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James T o b i n ' s " q t h e o r y " i s one o f t he most p r o m i n e n t c u r r e n t 

macroeconomic t h e o r i e s abou t f i r m s ' demand s c h e d u l e f o r a f l o w o f i n v e s t ­

ment . A c c o r d i n g to t h a t t h e o r y , t h e r e i s a t most t imes a d i s c r e p a n c y 

be tween the p r i c e o f e x i s t i n g c a p i t a l g o o d s , s a y as r e f l e c t e d i n t he 

bond and e q u i t y m a r k e t s , and t he p r i c e o f new ly p roduced c a p i t a l g o o d s . 

T o b i n c a l l s the r a t i o o f t h e s e two p r i c e s q . T o b i n p o s i t s t h a t q i s an 

i m p o r t a n t argument o f f i r m s ' demand s c h e d u l e f o r i n v e s t m e n t . "The r a t e 

o f i n v e s t m e n t — t h e speed a t w h i c h i n v e s t o r s w i s h to i n c r e a s e t he c a p i t a l 

s t o c k — s h o u l d be r e l a t e d , i f t o a n y t h i n g , to q , t he v a l u e o f c a p i t a l 

r e l a t i v e to i t s r e p l a c e m e n t c o s t , " [ 20 , p. 2 1 ] . Such a t h e o r y must 

n e c e s s a r i l y s tem f rom a model i n w h i c h " f r i c t i o n s " a r e p r e s e n t t h a t 

p r e v e n t the p r i c e o f e x i s t i n g c a p i t a l f r om b e i n g d r i v e n e q u a l a t a l l 

t i m e s to t h e p r i c e o f new ly p r o d u c e d c a p i t a l . F o r e x a m p l e , i n " p u t t y -

p u t t y " v e r s i o n s o f o n e - s e c t o r g rowth m o d e l s , q i s a l w a y s u n i t y . F u r t h e r ­

more , i n s u c h mode ls f i r m s have no i n v e s t m e n t demand s c h e d u l e , a p o i n t 

emphas i zed by T o b i n [18 , 1 9 ] . 

A s i m p l e model p o s s e s s i n g t he f r i c t i o n n e c e s s a r y to p e r m i t q 

to d i v e r g e f rom u n i t y i s t h e p u t t y - c l a y v e r s i o n o f t he o n e - s e c t o r g rowth 

m o d e l . I n t h i s m o d e l , n e w l y p roduced goods can e i t h e r be consumed o r 

u s e d t o augment t he c a p i t a l s t o c k . But once i n p l a c e , c a p i t a l canno t be 

consumed. The i r r e v e r s i b i l i t y o f i n v e s t m e n t i s t he f r i c t i o n t h a t p e r m i t s 

q to d i v e r g e f rom u n i t y and w h i c h makes i t p o s s i b l e f o r a g g r e g a t e i n v e s t ­

ment to be p o s i t i v e l y c o r r e l a t e d w i t h q . However , t he p o p u l a t i o n r e g r e s s i o n 

o f a g g r e g a t e i n v e s t m e n t on q i s i n no s e n s e an " i n v e s t m e n t demand s c h e d u l e , " 

i n s t e a d b e i n g a mongre l r e l a t i o n t h a t r e f l e c t s a l l o f t he p a r a m e t e r s of 

t he m o d e l . An e c o n o m e t r i c i a n s t u d y i n g s u c h an economy wou ld have no 

cause to f i t s u c h a r e g r e s s i o n i f i t i s t he economy ' s s t r u c t u r e t h a t he 
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i s a f t e r . Among o t h e r t h i n g s , t h e r e i s a m a s s i v e " s i m u l t a n e i t y p r o b l e m . " 

Not o n l y does q , t a k e n a s a random p r o c e s s , i n f l u e n c e i n v e s t m e n t d e c i s i o n s , 

bu t i n v e s t m e n t d e c i s i o n s i n f l u e n c e q as a random p r o c e s s . But i t i s no t 

m e r e l y a p u r e l y e c o n o m e t r i c s i m u l t a n e i t y p r o b l e m . The re a r e s e r i o u s 

t h e o r e t i c a l q u e s t i o n s abou t t he p r e c i s e s e n s e even i n w h i c h a g e n t s t h a t 

can l e g i t i m a t e l y v i e w q a s exogenous e x h i b i t i n v e s t m e n t b e h a v i o r t h a t 

can b e d e s c r i b e d a s a f u n c t i o n m a i n l y o r s o l e l y o f q . I n d e e d , t he mode l 

i n t h i s p a p e r e x h i b i t s a f e a t u r e t h a t p r o b a b l y c h a r a c t e r i z e s v i r t u a l l y 

any mode l t h a t p o s s e s s e s t he f r i c t i o n n e c e s s a r y to make q d i v e r g e f r om 

u n i t y : t h e v e r y same s o u r c e o f f r i c t i o n t h a t makes q d i v e r g e f rom u n i t y 

a l s o c o n v e r t s a g e n t s ' d e c i s i o n p r o b l e m i n t o a n o n t r i v i a l dynamic o n e , 

t he s o l u t i o n o f w h i c h w i l l i n g e n e r a l no t assume a " m y o p i c " fo rm s u c h as 

a s i m p l e con temporaneous demand s c h e d u l e r e l a t i n g c u r r e n t i n v e s t m e n t t o 

c u r r e n t q . I n s t e a d , i n v e s t m e n t d e c i s i o n s w i l l n e c e s s a r i l y be f u n c t i o n s 

of a g e n t s ' v i e w s abou t t h e f u t u r e , t he c u r r e n t s t a t e o f w h i c h canno t i n 

g e n e r a l be summar ized by a s i n g l e v a r i a b l e s u c h a s q . 

T h i s p a p e r u s e s a p u t t y - c l a y v e r s i o n o f t he s t o c h a s t i c o n e -

s e c t o r g r o w t h mode l a s a v e h i c l e f o r mak ing some o b s e r v a t i o n s abou t t h e 

q t h e o r y o f i n v e s t m e n t . We a r e a t t r a c t e d to t h e s t o c h a s t i c o n e - s e c t o r 

g rowth model because i t i s pe rhaps t he s i m p l e s t c o h e r e n t g e n e r a l e q u i l i b r i u m 

model a v a i l a b l e i n w h i c h one can d i s c u s s t he m u t u a l d e t e r m i n a t i o n o f 

i n v e s t m e n t and q . The o n e - s e c t o r s t o c h a s t i c g rowth model has been w e l l 

s t u d i e d ( s e e e . g . , M i rman [ 1 5 ] , B r o c k and Mi rman [6] and Mi rman and 

Z i l c h a [ 1 6 ] ) , so t h e r e i s n o t h i n g a n a l y t i c a l l y o r i g i n a l h e r e . However , 

b e c a u s e we a r e d i s c u s s i n g a p u t t y - c l a y v e r s i o n o f t h e m o d e l , r a t h e r t h a n 

t h e p u t t y - p u t t y ( e x i s t i n g c a p i t a l can be consumed) v e r s i o n t h a t i s 

e x t e n s i v e l y d i s c u s s e d i n t h e l i t e r a t u r e , we have t o spend some t ime 

d i s c u s s i n g t he n a t u r e o f c o r n e r s o l u t i o n s i n w h i c h t he c o n s t r a i n t t h a t 
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e x i s t i n g c a p i t a l c a n ' t be consumed i s b i n d i n g . I t i s a t b e s t a t t h i s 

p o i n t t h a t t h e r e i s any a n a l y t i c a l n o v e l t y . 

2 . A M a r k e t I n t e r p r e t a t i o n o f t he Mode l 

P r o d u c t i o n i s gove rned by 

y t = f ( k t ) e t 

where y i s o u t p u t p e r man, and k̂_ i s c a p i t a l pe r man a t t ; 0^ i s a 

p o s i t i v e , i n d e p e n d e n t l y and i d e n t i c a l l y d i s t r i b u t e d random v a r i a b l e . We 

assume t h a t f ( - ) i s t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e and s a t i s f i e s 

f ( k ) > 0 , f " ( k ) < 0 

f ' ( 0 ) = co, f ' ( « . ) = 0 . 

A l l consumers a r e a l i k e and have bounded o n e - p e r i o d u t i l i t y 

f u n c t i o n u ( c t , e t ) , w h i c h we assume i s t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e . 

Here c t i s c o n s u m p t i o n p e r man and E (_ i s a random shock to p r e f e r e n c e s . 

