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ECONOMIC STABILIZATION POLICY: A SURVEY 

I n t r o d u c t i o n 

Th is paper rev iews s e l e c t e d s t u d i e s i n the theory of macroeconomic 

s t a b i l i z a t i o n p o l i c y and summarizes t h e i r key f i n d i n g s . Al though t h i s theory 

s t i l l i s r e l a t i v e l y new, much 'has a l ready been l e a r n e d . I t i s the purpose o f 

t h i s su rvey , then, to make the e x i s t i n g body o f knowledge more a c c e s s i b l e to 

po l i cymakers and s tudents a l i k e by c o n s o l i d a t i n g i t and p r e s e n t i n g i t i n a 

u n i f i e d fash ion.—^ 

The problem g e n e r a l l y posed i n s t a b i l i z a t i o n theory i s to determine 

va lues o f p o l i c y v a r i a b l e s which maximize an o b j e c t i v e f u n c t i o n sub jec t to laws 

govern ing the economy's mot ion. The arguments of the o b j e c t i v e f u n c t i o n , c a l l e d 

goa l v a r i a b l e s , are assumed to be c e r t a i n aggregate v a r i a b l e s , such as the 

unemployment ra te and i n f l a t i o n r a t e , and the motion of the economy i s r e p r e ­

sented by a s t o c h a s t i c d i f f e r e n c e e q u a t i o n . Opt imal p o l i c y i s then d e r i v e d as a 

r u l e which desc r i bes how p o l i c y v a r i a b l e s should be set based on cu r ren t i n f o rma­

t i o n . 

The v a l i d i t y o f t h i s seemingly s t r a i g h t f o r w a r d approach to the p o l i c y ­

making problem has been cha l lenged based on recen t developments i n gene ra l e q u i ­

l i b r i u m theo ry . Robert E. Lucas , J r . , (1972) has cons t ruc ted a gene ra l e q u i l i b ­

r ium model of the bus iness c y c l e , and N e i l Wal lace (1980) has augmented tha t 

model to a l l o w open market o p e r a t i o n s . These models suggest tha t economic 

s t a b i l i z a t i o n p o l i c y may not be d e s i r a b l e . 

In genera l e q u i l i b r i u m models i n d i v i d u a l s op t im i ze and markets c l e a r . 

P o l i c i e s can be eva luated acco rd ing to the Pare to c r i t e r i o n , so there i s no nee l 

to p o s i t an a r b i t r a r y po l icymaker o b j e c t i v e f u n c t i o n . And what i s damaging i s 

tha t a c t i v e s t a b i l i z a t i o n p o l i c i e s do not i n genera l y i e l d Pare to op t ima l ou t ­

comes i n these models. 
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Bus iness c y c l e s emerge i n gene ra l e q u i l i b r i u m models by assuming the 

economy i s h i t w i th u n c o r r e l a t e d random shocks which are t ransformed i n t o s e r i a l ­

l y c o r r e l a t e d movements i n ou tput . The t r ans fo rma t i on can be due to cos t s o f 

ad jus tment , imper fec t i n f o r m a t i o n , or changes i n the c a p i t a l s t o c k . 

While government p o l i c i e s may be ab le to smooth the c y c l e , they are 

u n l i k e l y to make people b e t t e r o f f , because people are assumed to be r e a c t i n g 

o p t i m a l l y to the u n d e r l y i n g shocks . The r o l e of government then becomes l i m i t e d 

to t r a d i t i o n a l concerns . Government spending and tax p o l i c i e s become concerned 

w i th p u b l i c goods and income d i s t r i b u t i o n , and monetary p o l i c y becomes concerned 

w i th the p r o v i s i o n of f i a t money and the s t r u c t u r e o f f i n a n c i a l i n t e r m e d i a t i o n . 

With t h i s s a i d , why then do t h i s survey? There are at l e a s t th ree 

reasons . F i r s t , s t a b i l i z a t i o n p o l i c y i s be ing a c t i v e l y conducted today, and as 

long as i t i s , i t shou ld be made as w e l l as cur ren t knowledge a l l o w s . Many i s s u e s 

are debated s t i l l which t h i s theory e a s i l y r e s o l v e s . Second, even i n the con tex t 

o f gene ra l e q u i l i b r i u m models, some have specu la ted tha t f i a t money would be most 

u s e f u l i f i t s s tock were ad jus ted over t ime i n order to s t a b i l i z e the p r i c e l e v e l 

2 / 

around an announced path.— Thus, i n t h i s case the s o l u t i o n to a s t a b i l i z a t i o n 

t h e o r e t i c model would be Pare to o p t i m a l . F i n a l l y , the s t u d i e s i n t h i s survey 

have a p p l i c a t i o n s ou t s i de the realm of s t a b i l i z a t i o n p o l i c y . Much of the theory 

o f d e c i s i o n making under u n c e r t a i n t y was developed i n the contex t of s t a b i l i ­

z a t i o n p o l i c y , but t h i s theory a p p l i e s j u s t as w e l l to i n d i v i d u a l s and f i r m s . 

O r g a n i z a t i o n o f Text 

A s imp le model i s cons t ruc ted which i nc l udes a l l surveyed models as 

s p e c i a l c a s e s . The s imple model p rov ides a s tandard framework f o r a n a l y s i s and 

makes the r e l a t i o n s h i p s among the surveyed models s t r a i g h t f o r w a r d to a s c e r t a i n . 

A l l s o l u t i o n s are de r i ved and desc r ibed step by s t e p . 
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The t ex t f i r s t d i s c u s s e s i n gene ra l terms the assumptions of the s imp le 

model and the method of s o l u t i o n . The s o l u t i o n next i s i l l u s t r a t e d i n terms o f a 

c e r t a i n t y model. Se lec ted models then are desc r ibed and ana lyzed rough ly i n 

order of t h e i r comp lex i t y . The models assume the f o l l o w i n g s i t u a t i o n s : 

I. Random shocks to the economy w i th 

A. As many p o l i c y v a r i a b l e s as goa l v a r i a b l e s , 

B. Fewer p o l i c y v a r i a b l e s than goa l v a r i a b l e s , 

C. M u l t i p l e cand ida tes f o r p o l i c y v a r i a b l e s , or 

D. In fo rmat ion l a g s . 

I I . Unce r ta i n t y about the e f f e c t s o f p o l i c y on g o a l v a r i a b l e s , where the uncer ­

t a i n t y i s 

A. Inherent , 

B. Inherent and c h a r a c t e r i z e d by long and v a r i a b l e p o l i c y l a g s , or 

C. Due to e s t i m a t i o n . 

Summary o f F i nd i ngs 

Tinbergen (1952) i s u s u a l l y c r e d i t e d w i th c o n s t r u c t i n g the f i r s t f o r ­

mal po l i cymak ing model. T inbergen showed i n a c e r t a i n t y s e t t i n g how the p o l i c y ­

making problem can be viewed as the reverse of c o n d i t i o n a l f o r e c a s t i n g . In 

c o n d i t i o n a l f o r e c a s t i n g fu tu re time paths o f p o l i c y v a r i a b l e s are f i r s t assumed 

and then f o r e c a s t s o f goa l v a r i a b l e s are genera ted . In the po l i cymak ing problem, 

des i red t ime paths o f goa l v a r i a b l e s are f i r s t s p e c i f i e d and then va lues of 

p o l i c y v a r i a b l e s are found which generate goa l v a r i a b l e paths c l o s e s t ( i n terms 

o f u t i l i t y ) to the des i red pa ths . I f there are as many p o l i c y v a r i a b l e s as goa l 

v a r i a b l e s and the economic mode l ' s system o f equat ions i s i n v e r t i b l e , there e x i s t 

va lues of the p o l i c y v a r i a b l e s which a l l ow a l l the d e s i r e d va lues of the goa l 

v a r i a b l e s to be ach ieved e x a c t l y . 
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Simon (1956) and T h e i l (1965) s e p a r a t e l y extended T inbe rgen ' s model by 

a l l o w i n g u n c e r t a i n t y to en te r i n a very s imp le way. They assumed tha t the 

economic model cou ld be w r i t t e n as a system of equa t i ons , where each equa t ion i s 

composed of a d e t e r m i n i s t i c f u n c t i o n p lus a random d i s tu rbance terra. T h i s 

i m p l i e s tha t there i s no u n c e r t a i n t y about the e f f e c t s o f p o l i c y v a r i a b l e changes 

on g o a l v a r i a b l e s and tha t the va r i ance o f goa l v a r i a b l e s i s independent o f 

p o l i c y c h o i c e . They a l s o assumed po l i cymakers seek to maximize the expected 

va lue o f a q u a d r a t i c o b j e c t i v e f u n c t i o n , which i m p l i e s tha t po l i cymakers care 

o n l y about the means and va r iances of goa l v a r i a b l e s . They found tha t the 

op t ima l s e t t i n g o f p o l i c y v a r i a b l e s i n the cu r ren t pe r i od can be determined as i n 

T i n b e r g e n ' s c e r t a i n t y model w i th a l l random terms se t a t t h e i r expected va lues 

c o n d i t i o n a l on cu r ren t in format ion.—^ The correspondence between t h e i r model 

and T inbe rgen ' s has lead to t h e i r s be ing r e f e r r e d to as the S imon-The i l " c e r ­

t a i n t y equ i va lence " model . 

When new i n fo rma t i on becomes a v a i l a b l e , the whole problem i s so l ved 

anew to determine the op t ima l s e t t i n g o f p o l i c y v a r i a b l e s i n the next p e r i o d . 

Un less new in fo rma t ion comes i n e x a c t l y as expec ted , c o n d i t i o n a l means of goa l 

v a r i a b l e s i n fu ture pe r iods w i l l change and cause the op t ima l s e t t i n g o f p o l i c y 

v a r i a b l e s to d i f f e r from the va lues expected on the b a s i s of the p rev ious 

p e r i o d ' s i n f o r m a t i o n . The f a c t tha t new i n fo rma t i on causes p o l i c y p lans to 

change c a r r i e s a s imple message to po l i c ymake rs : Do not commit you rse l ves 

u n n e c e s s a r i l y i n t o the f u t u r e . I f op t ima l p o l i c y r e q u i r e s r e a c t i n g to new 

i n f o r m a t i o n , i t would be s i l l y to announce t ime paths f o r p o l i c y v a r i a b l e s i n t o 

the fu tu re and then s t i c k to them r e g a r d l e s s o f s u r p r i s e s i n the d a t a . 

The c e r t a i n t y equ iva lence models con ta in another important message fo r 

po l i c ymake rs : you must take i n t o account how the cu r ren t p o l i c y cho ice r e s t r i c t s 

a t t a i n a b l e outcomes i n the f u t u r e . In a s p e c i a l case when the number o f p o l i c y 
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and goa l v a r i a b l e s are the same and the mode l ' s system o f equat ions i s i n v e r t -

i b l e , po l i cymakers can be myopic; that i s , they can proceed one pe r i od a t a t ime 

and ignore the consequences o f t h e i r cu r ren t d e c i s i o n s on fu tu re c h o i c e s . In 

t h i s case cur ren t d e c i s i o n s do not a f f e c t what i s a t t a i n a b l e i n f u tu re p e r i o d s . 

Po l icymakers cannot a f f o r d to be myopic, however, when there are more goa l 

v a r i a b l e s than p o l i c y v a r i a b l e s . Th i s more gene ra l case has been examined by 

many, i n c l u d i n g Simon (1956) , T h e i l (1965) , and Chow (1972) . 

Po l icymakers g e n e r a l l y have a cho ice about which v a r i a b l e to c o n t r o l . 

Kareken (1970) and Poole (1970) s tud ied i n a one-per iod model how monetary 

a u t h o r i t i e s should determine whether to c o n t r o l an i n t e r e s t ra te or a monetary 

aggregate . The i r procedure i s to determine op t ima l p o l i c y f i r s t under one p o l i c y 

c o n t r o l v a r i a b l e and then under the o t h e r . The d e c i s i o n on which v a r i a b l e to 

c o n t r o l i s made by choos ing the one wh ich , when i t i s se t o p t i m a l l y , i m p l i e s the 

g rea te r va lue of the o b j e c t i v e f u n c t i o n . The d e s i r a b i l i t y of any p o l i c y must be 

judged i n terms of how w e l l i t a l l ows p o l i c y goa ls to be a c h i e v e d . 

So f a r we have d i sce rned j u s t two types o f economic v a r i a b l e s : goa l 

v a r i a b l e s and p o l i c y c o n t r o l v a r i a b l e s . Kareken, Muench, and Wal lace (1973) 

examined i n a c e r t a i n t y equ iva lance s e t t i n g the r o l e of the remain ing type o f 

economic v a r i a b l e s — v a r i a b l e s i n a model which are n e i t h e r goa l nor p o l i c y c o n ­

t r o l v a r i a b l e s . The authors dubbed t h i s remain ing type " i n f o r m a t i o n " v a r i a b l e s . 

In g e n e r a l , d i f f e r e n c e s i n observed va lues of these v a r i a b l e s from what was 

p r e v i o u s l y expected p rov ides i n fo rma t i on on how the es t imated r e l a t i o n s h i p be­

tween goa l v a r i a b l e s and p o l i c y c o n t r o l v a r i a b l e s has changed. Opt ima l p o l i c y 

r e q u i r e s r e v i s i n g the s e t t i n g s o f p o l i c y c o n t r o l v a r i a b l e s based on the new 

i n fo rma t i on i n order to r e f l e c t the changed r e l a t i o n s h i p . The important message 

i s that the d i s c r e p a n c i e s between the observed va lues of i n fo rma t ion v a r i a b l e s 

from t h e i r expected va lues prov ide i n fo rma t ion on which to ad jus t p o l i c y c o n t r o l 
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v a r i a b l e s . There i s a l o s s a s s o c i a t e d w i th a t tempt ing to c o n t r o l an i n fo rma t i on 

v a r i a b l e (make i t an i n te rmed ia te t a r g e t ) , because that procedure f a i l s to take 

advantage of new i n f o r m a t i o n . 

B ra i na rd (1967) added a second type o f u n c e r t a i n t y to the po l i cymak ing 

model o f the p r e v i o u s l y mentioned s t u d i e s . B ra i na rd assumed po l i cymakers a re 

faced w i th inherent u n c e r t a i n t y about the e f f e c t s o f p o l i c y on goa l v a r i a b l e s as 

w e l l as w i th u n c e r t a i n t y due to random, a d d i t i v e shocks . When there i s uncer ­

t a i n t y about the e f f e c t s of p o l i c y , op t ima l p o l i c y cannot be made m y o p i c a l l y — 

even when there are as many p o l i c y c o n t r o l v a r i a b l e s as goa l v a r i a b l e s . That i s 

because the present p o l i c y cho ice r e s t r i c t s the a t t a i n a b l e mean-var iance com­

b i n a t i o n s o f g o a l v a r i a b l e s i n f u tu re p e r i o d s . Nor can p o l i c y be made as i n a 

c e r t a i n t y equ iva lence model w i th a l l random terms set at t h e i r c o n d i t i o n a l means. 

That i s because the va r i ances o f g o a l v a r i a b l e s now depend on the s e t t i n g s o f 

p o l i c y c o n t r o l v a r i a b l e s , and tha t r e l a t i o n s h i p must be recogn ized i n making 

p o l i c y . An important i m p l i c a t i o n o f B r a i n a r d ' s model i s that the more u n c e r t a i n 

are the e f f e c t s of p o l i c y on goa l v a r i a b l e s , the l e s s a c t i v e p o l i c y shou ld be . 

That i s , p o l i c y should respond l e s s to d i f f e r e n c e s i n d e s i r e d va lues of goa l 

v a r i a b l e s from values expected c o n d i t i o n a l on the h i s t o r i c a l average p o l i c y . 

Some, such as Friedman (1969) , have argued that due to long and v a r i ­

a b l e l ags the e f f e c t s of p o l i c y are so u n c e r t a i n tha t i t shou ld not respond a t 

a l l to pe rce ived gaps i n g o a l v a r i a b l e s from t h e i r d e s i r e d v a l u e s . F i s c h e r and 

Cooper (1973) ana lyzed the e f f e c t s o f long and v a r i a b l e lags on po l i cymak ing i n 

an extended v e r s i o n o f B r a i n a r d ' s model. They found tha t as long as the v a r i a n c e 

o f p o l i c y l ags i s f i n i t e , some response to pe rce ived gaps i s war ran ted . 

Chow (1975), P r e s c o t t (1972) , and Z e l l n e r (1971) haved cons ide red 

models i n which the unce r t a i n t y about the e f f e c t s of p o l i c y i s due to e s t i m a t i o n 
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e r r o r . As cu r ren t va lues o f p o l i c y c o n t r o l v a r i a b l e s move away from t h e i r 

h i s t o r i c a l averages , the v a r i a n c e s o f cu r ren t pe r i od g o a l v a r i a b l e s grow i n t h e i r 

mode ls—jus t as i n the B ra ina rd model. But now the g r e a t e r d i s p e r s i o n i n ou t ­

comes a l l ows the r e l a t i o n s h i p between goa l and p o l i c y c o n t r o l v a r i a b l e s to be 

es t imated w i th more accuracy , and t h i s can lead to b e t t e r p o l i c y i n the f u t u r e . 

The i m p l i c a t i o n i s tha t i t can be u s e f u l to conduct p o l i c y a l l o w i n g some " l e a r n ­

i ng by d o i n g . " Whi le the cu r ren t economic s i t u a t i o n may not be improved, i n ­

creased knowledge about how p o l i c y works cou ld improve economic c o n d i t i o n s i n the 

f u t u r e . 

A Framework f o r A n a l y s i s 

Po l i cymak ing models are b u i l t from three c l a s s e s o f assumpt ions . The 

f i r s t c l a s s o f assumptions concerns the nature o f the p o l i c y m a k e r ' s o b j e c t i v e 

f u n c t i o n , the second c l a s s concerns the s p e c i f i c a t i o n of the economic p r o c e s s , 

and the t h i r d c l a s s concerns the a v a i l a b i l i t y o f economic i n f o r m a t i o n . 

In a l l of the models d i scussed below i t i s assumed tha t the po l icymaker 

maximizes expected u t i l i t y , where u t i l i t y i s a q u a d r a t i c f u n c t i o n of c e r t a i n 

u n c o n t r o l l e d v a r i a b l e s . The arguments o f the u t i l i t y f u n c t i o n are c a l l e d goa l 

v a r i a b l e s , and u t i l i t y a t t ime 0 i s g i ven by 

(1a) U ( X r X 2 ) = - V 1 ' ( X 1 - X 1 ) 2 - V 2 « ( X 2 - X 2 ) 2 , 

where 

X. i s the va lue of the u n c o n t r o l l e d v a r i a b l e X i n pe r i od t , v 
A 

X i s the ta rge t va lue of X i n pe r i od t , 
X* 

V i s the weight g i ven to the (squared) d e v i a t i o n of the goa l v a r -

i a b l e from i t s ta rge t va lue i n pe r iod t , and the t pe r i od i s 

assumed to run from time t-1 to t ime t , t=1,2.— 

For conc re teness , we can th ink of X as r e a l GNP and X as , perhaps, p o t e n t i a l r e a l 

GNP. 
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A q u a d r a t i c u t i l i t y f u n c t i o n i s assumed fo r mathemat ica l conven ience . 

In a s t o c h a s t i c s e t t i n g i t permi ts expected u t i l i t y to be expressed as a f u n c t i o n 

o f j u s t the f i r s t two moments of goa l v a r i a b l e s , and t h i s i s not the case w i t h 

more gene ra l u t i l i t y f u n c t i o n s . I t i s l e g i t i m a t e to a s k , t h e r e f o r e , i f t h i s 

assumption s e v e r e l y l i m i t s the use fu lness o f r e s u l t s de r i ved from our p o l i c y ­

making models. Al though a d e f i n i t i v e answer cannot be g i v e n , i t i s argued tha t 

t h i s assumption i s of secondary impor tance. 

The c r u c i a l f ea tu re of a q u a d r a t i c u t i l i t y f u n c t i o n i s tha t i t has a 

maximum or " b l i s s " p o i n t . I f , f o r the t ime b e i n g , we suppose tha t V"2 = 0 i n ( 1 a ) , 

u t i l i t y i s a maximum at X 1 s X ^ . In o ther words, what has been c a l l e d a t a rge t 

va lue of the g o a l v a r i a b l e i s r e a l l y a b l i s s po in t f o r the u t i l i t y f u n c t i o n . 

U t i l i t y decreases as X 1 moves away from X 1 i n e i t h e r d i r e c t i o n . 

