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Abs t rac t 

We cons ide r the ex i s t ence o f d e t e r m i n i s t i c a l l y c y c l i n g 

steady s t a t e e q u i l i b r i a i n a c l a s s o f s t a t i o n a r y o v e r l a p p i n g 

genera t ions models w i th s u f f i c i e n t l y long (bu t , f i n i t e ) l i v e d 

agents . P re fe rences are o f the d iscoun ted sum o f u t i l i t i e s type 

w i th a f i x e d d i scoun t r a t e . U t i l i t y f unc t i ons w i t h l a r g e c o e f f i ­

c i e n t s o f r e l a t i v e r i s k ave rs i on which generate s t rong income 

e f f e c t s ( r e l a t i v e to s u b s t i t u t i o n e f f e c t s ) and backward bending 

o f f e r curves are p e r m i t t e d . L i f e t i m e endowment pa t t e rns are q u i t e 

a r b i t r a r y . We show tha t i f agents have a p o s i t i v e d i scoun t r a t e , 

then as agen ts 1 l i f e s p a n s get l a r g e , shor t pe r i od non-monetary 

c y c l e s w i l l d i sappea r . F u r t h e r , constant monetary s teady s t a t e s 

do not e x i s t and t h e r e f o r e , n e i t h e r do s t a t i o n a r y monetary c y c l e s 

o f any p e r i o d . We then cons ide r the case where agents have a 

negat ive d i scoun t r a t e and show tha t there are robus t examples i n 

which constant monetary steady s t a t e s as w e l l as s t a t i o n a r y mone­

ta ry c y c l e s (w i th und imin ished ampl i tude) can occur no matter how 

long agents l i v e . 



I. I n t r oduc t i on 

In t h i s paper we i n v e s t i g a t e the occur rence o f sho r t 

pe r i od d e t e r m i n i s t i c c y c l e s i n s t a t i o n a r y ove r l app ing genera t ions 

( h e r e a f t e r , OLG) models w i th long l i v e d agen ts . Grandmont 's 

[1985] d i s c u s s i o n shows how monetary c y c l e s can a r i s e due to 

s t rong income e f f e c t s ( r e l a t i v e to s u b s t i t u t i o n e f f e c t s ) which 

l ead to backward bending o f f e r c u r v e s . He argues tha t such 

endogenous c y c l e s can be c o n s i s t e n t w i t h some observed bus iness 

c y c l e r e l a t i o n s h i p s and tha t monetary p o l i c y can be e f f e c t i v e i n 

e l i m i n a t i n g c y c l e s . However, a l l o f Grandmont's d i s c u s s i o n i s i n 

the contex t o f a two pe r i od l i v e d agent OLG model and hence a l l o f 

the c y c l e s i n t h i s model have pe r i ods g rea te r than the agen ts 1 

l i f e s p a n s . Th i s has prompted the comment (Sims [1986]) tha t 

observed bus iness c y c l e s have pe r i ods much s h o r t e r than agen ts 1 

l i f e s p a n s and tha t sho r t pe r i od c y c l e s would e i t h e r be u n l i k e l y to 

e x i s t or be q u a n t i t a t i v e l y i n s i g n i f i c a n t i n ampl i tude i n OLG 

models w i th long l i v e d agen ts . The argument f o r t h i s i s presum­

ab l y based on the i n c e n t i v e (due to concave u t i l i t y f u n c t i o n s ) and 

the oppor tun i t y (as agents l i v e many more pe r i ods r e l a t i v e to a 

c y c l e and hence w i l l ove r l ap w i t h many o ther gene ra t i ons ) to avo id 

f l u c t u a t i n g l i f e t i m e consumpt ions. 

The above argument, however, does not seem e n t i r e l y 

c o n v i n c i n g . I t i s t rue tha t agents who face a constant i n t e r e s t 

r a t e and f l u c t u a t i n g incomes would wish to have smooth consump­

t i o n s . Bu t , when i n t e r e s t r a t e s themselves are f l u c t u a t i n g , they 

would not choose to smooth consumpt ion, even when incomes are 

cons tan t . I t i s , t h e r e f o r e , not obv ious tha t such shor t pe r i od 

c y c l e s cannot e x i s t ; whatever t h e i r magnitude. 
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Th is paper cons ide rs t h i s i s s u e , f o r monetary as w e l l as 

non-monetary c y c l e s i n a c l a s s o f s t a t i o n a r y pure exchange OLG 

economies w i th long l i v e d agen ts . The method used i s s i m i l a r to 

tha t i n A i y a g a r i [1986a] . We c o n s t r u c t a sequence o f such OLG 

economies w i th longer and longer l i v e d agen ts . P re fe rences are o f 

the d iscounted sum o f u t i l i t i e s type w i t h a f i x e d d i scoun t r a t e 

and l i f e t i m e endowment pa t te rns a re q u i t e a r b i t r a r y . We f i x 

a t t e n t i o n on c y c l e s o f a g iven pe r i od and cons ide r what happens as 

l i f e t i m e s become l a r g e . The d i s c u s s i o n i s r e s t r i c t e d to c y c l e s o f 

pe r i od two f o r s i m p l i c i t y but as w i l l be seen the method c a r r i e s 

over f o r c y c l e s o f any p e r i o d . In a d d i t i o n , and aga in f o r s i m ­

p l i c i t y , we i n i t i a l l y take the u t i l i t y f u n c t i o n to be o f the 

constant r e l a t i v e r i s k a v e r s i o n t ype . We b e l i e v e tha t t h i s b r i ngs 

out most c l e a r l y the reason why such e q u i l i b r i a may or may not 

e x i s t . I t w i l l be seen , however, tha t t h i s s i m p l i f i c a t i o n , t oo , 

can be d ispensed w i t h . 

We f i r s t cons ide r the case when agents have a p o s i t i v e 

d i scoun t r a t e . A r e s u l t from an e a r l i e r paper ( A i y a g a r i [1986a] ) , 

reproduced he re , shows tha t constant monetary steady s t a t e s do not 

e x i s t f o r any l a r g e l eng th o f l i f e (denoted T ) . I t i s an immedi­

a te i m p l i c a t i o n tha t monetary c y c l e s o f any pe r i od cannot e x i s t 

f o r any T l a r g e . The re fo re , f o r t h i s c a s e , we focus on s h o r t -

pe r i od non-monetary c y c l e s and show tha t t hese , too , must d i s a p ­

pear ( i . e . , do not e x i s t ) as soon as T becomes l a r g e . Note tha t 

t h i s i s s t ronger than a s s e r t i n g on ly tha t the ampl i tude o f c y c l e s 

goes to zero as agents l i v e l o n g e r . 
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S ince much o f the d i s c u s s i o n o f c y c l e s has taken p lace 

i n the contex t o f monetary e q u i l i b r i a , we need to a l l o w f o r the 

ex i s t ence o f (a t l e a s t ) cons tant monetary s teady s t a t e s when 

agents have long l i f e - t i m e s . T h i s l eads us to cons ide r the case 

where agents have a nega t i ve d i scoun t r a t e . In such a c a s e , we 

show tha t i t i s p o s s i b l e to c o n s t r u c t robust examples such tha t 

both constant monetary steady s t a t e s as w e l l as c y c l i c a l monetary 

e q u i l i b r i a (w i th und im in i sh ing ampl i tude) e x i s t no matter how long 

agents l i v e . Thus, the i n t u i t i o n r e f e r r e d to e a r l i e r seems v a l i d 

f o r the case o f a p o s i t i v e d i scoun t ra te but not so when the 

d i scoun t r a t e i s n e g a t i v e . 

The above r e s u l t may a l s o have i m p l i c a t i o n s f o r the 

ex i s t ence o f s t a t i o n a r y " sunspo ts " e q u i l i b r i a . Spear [1984] shows 

tha t these too a r i s e due to s t rong income e f f e c t s . A z a r i a d i s and 

Guesner ie [1986] show tha t such ( two -s ta te ) sunspots e q u i l i b r i a 

a r i s e i f and on ly i f there are ( two-per iod) d e t e r m i n i s t i c c y ­

c l e s . Th i s connec t i on , however, i s not pursued here due to the 

d i f f i c u l t i e s inheren t i n a n a l y z i n g s t o c h a s t i c steady s t a t e s i n OLG 

models w i t h more than two p e r i o d l i v e d agents ( A i y a g a r i 

[ 1 9 8 6 a ] ) . - / Another i m p l i c a t i o n would be f o r endogenous f l u c t u a ­

t i o n s i n asse t p r i c e s . The a n a l y s i s suggests tha t i n p o s i t i v e 

d i scoun t r a t e OLG economies, sunspots e q u i l i b r i a and endogenous 

c y c l i c a l f l u c t u a t i o n s i n asse t p r i c e s un re l a ted to d i v i d e n d f l u c ­

t u a t i o n s would not occu r . 

