o r i e s and the 

employment of l a b o r Granger cause s t o c h a s t i c p rocesses such as {P ( t ) } 

which d i r e c t l y i n f l u e n c e a g e n t s ' o b j e c t i v e f u n c t i o n s , o p t i m i z i n g agents 

w i l l use knowledge of I ( t ) and L ( t ) to he lp p r e d i c t f u t u r e v a l u e s o f such 

Granger -caused p r o c e s s e s . Th i s i m p l i e s t h a t , i n a r a t i o n a l e x p e c t a t i o n s 

e q u i l i b r i u m , those v a r i a b l e s w i l l be i n c l u d e d i n f i r m s ' d e c i s i o n r u l e s 

and i n the aggregate laws of mot ion f o r the sys tem. 

The above i s s u e s are r e l a t e d to a more g e n e r a l po i n t brought up by 

both T h e i l [36] and Hay [11] who note tha t the form of the laws o f mot ion 

o f a system or a r e g r e s s i o n equa t i on are s e n s i t i v e , i n a n o n - t r i v i a l way, 

to the l e v e l of a g g r e g a t i o n . To the ex ten t tha t the e x i s t e n c e of a g g r e ­

g a t i o n problems presupposes the e x i s t e n c e of more than one d e c i s i o n maker 

i n the economic env i ronment , the laws o f mot ion f o r a m u l t i - a g e n t system 

must r e f e l c t the f a c t tha t the rewards o f any one agent depend on the 

d e c i s i o n s of a l l of the agents i n the sys tem. In our c o n t e x t , the exac t 

type of e q u i l i b r i u m i s o f c o n s i d e r a b l e impor tance i n de te rm in ing both the 

q u a l i t a t i v e and q u a n t i t a t i v e c h a r a c t e r i s t i c s o f the sys tem. Because o f 

t h i s , we f e e l tha t the agg rega t i on i s s u e s i n our setup are more f unda ­

m e n t a l l y e q u i l i b r i u m i s s u e s . Wh i le one might b e l i e v e tha t i n d i v i d u a l 
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f i r m s rega rd p r i c e s as an exogenous s t o c h a s t i c p r o c e s s , the u s e f u l n e s s 

o f a m o d e l l i n g s t ragegy tha t v iews p r i c e s as be ing exogenous to the 

a c t i o n s of a l l of the f i rms i n the i n d u s t r y i s more s u s p e c t . In moving 

from the f i r m l e v e l we are f o r ced to v iew the e q u i l i b r i u m p r i c e sequence 

as be ing endogenous to the model w i t h the r e s u l t t ha t the decompos i t i on 

theorem f a i l s . 

At a d i f f e r e n t l e v e l , the r e s u l t s i l l u s t r a t e a g e n e r a l p o i n t made 

by Sargent [31 ] , Lucas and Sargent [21] and Sims [34 ] . As opposed to 

many s tandard Keynes ian macroeconometr ic models where i d e n t i f i c a t i o n o f 

s t r u c t u r a l parameters i s ach ieved by means o f a p r i o r i e x c l u s i o n r e s t r i c ­

t i o n s , r a t i o n a l e x p e c t a t i o n s and dynamic economic theory tend to work 

a g a i n s t the u s u a l i d e n t i f i c a t i o n c o n d i t i o n s of the e x c l u s i o n v a r i e t y . 

However, such models do supp ly c r o s s - e q u a t i o n r e s t r i c t i o n s between the 

parameters o f the laws o f mot ion of the v a r i a b l e s tha t are c o n t r o l l a b l e 

by agents and the parameters o f the exogenous s t o c h a s t i c p r o c e s s e s . 

We w r i t e the system o f E u l e r equa t i ons (33) and (34) as 

[ G j L " 1 + G Q + BG*L ]Y( t ) = E t J ( t ) (35) 

where G Q , G , , G _ 1 > Y ( t ) and J ( t ) a re d e f i n e d as b e f o r e . 

The E u l e r equa t ions (35) can be s o l v e d s u b j e c t to the i n i t i a l 

c o n d i t i o n s Y , and the t e r m i n a l c o n d i t i o n s formed by t a k i n g l i m i t s as 

t -*• 0 0 i n (35) by the f o l l o w i n g procedure deve loped i n Hansen and Sargent 

[ 10 ] , who show tha t i t i s p o s s i b l e to f a c t o r 

G(Z) - [ G j Z * 1 + G Q + BG*Z] 
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so tha t 

G(Z) = C ( B Z _ 1 ) T C ( Z ) (36) 

where C(Z) i s a f i r s t o rde r (2x2) m a t r i x p o l y n o m i a l i n nonnega t i ve powers 

o f Z , C(Z) = C Q + C j Z . 

Fu r the rmore , the r o o t s o f det C(Z) • 0 a re l a r g e r than / B i n 

modulus. The f a c t o r i z a t i o n (36) i s un ique up to pos t m u l t i p l i c a t i o n o f 

13 
C(L) by an o r t hogona l m a t r i x . 

Us ing the f a c t o r i z a t i o n we w r i t e our E u l e r equa t i ons as 

C ( B L _ 1 ) T C ( L ) Y ( t ) - E t J ( t ) 

The s o l u t i o n of t h i s equa t i on tha t s a t i s f i e s the t r a n s v e r s a l i t y 

c o n d i t i o n s i s 

C ( L ) Y ( t ) - [ C ( B L " 1 ) T ] ' 1 E t J ( t ) 

o r 

C Q Y ( t ) + C x Y ( t - 1) - [C j + C ^ B L " 1 r 1 E t J ( t ) 

or 

Y ( t ) + C ~ 1 C ] Y ( t - 1) - [ c J c Q + C ^ C 0 B L _ 1 ] " 1 E t J ( t ) (37) 

wh ich i s the n o n r e a l i z a b l e s o l u t i o n f o r the e q u i l i b r i u m laws of mot ion 

f o r the r a t i o n a l e x p e c t a t i o n s c o m p e t i t i v e e q u i l i b r i u m . 

The r e a l i z a b l e s o l u t i o n i s g i ven by e x p r e s s i n g the r i g h t - h a n d s i d e 

o f (37) as f u n c t i o n s o f c u r r e n t ( t ime t ) and pas t v a l u e s of the v a r i a b l e s 

of the mode l . E f f i c i e n t methods f o r c a l c u l a t i n g the feedback po lynomal of 

(37) as w e l l as a n a l y t i c a l e x p r e s s i o n s f o r the feed forward p a r t e x i s t . 
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C a l c u l a t i n g the feedback pa r t o f (37) e s s e n t i a l l y i n v o l v e s f o r m u l a t i n g 

the s o c i a l p l a n n i n g prob lem as an i n f i n i t e t ime o p t i m a l l i n e a r r e g u l a t o r 

prob lem and s o l v i n g the a l g e b r a i c R i c c a t i m a t r i x equa t i ons by n u m e r i c a l 

methods. T h i s f o r m u l a t i o n i s d i s c u s s e d i n Appendix A . A l go r i t hms f o r 

computing the feed forward p a r t o f (37) a re d i s c u s s e d i n d e t a i l i n Hansen 

and Sargent [10 ] . 

The r e s u l t i n g laws o f mot ion f o r the c o m p e t i t i v e e q u i l i b r i u m w i l l 

be of the form 

Y ( t ) - -C^C jYU - 1) + J ( t ) (38) 

where J ( t ) i n v o l v e s max {r - 1 , r - 1 , r - 1 , q - 1} lagged v a l u e s o f 
u s * 0 

J ( t ) . 

The s o l u t i o n to the problem w i l l then be o f the form 

L ( t ) = FQ + F L L ( t - 1) + F j K t - 1) + F M ( L ) M ( t ) + F u ( L ) U g ( t ) 
s 

and 

+ F . ( L ) * ( t ) + F ( L ) p ( t ) (39) \\, p 

I ( t ) - G . + G L ( t - 1) + G_T(t - 1) + G M ( L ) M ( t ) + G (L)U ( t ) 

+ G, (L)i|/(t) + G ( L ) p ( t ) (40) 

where 

F m ^ L ^ = I Fm L a n d M i s a p x p m a t r i x VJ 
M J=0 " j 

q-1 
G„(L) = J G w L J and G T i s a p x p m a t r i x ¥J 

J=0 M J J 



37 

V 1 

F (L) = I F L F i s a s c a l a r V J 
u T ^ n u u 

<J J 

G (L) = J G L G i s a s c a l a r V J 

r- j ;- l 
F,„<L> " I F , L J 

J=0 * J * J 
F, i s a s c a l a r VJ 

^r1
 J 

G , (L ) = ) G , L G. i s a s c a l a r VJ J=0 * J * J 

R P ; L J 
F (L) = / F L F i s a s c a l a r V J 

P J=0 P J P J 

* p - l 

G (L) =• I G L 
G i s a s c a l a r V J 

J=0 P J P J 

F 0 ' F L ' F I ' G 0 ' G L a n d G I a r S s c a l a r s 

As i n S e c t i o n I I . 1 , equa t i ons (39) and (40) a re exac t r e l a t i o n s h i p s . 

On the h y p o t h e s i s t ha t the e c o n o m e t r i c i a n does not observe c u r r e n t and 

past v a l u e s of iji(t) o r o ( t ) , the d i s t r i b u t e d l a g s i n '^(t) and o ( t ) become 

e r r o r terms from the e c o n o m e t r i c i a n ' s po i n t o f v i ew . 

P r o p o s i t i o n 

For the l i n e a r q u a d r a t i c model under c o n s i d e r a t i o n i n wh ich p r o d u c t i o n 

and i n v e n t o r y c o s t s are a d d i t i v e l y s e p a r a b l e , the r a t i o n a l e x p e c t a t i o n s 

e q u i l i b r i u m laws of mot ion f o r l a b o r and i n v e n t o r i e s decompose, F • G = 0 , 

i f and o n l y i f the e l a s t i c i t y c f consumer demand f o r i n d u s t r y output 



38 

S ( t ) 3S ( t ) _ _ M 

P ( t ) 3P( t ) 

P r o o f 

P ( t ) - A Q - A x S ( t ) + U g ( t ) 

Hence, f o r f i n i t e P ( t ) 

s ( t ) 9 P ( t ) 1 

I f A^ = 0 , the s o c i a l p l a n n i n g problem (33) can be w r i t t e n as the sum of 

two separa te p rob lems: 

N . 2 

( I ) Max l i m J {B [n(A_ + U ( t ) ] [ a L ( t ) ] - co( t )nL( t ) - - r - [ L ( t ) + p ( t ) ] 
t - 0 U S 

- ^ [ L ( t + 1) - L ( t ) ] 2 } 

s u b j e c t to L - g i ven and 

C(L)M(t) = At) (25) 

o (L )U ( t ) = V S ( t ) (22) 
s 

<5 ( L ) p ( t ) =» U p ( t ) (24) 
P 

and 

N 
( I I ) Max l i m £ B t { n [ A f ) + U ( t ) ] [ - l ( t ) + a l ( t - 1) ] - % [ I ( t ) + * ( t ) ] 2 

K*» t - 0 U S 1 

+ nbo I ( t - 1) - [ i ( t + l ) - c r l ( t ) ] 2 } 

s u b j e c t to I_1 g i ven and 

ct(L)U ( t ) = V S ( t ) . (22) s 

4 (L) ( t ) = U*( t ) (23) 

and 

C(L )M( t ) = V " ( t ) (25) 
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To prove the c o n v e r s e , we note tha t a s u f f i c i e n t c o n d i t i o n f o r non-

decompos i t i on i s t h a t the m a t r i c e s G Q , G^ and G . be n o n - d i a g o n a l , which 

i s t r u e i f and o n l y i f ? 0 . Hence, a necessa ry c o n d i t i o n f o r decompos i ­

t i o n i s t ha t A^ » 0 . 

