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On Ex is tence and Uniqueness o f S t a t i o n a r y D i s t r i b u t i o n s 

Without C o n t i n u i t y 

Sec t ion 2. P r o p o s i t i o n s and Proo fs 

In t h i s sec t i on we present the two main r e s u l t s of the 

paper and c o r o l l a r i e s . 

Theorem 1 e s t a b l i s h e s the ex i s tence of f i xed po in t s f o r 

monotone maps de f ined on a space o f measures. C o r o l l a r i e s 1 and 2 

are a p p l i c a t i o n s of Theorem 1 to Markov P rocesses . Theorem 2 

g ives s u f f i c i e n t cond i t i ons f o r the i n v a r i a n t measure guaranteed 

t o e x i s t by Theorem 1 to be un ique . 

The proof o f Theorem 1 i n v o l v e s d e f i n i n g an ant isymmet­

r i c o rder on the space o f measures on a compact subset o f B n w i th 

min imal and maximal e lements . The order i s shown to have adequate 

c o n t i n u i t y p r o p e r t i e s so tha t every l i n e a r l y ordered subset has a 

sup. The proof of the theorem i s then a d i r e c t a p p l i c a t i o n o f the 

K n a s t e r - T a r s k i f i x e d po in t theorem (see Dugund j i , pg . l U ) . 

D e f i n i t i o n : f o r x ,y members of R N , l e t X < y i f X i < ]TJ i • 1 , 

. . . , n. Let S be a compact subset o f R N w i t h minimal and maximal 

elements a , b , i . e . , f o r a l l x e S , a < x < b . A 

f u n c t i o n f : S • R i s s a i d to be monotone i f whenever x < y , 

f ( x ) < f ( y ) . For E C S , l e t E > ( E < ) = {yeS: y>x(y<x) f o r some 

xeE}. 

Lemma: I f E i s a c losed subset of S and G an open subset o f S , 

then E < and E > are c l o s e d and G < and G > are open. 
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p f : Let y n • y and y n e E j . Then there e x i s t x n e E such that 

x R < y n . S ince E i s compact, x n • x e E f o r some subsequence. 

But by c o n t i n u i t y of <, x < y so y e E^ . 

Let y e G ^ . Then there e x i s t s an element x e G such 

tha t y < x . Let U = ( G - ( x - y ) ) f \ S . Then U i s open, con ta ins y and 

i f y* e U, then y ' = x ' - ( x - y ) f o r some x ' e G and s ince ( x -y ) > 0 , 

x* = y* + (x-y) > y ' . Thus G < i s open. 

S i m i l a r arguments can be used to show that E < i s c l osed 

and G > open. 

Let M be the c l a s s of bounded, monotone, measurable and 

nonnegat ive r e a l valued func t ions on ( S , S ) , where S i s the Bo re l 

o -a lgebra o f subsets o f S . 

Let [a,b] = {xeR n : a<x<b}. Let GC- [a ,b ] be an open set 

( i n the r e l a t i v e topology of [a,b]) w i th G = G < . Let y: 

[a,b] • [0 , l ] be a correspondence de f ined by: 

Y(x) = { X e | 0 , l l : X a + ( l - X ) x e G c } 0 {0}. 

Def ine p: [a,b) • [0 , l ] by p(x) = max {X: Xey(x) } . y i s non­

empty valued and G c i s compact. Hence p i s w e l l d e f i n e d . 

C l a i m : p i s con t inuous . 

P r o o f : I t w i l l s u f f i c e to show tha t y i s a cont inuous co r respon ­

dence. The conc lus i on w i l l f o l l o w from Berge (1959) . Upper hemi -

c o n t i n u i t y can be e a s i l y checked n o t i c i n g the graph o f y i s 

c l o s e d . To see tha t y i s lower hemi -con t inuous , l e t V be an open 

s e t i n ( 0 , 1 ) . Denote g(X,x) = Xa + ( l - X ) x . The func t i on g can 



- 3 -

e a s i l y be checked to be con t i nuous , non - i nc reas ing i n X and non-

decreas ing i n x . Suppose g( X,x) e G c f o r some X e V. We w i l l 

show that there e x i s t s an open set U i n [a,b] such that x e U and 

fo r x 1 e U, Y ( X ' ) V * <f>. Without l o s s of g e n e r a l i t y we can 

assume 0 j V . Then ( X ' , X ) e V fo r X' < X. Let 

W = g ( ( X ' , X ) X { x } ) . S ince g i s a f f i n e f o r f i x e d x , W i s open i n 

( a , b ) . A l s q , g (« , x ) i s non - i nc reas ing and G c = ( G c ) > (as can be 

e a s i l y v e r i f i e d ) , so W C - G C . S ince g i s con t inuous , g _ 1 ( w ) i s 

open. A l so ( X ' , X ) X { x } C g - 1 ( W ) . Hence, there e x i s t s open sets 

U ' , U where U' x U C g - 1 ( w ) , x £ U and U' A ( X ' , X) * <J>. For anv^g) ^ 

e U, g ( U ' x { x } ) c W C G C , and thus there e x i s t s some X€V such that * 
A 

g ( X , x ' ) e G c . 

