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ABSTRACT 

T h i s paper examines the o p t i m a l d e b t c o n t r a c t between l e n d e r s and 
a s o v e r e i g n bo r rower when t he b o r r o w e r i s f r e e t o r e p u d i a t e t he 
deb t and when h i s d e c i s i o n to i n v e s t o r consume bor rowed funds i s 
u n o b s e r v a b l e . We show t h a t r e c u r r e n t deb t c r i s e s a r e a n e c e s s a r y 
part o f t he i n c e n t i v e s t r u c t u r e w h i c h s u p p o r t s the o p t i m a l p a t t e r n 
o f l e n d i n g . 

" F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s and G r a d u a t e S c h o o l o f B u s i ­
n e s s , S t a n f o r d U n i v e r s i t y . 

The v i ews e x p r e s s e d h e r e i n a r e t h o s e o f t he a u t h o r and no t n e c e s ­
s a r i l y t h o s e o f the F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t he 
F e d e r a l R e s e r v e S y s t e m . T h i s paper i s p r e l i m i n a r y and i s c i r c u ­
l a t e d to s t i m u l a t e d i s c u s s i o n . I t i s no t t o be quo ted w i t h o u t t he 
a u t h o r ' s p e r m i s s i o n . 



1. I n t r o d u c t i o n 

International lending over the last one hundred and fifty years has occurred in a succession 

of waves of lending followed by a lack of lending. 1 A simple theory of internat ional capi tal 

flows through a credit market w i th ful l information and ful l enforcement of contracts pre­

dicts that as countries borrow to smooth domestic consumption over variations in domestic 

output , each country should receive a net inflow of capi tal when output is low relative to 

aggregate wor ld output and a net outflow of capi tal when the reverse is true. Th is pre­

dicted pattern of internat ional capi ta l flows is not the pattern that is typical ly observed. 

Debt crises in which countries suffer a net outflow of capi tal when domestic output is low 

relative to aggregate world output recur throughout this per iod. These capital outflows oc­

cur despite evidence of efficient investments that go unexploited in the borrowing country. 

Dur ing these debt crises, borrowing countries face credit rat ioning and bear a substantial 

debt service burden wi thout the benefit of much new lending. Most recently, through the 

mid 1980's, many Th i rd Wor ld debtors were net creditors to the developed world as they 

continued to make at least part ia l debt service wi thout net new lending at a t ime in which 

their output fell dramat ical ly relative to trend relative to output in the developed world 

relative to trend. 

In this paper I examine the opt imal pattern of international capi tal flows in an envi­

ronment in which sovereign borrowers are able to repudiate their debts and in which the 

decision of borrowers to invest or consume borrowed funds is unobservable. I find that re­

current debt crises are a necessary part of the opt imal pattern of international lending w i th 

repudiat ion risk when lenders must design contracts to provide incentives for borrowers to 

maintain high investment. Under the opt imal debt contract, a country which has a low re­

al izat ion of output is punished under the suspicion that the low realization of output was a 

result of underinvestment by being compelled to make a large debt service payment relative 

1 For a discussion of the pattern of international lending observed over the long run, see 
among others, L indert and Mor ton [1987] and Eichengreen and Portes [1986] 
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to the new lending that it receives. When the country is being punished, it is indifferent 

between cont inuing w i th debt service and repudiat ion of the debt. Net new lending does 

not resume and the borrowing country does not begin to enjoy gains from i ts access to the 

credit markets again unt i l high output is again realized. 

Lending across nat ional borders is dist inct f rom lending wi th in a single country in that 

a sovereign borrower cannot be compelled to service his debt once he perceives that he no 

longer benefits f rom being held in good standing by his creditors. Whether he services his 

debt is determined by his wil l ingness, and not his abil i ty, to pay. In their seminal paper 

studying debt w i th risk of repudiat ion, Ea ton and Gersovitz [1981] find that a sovereign 

borrower may have his access to the credit markets restricted according to a credit l imi t 

on overal l indebtedness because of the risk of repudiat ion, and that debt crises occur when 

that credit l imi t is b inding. A borrower who accumulated debt because of a str ing of low 

real izations of domestic output may be forced to suffer a net capi ta l outflow wi th low output 

if that str ing of low realizations of output continues longer than can be accomodated under 

the credit l imit . Bu t the environment that Eaton and Gersovi tz analyze is simplif ied in 

an impor tant respect: even when the borrower's output is stochastic, the borrower and 

lenders are restricted to wri te debt contracts in which required debt service cannot be 

made contingent on output. In a ful l information credit market, a borrower w i th stochastic 

output does not accumulate debt over a str ing of bad realizations of output because it is 

more efficient f rom the standpoint of risk sharing to write down the debt service before the 

debt ceil ing binds than it is to rat ion the borrower's credit as a result of a str ing of bad luck. 

Wh i le it is true that the standard internat ional debt contract does not expl ic i t ly specify debt 

service to be state contingent, the realized net flow of capi tal between borrower and lender 

is made state contingent in a variety of ways. F i rs t , when the flow of direct investment, 

whi le relatively smal l , and the flow of new lending net of repayments is considered in the 

aggregate flow, the pattern of capi tal flows can be made state contingent. More important ly , 

the recent observation of frequent reschedulings and the sett ing aside by the major banks of 
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substantial internat ional loan loss reserves indicates that the debt service currently expected 

is less than what was ini t ia l ly specified in the lending contracts. Worra l l [1987] obtains a 

different set of results f rom those of Eaton and Gersovitz by relaxing the assumption that 

debt service is not state contingent. 

Worra l l [1987] examines a part ia l equi l ibr ium environment wi th lending w i th repudi­

at ion risk. He finds that when the borrower's output is stochastic and has finite support 

and when debt service can be made state contingent, that the borrower achieves complete 

consumption smoothing in finite t ime under the opt imal contract. Th is result impl ies that 

while repudiat ion risk is an important constraint on internat ional lending in the short run, 

this risk itself does not satisfactori ly explain the recurrence of debt crises over the long run. 

One reason that there is not more risk sharing observed across countries is that moral 

hazard is an impor tant constraint on the insurance that can be achieved through interna­

t ional lending. The decision of the borrower to invest or consume borrowed funds is difficult 

to observe reliably. Lend ing has to be structured to provide the borrower w i th the incentive 

to invest when efficient investments cannot be dist inguished f rom those which contain a 

disguided component of consumpt ion. Consumpt ion may be disguised as investment in a 

number of ways, including through the overemployment of labor when shadow values are 

obscured in a state dominated economy, or through outright fraud when there is imperfect 

moni tor ing of the execution of investment projects. In modell ing this constraint on inter­

nat ional lending contracts imposed by moral hazard, I formalize an incentive compat ib i l i ty 

constraint on the set of al locations which can be supported by contracts in this environment. 