E s s e n t i a l l y , the above p r o p o s i t i o n says tha t i f the e q u i l i b r i u m p r i c e 

seqeunce i s not Granger caused by the aggregate l e v e l of i n v e n t o r i e s , i t 

conveys no u s e f u l i n f o r m a t i o n to agents who are making p r o d u c t i o n d e c i s i o n s . 

As such the re i s no reason f o r those agents to p r e d i c t f u t u r e i n v e n t o r y 

s t o c k s . Consequent ly i n v e n t o r i e s w i l l not i n f l u e n c e p r o d u c t i o n d e c i s i o n s . 

S i m i l a r l y , p r o d u c t i o n d e c i s i o n s w i l l not i n f l u e n c e i n v e n t o r y d e c i s i o n s . 

In the absence of such r e s t r i c t i o n s , the economet r ic model becomes 

L ( t ) = F Q + F L L ( t - 1) + F j l ( t - 1) + F M ( L ) M ( t ) 

+ F ( L ) U ( t ) + 1 , ( t ) U S L 
(41) 

s 

I ( t ) - G Q + G L L ( t - 1) + G ] . I ( t - 1) + G M ( L ) M ( t ) 

+ G ( L ) U ( t ) + E_(t) u s I 
(42) 

s 

a (L )U ( t ) = V S ( t ) (22) 

and 

(25) 

As i n S e c t i o n I I . 1 , e s t i m a t i o n i s s u b j e c t to c r o s s - e q u a t i o n 

r e s t r i c t i o n s . In p a r t i c u l a r , the model imposes r e s t r i c t i o n s between the 

parameters of (41) and (42) and the f r e e parameters o f (22) and (25 ) . 
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I I .3. The n - P l a n t M o n o p o l i s t 

The r e s u l t ob ta i ned i n S e c t i o n I I . 2 , namely t ha t i n a r a t i o n a l 

e x p e c t a t i o n s c o m p e t i t i v e e q u i l i b r i u m the feedback p a r t o f the c l o s e d - l o o p 

system f o r i n v e n t o r i e s and employment decomposes i f and o n l y i f the demand 

f o r i n d u s t r y output i s i n f i n i t e l y e l a s t i c , i r r e s p e c t i v e o f the decomposa-

b i l i t y o f the d e c i s i o n r u l e s o f i n d i v i d u a l economic agents i n the s y s t e m , 

p o i n t s out the impor tance of g e n e r a l i z i n g s i n g l e - a g e n t d e c i s i o n t heo ry 

to market con tex t s and concepts of e q u i l i b r i u m . As n o t e d , many au tho rs 

have at tempted to bypass the d i f f i c u l t i e s of m o d e l l i n g a p e r f e c t l y compe t i ­

t i v e i n d u s t r y by c o n s i d e r i n g m o n o p o l i s t i c i n d u s t r i e s . In t h i s s e c t i o n we 

c o n i s d e r an n -p l an t monopo l i s t i n o rde r to e v a l u a t e tha t s t r a t e g y and 

examine the s e n s i t i v i t y o f e q u i l i b r i u m s o l u t i o n s t o i n d u s t r y s t r u c t u r e s 

i n the l i n e a r q u a d r a t i c framework. 

As i n S e c t i o n I I . 2 , demand i s g i ven by 

P ( t ) - A Q - A jSCt ) + U g ( t ) , A Q , A± > 0 (20) 

S ( t ) = n [ a L ( t ) - I ( t ) + o I ( t - 1 ) ] 

o r 
n . . 

P ( t ) * A . - A I [ a L . ( t ) - r < t ) + 0 l X ( t - 1) ] + U ( t ) 
° 1 i - 1 1 3 ' 

The problem of the n - p l a n t monopo l i s t i s to choose a l i n e a r c o n ­

t i ngency p l a n f o r s e t t i n g L A ( t ) and I ( t ) , i = 1, 2 , . . . , n , as f u n c t i o n s 

o f the i n f o r m a t i o n a v a i l a b l e at t ime t , to maximize 
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N n 
l i m E_ I B c { [ A n + U ( t ) ] I [ a L X ( t ) - I x ( t ) + a i x ( t - 1 ) ] 

U t - 0 u s i = l 

[ I [a^it) - I ^ t ) + a l 1 ^ - l ) ] ] 2 -a>(t) I 
i - 1 n=l 

- 4 Z [At) + P(t)]2 - | J [L4(t) - L4(t - l)]2 

i - 1 Z i - 1 

- | z [^(t) + *(t>]2 + bo I i i < t - 1 ) 
i -1 i -1 

-f J [I^t) - ô Ct - l)]2} ( 4 3 ' ) 
i - 1 

and 

and 

to 1 ^ and L _ 1 g i v e n , i • 1, 2 , 

o (L )U ( t ) - V S ( t ) s (22) 

6 j ( L ) / ( t ) - D*( t ) (23) 

«J(L)pi(t) - Up(t) (24) 

C(L)M( t ) - At) (25) 

The m o n o p o l i s t ' s i n f o r m a t i o n s e t & t c o n s i s t s o f a t l e a s t 

{ L X ( t - 1 ) , . . . L n ( t - 1 ) , lht - 1 ) , . . . I n ( t - 1 ) , *ht), . . . * n ( t ) , 

p ^ ( t ) , . . . p n ( t ) , U ( t ) , M ( t ) } . The parameters of the s t o c h a s t i c p rocesses 
s 

(22) - (25) a re known w i t h c e r t a i n t y by the m o n o p o l i s t . 

In o rde r to f a c i l i t a t e compar ison o f the s o l u t i o n w i t h tha t of the 

c o m p e t i t i v e e q u i l i b r i u m case where a l l f i rms were assumed to be i d e n t i c a l , 

we assume tha t the m o n o p o l i s t s ' n p l a n t s a re i d e n t i c a l . 
We t h e r e f o r e w r i t e ( 4 3 ' ) as 
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and 

and 

N 
l i m E . I B K n [ A _ + U (t)][aL(t) - I(t) + <Tl(t - 1) ] 0 _ U s N*"» t=0 

- A 1 n 2 [ a L ( t ) - I(t) + <xl(t - l ) ] 2 - ^ £ L ( t > + p ( t ) ] 2 

- u>(t)nL(t) - y t L ( t ) - L ( t - l ) ] 2 

- -y- [I(t) + K t ) ] 2 + nboKt - 1) 

- ffi [ l ( t ) - o I ( t - l ) ] 2 (43) 

L f x • L ^ , l f x - 1 ^ ¥ i , J - 1 , n 

p i ( t ) =• p J ( t ) , * X ( t ) - <J»J(t) Vt and V i , J = 1 , n 

I f one compares ( 3 3 ) , the s o c i a l p l a n n e r ' s p rob lem, and (43 ) , the 

m o n o p o l i s t ' s p rob lem, one can see t h a t the o n l y d i f f e r e n c e between the two 

are the terms 

2 
- A n 
—f— [aL( t ) - I ( t ) + o I ( t - 1) ] 

ve rsus 
- A _ n 2 [ a L ( t ) - l ( t ) + o l ( t - 1) ] 

o r 

- A 2 o 
(33) -f- n V ( t ) 

ve rsus 

(43) A 1 n 2 S 2 ( t ) 

Hence, the monopo l i s t i n c u r s a l a r g e r p e n a l t y i n h i s o b j e c t i v e f u n c t i o n 

f o r S ( t ) . T h i s i s c o n s i s t e n t w i t h the s tandard s t a t i c microeconomic 

r e s u l t tha t a c o m p e t i t i v e i n d u s t r y produces more than a m o n o p o l i s t i c 
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i n d u s t r y , w h i c h , i n t h i s dynamic c o n t e x t , can be t r a n s l a t e d to read t h a t , 

o the r t h i n g s e q u a l , a c o m p e t i t i v e i n d u s t r y s e l l s more output than a mono­

p o l i s t i c i n d u s t r y . 

A d i f f e r e n t way to v iew the above r e s u l t i s by c o n s i d e r i n g inves tment 

i n i n v e n t o r i e s o f f i n i s h e d goods f o r a g i ven l e v e l o f aggregate employment. 

S ince 

S ( t ) - a L ( t ) - A l ( t ) = a L ( t ) - I ( t ) + o I ( t - 1 ) , S ( t ) > 0 

and 

^ , E , ( t ) > s M ( t ) 

-C E 

where S ' ( t ) » t o t a l s a l e s a t t ime t of the c o m p e t i t i v e i n d u s t r y , 

S M ( t ) = t o t a l s a l e s at t ime t o f the monopoly i n d u s t r y 
and by h y p o t h e s i s 

where 

L C - E * ( t ) = L M ( t ) 

—C E 
L " * ( t ) = the aggregate l e v e l of employment a t t i n the c o m p e t i ­

t i v e i n d u s t r y 

and 

-M 
L ( t ) * the aggregate l e v e l of employment i n the monopoly i n d u s t r y . 

Assume 

A I C , E , ( t ) > 0 , A I C - E ' ( t ) > 0 

then 

a L C - E " ( t ) - A l C - E * ( t ) > a L M ( t ) - A I M ( t ) 
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o r 

A l V ) > A I G - E ' ( t ) 

I f 

A l C - E ' ( t ) < 0 , A l M ( t ) < 0 

then 

- A l C , E - ( t ) > - A I M ( t ) 

o r 

| A I C - E ' ( t ) | > | A I M ( t ) | 

T h r e f o r e , i f i n v e n t o r y investment i s p o s i t i v e , the amount o f 

i n v e n t o r y investment w i l l be l a r g e r i n the monopoly i n d u s t r y . However, 

when i n v e n t o r y investment i s n e g a t i v e , the amount of d i s i n v e s t m e n t w i l l 

be l a r g e r i n the c o m p e t i t i v e i n d u s t r y . 

I I . 4 The Nash E q u i l i b r i u m 

In S e c t i o n s I I . 2 and I I . 3 we examined our prob lem i n the c o n t e x t s 

o f p e r f e c t c o m p e t i t i o n and monopo l i es . Here we a n a l y z e these i n t e r a c t i o n s 

by d e f i n i n g a dynamic d i f f e r e n t i a l game and s o l v i n g f o r the Nash e q u i l i b r i u m . 

