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Abs t rac t 

This paper c h a r a c t e r i z e s the behav ior o f investment 

expend i tu res , op t ima l c a p i t a l s t o c k s , and r e a l i n t e r e s t ra tes i n 

the t i m e - t o - b u i l d model o f investment . These r e s u l t s are used to 

show that the d e l i v e r y l ag model o f investment f a i l s to account 

f o r t ime lags i n investment when c o n s t r u c t i n g the cos t o f c a p i t a l 

v a r i a b l e and hence, m i s s p e c i f i e s the e f f e c t s o f i n t e r e s t ra tes on 

investment expend i tu res . Second, t h i s paper de r i ves e q u i l i b r i u m 

p r i c i n g r e l a t i o n s h i p s i n v o l v i n g the p r i c e s o f e x i s t i n g c a p i t a l and 

uses these r e l a t i o n s h i p s to ob ta in simple t e s t s o f the under l y ing 

investment technology. Despi te the widespread use o f ' q ' i n the 

e m p i r i c a l investment l i t e r a t u r e , i t i s shown that the r e l a t i o n s h i p 

between current investment and an app rop r i a t e l y de f ined measure o f 

Tob in ' s ' q ' conta ins no such t e s t a b l e i m p l i c a t i o n s . F i n a l l y , i t 

i s shown tha t the p r a c t i c e o f us ing stock market data to measure 

the p r i c e o f e x i s t i n g c a p i t a l i s i n v a l i d when t ime lags e x i s t i n 

the investment p rocess . 



1. In t roduc t ion 

Much of the e m p i r i c a l investment l i t e r a t u r e has been 

based on the theory of the des i red c a p i t a l s tock coupled w i th an 

investment equat ion which assumes a t ime l a g between investment 

expend i tu res , on the one hand, and orders or purchases of a c t u a l 

c a p i t a l goods, on the o t h e r . Dubbed the n e o c l a s s i c a l model o f 

investment , t h i s framework o r i g i n a t e s w i th Jorgenson [ l963] and 

Jorgenson and H a l l [ 1 9 6 ? ] • More recent examples i nc lude C la rk 

[1979] and Abe l and Blanchard [ 1983c] . One problem wi th t h i s 

approach i s that i t ignores the e f f e c t s of lags i n the investment 

process on the opt imal c a p i t a l s tock dec i s i ons of f i r m s . However, 

i f f i rms know that investment expendi tures made i n pe r iod t g ive 

r i s e to p roduc t ive c a p i t a l w i th some time l a g , then t h e i r i n i t i a l 

cho ice of c a p i t a l should take these lags i n t o accoun t . F u r t h e r ­

more, much of t h i s l i t e r a t u r e does not p r e c i s e l y spec i f y the 

source of the s o - c a l l e d d e l i v e r y lags i n the investment p rocess , 

assuming only that they a r i s e from delays i n " o r d e r i n g , d e l i v e r ­

i n g , i n s t a l l i n g , and b u i l d i n g " (see H a l l [ 1 9 7 7 ] ) . 

An a l t e r n a t i v e model of investment which i nco rpo ra tes 

t ime lags i n the investment process i s prov ided by the t i m e - t o -

b u i l d model . Accord ing to t h i s model of investment , used recen t l y 

by Kydland and Presco t t [1982] and o the rs , the source of the t ime 

lags l i e s d i r e c t l y i n the product ion techno logy . In t h i s case , 

the value of the opt imal c a p i t a l s tock r e f l e c t s the ex is tence of 

such l a g s . Th is e f f e c t can be i n t e r p r e t e d as occu r r i ng through a 

cos t of c a p i t a l v a r i a b l e which i s der ived under the assumption 
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that m u l t i p l e t ime per iods are requ i red to b u i l d p roduc t i ve c a p i ­

t a l . Based on a model i n which the output o f the s i n g l e good may­

be consumed o r used to produce new c a p i t a l goods, I show that the 

cost of c a p i t a l w i th product ion lags o f J per iods depends on a 

weighted combinat ion o f j - p e r i o d r e a l i n t e r e s t ra tes f o r j = 1 , 

J , these weights r e f l e c t i n g the f r a c t i o n o f resources 

a l l o c a t e d to the cons t ruc t i on o f incomplete c a p i t a l goods i n each 

p e r i o d . Consequent ly , the d i s t r i b u t e d l a g c o e f f i c i e n t s o f an 

a c c e l e r a t o r - l i k e investment equat ion a l s o determine the va lues o f 

the op t ima l c a p i t a l s t o c k s , i nduc ing a more compl icated dynamic 

r e l a t i o n s h i p among investment expend i tu res , c a p i t a l s t o c k s , and 

r e a l i n t e r e s t ra tes than i s assumed in the standard d e l i v e r y l ag 

models. In p a r t i c u l a r , when the cos t o f c a p i t a l v a r i a b l e i s 

s p e c i f i e d to take in to account the ex i s t ence o f investment l a g s , 

op t ima l c a p i t a l s tocks and investment expendi tures a l l depend on 

the values o f r e a l i n t e r e s t ra tes hav ing ma tu r i t i e s J per iods or 

l e s s . By c o n t r a s t , the d e l i v e r y l ag models based on Jorgensonian 

assumptions neglect the e f f e c t o f changes in the term s t r u c t u r e o f 

i n t e r e s t rates on the investment d e c i s i o n s o f f i r m s . 

These r e s u l t s are der ived from the p resen t -va lue maximi­

z a t i o n problem o f compet i t i ve f i rms who t rade i n the market f o r 

e x i s t i n g c a p i t a l , as w e l l as i n v e s t i n g t h e i r own output . Us ing 

p r i c i n g r e l a t i o n s h i p s which emerge from the necessary cond i t i ons 

o f an i n d i v i d u a l f i r m ' s optimum problem, I a l so examine the e q u i ­

l i b r i u m behavior o f the shadow p r i c e s o f e x i s t i n g c a p i t a l and o f 

T o b i n ' s ' q . ' This a n a l y s i s i s o f i n t e r e s t because i t prov ides a 
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way to determine whether d i f f e r e n t models of investment can be 

d i f f e r e n t i a t e d i n terms of the r e l a t i o n s h i p between T o b i n ' s ' q ' 

and the l e v e l of current i nves tment . The p r a c t i c e of r eg ress ing 

the l e v e l of current investment on some measure of ' q ' to ob ta in 

an investment equat ion was c r i t i c i z e d by Sargent [1979] i n the 

context of the op t ima l growth model w i th i r r e v e r s i b l e i n v e s t ­

ment. The purpose of h i s a n a l y s i s was to show tha t such a r e g r e s ­

s i o n summarizes the j o i n t behavior of two endogenously determined 

v a r i a b l e s and consequent ly cannot by i t s e l f be used t o p red i c t the 

e f f e c t s of any changes i n p o l i c y . 

The r e s u l t s of t h i s paper f u r t he r suggest that c o r r e l a ­

t i o n s between new investment and ' q , ' as i t i s u s u a l l y d e f i n e d , 

are not u s e f u l f o r d i s t i n g u i s h i n g among d i f f e r e n t economic models 

genera t ing such c o r r e l a t i o n s . On the other hand, I show tha t 

p r i c i n g r e l a t i o n s h i p s i n v o l v i n g the shadow p r i c e s of e x i s t i n g 

c a p i t a l do p rov ide t e s t a b l e i m p l i c a t i o n s about the under l y ing 

investment techno logy . In order t o use such r e s t r i c t i o n s , how­

ever , observable s e r i e s on the shadow p r i c e s of the d i f f e r e n t 

types of c a p i t a l a re r e q u i r e d . Consequent ly , I i n v e s t i g a t e 

whether the p r a c t i c e of us ing s tock market data t o measure such 

p r i c e s can be r a t i o n a l i z e d i n the model of t h i s paper . Un l i ke the 

analyses of Abe l [1980] and Hayashi [ 1 9 8 2 ] , who cons ide r a s i n g l e 

c a p i t a l good model w i t h constant re turns to sca le product ion 

technology and adjustment cos ts i n inves tment , I f i n d tha t " a v e r ­

age ' q ' , " def ined from the va lue o f an i n d i v i d u a l f i r m ' s e q u i t i e s 

and l i a b i l i t i e s , does not prov ide a measure of the shadow p r i c e s 
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of e x i s t i n g c a p i t a l or of "marg ina l ' q ' . " The d i f f e r e n c e a r i s e s 

from the ex is tence of m u l t i p l e types of c a p i t a l . More p r e c i s e l y , 

the value of the f i rm depends not only on the va lue of i t s p roduc­

t i v e s tocks of c a p i t a l but a l s o on the value a t t r i b u t e d to the 

un f i n i shed p r o j e c t s . 

The remainder of t h i s paper i s o rgan ized as f o l l o w s : 

Sec t i on 2 descr ibes the model and se ts up the f i r m ' s prob lem. 