Lemma: p i s i n c r e a s i n g . 

p f : Suppose x > y . I t w i l l s u f f i c e to show that Y ( y ) c Y ( x ) . 

Without l o s s o f g e n e r a l i t y assume x j G and y £ G . Suppose 

X e Y ( y ) . Then Xa + ( l - X ) y e G c . But s i nce y < x , Xa + ( l -

X)y < Xa + ( l - X ) x and hence X e y(x). 

For E a c l osed subset of S abusing no ta t ion we w i l l H v f - ' 4 -

denote p(E) = min {p(x): xeE}. S ince E i s compact and p i s c o n - * v 

t i n u o u s , t h i s i s w e l l d e f i n e d . Le t C M = {feM: f i s con t inuous} . 

P r o p o s i t i o n 1: For any bounded measure y on ( S , S ) , where S i s the 

B o r e l a -a lgebra o f subsets of S , C M i s L X ( y ) dense i n M. 

p f : case 1: Suppose g i s a monotone i n d i c a t o r f u n c t i o n . Then 

g = f o r s o m e s e t A « F i x e > 0. S ince S i s a met r ic space , \t 

i s a regu la r measure. Thus there e x i s t se ts 0c5 and DC-S c l o s e d 
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such that C c A , DcA c and u(AAC) + u(DAA c) < e. Let E = Cv n 

By 

prev ious lemma E i s c l osed and tha t E f\ D = $ can be e a s i l y 

checked. 

S ince S i s a normal space , there e x i s t d i s j o i n t open 

subsets U, V of S such that D C U and E C V . Let G = U < and 

F = ( V c ) < . Then G i s open, F i s c l osed and G C F. Fur thermore, 

F(] E = $ can be e a s i l y checked. Def ine f : [a,b] • [0 , l ] by 

f i x ) = „ i „ a , - g } 

We need to check that p(E) > 0 . For t h i s purpose, l e t 

x c E. S ince E A F = <fr, there e x i s t s an open set W such that x e W 

and W( \F = S ince g i s con t i nuous , g_1(w) i s open and (0 ,x) 

£g_1(w). But then there e x i s t s some X > 0 such tha t g (X ,x) 

1 ( W ) C F C C G C « Hence, fo r x e E, p(x) > 0 . S ince p i s cont inuous 

and E compact, p(E) > 0 and the d e f i n i t i o n o f f i s J u s t i f i e d . 

For x e E , f ( x ) = 1 and f o r x e G, f ( x ) = 0 . Thus 

* ^ D U C = ^ D V j C * Fur thermore, f i s cont inuous s i n c e p i s c o n t i n u ­

o u s . We w i l l now show that f i s monotone. Choose x e S , y e S 

such tha t y < x . I f y e E then x e E and f (x ) = f ( y ) . A l s o , i f x 

e G , f ( x ) * f ( y ) . I f x e E or y e G then f (x ) > f ( y ) . So assume 

y and x are not i n E V/G. S ince y < x and G s a t i s f i e s assumptions 

o f p rev ious lemma, p(y) < p (x ) , so f (y ) < f ( x ) . The r e s t r i c t i o n 

o f f t o S , f g : S • | 0 , l ] i s a l s o cont inuous and monotone. F i n a l l y 

C 

+ / c IV 
(CUD) C 

< y((CUD)c. 
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Case 2: Suppose g i s a monotone s imple f u n c t i o n , i . e . , 
n 

g(x) = £ c i X a ( x ) . Without l o s s o f g e n e r a l i t y assume c* < c . 
i = l 1 

whenever i < J , and (\ Aj = <j> f o r i * J . Wr i te 

n i 
« (x ) = I ( I a )x. ( x ) , where a . = c . - c , , and c n = 0 . 

i = l j = l J A i 
Let e>0. For each i = 1, . . . ,n l e t g 4 ( x ) = x A " L e t 

y e v a. and y < x . Then g(x) > g(y) and thus ye VJ A , . So the 
J> i J J> i J 

f u n c t i o n s g^ are monotone. A l s o , 

n i n n 
g • I i I a . )x. = I a . I x. = I a g . 