A g a i n , 

P ( t ) =• A Q - A x S ( t ) + U s ( t ) A Q , A L > 0 (20) 

S ( t ) - I S i ( t ) 
i » l 

o r 
n , 

P ( t ) = A Q - A x I [aL ( t ) - I ( t ) + o I X ( t - 1) ] + U g ( t ) 
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Because we seek a Nash e q u i l i b r i u m we assume tha t agent i assumes 

t h a t agent J ' s ( i f J ) d e c i s i o n r u l e s are i n v a r i a n t to h i s c h o i c e o f 

d e c i s i o n r u l e s . Hence, the i t h f i r m maximizes 

T 

l i m E I B C { [Ag + U ( t ) ] [ a L i ( t ) - I ^ t ) + a l ^ t - 1)] T-x» 0 t= l 

- A 1 [ a L i ( t ) - I 4 ( t ) + 0 l * ( t - 1) ] 

n 
• [ I ( a L J ( t ) - I J ( t ) + a I J ( t - 1 ) ) ] 

J - l 

- | [ L * ( t ) + p X ( t ) ] 2 - | [ L A ( t ) - L * ( t - I))2 

- ( i ) ( t ) L i ( t ) - { [ I 4 ( t ) + ^ ( t ) ] 2 + baIX(t - 1) 

- | [ I 4 ( t ) - I ^ t - l ) ] 2 

s u b j e c t to ^ i » ^ = 1» • • •» n g i ven and 

a ( L ) U ( t ) - V S ( t ) (22) s 

6* (L)«J, i ( t ) - u*(t) (23) 

6 1 ( L ) p i ( t ) - U ? ( t ) (24) 
P * 

and 

c (L )M( t ) - At) (25) 

The i t h f i r m ' s i n f o r m a t i o n se t c o n s i s t s o f a t l e a s t { L x ( t - 1 ) , 

. . . L N ( t - 1 ) , I x ( t - 1 ) , . . . I n ( t - 1 ) , ^ ( t ) , . . . ^ n ( t ) , p x ( t ) , . . . 

p n ( t ) , U ( t ) , M ( t ) } . The parameters o f the s t o c h a s t i c p rocesses o f (22) -s 

(25) a re known w i t h c e r t a i n t y by the i t h f i r m . 

The f i r s t - o r d e r necessa ry c o n d i t i o n s to problem (44) a r e : 



M L ( t + 1) - [ B ( l + e) + d + 2 A 1 a 2 ] L i ( t ) + e L X ( t - 1) 

+ 2 A 1 a I i ( t ) - 2 A 1 a o I i ( t - 1) • dp ( t ) + u ( t ) 

4 6 

- a [ A Q + U s ( t ) ] 

+ A - a [ I ( a L J ( t ) 
J - l 
i * J 

I J ( t ) + a I J ( t - 1 ) ) ] ( 4 5 ) 

[Bo(g + 2 A 1 ) ] I i ( t + l ) - [(1 + B a 2 ) ( 2 A x + g) + f j l ^ t ) 

+ [o(g + 2 A 1 ) ] I i ( t - 1) - 2 B a 1 o a L i ( t + 1) + 2 A ] a L 1 ( t ) 

- A Q ( 1 - Ba) + U g ( t ) - B o U g ( t + 1) + Bba + f * ( t ) 

- A^f a L J ( t ) - I J ( t ) + a I J ( t - 1)] 

(46) 
n 

+ BA a[ I aL ( t + 1) - I ( t + 1) + a I J ( t ) ] 
J - l 
i * J 

Hence i n m a t r i x n o t a t i o n the E u l e r equa t i ons f o r the i t h f i r m are 

G J Y 1 ( t + 1) + G g Y i ( t ) + G ^ Y i ( t - 1) - J 4 ( t ) 

where 

Y 1 ( t ) 
L i ( t ) 

and 

G 0 = 

- [ B ( l + e) + d + 2 A 1 a 2 ] 2 A x a 

2 A . a - [ ( 1 + B o 2 ) ( 2 A 1 + g) + f ] 
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Be 0 

-2BA jaa Ba(g + 2A, 

_ 

and 

-1 

e -2A^ao 

0 o(g + 2A X ) 

At) 

dp ( t ) + oj(t) - a [A Q + U g ( t ) ] 

n 
+ A . a [ I aL ( t ) 

1 J - l 
I J ( t ) + a I J ( t - 1) ] 

A Q ( 1 Ba) + U ( t ) - BaU ( t + 1) + Bba + fi|>(t) s s 

- A [ I a L J ( t ) - I J ( t ) + a I J ( t - 1) ] 
1 J - l 

i * J 

n - , 
+ BA a[ I a L J ( t + 1 ) - I J ( t + 1) + a I J ( t ) ] 

J - l 
i * J 

Be fo re p roceed ing we note tha t the problem as s t a t e d i s not w e l l 

posed . We must a s c r i b e to agent i v iews about agent J ' s ( i # J ) d e c i s i o n 

r u l e s so tha t a l l the c o n s t r a i n t s tha t agent i ' s m a x i m i z a t i o n i s sub jec t 

to are f u l l y s p e c i f i e d . 
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In g e n e r a l i f v (•) denotes the r e t u r n f u n c t i o n o f agent i , X ( t ) 

denotes the s t a t e v a r i a b l e s o f the sys tem, Z ( t ) r e p r e s e n t s the random 

v a r i a b l e s i n the system and ^ ( O denotes the d e c i s i o n r u l e o f agent i , 

then a R a t i o n a l E x p e c t a t i o n s Nash E q u i l i b r i u m i s n f u n c t i o n s Y ^ ( " ) » • • • » 

Y (•) such tha t n 

(a) Y ^ ( * ) maximizes 

T 
l i m E I B j v [Z , X * . Y ( t ) , Y (Z X"?) ] 

* ~ * * J * i 

s u b j e c t to 

X ( t + 1) - I [ Z ( t ) , X K t ) , Y ± ( t ) , Y j ( Z ( t ) , X J ( t ) ) ] 

and 

Y j ( Z J ( t ) , X J ( t ) ) 

i s g i ven f o r a l l i / J , and 

(b) ? - ( • ) . Y 2 ( ' ) , imp ly the aggregate law o f mot ion 

X ( t + 1) - I [ Z ( t ) , X ( t ) , Y K Z C t ) , X K t ) , . . . . Y n ( t ) , X n ( t ) ) ] 

In o rde r to f a c i l i t a t e computat ion of t h i s n o n - t r i v a l mapping and 

to ease compar ison o f the e q u i l i b r i u m w i t h those ob ta i ned i n S e c t i o n s I I . 2 

and I I . 3 we assume tha t the f i rms i n t h i s i n d u s t r y are i d e n t i c a l i n a l l 

r e s p e c t s . Hence, Y ^ t ) - Y j ( c ) ¥ i » J a n d t - S u b s t i t u t i n g ^ ( t ) = I J ( t ) • 

I ( t ) and L ( t ) • I^( t ) * L ( t ) i n t o the E u l e r equa t ions o f the r e p r e s e n t a t i v e 

f i r m , (45) and ( 4 6 ) , and s o l v i n g f o r I ( t ) and L ( t ) we o b t a i n 
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BeL( t + 1) - [ B ( l + e) + d + A^a (n + l ) ] L ( t ) + eL ( t - 1) 

+ A ^ a d i + l ) I ( t ) - Aj^aaCn + l ) I ( t - 1) 

dp ( t ) + a)(t) - a [ A n + U ( t ) ] 
U S 

(47) 

[Bag + B A 1 a ( n + l ) ] I ( t + 1) - [ (1 + Bo )g + f + A ^ n + 1) 

+ B a ^ O i + l ) ] I ( t ) + [ag + (n + l ) A 1 o ] I ( t - 1) 

- (n + l ) B A 1 a a L ( t + 1) + A L a ( n + l ) L ( t ) 

A n ( l - Bo) + U ( t ) - BaU ( t + 1) + Bba + f ip( t ) U s s 
(48) 

Hence the s o l u t i o n o f the f o l l o w i n g m a t r i x E u l e r e q u a t i o n d e t e r ­

mines the e q u i l i b r i u m law of mot ion f o r the r e p r e s e n t a t i v e f i r m s ' employ-

T 
ment and i n v e n t o r i e s , Y ( t ) = [ L ( t ) , I ( t ) ] 

where 

G 1 Y ( t + 1) + GgY(t ) + G _ x Y ( t - 1) - J ( t ) 

Be 0 

- ( n + l ) B A ^ a a Bog + B A 1 a ( n + 1) 

B ( l + e) + d + A x a 2 ( n + 1) A L a ( n + 1) 

A ja (n + 1) (1 + B o 2 ) g + f + A x ( n + 1) (1 + B o 2 ) 
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-1 

e - A j O a d i + 1) 

. 0 og + (n + l)A^a 

J ( t ) 

d p ( t ) + <j(t) - a [ A Q + U g ( t ) 

A . ( l - Bo) + U ( t ) - BoU ( t + 1) + f> ( t ) +Bbo u s s 

As i n the c o m p e t i t i v e e q u i l i b r i u m we f i n d a s o c i a l p l a n n i n g prob lem 

whose s o l u t i o n g i v e s us the Nash e q u i l i b r i u m laws o f mot ion f o r L ( t ) and 

K t ) . 

Cons ide r the s o c i a l p l a n n i n g p rob lem. Maximize 

l i m E n I B £ { [ A q + U g ( t ) ] [ a L ( t ) - I ( t ) + o ! ( t - 1) ] 
T-«» 0 t=0 

A 

- -f (n + l) [aL(t) - I(t) + al(t - 1 )T - u.(t)L(t) 

- 4 [L(t) + p(t)] 2 - | [L(t) - L(t - l ) ] 2 

- 4 [Kt) + *(t)] 2 + boKt - 1) - f [I(t) - I(t - l)]2} 

(49) 

s u b j e c t to 

a ( L ) U (t) = V a ( t ) 

5 , ( L ) ^ ( t ) - U*( t ) 

6 (L)p(t) => Up(t) 
P 

; ( L ) M ( t ) - At) 

(22) 

(23) 

(24) 

(25) 
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The E u l e r equa t i ons f o r t h i s prob lem a re j u s t (47) and ( 4 8 ) . 

Hence, s o l v i n g (49) f o r L ( t ) and I ( t ) , and m u l t i p l y i n g L ( t ) and I ( t ) by 

n , the number o f f i r m s i n the i n d u s t r y , y i e l d s the Nash e q u i l i b r i u m f o r 

i n d u s t r y employment and i n v e n t o r i e s o f f i n i s h e d goods. Numer i ca l examples 

a re p resen ted i n Appendix B. 

