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These pages descr ibe and p a r t i a l l y analyze a set o f models that are 

designed to help understand a v a r i e t y of i ssues about commodity money systems, 

and to h i g h l i g h t the aspects o f techno log ies and pre ferences which determine 

the answers to a number of p o s i t i v e and normative quest ions about how commod­

i t y money systems opera te . 

We begin w i th a l i s t of ques t i ons , not a l l on the same l e v e l of 

a b s t r a c t i o n . 

1. Are commodity money systems gene ra l l y i n e f f i c i e n t — i . e . , i s i t gen­

e r a l l y p o s s i b l e to Pareto dominate them wi th an a l t e r n a t i v e system 

us ing a w e l l managed f i a t currency? (Friedman seems to suggest so i n 

A Program for Monetary S t a b i l i t y , Chapter 1.) 

2 . Does the degree of i n e f f i c i e n c y depend on the p a r t i c u l a r commodity 

"chosen" f o r the currency? (Friedman seems to suggest that i t does 

no t . ) What assumptions about techno log ies determine t h i s ? 

3. In what sense i s there a cho ice about the commodity to be used as the 

commodity money? In the absence of l e g a l r e s t r i c t i o n s does one 

commodity or bundle of commodities "emerge" as a n a t u r a l commodity 

money because o f i t s cond i t i ons o f p r o d u c t i o n , p h y s i c a l d e p r e c i a t i o n 

c h a r a c t e r i s t i c s , and so on? What so r t s o f l e g a l r e s t r i c t i o n s or 

government open market opera t ions or f i s c a l p o l i c i e s does one have i n 

mind when one speaks about the government choosing a standard? (Note 

that by " t e c h n o l o g i e s " and " cond i t i ons o f p roduc t i on " we i nc l ude 

ob jec t i ve randomness.) 

k. What k inds of techno log ies and pre ferences g ive r i s e to models i n 

which "Gresham's law" h o l d s , there be ing a na tu ra l or marke t -de te r ­

mined rate o f exchange between gold and s i l v e r , which the government 

cannot i n f l uence through open market operat ions wi thout some l e g a l 
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r e s t r i c t i o n s ? What i s the r o l e of l e g a l r e s t r i c t i o n s , e . g . , monopoly 

of co inage, i n p e r m i t t i n g there t o be d iscrepancy between the "mint 

p r i c e " and market p r i c e of go ld r e l a t i v e to s i l v e r ? 

5. Are there t echno log ies -p re fe rences fo r which b i m e t a l l i s m i s po ten ­

t i a l l y f e a s i b l e ? I f s o , what k inds of government a c t i o n s cou ld be 

used to i n f l u e n c e the ra te o f exchange between gold and s i l v e r ? 

6. In what sense does adopt ing a commodity standard impose f i s c a l d i s ­

c i p l i n e ? 

7. Can seignorage be r a i s e d under a commodity money system? 

8. How do the answers to (6) and (7) i n t e r a c t w i th the ques t ion o f 

e f f i c i e n c y of a commodity money standard? That i s , i n the a l t e r n a ­

t i v e f i a t money regime, i s seignorage being r a i s e d through the f o r c e 

o f l e g a l r e s t r i c t i o n s , or by e x p l o i t i n g the n a t u r a l r o l e f o r a f i a t 

money i n an economy prone to c a p i t a l or go ld overaccumulat ion? 

9 . Does the quan t i t y theory of money apply under a commodity standard? 

I f so , what aspects o f techno logy-pre fe rences does i t depend on? 

10. How would adopt ion of a commodity standard i n f l uence the " P h i l l i p s 

cu rve?" 

These notes present paramet r ic ve rs ions of over lapp ing generat ions 

models designed t o h i g h l i g h t fea tures o f commodity money s tanda rds . For the 

f i r s t set of models, there i s a s i n g l e nonstorab le consumption good. 

Let w . (s ) be the endowment of the s - p e r i o d consumption good o f agent h born i n 

pe r i od t . There i s no u n c e r t a i n t y . Let c^ (s ) be the consumption of the s -

pe r i od consumption good of agent h born i n pe r i od t . We assume that each 

i n d i v i d u a l h maximizes 

In c j ( t ) In c* ( t+ l ) 
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sub jec t to the in te r tempora l budget c o n s t r a i n t 

c t ( t ) + ^ T t ) - < w t ( t ) + ~ W 

where R( t ) i s the maximum a t t a i n a b l e (nons tochas t ic ) gross r e a l ra te of r e tu rn 

on sav ing between dates t and t + 1, measured i n u n i t s o f t + 1-per iod good 

per un i t of t - p e r i o d good. This g ives r i s e t o the sav ing f unc t i on 

h h h w j ( t+ l ) 
v j ( t ) - c j ( t ) - f v j ( t ) . 4 ^ / 2 . 