i = l J= l J i i = l J>i A J i = l 

By prev ious s t e p , there e x i s t cont inuous and monotone f ^ : S • [0 , l ] 

w i t h lf± - 6 i l L ( u ) < . Let f = 1*^1. S ince a.± > 0 f± i s 
1 n 

monotone, cont inuous and non-nega t i ve . F i n a l l y 

, f - g , L , , = ' K'f 1*1*1* " ' ̂ iVi1' 
l ( p ) 

< I ^ l f ^ l < n c n 

e = e . nc n 

Case 3: Suppose g E M. Then by the s tandard proof of denseness 

of s imple func t i ons i n L^(u) we can approximate g by a monotone 

s imple f u n c t i o n . T h i s , together w i th r e s u l t s f o r the p rev ious 

case show tha t g can be approximated by a con t i nuous , monotone and 

non-negat ive f unc t i on f i ( l ) 

Let A be the space of bounded measures on S . For (u ,v ) 

i n A x A we w i l l say tha t y > v o r u i s s t o c h a s t i c a l l y g r e a t e r 

than v, i f J fdy > J fdv f o r a l l f e M. 

P r o p o s i t i o n 2: u > v i f an on l y i f / f d y > J fdv f o r a l l f e C M . 
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p f : Necess i t y i s immediate by d e f i n i t i o n . Suppose g e M. By 

p r o p o s i t i o n 1 there e x i s t s a sequence { f n K *"n e ( "M' w * * h 

•f n - g "j^lf u + v ) + 0 a s n + "* N o t i c e t h a t s ince f n are p o s i t i v e and 

bounded, If - g l - 1 / x + 0 and I f - g P T l , , • 0 as n *• n L i u ; n L (v) 

Suppose /gdu < Jgdv. Then there e x i s t s some N such that 

f o r n > N, / f n d y < / f n d v , c o n t r a d i c t i n g the fac t t ha t J fdu > / f d v 

f o r a l l f e C M . 

Let Gr (>) = {(u,v)eAxA: p>v}, the graph of > i n A x A. 

Lemma: Gr (>) i s weak-* c l o s e d . 

p f : Suppose u n > v n and u,, • u, v n • v. Let f e C M . Then 

| J fdUn-J fdu l + 0 and | / f d v n - / f d v | + 0 . S ince 

/ f d u n > / f du f o r a l l n, / f d u > / f d v . By p rev ious lemma, u > v . 

Lemma: > i s an an t i -symmet r i c p a r t i a l o rde r . 

p f : R e f l e x i v i t y and t r a n s i t i v i t y are immediate. Hence we need to 

prove tha t i f u > v and v > u then u = v . No t i ce tha t 

u(S) = v(S) < » . Without l o s s o f g e n e r a l i t y , assume u(s) = 1. 

Let F y and F y be the cor respond ing d i s t r i b u t i o n f unc t i ons o f u and 

v. S ince y > v , 

F„(x> = 1 - / X [ y < x ]

c d u < 1 - / X ( y < x ]

c d v = F v ( x ) , 

s i n c e X [ y< x ] c ^ 8 a monotone, bounded and non-negat ive f u n c t i o n . 

S ince v > u, the reverse i n e q u a l i t y i s a l s o t rue and hence 

F y ( x ) = F v ( x ) . 
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P r o p o s i t l o n 3: Let C be a cha in i n A r e l a t i v e t o >, i . e . , a 

l i n e a r l y ordered (>) subset o f A. Then u* = sup C e x i s t s and C 

converges (as a net d i r e c t e d by i t s e l f ) to y * . 

p f : Since C i s a c h a i n , i t i s a net d i r e c t e d by i t s e l f and the 

i d e n t i t y f u n c t i o n . S compact imp l i es that A i s weak-* compact. 

Hence there i s a subnet C that converges t o y * . We w i l l now show 

tha t y = sup C. 

We show f i r s t that y* i s an upper bound fo r C. Le t 

v e C . Let C" = {yeC' : y>v}. C" i s a subnet of C so i t c o n -
H 

verges to y . By prev ious lemma, the graph of > i s c l osed and 
* 

thus y > v. 

F i n a l l y , we need to show tha t y* i s a l e a s t upper 

bound. Suppose towards a c o n t r a d i c t i o n tha t v* i s another upper 

bound and there e x i s t s f e C M w i th / f d v * < / f d y * . S ince C c o n ­

verges t o y * , t he re e x i s t s y on C* w i th / f d v * < / f d y , and hence v* 

i s not an upper bound. 