N o t i c e t h a t i f one compares the s o c i a l p l a n n i n g problems ( 3 3 ) , 

(43) and (49) co r respond ing to the d i f f e r e n t types o f i n d u s t r y s t r u c t u r e s , 

they are i d e n t i c a l except f o r the terms 

A - 2 
- y N [ a L ( t ) - I ( t ) + o I ( t - 1)] ( c o m p e t i t i v e e q u i l i b r i u m ) 

ve rsus 

- A L N 2 [ a L ( t ) - I ( t ) + a l ( t - l ) ] 2 ( n - p l a n t monopo l i s t ) 

ve rsus 
A. 2 

Y N(N + l ) [ a L ( t ) - I ( t ) + o I ( t - 1)] (Nash e q u i l i b r i u m ) 

or 
A . 2 2 

- -f N V ( t ) (33) 

- A L N 2 S 2 ( t ) (43) 

and 
A 2 

- -f N(N + 1)S ( t ) (49) 

Hence, f o r N > 1 / 2 , the monopo l i s t i n c u r s a l a r g e r p e n a l t y i n h i s o b j e c t i v e 

f u n c t i o n f o r S ( t ) than the Nash i n d u s t r y who i n t u r n i n c u r s l a r g e r p e n a l t i e s 

f o r S ( t ) than the c o m p e t i t i v e i n d u s t r y . Hence, a l l o t h e r t h i n g s e q u a l , a 

c o m p e t i t i v e i n d u s t r y s e l l s more than the Nash i n d u s t r y wh ich s e e l s more 

than the m o n o p o l i s t i c i n d u s t r y , o r 
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c . e . Nash M 
S ( t ) > S ( t ) > S ( t ) . 

I f as the d a t a s u g g e s t , i n v e n t o r y and employment a re n e g a t i v e l y r e l a t e d , 

one c o u l d expect the f o l l o w i n g types o f b e h a v i o r . 

L ( t ) 

L ( t ) 

A I ( t ) > 0 

monopoly i n d u s t r y 
Nash i n d u s t r y 
c o m p e t i t i v e i n d u s t r y 

A I ( t ) 

A I ( t ) < 0 

c o m p e t i t i v e i n d u s t r y 
Nash i n d u s t r y 
monopoly i n d u s t r y 

A l t e r n a t i v e l y , one cou ld say t h a t , f o r a g i v e n amount of employment, the 

monopo l i s t b u i l d s up i n v e n t o r y s t o c k s more q u i c k l y , w h i l e the c o m p e t i t i v e 

i n d u s t r y d e p l e t e s s t o c k s of i n v e n t o r i e s more q u i c k l y . 
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I I I . E s t i m a t i o n 

I I I . l Exogene i t y and Granger C a u s a l i t y 

R e c a l l t ha t the system to be es t ima ted i s 

L ( t ) 

I ( t ) 

F L F I L ( t - l ) 

I ( t - l ) 

F (L) u 

G u

S ( L ) 
s 

M( t ) 

u s(t) 

I L ( t ) 

E ] . ( t ) 

a(L)Ug(t) =• Vs(t) 

S(L )M( t ) - At) 

(50) 

and 

p L ( t ) l FP(L)1 * ( t ) 

2 x ( t ) 
f * ( L ) 

G p (L)_ P ( t ) 

where 

» j 
a ( L ) * I a L , a i s a s c a l a r f o r a l l J 

J - 0 J J 

q 
5(L) » I c L J , C i s a (PxP) m a t r i x f o r a l l J , 

J=0 J J 

M(t ) i s a ( P x l ) v e c t o r f o r a l l t , 

IP 1 j 
F (L) - I F L , F i s a ( l x P ) v e c t o r f o r a l l J, 

M J=0 H J M J 
r -1 s . 

P (L) • I F L , F i s a s c a l a r f o r a l l J, u T

L

n u u 
J=0 S j S j 

Q ; L J 
G ^ d ) - I G^ L , Gj, i s a ( l x P ) v e c t o r f o r a l l J, 

J=0 J 1 J 
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and 

r -1 
s r J 

6 (L ) * I G L , G i s a s c a l a r f o r a l l J , u T n u u s J - 0 S j S j 

F , ( L ) • y F, L J , F , i s a s c a l a r f o r a l l J , 
ii ill ' i i 

r -1 
P K T 

F (L) " I F L , F i s a s c a l a r f o r a l l J , P J^O P J P J 

V 1 

G, (L ) = J G, L J , G, i s a s c a l a r f o r a l l J , 
III ill 111 

r -1 

G (L) = I G L J , G i s a s c a l a r f o r a l l J . 
P J=0 P J ' P J 

We r e w r i t e (50) as 

Y ( t ) - n x Y ( t - 1) + n 2 ( L ) Z ( t ) + S ( t ) (50) 

where 

C ( D M ( t ) - A t ) 

ct(L)U ( t ) - V s ( t ) 

E ( t ) - n 3 a ) * ( t ) 

« ( t ) - [ 2 L ( t ) , Z j U ) ] 

• ( t ) - [ - K t ) , p ( t ) ] 

M( t ) 
L i , Z ( t ) = 

L 5 L B I 
us(t)_ 

i s a ( P + l ) x l v e c t o r f o r a l l t . 
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n 2 ( L ) 

F ( L ) F (L) M u s 

G M ( L ) G u (L) 
s 

i s a 2x(P+l) m a t r i x p o l y n o m i a l i n L o f o rde r max{q - 1, r - 1} and 
S 

n 3 (D 

F K D F p ( L ) 

G . (L ) G (L) p 

i s a (2x2) m a t r i x p o l y n o m i a l i n L of o rde r max{r^ - 1 , r p - 1}. 

From (50) we have tha t 

Y ( t ) = [ i - n ^ r ^ C D z ( t ) + [ i - n 1L]" 1n 3(D<j)(t) (51) 

and 

N o t i c e tha t 

M( t ) = C ^ t t O A t ) , U ( t ) 
s 

p ( t ) = 6 p

1 ( L ) U P U ) . 

a

- 1 ( L ) v s ( t ) , Kt) =» o^ttOU^t ) 

Hence, we d e f i n e 

6 ( L ) 

we have tha t 

5 " 1 ( L ) 0 

0 6 - 1 ( L ) 
P 

and U T ( t ) = [ U * ( t ) , U P ( t ) ] 

Kt) - 6(L)U(t) (52) 

where 6 (L ) i s a (2x2) m a t r i x p o l y n o m i a l i n L , and Kt) i s a (2x1) v e c t o r 

f o r a l l t . 

S i m i l a r l y , i f we l e t 
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« (L ) 
Z"l(h) 0 

0 aTl(L) 

which i s a (P+ l )x (P+ l ) m a t r i x po l ynom ia l i n L, and 

V ( t ) 
At) 
vs(t) 

which i s a ( P + l ) x l v e c t o r f o r a l l t , we have 

Z ( t ) = * ( L ) V ( t ) (53) 

wh ich i m p l i e s tha t (51) may be w r i t t e n as 

Y ( t ) = [I - I ^ L ] " 1 n 2 ( L ) * ( L ) V ( t ) + [I - n i L ] ' 1 n 3 ( L ) 6 ( L ) U ( t ) (54) 

R e c a l l t ha t [ V ( t ) , U ( t ) ] a re the i n n o v a t i o n s i n the j o i n t [ Z ( t ) , <t>(t)] 

p r o c e s s . In p a r t i c u l a r , 

and 

V ( t ) = Z ( t ) - E [ Z ( t ) Z ( t - 1 ) , Z ( t - 2 ) , . . . . <fr(t - 1 ) , 4>(t - 2 ) . . . ] 

U ( t ) - <(>(t) - E[<J)(t) Z ( t - 1 ) , Z ( t - 2 ) , $ ( t - 1 ) , $ ( t - 2 ) . . . ] 

T 

Hence, V ( t ) and U( t ) a re s e r i a l l y u n c o r r e l a t e d and EU( t )V ( t - J ) • 0 ? J f 0 . 

However, we cannot r u l e out contemporaneous c o r r e l a t i o n between V ( t ) and U( t ) 

We now i n t r o d u c e a new p rocess 

C ( t ) - U ( t ) - XV( t ) 

where C ( t ) i s a (2x1) v e c t o r f o r a l l t , X i s a 2x(P+l ) m a t r i x , and 

E C ( t ) V T ( t ) . * 0 . T h i s d e f i n e s XV( t ) as the l i n e a r l e a s t squares p r e d i c t o r 

o f U ( t ) g i ven V ( t ) . N o t i c e tha t i f U ( t ) and V ( t ) a re u n c o r r e l a t e d , X i s 

equa l to [0] and C ( t ) - U ( t ) . 
2x(P+l ) 
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S u b s t i t u t i n g i n t o ( 5 4 ) , 

,-1 Y ( t ) - [I - H jL ] * [ n 2 ( L ) * ( L ) + n 3 ( L ) 5 ( L ) X ] V ( t ) 

+ [ i - n 1 L ] " 1 n 3 ( D 6 ( L ) c ( t ) (55) 

De f i ne the new d i s t u r b a n c e term 

d ( t ) = [ i - n ^ f 1 n 3 a ) 5 ( L ) c ( t ) (56) 

Because H 3 (Z ) may no t be i n v e r t i b l e , C ( t ) may not be fundamenta l 

f o r d ( t ) . However, u s i n g the t r a n s f o r m a t i o n w i t h B l a s h k e f a c t o r s d e s c r i b e d 

i n Hansen and Sargent [ 9 ] , t he re e x i s t s a 0 (L) such tha t 

2x2 

n 3 (z )n 3 (z " 1 ) - 0 ( z ) 0 ( z - 1 ) f o r | z | = 1 

14 

where 0(Z) does no t have any ze roes i n s i d e the u n i t c i r c l e . We may t h e r e ­

f o r e d e f i n e a new s e r i a l l y u n c o r r e l a t e d p rocess V^ (c ) wh ich i s fundamental 

f o r d ( t ) , i . e . , l i e s i n the space spanned by square-summable l i n e a r combina­

t i o n s of c u r r e n t and lagged d ' s , 
(57) 

d ( t ) - [ I - H 1 L ] " 1 0 ( L ) 6 ( L ) V d ( t ) 

S ince E [ C ( t ) V T ( t - J ) ] - [0] f o r a l l J , we have tha t E d ( t ) V T ( t - J ) ] - [0] 

f o r a l l J wh ich i m p l i e s tha t E V d ( t ) V T ( t - J ) - [0] f o r a l l J . 

S u b s t i t u t i n g (57) and (56) i n t o ( 5 5 ) , we o b t a i n 

Y ( t ) 

Z ( t ) 

[ i - n x (D ] "%<D 6 (D [ i - n 1 (L ) ] _ 1 [n 2 (L) <J> (D+n 3 (D <s (L) X ] 

* ( L ) 

" d " 
V ( t ) 

V ( t ) 

(58) 
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which exp resses [ Y ( t ) , Z ( t ) ] as o n e - s i d e d square summable moving averages 

o f the s e r i a l l y u n c o r r e l a t e d p rocesses V d ( t ) and V ( t ) which s a t i s f y 

E V ( t ) V d T ( t - J ) - [ 0 ] . Because the j o i n t [ V d ( t ) , V ( t ) ] p rocess 

i s fundamenta l f o r the j o i n t [ Y ( t ) , Z ( t ) ] p r o c e s s , (58) i s a Wold moving 

average r e p r e s e n t a t i o n o f the j o i n t [ V ( t ) , Z ( t ) ] p r o c e s s . 