We assume t h a t i s i n d e p e n d e n t l y and i d e n t i c a l l y d i s t r i b u t e d . We 

assume 

u ( c , e ) < M f o r a l l c , e f o r some M > 0 

u ( c , e ) > 0 , u ( c , E ) < 0 

u ( c , e ) > o 

u c ( 0 , e ) = co, u c ( c o , c ) = 0 . 
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We assume t h a t the random p r o c e s s e s 0 and E a r e d i s t r i b u t e d 
u s 

i n d e p e n d e n t l y o f e a c h o t h e r a t a l l d a t e s . We assume t h a t t he j o i n t 

p r o c e s s ( e t » e t ) n a s a c o n t i n u o u s j o i n t p r o b a b i l i t y d e n s i t y f u n c t i o n w i t h 

c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n 

F ( e , e ) = P r o b { e t < e , e t < e } 

f o r a l l t . We assume t h a t t h e r e e x i s t numbers 0 > 0_ > 0 and e > e > 0 

s u c h t h a t P r o b { 0 ^ 1 ^ £ 0 , £ £ e < e} = 1 . We assume t h a t F ( 0 , e) has 

a s t r i c t l y p o s i t i v e d e n s i t y on t he r e c t a n g l e { 0 £ 0 £ 0 , £ _ < e < F } . 

We assume t h a t i n a g i v e n p e r i o d , a l l a g e n t s draw the same 

( 0 ^ , . S i n c e a l l a g e n t s a r e assumed a l i k e i n the s e n s e t h a t t hey have 

t h e same u t i l i t y f u n c t i o n s and have a c c e s s to t he same t e c h n o l o g y and 

marke t o p p o r t u n i t i e s , we s h a l l assume t h a t t h e r e i s a s i n g l e r e p r e s e n ­

t a t i v e consumer . The consumer v i e w s h i m s e l f a s a p e r f e c t c o m p e t i t o r and 

v i e w s economy-wide outcomes as i n d e p e n d e n t o f h i s own a c t i o n s . T h i s 

means t h a t we must d i s t i n g u i s h be tween t he economy-w ide s t a t e , w h i c h the 

consumer t a k e s a s g i v e n , and the c o n s u m e r ' s own s t a t e v a r i a b l e s , t he 

e v o l u t i o n o f some o f w h i c h a r e a m a t t e r o f c h o i c e t o t he consumer . In 
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e q u i l i b r i u m , t he economy-wide s t a t e v a r i a b l e s e q u a l t he r e p r e s e n t a t i v e 

c o n s u m e r ' s s t a t e v a r i a b l e s , bu t the consumer i s assumed to i g n o r e t h i s . — • 

The s t a t e o f the economy a t t i m e t can be c h a r a c t e r i z e d by t he 

v a l u e s o f ( K t , 6 t , e t ) where i s the economy-w ide c a p i t a l - l a b o r r a t i o a t 

t h e b e g i n n i n g o f p e r i o d t , 6 t i s the random s h o c k t o p r o d u c t i v i t y r e a l i z e d 

i n p e r i o d t and e t i s t he random shock to p r e f e r e n c e s r e a l i z e d i n p e r i o d 

t . The s t a t e o f t he i n d i v i d u a l consumer a t t ime t i s c h a r a c t e r i z e d by 

h i s s t o c k o f c a p i t a l a t t he b e g i n n i n g o f t , k^, and a l s o t he same s h o c k s 

e t and t h a t a f f e c t a l l a g e n t s ' p r e f e r e n c e s and o p p o r t u n i t i e s . The 

c o n s u m e r ' s s u p p l y o f l a b o r i s i d e n t i c a l l y o n e , so t h a t k^ a l s o e q u a l s 

h i s c a p i t a l - l a b o r r a t i o . A t t ime t , t he consumer can r e n t h i s c a p i t a l 

t o f i r m s a t a c o m p e t i t i v e l y d e t e r m i n e d r e n t a l r t > measured i n o u t p u t p e r 

u n i t c a p i t a l p e r u n i t t i m e . F u r t h e r m o r e , d u r i n g p e r i o d t the consumer 

c a n buy o r s e l l c l a i m s t o e x i s t i n g c a p i t a l t o be c a r r i e d i n t o p e r i o d 

( t+1) a t a c o m p e t i t i v e l y d e t e r m i n e d r e l a t i v e p r i c e P K ( t ) measured i n 

u n i t s o f new o u t p u t p e r u n i t o f c a p i t a l . A c c o r d i n g to one p o s s i b l e 

i n t e r p r e t a t i o n , t he r e l a t i v e p r i c e p „ ( t ) i s p r e c i s e l y T o b i n ' s q . D u r i n g 

p e r i o d t h o u s e h o l d s a l s o buy new ly p r o d u c e d o u t p u t , consuming an amount 

Cj. and c a r r y i n g an amount i n t o nex t p e r i o d as c a p i t a l . The r e l a t i v e 

p r i c e o f new ly p roduced c a p i t a l goods i n te rms o f c o n s u m p t i o n goods i s 

u n i t y . F i n a l l y , t he consumer i n e l a s t i c a l l y s u p p l i e s one u n i t o f l a b o r 

and i s p a i d a c o m p e t i t i v e l y d e t e r m i n e d r e a l wage ŵ_ measured i n o u t p u t 

pe r u n i t l a b o r . 

The c o n s u m e r ' s p r o b l e m i s to max im ize 

CO 
(1) E I bSiCc ,e ) , 0 < S < 1 , 

t=0 z 

where Eq i s the m a t h e m a t i c a l e x p e c t a t i o n o p e r a t o r c o n d i t i o n a l on i n f o r m a t i o n 

a v a i l a b l e a t t i m e 0 , s u b j e c t to t he sequence o f budge t c o n s t r a i n t s f o r 

t=0 , 1 , 2 , . . . 
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C t + P K t k t + 1 t i » t + r t k t + ( 1 " 6 ) P K t k t 

t+1 = k

t

 + v it - 0 > ct - °» kt - 0 

where 

6 = r a t e o f d e p r e c i a t i o n o f c a p i t a l , 0 < 6 < 1. 

c = c o n s u m p t i o n p e r u n i t l a b o r . 

= amount o f o l d c a p i t a l h e l d a t end o f p e r i o d t . 

i j . = amount o f newly p roduced goods to be used as c a p i t a l , 

kj. = amount o f c a p i t a l pe r u n i t o f l a b o r a t b e g i n n i n g o f p e r i o d t . 

The consumer s e e k s to m a x i m i z e (1) w i t h r e s p e c t t o the c h o i c e o f s t o c h a s t i c 

p r o c e s s e s f o r c ^ , i ^ , and k^ g i v e n the i n f o r m a t i o n he has a t e a c h p e r i o d 

and g i v e n the c o n s t r a i n t s t h a t he f a c e s . To make the c o n s u m e r ' s p r o b l e m 

w e l l p o s e d , we suppose t h a t t he e q u i l i b r i u m r e l a t i v e p r i c e s i n t he 

s y s t e m c a n be e x p r e s s e d a s c o n t i n u o u s f u n c t i o n s o f t he economy-w ide 

s t a t e v a r i a b l e s , so t h a t 

r t = r ( K t , e t , e t ) 

( 2 ) h±
 = W W 

w = w(K ,6 ,e ) . 
t t ' t ' V 

We assume t h a t the r e p r e s e n t a t i v e agent i n t he economy knows t he t h r e e 

f u n c t i o n s l i s t e d i n (2) and t h a t a t t ime t he knows t he v a l u e s o f 9 

e^ , and t he economy-w ide c a p i t a l s t o c k K^ . We a l s o suppose t h a t 

f o l l o w s the l a w o f m o t i o n 

(3) K t + 1 = h < K t , e t , e t ) 

where h i s a c o n t i n u o u s f u n c t i o n . We assume t h a t t h i s a g g r e g a t e l aw o f 
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m o t i o n i s known to t he r e p r e s e n t a t i v e agen t and i s p e r c e i v e d by t he 

a g e n t to be i ndependen t o f h i s own d e c i s i o n s . L e t us deno te t he f o u r 

f u n c t i o n s i n (2) and (3) as f . 