The technical approach I take to solving for the opt imal al location that can be sup­

ported by contracts which satisfy the incentie compatibi l i ty constraint in this environment 

is s imi lar to the approach taken by Ab reu , Pearce, and Stacchett i [I986a,b] for solving the 

repeated Cournot oligopoly problem and by Spear and Srivastava [1987] for solving the 

repeated priciple-agent incentive problem. The net capi tal flow may be interpreted as the 

agent's compensation and the investment level as the agent's effort. The environment ana-
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lyzed here is different f rom the repeated principle-agent problem in two important respects: 

the first is that the borrower (who might be likened to the agent) retains possession of his 

output and pays the lender only if he chooses, and the second is that the borrower's output 

net of repayments is a physical state variable which is passed from period to period changing 

the feasible set of actions and payoffs that can be attained. M y technical results are new 

in that I generalize the theorems of self generation and factorization of A b r e u , Pearce, and 

Stacchett i [1986a] which characterize the set of payoffs that can be supported by al locations 

which are incentive compatible to handle the incentive compat ib i l i ty constraint in this envi­

ronment w i th a state variable and in that I must reinterpret the standard bang-bang results 

on opt imal punishments for this case where the choice of an output contingent repayments 

schedule together w i th the choice of investment determines the dist r ibut ion of the state. I 

f ind that current lending always proceeds under the opt imal contract for the current value 

of the state, so that the provision of incentives for investment is achieved entirely through 

the design of the repayments schedule and not through a cutoff of lending. There is no 

al ternat ion between sets of actions defined in punishment phases and reward phases as in 

these other two models. Punishment is achieved through the imposi t ion of large net repay­

ments that render the value of the opt imal lending contract at that new value of the state 

equal to the value that the borrower could receive by repudiat ing his debt. A s a result, I can 

characterize the payoff to the borrower of the opt imal debt contract in a simple dynamic 

program which can be solved in the usual manner. 

In section 2, I describe the environment. In section 3, I state the Pareto problem when 

al locations are constrained both by moral hazard and the risk of repudiat ion. In section 4, 

I characterize the set of payoffs for the borrower that can be supported by al locations in the 

constraint set of the Pareto problem using generalizations of the concepts of self-generation 

and factor izat ion developed in Ab reu , Pearce, and Stacchett i [1986a]. In section 5, I char­

acterize the continuation value function necessarily used to support the constrained opt imal 

payoff for the borrower. I use this characterization to construct a straightforward dynamic 
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programming problem which necessarily characterizes both the constrained opt imal equil ib­

r ium payoff for the borrower and the constrained opt imal al locations. I also show that any 

constrained opt imal lending program in which the expected value of debt service contingent 

on output is an increasing function of investment specifies net flows from borrower to lender 

when the borrower's income is low as is typical of the empir ical observations called debt 

crises. In section 6, I use this characterization to solve for the constrained opt imal lending 

program in an example economy which displays debt crises (Section 6 forthcoming). In 

the appendix, I review the Pareto problem wi th full information and full enforcement of 

contracts and I review Worral l 's results on the Pareto problem wi th risk of repudiat ion. 

2 . T h e E n v i r o n m e n t 

In this environment there is an infinite horizon and a single good which may be either con­

sumed or invested. There is one infinitely l ived risk averse agent, whom I cal l the borrower, 

who owns a stochastic returns storage technology. The considerations of moral hazard 

constrain contract ing in this environment when the borrower's investment in his storage 

technology is unobservable by the other agents. The other agents in this environment are 

a sequence of short l ived, risk neutral agents, whom I cal l lenders, arranged in overlapping 

generations. The lenders are assumed to have access to perfect capi tal markets. The bor­

rower is assumed to not have such access. A n al location in this environment is supported by 

contracts through which the lenders gain access to the potential ly superior returns offered 

by the borrower's stochastic storage technology and the borrower gains access to the risk 

sharing opportunit ies offered by the lenders' posit ion vis-a-vis the capi ta l markets. For the 

purposes of defining opt imal contract ing problem, the reservation ut i l i ty of an agent in this 

environment of entering into contracts is natural ly defined by the ut i l i ty that agent can 

obtain if he does not enter into any contracts. 

The environment is described more specifically as follows. T ime is discrete and denoted 

by t = 0 ,1 ,2 , The borrower is alive in a l l periods t > 0. The borrower is endowed 
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with Vo of the single good at t = 0. The single good may be consumed or invested. 

The consumpt ion of the borrower is denoted ct. T h e borrower's stochastic returns storage 

technology transforms It units of good t into Yt+1 units of good t + 1. In any per iod, the 

choice of investment / in the storage technology f rom the set of feasible investments I induces 

a distr ibut ion over next period's output Y' received as a product of the storage technology, 

where this d ist r ibut ion has support Y . I assume that the cumulat ive d ist r ibut ion funct ion 

specifying the probabi l i ty of realizing output tommorow of at most Y' given a fixed level of 

investment today of / , wr i t ten G(Y'; I), has density g(Y'; /). 

There is one lender born each period and each lender lives two periods. The lender 

born in t is alive in t and t + 1 . Each lender has no endowment of the good. Because 

of the access each lender has to perfect capi ta l markets, we define the preferences of the 

lenders over al locations which may specify negative consumption. The consumption of 

the young lender born in t is denoted bt, and the consumption of that lender whi le old 

is denoted d t + i . The lenders are introduced into this environment in a manner intended 

to render the analysis of their side of the opt imal contract ing problem part icular ly simple. 

The assumption that the lenders are short - l ived forces lending to occur through shor t - term 

contracts only. The mot ivat ion for this construct ion is the desire to prevent any ind iv idual 

lender from having monopoly power over the borrower. The assumption that lenders have 

access to perfect capi tal markets is to ensure that I do not need to worry about an aggregate 

resource constraint binding the set of feasible al locations. A s the lenders have no endowment 

of their own, their reservation ut i l i ty wi l l natural ly be zero. 

In order to focus attention on the borrower's side of the opt imal contract ing prob­

lem, I impose two addit ional assumptions about the lenders in this environment. The first 

assumption is that there is a commitment technology by which the lenders can bind them­

selves when young to carry out the terms of a contract when they are o ld . The weight 

of this assumption is to ensure that the borrower can costlessly enforce his r ight to make 

withdrawals on deposits. The second assumption is that an old lender who has suffered 
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a breach of contract may costlessly seize any deposits the borrower might make wi th the 

lender who is young as compensation towards his loss. Th is right is passed down from one 

generation of lenders to the next unti l the loss has been entirely compensated. The weight 

of this assumption is to prevent the borrower from playing one lender off against another 

through a strategy of repudiat ing a repayment to the current old lender and then using 

the funds intended for repayment to establish a deposit w i th a future young lender against 

which he might make withdrawals to smooth consumption on his own. 

A n al location in this environment is a plan which specifies the disposit ion of the current 

output Yt between current consumption for the borrower and for the old and the young 

lender and investment in the storage technology. The plan for the disposit ion of current 

output may depend on the entire history of realizations of output Y* = {Y0,...,Yt} and on 

the entire history of consumption and investment. Clear ly, this complex history dependence 

can be summarized by the dependence of the current consumption and investment decisions 

on the history Y*. For convenience, I choose to use a state variable Qt = Yt — dt(Y*) to 

summarize the history dependence of the consumption and investment decisions of everyone 

except the old lender. Thus , an al location specifies the consumption of the borrower, c, 

investment, / , the negative of the consumption of the young lender, b, and the consumpt ion 

of the old lender, d, wr i t ten: 

A n al locat ion is associated wi th in i t ia l condit ions Y(,,Q0,d0 w i th Q0 = Y0 — do- Le t 

and a = (ac ,a' ,ah,ad). The components -ah,ad of an al locat ion are not constrained to be 

posit ive. The negative of the consumption of the young lender wi l l sometimes be referred 

to as lending, and the consumption of the old lender referred to as repayment. These terms 

are used only to facil i tate discussion and do not imply constraints on the signs of these 

values. 
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A n al location is feasible in this environment if the current consumpt ion of al l agents 

and the current investment is always less than the current quanti ty of the good available, 

that is, for t > 0, Y% € Y * : 

Ct{Ql) - bt{Q<) + <f«(Y") + / t (Q ' ) < Yt 

wi th CtiQ1),h{Q{) > 0 and Y0,Q0,d0 given. Remember that the al locat ion may specify 

negative consumpt ion for the lenders, i.e. {-b,d) < 0. By convention d()(Y0) = 0. 