I f u t i l i t y were a f u n c t i o n o f a v a r i a b l e such as r e a l GNP, i t would 

seem reasonab le to expect tha t more would always be p r e f e r r e d to l e s s , and 

q u a d r a t i c u t i l i t y would seem a poor assumpt ion. However, the re are a t l e a s t two 

ways out o f t h i s problem. F i r s t , i t may be b l i s s i s not a t t a i n a b l e , so tha t on ly 

the p o r t i o n o f the u t i l i t y f u n c t i o n f o r va lues of r e a l GNP l e s s than b l i s s i s 

r e l e v a n t . In t h i s case u t i l i t y i n c r e a s e s as r e a l GNP i n c r e a s e s but at a d e c l i n ­

ing r a t e , and the q u a d r a t i c u t i l i t y f u n c t i o n i s ab le to serve as a reasonab le 

approx imat ion to more gene ra l u t i l i t y f u n c t i o n s . Second, i t may be that we can 

regard the q u a d r a t i c u t i l i t y f u n c t i o n i n r e a l GNP as an approx imat ion to a 

gene ra l u t i l i t y f u n c t i o n which con ta ins more arguments. Suppose, f o r i n s t a n c e , 

tha t the p o l i c y m a k e r ' s u t i l i t y f u n c t i o n depends on r e a l GNP, denoted by X , and 

the ra te o f i n f l a t i o n , denoted by IT, and we assume o n l y : 

U = U ( X , - T T ) , where u i s de f ined fo r X > 0 and TT > 0, and 

2 
u r u 2 > 0, u n , u 2 2 < 0 and u ^ u ^ - u 1 2 > 0 . 
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Now, suppose the po l icymaker b e l i e v e s there e x i s t s a t r a d e - o f f between r e a l GNP 

and i n f l a t i o n g iven by: 

- IT = g ( X ) , where g ' ( X ) < 0 . 

We can then w r i t e U = u ( X , g ( X ) ) = v ( X ) . I f there e x i s t s a r e a l G N P - i n f l a t i o n ra te 

p a i r <X,TT> which maximizes U(X , -TT) sub jec t to -TT = g ( X ) , v ( X ) w i l l have a b l i s s 

po in t a t X and might reasonab ly be approximated by a q u a d r a t i c f u n c t i o n . 

In a l l but one o f the models to be d i scussed below there i s assumed t o 

be a s i n g l e g o a l v a r i a b l e , so that u t i l i t y a t t ime ze ro can be w r i t t e n wi thout 

l o s s o f g e n e r a l i t y as 

(1b) U ( X V X 2 ) = - ( X 1 - X 1 ) 2 - y ( X 2 - X 2 ) 2 , where ye(0,<») 

For most models two cases w i l l be a n a l y z e d . In the f i r s t case , Y = 0 , the 

po l icymaker cares about the e f f e c t s of p o l i c y a c t i o n s taken today on the outcome 

fo r cu r ren t r e a l GNP o n l y . In the second case , y i 0 , the po l i cymaker i s 

concerned a l s o w i th the outcome fo r f u tu re r e a l GNP. 

The second c l a s s of assumptions u n d e r l y i n g a po l i cymak ing model 

concerns the s p e c i f i c a t i o n of the economic p rocess . For the models d i scussed 

below the economic process can be w r i t t e n as a l i n e a r d i f f e r e n c e equa t ion 

(2) X F C = 6 1 ( t ) - X T _ 1 + 9 2 ( t ) - P t + 9 3 ( t ) t=1,2 

where P. i s the va lue of the p o l i c y c o n t r o l v a r i a b l e i n pe r i od t and 9 ( t ) = 

6 / 

( 9 1 ( t ) , 9 2 ( t ) , 9 ^ ( t ) ) a re va lues of c o e f f i c i e n t s i n pe r i od t . - Aga in , f o r con-

cre teness we can th ink o f P as the F e d ' s p o r t f o l i o o f s e c u r i t i e s . 

The only r e s t r i c t i o n i nvo l ved i n w r i t i n g t h i s reduced form equat ion i s 

tha t the lagged va lue of the goa l v a r i a b l e X . . and the cu r ren t va lue of the 
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p o l i c y c o n t r o l v a r i a b l e P. enter l i n e a r l y i n de termin ing the cu r ren t va lue o f the 

g o a l v a r i a b l e X. . O therw ise , the reduced form o f any s t r u c t u r a l model can be 

w r i t t e n i n t h i s form. 

To g i v e economic meaning to (2) i t i s necessary to p l ace r e s t r i c t i o n s 

on 9. These r e s t r i c t i o n s normal ly would be de r i ved from theory and e s t i m a t i o n o f 

the u n d e r l y i n g economic s t r u c t u r e . For most o f the models desc r i bed below, 

however, the economic s t r u c t u r e w i l l not even be c o n s i d e r e d , and 9 w i l l be 

s p e c i f i e d as a s t o c h a s t i c process w i th c e r t a i n assumed p r o p e r t i e s . Each se t o f 

assumed p r o p e r t i e s f o r 9 de f i nes a c l a s s of reduced form models, and op t ima l 

p o l i c y w i l l be de r i ved f o r each c l a s s . Any c l a s s of reduced form models i s 

c o n s i s t e n t w i th a v a r i e t y o f economic t h e o r i e s . In the random shocks model , f o r 

example, we assume 9^ and 9 2

 a r e known cons tan ts and 9^ i s a s e r i a l l y uncor -

— 2 

r e l a t e d random v a r i a b l e w i th mean 9^ and v a r i a n c e u^* The i m p l i e d reduced form 

model i s c o n s i s t e n t w i t h v e r s i o n s o f both Keynesian and c l a s s i c a l economic 

t h e o r i e s . Under the adap t i ve expec ta t i ons v e r s i o n of Keynes ian theory i t f o l l o w s 

tha t 9 2 > 0, and i n t h i s case an a c t i v i s t p o l i c y tu rns out to be o p t i m a l . The 

n a t u r a l r a t e - r a t i o n a l expec ta t i ons v e r s i o n o f c l a s s i c a l t heo ry , meanwhi le, 

i m p l i e s = 0, and i n t h i s case any d e t e r m i n i s t i c p o l i c y i s seen to be as good as 

any o t h e r . 

The g e n e r a l i t y o f the reduced form models we cons ide r i s both a v i r t u e 

and a v i c e . On the p o s i t i v e s i d e i m p l i c a t i o n s from these models have wide 

a p p l i c a b i l i t y f o r po l i c ymak ing . On the nega t i ve s i de none o f the i m p l i c a t i o n s i s 

s p e c i f i c enough to p rov ide a po l icymaker w i th numer ica l g u i d e s . That r e q u i r e s an 

es t imated reduced form. 

A number of reduced forms can be c o n s i s t e n t w i th observed economic t ime 

s e r i e s , but not a l l of them w i l l be i n v a r i a n t to changes i n the p o l i c y r u l e . In 

the p o l i c y models which f o l l o w i t i s assumed that whether we th ink o f 9 as a 
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v e c t o r of est imated c o e f f i c i e n t s or a vec to r of " t r u e " c o e f f i c i e n t s , the t rue 

c o e f f i c i e n t s are independent of the cho ice o f p o l i c y r u l e . Th i s assumpt ion r u l e s 

out f u l l y dynamic r a t i o n a l expec ta t i ons models f o r which there do not e x i s t 

reduced forms hav ing c o e f f i c i e n t s independent o f p o l i c y r u l e . 

The f i n a l c l a s s of assumptions u n d e r l y i n g a po l i cymak ing model r e l a t e s 

to the k inds of economic data a v a i l a b l e and the f requency w i th which they are 

observed by the po l i cymaker . Th is c l a s s o f assumptions i s n e c e s s a r i l y r e l a t e d to 

the o ther two. Both the economic process and the p o l i c y m a k e r ' s o b j e c t i v e func ­

t i o n must be expressed i n terms o f observed v a r i a b l e s . Any model o f the economic 

process es t imated from observed v a r i a b l e s cou ld be generated by an i n f i n i t e 

number of models hav ing a f i n e r time d imens ion . That i s , w i thout f u r t h e r assump­

t i o n s there i s no way to i d e n t i f y even the reduced form o f the economic s t r u c t u r e 

f o r t ime i n t e r v a l s s m a l l e r than those fo r which data are observed . S i m i l a r l y , i f 

the p o l i c y m a k e r ' s goa l were to c o n t r o l the cont inuous t ime path f o r r e a l GNP, i t 

would have to be recogn ized that the best which cou ld be done i s to c o n t r o l i t s 

q u a r t e r l y , observab le pa th . The p o l i c y m a k e r ' s p re fe rences would then have to be 

t ransformed and s ta ted i n terms of q u a r t e r l y r e a l GNP. 

For a l l but the i n fo rma t i on lags model i t i s assumed that va lues o f 

economic v a r i a b l e s f o r pe r iod t a re known by the po l icvmaker at the beg inn ing o f 

pe r i od t+1. In the i n fo rma t i on lags model i t i s assumed i n s t e a d that va lues o f 

some economic v a r i a b l e s are repor ted more f r equen t l y than o t h e r s . 

The po l i cymak ing problem i n each model we exp lo re i s to maximize e x ­

pected u t i l i t y (as of t ime zero) E Q U , sub jec t to the assumed economic process and 

i n fo rma t i on s t r u c t u r e . Th is f o rmu la t i on of the p o l i c y cho ice problem under 

u n c e r t a i n t y i s mot ivated by A r row 's (1971) theorv of d e c i s i o n making under uncer ­

t a i n t y . The maximizers are chosen from the set F o f f unc t i ons which i n d i c a t e how 

the p o l i c y c o n t r o l v a r i a b l e i s to be se t each per iod based on i n fo rma t i on 
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a v a i l a b l e at the beg inn ing of tha t p e r i o d . L e t I be the i n fo rma t i on (observed 

va lues of economic v a r i a b l e s over t ime) a v a i l a b l e at t ime t . Then the maximizers 

to the po l i cymak ing problem <f\ | , f 2 > are i nc luded i n the se t of pa i r ed f u n c t i o n s 

F = { < f 1 , f 2 > | f 1 : { l 0 } -»• H? and f 2 : { 1 1 } -+IR}, where TR = (-<*>,«>) and fo r a r b i t r a r y 

I Q , 1^ we i d e n t i f y < P 1 ( P 2 > = < f 1 ( I Q ) , f 2 ( I

1 ) > • Thus, f o r a r b i t r a r y va lues of 

economic v a r i a b l e s observed a t t ime t - 1 , the op t ima l pe r i od p o l i c y r u l e f̂ . 

i n d i c a t e s how the p o l i c y c o n t r o l v a r i a b l e should be set i n pe r i od t : P f c = 

? t ( 1 w J t s 1 ' 2 ' 
For the models we e x p l o r e , I Q i s a known vec to r and P^ = f ^ ( I ^ ) i s a 

7 / 

known quan t i t y a t t ime t=0.— I f the economic process i s not d e t e r m i n i s t i c , 1^ 

may c o n t a i n r e a l i z a t i o n s of economic v a r i a b l e s which w i l l not be known (observed) 

u n t i l t=1. In t h i s case I. con ta ins v a r i a b l e s which are random as of t=0. S ince 

P 2 = f 2 ( I ^ ) , the op t ima l s e t t i n g of the p o l i c y c o n t r o l v a r i a b l e i n the second-

pe r i od P*2 i s not known a t t=0, even though the p o l i c y r u l e f 2 i s . Ins tead P ? i s a 

random v a r i a b l e a t t=0. 

Max imiz ing over the set o f pa i r ed f unc t i ons F i s more genera l and thus 

a l l ows a wider range o f p o l i c y cho ices than does maximiz ing over the set o f 

pa i r ed s c a l a r s {<P 1 ,P 2 > | P 1eIR and P 2 e I R } . Max im iza t ion over t h i s l a t t e r set i s 

equ i va len t to max imiza t ion over the se t of pa i r ed f unc t i ons G = 

{ < 8 1 , g 2 > | g 1 : { l 0 } +IR, S 2 : { l 0 } + El} , and we i d e n t i f y P x = g^IQ) and ? 2 = g 2 ( I 0 ) 

f o r g i ven I Q - " ' ' ^ i s s t r a i g h t f o r w a r d to show tha t G C F.—^ 

A p a i r o f f unc t i ons <g^,g 2> which does not make use o f new in fo rma t i on 

i s c a l l e d a nonfeedback p o l i c y r u l e , wh i l e a p a i r < f^ , f 2 > which does i s c a l l e d a 

feedback p o l i c y r u l e . The se t G con ta ins on ly nonfeedback r u l e s , wh i l e the se t F 

con ta ins both feedback and nonfeedback r u l e s . In fo rmat ion has va lue when 
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max EQU = E ^ ( f ( I Q ) , f (I )) > tyRi^),^)) = max EQU 
r G 

where y ( » , « ) = I K X ^ X g ) w i th the s u b s t i t u t i o n s : 

X f c = 9 1 ( t ) « X t _ l + 9 2 ( t ) « P t + 0 3 ( t ) t=1,2 and 

< P 1 , P 2 > = < f l ( I 0 ) , f 2 ( I 1 )> or < g l ( I 0 ) , g 2 ( I 0 ) > . 

An i n t e r e s t i n g ques t i on which w i l l be addressed subsequent ly i s under what 

c o n d i t i o n s w i l l f . = g-,? 

The po l i cymak ing model can be s t a t e d f o r m a l l y as 

Ob jec t i ve f unc t i on 

(1) max - E 0 [ V 1 ' ( X 1 - X 1 ) 2 + E 1 V 2 « ( X 2 - X 2 ) 2 ] , where E s ( « ) = E( • |I s> s=0,1 
P 1 ' P 2 

sub jec t to 

Economic process 

(2) X f c = 9 1 ( t ) - X t _ 1 + 9 2 ( t ) « P t + 0 3 ( t ) t=1,2 

where f o r s=0,1 and t , t ' = 1 , 2 

S t o c h a s t i c s D e c i f i c a t i o n 

(2a) S o 9 ( t ) = E [ 9 ( t ) | l 1 = 9(t) . 

(2b) E { [ 0 ( t ) - E 9 ( t ) ] ' [ 9 ( f ) ) - E 9 ( t ' ) ] } = 
3 S S 

E { [ 9 ( t ) - E 9 ( t ) ] ' [ 9 ( t ' ) - E 9 ( t ' ) l |I } = J ( t , t » ) . 

and 9( t ) and £ ( t , t ' ) a re known m a t r i c e s , and where 
s -3 

In fo rmat ion s t r u c t u r e 

(3) IQ = < X 0 , P 0 > , I 1 = < X 0 , X 1 , P 0 , P 1 > , and 

X_1 = <X i 1 > such tha t i e { l , . . . , n l and X. 1 i s observed a t t = 1.—' 



- 14 -

The nes ted , c o n d i t i o n a l expec ta t i ons f o rmu la t i on of the o b j e c t i v e 

f u n c t i o n assures tha t op t ima l p o l i c y i s be ing s e l e c t e d from the se t o f feedback 

r u l e s P f c = f t ( I t _ 1 ) t=1 ,2 . 

The po l i cymak ing problem i n each model i s so l ved us ing the Bel lman 

dynamic programming p r i n c i p l e . Th i s i s an i t e r a t i v e technique which i n v o l v e s 

s o l v i n g backwards through t ime . In our two-per iod models the f i r s t s tep i s to 

maximize -E^{ Vg" ( X 2 - X 2 ) } w i th respec t to P 2 i n order to o b t a i n f ^ I . j ) . The 

i n t u i t i v e idea here i s that no matter what the economic outcome i n the f i r s t 

p e r i o d , second-per iod p o l i c y shou ld be made to y i e l d on average the best p o s s i b l e 

second-per iod outcome. We can wr i t e 

- E 1 { V 2 - ( X 2 - X 2 ) 2 } = - V g ' E ^ U g - E ^ + E ^ - X g ) 2 } 

= - V 2 » [ E 1 ( X 2 - E 1 X 2 ) 2 + ( E 1 X 2 - X 2 ) 2 ] 

= - v

2 * ( a x + ( X 2 - X 2 ) 2 ) , where E ^ = X" 2 < 

Thus, based on i n f o rma t i on a v a i l a b l e a t t=1, the o b j e c t i v e i n the f i r s t s tep o f 

the Bel lman technique i s to choose P 2 i n order to minimize a weighted sum o f (a) 
2 

the va r i ance (s ) of the g o a l v a r i a b l e ( s ) i n the second-per iod o and (b) the 
X 2 

squared d e v i a t i o n ( s ) of the mean(s) o f the goa l v a r i a b l e ( s ) i n the second per iod 

from the t a r g e t ( s ) ( X 2 - X 2 ) . From the economic p r o c e s s , X 2 = 8 ^ 2 ) . ^ + 9 2 ( 2 ) « P 2 

+ 8^(2) , and the above r e l a t i o n s h i p we have: 

- E 1 { V 2 - ( X 2 - X 2 ) 2 } = - V 2 ' ( a 2

2 + ( X 2 - X 2 ) 2 } = U 2 ( P 2 , I 1 ) . 

Max imiz ing U^?^,!^) w i th respec t to P 2 f o r a r b i t r a r y 1^ y i e l d s 

? 2 = f ^ I , ) and we can wr i t e O g d , ) = 0 2 ( P 2 , I 1 ) . 
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I f 1^ con ta ins r e a l i z a t i o n s of economic v a r i a b l e s observed a t t=1 but not a t t=0, 

U 9 ( I 1 ) i s i n gene ra l a random v a r i a b l e a t t=0. 

by maximiz ing -E Q {V" 1 »(X^-X^) } + E 0 U 2 ( I 1 ) , w i th respec t to P 1 i n order to o b t a i n 

P . = f 1 ( I n ) . Analogous to the f i r s t s t e p , we can w r i t e 

where the expec ta t i ons and va r iances are c o n d i t i o n a l on IQ. As the o b j e c t i v e 

f u n c t i o n i n d i c a t e s , f^ i s chosen w i th two c o n s i d e r a t i o n s i n mind. F i r s t , i t 

determines the f i r s t - p e r i o d mean-var iance combinat ion o f g o a l v a r i a b l e s from 

2 — A 2 

those which are a t t a i n a b l e , and t h i s i s captured i n the term — • ( c r x + ( X 1 - X ^ ) ) . 

Second, i t may r e s t r i c t the se t o f mean-var iance combinat ions o f goa l v a r i a b l e s 

which are a t t a i n a b l e i n the second p e r i o d . Th is e f f e c t i s captured i n the term 

E Q U ^ C I ^ ) i f that terra depends on P ^ . Maximal expected u t i l i t y as of t=0 i s then 

the exp ress ion -E Q {v i • ( X 1 - X 1 ) 2} + EgUgd,,) eva lua ted at P 1 = ^ ( I Q ) . 

C e r t a i n t y Model 

In order to i l l u s t r a t e some o f the concepts which have been d i s c u s s e d , 

l e t us cons ide r a two-per iod nons tochas t i c model w i th one p o l i c y c o n t r o l v a r i a b l e 

and one goa l v a r i a b l e (n=1). Whether or not X^ i s observed at t=1 i s not 

impor tan t , s i n c e knowledge o f P 1 and X Q a l l ows X 1 to be computed e x a c t l y . T h i s 

c e r t a i n t y model can be s p e c i f i e d by equat ions (1 ) - (3 ) w i th 

In the second step of the s o l u t i o n op t ima l f i r s t - p e r i o d p o l i c y i s found 

(1) 

(2a) 9 ( t ) s = ( 9 1 t e 2 , 9 3 ) ( s , t ) 

(2b) K t , t ' ) s = 0 ( s , t , f ) and 

(3) 
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By (2a) and (2b) we can w r i t e (2) as 

X t = ^ 1 X t - 1 + ^ 2 P t + ®3 T = 1 > 2 W H E R E 9 T 9 2 ' a n d ^3 a r e k n o w n * 

The f i r s t s tep i n the s o l u t i o n r o u t i n e i s to maximize -yE^iX^-X^) or 

e q u i v a l e n t l y - E ^ X ^ X ^ w i th respec t to ?^ i n o rder to determine P 2 = ^ ( 1 ^ . 

S ince E . ^ ~ X 2 ' w e h a v e 

- E ^ X ^ ) 2 = - E 1 ( X 2 - E 1 X 2 ) 2 - ( E ^ - X ^ 2 = - ( ^ X ^ ^ P ^ - ^ ) 2 . 

Thus, max imiza t ion of - E ^ X ^ X ^ w i th respec t to P 2 y i e l d s as a f i r s t - o r d e r 

c o n d i t i o n 

P 2 = i = r2(.i,), ( 9 2 ^ o ) . 
9 2 

The second-order c o n d i t i o n f o r max imiza t ion i s c l e a r l y met. Under f 2 we have 

U g U ^ = - y E ^ e ^ ^ ^ P ^ - ^ ) 2 = 0 , 

i n d i c a t i n g tha t f o r a r b i t r a r v i n i t i a l c o n d i t i o n s < Z ^ , P ^ > , f 2 a l l ows the ta rge t 

f o r X 2 to be h i t e x a c t l y and w i th c e r t a i n t y . 
A 2 

The second s tep i n the s o l u t i o n rou t i ne i s to maximize - E ^ ^ - X ^ ) + 

* 2 

E Q U 2 ( I 1 ) = - E Q ( X 1 - X 1 ) w i th respec t to P 1 . Th is i s p r e c i s e l y the same maximi ­

z a t i o n problem as i n the f i r s t s tep except the s u b s c r i p t s are moved back one 

p e r i o d . F i r s t - p e r i o d op t ima l p o l i c y i s g i ven by 

P 1 = ' 1 = w * ( V 0 ) » 
9 2 

and f o r a r b i t r a r y i n i t i a l c o n d i t i o n s < X Q , P 0 > , f 1 a l l ows the ta rge t f o r X^ to be 

h i t e x a c t l y and w i th c e r t a i n t y . Thus, maximal expected u t i l i t y as o f t=0, 

- E 0 ( 8 L X 0 + e 2 P 1 + ? 3 - X L ) 2 , i s z e r o . 
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I n the c e r t a i n t y model i t f o l l o w s that as long as 9 2 i 0 the t a r g e t s 

f o r the goa l v a r i a b l e can be h i t e x a c t l y and w i th c e r t a i n t y pe r i od by p e r i o d . 