F o r a g i v e n s e l e c t i o n o f t he f o u r f u n c t i o n s i n (2) and ( 3 ) , 

t he h o u s e h o l d ' s p r o b l e m i s e q u i v a l e n t w i t h f i n d i n g an o p t i m a l v a l u e 

f u n c t i o n J ( k , e , e ; K , f ) w h i c h s o l v e s t he f u n c t i o n a l e q u a t i o n 

(4) J ( k , 9 , e ; K , f ) = max { u ( w ( - ) + r ( - ) k + ( l - 6 ) p K ( ' ) k - p K < - ) k d - i , e ) 

i>0, kd>0 

+ g / j ( k d + i , e ' , e ' ; h ( K , e , E ) , f ) d F ( 9 ' , e ' ) } . 

H e r e t h e f u n c t i o n s w ( « ) , r ( « ) , and P ^ ( ' ) have as a rguments ( K , 0 , e ) . F o r 

a g i v e n s e l e c t i o n o f t he f u n c t i o n s i n f , i t i s p o s s i b l e to p rove t h a t 

t he f u n c t i o n a l e q u a t i o n has a u n i q u e , c o n t i n u o u s bounded s o l u t i o n 

2 / 

J ( k , 0 , e ; K , f ) . — The r i g h t s i d e o f (4) can be shown to be u n i q u e l y 

a t t a i n e d by c o n t i n u o u s f u n c t i o n s — ^ 

i = i ( k , 9 , e ; K , f ) 

c = c ( k , 6 , e ; K , f ) 

k d = k d ( k , 0 , e ; K , f ) 

I t can a l s o be p roved t h a t J ( ' ) i s s t r i c t l y concave i n k and t h a t J h a s 

4 / 

a c o n t i n u o u s and bounded p a r t i a l d e r i v a t i v e w i t h r e s p e c t t o k.— 

The f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s f o r t he m a x i m i z a t i o n 

p r o b l e m on t he r i g h t s i d e o f (4) are—^ 

(5) k d : - u c ( c , e ) p K ( K , e , e ) + g / j k ( k d + i , 6 ' , e « ; h ( K , 6 , e ) , f ) d F ( 0 ' , e « ) 

< 0 , = 0 i f k d > 0 



(6) i : - u c ( c , e ) + 6 / j k ( k d + i , e ' , e ' ; h ( K , 6 , e ) , f ) d F ( 6 ' ) e ' ) ^ 0 , 

= 0 i f i > 0 . 

The p a r t i a l d e r i v a t i v e o f J ( * ) w i t h r e s p e c t t o k can be c a l c u l a t e d f r om 

(4) t o b e ^ 

(7) J k ( k , 8 , e ; K , f ) = u c ( c ( k , 9 , e ; K , f ) , e ) [ r ( K , e , e ) + ( l - S ) p K ( K , 8 , e ) ] 

C o n d i t i o n s (5) and (6) t e l l s o m e t h i n g abou t t he s e n s e i n w h i c h 

t h e r e i s a "q t h e o r y " o f i n v e s t m e n t i n t h e p r e s e n t m o d e l . Use (7) t o 

w r i t e (5) and (6) a s 

(8) - V V e

t > P K < K t ' e t * e t> 

= 0 i f k d > 0 t 

(9) - u

c ( c

t ' e t ) 

- 0 i f 1 > 0 . 

Now i n e q u i l i b r i u m , k d must e x c e e d z e r o , so t h a t (8) w i l l be s a t i s f i e d 

w i t h e q u a l i t y . I t t h e n f o l l o w s t h a t p ( K , 6 , e ) < 1. The m a r g i n a l c o n d i -

t i o n (9) shows t h a t i w i l l be >0 o n l y i f p,,^ = p..(K,_ ,6 ,e ) = 1 . 
t K t K t t t 

However , n o t i c e t h a t the m a r g i n a l c o n d i t i o n s (8) and (9) n e c e s s a r i l y 

i n v o l v e t he a g e n t ' s p e r c e p t i o n s o f t h e d i s t r i b u t i o n o f o n e - p e r i o d - a h e a d 

v a l u e s o f t he r e n t a l r

t + ^ = r ^ t + l ' ^ t + l ' e t + l ^ a n d t * 1 6 r e ^ - a t ^ - v e P r i - c e  

P K t + l = P K ( K t + l ' 6 t + l ' G t + l ) * I n g e n e r a l , t h e a g e n t ' s c h o i c e o f ± t 

depends on a l l o f t he c u r r e n t s t a t e v a r i a b l e s t h a t h e l p d e t e r m i n e t he 
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c o n d i t i o n a l d i s t r i b u t i o n o f f u t u r e v a l u e s o f p and r . I n a l i m i t e d 

s e n s e , t he f i r s t - o r d e r c o n d i t i o n s (8) and (9) do p r o v i d e some f o u n d a t i o n 

f o r t he "q t h e o r y " o f i n v e s t m e n t demand. Bu t i t i s r e a l l y t he f u n c t i o n 

p ( K , 0 , e ) o r pu t d i f f e r e n t l y , p as a s t o c h a s t i c p r o c e s s , and no t o n l y 
IX Js. 

t he c u r r e n t r e a l i z e d v a l u e o f p t h a t i n f l u e n c e s i n v e s t m e n t a t t ime t . 
K t 

The m a r g i n a l c o n d i t i o n s (8) and (9) make i t c l e a r t h a t some 

c a r e f u l l y s p e l l e d o u t v i e w abou t t he s t o c h a s t i c p r o c e s s e s ( l aw o f m o t i o n ) 

o f K , r , and p , must be a t t r i b u t e d to a g e n t s i n o r d e r f o r t he 

d e c i s i o n p r o b l e m t o be w e l l s p e c i f i e d . The r e s t r i c t i o n t h a t we have 

i m p o s e d , t h a t a g e n t s ' p e r c e p t i o n s o f t h o s e l aws o f m o t i o n a r e a c c u r a t e , 

i s t he h y p o t h e s i s o f r a t i o n a l e x p e c t a t i o n s . 

We c a n t h i n k o f p r o d u c t i o n as b e i n g d e t e r m i n e d by c o m p e t i t i v e 

f i r m s w h i c h r e n t c a p i t a l and h i r e l a b o r t o m a x i m i z e p r o f i t s 

M = n d f ( k ) - w ( * ) n - r ( * ) k • n 

where f ( k ) i s o u t p u t p e r man, k i s t h e c a p i t a l - l a b o r r a t i o o f t he 

r e p r e s e n t a t i v e f i r m , and n d i s t he employment l e v e l o f t he r e p r e s e n t a ­

t i v e f i r m . The f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s f o r a maximum o f p r o f i t s 

a r e 

f ( k ) = r ( K , 9 , e ) 

f ( k ) - k f ( k ) = w ( K , 6 , e ) . 

We can now g i v e a d e f i n i t i o n o f e q u i l i b r i u m . 

D e f i n i t i o n : An e q u i l i b r i u m i s a f i v e - t u p l e o f f u n c t i o n s 

r ( K , 8 , e ) , p K ( K , 0 , e ) , w ( K , 0 , e ) , h ( K , 0 , e ) , and J ( k , 0 , e ; K , f ) s u c h t h a t — 

i . The f u n c t i o n a l e q u a t i o n (4) i s s a t i s f i e d w i t h t h e r i g h t - h a n d 

s i d e b e i n g a t t a i n e d by t he c o n t i n u o u s p o l i c y f u n c t i o n s 

i ( k , 6 , e ; K , f ) , c ( k , e , e ; K , f ) , and k d ( k , 6 , e ; K , f ) . 
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i i . ( I M S I K = k d ( K , 6 , e ; K , f ) . 

i i i . K f c + 1 = i ( K , 6 , £ ; K , f ) + k d ( K , 9 , e ; K , f ) E h ( K , 6, e) . 

i v . The m a r g i n a l c o n d i t i o n s f o r f i r m s a r e s a t i s f i e d w i t h 

f ' ( K ) = r ( K , e , e) 

f ( K ) - K f ' ( K ) = w ( K , 6 , e ) . 