Theorem I 

L e t ( X ( t ) , Y ( t ) } be a j o i n t l y c o v a r i a n c e , s t a t i o n a r y s t r i c t l y 

i n d e t e r m i n i s t i c p rocess w i t h mean z e r o . Then {Y ( t ) } f a i l s to Granger 

cause {X( t ) } i f and o n l y i f t he re e x i s t s a v e c t o r moving average r e p r e ­

s e n t a t i o n 

Y ( t ) 11 12 
C X X ( L ) C ^ ( L ) S ( t ) 

X ( t ) 22 
0 C (L) 

U ( t ) 

where E ( t ) and U( t ) a re s e r i a l l y u n c o r r e l a t e d p rocesses w i t h means ze ro 

and EE U = 0 f o r a l l t and s , and where the one s tep ahead l i n e a r l e a s t 
w S 

squares p r e d i c t i o n e r r o r s 

X ( t ) - E ( X ( t ) [ X ( t - 1 ) , . . . . Y ( t - 1 ) , . . . ] ) 

and 

Y ( t ) - E ( Y ( t ) [X( t - 1 ) , Y ( t - 1 ) , . . . ] ) 

a re each l i n e a r combina t ions o f E ( t ) and U ( t ) . Sims [ 3 5 ] . 

Theorem I I 

Y ( t ) can be expressed as a d i s t r i b u t e d l a g o f c u r r e n t and pas t 

X ' s w i t h a d i s t u r b a n c e p rocess tha t i s o r t h o g o n a l to p a s t , p r e s e n t , and 

f u t u r e X ' s i f and o n l y i f Y does not Granger cause X . Sims [ 3 5 ] . 
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Hence, the t r i a n g u l a r c h a r a c t e r o f (58) and Theorem I imp ly t ha t 

Y ( t ) f a i l s to Granger cause Z ( t ) . T h e r e f o r e , by Theorem I I t he re e x i s t s 

a r e p r e s e n t a t i o n o f the form 

Y ( t ) - n ( L ) Z ( t ) + F ( t ) (59) 

00 

n(L ) - I n L J 

J - 0 J 

T 

where F ( t ) i s a c o v a r i a n c e s t a t i o n a r y p rocess such tha t E F ( t ) Z ( t - J ) • 

[0] f o r a l l J , wh ich i s to say tha t Z ( t ) i s s t r i c t l y exogenous i n ( 59 ) . 

One cand ida te f o r the r e p r e s e n t a t i o n guaranteed by S im ' s theorem i s the 

c l o s e d loop system r e p r e s e n t i n g the r a t i o n a l e x p e c t a t i o n s c o m p e t i t i v e 

e q u i l i b r i u m laws o f mo t i on , (54) 
Y ( t ) - [I - n i L ] " 1 H 2 ( L ) Z ( t ) + [I - n i L ] " 1 n 3 ( L ) 6 ( L ) U ( t ) (54) 

However, (54) need not be tha t r e p r e s e n t a t i o n i n wh ich Z ( t ) i s s t r i c t l y 

exogenous. S u b s t i t u t i n g V ( t ) » * - 1 ( L ) Z ( t ) and d ( t ) =» 

[I - n i L ] " 1 n 3 ( L ) e ( L ) 6 ( L ) V d ( t ) i n t o (58) we have tha t 

Y ( t ) - [I - n i L ] " 1 [ n 2 ( L ) + n 3 ( L ) 5 ( L ) X * " 1 ( L ) ] Z ( t ) + d ( t ) (60) 

S ince E d ( t ) V T ( t - J ) - 0 f o r a l l J , E [ d ( t ) Z T ( t - J ) ] - 0 f o r a l l J . L e t 

d ( t ) - F ( t ) and n(L) - [ I - E L ] ~ l [ n 2 ( L ) + n 3 ( L ) 5 ( L ) X * ~ 1 ( L ) ] ; we see tha t 

(55) i s the r e p r e s e n t a t i o n i n s u r e d by S ims . Comparing (60) and (54) we 

see tha t (60) i s the r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m law of mot ion i f 

and o n l y i f X • [0] wh ich as we saw i s e q u i v a l e n t to the c o n d i t i o n tha t 

V ( t ) and U( t ) a re u n c o r r e l a t e d . Hence, the h y p o t h e s i s of s t r i c t exogene i t y 

o f Z ( t ) i s e q u i v a l e n t to the h y p o t h e s i s t ha t X • [0] i n the Wold moving 

average r e p r e s e n t a t i o n ( 5 8 ) . I t i s impor tan t to n o t i c e tha t c o n s i s t e n t 
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es t ima tes o f the mode l ' s parameters may be ob ta i ned by imposing o n l y 

Granger n o n - c a u s a l i t y o f Z ( t ) by Y ( t ) , l e a v i n g X u n r e s t r i c t e d . Hence, 

we may t e s t the n u l l h y p o t h e s i s t ha t X » [0] by r e - e s t i m a t i n g the model 

assuming X = [0 ] . Under the n u l l h y p o t h e s i s t ha t X = [0 ] , the l i k e l i h o o d 

r a t i o s t a t i s t i c i s a s y m p t o t i c a l l y d i s t r i b u t e d w i t h 2(P+1) degrees o f 

f reedom. 

I I I . 2 E s t i m a t i o n of the Model Parameters 

To summarize, the system to be es t ima ted i s 

Y ( t ) - [ i - n ^ f ^ n ^ L ) + n 3 a ) 6 ( L ) x * " 1 ( D ] z ( t ) 

+ [I - n i L ] ' 1 n 3 ( L ) 6 ( L ) C ( t ) (61) 

$ ' 1 ( L ) Z ( t ) - V ( t ) 

E C ( t ) C T ( t - J ) » 0 , E V ( t ) V T ( t - J ) = 0 f o r J + 0 

and 

E C ( t ) V T ( t - J ) =• 0 f o r a l l t and J . 

The u n d e r l y i n g parameters wh ich a re to be es t ima ted are X , the parameters 

o f 5(L) and * A ( L ) as w e l l as the o t h e r parameters appear ing i n the o b j e c t i v e 

f u n c t i o n o f the s o c i a l p lanner of S e c t i o n I I . 2 . For the sake o f s i m p l i c i t y 

the cons tan t term has been dropped. 

As d i s c u s s e d i n Hansen and Sargent [ 9 ] , system (61) may be es t ima ted 

v i a maximum l i k e l i h o o d w i t h a normal d e n s i t y f u n c t i o n . As W h i t t l e [ ] 

p o i n t s o u t , even i f the u n d e r l y i n g s t o c h a s t i c p rocesses are not G a u s s i a n , 

the r e s u l t i n g e s t i m a t e s w i l l have the d e s i r e d p r o p e r t i e s of maximum l i k e l i ­

hood e s t i m a t e s : c o n s i s t e n c y and asympto t i c e f f i c i e n c y . 

Assume tha t we have a sample o f s i z e T f o r [ Y ( t ) , Z ( t ) ] , t = 1, . . . . T. 
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L e t Y T = [ Y 1 , . . . . Y T r and = [ Z * , . . . . Zj]. I f we d e f i n e 

B(L) 
[i - n^Ll'SaWD [ i - i i 1 ] " 1 [ n 2 a ) * ( L ) + n3a)5a)x] 

0 « (L ) 

we may w r i t e the moving average r e p r e s e n t a t i o n o f our system as 

and 

Y ( t ) 

Z ( t ) 

Bj_a) B 2 ( L ) 

0 B 4 ( L ) V 

V. 

r- T 

11 

'22 

= D 

(62) 

where i s a (2x2) p o s i t i v e d e f i n i t e m a t r i x , and D 2 2 i s a (P+ l )x (P+ l ) 

d T 

p o s i t i v e d e f i n i t e m a t r i x , and by c o n s t r u c t i o n , EV^V^ • 0 . 

L e t the c o v a r i a n c e m a t r i x o f (Y.J,, Z^) be 

r T = E [Y^ Z^] , T T i s T(P+2) xT(P+2) 

where the mean o f (Y^,, Z^) i s zero because the means have been s u b t r a c t e d o f f . 

I f ( V ( t ) » v ( t ) ^ a r e J o i n t l - y n o r m a l , then the normal l o g l i k e l i h o o d 

f u n c t i o n f o r (Y^,, Z£) i s 

* T = "1 T ( p + 2 > l o 8 2 n " \ l o g | r T | - \ [VT zj]r 
-1 
T 

(58) 

I t i s immed ia te ly ev i den t tha t d i r e c t l y max im iz ing L^, i s d i f f i c u l t 
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c o m p u t a t i o n a l l y because i s h i g h l y n o n l i n e a r i n the s t r u c t u r a l parameters 

of the mode l . Fu r the rmore , must be i n v e r t e d each t ime i s e v a l u a t e d . 

I n s t e a d , we c o n s i d e r e s t i m a t o r s wh ich have , a s y m p t o t i c a l l y , the 

same p r o p e r t i e s as the maximum l i k e l i h o o d e s t i m a t o r i n the s t r i c t 

Gaus ian c a s e . In p a r t i c u l a r , Hannan [ ] e s t a b l i s h e s the n o r m a l i t y o f 

the e s t i m a t e s assuming tha t ( V d ( t ) , V ' ( t ) ) a re s e r i a l l y independent and 

i d e n t i c a l l y d i s t r i b u t e d w i t h f i n i t e v a r i a n c e . 

Because o f the l a r g e d i m e n s i o n a l i t y of the m a t r i x T^,, Hannan [ ] 

sugges ts an approx ima t ion f o r the term 

[ Y J , zj]rT

A 

We know tha t the t h e o r e t i c a l s p e c t r a l d e n s i t y m a t r i x o f the [ Y T , Z^] 

process i s g i ven by 

S C O - B ( e - * a ) ) D B ( e ^ u > ) * 

wh ere ' denotes complex c o n j u g a t i o n as w e l l as t r a n s p o s i t i o n . Let I(tOj) 

be the per iodogram at f requency ojj • 2 n J / T . 

Making the s u b s t i t u t i o n s 

[ Y ^ , z ' j r " 1 I t r a c e [S(OJ T ) _ 1 I ( u ) T ) ] 
J - l J J 

and 

l o g (det r ) : I l o g {det [S(u).)]} 
T J - l J 

and s u b s t i t u t i n g i n t o the l o g l i k e l i h o o d f u n c t i o n ( 5 8 ) , we have 

T 

L * - - | T(P+2) l o g 211 - \ I l o g (det [ S ( W j ) ] } 

X 
- \ I t r a c e [S(a> T)~ 1 I(a) e) ] 

Z J - l 

(59) 
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which i s to be m in im ized over the f r e e parameters o f the s p e c t r a l d e n s i t y 

m a t r i x , i . e . , B(L) and D, by means of one o f s e v e r a l a c c e p t a b l e i t e r a t i v e 

methods. 

IV . C o n c l u s i o n 

The b u s i n e s s c y c l e i s d e f i n e d by p a r t i c u l a r p a t t e r n s of s e r i a l 

c o r r e l a t i o n and c r o s s - s e r i a l c o r r e l a t i o n among s e t s o f v a r i a b l e s . Among 

the s a l i e n t c h a r a c t e r i s t i c s o f the da ta are the c y c l i c a l r e l a t i o n s h i p s 

between i n v e n t o r i e s , employment, and p r i c e s . In t h i s paper we have c o n ­

s t r u c t e d an e q u i l i b r i u m model of an i n d u s t r y which produces and s e l l s 

s t o r a b l e ou tpu t . The f i r m s i n t h i s i n d u s t r y a re p e r f e c t compe t i t o r s who 

know the a c t u a l p r o b a b i l i t y d i s t r i b u t i o n of the s t o c h a s t p rocesses which 

d i r e c t l y o r i n d i r e c t l y a f f e c t the expected p resen t v a l u e of p r o f i t s . More­

o v e r , the d e c i s i o n s of f i rms r e f l e c t the o p t i m a l use of such knowledge. 