S ince = X^ w i th c e r t a i n t y , we can w r i t e 

The f a c t tha t g 2 ( I 0 ) = * 2 ^ * 1 ^ f ' o r a n y o b s e r v e d p a i r <X^ fP^> i s another way o f 

say ing tha t new i n f o rma t i on has no v a l u e , and tha t i s because the po l i cymaker 

knows w i th c e r t a i n t y the outcome fo r X^ g i ven P. and X Q . Thus, at t ime zero 

op t ima l p o l i c y i n t h i s case can be desc r i bed e q u i v a l e n t l y as a feedback r u l e 

< f 1 , f 2 > or as a nonfeedback r u l e 

<g 1 i g 2 > = — * j ~ 

9 2 9 2 

In the s p e c i a l case where 9 2 = 0 , one cho ice of p o l i c y r u l e s i s as good as any 

o t h e r . 
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I. Random Shocks Model 

A. As Many P o l i c y C o n t r o l V a r i a b l e s as Goal V a r i a b l e s 

We w i l l now c o n s i d e r a s t o c h a s t i c model w i th one goa l v a r i a b l e and one 

p o l i c y c o n t r o l v a r i a b l e . The c o e f f i c i e n t s o f the model are assumed to be known 

w i th c e r t a i n t y , but s e r i a l l y independent random shocks to the economy cause there 

to be u n c e r t a i n t y about the i n t e r c e p t o f the reduced form. At the beg inn ing of 

each p e r i o d , the po l icymaker observes the va lue o f the goa l v a r i a b l e i n the 

p rev ious p e r i o d . Th i s i s a s imp le v e r s i o n of T h e i l ' s (1965) f i r s t - p e r i o d c e r ­

t a i n t y - e q u i v a l e n c e model, and the meaning o f T h e i l ' s l a b e l w i l l soon become 

apparen t . 

The random shocks model can be s p e c i f i e d by equat ions (1 ) - (3 ) w i t h 

(1) y = ^ 

(2a) 0 ( t ) s = ( 9 1 , 8 2 , 9 3 ) t > s 

(2b) J ( t , t » ) = 4 , 0-3 > 0 t= t ' > s 

(3) X 1 = X r 

Except f o r (2b) t h i s s p e c i f i c a t i o n i s p r e c i s e l y the same as the c e r t a i n t y model . 

Le t us examine the s o l u t i o n to the po l i cymak ing problem i n both the one -pe r i od 

and two-per iod cases . 

1. One-per iod ho r i zon (y=0). 

The problem i s 

(1) max - E 0 ( X r X l ) 2 = - a 2 ( E ^ - X , ) 2 

" 1 
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s u b j e c t to 

(2) x 1 = + e 2 P 1 + e 3 d ) 

where by (2a) and (2b) 

E 0 e 3 ( D = e 3 and E 0 ( e 3 d ) - e 3 ) 2 = a 2 . 

We have by (2) 

( i ) E Q X 1 = ^ X Q + 9 2 P 1 + By 

S u b s t r a c t i n g ( i ) from (2) we have 

X1 " E 0 X 1 = 9 3 ( 1 ) " F 3 

so t ha t 

( i i ) a 2 = E 0 ( X 1 - E Q X 1 ) 2 = E 0 ( 8 3 ( 1 ) - 9 ~ 3 ) 2 = a 2 . 

S u b s t i t u t i n g ( i ) and ( i i ) i n t o (1) the problem i s s imp ly 

( i i i ) max - a 2 - (Qfa+Q^^Q^-X^)2. 

The f i r s t - o r d e r c o n d i t i o n fo r max imiza t ion y i e l d s 

- v V V o c 

\ 
Not i ce op t ima l p o l i c y i n the s i n g l e - p e r i o d random shocks model i s 

p r e c i s e l y the same as i n the c e r t a i n t y model; the lone excep t i on be ing tha t the 

expected va lue o f the random d i s tu rbance term i n the former model r ep laces the 

known va lue of the i n t e r c e p t i n the l a t t e r model . That i s a reason why the random 

shocks model i s sometimes c a l l e d the c e r t a i n t y - e q u i v a l e n c e model . More f o r m a l l y , 

n o t i c e tha t i n the s i n g l e - p e r i o d random shocks model the same op t ima l p o l i c y i s 
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de r i ved whether we maximize w i th respec t to E Q U ( X ^ ) = -BATH^-X^) or U ( E Q X ^ ) 

E - C E Q X ^ X ^ . I t i s t h i s i n t e r c h a n g e a b i l i t y of the expec ta t i ons opera to r which 

y i e l d s the c e r t a i n t y equ iva lence r e s u l t ; namely, tha t op t ima l p o l i c y i n the 

s t o c h a s t i c model i s the same as i n the c e r t a i n t y model w i th a l l s t o c h a s t i c terms 

s e t a t t h e i r c o n d i t i o n a l means. S u f f i c i e n t c o n d i t i o n s f o r the c e r t a i n t y e q u i v a ­

lence r e s u l t to ob ta i n i n a o n e - p e r i o d , n -goa l v a r i a b l e , m-po l i c y c o n t r o l 

v a r i a b l e model a r e : — ^ 

a . U t i l i t y i s a q u a d r a t i c f u n c t i o n of g o a l v a r i a b l e s and p o l i c y c o n t r o l 

v a r i a b l e s . 

b. The economic process i s s e p a r a b l e : X . = R ( X f c _ 1 > x

t _ 2 > • • • > P t ' P t - 1 ' 

P. 0 , . . . ) + where R i s any w e l l - d e f i n e d f u n c t i o n and y. i s a random 
u—c. Xf t 

vec to r conformable to X w i t h f i n i t e mean and f i n i t e v a r i a n c e -

covar iance ma t r i x independent o f P. 

Maximum u t i l i t y can be found by s u b s t i t u t i n g ?^ i n t o ( i i i ) which y i e l d s 
2 

E Q U = -Oy Th i s r e s u l t can be i n t e r p r e t e d as f o l l o w s . For a r b i t r a r y P 1 expected 

u t i l i t y as expressed i n ( i i i ) i s the negat i ve of the sum o f (a) the va r i ance o f X 1 

2 — A 

which i n t h i s case i s and (b) the squared d e v i a t i o n o f X^ from the t a r g e t X^ 

— — — A 2 

which i s (Q^XQ+Q^V]+QyXj) • No t i ce the va r iance o f X 1 i n t h i s case i s i nde ­

pendent of the s e t t i n g of the p o l i c y ins t rument P ^ . Thus, the o p t i m a l va lue o f 

P^ i s the one which min imizes ( b ) . The op t ima l va lue P^ se t s the expected va lue 

o f X^ equal to i t s ta rge t so tha t (b) i s zero and the negat i ve o f expected u t i l i t y 
2 

i s equal to the i r r e d u c i b l e va r i ance o f X ^ , <jy 

Let us now tu rn to the two-per iod case . 

2 . Two-per iod ho r i zon (y£0). 

The problem i s 

( 1 ) max - E Q [ ( X 1 - X 1 ) 2 + Y E 1 ( X 2 - X 2 ) 2 ] 

P 1 ' P 2 
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sub jec t to 

(2) x 1 = e.jXg + e 2 P 1 + 9 3 (1 ) 

x 2 = 9 1 x 1 + e 2 P 2 + 9 3 ( 2 ) 

where by (2a) and (2b) f o r s=0,1 and t > s , E 0 , ( t ) = 9 , and 

'0 t^ t 
E ( 9 , ( t ) - 9 , ) ( 9 , ( t ' ) - 9 , ) = 

" 2 

By the Bel lman p r i n c i p l e P 2 i s found by maximiz ing - y E 1 ( X 2 - X 2 ) w i th respec t t o 

P 2 sub jec t to X 2 = 9^X 1 + 9 2 P 2 + 9^ (2 ) . But t h i s problem i s p r e c i s e l y the same as 

the one -pe r iod problem w i th the s u b s c r i p t s moved up one p e r i o d . Thus, we have 

and 

O g d , ) = - Y ' f o 2 , + ( 6 1 X 1 + 9 2 P 1 + 9 3 - X 2 ) 2 } = - rcr f . 
*2 • • — 3 2 J ' 3 

Note tha t P 2 i s a random v a r i a b l e as of t=0 s i n c e i t s va lue depends on X ^ , and X^ 

i s a l i n e a r f unc t i on of the random v a r i a b l e 9 3 ( 1 ) . However, U^(I^) i s not 

random. I t i s a known constant independent of P . . Thus, i n the second step of 

the s o l u t i o n , op t ima l f i r s t - p e r i o d p o l i c y i s found by maximiz ing w i th respec t to 

P , 
1 

- E 0 ( X 1 - X 1 ) 2 + ^ ( I , ) 

or e q u i v a l e n t l y by maximiz ing w i th respec t to P^ 

sub jec t to 

X 1 = Q^XQ + 9 2 P 1 + 9 3 ( D . 
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Again t h i s i s the same problem as i n the one-per iod case so tha t we have 

P 1 = 1 (9 2 ^0) 
e 2 

and 

E Q U = - E Q ( X 1 - X 1 ) 2 • E g U g d ^ = - a 2 - yo\ = - d + Y ) a 2 . 

Note the f o l l o w i n g : 

(a) Opt imal f i r s t - p e r i o d p o l i c y i s independent of second-per iod p a r a ­

meters . In t h i s mu l t iDo r i ed r?.r<?cc shocks model v i t ' r as many s c l i c v 

c o n t r o l v a r i a b l e s as goa l v a r i a b l e s , p o l i c y can be se t m y o p i c a l l y . 

That i s , op t ima l p o l i c y can be made each pe r i od by i g n o r i n g fu tu re 

p e r i o d s . In our example at t ime t=0, cou ld be found by maximiz ing 

- E Q U - J - X . , ) 2 w i th respec t to P 1 sub jec t to X 1 = ^ X Q + Q2?^ + 9^(1) • At 

t ime t=1 the op t ima l va lue o f P 2 cou ld be found by maximiz ing 

- E 1 ( X 2 - X 2 ) 2 w i th respec t t o P 2 sub jec t to X 2 = ? 1 X 1 + Q2?2 + 83(2) . 

Thus, the po l icymaker need not cons ide r the consequences i n f u tu re 

pe r iods o f the present p o l i c y c h o i c e . 

(b) Opt imal f i r s t - p e r i o d p o l i c y can be found by the f i r s t - p e r i o d c e r t a i n t y 

equ iva lence method, that i s , by maximiz ing w i th respec t to P^ and P ? 

U ( E 0 X V E 0 X 2 ) = - ( E 0 X R X L ) 2 - Y ( E Q X 2 - X 2 ) 2 

sub jec t to ( 2 ) . The maximizers to t h i s problem are 

~ ~ X - 0 . - 0 . X -

9 2 

X 2 - 0 -0 E . X 1 

°2 
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In t h i s model we o b t a i n the f i r s t - p e r i o d c e r t a i n t y equ iva lence r e s u l t ; t ha t i s , 

op t ima l f i r s t - p e r i o d p o l i c y i s the same whether we maximize w i th respec t to P 1 

and ? 2 , E Q U ( X 1 , X 2 ) or U ( E Q X 1 , E Q X 2 ) . Hence, i n the random shocks model f - j d g ) = 

g ^ d g ) . S u f f i c i e n t c o n d i t i o n s f o r the f i r s t - p e r i o d c e r t a i n t y equ iva lence r e s u l t 

12/ 

to ob ta i n i n a T - p e r i o d , n -goa l v a r i a b l e , ra-policy c o n t r o l v a r i a b l e model a r e : — 

( i ) U t i l i t y i s a q u a d r a t i c f u n c t i o n o f dated goa l v a r i a b l e s and dated 

p o l i c y c o n t r o l v a r i a b l e s , 

( i i ) The economic process i s g iven by: X = RP + u, where 

' P . 

i • , ETX1 » • ; 
nx1 \ / \ . / mx1 

nTxl 
nx1 

u i s a vec to r o f random elements w i th f i n i t e mean, f i n i t e va r i ance -

covar iance m a t r i x , and d i s t r i b u t i o n independent o f P; 

0 . . . 0 

R = ' R21 R 22 * * 0 

nTxmT 

v R T1 R T 2 * ' R TT 

R i s a lower t r i a n g u l a r mat r i x o f f i x e d and known c o e f f i c i e n t s , and the 

R^j submatr ix i s nxra. The assumed form o f R i n d i c a t e s the outcome fo r 

X i n any g iven per iod i s independent of the cho ice of ? i n fu tu re 

p e r i o d s . 
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B. More Goa l Than P o l i c y C o n t r o l V a r i a b l e s 

Th is model i s a s imp le v a r i a n t o f the p rev ious one; the on l y d i f f e r e n c e 

be ing there are now two goa l v a r i a b l e s i ns tead of one. With more goa l v a r i a b l e s 

than p o l i c y c o n t r o l v a r i a b l e s , the po l icymaker faces contemporaneous t r a d e - o f f s 

among goa l v a r i a b l e s as w e l l as t r a d e - o f f s over t ime. I t i s no longer op t ima l to 

make p o l i c y rayopically. 

Th i s model can be s p e c i f i e d by equat ions (1 ) - (3 ) w i th 

( D = ( v 1 1 , v 2 1 ) , v 2 = ( v 1 2 , v 2 2 ) 

'11 0 9 13 9 1 4 
(2a) e ( t ) s = ( 9 1 , e 2 , e 3 ) = 

0 9 2 2 9 2 3 9 2 4 , 

' ( 9 1 R ( t ) - 9 1 R ) -

(2b) £(t , f ) s = E 3 ( ) ( 9 l R ( t , ) - e i R ' 9 2 R ( t ' ) - Q 2 R ) 

, ( 9 2 R ( t ) - 9 2 R ) ' , 

E l 1(t,f)a I 1 2 ( t , t « ) : 

I 2 1 ( t , f ) s I 2 2 ( t , t - ) 1 

where use has been made of no ta t i on i n footnotes 4 , 6 , and 10. 
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Le t us suppose X 1 t and X 2 t a re the ra tes o f unemployment and i n f l a t i o n , 

r e s p e c t i v e l y , a t t ime t and make the s u b s t i t u t i o n s X .̂ = X ^ and TT^ = X 2 t * 

S i m i l a r l y l e t r = V . . and d. = . We can then wr i te our model a s : 

(1) max - E 0 { r 1 ( X 1 - X 1 ) 2 + d l ( T r 1 - T T 1 ) 2 + E 1 { r 2 ( X 2 - X 2 ) 2 + d 2 ( i T 2 - i T 2 ) 2 } } 
P P 

1 , R 2 

sub jec t to 

( 2 ) X t = 9 1 1 X t - 1 + 9 1 3 P t + 9 l 4 ( t ) 

7 11 5 e 22 7 r t - 1 + 9 2 3 P t + 9 2 4 ( t ) ' 

where by (2a) and (2b) f o r s=0,1 and t > s 

'0 l 4(t)\ / e 1 4 

>8 2 i j ( t ) / ^ 9 2 4 ' 

t=1,2 

and 

E 
s 

• e 1 4 ( t ) - e l 4 

1 6 2 i < ( t ) - 9 2 l j / 
( 9 l 4 ( t ' ) - 9 l 4 , 9 2 l 4 ( t ' ) - 8 2 4 ) 

, t = t ' 

We w i l l aga in look a t s o l u t i o n s to both the one-per iod and two-per iod c a s e s . 

1. One-per iod ho r i zon ( r 2 =d 2 =0) . 

The problem i s to maximize w i th respec t to 

(1) - E 0 ( r 1 ( X l - X 1 ) 2

+ d r : 7 T 1 - ^ ) 2 ) = 
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sub jec t to 

(2) x 1 = e ^ X g + e 1 3 P 1 + e 1 4 ( i ) 

where 

= 8 2 2 T T 0 • 6 2 3 P 1 + 9 2 4 ( 1 ) 

e l 4 d ) \ / e 1 4 \ / e l 4 ( i ) - e 1 4  

E° le 2 4(J
 = U a n d H e 2 4 0 ) - a J 

2 
14 

Thus, we have 

E 0 X 1 = 9 1 1 X 0 + 9 1 3 P 1 + 9 14 

" x , " E o ( x r E o x i ) 2 = E o ( 9 i 4 ( 1 ) " 9 i 4 ) 2 - An 

V l = 9 22 7 T 0 + V l + ¥ 2 U 

^ S V W l > 2 = E 0 ( 9 2 4 ( 1 ) " 9 2 4 ) 2 = 4 ' 

and our problem i s s imp ly to maximize w i th respec t to P.̂  

" r 1 a l 4 " d 1 a 2 4 " r 1 ( 9 1 1 X 0 + 9 1 3 P 1 + e " l 4 - X 1 ) 2 • d 1 ( I 2 2 V 9 2 3 P 1 + S _ 2 4 - 1 T 1 ) 2 > 

The f i r s t - o r d e r c o n d i t i o n f o r max imiza t ion y i e l d s 

r 1 9 1 3 ( X 1 - 9 1 1 X 0 - e 1 l t ) H . d 1 9 2 3 ( T r 1 - 9 2 2 T T 0 - 9 2 l t ) 

1 = „ r 2 , ^2 
r l 9 1 3 + d 1 9 2 3 
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The terms i n parentheses represent d e v i a t i o n s o f the unemployment ra te and i n f l a ­

t i o n ra te from t h e i r t a rge t s which are expected c o n d i t i o n a l on P ] = 0 ( i . e . , 

c o n d i t i o n a l on p o l i c y be ing se t acco rd ing to h i s t o r i c a l t r e n d ) . In the random 

shocks model , when there are as many p o l i c y c o n t r o l v a r i a b l e s as goa l v a r i a b l e s , 

op t ima l p o l i c y t o t a l l y c l o s e s the gaps between the expected va lues o f goa l 

v a r i a b l e s and t h e i r t a rge ted v a l u e s . When there are more goa l v a r i a b l e s than 

p o l i c y c o n t r o l v a r i a b l e s , a l l the gaps cannot be c l o s e d . The exp ress ion above 

fo r i n d i c a t e s tha t op t ima l p o l i c y i s a l i n e a r combinat ion o f the p o l i c y which 

t o t a l l y c l o s e s the unemployment gap and the p o l i c y which t o t a l l y c l o s e s the 

i n f l a t i o n gap, where the l i n e a r weights depend on the r e l a t i v e importance to the 

po l icymaker o f h i t t i n g each ta rge t ( r ^ , ^ ) and on the r e l a t i v e potency o f p o l i c y 

i n a f f e c t i n g the g o a l v a r i a b l e s ( 6 ^»®23^ " ^ a t i s , l e t 

~ Xr911X0"9l4 
X = fl 

913 
and 

y 9 2 2 V 9 2 U 
1 1 = ft 

9 2 3 

so tha t 

and 

E 0 ( X I | P x ) - x , = e n x 0 • e 1 3 P X • e 1 4 - x 1 = 0 
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Opt imal p o l i c y P. can be w r i t t e n as a l i n e a r combinat ion of P v and P : 
i x TT 

P, = c,P Y + (1 -a)P , 

where 

r 1 9 1 3  
a " —2 . —2 ' 

r i 9 1 3 + d 1 9 2 3 

Maximum u t i l i t y i s found by s u b s t i t u t i n g P 1 i n t o (1) and by no t i ng 

E 0 ( X l l V = ^ 1 1 X 0 + ? 1 3 ( 0 * X + ( 1 - a ) V * 9 1 4 

= 9 l l x 0 + e 1 3 P x • e 1 4 + ( i - c o e ^ p ^ ) 

and 

= X1 + < 1 - < « E I 3 ( V p X ) 

E 0 ( 7 T 11 P 1 ) = e 2 2 i r 0 + 9 2 3 ( a P X + ( 1 - a ) P T T } + 9 24 

= 9 2 2 T T 0 • + e 2 „ • a e 2 3 ( P x - P i r ) 

5 « l + A E 2 3 ( p x - V ' 

which y i e l d s 

2 2 / r 1 d 1 \ - - -
E Q U = - r i a 1 4 - d l 0 2 U - 2 - 2 ( 9 2 3 ( x 1 - e 1 1 x 0 - e l l | ) 

\ r 1 9 1 3 + d 1 9 2 3 / 

— A — — 2 
- 8 1 3 ( 7 T 1 - 8 2 2 1 T o " 9 2 4 ^ ' 

Thus, i n a d d i t i o n to the l o s s i n expected u t i l i t y caused by the i r r e d u c i b l e 

va r i ances of the goa l v a r i a b l e s , there i s a l o s s caused by not be ing ab le to se t 

the expected va lues o f both goa l v a r i a b l e s at t h e i r ta rge t v a l u e s . 
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Th is model s a t i s f i e s the c o n d i t i o n s f o r c e r t a i n t y equ iva lence—note on 

2 2 
page 26 tha t a Y and a are independent o f P . — s o tha t op t ima l p o l i c y a l s o can 

1 1 1 

be found by: 

( 1 ) max U E Q ( X 1 , T I 1 ) = - r ^ X ^ X , ) 2 - d ^ - i ^ ) 2 = U U ^ ) 

sub jec t to 

(2a) x 1 = 9 l 1 x 0 + e 1 3 P 1 + e i u 

( 2 B ) TT1 = 9 2 2 T T 0 + 6 2 3 P 1 + 9 2 4 , 

where (~) = E Q ( « ) . S o l v i n S f o r P i i n ^ 2 b ^ a n d s u b s t i t u t i n g the exp ress ion i n t o 

( 2 A ) y i e l d s a l i n e a r P h i l l i p s cu rve : 

, , n y 9 1 3 - T v

 9 1 3 9 2 2 / - 9 1 3 ® 2 U 
( 2 - ) x , = — TT1 • S ^ X Q - - r — * 0 • 

U 2 3 9 2 3 \ u 2 3 
14 " ~ 7 ~ " ^ V W ' 

Any po in t on t h i s P h i l l i p s curve can be a t t a i n e d w i th an a p p r o p r i a t e cho ice o f 

For U (X 1 , - n 1 ) = - K Q < 0, an i n d i f f e r e n c e curve i s a r e c t a n g u l a r e l l i p s e 

w i th cen te r <X^,iT^>. Thus, i n the X 1 - TT̂  p lane we have the f o l l o w i n g (assuming 

<X 1 , TT1 > i s southwest o f F ) : 

F i g u r e 1 
Opt imal P o l i c y i n a One-Per iod Model 
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Opt imal p o l i c y can be found by maximiz ing U ( X ^ , T T ^ ) w i th respec t to < X 1 , T T 1 > 

sub jec t to ( 2 ' ) and then by s u b s t i t u t i n g the maximiz ing va lue o f — c a l l i t 
_ * _ _ 

7T.J—into (2b) . The maximiz ing va lues of and TT̂  are l oca ted where an i n d i f ­

ference curve i s tangent to the P h i l l i p s cu rve . 