Sec t i on 3 compares the t i m e - t o - b u i l d model w i t h the d e l i v e r y l a g 

model of inves tment . This d i s c u s s i o n i s a ided by the use of a 

s p e c i f i c example. Sec t ion h der ives t e s t a b l e i m p l i c a t i o n s from 

the p r i c i n g r e l a t i o n s o f the t i m e - t o - b u i l d model . I t a l s o seeks 

observable measures of the p r i c e s of e x i s t i n g c a p i t a l t o g ive 

e m p i r i c a l content t o these r e l a t i o n s . Sec t i on 5 o f f e r s some 

conc lud ing remarks. 

2 . The Model 

Th is sec t i on descr ibes the i m p l i c a t i o n s of the t i m e - t o -

b u i l d model of investment f o r c a p i t a l s t o c k s , investment expend i ­

t u r e s , and the shadow p r i c e s of e x i s t i n g c a p i t a l . Use i s made of 

f i r s t - o r d e r cond i t i ons of f i r m s ' optimum problems and the e q u i l i b ­

rium cond i t i ons i n the market f o r e x i s t i n g c a p i t a l o f a s imple 

compet i t i ve economy. 

Each f i r m i n t h i s economy has access to the same c o n ­

s tant re turns to s c a l e p roduc t ion technology f o r producing the 

output of the s i n g l e good, us ing labor and two types of c a p i t a l . 

Whi le the labor input i s obta ined from a compet i t i ve labor market, 

I assume that f i rms own the p h y s i c a l s tocks of c a p i t a l and use 
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part o f t h e i r own output to produce new c a p i t a l goods. In a d d i ­

t i o n , each f i r m may inc rease i t s own c a p i t a l s tock by t r a d i n g i n 

the market f o r e x i s t i n g c a p i t a l . The imp l i ed f i n a n c i a l a r range­

ment i s s t r a i gh t f o rwa rd : f i rms f inance a l l investment from r e ­

ta ined earnings and never i s sue any new shares or bonds•§/ Hence, 

owners rece ive d iv idends from f i rms i n each per iod accord ing t o 

t h e i r i n i t i a l ho ld ings of shares which are f i x e d at t ime z e r o . 

Accord ing t o t h i s se tup , the o b j e c t i v e of an i n d i v i d u a l f i r m i s to 

maximize the va lue of owners' e q u i t y , which i s the present va lue 

of the i n f i n i t e stream of d iv idends pa id by the f i r m . 

This fo rmu la t ion of the f i r m ' s problem d i f f e r s from the 

approach of Presco t t and Mehra [1980] and Brock [ 1 9 8 3 ] , who assume 

tha t households own a l l the p h y s i c a l s tocks of c a p i t a l and rent o r 

c e l l c a p i t a l t o f i rms on a p c r i o d - b y - p e r i o d b a s i s . In t h i s ca3c , 

a l l investment dec is ions are implemented by households and f i rms 

so lve a s t a t i c problem, choosing inpu ts o f l abor and c a p i t a l to 

maximize cur rent pe r i od p r o f i t s . But t h i s d i f f e r e n c e i s only 

e x p o s i t i o n a l . The framework adopted i n t h i s paper a l lows me t o 

i l l u s t r a t e more e a s i l y the r e l a t i o n s h i p between the p r i c e s of new 

and used c a p i t a l goods and t o p rov ide a c l o s e r l i n k wi th the 

e x i s t i n g investment l i t e r a t u r e . 

The reason fo r om i t t i ng s tock and bond markets i s a l s o 

e x p o s i t i o n a l . E x p l i c i t l y modeling the behav ior of consumers and 

a l l o w i n g t rade i n c la ims to the output of the d i f f e r e n t f i rms 

would a l l ow me to der ive the standard express ion f o r share p r i c e s 

s i m i l a r to that obta ined by Lucas [1978] i n a pure exchange econ -
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omy or by Brock [1982] i n a model w i th product ion and c a p i t a l . 

L i k e w i s e , the i n t r o d u c t i o n of a bond market would y i e l d exp res ­

s ions fo r r e a l i n t e r e s t r a t e s . As ide from comp l i ca t i ng the expo­

s i t i o n , however, ne i t he r feature would add i n substance to the 

contents of t h i s paper . 

Assume tha t there i s a l a rge number of i d e n t i c a l f i rms 

and cons ider the problem of a t y p i c a l f i r m . Each f i r m i s endowed 

w i th a technology which enables i t t o produce the output of the 

s i n g l e good accord ing t o the constant returns t o s c a l e product ion 

f u n c t i o n given by 

( 2 . 1 ) Q,. = X t f ( n t , k l t , k 2 t ) . 

Here, n̂ . i s the labor input measured as t o t a l man-hours, k l t and 

k 2 t denote the s tocks of two types of c a p i t a l and Xj. i s a random 

shock to techno logy . Accord ing to ( 2 . 1 ) , the s tocks of the d i f ­

fe ren t types of c a p i t a l and the s e r v i c e s from such s tocks are 

assumed i d e n t i c a l . The func t i on f ( . , . , . ) s a t i s f i e s the u s u a l 

Inada cond i t i ons i n a l l i t s arguments and i s f u r t he r r e s t r i c t e d t o 

ensure the ex is tence of a f i n i t e p o s i t i v e bound Y such tha t k l t > 

Y and k ^ > y imp l i es f ( n t . k - ^ k ^ ) < 2y f o r Oj. < H, where N i s 

the t o t a l l abor endowment of the economy. F i n a l l y , {A .̂} .̂_Q i s 

de f ined as a sequence of random v a r i a b l e s which take va lues i n the 

r e a l , s t r i c t l y p o s i t i v e i n t e r v a l [X,X] w i th X < 

D i f f e ren t assumptions c h a r a c t e r i z e investment i n the two 

types of c a p i t a l k ^ and k ^ • Investment i n the l a t t e r proceeds 

accord ing t o the simple n e o c l a s s i c a l assumpt ions, where one un i t 
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o f investment i n pe r iod t , denoted i ^ * y i e l d s an a d d i t i o n a l un i t 

o f the second type of c a p i t a l i n pe r i od t + 1 without adjustment 

c o s t s , product ion l a g s , e t c . On the other hand, investment i n the 

f i r s t type of c a p i t a l i s c h a r a c t e r i z e d by the t i m e - t o - b u i l d a s ­

sumption as suggested by Kydland and Presco t t [ 1 9 8 2 ] . Accord ing 

t o t h i s techno logy , a un i t of investment i n pe r iod t y i e l d s p r o ­

duc t i ve c a p i t a l wi th a l ag of J p e r i o d s , where J i s exogenously 

s p e c i f i e d . Let Sj^. denote the number of new p ro j ec t s i n i t i a t e d at 

t ime t i n the f i r s t type of c a p i t a l . A lso l e t S j t , j = 1, 

J - 1 denote the number of p ro j ec t s j per iods from complet ion i n 

pe r iod t . The laws of motion which desc r ibe the e v o l u t i o n o f the 

incomplete p ro jec t s are g iven by 

( ? - ? ) s J , t + l = 8 j + l , t J " L • • • • J " 1 -

I f i t i s assumed tha t a f i x e d f r a c t i o n <|>j of resources are e x ­

pended i n each per iod fo r the d i f f e r e n t incomplete p r o j e c t s , then 

t o t a l investment expendi tures i n the f i r s t type of c a p i t a l are 

g iven by 

< 2 - 3 > - j ^ j - j t 
J 

w i th 0 < (ji. < 1 , j = 1 , J and \ - 1 . Al though the aggre-
J J= l J 

gate c a p i t a l s tock can be inc reased only through new investment , 

an i n d i v i d u a l f i r m can a l t e r i t s own s tocks through purchases of 

e x i s t i n g c a p i t a l . Let k^ t and k ^ denote the purchases of the two 

types o f c a p i t a l . Then the laws of motion f o r the c a p i t a l s tocks 

of an i n d i v i d u a l f i r m are g iven by 
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( 2 j + ) k l t + l = k l t + s l t 

To complete the d e s c r i p t i o n of the f i r m ' s problem, the 

system of compet i t i ve p r i c e s must be s p e c i f i e d , which i n t u rn 

depends on the nature of t rades i n d i v i d u a l agents can enter 

i n t o . By a b s t r a c t i n g from fac to r s which make c e r t a i n t rades 

i n f e a s i b l e — s u c h as p r i v a t e in fo rmat ion and i n t e r g e n e r a t i o n a l 

r e s t r i c t i o n s — I can assume tha t t h i s economy possesses a f u l l set 

of cont ingent c la ims markets . In t h i s c a s e , a l l t rades may be 

executed at t ime z e r o , wi th consumers and f i rms t r a d i n g c la ims to 

ou tpu t , and w i th c a p i t a l goods and labor s e r v i c e s to be d e l i v e r e d 

at each date and p o s s i b l e s t a te of the economy. A l t e r n a t i v e l y , i t 

i s p o s s i b l e t o g ive a sequen t i a l i n t e r p r e t a t i o n to t h i s economy: 

f i r s t , agents t rade c la ims to output from t ime zero fo rward , 

cont ingent on in fo rmat ion a v a i l a b l e when such output i s d e l i v ­

e r e d . At each date and r e a l i z e d s t a t e , d e l i v e r y takes p lace 

accord ing to the cont ingent c la ims c o n t r a c t s . Then consumers and 

f i rms t rade i n spot markets fo r consumption and c a p i t a l goods, and 

fo r l abor s e r v i c e s . I adopt the second i n t e r p r e t a t i o n i n what 

fo l l ows because i t i l l u s t r a t e s how " s t o c h a s t i c d iscount f a c t o r s " 

may be def ined from the cont ingent c la ims p r i c e s of ou tpu t . The 

second i n t e r p r e t a t i o n a l s o permi ts a d i s t i n c t i o n t o be drawn 

between the spot p r i c e s of labor and e x i s t i n g c a p i t a l and t h e i r 

c la ims p r i c e s . 
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Sorae a d d i t i o n a l no ta t i on must be in t roduced before the 

compet i t i ve p r i ce system can be d e f i n e d . Let ( f t , I ,P) be a p roba­

b i l i t y space such tha t ft i s the set of a l l sequences of r e a l 

CO 

v a r i a b l e s , i . e . , a t y p i c a l element of ft i s g iven by u> = {(Ji t} t_Q. 