W e ' l l c a l l the nonstorable consumption good " b r e a d . " In generat ion t , there 

e x i s t N(t) young peop le . 

We s h a l l cons ide r s e v e r a l a l t e r n a t i v e models, which d i f f e r w i th 

regard to the techno log ies f o r t rans fo rming bread i n t o s t o r a b l e " m e t a l s , " 

which wh i le not i n p e o p l e ' s u t i l i t y f u n c t i o n s , are p o t e n t i a l l y va lued as 

s to res of v a l u e . 

The economy s t a r t s a t time t = 1 and cont inues f o reve r . At t = 1 

there are N(o) o l d peop le , endowed i n the aggregate wi th var ious meta ls , as 

d e t a i l e d below. At each date t > 1, N( t ) young people are born . People of 

each generat ion l i v e f o r two p e r i o d s . 

Model 1: A R e v e r s i b l e Gold Technology 

In a d d i t i o n to b read , there e x i s t s " g o l d , " which can be conver ted 

i n t o bread and back at constant c o s t s . In p a r t i c u l a r , one u n i t of bread 

produces <j> u n i t s of g o l d , and one u n i t of go ld produces u n i t s o f b read . 

Gold i s p e r f e c t l y s to rab le between p e r i o d s , and n e i t h e r app rec ia tes nor depre­

c i a t e s p h y s i c a l l y . Let p ( t ) be the bread p r i c e o f a u n i t o f g o l d , measured i n 
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u n i t s of bread per un i t o f g o l d . E v i d e n t l y , i f both bread and go ld are to be 

produced i n pe r i od t , we must have p ( t ) = Note that p ( t ) i s the r e c i p r o c a l 

o f the " p r i c e l e v e l . " 

Assume there i s an i n i t i a l stock of go ld o f G(0) u n i t s , a l l he ld by 

the current o l d a t t ime t = 1. For t > 1, we assume tha t the young o f genera­

t i o n t are endowed w i th (w^( t ) ,w^( t+ l ) ) u n i t s of b read , where 1 w^(t) 

h 
> 1 w+ (t+l) > 0 e s t a b l i s h i n g a motive f o r generat ion t as a whole to save a t 

h t 

a gross ra te of re turn of u n i t y . As i n Wal lace [ ] and Sargent and 

Wal lace [ ] , t h i s cond i t i on s t i l l permi ts there to be i n d i v i d u a l s f o r 

whom Wj.(t) < w^(t+l) who p r e f e r to borrow a t a gross ra te of re turn o f 

u n i t y . Below we w i l l sometimes comment on the d i f f e r e n t p re ferences of bo r ­

rowers and lenders as among a l t e r n a t i v e monetary regimes. 

In t h i s s e t - u p , the only s to re o f va lue i s g o l d . I t ' s gross ra te of 

re turn i s 

R ( t ) = p ( t + l ) / p ( t ) . 

In t h i s model, there i s a unique e q u i l i b r i u m i n which 

p ( t ) = <j> 

R( t ) = 1. 

L e t t i n g G(t ) be the stock of go ld s to red between t and t + 1 by genera t ion t , 

we have that G( t ) i s determined by 

{I w j ( t ) - I «J(t+l)} / 2 = G(t ) <f> 
h h 

t > 1. 
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The reason that p ( t ) = 4> i s tha t the endowments have been r igged so tha t each 

generat ion wants to consume bread a t t (which imp l i es that p ( t ) < <(>) and to 

s to re gold at t (which imp l i es tha t p ( t ) > <j>). 

In t h i s model, the amount of resources denoted to "m in ing" new gold 

i s determined by the above equa t ion . I t depends on (a) the sav ing ( p o r t ­

f o l i o ? ) pre ferences of agents , and (b) the economy's ra te of growth. In terms 

of b read, the amount of resources denoted to mining go ld does not depend on 

4>. (The l e f t - h a n d s ide of the above equat ion i s independent of $ . ) Th is i s 

cons i s ten t wi th the statements of M i l t on Friedman (A Program fo r Monetary  

S t a b i l i t y , p. h-5.) 

The e q u i l i b r i u m i n t h i s model i s i n e f f i c i e n t . 