In s e c t i o n I I , we l a y down the model and e x h i b i t the 

r e s u l t f o r the case o f a p o s i t i v e d i scoun t r a t e . A d i s c u s s i o n o f 

monetary c y c l e s when the d i scoun t r a te i s nega t i ve i s con ta ined i n 
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S e c t i o n I I I . S e c t i o n IV conc ludes . Appendix A shows tha t con ­

s tan t monetary steady s t a t e s (and t h e r e f o r e , monetary c y c l e s ) do 

not e x i s t when the d i scoun t r a t e i s p o s i t i v e , but can e x i s t when 

i t i s n e g a t i v e . 

I I . D e t e r m i n i s t i c a l l y C y c l i n g Steady S ta tes 

The model used i s a s i m p l i f i e d v e r s i o n o f A i y a g a r i 

[1986a] wi thout any i n t r a g e n e r a t i o n a l h e t e r o g e n e i t y . Cons ider a 

s t a t i o n a r y OLG economy w i th one r e p r e s e n t a t i v e agent per genera ­

t i o n who l i v e s f o r T p e r i o d s . At any g iven date there are T 

agents o f d i f f e r e n t genera t ions indexed by t h e i r cu r ren t age s 

which runs from 1 ( f o r the newly born) to T ( f o r the about to 

d i e ) . I f we l e t c ( s ) be the consumption o f an agent a t age s , 

then a newly born agent has p re fe rences g iven by, 

I 8 S " 1 U ( C ( s ) ) 
s=1 

1-a , c — 1 where 0 < 6 < 1 and U(c) = , a > 0. L i f e t i m e endowments 1 - a 

are g iven by {w , s = 1 , 2 , . , T } . These endowments are viewed as s 

t r u n c a t i o n s (a t T) from a g iven i n f i n i t e sequence {w } " which i s 
s s — I 

taken to be bounded and bounded away from z e r o . As we i n c r e a s e T, 

we get a sequence o f OLG economies w i th longer and longer l i v e d 

agen ts .3^ 

We l e t r<|, r^, r 2 , . . . be a two-per iod c y c l e i n 

i n t e r e s t r a t e s w i th r^ > Cor respond ing ly y<p Y2> Y2> • • • 

i s the two-per iod c y c l e i n d i scoun t f a c t o r s where 

1 
Y1 = 1 + r , 
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and obv ious l y < Y2« Due to s t a t i o n a r i t y and the focus on 

steady s t a t e s we on ly need to cons ide r two types o f agen ts . Le t 

Agent 1 be the one who faces the sequence r-|, r 2 , . . . over h i s 

l i f e and l e t c ' ( s ) , s = 1, 2 , . . . , T be h i s l i f e t i m e consump-

t i o n s . Agent 2 faces the sequence r 2 , . . . and l e t c ^ s ) , s = 

1, 2 , T be h i s l i f e t i m e consumpt ions. 

The agents s o l v e the f o l l o w i n g o p t i m i z a t i o n problems. 

Agent 1: 

T 

(1) max I B s " 1 U ( c 1 ( s ) J 

s . t . 

s . t . 

s=1 

c 1 ( 1 ) + Y l c 1 ( 2 ) + Y L Y 2 c 1 ( 3 ) + Y ^ Y 2 C 1 ( 4 ) + 

w1 + Y 1 W 2 + Y 1 Y 2 W 3 + Y 1 Y 2 W 4 + 

Agent 2 : 

T 

(2) max I 8 S " 1 U ( c 2 ( s ) ) s=1 

C 2 ( 1 ) + Y 2 C 2 ( 2 ) + Y 2 Y 1 C 2 ( 3 ) + Y 2 Y 1 C 2 ( 4 ) + . . . 

2 
= w 1 + Y 2 W 2 + Y 2

Y 1 W 3 +• * 2 Y 1 W 4 + 

Market c l e a r i n g : Aga in , due to s t a t i o n a r i t y i t i s enough to look 

a t market c l e a r i n g a t two consecu t i ve dates as shown. 
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r 1 r 2 r 1 r 2 r l r 2 r l 

c 1 ( 1 ) c 1 ( 2 ) c 1 ( 3 ) c 1 ( 4 ) c 1 ( 5 ) 

c 2 ( 1 ) c 2 ( 2 ) c 2 ( 3 ) c 2 ( 4 ) c 2 ( 5 ) c 2 ( 6 ) 

c 1 ( 1 ) c 1 ( 2 ) c 1 ( 3 ) c 1 ( 4 ) c 1 ( 5 ) 

These y i e l d '.-^ 

(3) c 1 ( 1 ) + c 1 ( 3 ) + c 1 ( 5 ) + . . . + c 2 ( 2 ) + c 2 ( 4 ) + 

(4) c 2 ( 1 ) + c 2 ( 3 ) + c 2 ( 5 ) + . . . + c 1 ( 2 ) + c 1 ( 4 ) + = 1 V 

(5) 

U t i l i t y max imiza t ion now i m p l i e s tha t f o r any agent i , 

c ^ s ) 

x 1 i f r t = r 1 

x 2 i f r f c = r 2 

and tha t x 1 > x 2 - Note tha t r f c i s the i n t e r e s t r a te from t to 

( t+1) . Th i s f o l l o w s because the FONC f o r max y i e l d s 

U ' ( c i ) 
2 — = 1 + r . 

6 U * < C s + 1 > 

which i m p l i e s , 

*s+1 r& >1/a 

The re fo re , 

x , = ( ^ ) 1 / o > x p = ( * - ) 1 / B . 
1 Ky^J 2 ^ Y 2

; 
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At t h i s po in t we assume tha t T i s an odd number. The case when T 

i s even i s cons idered a f t e r t h i s . Us ing (5) i n the market c l e a r ­

ing c o n d i t i o n s (3) and (4) we have 

(6) c 1 ( 1 ) [ l + x l X 2 + ( X l x 2 ) 2

+ . . . + ( X l x 2 ) ( T + 1 ) / 2 ] 

+ x 2 c 2 ( 1 ) [ l + x 1 x 2 + ( x 1 x 2 ) 2

+ ( x 1 x 2 ) ( T ' 1 ) / 2 ] = I w s 

2 2 1 2 

(7) c ( 1 ) [ l + x 1 x 2 + ( x 1 x 2 ) +...] + j ^ c ( 1 ) [ l + x 1 x 2 + ( x 1 x 2 ) +...] = I W£ 

L e t , 

A = 1 + X l x 2 + . . . + ( X l x 2 ) ( T + 1 ) / 2 

B = 1 + X l x 2 + . . . + ( X l x 2 ) { T " 1 ) / 2 

and, 

A = A 2 - x 1 x 2 B 2 = A 2 - B(A-1) = A(A-B) + B > 0. 

We then have, 

(9) c 1 ( 1 ) / £ w s = ( A - x 2 B ) / A 

(10) c 2 ( 1 )/Y w = ( A - x . B j / A 
S I 

(11) S-LLZ = ] — £ - > 0 . 
L s 

1 , _ 2. . x l C

1 ( 1 ) - x 9 c 2 ( 1 ) ( x r x j A 
( 1 2 ) c (2) - c (2) _ _J 2 1 2 > 0 

y w y w A 

L s L s 

I t then f o l l o w s tha t 

( 1 3 ) c 1 ( s ) - c 2 ( s ) , ) ( » - 1 > / 2 ! l ! p i > 0 



- 8 -

i f s i s odd and 

( s - 2 ) / 2 A ( x , - x 0 ) 
(14) = ( x 1 x 2 ) 

A 
> 0 

i f s i s even. In g e n e r a l , we conclude 

(15) c 1 ( s ) > c 2 ( s ) V s 

i . e . , Agent 1, who i s born when the i n t e r e s t r a t e i s h i g h , must 

have a un i fo rm ly h igher l i f e t i m e consumption p r o f i l e as compared 

to Agent 2 . 

h igh r i s k a v e r s i o n c o e f f i c i e n t (h igh a) i n genera t ing l a rge income 

e f f e c t s ( r e l a t i v e to s u b s t i t u t i o n e f f e c t s ) and backward bending 

o f f e r curves which can lead to the d e s i r e d e f f e c t on the consump­

t i o n p r o f i l e s o f the two agen ts . For t h i s purpose, i t i s conve­

n i e n t to r e w r i t e the o p t i m i z a t i o n problems o f the two agents i n 

the f o l l o w i n g manner which takes advantage o f s e p a r a b i l i t y . 