In t h i s case , the random v a r i a b l e s ^ may be de f ined as the t t h 

coord ina te func t i on of ft. In other words, fo r any to = {<O^}^_Q r. 

ft, Xj-Cu) i s given by X t ( t ) = i .^ . Fur thermore, I denotes the o-

a lgeb ra of measurable sets or events i n ft, and P i s the measure 

which ass igns p r o b a b i l i t y t o such even ts . L e t t i n g I t be the 

in fo rmat ion set or a -a lgebra generated by r e a l i z a t i o n s of the 

technology shock up to pe r iod t , i . e . , by {X s(o)):s < t ] , no t i ce 

tha t { I^ ]^_Q i s a nondecreasing sequence of sub j -a lgebras of I. 

More i n t u i t i v e l y , I t i s the s e t , c l osed under complements and 

countable un ions , of a l l events which may be v e r i f i e d to have 

occurred at date t . F i n a l l y , l e t P+ be the measure tha t ass igns 

p r o b a b i l i t y to events which are elements of I t , i . e . , P+ i s de­

f i n e d as the r e s t r i c t i o n of P t o I t . 

Given t h i s n o t a t i o n , the p r i c e of a cont ingent c la ims 

con t rac t which promises to d e l i v e r one un i t of output cont ingent 

on the event E e I t occu r r i ng at t ime t may be de f ined as 

/ ' P t * E d P t ] d P 0 = • l » t * l I 0 ] 

where XE i s t h e i n d i c a t o r f unc t i on of E e L i k e w i s e , the 

p r i c e of a sure c l a i m to a un i t o f the s i n g l e good at date t i s 

E ( p t | l Q ) . To def ine the cont ingent c la ims p r i c e s of the remaining 

goods, l e t d,., w t , q ^ t , and q ^ be the spot va lue or p r i c e of 
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d i v i d e n d s , l abor s e r v i c e s , and the two types of e x i s t i n g c a p i ­

t a l . For example, w^ i s expressed i n terms of output per un i t of 

labor and i s def ined f o r the p a r t i c u l a r event which i s r e a l i z e d at 

date t . Hence, the value of a cont ingent c la ims con t rac t f o r a 

sure un i t of labor s e r v i c e s at date t i s g iven by E [ p t w t n t | IQ] . 

The value of cont ingent c la ims con t rac ts f o r d iv idends and fo r 

e x i s t i n g c a p i t a l are s i m i l a r l y d e f i n e d . 

Given t h i s system of p r i c e s , the problem of an i n d i v i d ­

u a l f i r m i s now w e l l - p o s e d . At t ime z e r o , each f i r m maximizes the 

value of owners' equ i ty V Q , t a k i n g as given the cont ingent c l a i m 

p r i c e s {p- t} t_ 0 and the spot p r i c e s { w t } t = 0 , i ^ i t ' - t ^ g ' and 

{ W t = o : 

00 

(2.5) maximize V Q = E[ £ P t d t | l 0 ] 

q ^ ( l - 6 1 ) k 1 , + q 0 + ( l - 6 0 ) k 0 + - i 1 + -

t=0 

l t ( l ~ u l / l v l t • H 2 t x * ~ " 2 y " 2 t " * l t 

^ - V t - ^ l t - ^ ^ H 1 ^ 

subject t o 

(2.5a) k u + 1 = s l t • k d

t 

(2 .5b) k 2 t + 1 = i a + 

(2 .5c ) s J j t + 1 = s J + l j t j = 1, J - 1 



J 

( 2 . 5 d ) i u = Ufit 

s - ^ > 0 , W > 0 , k d
 > 0 , k d > 0 , n > 0 f o r a l l t > 0 J t 2 t i t eXi X 

and g iven the i n i t i a l s tocks of c a p i t a l s , 0 , J - 1 , J - 1 , 

k^Q and k 2 Q . The f i r m i s assumed t o s e l l o f f i t s s tocks of c a p i ­

t a l at the end of the pe r i od to o ther ( i d e n t i c a l ) f i r m s . Thus i n 

( 2 . 5 ) , the second and t h i r d terms show the r ece i p t s from the s a l e 

of the two types of c a p i t a l ; 6^ and 62 i n d i c a t e the respec t i ve 

f r a c t i o n s l o s t dur ing the per iod due to d e p r e c i a t i o n . To ob ta in 

c a p i t a l f o r p roduct ion i n pe r iod t + 1 , the f i r m can inves t i t s 

output : i f i t undertakes investment i n the second type of c a p i ­

t a l , i t i ncu rs the cost ijjfc* On the other hand, investment i n the 

f i r s t type y i e l d s p roduc t ive c a p i t a l wi th a l ag of J p e r i o d s . 

Hence, cur rent investment expendi tures i nc lude expendi tures on new 

p ro j ec t s s j t , as w e l l as expendi tures f o r the incomplete p r o -
J 

j e c t s . The term \ <j> s , . r e f l e c t s such cos ts i n ( 2 . 5 ) , wh i l e wtn+ 
J= l J J d d 

i s the current labor c o s t . F i n a l l y , 1 l t

k

l t and l 2 t k 2 t s n o w t h e 

spot value of purchases of the two types of e x i s t i n g c a p i t a l . 

The re fo re , VQ i s the expected d iscounted value of the net r e c e i p t s 

o f the f i r m at each da te , wi th the sequence of cont ingent c la ims 
00 

p r i c e s {pt}^._Q expressed i n terms of the p r i c e of output at date 

zero p l ay i ng the ro le of " s t o c h a s t i c d iscount f a c t o r s . " 

The s o l u t i o n to the p resen t - va lue maximizat ion problem 

descr ibed i n ( 2 . 5 ) w i l l be a set of op t ima l p lans S j = { S J ^ J ^ Q , 

T 2 = t T a k = o ' k i = ^ i t U = o ' k 2 = i ^ l t k ' o ' a n d 5 = t " l J t = 0 ' 

which spec i f y the new investment , purchases of e x i s t i n g c a p i t a l , 
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and l abo r input cho ices of the f i r m . To be c o n s i s t e n t w i th the 

compe t i t i ve p r i c e system descr ibed above, these p lans must be r e ­

s t r i c t e d so tha t s J t , i ^ , k ^ , , and n t f o r t > 0 are mea­

surab le func t ions w i th respect t o the i n fo rma t ion set 1̂ . o r , 

e q u i v a l e n t l y , depend only on in fo rmat ion a v a i l a b l e at t ime t . In 

order to c o n s t i t u t e a s o l u t i o n to ( 2 . 5 ) , the op t ima l p lans 

S j , i g , k d , k d , and n must a l s o s a t i s f y the Su le r equat ions and 

t r a n s v e r s a l i t y cond i t i ons to ( 2 . 5 ) . S ince (2 .5) i s a concave 

programming problem, the necessary cond i t i ons for a f i r m optimum 

are s u f f i c i e n t as w e l l . Fur thermore, the k d and k d sequences must 

s a t i s f y the e q u i l i b r i u m cond i t i ons i n the market f o r e x i s t i n g 

c a p i t a l . With i d e n t i c a l f i r m s , these cond i t i ons may be expressed 

in terms of the i n d i v i d u a l f i r m ' s v a r i a b l e s as 

(2.6) k d

t - ( 1 - 6 , ) ^ 

(2.7) k ^ - ( l - 6 2 ) k a 

Equat ions (2.8) and (2.9) below prov ide a subset of the 

re levant o p t i m a l i t y c o n d i t i o n s , obta ined by d i f f e r e n t i a t i n g (2 .5) 

w i th respect to s J t and i ^ f o r t > 0 and assuming an i n t e r i o r 

s o l u t i o n : 

( 2 ' 8 ) M l t + J - l P t + J - l = 

W J + E t p t + i * j - i + • • • + E t p t + j - i * i 

(2 .9 ) E t q a p t = E t p t . 
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These cond i t i ons imply that as long as new and used c a p i t a l are 

pe r fec t s u b s t i t u t e s ( fo r example, when the re are no v in tage e f ­

f e c t s ) , the p r i c e s of e x i s t i n g c a p i t a l must ad jus t so that the 

f i r m i s i n d i f f e r e n t between i n v e s t i n g a un i t of i t s own output 

(thereby c r e a t i n g newly produced c a p i t a l ) and purchas ing e x i s t i n g 

c a p i t a l from other f i r m s . Consequent ly , at the l e v e l of the 

i n d i v i d u a l f i r m , the values of sj^. versus k ^ and i 2 ^ versus k ^ 

hi 

w i l l be indeterminate.—' 

Never the less , cond i t i ons (2.8) and (2.9) show the i m p l i ­

ca t i ons f o r the e q u i l i b r i u m p r i c e s of e x i s t i n g c a p i t a l q ^ . and 

q^_ , t > 0 . (2.9) i s e a s i e r t o i n t e r p r e t : s i nce e 1^ , I can 

d i v i d e both s ides of (2.9) by p t . Then (2.9) shows tha t i n e q u i ­

l i b r i u m , the spot p r i c e q ^ must equal the spot p r i c e of ou tpu t . 