The borrower has preferences over allocations denoted by UD (a) and characterized by 

UB{c) = (l-6)E"0J26<u(ct(Q<)) 
t=o 

wi th u bounded, u' > 0 and u " < 0. EQ denotes the mathemat ical expectat ion condit ional 

on the informat ion available at t ime 0, taken wi th respect to the probabil i ty measure induced 

by the al locat ion a. The lender born in t, t > 0, has preferences over the expected value of 

his consumption where the expectat ion is taken condi t ional upon the real izat ion of Y* at 

the t ime of his b i r th . These preferences are denoted by Uy,(<r) and characterized by 

U$,{a) = (-bt(Qt) + 8 I dt+1(Yt+1>Yt)g(Yt+1;It(Qt))dY') 

where d ( + 1 ( y e + 1 ; V ) is a funct ion of a single variable contingent upon the realization Y* 

given. 

Because I am analyzing opt imal allocations supportable by incentive compat ib le con­

tracts in this environment, I confine myself to examining al locations which are both feasible 

and provide each party to the contract support ing the al location w i th at least as much 

expected ut i l i ty as could be obtained by not contract ing at a l l . The reservation ut i l i ty of 

the lenders in this environment is zero as they can always receive consumpt ion of zero by 

not entering into any contracts. The reservation ut i l i ty of the borrower is defined by the 

expected ut i l i ty he can receive by consuming and investing in the storage technology on his 

own having signed no contracts at a l l . Such an al locat ion, needing no contracts to support 
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i t , is autarkic and satisfies bt(Q*) = dt(Yl) = 0 for a l l t, Y* G Y * . The expected ut i l i ty 

that the borrower can obtain in autarky is the solution to a programming problem given 

no trade and an in i t ia l stock of the good Y. Tha t uti l i ty as the solut ion of the problem 

U!ut(Y) = maxaUD(a) 

subject to Y0 — Y and a autark ic. The borrower's reservation ut i l i ty, UB

ut ( V ) , is a function 

which is continuous, differentiable, strict ly increasing, and str ict ly concave in Y. Th is 

function is characterized by the opt imal i ty equation: 

U?ut(Y) = m a x ( l - * )«(c) + 6 I UB

ut(Y')g{Y';I)dY' 
0,1 JV€\ 

where the maximizat ion is subject to the constraint: c + I <Y. 

A n al locat ion is indiv idual ly rat ional if i t provides each agent w i th expected ut i l i ty at 

least as great as his reservation uti l i ty, that is if, UB (cr) > UB

ut(Q0) and Uy, (a) > 0 for al l 

Y*, t > 0. Clear ly , only indiv idual ly rat ional allocations can be supported by contracts in 

equi l ibr ium. Note that 

b,{Q() < S I dt+i{Yt+1;Yt)g{Yt + l,It(Qt))dYt+i 

Jy'eY 

for a l l t > 0, Y* E Y ' , is a necessary condit ion of indiv idual rationali ty for the lenders. 

I use several assumptions about the stochastic storage technology in analyzing this 

environment. The first assumption is that the support Y of the distr ibut ion of output 

t o m o r r o w given investment today is an interval [Ymin, y m a j ] of the real l ine R wi th Ymin > 

0. Th is interval is independent of the choice of / , i.e.: 

g(Y'; I) > 0 for al l Y' G Y and / G I. 

Th is assumption guarantees that there are no observations of Y' that allow the lenders to 

infer wi th certainty that the borrower did not invest at some level / . 

The next two assumptions allow me to summarize the borrower's problem of privately 

choosing an opt imal investment level by the first order condit ion of that problem. F i rs t 
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assume that the distr ibut ion of Y' given / satisfies the monotone l ikel ihood rat io property, 

that is: 

9g(Y'-i) l s m o n ° t o n e in Y' for al l / € I. 

where I have assumed that the family of densities is differentiable w i th respect to / and I 

let gi{Y';I) denote 0 a { %' 1 ' ' 1 ) and gn{Y';I) denote a * a & ' J ) . 

Next assume that the cumulat ive distr ibut ion of Y' as a function of / satisfies the 

convexity of the distr ibut ion function condi t ion, namely 

Gn(Y'; I) > 0 for a l l Y' and / . 

These assumptions imply that we may interpret the storage technology as a standard 

diminishing marginal returns product ion technology. In part icular , the monotone l ikelihood 

ratio property implies that the distr ibut ion of Y' as a funct ion of / can be ordered by first 

order stochastic dominance, i.e. 

/ y e Y fiY')9i{Y'> I ) d Y ' 2. 0 for a l l / G I for a l l monotone functions f(Y') 

and the convexity of the distr ibut ion function impl ies that 

/ y e Y f(Y')9'dY'< I ) d Y ' < 0 for al l / € I for al l monotone functions f(Y') 

A n example of a family of C D F ' s which satisfy these condit ions for some e > 0 is given 

here: 2 

' m a x * min 

3. T h e P a r e t o P r o b l e m w i t h M o r a l H a z a r d a n d R i s k of R e p u d i a t i o n 

In this section I define the incentive compatibi l i ty constraints on the investment plans 

that may be implemented through contracts in equi l ibr ium and set up the pareto problem 

constrained by risk of repudiat ion and moral hazard. 

When there are no impediments to contract ing in this environment, the opt imal con­

tract supports an allocation which transfers al l risk from the risk averse borrower to risk 

2 Th is example is due to Rogerson [1985]. 
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neutral lenders. A simple single-good competit ive equi l ibr ium model of internat ional capi­

ta l flows would suggest that countries would be able to obtain insurance from idiosyncrat ic 

risk. The opt imal al location in this environment w i th ful l enforcement of contracts and ful l 

informat ion specifies net transfers from lenders to borrower when the low output f rom the 

storage technology is realized and transfers in the other direct ion when high output is real­

ized. Since the empir ical observations of internat ional capi ta l flows do not fit this pattern 

we are led to consider what impediments to contract ing might exist in this environment to 

interfere w i th risk sharing and produce a pattern of capi ta l flows in the constrained opt imal 

al locat ion that seems more in the character of the recurring debt crises that we observe. 

Because the ful l enforcement, ful l information pareto opt imal al locat ion does not pro­

duce a pattern of internat ional capi tal flows that is descriptive of the debt crises that have 

recurred over the long run, we turn natural ly to an examinat ion of the restrictions that 

sovereign risk places upon the kinds of risk sharing that can be achieved through interna­

t ional lending. The seminal paper in this area is Ea ton and Gersovi tz [1981]. They find 

that a sovereign borrower may find his access to the credit markets restricted in equi l ibr ium 

as a result of repudiat ion risk. W i t h this restr ict ion, a borrower is unable to smooth his 

consumpt ion over cycles in his output when his credit l imi t is b inding. Bu t the environ­

ment which Ea ton and Gersovi tz analyzed is simpl i f ied in an important respect: even when 

the borrower's output is stochastic, the borrower and lender are restricted to wr i t ing debt 

contracts in which repayments cannot be condit ioned on the borrower's output. A different 

set of results arise when this restriction is relaxed. 

Worra l l [1987] examines a part ia l equi l ibr ium environment w i th lending in which there 

is repudiat ion risk. He finds that when the borrower's output is stochastic w i th finite 

support and the borrower and lenders can write contracts contingent on the realizations of 

that output , that the borrower is able to achieve complete consumption smoothing in finite 

t ime. The impl icat ion of this result is that , whi le repudiat ion risk is an important constraint 

on the risk sharing that can be achieved through internat ional lending, this risk itself is not 

11 



enough to explain the pattern of international capi tal flows that have been observed over 

the very long term. I present Wor ra l ' s results in the context of this environment in the 

appendix. 