For Agent 1: 

Le t 

When can t h i s happen? We now i l l u s t r a t e the r o l e o f a 

(16) V ( e ' ( 1 ) ) = max I e s - 1 u ( c 1 ( s ) ) 
s odd 

s . t . 

( s - 1 ) / 2 1 c ' ( s ) = e (1) 

(17) V 2 ( e 1 ( 2 ) ) = max £ 8 S ~ 2 U ( c 1 ( s ) ) 
s even 

s . t . 
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I ( Y l y 2 ) ( s - 2 ) / 2 c 1 ( s ) = e 1 ( 2 ) 
s even 

(18) max V ^ e ^ D ) + 0 V 2 ( e 1 ( 2 ) ) 

s . t . 

e 1 ( 1 ) + Y 1 e 1 ( 2 ) = w 1 + Y 1 W 2 . 

For Agent 2 : 

Same except r ep lace c 1 ( s ) , e 1 ( 1 ) , e 1 ( 2 ) by c 2 ( s ) , e 2 ( 1 ) , 

e 2 ( 2 ) and i n the l a s t s tep 

(19) max V 1 ( e 2 ( 1 ) ) + evJe 2(2)) 

s . t . 

2 2 
e (1) + Y 2

e (2) = w - i + Y 2

W

2 

, ( s - 1 ) / 2 
(20) w = I ( Y l Y 2 ) - ' " w s 

s odd 

( 2 D w 2 - I ( Y l y 2 ) ( s - 2 ) / 2 w 
s even 

Obv ious l y , we need on ly cons ide r the two-per iod o p t i m i z a t i o n 

problem 

(22) max V ^ e ^ + 8 V 2 ( e 2 ) 

s . t . 

e-j + y e 2 = w 1 + Y W 2 

because t h i s y i e l d s 
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(23) 

( e 1 ( 1 ) , e 1 ( 2 ) ) = ( e r e 2 ) | Y = Y * 

( e 2 ( 1 ) , e 2 ( 2 ) ) = ( e r e 2 ) | Y = Y 

The requirement on consumption p r o f i l e s de r i ved e a r l i e r i n (15) 

then i m p l i e s tha t we must have -

(24) 

e 1 ( 1 ) > e 2 ( 1 ) 

e 1 ( 2 ) > e 2 ( 2 ) 

from (16) and (17) and the cor respond ing problems f o r the second 

agent . 

Look ing a t (22) and (23 ) , and keeping i n mind tha t y-| < 

Y 2 , we see tha t t h i s can on ly happen i f the o f f e r curve i s p o s i ­

t i v e l y s loped and e^ i s a gross complement f o r e 2 ; i . e . , e-| f a l l s 

as y r i s e s i n the re l evan t ne ighborhood. Th i s i n tu rn r e q u i r e s 

tha t excess demand f o r good 2 be p o s i t i v e ( e 2 - w 2 > 0) and tha t 

the r i s k a v e r s i o n c o e f f i c i e n t f o r V 2 ( » ) be g rea te r than one, so 

tha t the s i t u a t i o n i s as shown i n F i gu re 1 ( a l l f i g u r e s are a t the 

end) . 

F o r m a l l y , i t i s easy to v e r i f y tha t 

d e 1 V 2 [ 1 - a 2 ( e 2 - w 2 ) / e 2 ] 
(25) 

(26) 

(27) 

dy 

de 

A' 

^ = - V ' [ l + a 1 ( w 1 - e 1 ) / e 1 ] / 0 A ' 

d e 2 V j [ l + a 1 ( w 1 - e 1 ) / e 1 ] 

d e 1 6 V ' [ a 2 ( e 2 - w 2 ) / e 2 - l ] 

where 
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e V" e V" 
A' = V » Y

2 / 6 - Vg, = - > 0, a 2 = - -IT1 > 0 . 

The parameters and a 2 w i l l be i n h e r i t e d by V<|(0 and 

V 2 ( # ) r e s p e c t i v e l y from U( - ) v i a (16) and (17 ) . In f a c t , f o r the 

case o f cons tant r e l a t i v e r i s k a v e r s i o n i t i s e a s i l y seen tha t a-| 

= a 2 = a . As i s a l s o obv ious from the p i c t u r e , to get e 2 - w^ > 

0, we need w^ to be s i g n i f i c a n t l y l a r g e r than w^. T h i s , toge ther 

w i th an a s u f f i c i e n t l y l a r g e r than one, may generate c y c l e s . 

I t i s p o s s i b l e to get a rough idea o f magnitudes as 

f o l l o w s . We have from (22) and (23) tha t 

v U e 1 ( D ) V j ( e 2 ( 1 ) ) 
(28) - ! z = i - > 1 1 

6 V ^ ( e ] ( 2 ) ) Y1 Y 2 BV£(e^(2)) 

F i r s t , i t i s not d i f f i c u l t to show (a long the l i n e s o f A i y a g a r i 

[1986a]) tha t as T gets l a r g e both and y 2 converge to S . - ^ 

F u r t h e r , the f u n c t i o n s V^ ( - ) and V 2 ( « ) are n e a r l y i d e n t i c a l f o r 

l a rge T. The on ly reason f o r any d i f f e r e n c e between them i s tha t 

we took T to be an odd number so tha t the d e f i n i t i o n o f V^ ( - ) 

con ta ins one a d d i t i o n a l term as compared to V 2 ( * ) . But t h i s 

d i f f e r e n c e w i l l tend to zero f o r l a r g e T . - ^ I t then f o l l o w s from 

(28) tha t as T gets l a r g e , 

(29) 

e 1 ( 1 ) m e 1 ( 2 ) 

e 2 ( 1 ) « e 2 ( 2 ) 

The re fo re , we get from the budget c o n s t r a i n t (22) tha t 

w. + 6w0 

< 3 0 ) e 2 • -hnr-
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P lugg ing t h i s i n (25) we get our c o n d i t i o n a s : 

1 - a ( e 0 - w 0 ) / e 0 < 0 

( 3 D 

and approx imate ly we have 

w 
s odd 

w, 2 ) 8 w . 
L s s even 

Th is r e q u i r e s ( i n a d d i t i o n to a > 1) tha t endowment streams be 

l a r g e r i n odd pe r i ods o f l i f e as compared to even pe r i ods i n the 

above (present va lue ) sense. As an example, i f a = 2 and 8 * 1 , 

we need w 2 < 1/3 w^. Such a requirement may not seem odd i n the 

contex t o f a two-per iod l i v e d agent OLG model . I t does seem a 

l i t t l e s t range i n the contex t o f a many pe r i od l i v e d agent OLG 

model. Th i s c o n s i d e r a t i o n i n i t s e l f may be deemed s u f f i c i e n t to 

make c y c l e s seem u n l i k e l y . We w i l l show, however, t ha t c y c l e s can 

be r u l e d out independent ly o f the pa t t e rn o f l i f e t i m e endowments 

as w e l l as the r i s k ave rs i on parameter. 

Look ing a t (11) and (12 ) , and i n view o f foo tno te 5 , we 

see t h a t , 

c 1 ( 1 ) - c 2 ( 1 ) 

c 1 ( 2 ) - c 2 ( 2 ) 
= B/A + 1 as T - » . 

I t must then f o l l o w from (16) and (17) tha t 

e 1 ( 1 ) - e 2 ( 1 ) 

e 1 ( 2 ) - e 2 ( 2 ) 
-> 1 as T > c o . 
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Look ing a t F igu re 1 and no t i ng tha t y^ , y 2 8 we con ­

c lude tha t the s lope o f the o f f e r curve a t y = 8 i s 

3 e 2 

i S ^ B 1 as T + « . 

T h i s can be seen to be imposs ib le because a t y = 8, 

Vj = V 2 and 

w 1 + 6w 2  

6 1 = 6 2 = 1 + 8 ' 

Hence we get from (27) t h a t , 

a8 (w 1 -w p ) 
1 + • — — 

! f 2 , . "1 + B * 2 1 + 8 

1 a (w. -w 0 ) a(w..-w 0) 8{̂ -42--l} B ^ - ^ - l } 
w1+8w2 W.J+8W2 

There fore 

i s s t r i c t l y g rea te r than and bounded away from one. 