Fo rma l l y , the e q u i l i b r i u m sequence qg = W o ^ J t O D U S ^ s a t i s ^ y 

cond i t i on q ^ = 1 f o r a l l t . I n t u i t i v e l y , t h i s imp l i es that a 

un i t of output can be c o s t l e s s l y t ransformed i n t o a un i t of the 

second type of c a p i t a l . 

Equat ion (2.8) shows the e f f e c t of the t i m e - t o - b u i l d 

assumption on the cost of ob ta in i ng a d d i t i o n a l c a p i t a l . As b e ­

f o r e , d i v i d e both s ides of (2.8) by p t . Th is y i e l d s 

* 2 t * J - l P W - l „ + E h£ • . . . + £ * H = 1 
t p. y J y J - l t p. y l t p. 

Def ine the r e a l r i s k - f r e e i n t e r e s t ra te between per iods t and 

t + j as 

- i - S E ha 
l + r} 1 p t 
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that i s , as the r a t i o of p r i c e s of a sure c l a i m to output at those 

d a t e s . Then 

( 2 . 1 0 ) E W ^ = M - ^ H 

V j T . ... ^ 

* 1 + r t 1 + r t 

This equat ion shows that the f r a c t i o n of resources <j)j which must 

be expended i n each per iod u n t i l a g iven p ro jec t i s completed i s 

d iscounted by the re levant i n t e r e s t ra tes between per iods t and 

t + J - j . Hence, the marginal cost of new investment depends on 

a weighted combinat ion of the j - p e r i o d r e a l i n t e r e s t ra tes p r e ­

v a i l i n g at t ime t . Given the sequence of cont ingent c la ims p r i c e s 

{p^.}^™Q, ( 2 . 8 ) or ( 2 . 1 0 ) i m p l i c i t l y determine the e q u i l i b r i u m 

sequence q 1 = i } t =o* W i t n t ime lags i n the investment 

process f o r the f i r s t type of c a p i t a l , the spot p r i c e q^-t* t > 

J - 1 does not equal un i t y i n e q u i l i b r i u m . Th is i s i n con t ras t t o 

the behavior of q ^ under the s imple n e o c l a s s i c a l techno logy . 

Another consequence of the t i m e - t o - b u i l d assumption i s tha t the 

e q u i l i b r i u m va lues of q l t , 0 < t < J - 1 are not determined. Th is 

occurs because the s tocks of incomplete p ro jec t s S J Q , J = 1 , 

J - 1 are given accord ing to the i n i t i a l cond i t i ons of the f i r m ' s 

problem. Thus, there are no cond i t i ons analogous to ( 2 . 8 ) from 

which q-̂ Q t o q u _ i may be pinned down. 

The remaining cond i t i ons which c h a r a c t e r i z e the op t ima l 

p lans are obta ined by imposing the e q u i l i b r i u m cond i t i ons ( 2 . 6 ) 

and ( 2 . 7 ) , and d i f f e r e n t i a t i n g ( 2 . 5 ) w i th respect t o k^., k ^ , and 

fo r t > 0 : 
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( 2 ' U ) * l t * t " V ^ l K t + l V l = 

E t p t + i X t + i 

8 f ( n t + 1 , k l t + 1 , k 2 t + 1 ) 

3k l t+1 

(2.12) q 2 f c p t - E t ( l - « 2 ) q 2 t + 1 p t + 1 = 

3 f ( n t + 1 , k l t + 1 , k 2 t + 1 ) 

t P t + l t+1 3 k 2 t + l 

, 3 f ( V k i t ' k a } 

( 2 ' 1 3 ) \ = \ S T 

Accord ing to cond i t i ons (2.11) and ( 2 . 1 2 ) , the f i r m must 

be i n d i f f e r e n t between i n c r e a s i n g next p e r i o d ' s c a p i t a l s tock by a 

u n i t , on the one hand, and buying a un i t of e x i s t i n g c a p i t a l i n 

per iod t and s e l l i n g o f f the undeprec ia ted po r t i on the next p e ­

r i o d , on the o t h e r . A l t e r n a t i v e l y , (2.11) and (2.12) r e s t r i c t the 

e q u i l i b r i u m sequences q^ and §2 s u c h that the va lue of "pure 

s p e c u l a t i o n " i n the market f o r e x i s t i n g c a p i t a l cannot exceed the 

value of i n c r e a s i n g the p h y s i c a l s t o c k s . F i n a l l y , (2.13) r e l a t e s 

the f i r m ' s choice of the op t ima l labor input to the spot wage. 

In a d d i t i o n to the Eu le r equat ions ( 2 . 8 ) , ( 2 . 9 ) , ( 2 . 1 1 ) , 

( 2 . 1 2 ) , and ( 2 . 1 3 ) , the necessary cond i t i ons fo r a f i r m optimum 

inc lude two t r a n s v e r s a l i t y cond i t i ons which cons t r a i n the e q u i l i b ­

r ium value of the produc t ive c a p i t a l s t o c k s , i . e . , 

(2.1U) l i m V W - A W - A M J * ° 

(2.15) l i m E p q E • 0 . 
t-K» 
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These cond i t i ons ensure tha t the value of d iv idends d = {d^} t_Q 
00 

are f i n i t e i n e q u i l i b r i u m , i . e . , E[ £ P. d I n ] < «>, and hence tha t 
t = 0 U ° 

the f i r m ' s p resen t -va lue maximizat ion i s w e l l - d e f i n e d . One set of 

s u f f i c i e n t cond i t i ons fo r the t r a n s v e r s a l i t y cond i t i ons to ho ld i s 

that the op t ima l sequences of p roduc t i ve c a p i t a l { ^ i t + j } - t = o a n ( * 

( k 2 t + 1 } t " 0 are bounded and tha t the sequences {p .̂+j_^q +̂j_ }̂̂ mq 

and { p ^ ^ l - t ^ o a r e decreas ing towards z e r o . The ex i s tence of a 

maximum l e v e l of output ensures that the produc t i ve c a p i t a l s tocks 

remain bounded. With respect t o the second requi rement , n o t i c e 

from (2.8) and (2.9) tha t Pt+ j - lQ. i t+J-1 a n c * P t l 2 t * " o r * > 0 may be 

expressed s o l e l y i n terms of cur rent and past va lues o f p^.. 
CO 

Hence, i f { P t ^ . g converges to z e r o , so w i l l the e q u i l i b r i u m 

sequences {P^+J.I^^+J^}t2o a n d t p t ^ 2 t U « 0 * Without e x p l i c i t l y 

modeling the consumer s ide of the economy, i t i s d i f f i c u l t t o be 
OO 

p r e c i s e about the cond i t i ons which ensure convergence of { p t ) t _ Q 

to z e r o . As an example, however, t h i s f i n a l requirement w i l l be 

s a t i s f i e d i f consumers have t ime-separab le pre ferences over c o n ­

sumption and l e i s u r e w i th bounded one-per iod u t i l i t y func t ions and 

discount the fu ture at the same ra te 0 < (5 < 1 . 

F i n a l l y , combining (2.11) and (2.12) w i th the t r a n s v e r ­

s a l i t y c o n d i t i o n s , I can der i ve express ions f o r the spot p r i c e s of 

e x i s t i n g c a p i t a l as 
fp i t t „ - F Y f i A P " 1 P t + k i 3 f ( n t ^ ' k i t + k » k a + k ) 

( 2 .16 ) q u - E t — X t + k — 

i = 1, 2 
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with (2 .16 ) ho ld ing fo r t > J - 1 f o r the f i r s t type o f c a p i t a l 

and f o r t > 0 o the rw ise . These formulas are s i m i l a r to those 

found i n Sargent [19T91 and Abe l [1980] and express q ^ t and q ^ a s 

the d iscounted sum o f the fu ture marg ina l products of the two 

types o f c a p i t a l , the d iscount f ac to r s cor respond ing to the r a t i o 

o f the cont ingent c la ims p r i c e s o f output i n pe r iod t + k r e l a t i v e 

to pe r iod t . 