Model 2: Reve rs i b l e Gold and S i l v e r Technologies 

We modify model 1 by now assuming tha t there are two meta ls , go ld 

and s i l v e r . One un i t of bread produces <j> u n i t s of g o l d . One u n i t of bread 
O 

produces A u n i t s of s i l v e r . Both go ld and s i l v e r are p e r f e c t l y p h y s i c a l l y 
s 

s t o r a b l e wi th ne i t he r p h y s i c a l a p p r e c i a t i o n nor dep rec ia t i on o c c u r i n g . Both 

techno log ies are r e v e r s i b l e . We l e t P „ ( t ) be the p r i c e of go ld measured i n 

u n i t s of bread per un i t of g o l d , and p s ( t ) be the p r i c e of s i l v e r measured i n 

u n i t s o f bread per un i t of s i l v e r . Pre ferences and endowments are as i n model 

1. The current o ld at t = 1 are i n the aggregate endowed w i th S(0) u n i t s o f 

s i l v e r and G(0) u n i t s of g o l d . 

The model has a unique e q u i l i b r i u m w i th Pg( t ) = <t>g, P s ( t ) = R( t ) 

= 1, and aggregate go ld s torage at t , G ( t ) , and s i l v e r s torage at t , S ( t ) , 

determined by 

H w j ( t ) - I w j ( t+ l ) ) / 2 = .0 (G( t ) + ^ S ( t ) j . 
h h T g 
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This e q u i l i b r i u m has a common gross ra te o f re turn of 1 on go ld and s i l v e r . 

The model cannot determine the e q u i l i b r i u m amounts of G(t) and S( t ) sepa-

r a t e l y , but only the t o t a l G( t ) + — S ( t ) . Thus, f o r t > 1, there i s one 
*g 

e q u i l i b r i u m wi th S( t ) = 0 f o r t > 1, another w i th G(t ) = 0 f o r t > 1 , and a 

continuum of in termedia te e q u i l i b r i a wi th both S( t ) > 0 and G( t ) > 0 f o r t > 

1. 

Th is model prov ides an example o f Fr iedman's a s s e r t i o n s t h a t : 

" I n t e r e s t i n g l y enough, the amount of resources requ i red 
t o p rov ide f o r growth does not depend on the commodity or 
commodities used as the standard but only on the cash 
balance pre ferences o f the p u b l i c and on the ra te of 
growth of the economy." (A Program fo r Monetary S t a b i l ­ 
i t y , p. 5.) 

"The commodity i n quest ion might be gold or s i l v e r or 
copper or b r i c k s or some combinat ion of these or of o ther 
goods i n f i x e d p r o p o r t i o n s , as under any o f the v a r i e t y 
of symmetal l ic or commodity reserve standards that have 
been proposed. The amount of the commodity in use as 
money would depend i n i t s cost of p roduc t ion r e l a t i v e t o 
o ther goods, and on the f r a c t i o n of t h e i r weal th people 
want to ho ld i n the form o f money; a d d i t i o n s t o the s tock 
of money could come from produc t ion by p r i v a t e en te r ­
p r i s e ; changes i n the rate of p roduc t ion would r e f l e c t 
changes i n the r e l a t i v e va lue p laced on the monetary 
commodity and other goods or i n the r e l a t i v e cos ts o f 
producing the one and the o t h e r . " (A Program for Mone­ 
ta ry S t a b i l i t y , p. H-5.) 

In t h i s model, Gresham's law o b t a i n s , w i th money tha t i s overvalued 

a t the mint d r i v i n g out money that i s undervalued a t the mint . Suppose tha t 

the government imposes a l e g a l r e s t r i c t i o n tha t s ta tes that only metals 

stamped as " d o l l a r s " can be s t o r e d . (Evidences o f p r i v a t e indebtedness , how­

ever , are permi t ted to be he l d . ) The government sets up a mint , which oper ­

ates c o s t l e s s l y , and issues (or stamps or mints) d o l l a r s acco rd ing to the 

f o l l o w i n g r u l e s . I t o f f e r s f r e e l y to co in d o l l a r s out of s i l v e r that i s 

brought to i t at the p r i c e of d g d o l l a r s per un i t of s i l v e r , and f r e e l y t o 

co in d o l l a r s out of go ld a t the p r i c e of d d o l l a r s per un i t of g o l d . 
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Such an o s t e n s i b l e attempt by the government to set up a b i m e t t a l i c 

standard w i l l only have the e f f e c t s o f d e f i n i n g a d o l l a r and o f determin ing 

which one of the two metals i s s to red as money. I f d_/d„ > P_/P_ = 
g b g b g => 

then s i l v e r i s "overva lued at the mint" and only s i l v e r w i l l be minted and 

s t o r e d . Only i f d_/d„ = P„/P~ i s the indeterminancy about which metal w i l l be 
O S g b 

s tored p rese rved . 