We see that the risk of repudiat ion in itself is not a sufficiently strong impediment to 

the risk sharing that can be achieved through international lending when the income of the 

borrower is stochastic and contracts can be made ful ly contingent on the borrower's output 

to explain the observed recurrence over the long run of debt crises. B u t one reason that 

internat ional debt contracts are not made fully contingent on the borrower's income is the 

mora l hazard problem inherent in the borrower's choice of investment. When the borrower 

must invest for future income and that investment decision is pr ivate, then lenders may not 

be wi l l ing to provide the borrower w i th insurance through a state contingent loan. When 

the borrower's investment decision is pr ivate, he must be induced to invest by having his 

future consumpt ion depend sufficiently strongly on the output of his product ion technology. 

O f course, it is the fact that the borrower's future consumption must be made to vary w i th 

the realizations of his output to overcome the moral hazard problem that interferes w i th 

the risk sharing that might be achieved between the borrower and lenders. 

To define the set of feasible debt contracts when the borrower cannot b ind himself 

to not repudiate contracts, I must describe expl ici t ly the punishment that the lenders can 

impose upon the borrower for repudiat ion. In this environment, the lenders have no direct 

means of interfering w i th the borrower's consumption and investment decisions. O n the 

other hand, the lenders can punish the borrower indirectly by refusing to extend further 

credit. A s the borrower can always obtain the autarkic payoff on his own and lenders can 

ensure the autarkic payoff for the borrower by refusing al l contracts, the worst punishment 

which the lender's can impose must be autarky. It is easy to show that the lenders can 

deny the borrower credit in a perfect equi l ibr ium. A n y ind iv idual lender wi l l not extend 

credit if al l future lenders plan to not extend credit as the borrower is sure to repudiate any 

posit ive repayments due the last lender who extended credit. Specif ically, an al locat ion can 
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be supported by contracts in equi l ibr ium if and only if the gain to each party f rom carry ing 

out the payments specified by the contracts in every contingency is superior to the gain 

from refusing to make the payment and doing as well as one can for the remainder of t ime 

in autarky. The constraint that contracts be designed such that the borrower never prefers 

to repudiate the contract is summarized by the constraints that, not only is the al location 

supported by the contracts indiv idual ly rat ional , but also the expected ut i l i ty that the 

borrower receive f rom continuing w i th the al location in every contingency Y*, t > 0 is also 

in excess of his reservation ut i l i ty in that contingency. In other words, I require that the 

cont inuat ion of the al locat ion also be individual ly rat ional in every contingency. 

I define the cont inuat ion of an al location as specified by the plan in any contingency 

and ind iv idua l rat ional i ty of the continuation of the al location as specified by the plan in 

the obvious way: For every t > 0, Y% G Y ' , define the cont inuat ion al location a\Y< given 

Y* element by element, s > 0, Ya G Y " : 

°.\Y< = (c.{Q'),I.{Q')MQ'),*-n(r',l))\r* = 

(c.+t(Q\Q')j.^Qt,Q'),b,+t{Qt,Q'),d,+t+1(Yt,Y'+l)) 

The cont inuat ion of an al locat ion is itself an al locat ion, so let preferences over the cont in­

uat ion of an al location be defined as before. (Here the in i t ia l values of Y and Q in the 

cont inuat ion al locat ion is understood to be Yt and Qt = Yt - d , ( y ( ) ) . I cal l an al location 

which is ex ante ind iv idual ly rat ional and in every contingency, ex post indiv idual ly rat ional , 

an al locat ion which is immune from the threat of repudiat ion. Formal ly, an al locat ion a is 

immune from the threat of repudiation if for a l l t > 0, Y* G Y ' , the cont inuat ion al location 

<r\yt satisfies 

A n al locat ion is incentive compatible when the investment decision is private if the 

borrower finds it opt imal to carry out the investment plan when he takes the lending and 
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repayment plans as given, that is, an al location a is incentive compatible if for al l feasible 

al locations a1 = (a01 ,a",ab,ad) (with the components 6 and d unchanged): 

UB{a) > UD{a') 

A n al locat ion is Ful ly Constrained Pareto Opt ima l ( F C ) if i t is a solut ion to the problem: 

max[ / f l ( (7) (FC) 

subject to (a) satisfies (1) feasibility, (2) ind iv idual rat ional i ty, (3) immunity f rom the threat 

of repudiat ion, and (4) incentive compatibi l i ty. 

The difficult part of solving this program is understanding how to handle the in­

centive compat ib i l i ty constraint. Because zero investment cannot be socially opt imal if 

/ y i e Y Y'gi(Y';0)dY' can be arbitrari ly large, the ut i l i ty that the borrower receives in the 

cont inuat ion of the opt imal al location must vary sufficiently w i th the results of some stat ist i ­

cal test on Y' intended to determine whether the borrower made the r ight level of investment 

to induce the borrower to make that correct level of investment. Because the borrower wi l l 

be choosing investment in ant icipat ion of the test on output that determines his cont inua­

t ion a l locat ion, standard results from hypothesis test ing do not apply. When this strategic 

considerat ion is taken into account, the opt imal manner in which to make the borrower's 

cont inuat ion payoff depend on the realization of output is not obvious: should the borrower 

be punished for low realizations of output in proport ion to how seriously output has fallen 

short of expectations, or possibly should only the severest punishments be used and used 

as infrequently as possible. Furthermore, should the punishment be imposed through the 

requirement of large repayments on old debt, or should new lending also be restricted below 

what could be lent at that value of the state variable. We know from study of the repeated 

Cournot ol igopoly problem that the opt imal incentive scheme puts a positive probabi l i ty on 

equi l ibr ium price wars and from study of the repeated pr incipal-agent incentive problem 

that the opt imal incentive scheme places a positive probabi l i ty on the agent being fired in 
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equi l ibr ium, so that in these other problems, the opt imal contract is sustained by threats of 

non-opt imal cont inuat ion outcomes for some realizations of the mutual ly observed signal . 

G iven these results, we must take time to show that in this pareto problem, we can indeed 

summarize the solut ion in a Bel lman's Equat ion. In section 4, I characterize the set of 

payoffs for borrower that can be supported by al locations which satisfy constraints ( l ) -(4) 

of the pareto problem ( F C ) above. 

4. T h e C o n s t r a i n e d Set o f Payoffs 

In this section I generalize the notions of admissabi l i ty, self generation, and factorization 

of Ab reu , Pearce, and Stacchett i [1986a] to characterize the set of payoffs for the borrower 

that can be supported by al locations which satisfy the constraints ( l)-(4) of the program 

( F C ) above. 3 

The central idea behind the results of this section is to simpl i fy the dynamic problem 

of finding al l the al locations in the constraint set to a stat ic problem of finding a l l the 

current actions which are incentive compatible w i th respect to some continuat ion value 

funct ion of the state which stands in for the payoff of the cont inuat ion al location. Where 

the dynamic problem is in the space of infinite sequences of functions specifying consumption 

and investment contingent on the history of output , the stat ic problem is in the space of 

actions for the current period and continuation value functions which render those actions 

incentive compat ible. I show that the set of payoffs for the borrower obtained as solutions to 

the static problem is equal to the set of payoffs for the borrower supported by al locations in 

the constraint set. The search for the opt imal payoff is then a search for the actions for the 

current per iod and the continuation value function that yield the highest expected value for 

the borrower subject to the constraints that the actions be feasible and incentive compat ib le 

3 For those who are famil iar wi th the techniques of Ab reu , Pearce, and Stacchett i [1986a], 
the results of this section are the natural extensions of their proposit ions self-generation and 
factorization to this control problem. The definit ion of admissabil i ty has been generalized. 
Otherwise the proofs proceed along the lines of the proofs of proposit ions 1 and 2 in their 
paper. 
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with respect to the continuation value function and that the continuation value funct ion 

actually stand in for the payoff of continuation allocations which are in the constraint set 

defined by equations (l)-(4) of the program above. 