3 . Comparison With the De l i ve ry Lag Model o f Investment 

Whi le the r e s u l t s o f the prev ious s e c t i o n have i n t e r e s t 

i n t h e i r own r i g h t , they are a l s o u s e f u l f o r a n a l y z i n g the i m p l i ­

ca t i ons o f d i f f e r e n t models o f investment and, i n p a r t i c u l a r , f o r 

comparing the t i m e - t o - b u i l d model o f investment w i th the d e l i v e r y 

l a g model. 

F i r s t , to ob ta i n a cond i t i on c h a r a c t e r i z i n g the de te rm i ­

na t ion o f the op t ima l c a p i t a l s tock i n the f i r s t type o f c a p i t a l 

k l t + J ' u s e cond i t i on (2 .8 ) f o r per iods t + J - 1 and t + J , t o ­

gether w i th cond i t i on (2 .11 ) f o r pe r i od t + J - 1 . J o i n t l y , they 

imply tha t 

% P t + g J - l E t P t + l + + « 6 V t 4 J = 

3 f ( n t - t - J , k l t + J , k 2 t + J ) 

t P t + J t + J 3 k l t + J 

or 
S I 1 g 0 

( 3 . 1 ) g T *-^r* . . . + 

, P t + J , 3 f ( n t + J ' k l t + J > k 2 t + J ) 

^ — X " J * w — ~ t > 0 . 



- 1 8 -

where g j = $ j , g j _ ! = - ( l - f i j ^J^ j , g 0 = - ( l - f i j ^ . A 

s i m i l a r cond i t i on f o r the second type of c a p i t a l can be der ived 

from ( 2 . 9 ) and ( 2 . 1 2 ) as 

1-E h* • 6pE h* . 
t p t 2 t p t 

p t + l 9 f ( n t + 1 , k l t + 1 , k 2 t + 1 ) 

t P t t + i 

or 

(3.2) , . ± V . E t bp w t > 0 < 
1 * r j * p t t + 1 8 k 2 t + l 

The l e f t - h a n d s ides of (3 .1 ) and (3.2) represent cost of 

c a p i t a l v a r i a b l e s . For the n e o c l a s s i c a l model, t h i s i s s imply 
6 2 + r t 1 — and depends only on the shor t - te rm r e a l i n t e r e s t rate r • 1 + \ These cond i t i ons a l s o show that (3 .2 ) i s a s p e c i a l case of (3 .1) 

when J = 1. In t h i s c a s e , g j = <J>j = 1 and = <J>j_i " ( l - S ^ ) $ j 

• 1 - 6^ . Using the i n i t i a l cond i t i ons k^Q and S ^ Q , j = 1, 

J - l , the values of k ^ fo r 1 < t < J - 1 may be determined from 

the laws of motion ( 2 . 5 a ) and ( 2 . 5 c ) , toge ther wi th the e q u i l i b ­

r ium c o n d i t i o n ( 2 . 6 ) i n the market f o r e x i s t i n g c a p i t a l . Hence, 

cond i t i ons (3.1) and ( 3 . 2 ) and cond i t i on (2 .13) l i n k i n g the mar­

g i n a l product of labor to the spot wage f o r per iods t to t + J , t 

> 0 can be j o i n t l y so lved f o r the sequences o f des i red c a p i t a l 

s tocks and opt imal labor inputs of an i n d i v i d u a l f i r m which takes 

as g iven a l l p r i c e s and the s t o c h a s t i c law of motion f o r the 

technology shock X ^ . Given the constant re turns to s c a l e proper ty 
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of the product ion f u n c t i o n , these f ac to r demands must be i n t e r ­

pre ted f o r a g iven l e v e l of ou tput , normal ized here as one . 

To der ive r e l a t i o n s h i p s between investment expendi tures 

d e s i r e d , c a p i t a l s tocks and r e a l i n t e r e s t r a t e s , r e c a l l from 

Sec t ion 2 that cur rent investment expendi tures i ^ t i n the f i r s t 
J 

type of c a p i t a l are determined as i - ^ = £ • t 8 * * • However, us ing 
j =1 

the laws of motion ( 2 . 5 a ) and ( 2 . 5 c ) and the e q u i l i b r i u m c o n d i t i o n 

( 2 . 6 ) , t h i s can be expressed as an a c c e l e r a t o r - l i k e equat ion i n 

the des i red c a p i t a l s t o c k , 

( 3 . 3 ) i l t = g ( L ) k l t + J 

= S j k l t + J + g j _ i k l t + J _ i + . . . + go* i f 

Express ion ( 3 . 3 ) , together w i th the j o i n t s o l u t i o n t o 

( 2 . 1 3 ) , ( 3 . 1 ) , and ( 3 . 1 2 ) , imply that investment expendi tures i n 

the f i r s t type of c a p i t a l i ^ depend on cur rent and past va lues of 

the j - p e r i o d i n t e r e s t ra tes rjj fo r j = 1 , J - 1 . Th is occurs 

because the opt ima l va lues of ^ i t + J - J * " o r J = 0» •••> ^ depend on 

m u l t i - p e r i o d i n t e r e s t ra tes through the cost of c a p i t a l v a r i a b l e 

de f ined by the l e f t - h a n d s ide of ( 3 . 1 ) . Fur thermore, the d i s t r i b ­

uted l ag c o e f f i c i e n t s g j f o r J = 0 , J which show the response 

of investment expendi tures to changes i n the des i red c a p i t a l 

s tocks enter n o n - l i n e a r l y i n t o the "reduced from" express ion f o r 

i ^ t . A g a i n , t h i s occurs because such c o e f f i c i e n t s a f f e c t the 

values of the opt ima l c a p i t a l s tocks by we igh t ing the j - p e r i o d 

i n t e r e s t ra tes i n the express ion f o r the cost of c a p i t a l . 
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R e c a l l tha t investment i n the second type of c a p i t a l 

evo lves accord ing to the law of motion 

(3.14) i 2 t = k a + 1 - ( l - 5 2 ) k 2 t 

= [ l - ( l - 6 2 ) L ] k 2 t + 1 

wi th the va lue of the op t ima l c a p i t a l s tock k^^.^ determined from 

( 2 . 1 3 ) , ( 3 . 1 ) , and ( 3 . 2 ) . In t h i s case , the cost of type 2 c a p i ­

t a l merely depends on the one-per iod r e a l i n t e r e s t r?". Prov ided 

the product ion func t ion i s not a d d i t i v e i n the two types of c a p i ­

t a l , however, ^2+1 a n d ^2 t w i H both depend on long- term i n t e r e s t 

ra tes r£ fo r j = 1 , J . Fur thermore, the d i s t r i b u t e d l a g 

c o e f f i c i e n t s g j , j = 0 , J w i l l en ter the express ions f o r 

k 2 t + l a n d * 2 t e v e n though there e x i s t no t ime lags i n the i n v e s t ­

ment process fo r the second type of c a p i t a l . 

By c o n t r a s t , much of the investment l i t e r a t u r e which 

assumes the ex is tence of such t ime lags ignores t h e i r e f f e c t i n 

the determinat ion of the op t ima l c a p i t a l s t o c k . I ns tead , an 

express ion f o r the des i red c a p i t a l s tock i s der ived from a r e l a ­

t i o n such as ( 2 . 1 2 ) . (See, f o r example, Jorgenson [1963] and 

C la rk [1979] • ) An investment equat ion i s then obta ined by assum­

ing tha t the a c t u a l c a p i t a l s tock p a r t i a l l y ad jus ts toward the 

l e v e l def ined by the des i red s t ock , w i th t h i s adjustment t a k i n g 

p lace accord ing to a r b i t r a r i l y s p e c i f i e d d i s t r i b u t e d l ag c o e f f i ­

c i e n t s . One i m p l i c a t i o n of t h i s approach i s that the r e l a t i o n s h i p 

between current investment expendi tures and r e a l i n t e r e s t ra tes i s 

not c o r r e c t l y s p e c i f i e d . More p r e c i s e l y , the cost of c a p i t a l 
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v a r i a b l e corresponding to the l e f t - h a n d s ide o f (2.12) i s con­

s t r u c t e d by measuring the p r i c e o f c a p i t a l goods w i th some i n v e s t ­

ment d e f l a t o r and assuming that r e a l i n t e r e s t ra tes are c o n ­

s t a n t . Because an e q u i l i b r i u m c o n d i t i o n cor responding to (2.8) i s 

om i t t ed , the cost o f c a p i t a l v a r i a b l e der ived i n t h i s manner does 

not depend on long- term i n t e r e s t r a t e s . Wi th t ime lags i n the 

investment p rocess , f i rms take in to account a l l r e a l i n t e r e s t 

between per iods t and t + J f o r j = 1 , J when determin ing the 

va lue o f the c a p i t a l s tock des i red at t + J . The e m p i r i c a l i n ­

vestment l i t e r a t u r e based on the d e l i v e r y l ag model ignores the 

e f f e c t s o f such fo rward - look ing behav ior on the par t o f f i r m s . 