The e q u i l i b r i u m laws o f mot ion f o r p r o d u c t i o n , i n v e n t o r i e s , and p r i c e s are 

capab le of g e n e r a t i n g the p a t t e r n s of o w n - s e r i a l c o r r e l a t i o n and c r o s s -

s e r i a l c o r r e l a t i o n wh ich permeate the a c t u a l d a t a . Desp i t e the assumpt ions 

of p e r f e c t c o m p e t i t i o n and c l e a r e d marke ts , i n v e n t o r i e s of f i n i s h e d goods 

and employment a re c o r r e l a t e d , bo th contemporaneously and over t ime . Both 

the da ta and the examples suggest t ha t i n v e n t o r i e s of f i n i s h e d goods 

respond n e g a t i v e l y to shocks i n aggregate demand and tha t employment 

responds p o s i t i v e l y to shocks i n demand. 

An impor tan t c o n c l u s i o n of the paper i s t ha t c o n s i d e r a t i o n s of 

e q u i l i b r i u m o f t e n f o r c e the modeler to r e j e c t w e l l accepted e x c l u s i o n 

r e s t r i c t i o n s . In the con tex t of t h i s paper , the f a c t tha t i n v e n t o r i e s of 
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f inished goods influence prices forces Che modeler Co attribute agents 

well defined views abouc Che behavior of Che aggregate shock of inven-

Cories over time. When Chese expectations are ra t iona l , the decomposition 

theorem, which is essent ia l ly an exclusion r e s t r i c t i o n , f a i l s . 
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APPENDIX A 

In t h i s s e c t i o n we show tha t the problem of S e c t i o n I I . 2 can be 

fo rmu la ted as a w e l l behaved i n f i n i t e t ime o p t i m a l l i n e a r r e g u l a t o r 

p rob lem. As the theorems used are f a i r l y s t a n d a r d , they are s t a t e d 

w i t hou t p r o o f . The i n t e r e s t e d reader i s r e f e r r e d to the Kwakernaak and 

S ivan [13] o r Sargent [32]. 

Theorem I 

Cons ide r the o p t i m a l l i n e a r r e g u l a t o r p rob lem: 

Max 
V 1 

E , { J" ( X 1 + RX + X^QX + v V + X * P X (1) 
c o t= t Q

 c c c c c 1 c i 1 

sub jec t to X n g i v e n , R < 0 , Q < 0 , P - 0 where 
u t1 

X ( t + 1) = AX( t ) + BV( t ) + X( t + 1) (2) 

T 

where £ ( t + 1 ) i s a v e c t o r wh i te n o i s e w i t h EZZ = V ^ . 

The m a x i m i z a t i o n of (1) i s c a r r i e d out over the parameters of 

feedback r u l e s F t i n 

V t = - F c X t , t = t Q , t Q + 1 t x - 1 

For an a r b i t r a r y {F } t l 1 sequence, the v a l u e of the c r i t e r i o n (1) i s 
C c - e o 

T 
X P X + d where P and d are the s o l u t i o n s to the d i f f e r e n c e 

c o c o c o c o c o c o 

equa t i ons 
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p t - l ' ( A " B F c - l ) T p t + ( A " B F t - l } + R + F t - l Q F t - ] 

d t - l ' d t + t r V t P t 

w i t h t e r m i n a l c o n d i t i o n s P and d = 0 g i v e n . The o p t i m a l c h o i c e of 
C l t l 

the F c ' s i s g i v e n by 

t = t Q , t Q + 1 , t x - 1 (3) 

where P^ i s the s o l u t i o n o f the m a t r i x R i c c a t i d i f f e r e n c e equa t i on 

0 T O 1 0 , T 0 , - l T O 
P ^ _ x = A P ^ A + R - A P J B [ B P | B + Q] B P^A (4) 

w i t h t e r m i n a l c o n d i t i o n P g i v e n . 
C l 

The m a t r i c e s P^ are n e g a t i v e s e m i - d e f i n i t e . When the o p t i m a l 

feedbacks are u s e d , the c r i t e r i o n f u n c t i o n a t t a i n s the v a l u e 

X T P ° X + d 
c o c o c o c o 

where P^ maximizes P° w i t h r e s p e c t to F f c , t = t Q , . . . , t - 1 over 

the c l a s s o f a l l m a t r i c e s P^ tha t s a t i s f y (4) w i t h t e r m i n a l c o n d i t i o n 

P g i v e n . 
C l ' 

Theorem I I 

Cons ide r the l i n e a r o p t i m a l r e g u l a t o r problem where (A, B) i s 

s t a b i l i z a b l e . Wi thout l o s s of g e n e r a l i t y , l e t (A , B) be i n c o n t r o l l a b i l i t y 

c a n o n i c a l fo rm, so tha t 

x x ( t + 1) A l l A i z ] x x ( t ) 
+ 

B l 

x 2 ( t + 1) 0 A 2 2 x 2 ( t ) 0 
V ( t ) 
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where ( A ^ , B^) i s c o n t r o l l a b l e and i s a s t a b l e m a t r i x . W r i t e the 

c r i t e r i o n f u n c t i o n i n the form 

t . - l 

0 t-t. 
t[xj(t) x 2 ( t ) ] 

R l l R 12 

R 2 1 R 2 2 

x x ( t ) 

x 2 ( t ) 
+ v ( t ) Q v ( t ) 

X l ( t l > 

x 2 ( t l } 

where P ( t ^ ) and R are n e g a t i v e s e m i - d e f i n i t e and Q i s n e g a t i v e d e f i n i t e . 

L e t the rank o f the n e g a t i v e s e m i - d e f i n i t e m a t r i x R ^ be r - m where m i s 

T 

the d imens ion of the c o n t r o l l a b l e s u l s p a c e . Let = G G where G i s 

r x m. Assume tha t the p a i r ( A ^ , G) i s d e t e c t a b l e . Then 

( i ) i t e r a t i o n s on the m a t r i x R i c c a t i equa t i on converge to a 

unique n e g a t i v e s e m i - d e f i n i t e m a t r i x t h a t i s independent o f 

the t e r m i n a l m a t r i x P ( t ^ ) . 

( i i ) The o p t i m a l c l o s e d loop system m a t r i x 

(A - BF) 
A l l " B 1 F 1 A 1 2 - B 2 F 2 

*22 

i s s t a b l e . 

Theorem I I I 

Cons ide r the o p t i m a l l i n e a r r e g u l a t o r problem d e s c r i b e d i n Theorem 

I I I . Assume tha t (A, B) i s s t a b i l i z a b l e , p

1 1 ( t 1 ) and are n e g a t i v e 

s e m i - d e f i n i t e and ( A ^ , G ) i s d e t e c t a b l e where G G = - R - Q ' O the rw ise , 
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R^2» ^ 2 2 ' P 1 2 ^ C 1 ^ a n d P 2 2 ^ C 1 ^ a r e a r D ^ - t r a r y sequences . Then 

( i ) i n t e r a t i o n s on the m a t r i x R i c c a t i e q u a t i o n converge to a 

unique m a t r i x independent o f P ( t . , ) . The l i m i t m a t r i x l i m P ( t ) 

i s not n e c e s s a r i l y n e g a t i v e s e m i - d e f i n i t e , a l t hough 

l i m P ( t ) i s n e g a t i v e s e m i - d e f i n i t e . 

( i i ) The o p t i m a l s t a t i o n a r y c l o s e d loop system m a t r i x (A - BF) 

i s s t a b l e . 

( i i i ) P a r t i t i o n i n g F = ( F j ^ ) conformably w i t h the p a r t i t i o n i n g 

of X , F^ i s independent of R ^ and R 2 2 , w h i l e F 2 i s i n d e P e n ~ 

dent of R 2 2 . 

Now c o n s i d e r the s o c i a l p l a n n i n g prob lem o f S e c t i o n I I . 2 , w i t h 

B = I . 1 5 

M a x i m i z e 

N 
l i m E n I {n [A n + U ( t ) ] [ a L ( t ) - I ( t ) + a l ( t - 1)] 

U t=0 U 3 

A n 2

 2 

- -j— [ aL ( t ) - I ( t ) + a l ( t - 1 ) T 

- u ( t ) n L ( t ) - y ( L ( t ) + o ( t ) ) 2 

- ^ [ L ( t + 1) - -Ht)]2 + b o I ( t - 1) 

- ^ [ I ( t + 1) - a l ( t ) ] 2 

s u b j e c t to I ^ and L ^ g i v e n and 

a ( L ) U g ( t ) = V S ( t ) (22) 
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6 <L)*<t) = U y ( t ) 

5 ( L ) p ( t ) = t f ( t ) 
P 

(23) 

- i r P ' - ) (24) 

5 (L )M( t ) = At) (25) 

and the i n f o r m a t i o n s e t £2(t) c o n s i s t s o f a t l e a s t { L ( t ) , I ( t ) , K t ) , 

U ( t ) , p ( t ) } . The parameters o f the s t o c h a s t i c p rocesses o f ( 2 2 ) , 
s 

( 2 3 ) , (24) and (25) a re known w i t h c e r t a i n t y by the s o c i a l p l a n n e r . 

We now w r i t e the above prob lem as a l i n e a r r e g u l a t o r p rob lem, when 

6 , ( L ) = 1 - 5 , L , K t ) - V u ( t - 1) + V ( t ) 

l\l 'J ̂  to to 

5 (L) = 1 - 6 L , o (L ) - 1 - o , L 
P P-j_ . 1 

d e f i n e 

X T ( t + 1) - [L ( t + 1 ) , I ( t + 1 ) , I ( t ) , 1, o>(t + 1 ) , p ( t + 1 ) , 

K t + 1 ) , U ( t + 1)] 
s 

V A ( t ) - [ L ( t + 1) - L ( t ) , I ( t + 1) - a l ( t ) ] 

hi 
3x3 

"22 
5x3 

0 0 

a 0 

1 0 

A n = A 2 1 - [0] 

5x3 

1 0 0 0 0 

0 V 0 0 0 
CO 

0 0 5 0 0 
p l 

0 o- 0 6 , 0 
*1 

0 0 0 0 
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3x2 

1 0 

0 1 

0 0 

B 2 
5x2 

[0] 

De f i ne 

R l l 
3x3 

-A^na - d 

A^na 

-A^naa 

A^na 

2 

-A 1 n - f 

A^na 

nac 

A^na 

A^na 

v 12 R 21 

aA 

~2 

- A 

0 

0 

1 
2 

d 
2 

0 0 
f 
2 

| [A Q +b ] 0 0 0 

a I 
2 

1 
2 

o 
2 

R 22 

0 0 0 0 0 

0 0 0 0 0 

0 0 
d 

" 2 
0 0 

0 0 0 f 
" 2 

0 

0 0 0 0 0 
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Q 
2x2 

e_ 
2 

_ £. 
2 

N o t i c e t h a t the system w i l l then be i n the form 

Maximize 

T 
l i m E I B C [ X T ( t ) R X ( t ) + V T ( t - l ) Q V ( t - 1) ] 
T-*» t - 0 

( A . l ) 

s u b j e c t to 

X ( t + 1) » A X ( t ) + B V ( t ) + I ( t + 1) 

But because V ( - l ) i s i n h e r i t e d by the p l a n n e r and does not a f f e c t h i s 

d e c i s i o n r u l e , we may r e w r i t e ( A . l ) as 

Maxmize 

CO 

l i m E I B C [ X T ( t ) R X ( t ) + V T ( t ) Q V ( t ) ] 

s u b j e c t to 

where 

X ( t + 1) - AX( t ) + BV( t ) + E ( t + 1) 

Q - BQ 

S ince the rank of 

[ B r A U B 1 , A 1 1 B ] = 3 

the p a i r ( A ^ , B^) i s comp le te l y c o n t r o l l a b l e and our system i s i n 

c o n t r o l l a b i l i t y c a n n o n i c a l fo rm. 