In t h i s model, so f a r as concerns the consumption a l l o c a t i o n s , the 

i n s t i t u t i o n of " b i m e t a l l i s m " i n t h i s form i s innocuous and has no e f f e c t s . 

Model 2a : R e v e r s i b l e Gold and S i l v e r Technologies 
Wi th a Trend i n P r o d u c t i v i t y 

We modify model 2 by now assuming tha t <{> has a downward t rend over 

t ime , so that at t ime t one u n i t of bread produces <l>s(t) u n i t s of s i l v e r , w i th 

the process be ing r e v e r s i b l e and w i th <}>s(t+l) < 4> g(t). A l l o ther aspects of 

the model remain as they were, i n c l u d i n g the assumption that the gold t e c h ­

nology parameter (J> i s constant over t ime. 
o 

The e q u i l i b r i u m of t h i s model has P „ ( t ) = d>_, P_(t) = <f>0(t). The 
g g => b 

gross rate of re turn i n go ld i s u n i t y , but now the gross ra te o f re tu rn on 

s i l v e r i s P _ ( t + l ) / P „ ( t ) = <t>0(t+l)/<t>^(t) < 1, so tha t go ld dominates s i l v e r as 

an a s s e t . There fo re , only go ld i s s t o r e d , w i th the e q u i l i b r i u m c o n d i t i o n tha t 

determines the amount o f go ld s to red a t t be ing 

I ( w J ( t ) - v J ( t + l ) ) / 2 = A G ( t ) . 
h t t g 

Now suppose tha t the government i n s t i t u t e s the k i n d of b i m e t a l l i c 

c o i n i n g scheme that we descr ibed above. The government requ i res tha t the only 

metals tha t people can s to re are those stamped d o l l a r s , which i t stands ready 

to co in at the ra te of d_ d o l l a r s per un i t of s i l v e r and/or at the ra te o f d_ 
s g 

d o l l a r s per un i t of g o l d . The mint p r i c e s d g and d are constant over t ime. 
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We assume that d_/d„ < P _ ( l ) / P c ( l ) = $„/$a{l), so that i n i t i a l l y s i l v e r i s g s g s g s 

undervalued at the mint imp ly ing that only go ld i s minted and s t o r e d . We 

assume that there i s a f i n i t e T > 1 such tha t d_/d„ < <!>_/<|>c(t) f o r t < T but 
6 s g b 

tha t dcr/da > <J>_/<)>-(t) f o r t > T. For t < T, on ly go ld i s s t o r e d . For t < T, 
g o g b 

the i n s t i t u t i o n of b i m e t a l l i s m i s innocuous s i n c e agents would f r e e l y choose 

to s to re gold anyway s ince i t dominates s i l v e r i n terms of i t s rate of 

r e t u r n . For t > T, only s i l v e r i s s t o r e d , s i nce from T on i t becomes ove r ­

valued at the mint due to the r e s u l t s o f the f a l l over t ime i n <f>„(t). For t > 
s 

T, the i n s t i t u t i o n of b i m e t a l l i s m makes a d i f f e r e n c e , s i nce lenders would l i k e 

to s to re go ld but are prevented from doing so by the l e g a l r e s t r i c t i o n r e q u i r ­

ing that only minted co ins be s t o r e d . The gross ra te of re tu rn on loans and 
• (t+1) 

money now becomes R ( t ) = ^ ^ . The e q u i l i b r i u m cond i t i on determin ing the 
s 

amount of s i l v e r s to red and minted i s , f o r t > T , 

CI ^ ( * > - i r f ^ T | *̂C*+x))/2 - B O O . 