These po in ts may be more e a s i l y i l l u s t r a t e d by c o n s i d -
00 

e r i ng a c e r t a i n t y ve rs i on o f the model so tha t {X1-} t_Q i s a known 

sequence. The product ion f unc t i on i s assumed to be Cobb-Douglas 

w i th constant returns to s c a l e . More s p e c i f i c a l l y , l e t 

f < n t » k n » k 2 t ) " n ^ t

k 2 t 

where a + b + c = 1. Then, the f a c t o r demands fo r n^., k ^ + j , and 

k 2 t + l a r e 8 i v e n hy 

( , 5 b ) w ^{a iS£fe«>: t>„ 
l t + J 1 \ + J ( p ) l - b 

a 
(3-5=) * 2 t + i = * 2 r T < V j , i > b ( s 2 « i > 1 " c 

X> T X. 

where 
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, a - 1 , b c i - l 
n 1 = (_a b c J 

. , a, (b-1) c^ -1 
\ = [a b c J , 

b c-1- , -1 

?

T

 =- [ « J + g j - i r 1 — ! + • • • + s o r r - j K n * ? ) 

and 

1 _ P t + J 

1 + rf p t 

1 + r t 1 + r t 

» j - 1» • • • > J« 

Not ice from ( 3 . 5 b ) tha t the va lue of the one-per iod 

i n t e r e s t i n pe r iod t + J - 1 he lps determine the va lue of 

because the opt imal cho ice f o r k-|_ t+j r e f l e c t s fu tu re s u b s t i t u t i o n 

p o s s i b i l i t i e s between the d i f f e r e n t types of c a p i t a l . These same 

s u b s t i t u t i o n p o s s i b i l i t i e s imply tha t both and ^-2t+l a^-so 

depend on cur rent and lagged va lues of one-per iod i n t e r e s t 

r a t e s . In p a r t i c u l a r , n^ i s a func t i on of and r^ ^ wh i l e 

ko tx i v a r i e s w i th r?" , , and r?" . Hence, f a c t o r r a t i o s show a «^ + - L t -J+1 t 

delayed response to changes i n sho r t - t e rm r e a l i n t e r e s t r a t e s . 

Fur thermore, a l l v a r i a b l e s f l u c t u a t e wi th changes i n the term 

s t r u c t u r e of i n t e r e s t ra tes due to the presence of cur rent and 

lagged values of the v a r i a b l e r . 

Us ing ( 3 . 5 b ) to s u b s t i t u t e fo r j = 0 , J in 

( 3 . 3 ) shows the e f f e c t s of t i m e - t o - b u i l d assumption f o r the behav­

i o r of investment expend i tu res . Prov ided gj > 0 f o r j = 0 , 

J , i ^ t depends on cur rent and lagged va lues of the j - p e r i o d i n t e r ­

est ra tes r^ , j = 1 , J and s = 0 , J , as w e l l as 
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rt, ^ . A l s o , the response of investment expendi tures t o 

r e a l i n t e r e s t ra tes depends on the technology f o r produc ing new 

c a p i t a l goods. This i s because the d i s t r i b u t e d l a g c o e f f i c i e n t s 

g j , j = 0, J are themselves func t ions of the d e p r e c i a t i o n 

ra te 6^ and the parameters <f>j, J = 1, J . 

On the other hand, the d e l i v e r y l a g model d i s p l a y s none 

of these f e a t u r e s . There, the cost of c a p i t a l f o r both types of 

c a p i t a l are determined as i n the l e f t - hand s ide of ( 3 . 2 ) , and 

depend only on the one-per iod i n t e r e s t rate r?" . In t h i s case , the 

express ions i n (3 .5a -c ) are rep laced by 

( 3 ' 6 a ) \ = - ^ V i l > b ( V r t - l > C 

V t 

t ( 6 1 + r t ) 

(3.6c) k 2 t + 1 - k 2 ^ ( 6 1 ^ 1 ) b ( « 2 ^ t

1 ) 1 - C . 

t 

Investment expendi tures i n the two types of c a p i t a l are determined 

by assuming that a f r a c t i o n of expendi tures requ i red to c l o s e the 

gap between the a c t u a l and des i red c a p i t a l s tocks are made in each 

p e r i o d , i . e . , 

(3.T) i i t = w ( L ) ( k i t + 1 - k i t ) + 5 ^ i = 1, 2 

w i th w(L) = w Q + W-LL + wgL 2 + • • • • Equat ions (3 .6a -c ) and (3 .7) 

show the d i f f e rences w i th the t i m e - t o - b u i l d model. S ince n,., 

k l ^ + l » a n < ^ k 2 t + l d e P e n a o n a t most s i n g l e lagged va lues of the 

one-per iod i n t e r e s t r a t e , f a c t o r r a t i o s do not d i s p l a y the delayed 
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response to changes i n i n t e r e s t r a t e s . Fur thermore, n e i t h e r 

c a p i t a l s tocks nor investment expendi tures depend on long- term 

i n t e r e s t r a t e s . This i s because the cost o f c a p i t a l v a r i a b l e i n 

the d e l i v e r y l a g model does not account f o r t ime lags i n the 

investment p rocess . T h i s , i n t u r n , has i m p l i c a t i o n s f o r e v a l u a t ­

i ng the e f f e c t s of exogenously induced changes i n i n t e r e s t ra tes 

on the behavior o f investment and c a p i t a l s t o c k s . S i m i l a r l y , by 

i g n o r i n g fo rward- look ing behavior on the par t of f i r m s , the d e l i v ­

ery l ag model p o t e n t i a l l y m i s s p e c i f i e s the consequences o f a l t e r ­

na t i ve tax o r dep rec ia t i on p o l i c i e s . 

k. T h e o r e t i c a l Measures o f ' q ' i n the T i m e - t o - B u i l d Model 

In t h i s s e c t i o n , I show tha t the r e l a t i o n s h i p between 

cur rent investment and "Tob in ' s ' q ' , " as i t i s u s u a l l y d e f i n e d , i s 

not u s e f u l f o r d i s t i n g u i s h i n g between d i f f e r e n t models o f i n v e s t ­

ment. Furthermore, I show tha t the p r a c t i c e o f us ing stock market 

da ta to measure the marginal v a l u a t i o n o f new c a p i t a l i s not v a l i d 

w i t h i n the t i m e - t o - b u i l d model. These r e s u l t s have i n t e r e s t g iven 

the widespread use o f ' q ' i n the e m p i r i c a l investment l i t e r a ­

t u r e . F i n a l l y , us ing the p r i c i n g r e l a t i o n s h i p s o f Sec t i on 2 , I 

desc r ibe how to der ive simple t e s t a b l e hypotheses about the e x i s ­

tence o f lags i n the investment p r o c e s s . 

Of these r e l a t e d i s s u e s , cons ide r f i r s t the r e l a t i o n s h i p 

between the l e v e l o f investment and ' q ' — i n p a r t i c u l a r , tha t 

between the l e v e l o f investment i n the second type o f c a p i t a l , 

i 2 - t , and q ^ . R e c a l l tha t q 2 t shows the spot p r i c e o f e x i s t i n g 

c a p i t a l r e l a t i v e to the spot p r i c e o f ou tpu t . Without adjustment 
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cos ts o r product ion l a g s , the replacement cost f o r the second type 

o f c a p i t a l equals the (spot) p r i c e o f ou tput . Hence, q ^ r e p r e ­

sents Tob in ' s ' q , ' as the l a t t e r i s u s u a l l y d e f i n e d . R e c a l l from 

Sec t i on 2 that fo r an i n t e r i o r s o l u t i o n i n which i g ^ > 0 f o r a l l 

t , q_2t always equals one. When the e q u i l i b r i u m va lue o f i s 

zero f o r some t , such as the case o f i r r e v e r s i b l e investment 

d i scussed by Sargent (19791. there w i l l e x i s t a r e l a t i o n s h i p 

between i ^ and q^t* though i t i s extremely comp l i ca ted . 

Now cons ider investment i n the f i r s t type o f c a p i t a l . 

Due to the t i m e - t o - b u i l d f e a t u r e , the spot p r i c e o f e x i s t i n g 

c a p i t a l q ^ . does not equal one i n e q u i l i b r i u m . However, q^^. does 

not correspond to the r e l a t i v e p r i c e hypothes ized by Tobin as 

determin ing investment i n new c a p i t a l goods. The reason i s that 

f i rms i n t h i s model undertake investment i n new p ro j ec t s S j ^ , 

u n t i l cond i t i on ( 2 . 8 ) i s s a t i s f i e d . In t h i s c a s e , the r e l a t i v e 

p r i c e qt de f ined i n (k.l) corresponds to Tob in ' s ' q ' : 

» + E t q l t + J - l P t + J - l  
q i t " »M + *j-iVt+i+ • • • + »iVt+j-i* 

Here f i rms compare the cost o f new c a p i t a l w i th the p r i c e o f 

e x i s t i n g c a p i t a l . However, s i nce new investment becomes produc­

t i v e on ly w i th a l a g o f J p e r i o d s , the re levan t shadow p r i c e i s 

the p r i c e o f e x i s t i n g c a p i t a l i n pe r iod t + J - 1 expected to 

p r e v a i l as o f pe r iod t . The above d i s c u s s i o n shows tha t one may 

t a l k about a ' q ' theory o f investment in the context o f the t i m e -

t o - b u i l d model. However, such a theory i s vacuous, in tha t i t 
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corresponds to a restatement o f e q u i l i b r i u m cond i t i ons and does 

not l ead to any t e s t a b l e i m p l i c a t i o n s about the unde r l y i ng eco-

+ 

nomic model. Th is i s because q ^ d i s p l a y s the same behav ior as 

q g t . I t d i f f e r s from one on ly when investraest i n new p ro j ec t s S j ^ 

i s z e r o . As Abel [I98O] has shown, a s i m i l a r r e s u l t ob ta ins fo r 

the adjustment cost model o f investment when the denominator o f 

' q ' i s c o r r e c t l y def ined to i nc lude cos ts i ncu r red i n a d j u s t i n g 

the c a p i t a l s t ock . Thus, the r e l a t i o n s h i p between the l e v e l o f 

new investment and an app rop r i a t e l y de f ined measure o f T o b i n ' s ' q ' 

cannot be used to d i s t i n g u i s h e m p i r i c a l l y between d i f f e r e n t models 

o f investment . 