Because the continuation of any al location in the constraint set is also in the constraint 

set, it is clear that we can factor any payoff for the borrower supported by an al location 

in the constraint set into two parts. The first part is the payoff received in the in i t ia l 

period as a result of the actions specified in the al locat ion. The second part is the payoff 

received from the cont inuat ion al location arising after the realization of output after the 

in i t ia l period. If we let the payoff of the continuation al locat ion in each state define the 

cont inuat ion value function of a static program, then the in i t ia l levels of consumpt ion and 

investment are incentive compatible in that they solve that static program. Proposi t ion 2 

demonstrates that this property of factorization is a necessary property of payoffs supported 

by al locations in the constraint set. 

Propos i t ion 1 establishes a sufficiency result in terms of these static programs and 

the cont inuat ion value functions which are used to create them. The definit ion of the 

admissabi l i ty of a pair describing controls in the stat ic program and a cont inuat ion value 

funct ion parameter iz ing that program wi th respect to a col lect ion of feasible payoffs at a 

value of the state provides a set of cr i ter ia for construct ing these stat ic problems and their 

cont inuat ion value functions. These cr i ter ia specify that the cont inuat ion value funct ion 

have a range confined to the collection of payoffs being analyzed and the the control be a 

solut ion of the static program parameterized by that continuation value funct ion. We say 

that a member of the collection of payoffs being analyzed is generated if it is the payoff of 

some solut ion of some static program which is admissable wi th respect to that collection 

of payoffs. We say that a collection of feasible payoffs is self generating if every member 

of that col lection can be generated in some static program admissable w i th respect to that 

collection of payoffs. I then show that any self generating collection of payoffs must be a 

subset of the set of payoffs supported by allocations in the constraint set. Th is is done by 
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using these stat ic programs iteratively to construct for each member of that col lection of 

payoffs an al locat ion in the constraint set which supports that payoff. 

Define the correspondence Z wi th domain Q to be, for each in i t ia l value of Q, the 

set of payoffs for the borrower that can be attained through al locations which satisfy the 

constraints ( l ) -(4) in the Pareto Prob lem above. T h a t is, for each value of Q, 

Z(Q) = {UD{a)\a satisfies (1) - (4) and Q = Y0 - d0} 

L E M M A : Z(Q) is non-empty and bounded for al l Q. 

P R O O F : Z(Q) is bounded because u(.) is bounded and 6 < 1. Z(Q) is nonempty 

because U*ut(Q) 6 Z{Q) for al l Q. 

Let W be a correspondence defined over domain Q , w i th W[Q) non-empty and uni­

formly bounded for al l values in the domain. 

D E F I N I T I O N O F A D M I S S A B I L I T Y : The pair (A,U), w i th 

A-(c,I,b,d') 

a collection of controls for the current round where c, I, and 6 are scalars and d' is a function 

of the form d' : Y —• R and U a function from the state variable at the beginning of the 

next period to sets of the correspondence W 

U : Q - * R 

wi th U{Q') e W(Q') for a l l values of Q' is 

ADMISSABLE WITH RESPECT TO W AT Q 

i f A satisfies one shot incentive compatibi l i ty 

m a x ( l - S)u(c) + 8 ( U{Q')g{Y';I)dY' {A) 

subject to feasibil i ty of the current control: 

c + I-b<Q (B) 
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the transit ion funct ion for the state: 

Q' = Y' - d'{Y') (C ) 

ind iv idual rat ional i ty for the current young lender and the borrower: 

b < 6 I d'{Y')g(Y';I)dY' (D) 

m a x ( l - S)u(c) + 6 I U(Q')g(Y'; I)dY' > U?ut{Q) 

and no repudiat ion in the next round for al l Y',Q' = Y' — d'(Y'): 

U(Q')>U^t(Y') (E) 

Define the payoff E(A, U; Q) generated by a pair (A, U) admissable w i th respect to W 

at Q by: 

E(A, U; Q) = ( l - S)u(c) + 6 f U(Q')g(Y'; I)dY' 

JY'eY 

Denote the set of payoffs that can be generated by pairs ( A , U) admissable wi th respect 

to W at Q by B(W,Q) where: 

B[W,Q) = {E(A,U\Q) s.t. (A,U) admissable w.r.t W at Q) 

D E F I N I T I O N O F S E L F G E N E R A T I O N : The correspondence W is 

self generating if for al l Q € Q 

W{Q)CB{W,Q) 

P R O P O S I T I O N 1 : (SELF G E N E R A T I O N ) 

If W is self generating, then for a l l Q e Q , 

B(W,Q) C Z(Q) 
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P R O O F : The Proof proceeds in two steps. Step 1 constructs an al locat ion (a(wQ)) for 

each wQ G B(W,Q) such that 

UD (O(WQ)) = wQ 

Step 2 verifies that each al location O ( W Q ) satisfies constraints ( l)-(4) of the Pareto Prob lem 

above. 

S T E P 1: W self generating implies that for each WQ £ W(Q) for some Q, there exists 

a pair (A(WQ),U(WQ)) such that this pair is admissable w.r.t. W at Q and w i th 

E{A{wQ),U(wQ)\Q) = wQ 

Choose a wQo £ W(Q0). Assume Y0 = Q0, d0 = 0. Define (IT(U)QO)) as follows: Let 

er0{wQ0) = A(wQo) 

Note that A(WQO ) specifies di (Y1) = d'{Y') and that the specif ication of <TO{WQ°) for values 

of Q 7^ Q° is irrelevant. 

G iven a real izat ion of Y x and a new value for the state Qx =Yi — ̂ ( V 1 ) , define 

wQi = U(wQn)(Qi) 

and 

Vi{wQo)\Yi = < T 0 ( U ; Q I ) = A(wQi) 

where this is defined in the way above. Iterating this procedure we define 

wQ,+ i = U(wQl)(Qt+i) 

and 

<Tt+i(tUQo)\Y<+i = ffo(u>(3.+ i ) = A(xVQt+i) 

Now I show that for any wQ € W{Q) for some Q, that 

UD (a(wQ)) = wQ 
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We have 

wQ = ( l - S)u(e) + 8 j U(Q')g(Y'; I)dY' 
JyeY 

(where Q' = Y' - d'(Y')) and by definit ion of a{wQ), 

UB(a{wQ)) = (l-8)u(c) + 8 f UB(a(wQi))g(Y']I)dY' 
Jy'eY 'Y'eY 

where 

wQi=U(wQ)(Q') 

and 

o(tVQi) = <T(WQO)\Y 

Subtract ion gives 

wQ - UB(a{wQ)) = 6 I wQ>-UB{o{wQ,))g{Y'; I)dY' 
JY'eY 'Y'eY 

which since g is a probabi l i ty density implies that 

\WQ - UB {C(WQ))\ < 8 sup \WQ< - UB (O(WQ-))\ 
wIQljeB(W,Q-) 

and since this holds for a l l WQ we have 

sup \wQ - UB(e(wQ))\ < 6 sup \wQ- - UB(cr(wQI))\ 
•«€ B(W,Q) « , Q , e B ( W , < 3 ' ) 

and since 8 < 1 and each set B(W, Q) is uniformly bounded given the uni form bound on 

W(Q) and the bound on u, we have 

W q = UB(*(wQ)) 

for a l l 

wQ € B{W,Q) for some Q 

S T E P 2: Here I show that (T(WQ) satisfies condit ions ( l)-(4) of the Pareto Prob lem 

above. 
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Check condit ions ( l)-(4) one at a t ime. 

(1) Feasibi l i ty is satisfied period by period in the definit ion of admissabi l i ty, so the 

constructed al locat ion (T{WQ) must also be feasible. 