We note tha t borrowers are b e t t e r o f f a f t e r s i l v e r d i sp l aces g o l d , 

s ince both loans and s i l v e r bear a lower ra te o f re turn than when go ld i s the 

s tandard . There i s an i n f l a t i o n a f t e r " s i l v e r d r i ves out g o l d . " 

In t h i s se tup , a f t e r 6 has f a l l e n enough by date T to make s i l v e r 

cheap enough to func t ion as money, there i s a fo rce which h i t h e r t o had not 

been present fo r lenders and ho lders of money t o evade or a g i t a t e aga ins t the 

i n s t i t u t i o n s surrounding coinage tha t operate to depress the ra te o f re turn on 

a s s e t s . In the Uni ted S t a t e s , the lenders foresaw t h i s s i t u a t i o n and p e r p e t u ­

ated the "Crime of ' 7 3 . " 
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Model 3: An I r r e v e r s i b l e Gold Technology 

The model i s i d e n t i c a l w i th model 1, except tha t bread can no longer 

be converted i n t o g o l d . One un i t of go ld can s t i l l be converted i n t o A--*-

u n i t s of b read, but the technology i s i r r e v e r s i b l e . As be fo re , the cur ren t 

o ld at t = 1 are i n the aggregate endowed w i th G(0) u n i t s of g o l d . A l l s u c ­

ceeding generat ions are endowed w i th bread i n the pa t te rns (w^ ( t ) ,w^ ( t+ l ) ) . 

This set-up i s designed to represent the not ion o f a p e r f e c t l y i n e l a s t i c s tock 

supply o f go ld together w i th the ex is tence o f an " i n d u s t r i a l " use f o r g o l d . 

The e q u i l i b r i u m c o n d i t i o n f o r t h i s model i s 

U w ? ( t ) -pftrtT 1

 w S ( t + 1 ) } 1 2 = G ( 0 ) p ( t ) 

h - h 

where p ( t ) > A i s the bread p r i c e of go ld and R( t ) = p ( t + l ) / p ( t ) . We requ i re 

that fo r t > 1 p ( t ) > A, or e l se some of the gold would be converted i n t o 

bread and eaten. D i v i d i n g both s ides of the above equat ion by p ( t ) and r e a r ­

ranging g ives the d i f f e r e n c e equat ion 

1 2 G(0) . h W t ( t + 1 ) 1 
pit! y y pTt+IT ' 

The nature of the dependence of p r i c e s on G(0) depends on the magnitude of 

G ( 0 ) , A, and the endowment p a t t e r n s . For example, s p e c i a l i z e the model by 

assuming 

I w h ( t + ] h < t ™ > t 

— A 

^ - h ( t ) w, h t 

I wj(t) = w(i)nt 



- 10 -

where n > 1 and — < 1. Then we have 
ri 

1 _ 2 0(0) . 1 . > . 

The s o l u t i o n of t h i s d i f f e r e n c e equat ion i s 

1 _ 2 G(0) 

^ " w ( i ) ( i - ^ 

Th is equat ion can be rearranged t o be o f the quan t i t y theory form 

G ( o ) P ( t ) = w 1 n t ( l - £ ) . 

I f t h i s equat ion imp l i es tha t p ( t ) > <t> f o r a l l t > 1, then i t g ives the unique 

s o l u t i o n of the model. Note that i t i s then the unique s o l u t i o n of the d i f ­

ference equat ion f o r which p ( t ) > <J> f o r a l l t . 

However, i f the above equat ion imp l i es p ( l ) < 9 , then the e q u i l i ­

br ium i s g iven by p ( l ) = <(>, w i th 5(0) < G(0) go ld being s to red from time 1 to 

2 where 

G(0) 4> = \r\ ( l - -£) . 

The o ld a t time 1 convert G(0) - G(0) i n t o bread. Then the p r i c e o f go ld f o r 

t > 1 i s g iven by 

G(o) P ( t ) = w 1 n* ( i - . 

% M 1 " ^ i In summary, i f G(0) < : , the i n i t i a l p r i c e l e v e l —rrr v a r i e s 
<p p -L ^ 

i n quan t i t y theory fash ion wi th smal l v a r i a t i o n s i n the i n i t i a l s tock o f go ld 

G ( 0 ) . In t h i s quan t i t y theory case , go ld i s s u f f i c i e n t l y rare that none i s 

converted i n t o bread. 
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In the regions o f i t s parameter space to which the quan t i t y theory 

h o l d s , t h i s model i s compat ib le w i th the f o l l o w i n g remarks o f Pau l Samuelson: 

Given p h y s i c a l amounts o f tobacco , food, b a l l e t , e t c . , 
have s i g n i f i c a n c e i n terms o f the want pa t te rn of the 
consumer, but i t i s not p o s s i b l e to a t tach s i m i l a r s i g ­
n i f i c a n c e to a g iven number of p h y s i c a l u n i t s of money, 
say t o a number of ounces o f g o l d . I t would be otherwise 
i n the case of go ld which was to be used t o f i l l t e e t h , 
but such uses of go ld i n the i n d u s t r i a l a r t s we purpose ly 
n e g l e c t . The amount of money which i s needed depends 
upon the work tha t i s to be done, which i n tu rn depends 
upon the p r i c e s of a l l goods i n terms of g o l d . (Founda­ 
t i o n s of Economic A n a l y s i s , pp. I l 8 -119«) 

Neg lec t i ng the i n d u s t r i a l uses o f go ld corresponds to our assuming 

tha t go ld i s s u f f i c i e n t l y rare that i t s value i s h igher than A. 