Neve r t he l ess , r e l a t i o n s h i p s i n v o l v i n g the r e l a t i v e 
q l t + J - l p t + J - l . q 2 t + J - l p t + J - l . . . _ . , . p r i c e s and do con ta in u s e f u l i n f o r -

P t P t 
mation about the under l y ing investment techno logy . R e c a l l from 

cond i t i ons ( 2 . 8 ) and ( 2 . 1 0 a , b ) tha t 

( U . 2 ) W i P w - i = ^ + ^ L _ _ A _ 
* p t J 1 + rI 1 + r f 1 

when product ion lags e x i s t i n the investment p rocess . With the no 

cos ts o f adjustment n e o c l a s s i c a l investment model, however, 

{ k 3 ) W - i p t + j - i , p t ± j = i s _ _ i 
t p t * p t 1 + r f " 1 

where the l a s t r e l a t i o n i s der ived us ing cond i t i on ( 2 . 9 ) . Hence, 
q l t + J - l P t + J - l , q 2 t + J - l p t + J - l i f and can be measured, the r e s t r i c -

p t P t 
t i o n s i n (U.2) and (U.3) can be used to t e s t fo r the ex is tence o f 

t ime lags i n the product ion o f c a p i t a l goods. 
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One way to perform such a t e s t i s to note tha t {h.2) and 

(U .3 ) may be rewr i t t en as 

_ , q l t + J - l p t + J - l 
(U .2a) = •j + — - + . . . + j_x + e 

» t 1 + r t 1 + r t 

and 

/., - x q 2 t + J - l P t + J - l 1 , 
( 4 . 3 a ) = r-r- + e^. 

p t 1 + r f " 1 ^ 
t 

where and are fo recas t e r ro rs unco r re l a ted w i th v a r i a b l e s 

i n f i r m s ' in fo rmat ion se ts at t ime t , i . e . , 

q i t + J - l p t + J - l „ r

q i t + J - l p t + J - l -
E < + = E [ i = 1 , 2 . 
i t p t

 p t 

Hence, us ing the gene ra l i zed i ns t rumen ta l v a r i a b l e s es t ima t ion 

method o f Hansen and S ing le ton [ 1 9 8 3 ] , a t e s t o f the ex is tence o f 

t ime lags i n the investment process fo r the f i r s t type o f c a p i t a l 

corresponds to a t e s t i n v o l v i n g the c o e f f i c i e n t s o f a r eg ress ion 

„ q l t + J - l P t + J - l 1 T o f on a constant and fo r j = 1 , <J - 1 . 
p t 1 + r t 

I f the t i m e - t o - b u i l d assumption i s t r u e , a l l such c o e f f i c i e n t s 

should be p o s i t i v e and sum to one i n the appropr ia te s t a t i s t i c a l 

sense . No t i ce that i t i s r e l a t i v e l y s t r a i g h t f o r w a r d to implement 

such a t e s t at a d isaggregated l e v e l where data on the p r i c e s o f 

used c a p i t a l goods e x i s t . A d i f f i c u l t y a r i s e s i n measuring the 

p r i c e s o f e x i s t i n g c a p i t a l when more aggregate l e v e l s o f c a p i t a l 

a re cons ide red . Consequent ly , I now t u r n to the ques t ion o f 

f i n d i n g e m p i r i c a l measures f o r these r e l a t i v e p r i c e s us ing v a l u a ­

t i o n c r i t e r i a such as s tock p r i c e s . 
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Ear l y a p p l i c a t i o n s o f the ' q ' theory o f investment 

r e l i e d on stock market data to measure the p r i c e o f e x i s t i n g 

c a p i t a l . (See, f o r example, von Furs tenberg [ 1 9 7 7 ] ) . Th is p r a c ­

t i c e was shown to be v a l i d by Hayashi [1982] i n a s i n g l e c a p i t a l 

good model w i th constant re turns to sca le product ion technology 

and adjustment cos ts i n investment . S p e c i f i c a l l y , us ing the 

p r o f i t - m a x i m i z a t i o n problem o f an i n d i v i d u a l compet i t i ve f i r m , 

Hayashi [1982] shows tha t the shadow p r i c e o f c a p i t a l , or "marg i ­

na l ' q ' , " w i l l be i d e n t i c a l to "average ' q ' " de f ined from the 

va lue o f the f i r m ' s e q u i t i e s and l i a b i l i t i e s . In t h i s c a s e , the 

p r i c e o f e x i s t i n g c a p i t a l q^ can be measured as V^/k-t where V t 

denotes the value o f the f i r m a t t ime t . 

To determine whether s i m i l a r r e l a t i o n s h i p s can be de­

r i v e d i n the model o f t h i s paper , no t i ce f i r s t that w i th a con­

s tant returns to s c a l e p roduc t ion techno logy , the va lue o f the 

f i r m w i l l merely r e f l e c t the value o f i t s i n t i a l c a p i t a l s t o c k s . 

However, r e c a l l that f i rms endowed wi th the investment technology 

o f Sec t i on 2 possess m u l t i p l e types o f c a p i t a l : these inc lude the 

two types o f p roduc t ive c a p i t a l and the s tocks o f the u n f i n i s h e d 

p r o j e c t s S j t , j = 1 , J - 1 . I t can be shown tha t the market 

va lue o f the f i rm at date t i s equal to the sum o f the va lues o f 

these d i f f e r e n t s tocks at that da te . To show t h i s and to der i ve 

an e x p l i c i t express ion f o r the market v a l u e , I make use o f the 

o p t i m a l i t y cond i t i ons ( 2 . 8 ) - ( 2 . 1 5 ) at date z e r o . M u l t i p l y i n g 

( 2 . 1 1 ) by k-Q and ( 2 . 1 2 ) by k2]_ and adding y i e l d s 
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P 0 ( q 1 0 k U + ( 1 2 0 k 2 1 ) = EoklkllVfW»kll»k21)/3kll 

+ p1{(l-51)q11ku+(l-62)q21k21} ]. 

Using the constant re turns to s c a l e proper ty o f the p roduc t ion 

f u n c t i o n , and adding and s u b t r a c t i n g E o P i K i i k i i + ( l 2 1 k 2 l ] t o t h e 

r igh t -hand s ide above imp l i es tha t i t equa l s : 

E 0 P 1 f Q l + ( 1 _ 6 1 ) q l l k l l + ( 1 _ 6 2 ) q 2 1 k 2 l " w l n l " q l l k l l _ ( 1 21 k 21 

+ q l l k l l + q 2 1 k 2 J -

Using the laws o f not ion (2.5a) and (2.5b) to e l im ina te k ^ and 

k 2 1 i n the second l i n e above y i e l d s 

E 0 p 1 [ Q 1 + ( l - 6 1 ) q 1 1 k 1 1 + ( l - 6 2 ) q 2 1 k 2 1 - w 1 n 1 - q 1 1 k d

1 - q 2 1 k d

1 

+ q 1 1 ( k 1 2 - S 1 1 ) + q 2 1 ( k 2 2 - i 2 1 ) ] . 

S u b s t i t u t i n g r e c u r s i v e l y f o r P- t ( l i - t k i t+ l + c *2t k 2t+l^ * " o r * = 1, 2, 

. . . and us ing the t r a n s v e r s a l i t y c o n d i t i o n s , the above exp ress ion 

s i m p l i f i e s to 

CO 

E0 X P t M X" 61 ) q l t k l t + ( ) q 2 t k 2 t " W t n t 

\J — X 

-qltklt"q2tk2t_<1lt8lt",12t12tl 

Thus 



CO J 

(H.fc) P 0 ^ 1 0 k l l + ^ 2 0 k 2 1 ) + E 0 I. » t ( * l t S l t - , L • j 8 J t ) 

CO 00 

+ E 0 X, P t ( , l 2 t 1 2 t - i 2 t ) = E 0 lVtl\+{l-hKtHt 
XJ~ 1 "t — J. 