(2) Individual Rat ional i ty holds by condit ion (D) of admissabil i ty. 

(3) O(WQ ) is immune from the threat of repudiat ion by construct ion: 

UD(a(wQ)\Yt) = UD(a(wQ,)) = wQ, 

where 

wQ*=U{wQ-i)(Qt)>U?ui(Yt) 

(4) Incentive compat ib i l i ty of the whole al locat ion follows from the requirement of 

one shot incentive compat ib i l i ty of each control in the definit ion of admisabi l i ty. Th is 

c la im rests on the fact that an unimprovable al location (that is, an al location for which 

there are no one shot deviations which are payoff improving) must be incentive compat ible. 

Specif ically, I w i l l show that since, for al l W Q , there are no period zero deviat ions f rom 

ac(WQ),cr1 ( W Q ) that improve the borrower's payoffs, there are no deviat ions in i t ia l t periods 

from ac(wQ),<r' (VJQ) for any finite t that do so, and, because the payoff to the borrower is 

continuous in the product topology there are no infinite deviations either. 

T h a t there are no round zero deviations c' , / ' that are payoff improving for the borrower 

follows f rom condi t ion (A) of admissabil i ty of the pair 

(A(WQ),U(WQ)) 

and that for al l Qi 

U(wQ)(Ql) = UD(a(wQ)\YI) 

Proceed by induct ion. Assume that for al l WQ , there are no payoff improving deviations 

f rom ^ ( W Q ) , ^ {WQ) in the ini t ial t periods. Af ter any real izat ion of V 1 , by the construct ion 

of O { W Q ) and the inductive hypothesis, the continuation al location 

oB(wQ)\Yi = CTB(U>QI) 
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also has the property that there are no payoff improving deviat ions in the first t periods, 

so there are thus no payoff improving deviations from O ( W Q ) in the ini t ial t + 1 rounds of 

play. 

F ina l ly , since the set of feasible payoffs for the borrower is bounded, then the max imum 

gain from deviat ions in the ta i l is bounded and must go to zero, as 6* —• 0 as t —» oo. Thus 

there are no deviations changing actions in an infinite number of rounds of play that are 

payoff improving if there are no such deviations in the in i t ia l t rounds of play for a l l t > I. 

P R O P O S I T I O N 2: ( F A C T O R I Z A T I O N ) Z(Q) = B{Z,Q) for al l Q. 

P R O O F : We show that the correspondence Z is self-generating which by proposit ion 

1 gives us the result. 

Let ZQ € Z(Q) be a payoff supported by an al location that satisfies ( l)-(4) and let 

O~(ZQ) be the al locat ion which supports it. Define (A(ZQ),U(ZQ)) as follows: Let 

M Z Q ) = <*O(ZQ) 

and 

U(zQ)(Q1) = U°(<T(zQ)\yi) 

Condi t ions (A) - (E) of admissabi l i ty are immediately satisfied as a consequence of the 

fact that O ( Z Q ) satisfies ( l )-(4). 

5. T h e C o n s t r a i n e d O p t i m a l Payof f 

The search for the constrained opt imal payoff for the borrower is not as yet much 

simplif ied by the analysis of the previous section. If we must search over the entire space 

of continuation value functions afresh each t ime we search for the opt imal payoff for the 

borrower that can be sustained at a new value of the state variable, then the problem 

remains quite diff icult. In this section I show that if the constrained opt imal payoff for the 

borrower as a funct ion of the state variable exists and is continuous in the state variable, 
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then it is necessarily the solution to a straighforward dynamic program. The cont inuat ion 

value funct ion assigns to every state the constrained opt imal payoff that can be at tained 

in that state. The debt contract provides incentives for investment through choice of the 

repayments schedule to determine the distr ibut ion of the state variable. Then I show 

that if the constrained opt imum value function is differentiable, and the expected value 

of repayments under the opt imal repayments schedule is increasing in investment, and the 

ratio "g^Y'-i) a ^ = Ymin is sufficiently smal l , then there necessarily are debt crises under 

the opt imal contract. If the debt repayments schedule is monotonic in output , as it is under 

risk shar ing, then its expected value is increasing in investment because the distr ibut ion 

of output as a function of investment can be ordered according to first order stochastic 

dominance. The l ikel ihood rat io of the example family of distr ibut ions of output given at 

the end of section 2 has ffi.'.// = - o o at Y' = Y m i n . 

The correspondence Z denotes for each value of the state the set of payoffs for the 

borrower that can be supported by al locations in the constraint set. Assume that Z is 

compact valued. Let V ( Q ) = maxZ(Q) denote the constrained opt imal payoff for the 

borrower for in i t ia l value of the state Q. V ( Q ) is clearly monotonic. Assume that V ( Q ) 

is continuous. Because of our assumption that the family of densities of the distr ibut ion 

of output given a fixed level of investment satisfies the monotone l ikelihood rat io property 

and the convexity of the dist r ibut ion funct ion condi t ion, we can summarize the incentive 

compat ib i l i ty constraints on investment in the static problem by the first order cond i t ion : 4 

(l-6)u'(Q + b-I) = 6 I U(Q')gi(Y';I)dY' 

We have seen from the previous section that V [ Q ) is characterized by the program: 

4 The validity of the first order approach in principle agent problems is discussed in a 
number of papers including Rogerson [1985], 
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v(Q) = max 
U[Q'),b,d'{Y'),I 

(l-6)u(Q + b-I)+S f U(Y'-d'(Y'))g(Y';I)dY' (P) 

subject to: 

6 I d'{Y')g{Y';I)dY'-b > 0 (5) 
JY'GY 

U{Y' - d'(Y')) - U?nt{Y') > 0 V Y ' (6) 

= 0 (7) 

U{Y'-d'{Y'))€Z{Y'-d'{Y')) W (8) 

T h a t is , the opt imal payoff for the borrower given any value of the state is found as a solution 

to a stat ic maximizat ion program in which we search over the space of pairs (A, U), denoting 

actions for the current period and continuation value functions, which are admissable w i th 

respect to the correspondence Z specifying payoffs for the borrower which can be supported 

by al locations in the constraint set at that value of the state Q. 

In proposit ion 3 I show that the cont inuat ion value funct ion at which that stat ic pro­

gram is solved is necessarily defined for every new value of the state by the solution of the 

same program at that new value of the state. 

P R O P O S I T I O N 3: A n y set of arguments which solves the program P satisfies 

P R O O F : The intui t ion behind this result is that if ever for any Y' a payoff equal 

to the cont inuat ion payoff U(Q') can be obtained at a lower value of the state Q', then 

the borrower is left indifferent in continuation between making the repayment d'(Y') and 

receiving the cont inuat ion payoff U(Y' - d'(Y')) and a making a larger repayment and 

receiving the same continuat ion payoff at that lower value of the state. B y revising the 

continuat ion value funct ion and the repayments schedule, we can relax constraint (5) above 

U(Y' - d'{Y')) = V(Y' - d'{Y')) a.e. 
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by increasing the expected value of repayments to the original lender and thus str ict ly 

improve the borrower's payoff. 

Assume there exists a set of positive measure Y such that for Y' € Y , 

U{Y' - d'{Y')) < V(Y' - d'{Y')) 

Then we can construct a new continuat ion value function U: U(Q') = V(Q') for Q' + 

d'(Y') G Y , and equal to U otherwise. There exists a new repayments schedule d'[Y') > 

d ' ( Y ' ) for Y' E Y that and equal to the old repayments schedule otherwise that equates 

U(Y' - d'[Y')) = U{Y' - d'(Y')) 

for a l l Y'. Constra ints (6),(7),(8) of the program above al l remain satisfied, and we can 

relax constraint (5) because the expected value of d'(Y') is str ict ly greater than that of 

d'(Y'). Th is is a contradict ion. Therefore, U(Q') = V(Q') almost everywhere. 