We now b r i e f l y look a t the case when T i s even. Equa­

t i o n s (6) and (7) become 

( c 1 ( 1 ) + x 2 c 2 ( 1 ) ) [ U x 1 x 2 + . . . + ( x 1 x 2 ) T / 2 ] = I w s 

( c 2 ( 1 ) + x l c 1 ( 1 ) ) [ U x l x 2 + . . . + ( x l x 2 ) T / 2 ] = I w s . 

The above two equat ions imply t h a t , c 1 ( 1 ) + x 2 c 2 ( 1 ) = c 2 ( 1 ) + 

x - jC^d ) and hence, c 1 (1 ) (1 -x - | ) = c 2 ( 1 ) ( 1 - x 2 ) . The re fo re , e i t h e r 

X | , < 1 or X j , > 1, F u r t h e r , we have 
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c 1 ( 1 ) . 1 - x 2 

L s 1 - u , ^ " ' * ' * 1 

c 2 ( 1 ) . 
1 - X , 

L s 1 - ( x , x 2 ) W 2 > ^ 

Consider what happens i f x-j, x 2 > 1. Then, 

( 3 2 ) c 1 ( 1 ) - c 2 ( 1 ) = *1 -*2 < Q 

I w s 1 - ( x 1 x 2 } 

(T/2)+1 

c 1 ( 2 ) - c 2 ( 2 ) X 1 ° 1 ( 1 ) - X 2 g 2 ( 1 ) . X1 - X 2 < Q 

- - (T/2)+1 I w s J w s 1 - ( x 1 x 2 ) 

and, i n g e n e r a l , c 1 ( s ) < c 2 ( s ) V s . From (16) and (17) we then 

see tha t t h i s r e q u i r e s e 1 ( 1 ) < e 2 ( 1 ) , e 1 ( 2 ) < e 2 ( 2 ) and note tha t 

Y-| < Y2 < 6 a n d = v 2 ^ * ^ ' I n t e r m s o f t h e o f f e r curve p i c ­

tu re the s i t u a t i o n must look l i k e tha t i n F i g u r e 2 (dashed budget 

l i n e s ) . 

Th is w i l l aga in r e q u i r e tha t the o f f e r curve be p o s i ­

t i v e l y s loped i n a neighborhood o f Y = 6 as shown. Th is w i l l take 

a h igh a and a low w^ r e l a t i v e to w 2 ; i . e . , endowments shou ld be 

r e l a t i v e l y l a r g e r i n even pe r i ods o f l i f e compared to odd pe ­

r i o d s . However, the same c o n s i d e r a t i o n tha t was used p r e v i o u s l y 

can be appealed to aga in to e l i m i n a t e these c y c l e s f o r a l l s u f f i ­

c i e n t l y l a rge T. From (32) and (33 ) : 

c 2 ( 1 ) - c 1 ( 1 ) = u 

c 2 ( 2 ) - c 1 ( 2 ) 
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Th is w i l l r e q u i r e 

e 2 ( 1 ) - e 1 ( 1 ) , a Q _ 
—5 : + 1 as 1 + m 

ed{2) - e ] ( 2 ) 

which cannot happen s i n c e the o f f e r curve ( t h i s t ime) w i l l have a 

s lope tha t i s s t r i c t l y l e s s than and bounded away from one as T 

gets l a r g e . 

L a s t l y , cons ide r the case x<|, x 2 < 1. Then we have 

C 1 ( 1 ) - c 2 ( 1 ) = c 1 ( 2 ) - c 2 ( 2 ) > 0 and t h i s t ime , c 1 ( s ) > c 2 ( s ) V 

s . From (16) and (17) t h i s w i l l take e 1 ( 1 ) > e 2 ( 1 ) , e 1 ( 2 ) > e 2 ( 2 ) 

and t h i s t ime , Y 2 > Y-J > B and V-j(-) = V 2 ( - ) . 

The o f f e r curve p i c t u r e must look as shown i n F igu re 1 

( s o l i d budget l i n e s ) . 

Aga in , the same argument as used be fore (namely the 

s l o p e " o f the o f f e r curve a t Y = B ) w i l l l ead to the e l i m i n a t i o n o f 

these c y c l e s . 

Thus, i n a l l c a s e s , c y c l e s cannot s u r v i v e l a r g e T. 

Ex tens ion to k -pe r i od C y c l e s : 

The above a n a l y s i s extends to c y c l e s o f any f i x e d pe r i od 

k. One can demonstrate tha t i n the l i m i t (as T*«) there i s an 

i n c o n s i s t e n c y between the requi rements o f market c l e a r i n g and 

p r o p e r t i e s o f the demand f u n c t i o n s . I t f o l l o w s tha t f o r each k, 

there i s a T k f i n i t e such tha t f o r a l l T exceeding T k , there 

cannot be c y c l i c e q u i l i b r i a w i th pe r i od k. An impor tan t , but 

unanswered ques t ion i s : Is there a T such tha t f o r a l l T exceed­

ing T there are no c y c l e s w i th pe r i ods l e s s than some f r a c t i o n 

( p o s s i b l y one) o f T? 
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Ex tens ion to Other U t i l i t y Func t ions 

For s i m p l i c i t y we r e s t r i c t a t t e n t i o n to two-per iod 

c y c l e s . Fo l l ow ing A i y a g a r i [1986a] we assume tha t the r i s k a v e r ­

s i o n c o e f f i c i e n t i s bounded and bounded away from z e r o . 2 ^ We l e t 

T be even so that there are an equa l number o f odd and even p e r i ­

ods i n an agen t ' s l i f e . Th i s makes the f u n c t i o n s V-|(*) and V jC* ) 

i n (16) and (17) i d e n t i c a l . U t i l i t y max imiza t ion now i m p l i e s 

t h a t , 

U ' f c 1 ( s+1)1 

U ' ( c 1 ( s ) ) 

_ U f f c 2 ( s + 1 ) ] 

s odd U ' ( c 2 ( s ) ) 
s even 

U ' f c (s+1)] 

U ' t c ^ s ) ) 
s even 

_ U f f c (s+1) l 

U ' ( c 2 ( s ) ] s odd 

I t i s easy to see tha t e i t h e r y^ , both exceed 6 or tha t they 

are both l e s s than 6. F o r , suppose to the con t ra ry tha t 

Y1 < 8 < Y 2 * T h e n > i t f o l l o w s from above t h a t , 

c 1 ( 1 ) < c 1 ( 2 ) , c 1 ( 3 ) < c 1 ( 4 ) , c 1 ( 5 ) < c 1 ( 6 ) . . . e t c , and 

c 2 ( 1 ) > c 2 ( 2 ) , c 2 ( 3 ) > c 2 ( 4 ) , c 2 ( 5 ) > c 2 ( 6 ) . . . e t c . 

The above are i n c o n s i s t e n t w i th the market c l e a r i n g c o n d i t i o n s (3) 

and ( 4 ) . 

1 2 
Next , i t i s easy to see that e i t h e r c (s) > c (s ) f o r 

1 2 
a l l s or tha t c (s) < c (s) f o r a l l s . Th is f o l l o w s because, 

U ' f c 1 ( s+2)1 _ U ' f c 2 ( s + 2 ) ) _ 1^2 

U ' ( c 1 ( s ) ) U ' ( c 2 ( s ) ) S 2 

f o r a l l s . 
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I f c 1 ( 1 ) > c 2 ( 1 ) then c 1 ( 3 ) > c 2 ( 3 ) , c 1 ( 5 ) > c 2 ( 5 ) and so on . We 

1 2 1 2 cannot have c (2) < c (2) because t h i s w i l l imp ly , c (4) < c ( 4 ) , 

1 2 
c (6) < c (6) and so on , which i s i n c o n s i s t e n t w i t h market c l e a r -

1 2 

i n g . The re fo re , we must have, c (s) > c (s ) f o r a l l s . S i m i ­

l a r l y , i f c 1 ( 1 ) < c 2 ( 1 ) t hen , c 1 ( s ) < c 2 ( s ) f o r a l l s . 

I t f o l l o w s from (16) and (17) and the analagous problems 

f o r agent 2 tha t we must have, e i t h e r 

e 1 ( 1 ) > e 2 ( 1 ) and e 1 ( 2 ) > e 2 ( 2 ) 

or 
e 1 ( 1 ) < e 2 ( 1 ) and e 1 ( 2 ) < e 2 ( 2 ) 

From (22) and (23) t h i s leads to the c o n c l u s i o n tha t the o f f e r 

curve must be p o s i t i v e l y s l o p e d . Th is leads to four p o s s i b l e 

s i t u a t i o n s as shown i n F igu res 1 and 2 ( s o l i d or dashed budget 

l i n e s ) . 