J d d 

s E o V 

The r igh t -hand s i de o f (U.U) shows the expected value o f the f i r m 

a t time 1, c o n d i t i o n a l on in fo rmat ion a v a i l a b l e at time z e r o . To 

s i m p l i f y the l e f t - h a n d s i d e , r e c a l l that f o r an i n t e r i o r s o l u t i o n 

q . 2 t = 1 f o r a l l t so that the l a s t term on the l e f t - h a n d s ide i s 

z e r o . A l s o , us ing (2.8) and the laws o f mot ion, s j ^ t+1 = s J + l , t ' 

j = 1 , J - 1 repea ted l y , the second term on the l e f t - h a n d 

s i de " t e l e s c o p e s " to y i e l d , fo r any t,U 

( U ' 5 ) E t - l \ = P t - l ^ l t - A t + ^ t - l V + 

( p t - J + l « , J 4 p W + 2 * J - l + + p t - l * 2 ) s l t + 

( p t - J + 2 * J + + p t - l * 3 ) s 2 t + + p t - l * J s J - l , t * 

To see how t h i s express ion a r i s e s , r e c a l l tha t a f r a c t i o n ijij o f 

resources i s expended i n each pe r i od on a p ro jec t j per iods from 

comple t ion . Va lu ing the f r a c t i o n spent i n each per iod f o r a g iven 

p ro jec t by the p r i c e o f output i n tha t pe r iod y i e l d s the terms 

i n v o l v i n g the incomplete p r o j e c t s . Thus, the market value o f a 

p ro jec t two per iods from complet ion i s g iven by (p-t_j+2'J>J+ • • • 

+p t_1<t>3)s2- t. S ince the f r a c t i o n ^ o f resources was expended i n 
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pe r i od t - 1 , the cont ingent p r i c e o f output i n p e r i o d t - 1 i s 

used to value t h i s par t o f the p a r t i a l l y completed p r o j e c t . The 

market value o f the f i r m a l s o r e f l e c t s the value o f i t s p roduc t i ve 

c a p i t a l , as i s shown by the f i r s t two terms on the r igh t -hand s ide 

o f (J+.5). The express ion i n (U.5) d i f f e r s from s i m i l a r exp res ­

s ions der ived under the s imple n e o c l a s s i c a l model or one wi th 

adjustment cos ts due to the i n c l u s i o n o f terms i n v o l v i n g the 

incomplete p r o j e c t s . (See, f o r example, Abel and Blanchard 

[ 1 9 8 3 a ] ) . 

Return ing to the i n i t i a l problem o f i n d i r e c t l y measuring 

the r e l a t i v e p r i c e s de f ined on the l e f t - h a n d s i de o f (h.2) and 

(U.3 ) us ing data on f i r m s ' e q u i t i e s and l i a b i l i t i e s (or aggregate 

v a l u a t i o n measures such as stock p r i c e i n d i c e s ) , no t i ce from (U .5 ) 

t h a t , a long the e q u i l i b r i u m p a t h , 

( J i .6 ) 
q i t + J - i p t + J - i _ E t + J - i v t + J  

p t ~ P t k i t + J 

q 2 t + J - l p t + J - l k 2 t + J " " P t + J - 1 J s J - l , t + J  
p t k l t + J 

_ E t + J - l V t + J " P t + J - l k 2 t + J " " P t + J - 1 J S J - l , t + J 
_ __ P t k l t + J 

The l a s t s tep i s der ived us ing cond i t i on ( 2 . 9 ) to s u b s t i t u t e f o r 

( * 2 t + J - l p t + J - l * I - t i s c l e a r > however, t ha t (h.6) i s not p a r t i c u ­

l a r l y u s e f u l f o r g i v i n g e m p i r i c a l content to r e l a t i o n s such as 

(1+.2) and ( ^ . S ) . This i s because ( U . 6 ) invo lves unknown parame­

t e r s such as the j , as w e l l as p r i c e s p^+ j . j , j = 1» • • • » 
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J - 1. These are unobservable from the po in t o f view o f the 

e c o n o m e t r i c i a n £ 1 

Looked at i n another way, (U.5) and (U.6) show tha t the 

p r a c t i c e o f measuring the shadow p r i c e o f e x i s t i n g c a p i t a l by 

lags i n the investment process o f the t i m e - t o - b u i l d v a r i e t y . Even 

w i th a s i n g l e type o f p roduc t ive c a p i t a l , (U.5) prov ides an ex ­

p r e s s i o n f o r the p r i c e o f e x i s t i n g c a p i t a l which i nc ludes the 

va lue a t t r i b u t e d to the incomplete p r o j e c t s . One i m p l i c a t i o n i s 

tha t investment s tud ies which use such measures o f the p r i c e o f 

e x i s t i n g c a p i t a l and assume that investment i n new c a p i t a l p r o ­

ceeds w i th a t ime l ag are b u i l t on mutual ly i n c o n s i s t e n t assump­

t i o n s . 

5 . Conc lus ion 

Th is paper has used a model o f f i r m o p t i m i z a t i o n i n a 

s i n g l e good compet i t i ve economy to c h a r a c t e r i z e the behav ior o f 

investment expendi tures and c a p i t a l s tocks and to der ive e q u i l i b ­

r ium r e l a t i o n s h i p s i n v o l v i n g the p r i c e s o f e x i s t i n g c a p i t a l and 

r e a l i n t e r e s t ra tes when there e x i s t time lags i n the investment 

p rocess . One purpose behind such an a n a l y s i s i s to study the 

mutual cons is tency o f the assumptions under l y ing o ther models o f 

investment , such as the d e l i v e r y l a g model and those based on the 

' q ' t heo ry . A second purpose i s to der ive t e s t a b l e i m p l i c a t i o n s 

about the investment technology from the r e l a t i o n s i n v o l v i n g the 

p r i c e s o f new and used c a p i t a l goods and r e a l i n t e r e s t r a t e s . I t 

tu rns out such r e l a t i o n s are not o p e r a t i o n a l when cons idered i n a 

E. 
express ions such as — 

P. 

; t - l V t (or ) i s i n c o r r e c t i f there are 
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s i n g l e good, aggregat ive economy. Subject to some m o d i f i c a t i o n s , 

however, the framework used in t h i s paper may be extended to a 

more d isaggre ta ted l e v e l where measures o f used c a p i t a l goods 

p r i c e s e x i s t . In t h i s case , the p r i c i n g r e l a t i o n s o f Sec t i on 2 

may be used to est imate the parameters o f the model and to t e s t 

i t s r e s t r i c t i o n s . But such an ex tens ion requ i res a mul t i -good 

environment, w i th d i f f e r e n t goods used fo r consumption and fo r 

produc ing new c a p i t a l goods. Th is i s a t o p i c f o r f u r t h e r r e ­

sea rch . 
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FOOTNOTES 

1. I am g r a t e f u l to Ian B a i n , Lars Pe te r Hansen, and Ramon 

Marimon fo r u s e f u l comments. Remaining e r ro r s are my own. 

2 . A s l i g h t l y d i f f e r e n t scheme i s adopted by Abel and Blanchard 

[1983a] who assume tha t replacement investment i s f inanced out 

o f r e ta ined earn ings wh i le net investment i s f i nanced by 

bonds. 

3 . This s p e c i f i c a t i o n o f the p r i c e system i s s i m i l a r to that 

descr ibed i n Lucas and P resco t t [ 1 9 7 2 ] . 

h. This i s i n a d d i t i o n to the f a c t tha t w i th constant re turns to 

s c a l e , the s c a l e o f each f i rm o r the s i z e o f i t s c a p i t a l s tock 

i s a l s o indeterminate . 

5 . Not ice tha t to der i ve r i g o r o u s l y the express ions f o r VQ to V j , 

an a d d i t i o n a l set o f cont ingent c la ims markets would have to 

be opened i n o rder to p r i c e the i n i t i a l s tocks o f incomplete 

p ro j ec t s S J Q , J = 1 , J - 1 . This problem i n tu rn r e l a t e s 

to the indeterminacy o f the spot p r i c e q ^ f o r 0 < t < J - 1. 

6. An a l t e r n a t i v e approach to d e r i v i n g e m p i r i c a l counterpar ts o f 

the shadow p r i c e s o f c a p i t a l goods i s prov ided by Abe l and 

Blanchard [ 1 9 8 3 b ] . Using a formula s i m i l a r to ( 2 . l 6 ) , these 

authors der ive an e m p i r i c a l ' q ' s e r i e s from i t s a c t u a l d e t e r ­

minants , i n c l u d i n g fu tu re marginal p ro j ec t s and a s t o c h a s t i c 

" d i s c o u n t " f a c t o r , cons t ruc ted as a weighted combinat ion o f 

the ex ante ra tes o f re turn on corpora te debt and e q u i t y . 

Whi le p o s s i b l y u s e f u l f o r c h a r a c t e r i z i n g the behavior o f ' q , ' 

such a s e r i e s i s cons t ruc ted under some ques t ionab le assump-
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t i o n s — f o r example, the appropr ia te "d iscoun t f a c t o r " needed 

to value fu ture marg ina l products o f c a p i t a l does not c o r r e ­

spond to the measure used by these authors—and does not seem 

u s e f u l f o r t e s t i n g the r e s t r i c t i o n s d e r i v i n g from the i n v e s t ­

ment techno logy . 
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