C o n d i t i o n ( i ) s a y s t h a t consumers a r e m a x i m i z i n g e x p e c t e d u t i l i t y , g i v e n 

t h e random p r o c e s s e s t h e y a r e f a c i n g , w h i c h i n c l u d e s t he Markov p r o c e s s 

( l a w o f mo t i on ) f o r t he economy-w ide c a p i t a l l a b o r r a t i o K. C o n d i t i o n 

( i i ) s a y s t h a t t h e marke t f o r e x i s t i n g c a p i t a l c l e a r s a t t he end o f e a c h 

p e r i o d , so t h a t when t he r e p r e s e n t a t i v e a g e n t s t a r t s a p e r i o d w i t h a 

c a p i t a l s t o c k o f K, he ends up demanding e x a c t l y (1-<5)K u n i t s o f e x i s t ­

i n g ( o l d ) c a p i t a l t o c a r r y i n t o t he n e x t p e r i o d . C o n d i t i o n ( i i i ) s a y s 

t h a t t h e c o n s u m e r ' s p e r c e p t i o n s o f t h e l a w o f m o t i o n f o r t h e a g g r e g a t e K 

t u r n ou t to be c o r r e c t ; t h a t i s , t h o s e p e r c e p t i o n s a r e i m p l i e d by t he 

r e p r e s e n t a t i v e a g e n t ' s s o l u t i o n o f t he maximum p r o b l e m on t h e r i g h t s i d e 

o f ( 4 ) . C o n d i t i o n ( i v ) s t a t e s t h a t f i r m s a r e on t h e i r demand s c h e d u l e s 

f o r f a c t o r s and t h a t t h e f a c t o r m a r k e t s a l w a y s c l e a r . 

We s h a l l f o l l o w L u c a s and P r e s c o t t [14] by s t u d y i n g t he 

e q u i l i b r i u m o f t he model o n l y i n d i r e c t l y by s t u d y i n g t h e p l a n n i n g p r o b ­

lem t h a t r e p r o d u c e s t he c o m p e t i t i v e e q u i l i b r i u m . I n t he n e x t s e c t i o n we 

s t u d y t he v e r s i o n o f t h e Cass-Koopmans p l a n n i n g mode l t h a t i s i s o m o r p h i c 

w i t h t h e marke t model o f t h i s s e c t i o n and w h i c h g e n e r a t e s as a shadow 

p r i c e s f o r c a p i t a l t he c o r r e c t f u n c t i o n p ( K , 8 , e ) . 
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3 . The P l a n n i n g Mode l 

The p l a n n i n g p r o b l e m i s t o choose a c o n t i n g e n c y p l a n f o r 

w h i c h m a x i m i z e s 

(10) E„ I e t u (c . , e ) 
°t=o c 11 

s u b j e c t to 

C t + I t < f ( K t ) 9 t 

c t > o, i t > 0 

= ( l - 6 ) K t + I t 

where 

C t = c o n s u m p t i o n p e r man. 

1^ = g r o s s i n v e s t m e n t p e r man. 

- c a p i t a l pe r man. 

S o l v i n g t h e p l a n n i n g p r o b l e m i s e q u i v a l e n t w i t h s o l v i n g t he f o l l o w i n g 

f u n c t i o n a l e q u a t i o n i n t he opt imum v a l u e f u n c t i o n v ( K , 0 , e ) 

(11) v ( K , 9 , e ) = m a x { u ( f ( K ) e - I , e ) + e / v ( ( l - 6 ) K + I , 6 ' , e ' ) d F ( e ' , e ' ) } . 

I>0 

The s o l u t i o n v ( K , e , e ) g i v e s t h e maximum v a l u e o f (10) s t a r t i n g f r om 

s t a t e ( K , 6 , e ) a t t ime 0 . A s s o c i a t e d w i t h t h e f u n c t i o n a l e q u a t i o n (10) 

i s t he o p e r a t o r T d e f i n e d by 

(12) T g ( K , 6 , e ) = m a x { u ( f ( K ) e - I , e ) + B / g ( ( l - 6 ) K + I , 0 , , e

, ) d F ( e , , e ' ) } . 
I>0 

3+ 3+ L e t L be t h e s p a c e o f bounded c o n t i n u o u s f u n c t i o n s mapp ing R i n t o 

t h e r e a l l i n e . Then i t i s r e a d i l y v e r i f i e d t h a t T maps bounded f u n c t i o n s 

i n t o bounded f u n c t i o n s . A p p l i c a t i o n o f t he "maximum t h e o r e m " o f Berge 

[3, p. 2 1 5 , 216] shows t h a t T maps c o n t i n u o u s f u n c t i o n s g i n t o c o n t i n u o u s 
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f u n c t i o n s T g . T h e r e f o r e , T i s an o p e r a t o r on t h e s p a c e o f bounded 

3+ 

c o n t i n u o u s f u n c t i o n s L , mapp ing bounded c o n t i n u o u s f u n c t i o n s i n t o 

bounded c o n t i n u o u s f u n c t i o n s . 

A s a norm on L 3 + , t a k e 

| | g 1 - g 2 | | " S U P I g 1 ( K , e , e ) - g 2 ( K , e , c ) | 
K,0 ,e 

3+ 3+ 3+ II II where g^eL , g 2 £ L . W i t h t h i s norm, t he s p a c e (L , | | * | | ) i s c o m p l e t e , 

so t h a t t h e c o n t r a c t i o n mapp ing theorem i s p o t e n t i a l l y a p p l i c a b l e . — ' ' 

I t can be v e r i f i e d t h a t t h e o p e r a t o r T s a t i s f i e s B l a c k w e l l ' s 

[5] p a i r o f s u f f i c i e n t c o n d i t i o n s f o r T to be a c o n t r a c t i o n o p e r a t o r : 

3H 

i . T i s monotone , i . e . , i f g ^ ( K , 6 , e ) _> g 2 ( K , 6 , e ) f o r a l l ( K , 6 , e ) R 

t h e n T g ^ K . e . e ) >. T g 2 ( K , e , e ) f o r a l l ( K , 9 , e ) e R 3 + . 

i i . F o r a l l c o n s t a n t s y and a l l g e L 3 + , T(g+y) = Tg + B y . 

By v i r t u e o f B l a c k w e l l ' s [5] t heo rem 5 , s a t i s f a c t i o n o f ( i ) 

and ( i i ) i m p l i e s t h a t T i s a c o n t r a c t i o n m a p p i n g . T h e r e f o r e , a p p l i c a -

8 / 

t i o n o f t h e c o n t r a c t i o n mapp ing theorem p r o v e s : — 

P r o p o s i t i o n 1: The f u n c t i o n a l e q u a t i o n v ( K , e , e ) = T v ( K , 9 , e ) 

has a u n i q u e c o n t i n u o u s bounded s o l u t i o n v ( K , 9 , e ) . F u r t h e r m o r e , g i v e n 

any V Q E L 3 + , l i m T n v ^ -> v where t he c o n v e r g e n c e i s i n t he sup no rm. T h i s 

i m p l i e s t h a t t h e c o n v e r g e n c e i s u n i f o r m . 

I t i s a l s o p o s s i b l e t o p r o v e : 

P r o p o s i t i o n 2 : The v a l u e f u n c t i o n v ( K , 9 , e ) i s s t r i c t l y concave 

i n K f o r e a c h f i x e d p a i r ( 9 , e ) . 

T h i s f o l l o w s b e c a u s e T maps c o n c a v e f u n c t i o n s i n t o s t r i c t l y 

concave f u n c t i o n s . 

We a l s o h a v e : 
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P r o p o s i t i o n 3 : The v a l u e f u n c t i o n v ( K , 6, e) i s u n i q u e l y 

a t t a i n e d by t he s i n g l e - v a l u e d p o l i c y f u n c t i o n I = I ( K , 0 , E ) . The f u n c ­

t i o n I ( K , 0 , e ) i s c o n t i n u o u s . 

U n i q u e n e s s o f t he m a x i m i z i n g v a l u e o f I i s i m p l i e d by t h e 

s t r i c t c o n c a v i t y o f u ( * ) and v ( « ) . C o n t i n u i t y o f t he p o l i c y f u n c t i o n 

I ( # ) i s i m p l i e d by t he "maximum t h e o r e m " of B e r g e [5 , p. 2 1 5 - 2 1 6 ] . 

Now c h o o s e v ( K , 0 , e ) to be n o n d e c r e a s i n g i n K , s t r i c t l y concave 

i n K, and c o n t i n u o u s l y d i f f e r e n t i a b l e i n K. D e f i n e ( K , 9 , e ) = T v ^ ( K , 0 , e ) . 