As i n the case o f cons tant r e l a t i v e r i s k a v e r s i o n , here 

p 

too i t i s not d i f f i c u l t to show tha t y ^ 6 a n d hence tha t 

Y 1 * Y 2 * 8 ^ f c h e l a t t e r f o l l o w s because e i t h e r y^ < y^ < 8 or 

8 < y-j < Y 2 ) . The re fo re , each o f the e ^ s ) + e* = (w 1 +8w 2 ) / ( 1+8) 

where, 
CO 

V „ s - 1 
w i = L 6 w  

1 s odd s 

w 2 = I S w . 
s even 

The o f f e r curves i n the diagrams are t he re fo re drawn i n a s m a l l 

neighborhood o f e * . As b e f o r e , the important f a c t about the o f f e r 

curves i s the f o l l o w i n g . 
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In F igu re 1, 

i n F igu re 2 , 

de. 

de] 

de. 

de] 

> 1 where a s , 

< 1 

These f o l l o w from (27) because a t e * , V | = and = a^. Con­

s i d e r , f i r s t , the s i t u a t i o n i n F igu re 1. We have tha t f o r a l l T 

s u f f i c i e n t l y l a r g e , 

e ' ( 2 ) - e*(2) > (1+e) (e 1 ( 1 ) - e * ( 1 ) ) 

f o r some e p o s i t i v e . In view o f (16) and (17) and the analagous 

Problems f o r agent 2 we have t h a t , 

c 1 ( 2 ) - c 2 ( 2 ) > c 1 ( T ) - c 2 ( 1 ) 

c 1 ( 4 ) - c 2 ( 4 ) > c 1 ( 3 ) - c 2 ( 3 ) 

and so on. These i n e q u a l i t i e s are i n c o n s i s t e n t w i th market c l e a r ­

ing because when we s u b t r a c t (4) from (3) and rear range terms, we 

get 

c 1 ( 1 ) - c 2 ( 1 ) + c 1 ( 3 ) - c 2 ( 3 ) + c 1 ( 5 ) - c 2 ( 5 ) 

c 1 ( 2 ) - c 2 ( 2 ) + c 1 ( 4 ) - c 2 ( 4 ) + c 1 ( 6 ) - c 2 ( 6 ) 

The s i t u a t i o n i n F igu re 2 i s e x a c t l y the oppos i te be­

cause i t imp l i es tha t f o r a l l l a rge T, 

e 2 ( 2 ) - e 1 ( 2 ) < ( e 2 ( 1 ) - e 1 ( 1 ) ) / ( 1 + 6 ) 

f o r some 6 p o s i t i v e . Th i s w i l l imply t h a t , 

c 2 ( 2 ) - c 1 ( 2 ) < c 2 ( 1 ) - c 1 ( 1 ) 
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c 2 ( 4 ) - c 1 ( 4 ) < c 2 ( 3 ) - c 1 ( 3 ) 

and so on , which aga in c o n t r a d i c t s market c l e a r i n g . 

Thus, such two-per iod c y c l e s cannot p e r s i s t as T gets 

l a rge and must d i sappea r . 

D i s c u s s i o n . There a re (a t l e a s t ) two p o s s i b l e o b j e c t i o n s to 

v iewing the r e s u l t s o f t h i s s e c t i o n as r e f l e c t i n g n e g a t i v e l y on 

Grandmont [1985] . One i s tha t Grandmont [1985] i s concerned w i th 

monetary c y c l e s whereas the se t up i n t h i s s e c t i o n r u l e s out a 

constant monetary s teady s t a t e f o r a l l l a r g e T which i s a p r e r e q ­

u i s i t e f o r o b t a i n i n g monetary c y c l e s (see foo tno te 5 , ( c ) ) . Thus, 

the c y c l e s ana lyzed i n t h i s s e c t i o n are non-monetary c y c l e s . Of 

course , to the ex ten t tha t one regards the assumpt ion o f a p o s i ­

t i v e d i scoun t r a t e i n t h i s s e c t i o n as reasonab le , one cou ld con­

c lude tha t i t does not matter tha t monetary c y c l e s (o f any pe r iod ) 

do not e x i s t because a constant monetary steady s t a t e does not 

e x i s t . However, there i s an asymmetry w i th non-monetary c y c l e s 

because a constant non-monetary steady s t a t e a lways e x i s t s f o r 

every T whereas (as we have j u s t shown) non-monetary c y c l e s o f a 

Q / 
f i x e d pe r i od do not e x i s t f o r any l a rge T . - We w i l l , i n the next 

s e c t i o n , d i s c u s s the e x i s t e n c e (and robustness) o f monetary steady 

s t a t e s , both constant and c y c l i c a l . Be tha t as i t may, we th ink 

tha t i t i s o f i n t e r e s t tha t sho r t pe r i od c y c l e s (o f e i t h e r v a r i ­

e ty) do not e x i s t i n t h i s c l a s s o f OLG models w i th long l i v e d 

agents who d i scoun t the f u t u r e . Th i s a l s o suggests tha t the 

neg lec t o f c y c l i c a l s teady s t a t e s i n A i y a g a r i [1986a] i s not o f 

much consequence. 
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A second o b j e c t i o n r e l a t e s to the s p e c i f i c a t i o n o f 

p re fe rences here because the pe r i od u t i l i t y f u n c t i o n U( •) i s the 

same i n every p e r i o d . Grandmont 1s [1985] d i s c u s s i o n i s i n terms 

o f the r i s k a v e r s i o n c o e f f i c i e n t be ing r e l a t i v e l y h igh f o r o l d 

agen ts . Qu i te a s i d e from how to separa te the young from the o l d 

when people l i v e many (as opposed to on ly two) p e r i o d s , our s p e c i ­

f i c a t i o n w i th i d e n t i c a l U(*) ac ross pe r i ods and constant r e l a t i v e 

r i s k a v e r s i o n may not capture t h i s . Even i f the r i s k a v e r s i o n 

c o e f f i c i e n t were va ry ing i ns tead o f be ing cons tan t , t h i s may not 

he lp because consumption a t every age converges to the same va lue 

i . e . , permanent income (see foo tno te 5 ) . Thus, i n the l i m i t , r i s k 

ave rs i on c o e f f i c i e n t s would be e q u a l i z e d ac ross any two ( f i x e d ) 

p e r i o d s . ^ 

One p o s s i b l e way o f hand l i ng t h i s i s the f o l l o w i n g . 

S t i l l f ocus ing on two-per iod c y c l e s , suppose we a l t e r p re fe rences 

as f o l l o w s . For i = 1, 2 , agent i maximizes 

s odd 

- I B S " 1 { ( c i ( s ) ) 1 " a 2 - l } / ( 1 - a 2 ) . 
s even 

Thus, agents have d i f f e r e n t r i s k a v e r s i o n c o e f f i c i e n t s i n odd as 

opposed to even pe r i ods o f l i f e . I t then f o l l o w s from (16) and 

(17) t h a t , 

1-a 1-a 
(35) V ^ e ) = K ^ D e ' / ( , V 2 ( e ) .= K 2 ( T ) e V O - c ^ ) . 
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Equat ions (22) and (23) now i n d i c a t e the sense i n which t h i s i s 

comparable to a two-per iod l i v e d agent problem w i t h d i f f e r e n t r i s k 

a v e r s i o n c o e f f i c i e n t s f o r the young and the o l d . The young i n one 

genera t ion face Y I wh i l e those i n the next face Y 2

 a r *d so o n . In 

f a c t the analogy can be made a l o t c l o s e r . The market c l e a r i n g 

c o n d i t i o n s (3) and (4) can be w r i t t e n , 

(36) e ' ( 1 ) A 1 B 1 + e ^ ( 2 ) A 2 B 2 = £ w£ 

'(37) e 2 ( 1 ) A l B l + e 1 ( 2 ) A p B p = £ w_e 2 2 

where, 

s odd 

s-1 

( Y 1 Y 2 ) 2 ( S 2 / Y 1 Y 2 ) 

( s -1 ) 
2 a 1 

-1 

s even 

3-2 
2 2 

( Y 1 Y 2 ) (6 / Y 1 Y 2 ) 

( s -2 ) 
2a„ 

-1 

s odd 

s-1 

2 2 a 1 
( 6 ^ / Y 1 Y 2 ) , B 2 

s -2 
2a , 

I ( 6 2 / Y 1 Y 2 ) 2 

s even 

These f o l l o w because from u t i l i t y max im iza t ion we have, 

C 1 ( s+2 ) . 2 . "1 . 
— T '- - (6 / Y 1 Y 2 ) f o r s odd 

c (s ) 

2 a 2 
= (8 / Y 1 Y 2 ) f o r s even. 
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F u r t h e r , we can d i r e c t l y so l ve problems (16) and (17) to see t h a t , 

c l ( 1 ) = A 1 e l ( 1 ) and c L ( 2 ) = A 2 e x ( 2 ) . 