We w i l l now show tha t c converges to y * . Suppose no t . 

Then there e x i s t s an open set U, such tha t y e U and f o r every 

y e C there e x i s t s y ' > y w i th y ' e U ° . Let C 1 = C U ° . C i s a 

c o f i n a l subset o f C and can e a s i l y be v e r i f i e d to be a subnet o f C 

(see K e l l e y , 1955, pg . 65-70). By compactness, C* has a f u r t h e r 

subnet that converges t o some element y' e A. As seen p r e v i o u s l y , 

y' i s a sup f o r C , and thus y' < y* and y* < y so by antisymmetry 

o f <, y' = y * . But t h i s c o n t r a d i c t s the d e f i n i t i o n o f C . 

We are now i n c o n d i t i o n s to prove one of the main r e ­

s u l t s of the paper . 
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R e c a l l tha t S i s a compact subset of R n c o n t a i n i n g 

elements a , b such that i f x e S then a < x < b, and A i s the se t 

o f bounded measures on S . 

Theorem 1: Le t T: A • A be a monotone f unc t i on r e l a t i v e to the 

s t o c h a s t i c dominance o rde r . Then T has a f i x e d p o i n t , i . e . , there 

e x i s t s v E M such tha t u = Tu. 

p f : By p r o p o s i t i o n 3, every cha in i n M has a sup. Let 6 a e A, 

denote the measure w i t h : 

a V A ; 7 o o therwise* 

Then 6 & < u f o r every v e A. Thus 6 & < T 6 & , and by assumption T 

i s monotone. Thus the hypothes is o f K n a s t e r - T a r s k i 1 s f i x e d po in t 

theorem (see Dugund j i , pg. l U . ) a re s a t i s f i e d and the conc lus i on 

f o l l o w s . 

We w i l l now s ta te some c o r o l l a r i e s tha t prove u s e f u l i n 

many economic prob lems. 

Let P: S x S • ( 0 , l ] be a t r a n s i t i o n func t i on f o r a 

Markov P r o c e s s . We w i l l say tha t P i s i n c r e a s i n g i f x e S , y e S 

and y < x => P(x ,») > P ( y , • ) i n the s t o c h a s t i c o rde r sense. 

The t r a n s i t i o n P induces a map T: A • A by : 

Tu(A) = /p (x ,A)u (dx) 

C o r o l l a r y 1: I f S has the p r o p e r t i e s l i s t e d above and P i s i n ­

c r e a s i n g , then T has a f i x e d po in t on A. 
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p f : We w i l l show that T i s monotone on S . Let y ' and y be e l e ­

ments of A such that y* > y. Let f e M. For X e A, denote 

<TX,f> = / f d X . We w i l l show <Ty', f> > <Ty,f>. S ince monotone 

i n d i c a t o r func t ions are dense in the monotone func t ions of L^(Ty) 

and L ^ ( T y ' ) , we may assume without l o s s o f g e n e r a l i t y that f = xA» 

a monotone i n d i c a t o r f u n c t i o n . For x ' > x , P ( x ' , A ) = 

/x A (s)p(x* ,ds) > /x A (s) P (x ,ds ) = P ( x , A ) , s ince xA e M and P i s 

i n c r e a s i n g . Hence P( «,A) e M. Thus i f y ' > y then <Ty' ,f> = 

Ty ' (A ) = / p ( x , A ) y ' ( d x ) = /p (x ,A )y (dx ) = Ty(A) = <Ty,f> and the 

proof i s complete. 

Many problems on economic dynamics have the f o l l o w i n g 

s t r u c t u r e : Given a s t a te space S and a random v a r i a b l e e on the 

space (E,e) wi th d i s t r i b u t i o n y, the e v o l u t i o n of the s t a t e i s 

descr ibed by a mapping g : S x E • S , where i f at t ime t the s t a t e 

i s S t and r e a l i z a t i o n o f e i s e^., then s t + 1 = g ( s t , e t ) . Th i s 

s t r u c t u r e induces a mapping P: S x S • | 0 , l ] de f ined by P ( s , A ) = 

y{e: g (S ,e )eA } , which under appropr ia te c o n d i t i o n s i s a t r a n s i t i o n 

f u n c t i o n f o r a Markov P r o c e s s . 

Lemma: Suppose g i s monotone fo r each e e E . Then P i s i n c r e a s ­

i n g . 

p f : Let s ' > s . Let g be a monotone i n d i c a t o r f unc t i on o f a set 

A . Then we need to show tha t P ( s ' , A ) > P ( S , A ) . Let 

E_ = (e: g (s ,e )eA} and de f ine s i m i l a r l y E _ , . I t s u f f i c e s to show s s 

tha t E g d E g I . Let e e E g . Then g ( s , e ) e A . But then 

g ( s , e ) < g ( s * , e ) e A s ince A i s a monotone s e t . 
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p f : See appendix . 