2 . Two-per iod ho r i zon (r^Q and /o r d 2 * 0 ) . 

The model i s s t a t e d on page 25 . By the Bel lman p r i n c i p l e P,, i s found 

by maximiz ing 

- E 1 ( r 2 ( X 2 - X 2 ) 2 + d 2 ( T T 2 - : I i 2 ) 2 } 

w i th respec t to P 2 sub jec t to 

x 2 = e 1 1 x 1 + e 1 3 P 2 + e L 4 ( 2 ) 

and 

TT2 = 0 2 2 ^ 1 + ° 2 3 P 2 + Q 2 U ^ 2 ^ " 

By our one-per iod model we know the s o l u t i o n to t h i s problem i s : 

~ r , 2 0 1 3 ( X 2 " 9 1 1 X r 9 l U ) + D 2 e 2 3 ( 7 R 2 " 9 2 2 l T r 9 2 4 ) 

2 " — 2 - 2 
r 2 e 1 3 + d 2 9 2 3 

and 

W = - « y 2 * - D 2 < 4 - ( J 2 \ l ( 9 2 3

( V Q i i x r 9 m ) 

\ R 2 9 1 3 + D 2 9 2 3 , 

- 9 1 3 ( V 9 2 2 T T r 9 2 4 ) ) 2 -

(Th i s i s the one-per iod s o l u t i o n w i th t ime s u b s c r i p t s moved up one p e r i o d . ) 

Opt imal f i r s t - p e r i o d p o l i c y i s found by maximiz ing w i th respec t to P. 

- E 0 { r 1 ( X l - X 1 ) 2

+ d 1 ( T T 1 - T T 1 ) 2 } + E 0 U 2 ( I ) 
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sub jec t to 

x 1 = + e 1 3 P 1 + e ^ d ) 

and 

h = ^ 0 + ®23P1 + 9 2 4 ( 1 ) -

N o t i c e tha t E Q U 2 ( I 1 ) i s a f u n c t i o n of P.,, so tha t op t ima l f i r s t - p e r i o d p o l i c y 

must take i n t o account e f f e c t s o f P 1 on the a t t a i n a b l e se t o f f u tu re unemployment 

and i n f l a t i o n r a t e s as w e l l as on the t r a d e - o f f between unemployment and i n f l a ­

t i o n i n the cu r ren t p e r i o d . 

S u b s t i t u t i n g from the c o n s t r a i n t s , we can w r i t e the o b j e c t i v e f u n c t i o n 

a s : 

E Q u = - < r 1 + r 2 ) o ^ - ( d 1 + d 2 ) c 4 - r ^ V ^ P ^ - X , ) 2 

- V e ^ v V i ' V V 2 

r 2 d 2 

r 2 9 2

3 + d 2 ? , 
— ) • { [ A 2

+ C 2 ( a 2

4 + A 2

u ) + D 2 ( a 2

1 | + 0 2 4 ) 2

+ 2 A C e i 4 

2 A D e 2 4 + 2 C D A 1 4 6 2 U 1 + 2 B ( A + C 9 , U + D « 2 „ ) P 1 + B 2 P 2 ! , 

where 

A = e 2 3 ( X 2 - e ? i X 0 - e i U ) " e i 3 ( ^ 2 - 9 2 2 1 T 0 - e 2 4 ) 

B = 8 1 3 9 2 3 ( e 2 2 " 9 1 1 ) 

C = - 9 ^ 9 ^ 

D = 3 fl 
- "13 '22* 
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D i f f e r e n t i a t i n g E Q U w i th respec t to P 1 and s e t t i n g the exp ress ion equal to ze ro 

y i e l d s : 

where 

r i e i 3 ( X 1 - 9 1 1 X 0 - 9 l 4 ) + d 1 9 2 3 ( T T 1 - 9 2 2 T T 0 - 8 2 U ) - R - B - E 
P1 = - 2 — 2 2 ' 

r 1 9 1 3 + d 1 9 2 3 + R ' B 

—2 —2 
r 2 9 1 3 + d 2 9 2 3 

and 

E = A + C 6 1 U + D 9 2 4 

= 9 2 3 ( X 2 - 9 2

1 X Q - 9 1 4 ) - 9 1 3 ( T T 2 - 9 2 2 T T 0 - 9 2 4 ) - e ^ e ^ ? ^ + * ^ a

2 2 * 2 k . 

No attempt i s made to eva lua te E Q U ; however, i t i s i n s t r u c t i v e to 

compare the op t ima l p o l i c y to the best myopic p o l i c y P? : 

r 1 9 1 3 ( X 1 - 8 1 1 X 0 - 9 1 l 4 ) , d 1 9 2 3 ( ; r 9 2 2 T T 0 - 9 2 4 ) 
1 " _ 2 _ 2 

r 1 9 1 3 + d 1 9 2 3 

The two p o l i c i e s are the same whenever R o r B are z e r o . R i s zero i f e i t h e r of 

the second-per iod d i scoun t f a c t o r s , r 2 or d 2 > i s z e r o . But i f e i t h e r o f these i s 

z e r o , the po l icymaker has on ly one g o a l v a r i a b l e i n the second p e r i o d , and the 

cho ice o f f i r s t - p e r i o d p o l i c y i n no way r e s t r i c t s h i s a b i l i t y to h i t the second-

per iod t a r g e t . B i s zero i f e i t h e r or i s zero or i f 9 ^ i s equal to Q^. 

I f 9 1 3 or 9 2 3 i s z e r o , p o l i c y has no e f f e c t on one of the goa l v a r i a b l e s . The 

po l icymaker need on ly concern h imse l f w i th the goa l v a r i a b l e which he can i n f l u ­

ence, and we are back i n the s i t u a t i o n of hav ing as many p o l i c y c o n t r o l v a r i a b l e s 

as goa l v a r i a b l e s . When B i s zero because 9 ^ i s equal to 9~ 2 2 > f i r s t - p e r i o d 
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p o l i c y does not a f f e c t the a t t a i n a b l e p a i r s of unemployment and i n f l a t i o n ra tes 

i n the second p e r i o d . In a l l o ther cases where R^O and BiO there i s a l o s s i n 

expected u t i l i t y caused by n e g l e c t i n g the e f f e c t of f i r s t - p e r i o d p o l i c y on the 

a t t a i n a b l e set o f unemployment and i n f l a t i o n r a t e p a i r s i n the second p e r i o d . In 

o ther words, there i s g e n e r a l l y a we l fa re l o s s i n f o l l o w i n g a myopic p o l i c y . 

These r e s u l t s a r e , perhaps, b e t t e r i l l u s t r a t e d under the c e r t a i n t y 

equ iva lence method of s o l u t i o n . Opt imal f i r s t - p e r i o d p o l i c y can be found by 

maximiz ing w i th respec t to P 1 and P 2 

( 1 ' ) U E 0 ( X 1 , X 2 , T r 1 , T T 2 ) = - r ^ X ^ X . , ) 2 - r 2 ( X 2 - X 2 ) 2 - d ^ - i r , ) 2 

— " 2 - d 2 ( i r 2 - iT 2 ) 

= u ( x 1 , x 2 , ? 1 , ^ 2 ) J 

where (~) = E Q ( • ) sub jec t to 

(2a) X , = 9 n X Q • 9 1 3 P 1 + 9 1 4 

(2b) x 2 = E2

UXQ + e , , ? ^ ? , + e n e 1 4 + 9 1 3 P 2 + e 1 4 

(2c) 7T1 = 9 2 2 T T 0 + 9 2 3 P 1 + 9 2 4 

(2d) n 2 = 9 2 2 T T 0 + 9 2 2 9 2 3 P 1 + 9 2 2 9 2 4 + 9 2 3 P 2 + 9 2 4 * 

Let us w r i t e 

( 1 ' ) u ( x 1 , x 2 , i 1 , u 2 ) i U ^ ^ ^ ) + u 2 ( x 2 , u 2 ) 

where 

V V V 5 " r t ( v v 2 - V v V 2 

i s the t t h - p e r i o d u t i l i t y mapping. S u b s t i t u t i n g f o r P 1 i n 2a and 2c and combin­

i ng equa t ions , we d e r i v e a l i n e a r f i r s t - p e r i o d P h i l l i p s cu rve : 
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— 9 13 — — 9 1 1 9 2 2 /— 9 1 3 9 2 4 
(3) X , = * 9 N X 0 - 4 ^ * 0 * [ e « - -

6 23 9 2 3 \ 9 2 3 

- ^TT1 ' X 0 , 7 T 0 ^ * 

S i m i l a r l y , by s u b s t i t u t i n g f o r ?^ i n 2b and 2d and combining e q u a t i o n s , we d e r i v e 

a l i n e a r second-per iod P h i l l i p s cu rve : 

_ _ 9 - n 9 ? u -
+ [ 9 n 9 l 4 - _ — ( i * e n ) ] 

9 23 

2 — — 13/ 
= F ( ^ J X Q . T T Q . T ; ^ . — 

Not i ce the l o c a t i o n of the second-per iod P h i l l i p s curve i s a f f e c t e d by the f i r s t -

pe r i od p o l i c y cho ice by the term f o r . The e f f e c t i s zero on l y i f 9 ^ i s ze ro 

or i f 8 n = 9 2 2 . 

Opt ima l f i r s t - p e r i o d p o l i c y can be found by maximiz ing 

(1 * ) U ^ X , , ? , ) + U 2 ( X 2 , i 2 ) 

wi th respec t to X 1 , IT., , X 2 , TT2 sub jec t to (3) and (4 ) , and then by s u b s t i t u t i n g 

the maximiz ing va lue of I T . , — c a l l i t IT. ,— in to 2c . (See f i g u r e 2 . ) The max imiz ing 

va lues of the p o l i c y c o n t r o l v a r i a b l e found by t h i s method, P^ = g^(Ip) and P 2 = 

g 2 ( I Q ) , are r e l a t e d to the op t ima l feedback p o l i c i e s P., = f ^ ( I Q ) and P 2 = ^ ^ 1 ^ 

by P 1 = P 1 and P 2 = E Q P 2 » That i s , the c e r t a i n t y equ iva lence s o l u t i o n i s a 

nonfeedback p o l i c y which se t s the p o l i c y c o n t r o l v a r i a b l e i n the f i r s t pe r i od a t 

the va lue imp l ied by the op t ima l feedback p o l i c y and i n the second per iod a t the 
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expected va lue of the op t ima l feedback p o l i c y . S ince i s a unique maximizer to 

the p o l i c y problem, ? 2 i s op t ima l i f , and on l y i f , ? 2 = P 2 ; tha t i s , i f and o n l y 

i f 

P 2 - P 2 = ^ ( X ^ E Q X ^ + • 2 ( i r 1 - E 0 i r 1 ) = 0 , (see page 30) 

where 

- r 2 ? 1 l Q l 3 * - ' D 2 ^ 2 3 

Thus, P 2 i s o p t i m a l , i f and on ly i f , the r e a l i z e d va lues of the g o a l v a r i a b l e s i n 

the f i r s t pe r i od are e x a c t l y as expected or the f o r e c a s t e r r o r s weighted by ^ 

and <j)2 are e x a c t l y o f f s e t t i n g . E i t h e r of these events has zero p r o b a b i l i t y o f 

o c c u r r i n g , so i n g e n e r a l , the c e r t a i n t y equ iva lence s o l u t i o n r e q u i r e s tha t 

second-per iod p o l i c y be r e v i s e d based on new i n f o rma t i on acco rd ing to the formula 
— as 

f o r P 2 - P 2 . (See f i g u r e 3.) 

An a l go r i t hm fo r f i n d i n g the c e r t a i n t y equ iva lence s o l u t i o n i n v o l v e s 

the f o l l o w i n g s t e p s : 

(1) Based on i n fo rma t i on a t t ime t=0, generate the set of a l l f e a s i b l e 

f o r e c a s t s over the e n t i r e ho r i zon c o n d i t i o n a l on p o l i c y sequences <P^ ,P 2 > . 

(2) From the set of f e a s i b l e f o r e c a s t s , choose the most d e s i r a b l e : 

< X * , i * , X * , i * > . 

(3) The op t im i ze r s i n (2) imply va lues f o r the p o l i c y c o n t r o l v a r i a b l e s 

< P 1 , P 2 > . P 1 i s op t ima l ( s P ^ . 

(4) When the second per iod comes, i n f o rma t i on i s r e c e i v e d on the r e a l i z e d 

va lues of X 1 and . 3ased on t h i s new i n f o r m a t i o n , generate the set o f a l l 

f e a s i b l e f o r e c a s t s i n pe r iod two c o n d i t i o n a l on P 2 > 

(5) From t h i s new set of f e a s i b l e f o r e c a s t s , choose the most d e s i r a b l e : 

< X * » , 
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(6) The o p t i m i z e r s i n (5) imply a va lue f o r P 2 — c a l l i t P^ . P^ i s op t ima l 

( = P 2 ) . 

p e r i o d s . 

Th is s o l u t i o n method e a s i l y g e n e r a l i z e s f o r models w i t h more than two 

F igu re 2 
Opt imal F i r s t - P e r i o d P o l i c y i n a Two-Per iod Model 

Constant l e v e l s of U. \ Constant l e v e l s of U„ 

F ( V X Q , * Q ) 

- —v - m 

V l \ 

\ f j V X 0 ' V * 1 } 

\ 
\ 2 -

• F ( i r 2 ; x Q , v 

^ 

Note: Expec ta t i ons are c o n d i t i o n a l on I Q . Constant l e v e l s o f u t i l i t y , de f i ned 

by U f c = - K Q > 0 t=1,2, are r e c t a n g u l a r e l l i p s e s centered a t <Tr t ,X t> w i th po les 

f*Q . ; P o 
TT. + / a n d X. + . / — . 

The s o l u t i o n <P^,P 2 > maximizes + U 2 , w h i l e P̂ j1 maximizes . 
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F igu re 3 
Opt imal Second-Per iod P o l i c y i n a Two-Per iod Model 

F 1 ( T T 2 ; X R TI±) 

j 2 ( ¥2 ; V ^ V 

2 1 
Note: For F expec ta t i ons are c o n d i t i o n a l on I Q , w h i l e f o r F they are c o n d i ­
t i o n a l on I.j. 

C. M u l t i p l e Candidates fo r P o l i c y C o n t r o l V a r i a b l e s 

Po l icymakers g e n e r a l l y have a cho ice o f p o l i c y c o n t r o l v a r i a b l e s : 

they can choose to c o n t r o l e i t h e r a q u a n t i t y or a p r i c e . The F e d e r a l Reserve , 

f o r i n s t a n c e , can se t the q u a n t i t y of s e c u r i t i e s i n i t s p o r t f o l i o and l e t 

i n t e r e s t r a t e s be determined by the market, or a l t e r n a t i v e l y i t can set the va lue 

o f an i n t e r e s t ra te and l e t i t s p o r t f o l i o be market de termined.— 

When there are m u l t i p l e cand ida tes f o r p o l i c y c o n t r o l v a r i a b l e s , the 

p o l i c y problem becomes more c o m p l i c a t e d . I t s s o l u t i o n i s s t i l l a r u l e , but one 

tha t s p e c i f i e s f o r each per iod both the cho ice of p o l i c y c o n t r o l v a r i a b l e and the 

va lue a t which i t i s to be s e t — a l l as a f u n c t i o n o f i n f o rma t i on a t the beg inn ing 

o f the p e r i o d . The s o l u t i o n can be found as before by a p p l y i n g the Bel lman 

p r i n c i p l e , but fo r each pe r i od the economic process now i s presented by one o f 

two reduced forms. I f a quan t i t y v a r i a b l e i s c o n t r o l l e d , the economic process 

w i l l be represented by one reduced form. And i f a p r i c e v a r i a b l e i s c o n t r o l l e d , 

i t w i l l be represented by another . 
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The problem g e n e r a l l y can be so l ved as f o l l o w s . For the l a s t pe r i od o f 

the p o l i c y h o r i z o n , expected u t i l i t y , c o n d i t i o n a l on i n f o rma t i on a v a i l a b l e a t 

the beg inn ing of the p e r i o d , i s maximized assuming f i r s t one cho ice o f p o l i c y 

c o n t r o l v a r i a b l e and then the o t h e r . The s o l u t i o n to each max imiza t ion problem 

i s a r u l e which d e s c r i b e s how a g iven cand ida te f o r p o l i c y c o n t r o l v a r i a b l e 

shou ld be se t based on i n fo rma t i on a v a i l a b l e a t the beg inn ing o f the p e r i o d . 

Under each r u l e expected u t i l i t y can be expressed as a f u n c t i o n of i n i t i a l 

i n f o r m a t i o n . The cand ida te f o r p o l i c y c o n t r o l v a r i a b l e which i m p l i e s the 

g r e a t e s t l e v e l o f expected u t i l i t y when set acco rd ing to i t s r u l e i s the one 

which shou ld be chosen. In g e n e r a l , t h i s cho ice w i l l depend on i n i t i a l c o n d i ­

t i o n s , tha t i s , va lues o f v a r i a b l e s i n the p rev ious p e r i o d . 

F o l l o w i n g the Bel lman procedure , the s o l u t i o n r o u t i n e i s repeated f o r 

the per iod p reced ing the f i n a l p e r i o d . And so on, u n t i l we reach the f i r s t 

p e r i o d . In any g iven p e r i o d , we so l ve f o r the op t ima l r u l e f o r each cand ida te 

f o r p o l i c y c o n t r o l v a r i a b l e . The r u l e which i m p l i e s the h ighes t l e v e l o f 

expected u t i l i t y i n d i c a t e s which cand ida te shou ld be chosen. The c h o i c e , i n 

g e n e r a l , depends on i n i t i a l c o n d i t i o n s . 

To i l l u s t r a t e these concepts we w i l l cons ide r a o n e - p e r i o d , one-goa l 

v a r i a b l e , o n e - p o l i c y c o n t r o l v a r i a b l e , random shocks model . In t h i s model the 

cho ice o f p o l i c y c o n t r o l v a r i a b l e does not depend on i n i t i a l c o n d i t i o n s . Th i s 

means that i f the ho r i zon were extended, the cho ice o f p o l i c y c o n t r o l v a r i a b l e 

cou ld be decided once and fo r a l l f o r a l l p e r i o d s , and the op t ima l p o l i c y r u l e 

would be as desc r ibed i n IA . 

15 / 

Suppose the economic model i n s t r u c t u r a l form can be w r i t t e n — 

(IS) X f c = a X t - 1 - b r f c • e t 
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( e q u i l i b r i u m i n the goods market where X i s income, r i s the i n t e r e s t r a t e , and 

the u n d e r l y i n g demand schedules f o r consumption C and investment I a re g i ven by 

(a) C t = a X t . 1 

and 

( b ) h = " b r t + £ t ) 

(LM) r t = AX f c - B M t + u t 

( e q u i l i b r i u m i n the money market where M i s the s tock of money and the u n d e r l y i n g 

demand schedule f o r money i s g i ven by 

A l l c o e f f i c i e n t s are assumed to be p o s i t i v e . The random d i s t u rbance 

terms are assumed to have the f o l l o w i n g f i r s t and second moments: 

2 2 where a > 0 and a > 0 f o r s < t . 
z u 

The p o l i c y m a k e r ' s o b j e c t i v e i s to maximize 

(1) E Q U = - E 0 ( X 1 - X 1 ) 2 

sub jec t to (2) the economic process and (3) a v a i l a b l e i n f o rma t i on X Q . I f r i s 

the p o l i c y c o n t r o l v a r i a b l e , ( IS) i s the reduced form o f the model , and we can 

w r i t e the economic process as 

(2) X f c = 8 1 ( t ) « X t _ l + 3 2 ( t ) T f c + 9 - ( t ) 

where 
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9( t ) = ( 9 1 ( t ) , 9 2 ( t ) , e 3 ( t ) ) = ( a , - b , e t ) 

(2a) 

and 

(2b) 

e ( t ) s = ( e 1 , e 2 , e 3 ) = ( a , - b , o ) t > s , 

J C t . f ) . 