2 

Now, cons ide r the case , Y - | Y 2 = S a n c l w ( s ) = w i f ° r s 

odd and w(s) = w 2 f o r s even. Then the market c l e a r i n g c o n d i t i o n s 

reduce t o : 

(38) e 1 ( 1 ) + e 2 ( 2 ) = w] + w 2 

(39) e 2 ( 1 ) + e 1 ( 2 ) = ^ + w 2 . 

Together w i t h (22) and (23) t h i s i s e x a c t l y analagous to a two-

pe r i od l i v e d agent model . However, such a two-per iod c y c l e cannot 

e x i s t because i t r e q u i r e s Y ^ Y 2 = 1 to support i t , which i s not the 

case . 

However, i t may be p o s s i b l e to get non-monetary c y c l e s 

2 

w i th Y 1 Y 2 + S and i a 2 . In t h i s c a s e , equat ions (36) and (37) 

reduce t o : 

e 1 ( 1 ) ( l i m 2B < | /T ) + e 2 ( 2 ) ( l i m 2 B 2 / T ) = w + w 2 

e 2 ( 1 ) ( l i m 2B.J/T) + e 1 ( 2 ) ( l i m 2 B 2 / T ) = w + » 2 

because, 

A 1 ? A 2 * ( 1 - 6 2 ) , 

However, s i n c e * o 2 , i t need not be the case t h a t , 

l im<2B 1 /T ) = l i m ( 2 B 2 / T ) 

and hence, 
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e 1 ( 2 ) - e 2 ( 2 ) 

e 1 ( 1 ) - e 2 ( 1 ) 

need not converge to one. 

Thus, i n t h i s case hav ing * a 2 may permi t such c y c l e s 

to p e r s i s t (bu t , w i t h ampl i tude going to ze ro ) even as T tends to 

i n f i n i t y . 

I I I . Monetary C y c l e s : Appendix A shows tha t n e i t h e r cons tant nor 

c y c l i c a l monetary steady s t a t e s can e x i s t f o r any l a r g e T i f the 

d i scoun t r a te i s p o s i t i v e ( i . e . , 8<1). I t a l s o shows tha t c o n ­

s tan t monetary steady s t a t e s can e x i s t f o r a l l l a r g e T i f the d i s ­

count r a t e i s n e g a t i v e . Here, we w i l l e x h i b i t robust examples o f 

monetary c y c l e s when 8 > 1. In a two-per iod monetary c y c l e , 

= 1 a n d t he re fo re (36) and (37) reduce to (38) and (39) where 

w^ = £ w ( s ) a n d ™2 ~ ^ w ( s ) « 
s odd s even 

Th i s happens because A^B^ = A 2 B 2 ~ ^ # Note tha t we do not r e q u i r e 

w(s) to be constant over s odd (or s even) . I f = a 2 = a and T 

i s even, then the f unc t i ons V^(* ) and V 2 ( * ) a re i d e n t i c a l (see 

foo tno te 6) and u t i l i t y max imiza t ion i m p l i e s , 

1 1 1 
e 1 ( 2 ) / e 1 ( 1 ) = ( 8 / Y l ) a , e 2 ( 2 ) / e 2 ( 1 ) = ( 8 / Y 2 ) A = (Sy^. 

Hence, equat ing (38) and (39) we have, 

1 1 
e 1 ( 1 ) ( l - ( 8 / Y 1 ) ° T ) = e 2 ( 1 ) ( l - ( 8 Y l ) a ) . 
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S i n c e , 6 > 1 > Y -p i t f o l l o w s tha t 

B > Y ^ 1 > 1 > Y R 

F u r t h e r , the budget c o n s t r a i n t s a r e , 

e 1 ( 1 ) + Y l e 1 ( 2 ) = w 1 + Y l w 2 

e 2 ( 1 ) + Y ^ 1 e 2 ( 2 ) = w 1 + Y ^ W 2 . 

M u l t i p l y i n g the second by Y-| a n d adding the two we have, 

( e 1 ( 1 ) + e 2 ( 2 ) ) + Y l ( e 1 ( 2 ) + e 2 ( 1 ) ) = ( U Y l ) ( w 1 + w 2 ) . 

I t f o l l o w s tha t one o f (38) and (39) i s redundant. I t i s 

s t r a i g h t f o r w a r d to compute the demand f u n c t i o n s f o r e^(1) and 

e^(2) and use (38) to o b t a i n , 

w1 + Y 1 W 2 ( S Y 1 ) a ( w 1 + Y ^ 1 w 2 ) 
= w„ + w 0 . 

I 1. 1 1 _ M - 1) 1 2 ' 

P o s i t i v e s o l u t i o n s f o r w^ and w^ w i l l e x i s t p r o v i d e d , 

1 1 ! 1 2 

1 - Y , < S ° [ Y 1

a - Y 1 " ° ] < S a ( 1 - y 1 ) . 

Th i s r e q u i r e s an a o f a t l e a s t 2 . In f a c t , i t r e q u i r e s 

J- 1 - 1 

2 r oi a i j_ 

(i-Y-|) v oty 
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and t h e r e f o r e , S > ( 1 - 2 / a ) ~ a . Th i s i m p l i e s i n c r e d i b l y l a r g e 

va lues o f e i t h e r a or 8 or bo th . For example, i f a = 3 , 8 > 27 or 

8 > 7.39 even i f a = » . However, robust examples o f c y c l e s ( f o r 

a l l l a r g e T, even) do e x i s t . For i n s t a n c e , p i c k a = 10, 8 = 

20, Y- , = -99 , Y ^ 1 = 1.01, w(s) = .097 f o r s odd, w(s) = .903 f o r s 

even. Th i s i s a s t a t i o n a r y monetary c y c l e tha t p e r s i s t s w i t h 

constant ampl i tude f o r a l l l a r g e T (even) . G r a p h i c a l l y , the 

s i t u a t i o n i s as shown i n F igu re 3 w i t h (w^w^) i n c r e a s i n g a long a 

ray through the o r i g i n as T i n c r e a s e s . 

One reason why such l a r g e va lues o f a and 8 are r e q u i r e d 

may be tha t we imposed = = a . I f we a l l o w and to 

d i f f e r , then there i s an e x t r a degree o f freedom which may expand 

the se t o f robust examples .—^ I t shou ld be noted tha t i n these 

monetary c y c l e s w i th 8 exceeding one, the o f f e r curve i s p o s i ­

t i v e l y s loped but consumption i n even pe r i ods (e(2) ) i s a g ross 

complement f o r consumption i n odd pe r i ods ( e ( 1 ) ) . Th i s r e q u i r e s 

(From (25) - (27) ) a s u f f i c i e n t l y s m a l l w^ r e l a t i v e to vig and a 

s u f f i c i e n t l y l a r g e a ^ . Th i s happens because we took T to be even. 

I f T i s odd, then the f u n c t i o n s V ^ - ) and V 2 ( - ) are not 

i d e n t i c a l because, as noted e a r l i e r , the d e f i n i t i o n o f V,|(*) c o n ­

t a i n s an a d d i t i o n a l term i n the budget c o n s t r a i n t than V 2 ( * ) . 

S i n c e , Y<jY2

 = 1 a n d 8 > 1, we see from foo tno te (6) t h a t , 

V 2 ( e ) , 

fa 5 k ( T ) * 
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As the d i s c u s s i o n on page 10 shows, we requ i r e the o f f e r curve to 

be p o s i t i v e l y s loped and e(1) to be a gross complement to e ( 2 ) . 

From (25) - (27) t h i s r e q u i r e s a l a r g e w^ r e l a t i v e to w 2 and a 

l a rge a ^ . From u t i l i t y max imiza t ion we have, 

V ^ ( e 1 ) / S V ^ ( e 2 ) = Y ^ 1 f o r agent 1 

= Y- | f o r agent 2 . 