We s h a l l show t h a t v ^ + ^ ( K , 0 , e ) i s c o n t i n u o u s l y d i f f e r e n t i a b l e i n K f o r 

e a c h f i x e d ( 0 , e ) , p r o v i d e d t h a t v ^ ( K , 0 , e ) i s c o n t i n u o u s l y d i f f e r e n t i a b l e 

i n K f o r each f i x e d ( 0 , £ ) . C o n s i d e r 

and assume t h a t v J ( K , 0 , e ) i s n o n d e c r e a s i n g i n K , concave and c o n t i n u o u s l y 

d i f f e r e n t i a b l e i n K f o r e a c h f i x e d ( 0 , E ) . The f i r s t - o r d e r n e c e s s a r y 

9/ 
c o n d i t i o n f o r t h e maximum p r o b l e m on t he r i g h t - h a n d s i d e i s — 

L e t I = g ( K , 0 , e ) be t h e s o l u t i o n o f (14) w i t h e q u a l i t y r e p l a c i n g t h e 

i n e q u a l i t y , s o t h a t g ^ ( K , 0 , e ) wou ld be t he o p t i m a l r a t e o f i n v e s t m e n t 

g i v e n t e r m i n a l r e w a r d f u n c t i o n v (•) i f t h e i n e q u a l i t y c o n s t r a i n t 1^ >_ 0 

were n o t p r e s e n t . Then t he opt imum r a t e o f i n v e s t m e n t I"' i m p l i e d by 

(13) 

(14) - u c ( f ( K ) 0 - I J , e ) + e / v J . ( ( l - 6 ) K + I J , 0 ' , e ' ) d F ( 0 , , e ' ) < 0 , 

= 0 i f I J > 0 . 

(14) i s 

I J ( K , 0 , e ) = m a x ( 0 , g J ( K , 0 , e ) ) . 
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T h a t I J ( K , 6 , e ) i s c o n t i n u o u s i s i m p l i e d by t h e maximum theorem o f B e r g e . 

We c o n s i d e r t h r e e s e t s f o r ( K , 9 , e ) : 

i . t h e s e t o f ( K , 9 , e ) s u c h t h a t I J > 0. 

i i . The s e t o f ( K , 6 , e ) s u c h t h a t I J = 0 and g J ( K , 0 , e ) < 0. 

i i i . P o i n t s ( K , 9 , e ) s u c h t h a t g J ( K , 9 , e ) = 0. 

On the f i r s t s e t o f p o i n t s ( K , 9 , e ) s u c h t h a t I"' > 0, B e n v e n i s t e and 

S c h e i n k m a n ' s [2] theorem i m p l i e s t h a t v ^ + 1 ( K , 6 , e ) i s d i f f e r e n t i a b l e 

i n K w i t h d e r i v a t i v e g i v e n by 

(15) v J + 1 ( K , 0 , e ) = u ( f ( K ) 0 - I j ( K , 0 , e ) , e ) [ f ' ( K ) 8 + ( l - 6 ) ] . 
K. C 

On t h e second s e t o f p o i n t s ( K , 8, e) s u c h t h a t I J ( K , 9 , e ) = 0 and g 3 ( K , e , e ) 

< 0, I^(K,B,£) i s d i f f e r e n t i a b l e i n K w i t h d e r i v a t i v e z e r o . Then d i r e c t 

c a l c u l a t i o n s on (13) show t h a t v - * + 1 ( K , 0 , e ) i s d i f f e r e n t i a b l e w i t h r e s p e c t 

t o K and t h a t 

(16) v : J + 1 ( K , 0 , e ) = u ( f ( K ) 9 , e ) f ' ( K ) 9 
is. c 

+ s a ^ / v ^ a i - ^ K + I ^ K . O . e ^ g V ' M F ^ ' . e ' ) . 

Now c o n s i d e r t he t h i r d s e t o f p o i n t s ( K , 9 , e ) s u c h t h a t I ( K , 9 , e ) = 0 = 

g - ' ( K , 0 , e ) . A t s u c h p o i n t s I - * (K ,0 ,e ) has a r i g h t - h a n d d e r i v a t i v e w i t h 

r e s p e c t to K. The argument used f o r s e t ( i i ) i m p l i e s t h a t v J ' + L ( K . , 0 , E ) i s 

d i f f e r e n t i a b l e f rom the r i g h t a t p o i n t s i n s e t ( i i i ) , w i t h r i g h t - h a n d 

d e r i v a t i v e g i v e n by f o r m u l a ( 1 6 ) . We now u n d e r t a k e to show t h a t v ^ + 1 ( K , 9 , e ) 

i s a l s o d i f f e r e n t i a b l e f r om the l e f t i n s e t ( i i i ) and t h a t the l e f t -

hand d e r i v a t i v e i s a l s o g i v e n by ( 1 6 ) . 



F i r s t n o t e t h a t i n r e g i o n ( i ) s i n c e I"' > 0 , the f i r s t o r d e r 

n e c e s s a r y c o n d i t i o n (14) h o l d s w i t h e q u a l i t y . S u b s t i t u t i n g (14) w i t h 

e q u a l i t y i n t o (15) y i e l d s 

(17) 

v j j + 1 ( K , 0 , e ) = u c ( f ( K ) 0 - l j ( K , 6 , e ) , e ) f ' ( K ) B 

+ 3 ( l - o ) / v j J ( ( l - S ) K + I J ( K , 9 , e ) , 9 , , e , ) d F ( 9 \ e , ) 

T h u s , (17) h o l d s f o r s e t s ( i ) and ( i i ) and a l s o g i v e s the r i g h t - h a n d 

d e r i v a t i v e on s e t i i i . We w i s h to show t h a t t he l e f t - h a n d d e r i v a t i v e o f 

v^"*"^"(K,9,£) e x i s t s a t p o i n t s i n s e t ( i i i ) and a l s o e q u a l s ( 1 7 ) . L e t 

( K , 8 , e ) be i n s e t ( i i i ) , and l e t A > 0 . We know t h a t v ^ + 1 ( K , 9 , e ) i s 

c o n t i n u o u s on t he c l o s e d i n t e r v a l [ K - A , K ] and i s d i f f e r e n t i a b l e on t he 

open i n t e r v a l ( K - A , K ) , each p o i n t o f w h i c h i s i n s e t ( i ) . By t he mean 

v a l u e theorem f o r d e r i v a t i v e s , t h e r e e x i s t s a p o i n t £ b e l o n g i n g to 

t he open i n t e r v a l ( K - A , K ) f o r w h i c h 

o ,-- \ _ V J + 1 , 
"A "K 

( K , 6 , £ ) - v J " ( K - A , 9 , e ) _ v j + l ( g > 0 > c ) j 

T a k i n g t he l i m i t as A goes to z e r o p r o v e s t h a t t he l e f t - h a n d d e r i v a t i v e 

of v ^ + " ' " (K ,9 ,e ) a t ( K , 9 , e ) e x i s t s and e q u a l s the l i m i t o f the d e r i v a t i v e s 

v?,+^~(E,,Q , e ) as E, a p p r o a c h e s K f rom t he l e f t . From (15) o r ( 1 7 ) , we 

know t h a t t h i s l a t t e r l i m i t e x i s t s s i n c e the r i g h t - h a n d s i d e o f (15) o r 

(17) i s c o n t i n u o u s i n K. T h e r e f o r e , we have t h a t t he l e f t - h a n d d e r i v a ­

t i v e o f v~' + " ' " (K,9 , e ) a t K e x i s t s and e q u a l s t he r i g h t s i d e of ( 1 7 ) , as 

does the r i g h t - h a n d d e r i v a t i v e . I n summary, i t f o l l o w s t h a t f o r ( K , 9 , e ) 

i n a l l t h r e e r e g i o n s , t he p a r t i a l d e r i v a t i v e o f v " ^ + " ' ' (K ,9 ,e ) w i t h r e s p e c t 

to K e x i s t s and i s g i v e n by ( 1 7 ) . 
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We have now p r o v e d : 

P r o p o s i t i o n 4 : Choose v ^ ( K , 9 , e ) t o be n o n d e c r e a s i n g and c o n c a v e i n K w i t h 

bounded and c o n t i n u o u s p a r t i a l d e r i v a t i v e i n K. G e n e r a t e t he sequence 

v ^ ( K , e , c ) = T ^ v ° ( K , e , e ) . F o r a l l j > 0 , v ^ + 1 ( K , 9 , e ) i s c o n t i n u o u s l y 

d i f f e r e n t i a b l e w i t h r e s p e c t t o K w i t h a p a r t i a l d e r i v a t i v e v ^ + ^ ( K , 9 , e ) 

s a t i s f y i n g e q u a t i o n ( 1 7 ) . 