Th is e q u i l i b r i u m i s always i n e f f i c i e n t . 

Model h: A Reve rs i b l e S i l v e r Technology, an I r r e v e r s i b l e Gold Technology 

Th is model i s i d e n t i c a l w i th model 2 , except that the go ld t e c h ­

nology i s now assumed i r r e v e r s i b l e . One un i t of bread can be t ransformed i n t o 

A u n i t s of s i l v e r , and the process i s r e v e r s i b l e . One u n i t of go ld can be s 

t ransformed i n t o A ^ u n i t s of bread but t h i s process i s i r r e v e r s i b l e . The 

i n i t i a l aggregate supp l i es of go ld and s i l v e r , assumed to be i n the hands of 

the o l d a t t = 1, are G(0) and S ( 0 ) , r e s p e c t i v e l y . As above, we l e t P s ( t ) be 

the bread p r i c e of s i l v e r and p_(t) be the bread p r i c e of g o l d . 
o 

The technology i n t h i s model imp l i es tha t p 0 ( t ) = A and tha t p „ ( t ) 

> A . There are two k inds of e q u i l i b r i a . F i r s t , there i s a c l a s s of e q u i -
o 

l i b r i a i n which both s i l v e r and go ld are s to red and both bear a common gross 

ra te of re turn of u n i t y . Second, there may be an e q u i l i b r i u m i n which gold 
dominates s i l v e r as an a s s e t , and only go ld i s s t o r e d . 
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Turning to the f i r s t c l a s s of e q u i l i b r i a , we seek an e q u i l i b r i u m i n 

which p_(t) i s constant f o r a l l t > 1 , and p 0 ( t ) = ij> i s constant f o r a l l t > g s s 

1, so tha t both bear a common ra te of re turn R^(t) = R s ( t ) = 1. The e q u i l i ­

brium cond i t i on f o r the model i s 

P ( * ) 

(I w j ( t ) - I w?( t+ l ) ) / 2 = p ( t ) ( G ( t ) + - A - y S ( t ) ) . 
h t h t g P g u ; 

This equat ion i s to be so lved f o r a constant p = p „ ( t ) , G( t ) and S ( t ) f o r t > 
O O 

1. E v i d e n t l y , any p > <j> determines an e q u i l i b r i u m w i th G(t ) = G(0 ) , s ince 

i f p > <|> no go ld would ever be converted i n t o b read . There i s a continuum 

o f e q u i l i b r i a indexed by p > <j> . Given such a p , the above equat ion de te r -
o o © 

mines S ( t ) . In a growing economy, an i n c r e a s i n g f r a c t i o n of the "money 
p 

s tock " (G(t)+ — S ( t ) ) would c o n s i s t of s i l v e r as time passes . Fur thermore, 

the above equat ion i s a ve rs i on of the quan t i t y theory equat ion . To take a 

s p e c i a l example, set w^(t) = w , w N t + l ) = w f o r a l l t and h. Then the above 
equat ion becomes 

p 
G(0) - i -5s( t ) r i U U 1 -. w 1 - w 2 J v p 

n = P N t 

which s ta tes that r e a l balances per c a p i t a are a cons tan t . In summary, i n 

t h i s model, any r e l a t i v e p r i c e o f go ld per u n i t s i l v e r p . / p . < 't'o/'t'n- i s a n 

o g o g 

e q u i l i b r i u m r e l a t i v e p r i c e . 