Hence, we have, 

e 1 ( 2 ) / e 1 ( 1 ) = ( 8 k ( T ) / Y l ) a , e 2 ( 2 ) / e 2 ( 1 ) = ( B k ( T ) Y l ) a . 

Th is together w i t h market c l e a r i n g then r e q u i r e s tha t 

e 2 ( 2 ) < e 2 ( 1 ) and e 1 ( 2 ) < e 1 ( 1 ) so tha t we want, 

6k(T) < Y l < 1 < Y ^ 1 . 

Since k(T) i s converg ing to 1/6 and 0 exceeds one the s i t u a t i o n 

i s as graphed i n F igu re 4 , which i s s i m i l a r to the case f o r a two-

per iod l i v e d agent model . I t i s c l e a r tha t robust examples o f 

c y c l e s cor respond ing to f i g u r e 4 can e a s i l y be c o n s t r u c t e d . I t 

should be noted tha t the o f f e r curve i n t h i s case c rosses the 45° 

l i n e a t a gross i n t e r e s t r a t e equa l to 3 (and not 8~^) because 

V! j (e) /V^(e) i s converg ing to 8 2 . 

What i s i n t e r e s t i n g i s tha t the type o f endowment p a t ­

te rns tha t generate c y c l e s (o f pe r i od two) f o r T even do not 

generate c y c l e s f o r T odd and v i c e v e r s a . The former r e q u i r e s the 

t o t a l endowment i n odd pe r i ods to be much s m a l l e r than tha t i n 

even per iods wh i l e the converse i s requ i red f o r the l a t t e r . 
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The most important aspec t o f the examples i s c l e a r l y 

that monetary c y c l e s can p e r s i s t w i th und imin ished amp l i t ude . 

There i s no tendency towards damping as there i s f o r the case o f a 

p o s i t i v e d i scoun t r a t e . 

I f the s p e c i f i c a t i o n o f a nega t i ve u t i l i t y d i scoun t r a t e 

f o r agents seems odd, one a l t e r n a t i v e would be to adopt the s c e n ­

a r i o i n A i y a g a r i [1986b]. There, the d i scoun t ra te was taken to 

be p o s i t i v e but popu la t i on growth was a l lowed f o r . I t was shown 

that a cons tant monetary steady s t a t e e x i s t s i f and on ly i f the 

d i scoun t r a t e i s l e s s than the growth r a t e , p rov ided the r i s k  

ave rs i on c o e f f i c i e n t i s s m a l l . The p r o v i s o , c l e a r l y works a g a i n s t 

the p o s s i b i l i t y o f g e t t i n g monetary c y c l e s . 

IV. C o n c l u s i o n s : The main r e s u l t s a r e , 

( i ) In s t a t i o n a r y no growth OLG models where agents have a p o s i ­

t i v e d i scoun t r a te (6<1), s h o r t - p e r i o d c y c l i c a l non-monetary 

steady s t a t e s cannot e x i s t . Constant monetary steady s t a t e s 

do not e x i s t f o r any T s u f f i c i e n t l y l a r g e and consequent ly 

monetary c y c l e s o f any pe r i od cannot e x i s t . Non-monetary 

c y c l e s may e x i s t and p e r s i s t i f agents e x h i b i t s y s t e m a t i c a l l y 

o s c i l l a t i n g ( say , over odd and even pe r i ods o f l i f e ) pa t te rns 

o f r i s k a v e r s i o n c o e f f i c i e n t s and endowments. 

( i i ) I f agents e x h i b i t a nega t i ve d i scoun t r a t e (8>1), then con ­

s tan t monetary steady s t a t e s e x i s t f o r a l l T s u f f i c i e n t l y 

l a r g e and c y c l i c a l monetary steady s t a t e s a l s o can e x i s t and  

be undamped g iven s u i t a b l e p re fe rences and l i f e - t i m e pa t te rns 

o f endowments. An example i n which a two-per iod c y c l e can 
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a r i s e would be one i n which agents e x h i b i t a s y s t e m a t i c a l l y 

o s c i l l a t i n g pa t t e rn o f endowments (and, p o s s i b l y , but not 

n e c e s s a r i l y , o f p re fe rences ) as i n ( i ) above. 

Thus, the comment o f Sims [1986] , r e f e r r e d to i n the 

i n t r o d u c t i o n , seems reasonab le when agents have a p o s i t i v e d i s ­

count r a te but not s o , o t he rw i se . We conclude tha t the case f o r 

d e t e r m i n i s t i c c y c l e s (and p o s s i b l y a l s o f o r s t a t i o n a r y " sunspo t s " 

e q u i l i b r i a ) i s weak i n a c l a s s o f OLG models w i t h s u f f i c i e n t l y 

long l i v e d agen ts , who d i scoun t the f u t u re p o s i t i v e l y . 
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Footnotes 

l ^ A s he no tes , t h i s obse rva t i on goes back to Gale 

[1973]. 

-^These a re s i m i l a r i n s p i r i t to Spear [1985] . 

^ T h a t c y c l e s can a r i s e i n t h i s framework i s e a s i l y 

shown by examples. A two-per iod c y c l e w i t h two-per iod l i v e d 

agents occurs when, a = 3 , 8 < 1/27, W<| = 1, W2 = 0. T h i s c y c l e 

i s c h a r a c t e r i z e d by i n t e r e s t r a t e s r^ and r 2 where, (1+r^)~^ = 

8 / x 3 , ( 1 + r 2 r 1 = 8 / x 3 , and, x p x 2 = {[ 1 - 6 1 / 3 ] ± [ ( 1 - B 1 / 3 ) 2 -

2 /3 1/2 * 48 ] } /2 . Note tha t t h i s i s a monetary c y c l e ; non-monetary 

c y c l e s do not e x i s t i n t h i s two-per iod l i v e d agent se t up. How­

eve r , i f we have fou r pe r i od l i v e d agen ts , then a two-per iod non­

monetary c y c l e occurs when, a = 10, 8 = . 95 , = . 041 , W2 = .04 , 

Wg = .259, Wjj = . 66 . Th i s i s c h a r a c t e r i z e d by, O + r ^ " 1 = .055 

and (1+rg)"' ' = .059. A two-per iod monetary c y c l e can occur when, 

a = 28 .35 , 8 = .004225, W1 = .9544, W2 = W3 = 0 , W4 = .0456. Th i s 

i s c h a r a c t e r i z e d by , (1+r^ ) " 1 = .42345, (1+ r 2 )~ 1 = 2 .3616. Any 

resemblance o f these examples to r e a l i t y i s pu re l y c o i n c i d e n t a l ! 

- ^Even though the market c l e a r i n g c o n d i t i o n s a re s t a t e d 

on ly i n terms o f the commodity markets we a l s o r e q u i r e tha t i n 

a d d i t i o n asse t markets s a t i s f y the c o n d i t i o n tha t aggregate de­

s i r e d a s s e t s be nonnegat ive . I t can be shown tha t ( f o l l o w i n g Gale 

[1973]) i f Y 1 Y 2 * 1 then commodity market c l e a r i n g i m p l i e s asse t 

market c l e a r i n g i . e . , aggregate d e s i r e d a s s e t s w i l l be z e r o . 

I f Y ^ Y 2 = 1 then aggregate d e s i r e d a s s e t s may be p o s i t i v e or 

nega t i ve . I f i t t u rns out to be p o s i t i v e i t can be supported as a 

monetary e q u i l i b r i u m w i th a f i x e d p o s i t i v e quan t i t y o f va lued f i a t 
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money. However, i f aggregate d e s i r e d a s s e t s are nega t i ve when 

y^2 = ^ t i t cannot be supported as an e q u i l i b r i u m ( i n our d e f i n i ­

t i o n ) and the on ly e q u i l i b r i a a re those w i th y ^ * 1 ( i . e . , non­

monetary e q u i l i b r i a , f o l l o w i n g Wal lace [1980] ) . A i y a g a r i [1986a] 

shows tha t cons tant monetary s teady s t a t e s do not e x i s t f o r any T 

s u f f i c i e n t l y l a r g e because aggregate d e s i r e d a s s e t s when 

y^ = Y 2 = 1 d i ve rge to minus i n f i n i t y . 