0_ . t ^ t ' or t o 
3x3 = 

= •< , o" 3 = a 2 > 0 t= t ' > s . 

From the r e s u l t s i n IA we know tha t the op t ima l r u l e f o r r i s g iven by 

X r 9 3 ~ 9 1 X 0 x r a X o 
P 1 = = E 

and expected u t i l i t y under t h i s r u l e i s g iven by 

E Q U( r ) = -o\ = - O 2 . . 

I f M i s the p o l i c y c o n t r o l v a r i a b l e , the reduced form o f the model can 

be de r i ved s imp ly by s u b s t i t u t i n g the exp ress i on f o r r. from (LM) i n t o ( IS) to 

y i e l d 

x t = ( T T A b ) x t - i + ( i ! l b ) M t + ^ ' V ^ t * ' 

Thus, when M i s the p o l i c y c o n t r o l v a r i a b l e we can w r i t e the economic process as 

(2) 

where 

x t = e « ( t ) ' X t _ 1 + e 2 ( t ) « M t + e 3 ' ( t ) 

9« ( t ) = (ej(t),8j(t>f«5(t)) = ( ^ (^) ( « t - b M t ) ) 

(2a) 9 ' ( t ) s = ( 9 ] , 8 2 , 9 3 ) = ( ^ 0) t > s , 
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and 

0 , , U t 1 or t<s 

(2b) l t t , t ' ) B = 4 L 3 

k0 0 

, a ^ ' > 0 t = t ' > s -

The r e s i d u a l va r i ance a ? ' = E ( 9 1 ( t ) - 6 i ( t ) ) 2 = E ( 9 A ( t ) ) 2 (s<t) i n terms of the 
5 S J J S j 

s t r u c t u r a l d i s tu rbances i s g i ven by 

Aga in , from IA we know tha t the op t ima l r u l e f o r M i s g i ven by 

M, = 
x r e 3 - 9 i x o 

9 2 

(1+Ab)X l -aX ( J 

Bb 

and expected u t i l i t y under t h i s r u l e i s g i ven by 

V ( M ) = -4' ~ - ( T ^ A b ) 2 [ V 2 b o

e u + b 2 a u ] -

Thus, the i n t e r e s t ra te shou ld be the p o l i c y c o n t r o l v a r i a b l e w i th va lue se t a t 

r^ i f and on ly i f 

E Q U( r ) i E 0U(M) <=> 

(«) 
2 . 1 , 2 r 2 . 2 2, 
e = 1+Ab e ey u 

I f t h i s i n e q u a l i t y i s not s a t i s f i e d , M should be the p o l i c y c o n t r o l v a r i a b l e and 

i t s va lue should be set at M 1 . 
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Not i ce that the s lope of the goods market e q u i l i b r i u m curve 

(Ar wrt AX) s^g i s - ^ and tha t the s lope o f the money market e q u i l i b r i u m curve 

(Ar wrt AX) s ^ M i s A. We then can rewr i t e the exp ress ion (*) as 

E Q U ( r ) > E 0 U ( M ) <=> 

2 1 N 2 r 2 2 0 2 , 
E = S L M _ S I S X ^ e I S u 

Thus, the cho ice o f p o l i c y c o n t r o l v a r i a b l e i n t h i s example depends on ly on the 

s l opes of the market e q u i l i b r i u m curves and the va r i ances and covar iances o f the 

s t r u c t u r a l d i s tu rbance terms; i t does not depend on i n i t i a l c o n d i t i o n s X Q . 

These r e s u l t s can be s imp ly i l l u s t r a t e d . Suppose r i s the p o l i c y 

c o n t r o l v a r i a b l e : 

When r i s f i x e d , random s h i f t s i n the investment schedule o f magnitude e 1 cause 

cor respond ing s h i f t s i n the IS curve and, thus , i n e q u i l i b r i u m income. The 

2. 2 

exDecced sauared d e v i a t i o n of income from i t s t a rge t g iven r. i s then E ( s , ) = r . 

Now suppose M i s the p o l i c y c o n t r o l v a r i a b l e : 
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F igu re 5 

When M i s f i x e d , random s h i f t s i n the investment schedule o f magnitude e 1 cause 

cor respond ing s h i f t s i n the IS curve as b e f o r e . However, a s h i f t i n goods 

demand, say an i n c r e a s e , now causes money demand to i nc rease and the i n t e r e s t 

ra te to r i s e . Th i s i n t e r e s t r a t e change moderates the e f f e c t on income of a 

random d i s tu rbance to investment demand. On the other hand, when M i s f i x e d the 

i n t e r e s t r a t e can change a l s o because of random d i s tu rbances to money demand. 

Th is type o f d i s tu rbance then r e s u l t s i n a change i n e q u i l i b r i u m income, whereas 

i t would have no e f f e c t i f r were f i x e d . 

As (*) and the diagrams i l l u s t r a t e , w i th eve ry th i ng e l s e e q u a l , the 

2 2 

l a r g e r the va r i ance of the LM curve r e l a t i v e to the IS curve (a to o*£), the more 

l i k e l y r i s a be t t e r cho ice of p o l i c y c o n t r o l v a r i a b l e than M. S i m i l a r l y , the 

s m a l l e r the s lope of the LM curve r e l a t i v e to a g i ven s lope of the IS cu rve , the 

more l i k e l y r i s a b e t t e r cho ice than M. 

D. In fo rmat ion Lags 

The models examined so f a r assume tha t at the beg inn ing of each per iod 

po l icymakers r e c e i v e a complete set o f i n fo rma t i on on the economic outcome i n the 
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prev ious p e r i o d . Ra re l y i n r e a l l i f e are po l i cymakers so f o r t u n a t e . The FOMC, 

f o r example, observes goa l v a r i a b l e s such as r e a l GNP, the consumer p r i c e i ndex , 

and the unemployment ra te l e s s f r e q u e n t l y than f i n a n c i a l v a r i a b l e s such as 

i n t e r e s t ra tes and monetary agg rega tes . 

How then shou ld the FOMC or o the r agenc ies set p o l i c y when they have an 

incomplete se t of i n fo rma t i on? The answer i 3 the 3ame as b e f o r e . The s e t t i n g s 

o f p o l i c y c o n t r o l v a r i a b l e s shou ld be based on the most recen t obse rva t i ons o f 

economic v a r i a b l e s — n o mat ter how incomple te tha t set of i n f o r m a t i o n i s . 

Po l i cymakers shou ld not , as some have proposed, se t t a rge t va lues f o r f r e q u e n t l y 

15/ 
observed v a r i a b l e s which are not goa ls o f p o l i c y . — 

We w i l l cons ide r a t w o - p e r i o d , one -goa l v a r i a b l e , o n e - p o l i c y c o n t r o l 

17 / 

v a r i a b l e , random shocks m o d e l . — We w i l l assume tha t the economic s t r u c t u r e i s 

g i ven e s s e n t i a l l y by the ( IS) and (LM) curves i n IC and tha t the i n t e r e s t ra te 

has been shown to be the p r e f e r r e d p o l i c y c o n t r o l v a r i a b l e . Th is model d i f f e r s 

from the two-per iod model i n IA on ly w i t h respec t to the i n f o rma t i on assumpt ion. 

In IA we assumed that the va lue of the g o a l v a r i a b l e i n the f i r s t p e r i o d X 1 i s 

known by po l i cymakers at the beg inn ing o f the second p e r i o d . In the present 

model we assume tha t po l i cymakers do not observe X 1 at tha t t ime but do observe 

M r 

Our model can be w r i t t e n 

( D u = - ( x 1 - x 1 ) 2 - Y ( x 2 - x 2 ) 2 , 

( 2 . D x t = e 1 ( t ) « x t _ 1 + e 2 ( t ) « r t +• e 3 ( t ) 

(2 .2) M f c = v 1 ( t ) » X t + v 2 ( t ) T t + v 3 ( t ) 
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( 2 a ) E s ( J E E s , 
Mt), 

e ^ t ) e 2 ( t ) e 3 ( t ) 

v ^ t ) v 2 ( t ) v 3 ( t ) 

)1 9 2 83 

v 1 v 2 v 3 ' 

t > s 

(2b) 

( 9 ( t ) - E s 9 ( t ) ) ' 

. ( v ( t ) - E g v ( t ) ) ' 

( e ( t ' ) - E 9 ( t ' ) , v ( t ' ) - E v ( t ' ) ) s s 

' I f l ( t , t ' ) J 9 v ' ( t f t » ) 

= 0 t ^ t ' or t<s, and fo r t>s 

L ( t , t ) = 

.0 0 

Z , T ( t . t ) = 

.0 0 

L ^ ' ^ = J _ J . and 

o o : a 

(3) I 0 = < X 0 , M 0 , r 0 > , I 1 = < I 0 ; M 1 , r 1 > . 
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Under t h i s c e r t a i n t y equ i va l ence , one -goa l v a r i a b l e , o n e - p o l i c y 

c o n t r o l v a r i a b l e se tup , we know from IA tha t i n s o l v i n g f o r o p t i m a l p o l i c y we can 

ignore va r i ances and can proceed m y o p i c a l l y . Thus, op t ima l p o l i c y i s found by 

s e t t i n g E Q X 1 = X., and = f-2' F o r t h e f i r s t pe r iod we have 

E 0 X 1 = V o + ^ 2 ^ 1 + 9 3 = X 1 = >  

9 2 

For the second pe r i od we have 

EjXg = 9 1 E 1 X 1 + 9 2 R 2 + 9 3 = X 2 = > 

X 2 _ 9 i E i x r ' E 3 
R 2 = 

Note tha t i f I,, i n c l u d e s X., as i n IA, then 

E 1 X 1 = 8 ( 1 , 1 1 , ) = X 1 

and the exp ress i on above fo r i s the same as b e f o r e . 

X 

In the present model we must f o recas t X^ c o n d i t i o n a l on obse rva t i ons of 

Q , , and M 1 . From ( 2 . 1 ) we have 

E 1 X 1 = e.,x0 + e 2 r 1 + E ( e 3 ( D | x 0 , r 1 , M 1 ) . 

S i n c e 9 ^ ( 1 ) i s d i s t r i b u t e d independent ly of X Q and r^ , we need to determine 

E ( 9 3 ( 1 ) | M . , ) . Th is i s the s tandard p r e d i c t i o n problem, and by the o r t h o g o n a l i t y 

p r i n c i p l e we have tha t 

cov (a ( 1 ) , M . ) 
E ( 3 3 ( 1 ) - E 0 9 3 ( 1 ) | M 1 - E 0 M 1 ) = ^ ( M , - E Q M , ) 

where 
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C O V 0 ( 6 3 ( 1 ) , M 1 ) = E O ( 8 3 ( 1 ) - E ( J 0 3 ( 1 ) ) ( M 1 - E O M 1 ) 

and 

v a r o M i = E o ( M r E o M i ) 2 -

From (2 .2 ) we have 

M 1 - E Q M 1 = v 1 ( X 1 - E Q X 1 ) + ( v 3 ( 1 ) - v 3 ) , 

which from (2 .1) can be w r i t t e n 

M 1 - E Q M 1 = v 1 ( e 3 d ) - e " 3 ) + ( v 3 d ) - v 3 ) . 

Thus, 

c o v 0 ( 9 3 ( 1 ) , M 1 ) = E 0 ( 9 3 ( 1 ) - e 3 ) ( M 1 - E 0 M l ) 

= 7 1 E 0 ( 9 3 ( 1 ) - 9 3 ) 2 + E 0 ( 9 3 ( 1 ) - e 3 ) ( v 3 ( 1 ) - v 3 ) 

= V e + a 9 v 

and 

v a r Q M 1 = E 0 ( M 1 - E 0 M 1 ) 2 

= E 0 [ v 1 ( 9 3 ( D - 9 3 ) + ( v 3 ( 1 ) - v 3 ) ] 2 

" *VQ + 2 V 9 v + V 

We then have 

E ( ^ ( 1 ) ! X 0 , r 1 , M l ) = P 3 + E ( 6 3 ( 1 ) - 8 3 | M 1 - E 0 M 1 ) 
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' v i a 9 + 2 v i a e v + 0 v / 

3 3 + \ ( M 1 - E ( J M 1 ) 

and 

E 1 X 1 = [ 9 1 X 0 + 8 2 r 1 + e 3 ] + [ X ( M 1 - E ( J M 1 ) ] . 

The f o recas t of c o n d i t i o n a l on I . , — E 1 X 1 — i s s imp ly the f o r e c a s t o f X 1 c o n d i ­

t i o n a l on I Q — R ^ X Q + « 2

R ' . , + 0 3 — p l u s an update t e r m — X ( M ^ - E Q M ^ ) — w h i c h i s a cons tant 

t imes the p r e d i c t i o n e r r o r i n (de f i ned as the a c t u a l va lue o f l e s s the va lue 

p r e d i c t e d a t the beg inn ing of the p e r i o d ) . 

We can now s u b s t i t u t e our exp ress i on f o r E ^ X ^ i n t o the e x p r e s s i o n f o r 

r 2 to ob ta i n 

X 2 - 9 1 [ 9 1 X 0 + 9 2 r 1 + 9 3 + X ( M 1 - E 0 M 1 ) ] - e 3 

V V « , v V i + 9 3 } - V 9 i ( - 2 2 i y V 2 ) ( M r E o M i } 

\ V l V 2 V 1 a a v + ° y /  

\ 
As long as Q . i 0 ( cu r ren t income i s r e l a t e d to past income) and not 

both v . = 0 and aa = 0 (not both income e l a s t i c i t y of money demand i s zero and 

d i s t u rbances to goods demand and money demand are u n c o r r e l a t e d ) , the e x p r e s s i o n 

above i n d i c a t e s that the p r e d i c t i o n e r r o r M., - E Q M 1 shou ld be used as i n f o r m a t i o n 

i n s e t t i n g r 2 , and hence, M i s r e f e r r e d to as an i n fo rma t i on v a r i a b l e . Note tha t 

op t ima l p o l i c y i s not to set r 2 so t ha t E ^ = E Q M 2 o r , i n o ther words, to make M 

an in te rmed ia te t a r g e t . 
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I I . S t o c h a s t i c C o e f f i c i e n t s Model 

We w i l l tu rn now to models i n which u n c e r t a i n t y about the economic 

s t r u c t u r e p lays an i n t e g r a l pa r t i n p o l i c y f o r m u l a t i o n . In the random shocks 

model u n c e r t a i n t y cou ld e s s e n t i a l l y be i gno red : op t ima l p o l i c y i n the cu r ren t 

pe r iod cou ld be found by s e t t i n g a l l s t o c h a s t i c terms at t h e i r means ( c o n d i t i o n a l 

on cu r ren t i n fo rma t ion ) and s o l v i n g the r e s u l t i n g d e t e r m i n i s t i c max imiza t ion 

prob lem. Th is c e r t a i n t y equ iva lence r e s u l t f o l l owed from two p r o p e r t i e s : 

1. Expected u t i l i t y depended on ly on f i r s t - and second-order moments o f 

goa l v a r i a b l e s . 

2 . The second-order moments o f goa l v a r i a b l e s were independent of s e t ­

t i n g s o f p o l i c y c o n t r o l v a r i a b l e s . 

C e r t a i n t y equ iva lence does not extend to s t o c h a s t i c c o e f f i c i e n t s models, how­

e v e r . In these models the second-order moments o f p o l i c y goa l v a r i a b l e s do 

depend on s e t t i n g s of p o l i c y c o n t r o l v a r i a b l e s . 

A. Inherent Unce r ta i n t y About the E f f e c t s of P o l i c y on Goa l V a r i a b l e s 

We w i l l cons ide r a model w i th one goa l v a r i a b l e and one p o l i c y c o n t r o l 

v a r i a b l e . As be fo re , s e r i a l l y independent shocks to the economy cause there to 

be u n c e r t a i n t y about the i n t e r c e p t o f the reduced form. However, we w i l l assume 

now tha t there i s a l s o u n c e r t a i n t y about the va lue of the c o e f f i c i e n t on the 

p o l i c y c o n t r o l v a r i a b l e . The d i s t r i b u t i o n of the c o e f f i c i e n t i s assumed to be 

known and to be i n v a r i a n t over t ime . The i n v a r i a n c e assumpt ion p rec ludes tha t 

the c o e f f i c i e n t u n c e r t a i n t y i s due to e s t i m a t i o n , but i n s t e a d r e q u i r e s i t to be 

due to inherent randomness i n the economic s t r u c t u r e . 

The s t o c h a s t i c c o e f f i c i e n t s model w i th inheren t u n c e r t a i n t y can be 

16/ 
expressed by equat ions (1 ) - (3 ) w i t h — 
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(1) 

(2a) 

(2b) 

(3) 

Y = 

9 ( t ) g = ( e r 9 2 , 9 3 ) t > s 

I ( t . t ' ) , 

0 3 x 3 W t ' or t=3 

'0 0 0 

0 a2 a 2 3 

«0 a 3 2 a 3 . 

2 2 
, a 2 , o 3 > 0 t=t*>s 

-1
 = x r 

Th is s p e c i f i c a t i o n d i f f e r s from the random shocks model i n IA on l y i n tha t the 

va r i ance of 9 2 and the cova r i ance o f 9 2 and 9 3 now are not assumed to be z e r o . 

Le t us examine f i r s t the s o l u t i o n to the po l i cymak ing problem i n the 

one-pe r iod c a s e . 

1. One-per iod ho r i zon (y=0). 

The problem i s 

(1) max - E n ( X 1 - X , ) 2 = -O 2 , - ( E - X . - X , ) ' 
'0 V "1 1 0 1 1 

sub jec t to 

(2) x 1 = + e 2 d ) P 1 + 9 3 d ) 

where by (2a ) , (2b ) , and symmetry 

E 0 ( 9 2 ( 1 ) , 9 3 ( D ) = ( 9 2 , 9 3 ) 

and 

' 9 2 ( 1 ) - 8 2 

v 9 3 ( 1 ) - 8 3 . 

( 9 2 ( i ) - e 2 , 9 3 ( i ) - 9 3 ) = 
°2 °23 

, a 2 3 a 3 
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We have by (2) 

( i ) E Q X 1 = + 9 2 P 1 + e 3 . 

S u b t r a c t i n g ( i ) from (2) we have 

x 1 - E Q X 1 = ( 9 2 d ) - e 2 ) P 1 + ( e 3 ( i ) - e 3 ) , 

so tha t 

( i i ) ojj = E 0 ( X 1 - E Q X 1 ) 2 = E 0 [ ( 9 2 ( 1 ) - 9 2 ) P 1 + ( 9 3 ( 1 ) - 9 3 ) ] 2 

2 2 2 
= a 2 P 1 + 2 P i 0 2 3 + a 3 « 

S u b s t i t u t i n g ( i ) and ( i i ) i n t o (1) the problem i s s imp ly 

( i i i ) max - o 2 P 2 - 2 0 ^ ^ - a 2 - ( 9 l X Q + 9 2 P 1 + 9 3 - X 1 ) 2 . 
P 1 

The f i r s t - o r d e r c o n d i t i o n f o r max imiza t ion y i e l d s : 

I t i s i n s t r u c t i v e to compare t h i s e x p r e s s i o n w i th the analogous 

exp ress i on i n IA (p . 19 ) . Both are of the form 

P} = A ' ( X 1 - 9 . ] X 0 - 9 3 ) + B. 

The term i n parentheses i s the gap between the ta rge t va lue of the goa l v a r i a b l e 

and i t s expected va lue c o n d i t i o n a l on P 1 = 0 . The c o e f f i c i e n t A determines by 

how much the p o l i c y c o n t r o l v a r i a b l e should be ad jus ted i n response to a u n i t 

i nc rease i n the gap. The i n t e r c e p t 3 determines the adjustment to ?^ which 

shou ld be made rega rd l ess of the gap when there i s nonzero covar iance between 

and 9 3« 
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The important po in t to note i s tha t the abso lu te va lue of the c o e f f i ­

c i e n t A i n the s t o c h a s t i c c o e f f i c i e n t s model i s unambiguously s m a l l e r than the 

abso lu te va lue of the c o e f f i c i e n t A i n the random shocks model . More g e n e r a l l y , 

the abso lu te va lue o f A decreases con t i nuous l y as the v a r i a n c e o f 9 2 i n c r e a s e s . 

Th is means tha t po l i cymakers shou ld become more cau t i ous i n respond ing to f o r e ­

cas ted gaps i n g o a l v a r i a b l e s from t h e i r t a r g e t s the l a r g e r i s the u n c e r t a i n t y 

about the e f f e c t s o f p o l i c y . 