However, there i n genera l e x i s t s another e q u i l i b r i u m i n which R^(t) 

> R s ( t ) = 1. In p a r t i c u l a r , we seek an e q u i l i b r i u m i n which no s i l v e r i s 

s to red as an a s s e t . The e q u i l i b r i u m c o n d i t i o n i s 

w J ( t ) - r - f i T n I w t ( t + 1 ) J 1 2 = G ( 0 ) p

2

( t ) -
h t P - V W ; h t g 
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Rearranging as i n model 3 g ives 

2 0(0) + l\it+l) 

P ( t ) r , r , p ( t+ i ; 

In sec t i on 3 , we found tha t the s o l u t i o n t o t h i s equat ion i n our s p e c i a l case 

was 

1 _ 2 0(0) 

P g 1 * 7 " w ( i ) ( i - A ) n * 

which i s the unique e q u i l i b r i u m i f the p_( l ) > Note tha t i n t h i s case , 
s s 

the model imp l i es p_( t+ l ) /p_( t ) = n > 1 i n a growing economy. Thus, go ld 
g g 

dominates s i l v e r as requ i red i n t h i s k i nd o f e q u i l i b r i u m . 

I f the above equat ion imp l i es tha t p „ ( l ) < <j>„, an e q u i l i b r i u m can be 

found i n which enough of the i n i t i a l go ld s tock i s converted i n t o bread t o 

d r i ve P g ( l ) up t o <t>g. 

We now use model h to cons ide r aga in the i n s t i t u t i o n o f b i m e t a l l i s m 

which we s tud ied above w i th model 2 . As above, we cons ide r a setup i n which 

the government requ i res that only " d o l l a r s " be s t o r e d , that i t monopolize the 

c o i n i n g of d o l l a r s , and tha t i t stand ready f r e e l y to co in new d o l l a r s out o f 

s i l v e r a t a rate of d„ d o l l a r s per u n i t of s i l v e r and a t a ra te o f d d o l l a r s 
s g 

per un i t o f g o l d . 

In model h, the government i s f ree to choose any r a t i o f o r the mint 

p r i c e s d _ / d e that s a t i s f i e s d_/d„ > <|>rr/<}>0. This w i l l determine a unique 
g b g b g b 

e q u i l i b r i u m , from among members of the f i r s t c l a s s of e q u i l i b r i a , i n which 

P s ( t ) = <|>s and Pg(t ) = dg > <|>g. In t h i s e q u i l i b r i u m , a l l of the gold s tock 

w i l l be used as money, and a d d i t i o n a l s i l v e r w i l l be co ined a t a ra te de te r ­

mined by the equat ion 
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l ( v J ( t ) - v J ( t + l ) ) / 2 = d g (G(0) + ^ S ( t ) ) . 

The above equat ion imp l i es tha t the h igher the value o f d s e l e c t e d , the l e s s 

s i l v e r w i l l be minted and s t o r e d . 

No t i ce that the i n s t i t u t i o n o f b i m e t a l l i s m prevents there from be ing 

an e q u i l i b r i u m of the k ind descr ibed above i n which R^(t) > R s ( t ) = 1. The 

l e g a l r e s t r i c t i o n and the o f f e r of f ree coinage of both go ld and s i l v e r p r e ­

vent R^(t) > 1 from be ing an e q u i l i b r i u m . Thus, i n terms of model k, the 

i n s t i t u t i o n of b i m e t a l l i s m i s a dev ice f o r s imul taneous ly e l i m i n a t i n g the 

p o s s i b i l i t y of a go ld -on l y e q u i l i b r i u m and p i c k i n g out a unique e q u i l i b r i u m 

p r i c e r a t i o f o r go ld and s i l v e r . In t h i s model, Gresham's law f a i l s to 

h o l d . B i m e t a l l i s m "works" i n the sense tha t the government i s f ree to name a 

p r i c e fo r go ld r e l a t i v e t o s i l v e r and to d o l l a r s , and t o make i t s t i c k . Gold 

and s i l v e r coex i s t as money. 

In t h i s model, borrowers p r e f e r the b i m e t a l l i c regime, s ince they 

face a lower ra te of re tu rn than under the go ld -on ly e q u i l i b r i u m . Lenders 

p r e f e r the go ld -on ly e q u i l i b r i u m . 

Model 5: A R e v e r s i b l e , Constant Returns , Random Technology 
f o r Produc ing Gold 

In t h i s model, at t ime t , one u n i t of bread can be converted in to 

<(>(t) u n i t s of g o l d , and the process i s r e v e r s i b l e . The technology parameter 

4>(t) i s a random v a r i a b l e w i th p o s i t i v e support tha t i s d i s t r i b u t e d indepen­

dent ly and i d e n t i c a l l y through t ime w i th cumulat ive d i s t r i b u t i o n f unc t i on Prob 