5^ ln A i y a g a r i [1986a] a t t e n t i o n was r e s t r i c t e d to non-

c y c l i c a l s teady s t a t e s ( Y , J = Y 2 = Y ) but w i t h i n genera t ion heterogene­

i t y was a l l o w e d . I t was shown t h a t , 

a) every sequence o f e q u i l i b r i u m y ' s converges to S as T ge ts 

l a r g e , 

b) consumption a t any f i x e d age s , converges to permanent income 

eva lua ted us ing 8, 

c) monetary s teady s t a t e s do not e x i s t f o r any T s u f f i c i e n t l y 

l a r g e . 

1 2 
In the present c o n t e x t , suppose tha t c (1) and c (1) 

remain bounded and bounded away from zero as T gets l a r g e . From 

(6) and (7) t h i s i m p l i e s tha t A/T and B/T are bounded and bounded 

away from z e r o . Th i s immediately i m p l i e s tha t x ^ 2 1 and f u r -

T 
ther tha t ( x ^ ) i s bounded. The re fo re , A/B converges to 1. I t 

must then f o l l o w from (9) and (10) tha t x ^ , x 2 1. O therw ise , 

1 2 

e i t h e r c (1) or c (1) w i l l become nega t i ve f o r some f i n i t e T. 

The re fo re , y^ and y 2 converge to 8. 

Note tha t t h i s argument on ly shows tha t the ampl i tude o f 

c y c l e s must go to zero as T gets l a r g e . I t does not bear on 

whether such e q u i l i b r i a can e x i s t . 
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^ D i r e c t computat ion from (16) and (17) shows t h a t , 

V ^ e ) = k ^ T ) e

1 " a / ( 1 - o ) and V 2 ( e ) = k 2 ( T ) e ( 1 _ a ) / ( 1 - a ) where, 

k ^ T ) 

( s -1 ) ( s -1 ) 

I . ( Y ^ Y ? ) 2 ( S 2 / Y 1 Y ? ] 2 A 

s odd ' d ' * 

k 2 ( T ) = I 
s even 

(s -2 ) ( s -2 ) 

( Y T Y J ) 2 ( S 2 / Y 1 Y 2 ) 2 A 

There fo re , i f y^2 - e2 < 1, then , k ^ T ) , k 2 ( T ) - ( 1 - 6 2 ) ~ a . 

-^Boundedness above i s s u f f i c i e n t f o r i n t e r e s t r a t e s to 

converge to ( 1 - s ) / S . Boundedness away from zero a l s o guarantees 

tha t consumptions converge to permanent income. 

Q / 
- I t would have been n i c e i f there was some way we cou ld 

appeal to S a r k o v s k i i ' s theorem (see Grandmont [1985] , p .1019, 

Theorem 4 .3) to r u l e out c y c l e s o f p e r i o d i c i t i e s o ther than two. 

Th i s does not seem p o s s i b l e he re . 

-^The convergence o f consumptions i s not un i fo rm. Whi le 

i t i s t rue tha t c ( s ) converges to y (say) f o r each f i x e d s (as T 

ge ts l a r g e ) , i t i s not t rue tha t c(T) or c (T -1 ) converges to y . 

— ^ A t the expense o f a r a the r s t range s p e c i f i c a t i o n o f 

p re fe rences a l t e r n a t i n g over odd and even pe r i ods o f l i f e , i n 

a d d i t i o n to s i m i l a r l y a l t e r n a t i n g endowments. 
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Appendix A 

Here we show tha t constant monetary steady s t a t e s 

(v^xy =]) cannot occur f o r any T s u f f i c i e n t l y l a r g e , i f 6 i s l e s s 

than one. 

Def ine consumption (c) as a f u n c t i o n o f marg ina l u t i l i t y 

(p) by 

p = U ' ( c ( p ) ) 

and assume tha t the r i s k a v e r s i o n c o e f f i c i e n t i s bounded above, 

i . e . , 

I t then f o l l o w s t h a t , 

m c(xp) = m c(p) + d 

d In X 

= In c(p) - In X/a(Xp) 

>\ 

where X i s between X and one. 

The re fo re , we have, 

i ) i f X > 1 then c ( X p ) / c ( p ) < X 

i i ) i f X < 1 then c ( X p ) / c ( p ) > X 

r In X 
A, 

a 

a 

With Y-| = Y 2 = 1» fche budget c o n s t r a i n t and the market c l e a r i n g 

c o n d i t i o n are i d e n t i c a l and g i v e , 

I c ( s ) = I w(s) 
s s 
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U t i l i t y max im iza t ion i m p l i e s , p s + - | / p s = S " 1 where p s = U f ( c ( s ) ) or 

e q u i v a l e n t l y c ( s ) = c ( p g ) . An exp ress ion f o r the per c a p i t a 

des i red a s s e t s o f the popu la t i on i s g iven by [ A i y a g a r i , 1986a], 

I T 

a T = T I s ( c ( s ) - w ( s ) ) . 
1 s=1 

1 
.01 

Now, suppose as i n the paper tha t S < 1. Then, u s i n g ( i ) we have, 

c ( s+1 ) / c ( s ) < S c 

and hence, 

1 T 1 T 
a T < T I s c (1)8 a - T I s w(s) 

s=1 s=1 

I T T ( S " 1 ) 1 T 
< (T I w(s)) I s B a - T I s w ( s ) . 

s=1 s=1 s=1 

S ince the sequence w(s) i s bounded and bounded away from z e r o , the 

f i r s t term above remains bounded whereas the second d i ve rges to 

minus i n f i n i t y . Hence a T - « and a constant monetary s teady 

cannot e x i s t f o r any l a r g e T. 

The proo f f o r non -ex i s tence o f c y c l e s proceeds i n a 

s i m i l a r way. For example, f o r two-per iod c y c l e s , the exp ress ions 

f o r per c a p i t a d e s i r e d a s s e t s i n h igh i n t e r e s t r a t e (a^(T)) and 

low i n t e r e s t r a t e [a^il)) p e r i o d s , r e s p e c t i v e l y are g iven by : 

a ^ T ) = T I ^ f 1 1 ( C 1 ( S ) - W ( S ) ) + Y I | ( C 1 ( S ) - W ( S ) ) 

s odd s even 
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+ Y i I ^ ( C 2 ( S ) - W ( S ) ) + I f ( C 2 ( S ) - W ( S ) ) 

s odd 
1 L 2 s even 

a 2 ( T ) = T Y 1 1 l.^T1 ( c 1 ( s )- w ( s )) + I f (c1(s)-w(s)) 
s odd s even 

+ I ( s ± H ( c 2 ( a ) . M ( s ) ) + Y T 1 I § (c2(s)-w(s)) 
s odd 1 L 2 s even 

and these w i l l tend to - <= f o r e x a c t l y the same reason . 

On the o ther hand, i f 6 > 1, then i t i s easy to c o n ­

s t r u c t robus t examples where a monetary steady s t a t e e x i s t s f o r 

a l l l a r g e T. Suppose tha t the c o e f f i c i e n t o f r i s k a v e r s i o n i s 

constant and equal to a . Then, 

U f(cS)/6U ,(c s + 1) = 1 i m p l i e s c s + 1 = c s s a . 

From the budget c o n s t r a i n t we have, 

(s-1) 

I w(s) = I c ( s ) = c(1) I 6 A . 

There fo re , the exp ress ion f o r a»p becomes, 

1 L3=U , 

a T = T I s c(1) 8 a - T I s w(s) 

(s-1) 
1 (IsB a )Iw(s) 

= T 
(s-1) 

I 6 ° 

T I s w(s) 

= I w(s) 

( s -1 ) 

I s 8 A I s w(s) 

uni" T i w(s) 

T I 8 * 
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Th is exp ress ion w i l l be p o s i t i v e f o r a l l l a r g e T p rov ided tha t 

£ s w(s) /T £ w(s) i s bounded away from one ( i t i s always l e s s than 

one ) . Th i s i s because the f i r s t term i n pa ren thes i s i s converg ing 

to one. I f , f o r i n s t a n c e , w(s) i s cons tan t , then the second term 

converges to 1/2. Th i s remains t rue i f w(s) i s constant s e p a ­

r a t e l y over odd and even s . I t f o l l o w s tha t a constant monetary 

s teady s t a t e w i l l e x i s t f o r a l l l a r g e T f o r a wide pa t t e rn o f 

l i f e t i m e endowments. 

I t shou ld be noted tha t each o f the above r e s u l t s c a r ­

r i e s over even i f the r i s k a v e r s i o n c o e f f i c i e n t f l u c t u a t e s over 

odd and even p e r i o d s . We s imply have to cons ide r s e p a r a t e l y sums 

over odd and even s . 
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