Propost ion 3 shows that the provision of incentives for the borrower to invest is achieved 

completely through the design of the repayment schedule and not through variat ion in the 

plan for lending as a function of the current state. Th is method of punishment differs from 

the method of punishing a borrower who defaults on his debt. We see in proposit ion 3 

that the opt imal punishment of a borrower for suspected deviations from the investment 

plan as indicated by certain realizations of output is achieved through high repayments, 

lowering the state so that V(Y' - d'(Y') = U°ut{Y'). The threatened punishment for these 

real izations of output has the same value for the borrower as the threatened punishment for 

repudiat ion: permanent exclusion from the credit markets. Bu t the cont inuat ion al location 

which supports these punishments is not the same. Net repayments and gross lending are 

observed in the first case, while no gross transactions are observed in the second. Th is 

result can be seen as follows. 

The problem of generating the autarkic payoff UB

ut(Y) through some continuat ion 

program of lending wi th payoffs to the borrower of U(Q) is stated: find (U(Q'),b,d'(Y')) 
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such that 

0 i . C n = m a x ( l - S)u{Q + b-I) + 6([ U(Q')g(Y'; I)dY') 
' JY'€Y 

where the maximizat ion is subject to the constraints that 

/ J(Y')g{Y',r)dY'>b 
JY-EY 

and for a l l Y' 

U(Y'-d'(Y'))>U?ut(Y') 

U{Y' - d'(Y')) e Z(Y' - d'{Y')) 

It is clear that if the borrower repudiates repayment d(Y) to the old lender, so that 

Q = Y, then the only way to generate a payoff equal to U°ut (Y) is to set lending 6 = 0 and 

cont inuat ion payoffs 

U{Y'-d>{Y')) = U°ut{Y>) 

almost everywhere. Th is is because UB

ut(Y) is originally defined by the opt imal i ty equat ion: 

ULtiQ) = m a x ( l " S)u(Q -I) + 6{[ U?ut(Y')g(Y'; I)dY') 
1 JY'BY 

Therefore, the only way to punish the lender opt imal ly after repudiat ion is permanently to 

deny h im access to the credit markets. 

Proposi t ion 3 implies that we can wri te our program (P) as a dynamic program: 

V(Q)= max (1 - S)u(Q + b - I) + S I V{Y' - d'{Y'))g{Y';I)dY' ( P * ) 
b.d'(Y'),I JY'eY 

subject to: 

6 I d'{Y')g{Y';I)dY'-b>0 (5) 
JY'€ Y 

v(r-d'(r))-[ / f„ ((y') >ovr (6) 

S I V(Y' - d'(Y'))9l(Y'; I)dY> - (1 - S)u'(Q + b - I) = 0 (7) 
JY'CY 
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Constra int (8) is no longer required. 

Assume that the opt imal repayments schedule satisfies 

8 I t{Y')gi{Y'\I)dY'>0 

JY'€Y 

that is, that the expected value of repayments is increasing in investment. Th is w i l l tend to 

hold if there is risk sharing embodied in the repayments schedule, that is, if the repayments 

schedule is upward sloping. It w i l l imply that there is necessarily a divergence of interest 

between the borrower and the lender over the level of investment at the opt imal contract. 

Assume that " ^ Y ^ - j j — Th is assumption holds for the example family of C D F ' s 

given in section 2 above. We see that wi th these assumption we can replace the equality 

constraint (7) wi th an inequality constraint of the form: 

6 f V(Y' - d'{Y'))gi{Y'; I)dY' - 8u'{Q + b-I)>0 (7') 
JY'GY 

Th is is because if (7') does not hold wi th equality, then one can increase the welfare of the 

borrower by increasing investment as it both increases the borrower's payoff direct ly, but 

also serves to relax constraint (5). 

Wr i te the Lagrangian associated w i th the program P' subst i tut ing inequali ty constraint 

(7') for equality constraint (7): 

(l-6HQ + b-I) + S I V(Y'-d'(Y'))(l + X2(Yl) + X 3

9 - ^ ^ ) + X1d'(Y')g(Y'J)dYl 

JY'€Y 9(' \i) 

-Xib- \3{l-8)u'{Q + b- I) 

where I have omit ted the constants. We see that al l the mult ipl iers are nonnegative and A 3 

is posit ive. Take the first order condit ion w i th respect to d'(Y') 

V'(Y' - d'(Y'))(l + X2(Y') + A 3 ^ ^ ) = A x 

Because the l ikel ihood rat io is large and negative for low values of Y', then X2(Y') must 

be large and posit ive for those same values for there to be a d'(Y') at which this first 
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order condi t ion is satisfied. Th is implies that constraint (6) is b inding for low Y' at the 

constrained op t imum, so that V(Y' - d'(Y')) = UB

ut(Y') for low values of Y'. We see from 

the problem of generating the autarkic payoff using some continuat ion value funct ion that 

is at least as large as the autarkic value function that to punish the borrower using the 

opt imal lending program in cont inuat ion, the variable Q + b output net of repayments plus 

new loans must be str ict ly less than gross output Y. Th is implies that the borrower must 

make a net transfer of capi tal to the lender when low income is real ized. Thus we must 

observe a debt crises under the opt imal lending program when low income is real ized. 

6. S o l v i n g fo r the C o n s t r a i n e d O p t i m u m A l l o c a t i o n ( F o r t h c o m i n g ) 

I solve this dynamic program in an example economy in section 6 (forthcoming). Define Y 

to be the smallest level of Y' for which the Lagrange mult ip l ier A 2 ( Y ' ) is str ict ly posit ive. 

We can interpret Y as the cr i t ical level of output below which debt crises begin. I am 

part icular ly interested in the behavior of the level Y as a funct ion of the state. If the 

opt imal Y is decreasing in the state Q, then there wi l l be a persistence to debt crises. The 

first real izat ion of Y below the current Y forces the state Q' down and thus increase the 

new level of Y which is appl ied, increasing the probabil i ty that a " low" realization of output 

wi l l also occur next per iod. If the reverse is true, then debt crises might be seen as more 

transient occurrences. 

7. C o n c l u s i o n 

We can immediately see, though, that the opt imal lending program in this environment w i th 

moral hazard necessarily specifies that the borrower must make a net transfer of capi tal to 

the lenders when low output is realized. These results suggest that we should interpret the 

observation of debt crises as an essential feature of the proper functioning of international 

credit markets. If governments were to intervene in these markets to relieve the burden 

of debt crises on borrowing countries on a consistent basis, then the incentive structure 
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that supports internat ional lending in the first place would be undermined. O n the other 

hand, if internat ional agencies such as the I M F can assist in moni tor ing the investment and 

consumption decisions that are being made in the major borrowing countr ies, then their 

intervention can reduce the burden of debt crises by improving the information private 

lenders have about debtor country behavior. 
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8. A p p e n d i x 

For the sake of completeness, I present the full informat ion, ful l enforcement pareto problem 

in this section and solve this problem for the opt imal al locat ion. Th is result is intended to 

establish a benchmark by which the effects of certain impediments to contract ing may be 

judged. In part icular , we wi l l see in the next section that the opt imal al locat ion when there 

is a risk of repudiat ion leads to simi lar consumpt ion smoothing in the borrowing country 

in finite t ime. The pareto problem stated here is that of maximiz ing the welfare of the 

borrower subject to the constraints that the al location be feasible and that it provide the 

lenders w i th at least their reservation uti l i ty. 

I define an al locat ion to be Ful ly Pareto Op t ima l ( F P O ) if i t is a solut ion to the 

subject to (c, I,b,d) feasible and indiv idual ly rat ional . 