(<t>(t)< 9 ) = F((f>). The r e a l i z a t i o n of 9 ( t ) becomes known at the beg inn ing o f 

pe r i od t . The o ld at t = 1 are endowed i n the aggregate w i th G(0) u n i t s o f 

g o l d . Every th ing e l s e about the model agrees w i th model 1. 
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In e q u i l i b r i u m , the bread p r i c e o f go ld p_(t) = ij>(t). The ra te o f 

re tu rn on gold w i l l be va ry ing over t ime. In g e n e r a l , the amount of go ld 

s to red w i l l depend on the form of the u t i l i t y f unc t i on E u ( c ? ( t ) , u ° ( t + l ) ) , the 

endowment p a t t e r n s , ij>(t), and the d i s t r i b u t i o n F. In g e n e r a l , p o s i t i v e and 

randomly t ime va ry ing amounts o f go ld w i l l be s t o r e d . 

For example, take the u t i l i t y f u n c t i o n , E { in c!?(t) + In c ^ ( t+ l ) } . 

Let <}>(t) have the d i s c r e t e p r o b a b i l i t y d i s t r i b u t i o n 

Prob {$(t) = * ±} = t± , i = 1 , I 

I f± = 1 , ^ > 0 . 

Let s ( t , i ) be the i m p l i c i t p r i c e of a u n i t of bread at time t + 1 i n s t a te i 

i n terms of bread a t t ime t (measured i n u n i t s o f bread a t t pe r un i t o f bread 

at t ime t + 1 i n s t a te i ) . Then the e q u i l i b r i u m p r i c e s are s ( t , i ) = 

4>(t)/<}> (t+1 , i ) . For the above u t i l i t y f unc t i on the i n d i v i d u a l sav ing f u n c t i o n 

h, .v h f t ( t ) - w t 

the e q u i l i b r i u m amount of go ld s to red a t t i s 

i s [wV'(t) - w^(t+l) I <j>(t)/<|>(t+l,i)] / 2 . Thus, the cond i t i on tha t determines 
1 

I [wj( t) - w j ( t+ l ) I • ( t ) / * ( t + l , l ) ] / 2 . 
h i 

Thus, the cond i t i on that determines the e q u i l i b r i u m amount of go ld s to red at t 

i s 

I [ v j ( t ) - v j ( t + l ) I • ( t ) / * ( t + l , l ) ] = G ( t ) * ( t ) . 
h i 
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Model 6: R e v e r s i b l e , Constant Returns Random Technologies 
f o r Producing Both Gold and S i l v e r 

This i s a va r i an t of model 2 . Here one un i t of bread can be t r a n s ­

formed i n t o 't'gC't) u n i t s of go ld o r i n t o 9 s ( t ) u n i t s of s i l v e r . Both t e c h n o l o ­

g ies are r e v e r s i b l e . The terms ( 9 g ( t ) , 9 G ( t ) ) a re independent ly drawn over 

t ime from a cumulat ive p r o b a b i l i t y f unc t i on Probftb ( t ) < <j> : 9 „ ( t ) < 9 „ ) = 
g 6 b b 

F(((> , 9 ) where F has s t r i c t l y p o s i t i v e suppor t . The r e a l i z a t i o n s o f 9_ ( t ) 

and 9 „ ( t ) are known a t the beg inn ing of time t . Every th ing e l se about the s 

model i s the same as model 1, wi th the cur rent o l d at t = 1 being endowed i n 

the aggregate w i th G(0) u n i t s of go ld and S(0) u n i t s of s i l v e r . 

There seem to be seve ra l p o s s i b i l i t i e s i n t h i s model, depending on 

the nature of F . I t seems p o s s i b l e that go ld might dominate s i l v e r , might be 

dominated by s i l v e r , or the two might coex i s t f o r p o r t f o l i o d i v e r s i f i c a t i o n 

reasons. 

Model 7: A Reve rs i b l e But Random S i l v e r Technology, 
an I r r e v e r s i b l e Nonrandom Gold Technology 

Th is model i s a mutat ion of model k i n which 9 „ becomes a random 

v a r i a b l e 9 „ ( t ) wi th p o s i t i v e suppor t . A l l o ther fea tures of model h remain 

i n t a c t . 

Th is model would seem to have s e v e r a l p o s s i b i l i t i e s . Gold might 

dominate s i l v e r with there e x i s t i n g a unique e q u i l i b r i u m . There might be a 

d i s t r i b u t i o n funct ions F fo r which m u l t i p l e e q u i l i b r i a again a r i s e , one i n 

which go ld dominates s i l v e r , some others i n which s i l v e r c o e x i s t s w i th g o l d . 