C o r o l l a r y 2: I f g i s measurable i n S x E and monotone i n S f o r 

each e e E, then g induces a Markov Process which has a s t a t i o n a r y 

d i s t r i b u t i o n . 

• p f : As shown i n the appendix , g induces a t r a n s i t i o n func t i on 

P. S i n c e , as proved above, P i s i n c r e a s i n g , the process has an 

i n v a r i a n t measure by c o r o l l a r y 1. 



-11 -

Sec t i on 2.2 Uniqueness and G loba l S t a b i l i t y 

In t h i s sec t i on we w i l l p rov ide cond i t i ons under which 

the i n v a r i a n t d i s t r i b u t i o n fo r the process i s unique and g l o b a l l y 

s t a b l e . 

We say that t r a n s i t i o n P s a t i s f i e s the s t a b i l i t y c r l t e - 

r l o n i f there e x i s t s a po in t s e S , e > 0 and N such tha t 

P N ( b , I a , x * ] ) > e and F * ( a , ( x * , b | ) > e. 

Theorem 2: Suppose P i s i n c r e a s i n g and s a t i s f i e s the s t a b i l i t y 

c r i t e r i o n . Then there i s a unique and g l o b a l l y s t ab l e s t a t i o n a r y 

d i s t r i b u t i o n f o r P. 

p f : F i x N as g iven by the s t a b i l i t y c r i t e r i o n . Let 6 X denote the 

p r o b a b i l i t y measure tha t concent ra tes a l l the mass on the se t 

{x}. We w i l l prove tha t the f o l l o w i n g i n e q u a l i t y h o l d s : 

( l - e ) « a + e« a» < T % < T X < ( l - e ) ^ + e « 8 # 

where e i s g iven by the s t a b i l i t y c r i t e r i o n . For t h i s purpose l e t 

f e M. 

/ fdT*5 = / _ fdT N « + / . f d T N 6 1 a i * a ' * a 
X<S X>8 

> f (a ) (1-e) + f ( s * ) e 

= /f(s) d { ( l - e ) 6 +e6 *}. 
& s 

The r i g h t hand s i de i n e q u a l i t y can be proved i n the same way. 

T N 5 < T^fi s i nce T i s i n c r e a s i n g . The above i n e q u a l i t y i m p l i e s : 
OL O 

( l - e ) T k 6 + eT^S * < T k + N 5 < ( l - e ) T k 5 v + eT k « ». a s a b s 
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Since by P r o p o s i t i o n 3 monotone sequences converge T * ^ • X ^ , 

k Ic T • X^, and i f necessary a long a subsequence, T 5g* • *g*« 

Hence the f o l l o w i n g i n e q u a l i t y h o l d s : 

( l - e ) X a + e X g * < X a < X b < ( l - e ) X b + e X g » . 

X a - ( l - e ) X a > e X g * so X & > X g * 

S i m i l a r l y X^ < X g * . s i n c e X a < X^ and > was shown to be t r a n s i ­

t i v e and au t i symmet r i c , X a = X g * = X b . Le t u e A. Then 

T k 6 a < T k p < T * ^ and thus T k u • X & . That X & i s an i n v a r i a n t 

measure f o l l ows from the f a c t that there i s an i n v a r i a n t measure 

* k * 
U and T v * 6 g . Uniqueness and g l o b a l s t a b i l i t y f o l l o w . 
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Notes 

( l ) In prov ing t h i s p r o p o s i t i o n the on ly fea tu res o f S C R n and < 

be ing the order de f ined used , i s the fac t tha t < i s a cont inuous 

p a r t i a l o rde r , R n i s a normal space and (f i n ,<) i s an ordered 

t o p o l o g i c a l vec to r space, ( S h a f e r , 1971) i . e . , a t o p o l o g i c a l 

v e c t o r space X w i th a p a r t i a l order that s a t i s f i e s the f o l l o w i n g 

c o n d i t i o n s : 

I f y < x , t hen : 

( i ) fo r any z e X , y + z < x + z 

and 

( i i ) f o r any X > 0 , Ay < Xx. 

Hence t h i s approximat ion r e s u l t can be extended to S 

be ing a compact subset of an ordered t o p o l o g i c a l vec to r space X 

w i t h d cont inuous order and such that there e x i s t elements a e X , 

b e X w i th a < x < b f o r a l l x e S . 