In the ful l enforcement, ful l informat ion pareto op t imum al locat ion, the risk neutral 

lender rents the investment technology from the risk averse borrower and operates it at the 

rate that equates the marginal rate of transformation to his marginal rate of subst i tut ion. 

The rental payment is the expected value of output less investment when the technology is 

operated at the specified investment level. Th is result is presented as a lemma: 

problem: 

Max(eJ,b.d]UB{e,I,b, d) {FPO) 

L E M M A 2.1: The al location 

dt+1(Y') = Y,-Y0 

is the full enforcement, ful l information pareto opt imum al locat ion. 

SO 



P R O O F : Denote the solut ion to this problem wi th Ya = Y by UFPO{Y). Set up the 

Bel lman's equation w i th state variable Q = Y — d defined as output net of the consumpt ion 

of the old lender. UFPO(Q) is defined recursively by the principle of opt imal i ty : 

U F P O (Q) = max u(Q + 6 I d'(Y')g{Y'; I)dY' - I)+ 
ld'{Y'),I) JY'eY 

sf UFPO(Y' -d'(Y'))g(Y';I)dY' 
JY'ev 

I have used the feasibil ity constraint to substi tute out for the consumpt ion of the borrower 

and I have used the condi t ion that the al locat ion to the lender be indiv idual ly rat ional to 

specify the consumpt ion of the lender t whi le young in terms of the expected value of his 

consumption while o ld , where the expectation is taken w i th contingent on the real izat ion 

of y . 

The first order condit ions w i th respect to each d'(Y'): 

u'{Q + 6 I d'(Y')g(Y';I)dY'- I) = U'FPO(Y'-d'{Y')) for all Y'eY 
JY'eY 

imply that Y' — d'(Y') is constant (by the concavity of U F P O ) so that the first order 

condit ion wi th respect to / simplif ies to: 

Y'9l(Y';I)dY' = l 

so h(Q*) — I*- The envelope condit ion at the opt imal controls is wr i t ten: 

L 

U'FPO(Q) = u'(Q + 6 f d'(Y')g(Y',r)dY'-r) 
JY'eY 

Together these imply that the state variable Q is constant through t ime and must equal 

Qo = Y0 (its in i t ia l value) so d'(Y') = Y' — Y0 and consumption each period is 

= (1 - S)Y0 + S f Y'g{Y', /* )dY' - I' 
JY'eY 'Y'eY 

Note that I have asumed that the opt imal level of investment / * is sufficiently smal l to 

ensure that the consumpt ion level c* is posit ive. A sufficient condit ion for this assumption 

is that / * <Ymin. 



I now state the pareto problem when al locations are constrained by the risk of repu­

d ia t ion: A n al locat ion is Repudiat ion Constrained Pareto Op t imum ( R C ) if i t is a solut ion 

to the problem: 

max UB(e,I,btd) {RC) 
{c,I,b,d) 

subject to {c,I,b,d) feasible and immune from the threat of repudiat ion. 

The following lemma shows that constraint placed on feasible al locations by the threat 

of repudiat ion is not enough to explain the long run recurrence of debt crises. The opt i ­

mal lending contract leads to complete consumption smoothing in finite t ime. A l though 

borrowing (6 () is in i t ia l ly restr icted, when the dist r ibut ion of income given investment is 

stat ionary, in finite t ime, the borrower can establish a sufficiently large deposit wi th the 

lenders so as to induce h im not to repudiate any contracted payments to the lenders for 

fear of losing his deposit. It remains to be seen if this result is robust in an economy in 

which the persistence of the capi ta l stock allows for growth, which would make it expensive 

for the borrowing country to maintain any deposits. Th is result is due to Worra l l [1987]. 

L E M M A 2.1: Let Y = {Yl,...,YK} the support of Y be finite. Let g{Y';I) denote 

the probabi l i ty of realization of output Y' given investment I. The repudiat ion constrained 

Pareto op t imum al locat ion has 

ct{Qf) = c' constant 

W ) = r 

W ) = «H£ Y'g{Y',I')-Y-) 
v e v 

dt{Y') =Y'-Y' 

after the first realization of Y' = YK, which occurs in finite t ime. 

P R O O F : Const ruct a Lagrangean for the pareto problem wi th mult ipl iers on the in ­

d iv idua l rat ional i ty constraints that hold for every contingency Y*, t > 1: {A (Y ' ) } . The 
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solut ion to program ( R C ) is defined recursively by the opt imal i ty equation w i th state vari­

able Q = Y — d for the Lagrangean: 

8 £ URC(Y'-d'(Y'))g(Y'-I) 
Y '€ Y 

+ £ A(y')(^c(v"-d'(r))-^ u t (r)) 
y-'e Y 

The ind iv idual rat ional i ty constraint for the lenders has been used to substitute out 

for 6. The opt imal i ty equation has first order condit ions: 

*«' (c) = (6+ ^ L ) U ' R C ( Y ' - d'(Y')) (d'(Y>)) 

«'(...)(« J2 *{Y')9l(Y';r)-l) + 6 J2 URC(Y'-d'(Y'))9I(Y';I) (I) 
Y'€Y Y'ZY 

X(Y')(Unc(Y' - d'(Y')) - U^t(Y')) = 0 (A(Y ' ) ) 

and the envelope condi t ion: 

U'Rc(Q) = »'(c) 

We demonstrate the result in two steps: 

Step 1: There is a cr i t ica l value c(Q) such that X(Yk) = 0 and Yk - d'(Yk) constant 

for k < c(Q) and Yk - d'(Yk) is str ict ly increasing in k for c < it < K. 

Let A ( y c + 1 ) be the smallest non-zero lagrange mult ip l ier . The first order condit ion for 

d'(Y') and the str ict concavity of URc imply that for al l states Y' such that A ( Y ' ) = 0, 

Q' = Y' — d' is constant. W i t h A ( F C + 1 ) > 0 by the first order condi t ion on A we have 

URC{YC+1 - d'{Yc+1)) = UB

ut(Yc+1). Since U*ut(Y) is str ict ly increasing in Y, we have 

URC{Yk -d'(Yk)) > URC{YC+1 -d'(Yr+l)) f o r c + 1 < k < K. 

Step 2: Under the opt imal control , the state (Q) and the cr i t ical value c(Q) increase 

over t ime unt i l in finite t ime c = K. When c = i f al l the A ( Y ' ) are zero and Q and 

consumption and investment are completely stabi l ized. 
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Let c(Qt) be the cr i t ical value at t and Y' be the realization of output at t+ 1. By the 

first order and envelope condit ions, 

SU'RC{Qt) = {S + 2jj£L)U'RO(Y' - d'(Y')) (*) 

so if s < c{Qt), Y* - d'(Ya) = YC - d'{Yr) and if s > c, Y" - d'(Y") > Yc - d'(Ye). 

Let m = max(c,s). Then we wi l l show c(Y' - d(Y')) > m. B y (*) and the fact that 

\{Y') > 0, we have Y' - d'(Y') > Ym - d(Ym) for a l l Y' € Y . For al l k < m, 

Una(Yk - d'(Yk)) > URC(Ym - d'(Ym)) > U?ul(Y") > U°ut{Yk) 

and thus X(Yk) = 0. Since gross income YK must be realized in finite t ime, complete net 

income Q smoothing must also be achieved in finite t ime. A s d'(Y') and / are markov in 

the state Q, complete consumption smoothing must also be achieved in finite t ime. Note 

that when complete consumption smoothing is achieved 1=1' for the remainder of the 

opt imal control . The long run value of consumption c* is generally different f rom the level 

in the ful ly pareto opt imal al locat ion. See T . Worrel l [1987] for discussion of its level. 
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