Now choose v ^ ( K , 9 , e ) so t h a t i t has a c o n t i n u o u s bounded 

p a r t i a l d e r i v a t i v e i n K f o r each ( 9 , e ) . C o n s i d e r t he mapp ing S a s s o c i a t e d 

w i t h ( 1 7 ) , n a m e l y , 

(18) ( S g ) ( K , 9 , e ) = u c ( f ( K ) e - I j ( K , e , e ) , e ) f ' ( K ) e 

+ B ( 1 - 6 ) / g ( ( l - < 5 ) K + I j ( K , 9 , e ) , 9 1 , e ' ) d F ( 9 1 , e • ) . 

The mapp ing S i s an o p e r a t o r t h a t maps bounded c o n t i n u o u s f u n c t i o n s 

g ( K , 6 , e ) i n t o bounded c o n t i n u o u s f u n c t i o n s ( S g ) ( K , 9 , e ) . F u r t h e r , we 

h a v e : 

i . S i s mono tone , i . e . , i f f o r e v e r y ( K , 9 , e ) , g ^ ( K , 9 , e ) >_ 

3+ 3+ 

g 2 ( K , 6 , e ) where g^eL , g 2 e L , t h e n ( S g . ^ ( K , 9 , e ) > 

( S g 2 ) ( K , 9 , e ) f o r e v e r y ( K , 9 , e ) . 
3+ 

i i . F o r e v e r y c o n s t a n t y and e v e r y geL , S ( g + y ) ( K , 9 , e ) = 

( S g ) ( K , 9 , e ) + 8 ( 1 - S ) Y . 

A p p l i c a t i o n o f B l a c k w e l l ' s t heo rem 5 t h e n shows t h a t S i s a 

c o n t r a c t i o n m a p p i n g . We t h e r e f o r e have p r o v e d 

P r o p o s i t i o n 5 : Suppose v ^ ( K , 0 , e ) i s c o n t i n u o u s and b o u n d e d . 

Then v ^ . ( K , 0 , e ) e x i s t s f o r a l l j > 1 and t he sequence o f f u n c t i o n s 
vr j . (K ,9 ,e) = S ^ v ^ ( K , 6 , e ) c o n v e r g e s u n i f o r m l y ( i . e . , i n t h e sup norm) to a 
b o u n d e d , c o n t i n u o u s f u n c t i o n v ( K , 9 , e ) . 

K 
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From the u n i f o r m c o n v e r g e n c e o f v J ( K , 9 , e ) to v ( K , 6 , e ) and t he 

u n i f o r m c o n v e r g e n c e o f V ^ ( K , 9 , E ) to v ( K , 8 , e ) we i m m e d i a t e l y have (see 

A p o s t o l [ l , p. 2 3 8 - 2 3 9 ] ) , 

P r o p o s i t i o n 6 : The v a l u e f u n c t i o n v ( K , 9 , e ) i s c o n t i n u o u s l y 

d i f f e r e n t i a b l e i n K w i t h v „ ( K , 8 » e ) = v . , ( K , e , e ) . The p a r t i a l d e r i v a t i v e 

obeys t he e q u a t i o n 

(19) v K ( K , e , e ) = u c ( f ( K ) e - I ( K , e , £ ) , e ) f ' ( K ) e 

6 ( l - 6 ) / v K ( ( l - 6 ) K + I ( K , e , E ) , e ' , e ' ) d F ( e » , e » ) . 

P r o p o s i t i o n 6 i m p l i e s t h a t t he f i r s t - o r d e r n e c e s s a r y c o n d i t i o n 

f o r t he maximum p r o b l e m on t he r i g h t s i d e o f (11) i s 

(20) - u c ( f ( K ) 6 - I , e ) + S / v K ( ( l - 6 ) K + I , 6 , , e ' ) d F ( e ' , c ' ) < 0 , 

= 0 i f I > 0 . 

P r o p o s i t i o n 6 i m p l i e s t h a t o b v i o u s c a n d i d a t e s f o r t h e e q u i l i b r i u m 

p r i c e f u n c t i o n s r ( K , 6 , e ) , p ( K , 8 , e ) , and w ( K , 0 , e ) a r e 

r ( K , 8 , e ) = f ' ( K ) 8 

(21) w ( K , 8 , e ) = f ( K ) 9 - K f ' ( K ) 8 

P K ( K , 9 , e ) = { u c ( f ( K ) 9 - I ( K , 9 , e ) , e ) } " 1 . 

B / v K ( ( l - 6 ) K + I ( K , 9 , e ) , 9 ' , e , ) d F ( 0 , , e ' ) . 

I t can be v e r i f i e d t h a t w i t h t h e s e p r i c e f u n c t i o n s and w i t h h ( K , 9 , e ) 

t a k e n to be g i v e n by 

(22) h ( K , 9 , e ) = ( 1 - 6 ) K + I ( K , 9 , e ) 
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the marke t model o f S e c t i o n 2 i s i n e q u i l i b r i u m w i t h t h e r e p r e s e n t a t i v e 

c o n s u m e r ' s c h o i c e o f i ( K , 0 , e ; K , f ) e q u a l i n g I ( K , 0 , e ) t he p l a n n e r ' s 

i n v e s t m e n t p l a n , and w i t h the r e p r e s e n t a t i v e c o n s u m e r ' s c h o i c e of c ( K , 0 , 

K , f ) e q u a l i n g f ( K ) 9 - I ( K , 9 , e ) . T h i s can be v e r i f i e d by n o t i n g f i r s t 

t h a t w i t h ( 2 1 ) , f i r m s ' m a r g i n a l c o n d i t i o n s a r e s a t i s f i e d . S e c o n d , n o t e 

t h a t w i t h ( 2 1 ) , ( 2 2 ) , and t he p r o p o s e d c h o i c e s o f i ( ) and c ( ) , the 

m a r g i n a l c o n d i t i o n s f o r the r e p r e s e n t a t i v e a g e n t i n t he marke t p r o b l e m 

e x a c t l y match the p l a n n e r ' s m a r g i n a l c o n d i t i o n ( 2 0 ) . F o r e x a m p l e , w i t h 

the s u g g e s t e d s u b s t i t u t i o n s c o n d i t i o n (9) becomes 

- u c ( f ( K t ) e t - i ( K t , e t , c t ) , c t ) 

+ 3 / { u c ( f ( K t + 1 ) e t + 1 - i ( K t + 1 , e t + 1 , £ t + 1 ) , e t + 1 ) 

• 6 / v K ( ( l - 6 ) K t + 1 + I ( K t + 1 , 9 t + 1 , £ t + 1 ) , 8 t + 2 , £ t + 2 ) d F ( e t + 2 , £ t + 2 ) ] ^ 

d F ( 9 c + 1 , C t + 1 ) < 0 

w i t h e q u a l i t y i f I ( K t , 9 t , £ t ) > 0 . Bu t n o t i c e t h a t f rom ( 1 9 ) , the term 

i n b r a c e s s i m p l y e q u a l s v

K ( ^ t + ^ , 9 t + ^ , • T h e r e f o r e t he above 

i n e q u a l i t y becomes 

- u c ( f ( K t ) e t - i ( K t , e t , e t ) , e t ) 

+ 3 / v K ( K t + 1 , 0 t + 1 , e t + 1 ) d F ( 0 t + 1 , e t + 1 ) < 0 ; = 0 i f I f c > 0 . 

T h i s i s e q u i v a l e n t w i t h ( 2 0 ) , as c l a i m e d . 
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M a r t i n g a l e P r o p e r t i e s 

From (17) and t he f i r s t - o r d e r n e c e s s a r y c o n d i t i o n (20) we have 

v K ( K t , 6 t , e t ) = v K ( ( l - 6 ) K t _ 1 + I ( K t _ 1 , e t . 1 , e t _ 1 ) , e t , e t ) 

> [ f ' ( K t ) 8 t + ( l - 6 ) ] 6 / v K ( ( l - 6 ) K t + I ( K t , e t , e t ) , e t + 1 , e t + 1 ) d F ( e i : + 1 , e t + 1 ) 

w i t h e q u a l i t y f o r I ( K t , 8 t » e f c ) > 0- I n t e g r a t i n g b o t h s i d e s w i t h r e s p e c t 

to d F ( 8 t , e t ) g i v e s 

3 / v ( ( l - 6 ) K t _ 1 + I ( K t _ 1 , e t _ 1 > e t _ 1 ) , e t , e t ) d F ( e ( . , e t ; ) 

> B / [ f , ( K t ) e t + ( l - 6 ) ] B / v K ( ( l - 6 ) K t + I ( K t , e t , e t ) , e t + 1 , e t + 1 ) d F ( 8 t + 1 , e t + 1 ) d F ( e t , e ( . 