The s o l u t i o n to the po l i cymak ing problem can be shown g r a p h i c a l l y i n 

the mean-var iance plane o f X.,. Constant l e v e l s of expected u t i l i t y ( i n d i f f e r e n c e 

curves) acco rd ing to (1) are g iven by 

E Q U = C = - 0

2

h - ( X r V 2 > 

where X^ = E Q X ^ . To d e r i v e the f r o n t i e r to the po l i c ymake rs ' oppo r tun i t y se t i n 

the mean-var iance plane o f X.,, we so l ve f i r s t f o r P 1 i n ( i ) to get 

P« = aX- + 6, where a E — and 8 = - • 
9 2 0 2 

We then s u b s t i t u t e t h i s exp ress ion f o r P 1 i n t o ( i i ) to get 

2 2 2 —2 2 — 2 2 2 
a X = ^ a a 2 1 * 2 a ( 3 a 2 + a 2 ^ > X 1 + (3 a ^ S o ^ + a ^ ) 

E K^X^ + K 2 X^ + . 

_ 2 
The expected u t i l i t y maximiz ing mean-var iance p a i r (X* a Y * ) i s l o c a t e d 

1 1 

where the oppor tun i t y se t f r o n t i e r i s tangent to an i n d i f f e r e n c e cu rve . G iven 

the maximiz ing va lue of X 1 , P 1 can be determined from ( i ) . 
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F i g u r e 6 

2 A 

2* 
5 x , 

4 = K 1 X 1 + K 2 X 1 + K 3 
\ (drawn f o r K 2 =0, K 3>0) 

\ \ 
/ - — - N -V— ^- Increas ing l e v e l s of EQU 

/ \ 
i i 5 

— * 
X l 

In the random shocks m o d e l o 2

 a n d ^ £ 3 A R E Z E R O S 0 T H A T T H E F R O N T I E R T O 

2 2 
the mean-var iance oppor tun i t y set i s s imp ly the h o r i z o n t a l l i n e a Y = a , - The 

_ \ 3 

tangency of the f r o n t i e r and i n d i f f e r e n c e curve i s then at = X . . As the 

va r iance o f 9 2 grows, the f r o n t i e r becomes s teeper and the tangency po in t moves 

f u r t h e r away from X ^ . 

Maximum u t i l i t y i s found by s u b s t i t u t i n g the exp ress i on f o r i n t o 

( i i i ) which y i e l d s 

V = ( x r e i W 2 - 2 V 2 3 
2 TT2 

, a 2 + e 2 / 

( x r p i W 

"23 2 
2~=2 - °3 I ' 

^ 2 + e 2 

2 ? When a 2 = 0 , the exp ress ion i n d i c a t e s tha t E Q U = -Oy which i s the nega t i ve o f the 

i r r e d u c i b l e va r i ance of When o\ > 0 and 0^ = 0 , E Q U i s the sum of the f i r s t 

term and ~ay where the f i r s t term measures the expected l o s s from not c l o s i n g 

the goa l v a r i a b l e gap e n t i r e l y . 
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Let us now tu rn to the two-per iod case . 

2 . Two-per iod ho r i zon (y^O) . 

The problem i s 

(1) max - E 0 [ ( X 1 - X 1 ) 2 - K Y E 1 ( X 2 - X 2 ) 2 ] 

P 1 » P 2 

sub jec t to 

(2) X 1 = Q-jXg + e 2 d ) « P 1 + 9 3 ( 1 ) 

x 2 = e 1 x 1 + e 2 ( 2 ) - P 2 + 9 3 ( 2 ) 

where by (2a) and (2b) f o r s=0, 1 and t>s 

E 3 [ 9 2 ( t ) , 9 3 ( t ) ] = ( 6 2 * 6 3 ) 

and 

9 2 ( t ) - 9 2 

V 9 3 ( t ) - 9 3 , 

( e 2 ( t ' ) - e 2 , e 3 ( t ' ) - 9 3 

° 3 x 3 

W t 1 

2 
° 2 a 2 3 

2 
a 2 3 a 3 

t=t ' 

and (3) X , - X 1 . 

" 2 

By the Bel lman p r i n c i p l e P 2 i s found by maximiz ing -"yE, (Xg-Xg) w i th 

respec t to P 2 sub jec t to X 2 = 9 ^ X 1 + 9 2 ( 2 ) P 2 + 9 3 ( 2 ) . As was the case i n the 

random shocks model, t h i s problem i s p r e c i s e l y the same as the one -pe r iod problem 

w i th the s u b s c r i p t s moved up one p e r i o d . Thus, i t f o l l o w s 
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P 2 = ( 2 I2 ) < V e i X r V " ( Z-A 
\ a 2 + e 2 / \ a 2 + e 2 / 

2 

and w i th a Y and E X c o n d i t i o n a l on P 0 , 

U g d ^ 5 - Y [ a 2

2 + ( E 1 X 2 - X 2 ) 2 ] 

where 

= - y [ ( i - H ) ( x 2 - e l x 1 - e 3 ) 2 + 2 H K ( x 2 - e l x 1 - e 3 ) + ( a 3 - H K 2 ) ] 

a 2 + 9 2 9 2 

Opt imal f i r s t - p e r i o d p o l i c y i s found by maximiz ing w i th respec t to 

E Q U = - E 0 ( X 1 - X 1 ) 2 * Z0V2(I,) 

sub jec t to 

x 1 = 8 ^ + 9 2 ( 1 ) P 1 + e 3 ( D 

and 

U g d , ) = - Y [ ( 1 - H ) ( X 2 - 0 L X 1 - 9 3 ) 2 + 2 H K ( X 2 - 9 1 X 1 - e 3 ) + ( a 2 - H K 2 ) ] 

As we found i n the one -pe r iod case (exp ress ion ( i i i ) ) 

- E Q C X ^ X , ) 2 = - a 2 P 2 - 2 a 2 3 P 1 - a 2 - ( 9 1 X 0 + 9 2 P L + 9 " 3 - X 1 ) 2 . 

A f t e r some c a l c u l a t i o n s and man ipu la t i ons we f i n d 

W V = - * v * a i p i 4 V i ) 

where 
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a Q = ( i - H ) [ ( x 2 - e 2 x o - e 3 ) 2 - 2 e 1 9 3 ( x 2 - e 2 x o - 0 3 ) 

+ e 2 ( a 3 + e 2 ) ] + 2 H K ( x 2 - e 2 x 0 - 8 1 e 3 - e 3 ) + ( a 3 - H K 2 ) , 

a 1 = 9 1 { ( i - H ) [ e 1 ( a 2 3 + e 2 e 3 ) - 9 2 ( x 2 - e 2 x 0 - e 3 ) ] - H K 6 2 } 

a 2 = ( 1 - H ) 9 2 ( a 2 + 9 2 ) . 

D i f f e r e n t i a t i n g E Q U w i t h respec t to and s e t t i n g the r e s u l t i n g exp ress i on equal 

to zero y i e l d s 

P 1 = 2 o 2 

, a 2 + 9 2 

J J - 9 i X

0 - 9

3 

'23 Y H 9 
1 - 1 

1+Y(1-H)8 2 

I t i s i n t e r e s t i n g to compare the exp ress i on above w i t h the e x p r e s s i o n 

f o r op t ima l p o l i c y i n the one -pe r iod c a s e . In gene ra l they are not the same. 

Thus, even w i th as many p o l i c y c o n t r o l v a r i a b l e s as g o a l v a r i a b l e s , p o l i c y cannot 

be made rayopically when there i s u n c e r t a i n t y about the e f f e c t s o f p o l i c y . 
A A 

In our example op t ima l p o l i c y can be made m y o p i c a l l y i f X 2 = 8^X^ + ? 3 

and a22 - 0« There i s no apparent reason why e i t h e r o f these e q u a l i t i e s shou ld 

h o l d . Suppose, however, t ha t o" 2 3 = 0 . I t then f o l l o w s w i th fl2 > 0 tha t the best 

myopic p o l i c y P™ i s r e l a t e d to the best o v e r a l l p o l i c y by P™ | P 1 as X 2 = ft^X^ + 

9 3« Thus, the best myopic p o l i c y i m p l i c i t l y assumes tha t the dynamic s t r u c t u r e 

of the economy i s o p t i m a l : once the goa l v a r i a b l e i s on i t s t a rge t pa th , i t 

assumes the economic process w i l l keep i t t h e r e . I f the ta rge t fo r the goa l 

v a r i a b l e i n the fu tu re per iod i s above (below) what the economic process cou ld be 

expected to produce, the myopic p o l i c y w i l l be too r e s t r i c t i v e (expans ionary) i n 

the cu r ren t p e r i o d . 
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In g e n e r a l , p o l i c y cannot be made myop i ca l l y because what i s a t t a i n ­

ab le i n the second pe r i od depends on the va lue o f the p o l i c y c o n t r o l v a r i a b l e i n 

the f i r s t p e r i o d . To ignore t h i s dependence r e s u l t s i n a l o s s i n expected 

u t i l i t y . From the one -pe r iod case we know tha t the mean-var iance f r o n t i e r i n the 

second pe r i od c o n d i t i o n a l on can be w r i t t e n 

2 2 2 —2 2 — 2 2 2 
CTX = ^ a a 2 ^ * X 2 + 2 c t ^ a 2 + o " 2 3 ^ * X 2 + ^ o " 2

+ 2 8 a 2 3 + a 3 ) , 

where 

= E l ( X 2 - X 2 ) 2 

X 2 = 9 1 X 1 + 0 2 P 2 + 9 3 

a = — 
9o 

and 

8 = Z • 
9 2 

The l o c a t i o n of the f r o n t i e r i n the mean-var iance plane depends on the l e v e l o f 

X 1 as i s seen i n the exp ress ions f o r X 2 and Q. The l e v e l of X ^ , meanwhi le, 

depends on , a l though t h i s dependence i s random as of t ime z e r o . That i s , the 

p r e c i s e r e l a t i o n s h i p which ob ta ins between X 1 and P 1 depends on the r e a l i z a t i o n s 

o f 8 2 ( D and 9^ (1 ) . I t i s c l e a r , however, tha t the l o c a t i o n o f the mean-var iance 

f r o n t i e r f o r X 2 which i s expected c o n d i t i o n a l on IQ depends on P ^ In o rder to 

maximize expected u t i l i t y c o n d i t i o n a l on IQ, i t i s necessa ry , t h e r e f o r e , to 

recogn ize how the cho ice of P., r e s t r i c t s f u tu re p o l i c y c h o i c e s . 

3 . Long and V a r i a b l e P o l i c y Lags 

M i l t o n Friedman (1969) argued tha t feedback p o l i c i e s are l i k e l y tc be 

d e s t a b i l i z i n g when there are long and v a r i a b l e p o l i c y l a g s . There are at l e a s t 
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two i n t e r p r e t a t i o n s o f h i s argument. One i s tha t he i s r e f e r r i n g to the l i k e l i ­

hood o f a p o l i c y drawn a t random be ing d e s t a b i l i z i n g , wh i l e a second i s tha t he 

i s r e f e r r i n g to an op t ima l p o l i c y . 

Under the f i r s t i n t e r p r e t a t i o n , the argument i s tha t because o f i n s u f ­

f i c i e n t knowledge or i n s t i t u t i o n a l c o n s t r a i n t s , feedback p o l i c i e s i n p r a c t i c e 

19/ 

are l i k e l y to dev i a te s u b s t a n t i a l l y from op t ima l p o l i c i e s . — S ince long and 

v a r i a b l e lags add v a r i a b i l i t y to the economic s t r u c t u r e , they then i n c r e a s e the 

l i k e l i h o o d tha t p o l i c i e s i n p r a c t i c e w i l l be d e s t a b i l i z i n g . I f t h i s i s F r i e d ­

man's argument, he i s undoubtedly c o r r e c t : the more v a r i a b l e the economic 

s t r u c t u r e , the more l i k e l y a p o l i c y chosen at random w i l l be d e s t a b i l i z i n g . 

Under the second i n t e r p r e t a t i o n , the argument i s that w i th s u f f i c i e n t 

v a r i a b i l i t y i n the economic s t r u c t u r e even the best feedback p o l i c y w i l l be 

d e s t a b i l i z i n g . The op t ima l p o l i c y then must be a nonfeedback r u l e , such as a 

cons tan t growth r a t e f o r the F e d ' s p o r t f o l i o . In t h i s s e c t i o n we w i l l examine 

the v a l i d i t y of t h i s argument i n a s imp le two-per iod v e r s i o n o f a model by 

F i s c h e r and Cooper (1973) . 

F i s c h e r and Cooper f i r s t de f i ned i n the contex t of a p a r t i c u l a r model 

the no t i ons " l e n g t h of l a g " and " v a r i a b i l i t y of l a g . " They then used numer i ca l 

s o l u t i o n techn iques to eva lua te d i f f e r e n t p o l i c i e s . They concluded tha t as long 

as the v a r i a n c e s of l a g weights are f i n i t e , feedback r u l e s s t i l l dominate non-

feedback r u l e s . However, the g rea te r the v a r i a n c e s i n l ag we igh ts , the l e s s 

po l i cymakers should respond to new i n f o r m a t i o n . 

F i s c h e r and Cooper assumed an i n f i n i t e ho r i zon problem w i th l a g 

weights on p o l i c y from a s p e c i f i c f am i l y o f l a g d i s t r i b u t i o n s : 

max E U = max E V (X..-X) 
? P r P 2 , . . . t=1 " 
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sub jec t to 

CO 
x f = ex. . + I w. ( t )«p. . + uct) 

t t _ 1 i=0 1 t _ 1 

where (3 i s a known s c a l a r and U i s a random r e s i d u a l . They then de f i ned the 

l eng th o f l ag and the v a r i a b i l i t y of l ag w i th respec t to the assumed f a m i l y o f 
20 / 

l a g d i s t r i b u t i o n s . — Whi le the model cou ld be so l ved e x p l i c i t l y i n the known 

l a g case , i t cou ld not i n the v a r i a b l e l a g case . 

The problems o f d e f i n i t i o n and s o l u t i o n faced by F i s c h e r and Cooper a re 

not encountered i n our two-per iod t reatment of t h e i r model . We can express the 

model a s : 
(1) max E U = - E _ [ ( X , - X . ) 2 + y E . ( X p - X _ ) 2 l 

P p 

sub jec t to 

x 1 = S ^ D X Q + e 2 ( D P 1 + e 3 ( D 

(2) 

x 2 = e 1 ( 2 ) x l + 9 2

( 2 ) P 2 + X P 1 + 9 3 ( 2 ) 

where 

(2a) 9(tT s = , e 2 , e 3 ) t>s 

(2b) 

,\ has mean \ , va r iance i., and i s unco r re l a ted w i th the 8 ' s , and 
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In order to make t h i s model comparable to the one i n I IA , we must 

s u b s t i t u t e f o r P 1 i n the second equat ion o f (2) u s i n g the e x p r e s s i o n i n the f i r s t 

equa t ion o f ( 2 ) : 

( x 1 - e 1 ( i ) x n - e - ( D ) 
x 2 = e l ( 2 ) x 1 + e 2 ( 2 ) P 2 + x — • — - + e 3 ( 2 ) 

or 

. o . C D x . + e . d ) ) 
X 2 = [ 9 1 ( 2 ) + 9 7 1 7 ^ 1 + 9 2 ( 2 ) P 2 + [ 9 3 ( 2 ) " X 9 7 T ) ] 

= 9 j ( 2 ) X 1 + 9^ (2 )P 2 + 9 3 ' ( 2 ) . 

When we now compare t h i s model to the one i n I IA , we f i n d two impor tant d i f f e r -

— ? ences . In gene ra l w i t h X i 0 and a , > 0 
A 

( i ) There i s s e r i a l c o r r e l a t i o n i n the r e s i d u a l s , E Q 9 3 (1 )9^(2) t 0 and 

( i i ) The system l ag 9](2) becomes random even i f 9 ^ 1 ) and 9 2 (1) are known. 

We are i n t e r e s t e d p r i m a r i l y i n how the p o l i c y r u l e f o r P 1 changes as \ 
2 

and o^ change. We cou ld so l ve the model i n a g e n e r a l form a l l o w i n g f o r s e r i a l 

c o r r e l a t i o n i n r e s i d u a l s and a random system l a g and then s u b s t i t u t e s p e c i f i c 

terms f o r means and cova r i ances us ing ( 2 ) , ( 2a ) , and (2b ) . I t i s much s i m p l e r , 

however, to s o l v e the model (1 ) - (3 ) d i r e c t l y . 
2 

We f i r s t so l ve f o r P 2 by max imiz ing - y E ^ X - j - X . , ) w i th respec t to P 2 

sub jec t to 

x 2 = e 1 x 1 • 9 2 ( 2 ) P 2 + X P 1 + 9 3 ( 2 ) . 

2 _ ~ 2 

P 2 must then min imize the sum o" x + ( X 2 ~ X 2 ) . From (2a) i t f o l l o w s 

x 2 = 9 ^ • e 2 P 2 + X P l • 9 3 , 

X 2 - X 2 = ( 9 2 ( 2 ) - ? 2 ) P 2 + ( X - X ) P 1 + ( 9 3 ( 2 ) - 9 3 ) , 
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and 

2 2 D 2 2 D 2 2 
a X 2

 = a 2 P 2 + A X P 1 + a 3 ' 

2 — A 2 
M i n i m i z i n g a Y + ( X 0 - X _ ) w i th respec t to P_ then y i e l d s : 

p 2 = ( ; | ^ J < V e i x r X P r V 

and 

V V ~ - Y E 1 [ X 2 ( P 2 ) - X 2 ] 2 = - Y [ ( - ^ ) ( ; 2 . e i x i - X P 1 - B 3 ) 2

+ a 2

x P 2

+ a 2 ] 

2 2 ' 

We can now w r i t e 

EQU = - t y X , - ! , ) 2

 + ^ ( I , ) 

= - a 2 P 2 - a 2 - (9 1 X 0 +9 2 P 1 +e 3 -X 1 ) 2 

- Y [ ( 1 - H ) E 0 ( x 2 - e 1 x 1 - X P 1 - e 3 ) 2 + a 2 P 2 + a 2 ] 

" 2 
where the exp ress i on f o r E Q ( X ^ - X ^ ) i s d e r i v e d as i n I I A and 

n 
H E 2 Q2* a 2 + 9 2 

S u b s t i t u t i n g f o r X^ from (2 ) , t a k i n g expected va lues i n the exp ress i on f o r 

E Q U 2 ( I ^ ) , and then maximiz ing the r e s u l t i n g exp ress i on f o r EQU w i th respec t to P., 

y i e l d s : 

9 2 ( X 1 - 9 1 X 0 - 9 3 ) + Y ( 1 - H ) ( 9 1 9 2 + X ) ( X 2 - 9 ^ X 0 - 9 3 - 9 1 9 3 ) 

1 a 2 + 9 2 + Y ^ 1 " H > 1 9 2 ( a 2 + 9 2 ) +2\B^2+\2] + Y a 2 
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We can w r i t e the r u l e f o r as 

p\ = AG 1 + BG 2 

where 

G 1 = ( X 1 - 9 l V ® 3 ) 

i s the f i r s t - p e r i o d gap between the d e s i r e d va lue o f g o a l v a r i a b l e and i t s 

expected va lue w i th P^ = 0 , 

G 2 = ( x 2 - e 2 x 0 - e 3 - 9 1 9 3 ) 

i s the second-per iod gap between the d e s i r e d va lue o f the g o a l v a r i a b l e and i t s 

expected va lue w i t h P^ = P 2 = 0 , 

A ~ Den 

i s the c o e f f i c i e n t of p o l i c y response to the gap i n 1^ , 

y ( 1 - H ) ( 
B = Den 

i s the c o e f f i c i e n t of p o l i c y response to the gap i n X 2 , and 

Den = a 2 + $\ + y( 1-H) [ 0 2 { o \ ^ \ ) * 2 \ Q ^ 2 * \ 2 ] + yoy 

2 
We observe f i r s t tha t A and B i n g e n e r a l a re not zero i f < c o . That 

i s , as long as the va r i ance o f the p o l i c y l a g i s f i n i t e , a feedback r u l e domin-

2 1 / 
a tes a nonfeedback r u l e . — 

— 2 
We can now examine how the l a g parameters X and a , a f f e c t the p o l i c y 

A 

response c o e f f i c i e n t s A and B. Note tha t Den can be w r i t t e n 

Den = o\ + 9 2 + y{1-H)[e2a2+(9132+\)2] + y a 2 
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so tha t c l e a r l y Den > 0 . I t f o l l o w s immediate ly tha t 

iUi < o and HfL < 0 . 

3 c , 3 a , 

T h i s i n d i c a t e s tha t p o l i c y shou ld respond l e s s v i g o r o u s l y to pe rce i ved gaps i n 

g o a l v a r i a b l e s as the va r i ance o f the p o l i c y l a g i n c r e a s e s . — / 

We next compute how A and B change as X changes. We f i n d f i r s t tha t 
3A - 2 Y 6 2 ( i - H ) ( e 1 e 2 + x ) 

3X Den 2 

I t f o l l o w s then tha t 

sgn(^JAi) = - sgn (e e 2 +x) . 
3X 

The l a s t term i n parentheses i s s imply the e f f e c t of P., on the expected va lue o f 

V 

E Q X 2 = e 2 x 0 + 9 2 P 2 + ( e 1 9 2 + x ) P 1 + ^ 9 + ? 3 

so tha t 

9 E Q X 2 - - -
3P 1 = 9 1 9 2 + X ' 

Our r e s u l t i s then tha t 

3X W 9 P 1 - ° ] ' 

We next f i n d 

8 B Y ( 1 - H ) ( a 2 + 9 2 n a 2 ) n 2 ( 1 - H ) 2 f 9 2 a 2 - ( 9 1 9 2 + X ) 2 ] 

3X Den 2 

3 I B I 
Depending on parameter v a l u e s , can be p o s i t i v e or n e g a t i v e , but the economic 

9 X a m 
i n t e r p r e t a t i o n i s not as apparent as f o r 3X 
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Our r e s u l t s would seem to g e n e r a l i z e to m u l t i p e r i o d models as f o l l o w s : 

1. A g iven change i n the shape o f the p o l i c y l a g ( represen ted i n our model 

as a change i n A) can e i t h e r i nc rease or decrease the resDons iveness o f 

op t ima l p o l i c y to new i n f o r m a t i o n . The outcome depends on va lues o f 

parameters o f the economic s t r u c t u r e as w e l l as on va lues o f parameters 

o f the o b j e c t i v e f u n c t i o n . 