2 ^ i s t r i v i a l l y n e g a t i v e d e f i n i t e . Cons ide r R „ wh ich must be 

n e g a t i v e s e m i - d e f i n i t e . 
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- R 
11 

A^na + d 

- A ^ n a 

- A ^ n a A^nao 

n ( A 1 + f ) -A^na 

*1 naa -A^na no 

A necessa ry and s u f f i c i e n t c o n d i t i o n f o r - R ^ to be p o s i t i v e semi-

d e f i n i t e i s t ha t a l l o f the p r i n c i p a l m inors be n o n n e g a t i v e . 

A jna + d > 0 

n ( A j n a 2 + d) + f ) - A 2 n 2

a

2 I 0 

or 

and 

o r 

A x n 2 a 2 f + ndA x + dA j f I 0 

( A j n a 2 + d ) [ A i n

2 a 2 f ] + ( A ^ a ) ( - A 2 n 2

a a 2 + A 2 n 2 a o 2 ] 

, 2 2 2 
+ A^naa[A^n ao - A^n aoCA^ + f ) ] 

o r 

( A ^ n a 2 + d) [ A 1 n 2 o 2 f ] A^naafA^n aa f ] 

A^n a a f + A^n o fd ,2 3 2 2 . A^n a a f 

A L n 2 a 2 f d I 0 

Hence, R ^ i s n e g a t i v e s e m i - d e f i n i t e . 

Now the assumpt ions on our s t o c h a s t i c p rocesses imply tha t (A^B) 
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i s s t a b i l i z a b l e . Note tha t g i ven tha t A - - , B^) i s comp le te l y c o n t r o l l a b l e 

and tha t 0 < B < 1 , t h i s on l y r e q u i r e s t ha t the e i g e n v a l u e s of a r e 

l e s s t ha t 1/vij i n modulus wh ich can be con f i rmed by i n s p e c t i o n , a t l e a s t 

i n the s imp le s p e c i f i c a t i o n o f the s t o c h a s t i c p rocesses used i n t h i s 

append ix . T h e r e f o r e , a l l t ha t remains to show i n o rde r to app ly Theorem 

I I I i s t ha t ( A l l f G) i s d e t e c t a b l e . 

Cons ide r the system 

x x ( t + 1) A l l A 1 2 + 
x 2 ( t + 1) 0 A 2 2 0 

— 

v ( t ) (a) 

Y ( t ) - [G 0] X ( t ) 
n x l 

where - R ^ = G G. 

The d u a l o f t h i s system i s 

X ( t + 1) 
A ' 0 

11 
0 

.T 
A 1 2 A 2 2 

x x ( t ) 

x 2 ( t ) 
U ( t ) (b) 

Y ( t ) = [B* 0 ] X ( t ) 

Theorem 

Kwakernaak and S ivan [p. 4 6 6 ] . The system (a) i s d e t e c t a b l e i f 

and o n l y i f i t s d u a l , the system (b) i s s t a b i l i z a b l e . 

T 
In system (b) = 0- T h e r e f o r e , 
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x x ( t + 1) 0 x x ( t ) 

+ 
GT1 

x 2 ( t + 1) 0 A l l 
x 2 ( t ) 0 

_ _ 
— — 

Since the e i g e n v a l u e s o f A 2 2 a re a l l l e s s than 1 / /B i n modulus, we need 

T T 
on l y e s t a b l i s h tha t the p a i r ( A ^ , G ) i s comp le te l y c o n t r o l l a b l e , wh ich 

T T T 2 T T 

i s t r ue i f and o n l y i f the rank o f [G , A n G ( A ^ ) G ] = 3 , which can 

e a s i l y be e s t a b l i s h e d . 



Appendix B - Numer i ca l Examples 

We now c o n s i d e r v a r i o u s n u m e r i c a l examples o f the c o m p e t i t i v e e q u i l i b ­

r ium emerging from the model o f S e c t i o n I I . 2 . 

As we i n d i c a t e d i n S e c t i o n I I , i n o rde r to compute the e q u i l i b r i u m laws 

o f mot ion f o r [ L ( t ) = I ( t ) ] • [ n L ( t ) , n l ( t ) ] , we s o l v e the f o l l o w i n g s o c i a l 

p l a n n i n g p rob lem; maximize 

E Q I B t [ n [ A 0 + U s ( t ) ] [aL(t) - I ( t+1 )+oKt )J (33) 

- [aL( t ) - I ( t+1 )+aKt)] 2 

- w ( t ) n L ( t ) - | £ [ L ( t ) + p ( t ) ] 2 - § 2 [ L ( t ) - L ( t - l ) ] 2 + n b a l ( t - l ) 

- | S [ I ( t ) + ? ( t ) ] 2 - | S [ I ( t ) - a l ( t - l ) ] 2 

s u b j e c t t o 

a ( L ) U ( t ) = V S ( t ) (22) s 

6 T U W t ) = U s ( t ) (23) 

6 p ( L ) p ( L ) = U p ( t ) (24) 

a D M ( t ) = A t ) (25) 

where w( t ) i s the f i r s t element o f the (Px1) v e c t o r p rocess M ( t ) . At t ime t the 

s o c i a l p l anne r knows [ L ( t - l ) , . . . , I ( t - l ) ] and ( M ( t ) , M ( t - l ) U ( t ) , U ( t - 1 ) , 
s s 

. . . , p ( t ) , p ( t - 1 ) , . . . , t ( t ) , Y ( t - 1 ) , . . . } , as w e l l as the parameters o f ( 2 2 ) , ( 2 3 ) , 

( 24 ) , ( 2 5 ) , and those o f the demand s c h e d u l e , A Q and A 1 . 

The max im iza t i on i s over l i n e a r con t i ngency p lans f o r s e t t i n g [ L ( t ) , 

I ( t ) ] as f u n c t i o n s o f the elements o f the p l a n n e r ' s i n f o r m a t i o n s e t a t t ime t . 

G i ven the o p t i m a l d e c i s i o n r u l e f o r [ L ( t + 1 ) , I ( t + 1 ) ] , the e q u i l i b r i u m laws o f 
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mot ion f o r [ L ( t ) , I ( t ) ] i s ob ta ined by u s i n g [ L ( t ) , I ( t ) = n [ L ( t ) , I ( t ) ] . 

For a l l the examples , s o l u t i o n s are a r r i v e d a t by i t e r a t i n g on the 

m a t r i x R i c c a t i d i f f e r e n c e equa t i on u n t i l the convergence c r i t e r i o n i s f u l f i l l e d . 

In p a r t i c u l a r , s u c c e s s i v e i t e r a t i o n s were performed on the feedback law 

F t = 8 ( Q * 8 B 1 P t B ] " 1 B 1 P t A 

where i t e r a t i o n s on the ma t r i x R i c c a t i d i f f e r e n c e equa t i on 

P t * 1 ' 6 A l p t A * R " 8 2 A 1 P t B [ Q + 8 B 1 P t B ] ~ 1 B 1 P t A 

were s t a r t e d from PQ = 0 . Convergence was c la imed when the norm, d e f i n e d as the 

maximum a b s o l u t e va lue over the elements o f ( F

t + i ~ F

t ) » w a a l e s s than 10 . 

For a l l o f the examples we assumed 8 = . 7 , n = 1 , 0 0 0 , a = . 8 , d = 1 . 5 , e 

= 1 . 4 , f = 1 . 2 . We a l s o s e t s 0 , wh ich i s e q u i v a l e n t to s e t t i n g cons tan t terms 

i n the e q u i l i b r i u m [ L ( t ) , I ( t ) ] equa l to z e r o . As s u c h , the e q u i l i b r i u m 

d e s c r i b e s v a r i a b l e s measured i n d e v i a t i o n s from the mean. 

( I ) A . = . 0 1 0 , g = 1 . 3 , a = 0 . 0 o r a d e p r e c i a t i o n r a t e o f 100 p e r c e n t . 

L ( t ) P. 33750 0 L ( t f ] 

K t ) . 20678 0 K t ) 

- . 0 9 5 6 8 - . 1 7 6 9 6 - . 0 5 4 8 1 .01021 w(t) 
p ( t ) 

- . 0 5 8 6 2 - . 1 0 8 4 2 - . 0 7 0 3 4 - . 0 1 6 7 2 u s ( t ) 

( I I ) A. = . 0 1 0 , g = 1 . 3 , a = . 2 

L ( t ) P. 33550 - . 0 2 5 2 1 ' L ( t ) " | 

K t ) .20511 .16661 K t ) 



- .09442 - . 17432 - .05696 .01031 

- . 05732 - .10565 - .07345 - .01666 

w(t) 
p(t) 
Kt ) 
u y t ) 

( i n ) A. = . 010 , g = 1 .3 , a - .5 

L ( t ) 

Kt) 

.33603 - . 05845 

.20700 +.42522 

L ( t ) 

Kt ) 

- .09361 - . 17230 - . 06218 .01019 

- .05661 - .10371 - .08064 - . 01692 

w(t) 
p(t) 
Kt ) 
U (t) 

s 

( IV) A . = . 0 1 0 , g = 1 .3 , o- = .9 

L-(t) 

Kt) 

.36381 - .02064 

.24159 .87532 

L ( t ) 

Kt ) 

- . 10340 - .19117 - .08547 .00811 

- .06817 - . 1 2 5 7 3 - . 10970 - .01955 

w(t) 
p(t) 
Kt ) 
u3(t) 

(V) A 1 = . 0 0 1 , g = 1 .3 , a = 0 .0 

L(t) 

Kt ) 

.41677 0 

.08218 0 

L ( t ) 

Kt ) 

- .12199 - .22734 - . 02233 .04130 

- .02405 - . 04483 - .12271 - .06580 

w(t) 
p(t) 
<r (t) 
u s(t) 



(VI ) A. = . 0 0 1 , g = 1 .3, O = .2 

L ( t ) 

Kt ) 

.141615 - .01037 

.08021 .13823 

L ( t ) 

Kt) 

( IX) 

-.12167 - .22668 - .02267 .04169 

..02290 - .04246 - .12689 - .06474 

w(t) 
p(t) 
f(t) 
u3(t) 

(V I I ) A 1 = . 0 0 1 , g = 1 .3 , a = .5 

.41483 - .02911 

.07540 .33669 

r L(o 1 

Kt) 

L(t) 

Kt ) 

- .12102 - . 22535 - .02660 .04253 

-.02038 - .03725 - .13095 - .06184 

( V I I I ) A 1 = . 0 0 1 , g = 1 .3 , a = .9 

w(t ) 
P ( t ) 
f(t) 

L U s ( t ) 

r L( t)i .41219 - .06546 lut) 

Kt) .06450 .55782 Kt) 

.11980 - . 22280 - .02073 .04428 

.01507 - .02624 - .12885 - .05484 

w(t) 
p(t) 

u3(t) 

A 1 = . 010 , g = . 3 , a = .9 

L(t) 

Kt ) 

.42445 - . 02823 

.31959 .86650 

r L ( t ) 1 

Kt) 
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(X) 

12307 -.22848 -.11481 .00343 

.09188 -.17011 -.14633 -.02571 

'w(t) "I 
p(t) 
K t ) 

- Lu s(t)J 

A. s . 0 1 0 , g = . 1 , a = .9 

r L(t) I [. 44195 -.030501 rutn 

. Kt ) . ..34190 .86389. . K t ) . 