o r 

u ( c ( K ,8 , e ) , e ) 

™ P k t - 1 i E t - i { f d - ^ H f ' ( K t ) e t ] - 3 p K t ^ ( c ^ J e ^ ^ J . e ^ ) } 

where c ( K , o , e ) = f ( K ) e - I ( K , e , e ) . E x p r e s s i o n (23) shows t h a t even 

a d j u s t e d f o r " d i v i d e n d s " and t i m e p r e f e r e n c e , t he r e l a t i v e p r i c e o f 

e x i s t i n g c a p i t a l i s no t a m a r t i n g a l e , f o r e s s e n t i a l l y t he same r e a s o n 

t h a t t he m a r t i n g a l e p r o p e r t y f a i l s t o h o l d i n t he mode ls o f L u c a s [11] and 

D a n t h i n e [ 7 ] : the p r e s e n c e o f c o r n e r s , mak ing (23) an i n e q u a l i t y , and the 

p r e s e n c e o f r i s k a v e r s i o n , w h i c h i s r e f l e c t e d i n t he f a i l u r e o f u^( ) 

to be c o n s t a n t a s a f u n c t i o n o f c o n s u m p t i o n . The same message emphas ized 
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by L u c a s and D a n t h i n e i s c a r r i e d by t he p r e s e n t m o d e l : f a i l u r e of t he 

r e l a t i v e p r i c e p t o be a m a r t i n g a l e does no t r e f l e c t on w h e t h e r o r no t is. 

marke t s a r e i n e q u i l i b r i u m . 

R e s t r i c t i o n s on ' S l o p e s ' 

The e v o l u t i o n o f t h e a g g r e g a t e c a p i t a l s t o c k i s gove rned by 

t h e s t o c h a s t i c d i f f e r e n c e e q u a t i o n 

K t + 1 = ( 1 - 6 ) K

t

 + I < K

t ' e t » e t ) 

= b ( K t , e t , e t ) . 

I n s t u d y i n g the " s t a b i l i t y " o f t h i s d i f f e r e n c e e q u a t i o n , we w i l l need 

i n f o r m a t i o n abou t the s l o p e s o f b w i t h r e s p e c t to K , 6 , and c The 

f o l l o w i n g argument i s t a k e n f r om L u c a s . — • R e w r i t e t he f u n c t i o n a l e q u a t i o n 

(11) as 

(24) v ( K , e , e ) = max [u[(l-6)K+f(K)8-y,e] 
y > ( l - 6 ) k 

+ e / v ( y , e ' , e , ) d F ( 0 ' , e ' ) } 

where t he r i g h t - h a n d s i d e i s u n i q u e l y a t t a i n e d by 

y = b(K,6,e) 

= K K . e . e ) + ( 1 - 6 ) K . 

L e t us choose v ^ ( K , e , e ) t o be c o n t i n u o u s , b o u n d e d , s t r i c t l y c o n c a v e , 

and t w i c e d i f f e r e n t i a b l e i n K. Then i t f o l l o w s t h a t f o r a l l j > 1 , 

v ^ ( K , 0 , e ) = T ^ v ^ ( K , 0 , e ) i s t w i c e d i f f e r e n t i a b l e i n K (a lmos t e v e r y w h e r e ) . 

T h i s p r o p e r t y i s u s e f u l i n e s t a b l i s h i n g r e s t r i c t i o n s on t he " s l o p e s " 

o f b ( K , 0 , e ) . To e s t a b l i s h t h i s p r o p e r t y , assume the V J ( K , 0 , E ) i s a l m o s t 
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eve rywhe re t w i c e d i f f e r e n t i a b l e i n K. L e t b " * (K ,9 ,£ ) a t t a i n v^ + " * " (K ,9 , E ) . 

Then o f f c o r n e r s , t he f i r s t - o r d e r n e c e s s a r y c o n d i t i o n s f o r t he m a x i m i z a ­

t i o n o f { u [ ( l - 5 ) I + f ( K ) e - y , e ] + 6 / v J ( y , e l , £ , ) d F ( e ' , £ ' ) ) a r e s a t i s f i e d w i t h 

e q u a l i t y . D i f f e r e n t i a t i n g t he f i r s t - o r d e r c o n d i t i o n shows t h a t o f f 

c o r n e r s , b ^ ( K , 0 , e ) i s d i f f e r e n t i a b l e w i t h 

a v J u . [ ( l - 6 ) + f ' ( K ) e ] 
(25a) | | - = ^ > 0 

U c c + B / V K K ( y ' e ' ' e ' ) d F ( e , ' e , ) 

^ - = . - U ££ < 0 3b; 

U r r + B / V K K ( y ' 6 , ' £ , ) d F ( e ' ' e , ) l c c M J KK 

^ u c c £ ( K ) . 
(25c) K A — = : > 0 . 

u c c + B / v ^ c ( y , e ' , e ' ) d F ( e , , e ' ) 

The terms [ v : L _ ( y , 9 ' , e ' ) d F ( 6 ' , e ' ) a r e w e l l d e f i n e d by t he assumed ( a l m o s t 

eve rywhe re ) t w i c e d i f f e r e n t i a b i l i t y o f v"^, and t he a s s u m p t i o n t h a t F ( 9 , e ) 

has a c o n t i n u o u s d e n s i t y f u n c t i o n and s o a s s i g n s z e r o p r o b a b i l i t y to p o i n t s 

where v J ( K , 6 , e ) i s no t t w i c e d i f f e r e n t i a b l e . Where b J ( K , 9 , e ) = ( 1 - 6 ) K 

and g ( K , 9 , e ) < 0 ( i . e . , i n ou r r e g i o n i i ) , b ^ ( K , 9 , e ) i s d i f f e r e n t i a b l e 

w i t h 3 b J / 3 K = ( 1 - 6 ) , 3 b J / 3 e = 3 b J / 3 9 = 0 . I n r e g i o n ( i i i ) , w h i c h i s a 

s e t o f L e b e s q u e measure z e r o , b ^ ( K , 9 , e ) i s no t d i f f e r e n t i a b l e . Now w r i t e 

(17) a s 

v ^ . + 1 ( K , 6 , e ) = u c ( f ( K ) 0 + ( l - 6 ) K - b j ( K , 0 , e ) , e ) f * (K )0 

+ g ( l - S ) / v ^ ( b j ( K , 9 , e ) , 9 ' , e , ) d F ( 0 , , e , ) . 

D i f f e r e n t i a t i n g w i t h r e s p e c t to K g i v e s 
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v j £ V , e , e ) = u c c f ( K ) e [ f , ( K ) e + ( i - 6 ) - b ^ . ( K , 9 , e ) ] 

+ 6 ( l - 6 ) / v ^ K ( b j ( K , 6 , e ) , e , , e , ) d F ( e , , e , ) - b j . ( K , 9 , e ) + u £ l l<K)e. 

S i n c e t he r i g h t - h a n d s i d e e x i s t s a l m o s t e v e r y w h e r e , so does t he l e f t . 

So we have e s t a b l i s h e d t h a t i f v J ( K , 9 , e ) i s t w i c e d i f f e r e n t i a b l e ( a . e . ) i n 

K, t hen so ± s v ^ + 1 ( K , 9 , e ) . I t f o l l o w s t h a t i t e r a t i n g w i t h T on a 

v ^ ( K , 9 , e ) t h a t i s c o n t i n u o u s , bounded , s t r i c t l y concave and t w i c e d i f f e r -

e n t i a b l e i n K g i v e s r i s e to a sequence b (K ,8»e ) o f a p p r o x i m a t e p o l i c y 

f u n c t i o n s e a c h member o f w h i c h s a t i s f i e s (25) o f f c o r n e r s . 