2. An i nc rease i n the v a r i a b i l i t y o f the p o l i c y l a g unambiguously reduces 

the respons iveness of op t ima l p o l i c y to new i n f o r m a t i o n . Un less the 

va r i ance of the p o l i c y l a g i s i n f i n i t e , however, some respons iveness 

i s b e t t e r than none. 

C. E s t i m a t i o n Unce r ta i n t y About the E f f e c t s o f P o l i c y on Goal V a r i a b l e s 

An important c o n s i d e r a t i o n i n dynamic d e c i s i o n making under unce r -

t a i n t y i s the oppo r tun i t y to l e a r n by do i ng , tha t i s , to expe r imen t .— In some 

s i t u a t i o n s i t i s p o s s i b l e f o r the po l i cymaker to l e a r n more about the economic 

s t r u c t u r e by t a k i n g an extreme a c t i o n and then obse rv ing the outcome fo r the goa l 

v a r i a b l e . Th i s oppo r tun i t y i s p resen t , fo r example, when u n c e r t a i n t y about 

c o e f f i c i e n t s i s due to e s t i m a t i o n . In these s i t u a t i o n s i t may be b e n e f i c i a l to 

exper iment e a r l y i n the p o l i c y h o r i z o n , thereby s a c r i f i c i n g on near - te rm p o l i c y 

g o a l s , i n o rder to ga in knowledge about the economic s t r u c t u r e , thereby improv ing 

the a b i l i t y to a t t a i n o o l i c y goa l s i n the f u t u r e . In t h i s s e c t i o n we w i l l 

ana lyze a s imp le l e a r n i n g - b y - d o i n g model and compare the op t ima l p o l i c y which 

ob ta i ns to that which ob ta ins i n the inheren t u n c e r t a i n t y model. 

Before t u rn i ng to the l e a r n i n g - b y - d o i n g model, i t i s u s e f u l to c o n ­

t r a s t the inheren t u n c e r t a i n t v and e s t i m a t i o n u n c e r t a i n t y assumpt ions . Under 

e i t h e r assumption the po l icymaker i s assumed to know the d i s t r i b u t i o n of the ? 

p r o c e s s . In two-per iod models t h i s means the po l icymaker i n i t i a l l y knows S ? ( t ) , 

t=1, 2 and E~?( t ) 1 Q( t ' ) , t , t ' = 1 , 2 . With i nhe ren t u n c e r t a i n t y i t i s assumed tha t 
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i n f o rma t i on from the f i r s t pe r i od <X^,P^> does not a l t e r the d i s t r i b u t i o n of 

second-per iod c o e f f i c i e n t s 8 ( 2 ) : 

E Q 9(2 ) = E.,e(2) 

and 

E Q 9(2 )»9(2 ) = E 1 9 ( 2 ) ' 8 ( 2 ) . 

In Bayes ian terms t h i s says tha t the p o s t e r i o r d i s t r i b u t i o n of 9(2) ( the d i s t r i ­

bu t i on o f 8(2) c o n d i t i o n a l on 1 ^ i s the same as the p r i o r d i s t r i b u t i o n o f 8(2) 

( the d i s t r i b u t i o n o f ^(2) c o n d i t i o n a l on I Q ) . With e s t i m a t i o n u n c e r t a i n t y these 

e q u a l i t i e s do not h o l d , so tha t the p r i o r and p o s t e r i o r d i s t r i b u t i o n s o f 8(2) are 

d i f f e r e n t . Lea rn ing by do i ng , thus , i n v o l v e s s e t t i n g to f a v o r a b l y a l t e r the 

p o s t e r i o r d i s t r i b u t i o n o f 9 2 . 

As an example, suppose that u n c e r t a i n t y about 8 i s due to e s t i m a t i o n 

and that the po l i cymaker approaches the f i r s t pe r i od w i th o r d i n a r y l e a s t squares 

e s t i m a t o r s of 9(1) based on T p r i o r obse rva t i ons o f X and P. At the beg inn ing o f 

the second pe r i od the OLS es t ima to rs o f 9(2) w i l l be based on the p r i o r T 

o b s e r v a t i o n s of X and P and on X^ and P . . Thus, the cho ice of P 1 a f f e c t s the 

es t imated d i s t r i b u t i o n of ^ ( 2 ) . By choos ing an extreme va lue of P 1 , the p o l i c y ­

maker can generate an extreme obse rva t i on which w i l l improve the p r e c i s i o n o f the 

24/ 

es t imate o f 8 ( 2 ) . — Thus, there i s an i n c e n t i v e to dev i a te from h i s t o r i c a l 

p o l i c y , which i s not p resent when there i s inheren t u n c e r t a i n t y . 

Our model o f l e a r n i n g by do ing cap tures the essence o f t h i s e s t i m a t i o n 
' 5 / 

example, but s i m p l i f i e s the problem to a l l ow an e x p l i c i t s o l u t i o n . — We w i l l 

assume tha t ^ i s known, tha t takes on one o f the two v a l u e s , 1 and 2, w i th 

p r i o r s p and 1-p, r e s p e c t i v e l y , and that ^ i s d i s t r i b u t e d un i f o rm ly on [ - 1 ,1 ] 

and independent iv over t ime. We w i l l choose s o e c i f i c t a r g e t s fo r the goa l 

v a r i a b l e , X 1 = e.,X0 + 1 and X 2 = f^X. , , i n o rder to f a c i l i t a t e computat ion of 

op t ima l p o l i c y under both types of u n c e r t a i n t y . — 
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The nature o f l e a r n i n g i n t h i s model i s s t r a i g h t f o r w a r d . Let P . be 

g i v e n . I f ft* ~ 1 » then X^ w i l l be un i f o rm ly d i s t r i b u t e d on the i n t e r v a l 

[ S

1 X 0 + P 1 - 1 , ? . , X 0 + P 1 + 1 ] . S i m i l a r l y , i f ^ 2 = 2 , then X 1 w i l l be un i f o rm ly d i s t r i ­

buted on the i n t e r v a l [ 3 1 X Q + 2 P 1 - 1 , ^ 1 X Q + 2 P 1 + 1 ] . Thus, f o r g i ven P 1 , X , w i l l f a l l 

i n one o f th ree i n t e r v a l s : 

A = {y: « 1 X 0 + P 1 - 1 = y < B 1 X 0 + 2 P 1 - l } , 

B = {y: ^ X Q + P ^ K y z ^ X g ^ P ^ l } , and 

C = {y: 9 1 X 0 + 2 P L - 1 < = y < = ^ 1 X 0 + P 1 + i } , 

see (F igu re 7 ) . 

F igu re 7 

X, i s un i f o rm ly d i s t r i b u t e d on s p e c i f i e d i n t e r v a l 

c o n d i t i o n a l on 
e 2 . i 9 2=2 

V o + p r 1 9 \ X » + 2 P , - 1 8 , X „ + P , + 1 1 " 0 1 1 " C T L 1 9 i V 2 P i + 1 

I f we observe X^eA, we know tha t 3 ? = 1 , because p o i n t s i n the set A have a ze ro 

p r o b a b i l i t y of o c c u r r i n g when fi? = 2 . S i m i l a r l y , i f we observe X , e B , we know 

tha t q

2 = 2 . I f we observe , however, X^eC, there i s no i n f o rma t i on upon which to 

change our p r i o r s , because p o i n t s i n C have an equal p r o b a b i l i t y o f o c c u r r i n g 

whether - . = 1 or a , = 2 i s t r u e . Thus, i f X . f a l l s i n C, we would s t i l l a t t a c h 

the p r o b a b i l i t i e s p and 1-p to A * = 1 and ° 9 = 2 , r e s p e c t i v e l y . 
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L e a r n i n g , i n t h i s case , amounts to reduc ing the p r o b a b i l i t y that 

f a l l s i n C. In o rder to compute how the p r o b a b i l i t i e s of X^ f a l l i n g i n p a r t i c ­

u l a r reg ions depend on P . , we f i r s t determine the leng ths o f the s u b i n t e r v a l s A, 

B, and C: 

UPL) = ( P 1 X 0 + 2 P 1 - 1 ) - ( f l 1 X 0 + P 1 - 1 ) = P r 

UB) = (e" 1X 0+2P 1+1) - ( 9 1 X 0 + P 1 + 1) = P v and 

2.(0) = ( a . X n + P 1 + 1 ) - ( B 1 X r t + 2 P 1 - 1 ) : 2 - P „ 
1 0 1 

For 0 = P. = 2 , we have 

1"0 " l 1 1 

p rob(X 1 eA|e 2 =1) = 1/22.(A) = P 1 / 2 , 

p r o b ( X 1 e C | e 2 = 1) = 1/22.(0 = 1 - P. , /2 , 

p rob(X 1 eB|9 2 =2) = 1/22,(B) = P 1 / 2 , and 

p rob(X 1 eC|B 2 =2) = 1/25,(0) = 1 - P 1 / 2 . 

Thus, 

prob(X 1 £A) = p rob(e 2 =1)»prob(X 1 eA|Q p =1) = p P 1 / 2 , 

p rob(X 1 eB) = p r o b ( 9 2 = 2 ) « p r o b ( X 1 e B | a

? = 2 ) = ( 1 - p ) P 1 / 2 , and 

prob(X 1 £C) = p r o b ( e 2 = 1 ) « p r o b ( X 1 £ C | r t

? = D + p r o b ( ° 2 = 2 ) ' p r o b ( X 1 e C | £ l - =2) 

= p ( 1 - P . / 2 ) + ( 1 - p ) ( 1 - P . / 2 ) = 1 - P . / 2 . 

When P 0, X 1 w i l l f a l l i n C w i th p r o b a b i l i t y 1, so that there w i l l be no 

l e a r n i n g . For P 1 = 2, the d i s t r i b u t i o n s o f X^ c o n d i t i o n a l on q

? have no o v e r l a p , 

so that X 1 has a zero p r o b a b i l i t y o f f a l l i n g i n C. S ince op t ima l p o l i c y [when 

; i • there i s inherent unce r ta in t y ] P i s between 0 and 1 ( to be shown), o c t i m a l 

p o l i c y P 1 when there i s l e a r n i n g must be between 0 and 2. The lower bound comes 

from P^ > P * . The upper bound comes from the f a c t tha t as ? 1 exceeds f i r s t -
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pe r i od l o s s i n c r e a s e s wh i l e l e a r n i n g i n c r e a s e s . However, there i s no l e a r n i n g 

a f t e r reaches 2 ; tha t i s , C = 6 i s the most tha t can be lea rned and tha t occurs 

at P 1 = 2 . 

Our s imp le model o f e s t i m a t i o n u n c e r t a i n t y can be expressed by equa­

t i o n s (1) - (3) w i th 

(1) Y « ^ X 1 • Vo + 1 ' X 2 = V l 

(2a) E o ( 0 1 ( 1 ) , e 2 ( 1 ) , e 3 ( 1 ) ) = E 0 ( 9 1 ( 2 ) , Q

2 ( 2 ) , ^ 3 ( 2 ) ) = ( ^ , 2 - p . O ) 

!

1 i f X ^ A 

2 i f X ^ B E 1 f l 3 ( 2 ) = 0 , 

. 2-p i f X ^ C 

where use has been made of— 

( i ) The mean of a B e r n o u l l i random v a r i a b l e t a k i n g on the va lues a. and 8 

w i th p r o b a b i l i t i e s p and 1-p, r e s p e c t i v e l y , i s p*a + ( 1 - p ) * 8 , and f o r 

8 2 , 8 = 2 and a = 1. 

( i i ) The mean o f a random v a r i a b l e which i s un i f o rm ly d i s t r i b u t e d on the 

i n t e r v a l [a,b] i s ^ J ^ t d t = and f o r * , b = 1 and a = - 1 . 

(2b) E 0 ( 8 ( 1 ) - 9 ( D ) ' ( 8 ( 1 ) - ? » ( 1 ) ) = E 0 ( ° ( 2 ) - ^ ( 2 ) ) ' ( 8 ( 2 ) - P ( 2 ) ) 

0 0 0 \ 

0 p(1-p) 0 J, 

0 0 1/3/ 

E 0 ( 9 ( l ) - ° ( 1 ) ) ' ( Q ( 2 ) - a ( 2 ) ) = ( : p (1-p) 0 J , 

where use has been made of— 
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( i ) The v a r i a n c e o f a B e r n o u l l i random v a r i a b l e t a k i n g on the va lues a and 

3 w i t h p r o b a b i l i t i e s p and 1-p, r e s p e c t i v e l y , i s 

E ( - ) 2 - ( E ( - ) ) 2 = p a 2 + ( 1 - p ) S 2 - (pct+(1-p)3) 2 

= p ( 1 - p ) a 2 - 2p(1-p)aS + ( 1 - p ) ( 1 - ( 1 - p ) ) 3 2 

= p ( 1 - p ) ( a - 8 ) 2 , 

and f o r Q ? , 8 = 2 and a = 1. 

( i i ) The va r i ance of a random v a r i a b l e which i s un i fo rm ly d i s t r i b u t e d on the 

i n t e r v a l [a,b] i s 

E ( - ) 2 - ( E ( O ) 2 = 4 - j V d t - ( ^ ) 2 

o~a a c. 
3 3 ? 2 1 ,b - a 3 , a +2ab+b~ 

b-a^ 3 4 

4(a 2 +ab+b 2 ) 3(a 2 +2ab+b 2 ) a 2 - 2ab+b 2 1_ ty, \ 2 

12 " 12 12 1 2 n t > " a ; ' 

and f o r b = 1 and a = - 1 . 

( i i i ) and q

3 a re independent ly d i s t r i b u t e d , imp l y i ng 

E o e 2 ( t ) 9 3 ( t ' ) - E 0 ? 2 ( t ) E 0

Q

3 ( f ) = 0 , f o r t , t ' = 1 , 2. 

i v ) 0^ i s independent ly d i s t r i b u t e d over t ime, imp l y i ng 

E 0 ? 3 ( 1 ) a 3 ( 2 ) - E 0 3 3 ( 1 ) E Q ^ 3 ( 2 ) = 0 . 

(v) 3 2 i s a f i x e d , but unknown, v a r i a t e , i m p l y i n g 

V 2 ( D % ( 2 ) - E Q = 2 ( 1 ) E 0 9 2 ( 2 ) = 

.2 . ,« * „2 ,_ _ , O N 2 _ 0 »2 
pa + ( 1 - P ) 3 ^ - (pa+( l -p )3)~ = p d - p ) ( a - 3 ) , 

s i n c e p rob [ ^ 2 ( 2 ) =a | *2( 1) =a] = 1 and p r o b h 2 ( 2 ) =8 | 1 ) =8] = 1, and fo r 

0 ? , 3 = 2 and a = 1. 
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We a l s o have 

E 1 ( B ( 2 ) - A ( 2 ) ) ' ( Q ( 2 ) - P ( 2 ) ) 

i f X ^ A U B 

i f X ^ C 

and 

(3) X_-, = X. 

S ince l e a r n i n g i s p o s s i b l e on l y when there i s more than one p e r i o d , we 
— ^ o — 

s h a l l assume y > 0 and so l ve f o r ^ ( I ^ . R e c a l l U ^ P ^ ^ ) = -yE^ ( X 2 ~ X 2 ) , 

maximizes U 2 ( P 2 , I 1 ) , and ^ ( 1 ^ = U p ( P 2 , I 1 ) . We now compute P p and U ? ( I . , ) 

depending on the outcome f o r X ^ . 

I f X^eA, P_ i s found by maximiz ing w i th respec t to P p : 

- E 1 ( X 2 - X 2 ) 

sub jec t to X 2 = 8^X^ + P 2 + 0 , ( 2 ) . We know from the c e r t a i n t y equ iva lence model 

IA (p . 21) tha t the s o l u t i o n to t h i s problem i s 

and 

P - Y _ a Y 
^2 " X 2 1X1 

U g d , ) = -yd*. 

I f X^eB, P 2 i s found by maximiz ing w i t h respec t to P 2 : 

sub jec t to X ? = a , X ^ + 2 ? ? + ^ ( 2 ) . Again we know from the c e r t a i n t y equ iva lence 

model IA ( D . 21) tha t the s o l u t i o n to t h i s oroblem i s 
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2 " 2 
and 

5 2 ( i , ) = -yo2y 

F i n a l l y , i f X^eC, i s found by maximiz ing w i th respec t to P ? : 

- E l ( X 2 - X 2 ) 2 

sub jec t to X p = C>1X1 + ? 2 ( 2 ) P 2 + ? - (2 ) where ^ ( 2 ) and a 2 are g iven i n (2a) and 

(2b) . We know from the inheren t u n c e r t a i n t y model I IA (p . 55) tha t the s o l u t i o n 

to t h i s problem i s 

P 2 = ( - ^ ) ( ^ X l ) 

and 

2 , °2 * yr „ , 2 , U g U ^ = - Y [ a 3 + ( - T - 3 2 ) ( X 2 - « 1 X 1 ) - ] 

which i n our case i s 

a 2 + 8 2 

*2 = ( f 5 3 T ) ( V q i x i ) 

and 

Def ine N(p) = p ( 1 - p ) , D(p) = 4 -3p , and w(p) = § [ ^ y . S ince 

E g U p d , ) = p r o b ( X 1 e A ) E 0 [ U 2 ( I 1 ) | X l £ A ] + 

p r o b ( X l £ B ) E 0 [ U 2 ( I 1 ) | X 1 e B ] + 

p r o b ( X 1 e C ) E 0 [ U 2 ( I 1 ) | x i e C ] , 

we have 

pP 1 C l - p ) P 1 2 2-P , _ ? 

E g U g d , ) = - ( - ^ Y ^ - ( § ) Y a 3 " ( - 2 - ^ ) Y l a 3 ^ ( p ) E 0 ( X 2 - a 1 X 1 ) - ] 

p 
= - r ag - Y ? ( P ) ( 1 " ^ E Q C V ^ X , ) 2 . 
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Opt imal f i r s t - p e r i o d p o l i c y i s found by max imiz ing w i t h respec t to 

- w v 2 + w v 
p 

= -o\?2 - a\ - ( - 1 X 0 + n 2 P 1 - $ 1 ) 2 - y a

? - - y « ' ( p ) d - ^ V V * 1 X 1 ) 2 

where use has been made o f the inhe ren t u n c e r t a i n t y model I IA (p. 5 5 ) . 

The f i r s t - o r d e r c o n d i t i o n f o r P^ to be a maximizer i s a q u a d r a t i c 

exp ress i on i n P^ , which y i e l d s the two s o l u t i o n s : 

P. = 
2ye 2 ^ (p ) ( 3 -2p )+D(p ) ± > j Y 2 ' i ' ( p ) 2 ' ? , J (8 -15p+7p 2 ) +Y^^P ) D (P ) o 2 r 6 -5p )+D(p ) : 

( 3 / 2 ) y « 2 N ( p ) 

We now want to ana lyze t h i s s o l u t i o n and compare i t to the one under 

inherent u n c e r t a i n t y . F i r s t , we can show tha t f o r y ^ < 18, the l a r g e r of the two 

roo ts i s g rea te r than 2 and can be r u l e d out (see pp. 67 -68 ) . Note tha t f o r the 

l a r g e r root 

1 

~ + 2 y a 2 ' ! ' ( p ) ( 3 - 2 p ) + D ( p ) + J [ 7 2 ( 1 -p )ye 2 4 ' (p )+D(p ) ] 
P. > 

1 ' | Y « 2 N ( P ) 

1 _! 

- 2[ (5+7 2 ) - (U+7 2 )p1 4(4-3p) 
3(4-3p) + ~~~^2—' ' 

' p ; 3y8 2 p(1 -p ) 

The f i r s t term i s g rea te r than 4 /3 f o r p < 1 , wh i l e the second term i s g r e a t e r 

—2 — 

than 2 /3 f o r yf^ < 18. S ince normal ly we would expect both y and Q

1 to be l e s s 

than 1, we can r e s t r i c t our a t t e n t i o n to the s m a l l e r r o o t . 