.12888 - . 23995 -.12337 .00210' 

.09882 -.18317 -.15692 -.02746 

(XI ) A 1 = .010, g = .00001, a = .9 

.45171 -.031781 | " L ( t ) 

L.35431 .86242. . I ( t ) J 

*w( t ) 1 
p ( t ) 
K t ) 

• LytxJ 

r L ( t ) -] 

13215 -.24580 

10272 -.19051 

12817 .00135" 

16284 -.02843 

w(t) 
p ( t ) 
• K t ) 

J ( t ) . 
5 

Whi le we r e p o r t the f o l l o w i n g r e g u l a r i t i e s observed i n the s p e c i f i c 

examples c a l c u l a t e d , no c l a i m s are made f o r t h e i r r obus tness i n the face o f 

a l t e r n a t i v e s p e c i f i c a t i o n s f o r equa t i ons ( 2 2 ) , ( 23 ) , ( 2 4 ) , ( 25 ) , and the o the r 

parameters o f the model . 

3Ut+1) 
3 L ( t ) 

aut+o 
3I(t) > 0, -frf— • J-l-r;{ - 0 , ffifcj? > 0 , 

3Kt+1) 
3Ut) 

3I( t+1) 
3 I ( t ) 

3 I ( t f 1 ) . n 3 I ( t *1 ) 3L(t+1) s n 3 U t + 1 ) x n mt) <
 U ' 3U ( t ) U ' 3 p ( t ) U ) 3U ( t ) > U 

3 3 



aut+n , n 3L ( t - fD , n a ict fD „ n ai ( t f i ) „ 
3w(t) ' 3Y(t) * 3p(t) ' 3w(t) 

3 [ 3 I ( t + 1 ) / 3 I ( t ) l s n 3 { l 3L ( t+1 ) /3w( t ) l l . n 

3o > u ' 3o < J 

3 [ | 3 I ( t +1 ) / 3U ( t ) |1 

—~ > ° 

3 [3L ( t+1 ) /3L ( t ) ] , n 

3 A 1

 < u 

3[ l 3 L ( t » 1 ) / 3 I ( t ) l l x n 3 [3 I ( t+1 ) /3 I ( t )1 . 
3A 1

 > u ' 3A 1

 > 0 

3 [ 3 I ( t + 1 ) / 3 L ( t ) l ^ n 3 [ | 3 L ( t + l ) / 3 w ( t ) l l „ . 
3 A 1 * ° ' 3 A 1 < 0 

3[,3L<t+1)/3U ( t ) | l « Q | 3 t | 3 K t ^ 1 ) / 3 w ( t ) | l > Q 

3A 1

 w ' 3A 1 

3[|3l(t+1)/3U <t)|] 
W^~<° 

3 [ 3 L ( t + 1 ) / 3 L ( t ) l . n 3 ( 1 3 L ( t + 1 ) / 3 I ( t ) | ] , n 

3g U ' 3g < ° 

3 [ 3 I ( t - f 1 ) / 3 L ( t ) l , n 3 [ 3 L ( t f 1 ) / 3 I ( t ) ] . 
3g < ° ' 3g > 0 
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FOOTNOTES 

^"For a more d e t a i l e d d i s c u s s i o n o f m u l t i - a g e n t s t a t i s t i c a l d e c i s i o n 
t h e o r y , see P r e s c o t t and Townsend [28 ] . 

2 
Agents c a r e about these s t o c h a s t i c p rocesses i n as much as they 

i n f l u e n c e the v a l u e of t h e i r o b j e c t i v e f u n c t i o n s . 

3 
In Hansen and Sargent [ 9 ] , the e r r o r term used f o r e s t i m a t i o n 

purposes emerges from shocks to the p r o d u c t i v i t i e s o f f a c t o r s of p r o d u c t i o n 
wh ich are observed by agents but not by the e c o n o m e t r i c i a n . A d i f f e r e n t 
model o f the e r r o r term emerges from shocks to the c o s t s o f ad jus tment . 

4 
An (m x 1) v e c t o r wh i te n o i s e I ( t ) i s fundamenta l f o r an (m x 1) 

v e c t o r p rocess l ( t ) i f the v e c t o r of one -s tep -ahead l i n e a r l e a s t squares 
e r r o r s i n p r e d i c t i n g l(t) f rom past l's can be w r i t t e n as a l i n e a r 
combina t ion o f the E ( t ) ' s . 

^ F o r most of t h i s pape r , t h i s assumpt ion can be r e l a x e d and r e p l a c e d 
by assuming p ( t ) , ~\>(t) and Z ( t ) a re of mean e x p o n e n t i a l o rde r l e s s than 

1 / / B . A s t o c h a s t i c p rocess {Y ( t ) } i s s a i d to be of mean e x p o n e n t i a l o rde r 

l e s s than 1/B i f f o r some K > 0 and 1 < X < 1 / B , E c Y ( t + J ) < K ( X ) t + J f o r 
a l l t and J g r e a t e r than z e r o . 

^Both problems I and I I a re o f the form of those c o n s i d e r e d i n 
Sargent [32] and Hansen and Sargent [ 9 ] , the l a t t e r of wh ich d e a l s w i t h 
a g e n e r a l c l a s s o f dynamic s t o c h a s t i c o p t i m i z a t i o n p rob lems . 

7 The above i s mode l led a f t e r a s i m i l a r p roo f i n Sargent [ 32 ] , 
pp. 197-198 . 

8 -1 
Desp i t e the presence of L i n ( 10 ) , the e x p r e s s i o n f o r 

CO 

r 1 
I 5 E + Z ( t + J + 1 ) depends o n l y on i n f o r m a t i o n tha t the agent has 

J=0 
a t t ime t . T h i s i m p l i e s tha t i n equa t i on (11) a l l o f the r i g h t - h a n d - s i d e 
e x p r e s s i o n a re known to the f i r m a t t ime t . 

9 
Hansen and Sargent d i s c u s s the r o l e of Granger C a u s a l i t y and 

economet r ic exogene i t y i n the con tex t o f dynamic l i n e a r r a t i o n a l e x p e c t a ­
t i o n s models more f u l l y i n Hansen and Sargent [9] and [10 ] . For a g e n e r a l 
d i s c u s s i o n of Granger C a u s a l i t y i n n a t u r a l r a t e mode ls , see Sargent [29 ] . 
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10 
A s u f f i c i e n t c o n d i t i o n f o r the con t i ngency p l a n s to be l i n e a r i s 

t ha t the l e a s t squares p r e d i c t i o n s o f the u n c o n t r o l l a b l e s t o c h a s t i c 
p rocesses be l i n e a r f u n c t i o n s o f the e lements o f the r e p r e s e n t a t i v e f i r m ' s 
i n f o r m a t i o n s e t ft(t). 

^^"It can a l s o be shown tha t the t r a n s v e r s a l i t y c o n d i t i o n s of the 
two problems a re the same. 

12 
As noted i n the t e x t , knowledge o f these parameters enab les us 

to work backwards and de termine the parameters o f the d e c i s i o n r u l e of the 
r e p r e s e n t a t i v e f i r m . 

13 
See Appendix A of Hansen and Sargent [ 10 ] . 

14 

I f A ^ , Z^ are the ze roes o f n(Z) t ha t l i e i n s i d e the u n i t 

c i r c l e , m u l t i p l y i n g II(Z) by B laschke f a c t o r s we o b t a i n 
(1 - Z Z) . . . (1 - Z Z) 

9(Z) - n(Z) (Z - z x ) . . . (Z - z k ) 

S e t t i n g B = 1 i n v o l v e s no l o s s of g e n e r a l i t y s i n c e the d i s c o u n t e d 
problem may always be fo rmu la ted as an und iscoun ted p rob lem. I f the 
o r i g i n a l system i s 

N 
Maximize l i m E_ £ B t { X T ( t ) R X ( t ) + V T ( t ) Q V ( t ) } 

N-«o u

 t =0 

s u b j e c t to 

X ( t + 1) » AX( t ) + BV( t ) + E ( t + 1) 

d e f i n e the t rans fo rmed v a r i a b l e s 

X ( t ) - B t / 2 X ( t ) and V ( t ) = B t / 2 V ( t ) 

The d i s c o u n t e d problem i s then e q u i v a l e n t to the und iscoun ted l i n e a r 
r e g u l a t o r p rob lem: 

Maximize 

l i m E„ I ( X T ( t ) R X ( t ) + V T ( t ) Q V ( t ) 
t - 0 

s u b j e c t to 

X ( t + 1) - B 1 / 2 A X ( t ) + B 1 / 2 V ( t ) + B 2 e ( t + 1) 
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by cho i ce o f c o n t r o l law o f the form 

V ( t ) - - F X ( t ) 

from which the o p t i m a l c o n t r o l law o f the o r i g i n a l p rob lem, V ( t ) • F X ( t ) 
can be c a l c u l a t e d . 

The c o n s t a n t s w i l l be equa l to ze ro i f the parameter AQ o f the 
i n d u s t r y demand curve i s s e t e q u a l to z e r o . The r e s u l t i n g e q u i l i b r i u m 
shou ld then be thought of as d e s c r i b i n g v a r i a b l e s measured i n d e v i a t i o n s 
from t h e i r means. 

17 * 
Let 9 be a (2 x 1) v e c t o r of t r u e pa ramete rs . We s t a r t w i t h a 

g i ven po in t 8 , known as the i n i t i a l g u e s s , and genera te a sequence of 

p o i n t s of 8.j, . . . wh ich h o p e f u l l y converges to the p o i n t 8 a t wh ich 

the l i k e l i h o o d f u n c t i o n L (8 ) i s minimum. I f L ( 8 i + 1 ) < L ^ ) f o r a l l i , 

then the i t e r a t i v e method i s s a i d to be a c c e p t a b l e . 
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