Second, note tha t w i th X., = the op t ima l f i r s t - p e r i o d p o l i c y when 

there i s inherent u n c e r t a i n t y i s g iven by 

= < i r = 2 ) ( V ^ - i V ( s e s ? - 5 5 ) 

° 2 + * 2 

7-0 ~ — 
= TTlfp" ( r e c a l l i n g X 1 = a^XQ+1). 
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T h i r d , note tha t the op t ima l f i r s t - p e r i o d p o l i c y when there i s e s t i m a ­

t i o n u n c e r t a i n t y can be expressed as 

P 
2 Y ^ 2 ^ ( p ) ( 3 - 2 p ) + D ( p ) - > | [ Y ^ ( p ) ( 3 - | H ) + D ( P ) 1 2

+ Y

2 9 ! J H ' ( P ) 2 ( ^ - 1) 

1 ( 3 / 2 ) Y

g 2 P ( 1 - P ) 

F i n a l l y , i t i s s t r a i g h t f o r w a r d to show tha t i f we a r b i t r a r i l y set 
2 

Y 2 ^ H ' ( p ) 2 ( ^ 1) to z e r o , the exp ress i on f o r P^ s i m D l i f i e s to = 2 ~ P , which 

i s the inheren t u n c e r t a i n t y s o l u t i o n . Thus, r e t u r n i n g to the a c t u a l e x p r e s s i o n 

f o r P ^ , we see tha t the term under the r a d i c a l s i g n , 

2 ^ [ £ 0 ^ 2 , 3 D 2 _ , 

rep resen ts the adjustment f o r l e a r n i n g to the i nhe ren t u n c e r t a i n t y s o l u t i o n . 
2 

S ince ^jp- - 1 < 0, the r e s t o f the terms are squared and thus p o s i t i v e , and the 

r a d i c a l i s preceded by a negat ive s i g n , i t f o l l o w s tha t the adjustment f o r 

l e a r n i n g adds a p o s i t i v e amount to the inheren t u n c e r t a i n t y s o l u t i o n , P^ > P^". 

By i n s p e c t i o n i t i s c l e a r tha t the adjustment f o r l e a r n i n g i n c r e a s e s 

when Y o r B-] i n c r e a s e s . When Y i n c r e a s e s , the f u t u r e i s more impor tant to the 

po l i cymaker , tha t i s , E- IJ - ( I . ) has a g rea te r weight i n the p o l i c y m a k e r ' s o b j e c ­

t i v e f u n c t i o n . Thus, l e a r n i n g i s more impor tan t , s i n c e i t a l l ows a h ighe r va lue 

o f EgUpCI^) to be a t t a i n e d . 

When 9 1 i n c r e a s e s , the expected va lue o f P ? c o n d i t i o n a l on P^ = 0 

i n c r e a s e s whether X^sA, B, or C: 

X 2 - ? 2 X Q . 9 , X l £ A 

E Q ( P 2 I P 1 = O ) < ; 
h - e ? x 0 P, 

X,e3 2 ~ 2 A1 
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But a l a r g e r va lue of i m p l i e s g r e a t e r va r i ance of the goa l v a r i a b l e i f 

X ^ C . Th is v a r i a n c e can be avo ided i f X 1 — t h a t i s , i f there i s l e a r n i n g . To 

summarize, a g rea te r va lue of i m p l i e s a g rea te r expected va lue o f P ? , which 

i m p l i e s more va r i ance i n X ^ , un less there i s c e r t a i n t y about Qp^d) . Thus, an 

i nc rease i n Q i n c reases the value of l e a r n i n g . 

We would expect a l s o tha t the g rea te r the i n i t i a l u n c e r t a i n t y about 

the g rea te r would be the va lue o f l e a r n i n g . But g i ven our assumed p r o b a b i l i t y 

d i s t r i b u t i o n o f 9 ? , i t i s not p o s s i b l e to i n c r e a s e the va r i ance o f 9 2> P ( 1 - P ) » 

w i thou t a l s o changing the mean of 0 . , , 2 -p . Thus, we can not determine how P 1 

o 

changes when a ? changes because 9 2 a l s o changes. S ince p(1-p) does appear w i th a 

p o s i t i v e s i g n i n the adjustment f o r l e a r n i n g term, though, i t at l e a s t suggests 

t ha t the expected r e s u l t would ob ta i n w i th more genera l p r o b a b i l i t y d i s t r i b u ­

t i o n s of 9 2 -

F i n a l l y , the ques t ion a r i s e s whether l e a r n i n g by do ing can over tu rn 

our e a r l i e r p o l i c y i m p l i c a t i o n tha t u n c e r t a i n t y r e q u i r e s c a u t i o n . E a r l i e r we 

found tha t op t ima l p o l i c y shou ld respond l e s s to pe rce ived gaps i n g o a l v a r i a b l e s 

from t h e i r t a rge t s the g rea te r i s the u n c e r t a i n t y about p o l i c y . Opt ima l p o l i c y 

w i t h i nhe ren t u n c e r t a i n t y must always be l e s s , i n abso lu te v a l u e , than the 

op t ima l p o l i c y when the p o l i c y c o e f f i c i e n t i s known, the c e r t a i n t y equ i va lence 

p o l i c y . So can the op t ima l p o l i c y under e s t i m a t i o n u n c e r t a i n t y ever be g r e a t e r , 

i n abso lu te v a l u e , than the op t ima l c e r t a i n t y equ iva lence p o l i c y ? The anwser i s 

y e s . 

The op t ima l f i r s t - p e r i o d p o l i c y when 9 2 i s known i s 

P1 = = ( V 9 l X o ) : ^ ( X V V 0 ) . 
"2 

I f we s t i c k to the assumption tha t X, - °̂ X^ = 1, i t appears tha t the op t ima l 

l e a r n i n g p o l i c y P^ can never exceed ?'y A l though P., i n c r e a s e s w i th y, the l i m i t 

— ~£ 
o f P. as y •*• =o i s P 1 . 
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I f , however, we se t X 1 = 9^XQ, then both the c e r t a i n t y equ iva lence 

~K ~I s o l u t i o n P. and the inheren t u n c e r t a i n t y s o l u t i o n P^ are z e r o . The op t ima l 

s o l u t i o n under e s t i m a t i o n u n c e r t a i n t y P 1 i n t h i s case i s p o s i t i v e , because the 

adjustment f o r l e a r n i n g to the inheren t u n c e r t a i n t y s o l u t i o n i s s t i l l p o s i t i v e . 

S ince a l l s o l u t i o n s change con t i nuous l y w i th the gap - O ^ X Q , there i s a s m a l l 
A ~ T ~V ~ 

gap X 1 - 8 . ^ > 0 f o r which P^ < P^ < P ^ . L e a r n i n g , t hen , can ove r tu rn the 

i m p l i c a t i o n tha t u n c e r t a i n t y r e q u i r e s c a u t i o n . 



Footnotes 

-^The survey i s not in tended to be e x h a u s t i v e ; i t i n c l u d e s on lv a 

sample o f prominent papers on a few key i s s u e s . 

2/ 
- See, f o r example, Wal lace (1976) and Lucas (1978) . 

—^The s o l u t i o n can a l s o be expressed as a feedback r u l e which s t a t e s 

how p o l i c y v a r i a b l e s shou ld be se t each pe r i od based on a v a i l a b l e i n f o r m a t i o n . 

14/ ~ 2 
— In the case of n > 1 goa l v a r i a b l e s , the terms V\ and ( X ^ X ^ are 

1xn and nx1 m a t r i c e s , r e s D e c t i v e l y . The q u a d r a t i c o b j e c t i v e f u n c t i o n assumed 

here i s not gene ra l i n that i t does not a l l o w c r o s s - p r o d u c t terras e i t h e r over 

t ime o r between v a r i a b l e s a t a po in t i n t ime . 

—''The v a r i a b l e y i s -s^—, where r > 0 i s the p o l i c y m a k e r s ' r a te of time 

p r e f e r e n c e . 

- ^ I n the i n f o rma t i on l a g s and m u l t i p l e goa l v a r i a b l e models X can be 

thought o f as an n-d imens iona l v e c t o r , and the process becomes 

X i t = ^ e i j ( t ) X j t - 1 + e i , n + 1 ( t ) * P t + \ , n + 2 ( t ) 1 = 1 n-
In more compact n o t a t i o n the process can be w r i t t e n as b e f o r e : 

x t = v t ) x t - i + e 2 ( t ) p t + y t } 

f o r a l l t , where now 

' 9 1 1 ( t ) • • ' P 1 n ( t ) \ / \ n + 1 ( t ) N 

x t = ( . ), 8 / t ) =( : : J, 8 2 ( t ) = 

^ n l ^ • • • 9 n n ( t ) / V n > n + 1 ( t ) , 

1, n+2 
9 3 ( t ) = I • 

V n + 2 ( T > ' 

and P. i s a s c a l a r . 



7/ —Suppose, however, we search i n i t i a l l y f o r the op t ima l f i r s t - p e r i o d 

r u l e f 1 over a l l f unc t i ons mapping an a r b i t r a r y IQ i n t o ? ^ . App l y ing f 1 to the 

known vec to r I Q y i e l d s op t ima l f i r s t - p e r i o d p o l i c y as a s c a l a r , P^ = f ^ ( I g ) . 

8 / 
- Footnote 7 a p p l i e s i n t h i s case to g 1 and g ^ . 

2 / L e t N denote the vec to r o f r e a l i z a t i o n s o f economic v a r i a b l e s ob ­

served at t=1 but not a t t=0 ( i . e . , N=new i n f o r m a t i o n ) , so tha t f o r each I Q and 

I., N i s de f i ned by : N = I 1 ~ I Q . Thus, I 1 = I

0

 u N * F o r a r b i t r a r y <g 1 t g 2 >eG we 

can extend g 2 to { i ^ by g ^ U . , ) = ^ ( I Q U N ) = g 2 ( I Q ) f o r a l l N . Then i t i s c l e a r 

tha t each p a i r of f unc t i ons <g 1 , g 2 > con ta ined i n G i s a l s o con ta ined i n F. 

However, as long as the economic process i s not d e t e r m i n i s t i c and there are new 

obse rva t i ons a t t=1, there e x i s t s a p a i r <f . j , f 2 >eF such tha t f 2 ( I Q u N ) i f ? ( I 0 u N ' ) 

f o r N ^ N ' . The p a i r < f 1 , f 2 > i s con ta ined i n F but not i n G. 

— / F o r one -pe r iod problems V 2 i s se t equal to ze ro and E Q U i s maximized 

w i th respec t to X can be cons ide red a vec to r w i th n components as i n foo tno te 

6 or a s c a l a r (n=1). When n > 1, however, £ must be de f ined d i f f e r e n t l y . As i n 

foo tno te 6, 

A l ( t ) • • ° 1 n ( t ) \ n + 1 ( t ) e i , n + 2 ( t ) N 

I • • • 
e(t) = ( s 1 ( t ) , 9 2 ( t ) , e 3 ( t ) ) = I . 

1 • • • 

V n 1 ( t ) • • 9 n n ( t ) 8 <t) * n > n + 2 < t ) , 

fl1R(t)N 

where 9 ^ i s the i^^row vec to r of 9 . The v a r i a n c e - c o v a r i a n c e mat r i x of ^ i , 

de f ined by 



• < 9 l R ( t ) - B 8 e 1 H < t » « 

I ( t , t ' ) s = E G ( I ( 9 1 R ( f ) - E g 9 1 R ( t ' ) A ^ C f ) - E s e n R ( f ) ) 

( t ) - E 9 ( t ) ) ' / l x n ( n + 2 ) 
n R 3 n R n(n+2)x1 

where V. . ( t , f ) i s the covar iance o f t t h p e r i o d , i t h row c o e f f i c i e n t s w i th t , t h 

"1 j s 

pe r i od row c o e f f i c i e n t s based on i n fo rma t i on a t t ime s . 

^ - 7 T h e i l ( 1965), PP. 404-424. 

— / T h e i l (1965) , pp. 508-510. Our two-per iod model w i th one goa l 

v a r i a b l e and one p o l i c y c o n t r o l v a r i a b l e can be w r i t t e n i n the form 

' 9 2 ( 1 ) 0 \ / P i \ / ' V 1 ) X 0 + V 1 ) 

, 8 ^ 2 ) 8 2 ( 1 ) 9 2 ( 2 ) / \ P 2 / \ 9 1 ( 2 ) f l l ( 1 ) X 0 + f l 1 ( 2 ) 9 3 ( 1 ) + 9 3 ( 2 ) > 

R 11 0 

, R 2 1 R 2 2 , 

13 / — 

— I t has i m p l i c i t l y been assumed tha t > 0 , b u t t n i s i s n o t a n 

impor tant r e s t r i c t i o n . I f both 9 ^ and 9.,^ were z e r o , there would be no e f f e c t 

o f p o l i c y on e i t h e r goa l v a r i a b l e and one cho ice o f p o l i c y would be as good as any 

o t h e r . So we want to assume tha t at l e a s t one of these c o e f f i c i e n t s i s not z e r o . 

S ince the model i s symmetric w i th respec t to X and IT, i t cou ld j u s t as e a s i l y have 

been assumed tha t 9 . ^ > 0 . 
I21/ 

— The economic process mav not be s t a b l e under both c h o i c e s , however. 

In r a t i o n a l e x p e c t a t i o n s - n a t u r a l ra te models at tempts to f i x a nominal i n t e r e s t 

r a t e make the p r i c e l e v e l i nde te rm ina te . 



(1976) . 

— ' ' T h i s i s e s s e n t i a l l y the model found i n Poole (1970) . 

— ' V o r a more complete e x p o s i t i o n o f these po in t s see K a r e k e n - M i l l e r 

17/ 
— The two-per iod model desc r i bed here i s a s p e c i a l case of the gene ra l 

model found i n Kareken-Muench-Wal lace (1973) . 

1 8 / 
— Th is model can be found i n B ra ina rd (1967) . 
—^Fr iedman seemed to make t h i s type o f argument i n h i s 1 9 5 3 a r t i c l e . 

20/ 
— For the bulk o f the paper F i s c h e r and Cooper assume tha t the l a g 

weights can be expressed a s : 

i-1 
w . ( t ) = ( I -BXI -JL , ) n x. . 

1 t " 1 j=0 t _ J 

-1 
where II (•) = 1 and fo r a l l s 

X = X + e . 0 < X < 1 
5 5 

2 2 Ee = o, Ez = a • s ' s s 

2 
Under known l ags a £ = 0 and the w 's are from a Koyck l a g d i s t r i b u t i o n 

w. = o-sxi-xn1. 

The l eng th of l a g i s de f ined by the mean l a g 
CO 
I w ( t ) - i 

i=0 

T w . ( t ) 

i=0 L 

and the v a r i a n c e o f the l a g i s de f ined i n terms of the parameter a 2 . 

The mean l a g i nc reases i n the known l ag case as X i n c r e a s e s . T h i ^ 

imp l i es tha t *- the known c o e f f i c i e n t on cu r ren t p o l i c v , decreases as the length 
•J 

of l ag i n c r e a s e s . The model i n the known l a g case i s s imply a v e r s i o n of our 

known c o e f f i c i e n t s model i n IA w i th 



\ = 8 , 

6 2 = ( 1 - B ) ( 1 - X ) , and 

CO 

9 3 ( t ) = ( 1 - B ) ( 1 - X ) I X X P . + U ( t ) . 
i = 1 

Opt imal p o l i c y i n model IA i s g i ven by 

; t ^ ' V V t - r V ^ 

The d e v i a t i o n of P from zero needed to c l o s e the gap grows as ^ d e c l i n e s . S i n c e 

9 2 d e c l i n e s w i th an i nc rease i n the mean l a g , i t i s not s u m r i s i n g then tha t 

F i s c h e r and Cooper f i n d the longer the l a g the more v i g o r o u s l y s t a b i l i z a t i o n 

p o l i c y shou ld be used. 

— New i n f o rma t i on i s represented by the v a r i a b l e X Q . The response o f 

P^ to new i n fo rma t i on i s then -6^A - 9 2 B . As long as not both A and B are z e r o , 

2 

which w i l l be the case i n gene ra l w i th < 0 0 , a feedback r u l e a d j u s t i n g P^ to new 

i n fo rma t i on i s seen to dominate a nonfeedback r u l e . 

— Th is p r o p o s i t i o n cou ld be r e s t a t e d i n terms of the p rev ious footnote 

to say tha t p o l i c y should respond l e s s v i g o r o u s l y to new i n fo rma t i on as the 

va r i ance o f the p o l i c y l ag i n c r e a s e s . 

— / F o r " l e a r n i n g by do ing " models, see Chow [1975], P r e s c o t t , and 

Z e l l n e r . 
oh / 

— The r e s u l t tha t extreme obse rva t i ons improve the p r e c i s i o n o f OLS 

es t imates can be found i n Johns ton . 

— The e s t i m a t i o n problem r e f e r r e d to i n the example above cannot :re 

so l ved e x p l i c i t l y fo r op t ima l p o l i c y — e v e n i n the two-per iod case . 



26 / 
— By assuming a p o s i t i v e gap between and ^ X Q , we have assured tha t 

the op t ima l p o l i c y P* when 9^ i s i n h e r e n t l y u n c e r t a i n i s l e s s than the o p t i m a l 

p o l i c y P 1 when 9 2 i s known (see page 5 1 ) . 



References 

Arrow, K . , 1971, Essays i n the theory o f r i s k - b e a r i n g ( N o r t h - H o l l a n d , Amster­
dam) . 

B r a i n a r d , W., 1967, U n c e r t a i n t y and the e f f e c t i v e n e s s o f p o l i c y , American Econ­ 
omic Review 57, May, 411-425. 

Chow, G. C , 1972, Opt imal c o n t r o l o f l i n e a r econometr ic systems w i th f i n i t e - t i m e 
h o r i z o n , I n t e r n a t i o n a l Economic Review 13, Feb rua ry , 16-25. 

Chow, G. C , 1975, A s o l u t i o n to o p t i m a l c o n t r o l o f l i n e a r systems w i th unknown 
parameters , Review of Economics and S t a t i s t i c s 57, 338-345. 

F i s c h e r , S . , and J . P. Cooper, 1973, S t a b i l i z a t i o n p o l i c y and l a g s , J o u r n a l o f  
P o l i t i c a l Economy 81 , J u l y - A u g u s t , 847-877. 

Fr iedman, M. , 1953, The e f f e c t s of a fu l l -employment p o l i c y on economic s t a b i l ­
i t y : a formal a n a l y s i s , i n Essays i n p o s i t i v e economics ( U n i v e r s i t y o f 
Chicago P r e s s , C h i c a g o ) . 

Fr iedman, M . , 1969, The l a g i n e f f e c t of monetary p o l i c y , i n M. Fr iedman, e d . , 
The op t ima l q u a n t i t y of money and o ther essays ( A l d i n e , C h i c a g o ) . 

Johns ton , J . , 1963, Econometr ic methods ( M c G r a w - H i l l , New Y o r k ) . 

Kareken, J . H . , 1970, The optimum monetary ins t rument v a r i a b l e : a comment, 
J o u r n a l of Money, C r e d i t , and Banking 2, August , 385-390. 

Kareken, J . H . , and P. M i l l e r , 1976, The po l i cymak ing procedure o f the FOMC: a 
c r i t i q u e , i n A p r e s c r i p t i o n f o r monetary p o l i c y : proceedings from a seminar  
s e r i e s (Fede ra l Reserve Bank, M i n n e a p o l i s , Minnesota) 19-42. 

Kareken, J . , T. Muench, and N. W a l l a c e , 1973, Opt ima l open market s t r a t e g y : the 
use of i n f o rma t i on v a r i a b l e s , American Economic Review 63, March, 156-172. 

Lucas , R. E . , J r . , 1972, Expec ta t i ons and the n e u t r a l i t v o f money, J o u r n a l of  
Economic Theory 4, A p r i l , 103-124. 

Lucas , R. E . , J r . , 1978, Unemployment p o l i c y , American Economic Review 68, May, 
353-357. 

Poo le , W., 1970, Opt ima l cho ice o f monetary p o l i c y ins t ruments i n a s imp le s t o ­
c h a s t i c macro model , Q u a r t e r l y J o u r n a l o f Economics 84, May, 197-216. 

P r e s c o t t , E. C , 1972, The m u l t i - p e r i o d c o n t r o l problem under u n c e r t a i n t y , Econ - 
omet r i ca 40 , November, 1043-1058. 

Simon, H. A . , 1956, Dynamic programming under u n c e r t a i n t y w i th a q u a d r a t i c c r i ­
t e r i o n f u n c t i o n , Econometr jca 24, January , 7 4 - 8 1 . 

T h e i l , H . , 1965, Economic f o r e c a s t s and p o l i c y ( N o r t h - H o l l a n d , Amsterdam). 



T inbergen , J . , 1952, On the theory o f economic p o l i c y ( N o r t h - H o l l a n d , Amster­
dam) . 

Wa l l ace , N . , 1976, Microeconomic t h e o r i e s o f macroeconomic phenomena and t h e i r 
i m p l i c a t i o n s f o r monetary p o l i c y , i n A p r e s c r i p t i o n f o r monetary p o l i c y :  
p roceedings from a seminar s e r i e s (Fede ra l Reserve Bank, M i n n e a p o l i s , M i n ­
nesota) 87 -98 . 

W a l l a c e , N . , 1980, The o v e r l a p p i n g genera t ions model o f f i a t money, i n J . H. 
Kareken and N. W a l l a c e , e d s . , Models o f monetary economies (Fede ra l Reserve 
Bank, M i n n e a p o l i s , Minnesota) 49-82 . 

Z e l l n e r , A . , 1971, An i n t r o d u c t i o n to Bayes ian i n f e r e n c e i n econometr ics (W i l ey , 
New Y o r k ) . 