N o t i c e t h a t where v ^ 1 ( K , 9 , e ) i s a t t a i n e d w i t h b ^ ( K , 6 , e ) > 
KK 

( 1 - 6 ) K so t h a t (25) a p p l i e s , we have 

v j ^ K . e . e ) = u c f " ( K ) 9 + 

u 
c c 

u f ' ( K ) 9 [ f ' ( K ) 9 + ( l - 6 ) — « l - 6 ) + f ' ( K ) 0 ) ] 
U c c + ^ V K K d F ( 9 ' ' e , ) 

u 
+ 3 ( l - 6 ) / v j T , d F ( 9 , , C ' ) • —. ( ( 1 - 6 ) + f ( K ) 9 ) 

U c c + < d F ( e ' £ , ) 

or 

, + 1 p / v j d F ( e ' , e ' ) 2 
v J I A ( K , e . e ) = « u • [ ( l - 6 ) + f ' ( K ) 9 ] Z + u f , , ( K ) e , 

U c c + e / v k d F ( e ' ' e , ) 

I t f o l l o w s t h a t o f f c o r n e r s 

(26) v ^ C K . e . e ) > " c c • [ ( l - 6 ) + f ' ( K ) 9 ] 2 + u c f " ( K ) 9 

"On c o r n e r s , " i . e . , when (K,6>e) i s a t t a i n e d where b ^ ( K , 9 , £ ) 
KK 

( 1 - 6 ) K , we have 



- 23 -

(27) v j ^ V . e . e ) = u c c • [ f ' ( K ) 0 ] 2 + u c f ' ( K ) l 

+ g ( l - 6 ) 2 / v j , , ( ( l - 6 ) K > e ' , C

, ) d F ( e ' , e ' ) . 
KK 

E v i d e n t l y , (26) and (27) i m p l y t h a t / v j L o ^ ( K , 8 , e ) ,6 1 , e ' ) d F ( 0 ' ,e *) 

i s u n i f o r m l y ( i n j and K) bounded i n a b s o l u t e v a l u e on t he compact i n t e r v a l 

[K , K ] , where K > K > 0 . 1 e u ' u e 

The boundedness o f J v j ^ d F ^ 1 ,e ' ) t o g e t h e r w i t h ( 2 5 a ) , (25b) 

and (25c) i m p l y t h a t o f f c o r n e r s f o r K i n t he compact i n t e r v a l [ K ^ . K ^ ] , K u > K e > 0 , 

t h e d e r i v a t i v e s 9b~ ' /9K, 9 ^ / 9 6 , 3b"V3e r e m a i n u n i f o r m l y s t r i c t l y bounded 

away f r om z e r o i n t h e d i r e c t i o n s g i v e n by ( 2 5 ) . 

The d i f f e r e n t i a b i l i t y o f b*^ (K ,8 ,e ) does n o t n e c e s s a r i l y c a r r y 

o v e r to t he p o i n t w i s e l i m i t f u n c t i o n b ( K , 8 , e ) . However , t he r e s t r i c t i o n s 

t h a t t he d e r i v a t i v e s i n (25) impose on t he f i n i t e d i f f e r e n c e s o f b ( K , 6 , e ) 

do c a r r y o v e r t o b ( - , - , ' ) . I n p a r t i c u l a r , we have t h a t o f f c o r n e r s 

b ( K 2 , 8 , e ) - b O ^ . e . e ) > o ^ O ^ - K ^ ) , a± > 0 

K 2 e [ K e , K u ] 

b ( K , e 2 , e ) - b ( K , 6 1 , e ) < a^QfBJ 

a2 < 0 

b ( K , 8 > £ 2 ) - b ( K , e , E l ) < a 3 ( e 2 - £ 1 ) , * 3 > 0 . 

These r e s t r i c t i o n s a r e u s e d i n t he a p p e n d i x , where we d i s c u s s how to 

adap t M i rman o r L u c a s ' s p r o o f o f t he s t o c h a s t i c s t a b i l i t y o f the d i f f e r e n c e 

e q u a t i o n = b ( K t , 6 t , e t ) . 
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4 . Sample Economies 

The p r e c e d i n g s e c t i o n shows t h a t a g g r e g a t e i n v e s t m e n t I f c and 

t h e r e l a t i v e p r i c e of e x i s t i n g c a p i t a l p can each be e x p r e s s e d as 
K t 

c o n t i n u o u s f u n c t i o n s o f t he a g g r e g a t e s t a t e (K ,8 , e ^ ) 

p K t = W V e t > 

I t = K K t , 9 t , e t ) . 

I t was shown t h a t e a c h o f t h e s e f u n c t i o n s r e f l e c t s a l l o f t he p a r a m e t e r s 

o f t he economy. I n p a r t i c u l a r , t he fo rms o f b o t h p..(*) and I ( « ) depend 
K 

on ( i ) t he f o rm o f t he u t i l i t y f u n c t i o n u ( c , e ) , ( i i ) t he f o rm o f t he 

p r o d u c t i o n f u n c t i o n f ( K ) 8 , and ( i i i ) t he n a t u r e o f t he d i s t r i b u t i o n o f 

random s h o c k s F ( 8 t , c t ) . T h u s , w h i l e t he mode l can be s e e n to i m p l y a 

p a t t e r n o f c o v a r i a t i o n be tween I and P , t he n a t u r e o f t h a t c o v a r i a -
t K t 

t i o n r e f l e c t s c o n s u m e r s ' p r e f e r e n c e s , t e c h n o l o g y , and t he p r o b a b i l i t y 

d i s t r i b u t i o n o f t he s h o c k s Q and e . 

To make t h i s p o i n t more f o r m a l l y , l e t 

P ( K ' | K ) = p r o b { K t + 1 j < K ' | K t = K } 

where 

/ d F ( 6 , e ) 
A ( K ' , K ) 

A ( K ' , K ) = { ( 6 , e ) : ( l - 6 ) K + I ( K , e , c ) < K ' } . 
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. the s t o c h a s t i c k e r n e l 
Here P ( K ' | K ) d e f i n e s a f i r s t - o r d e r Markov p r o c e s s f o r c a p i t a l p e r man. 

L e t 

Y (K) = Prob{K ( } <K} 

be g i v e n . I n t he a p p e n d i x , i t i s p r o v e d t h a t t he Markov p r o c e s s f o r K 

p o s s e s s e s a u n i q u e s t a t i o n a r y d i s t r i b u t i o n 'i '(K) w h i c h i s a p p r o a c h e d by 

i t e r a t i o n s on 

\ + i ( K ' } = ^ P ( K ' l K ) d V K ) 

where * t + 1 ( K ' ) = P r o b { K t + 1 < K ' } . The s t a t i o n a r y d i s t r i b u t i o n V (K) u n i q u e l y 

s o l v e s 

f C K ' ) = / P ( K ' | K ) d f ( K ) . 

S i n c e ( e , 6 ) i s a s e r i a l l y i n d e p e n d e n t p r o c e s s , i t f o l l o w s t h a t 

( K , 6 , e ) a r e m u t u a l l y i n d e p e n d e n t c o n t e m p o r a n e o u s l y . T h e r e f o r e , the 

s t a t i o n a r y moments o f p and I can be c a l c u l a t e d , f o r e x a m p l e , by 
K 

E ( I - p K ) = / / p K ( K , e , £ ) • I ( K , 8 , e ) d F ( e , e ) d * ( K ) 

E ( P ^ ) = / / p ^ ( K , e , c ) d F ( e , e ) d K K ) . 

I t i s t h e n c l e a r t h a t , f o r e x a m p l e , t he r e g r e s s i o n c o e f f i c i e n t o f I on 

p,^, i s i n g e n e r a l a f u n c t i o n o f a l l o f t he p a r a m e t e r s i n t he m o d e l . 
K 

F u r t h e r , t he s t r o n g law o f l a r g e numbers f o r Markov p r o c e s s e s s t a t e d by 

Doob [8] t e l l s us t h a t sample moments s u c h a s 

1 T 1 T 2 1 T 

T ( _ ^ 1

I t P K t ' f J ^ K t ' T ^ P K t ' e t C > 

c o n v e r g e w i t h p r o b a b i l i t y one to t he c o r r e s p o n d i n g moments o f the s t a t i o n a r y 

' K ' ^ K ' E P K ' 

2 
d i s t r i b u t i o n EIp , Ep , Ep , e t c . , r e s p e c t i v e l y . 
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We c a r r i e d ou t some c a l c u l a t i o n s d e s i g n e d to i l l u s t r a t e how 

the r e g r e s s i o n o f I on p depends on v a r i o u s p a r a m e t e r s . We assumed 
K. 

t h a t t he d i s t r i b u t i o n s o f e. and 8. were c o n c e n t r a t e d on two p o i n t s w i t h 

1 1 

Prob{e=8 1 } = p x 

Prob{8=82} = 1-P1 = P 2 

P r o b { e = C l } = q± 

Prob{e.=e 2} = 1-qj^ = q 2 

Prob{8=e i,e=e.} = p ± q , , i - 1 , 2; j = l , 2. 
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We s p e c i f i e d a g r i d o f a d m i s s i b l e p o i n t s a l o n g t he c a p i t a l - l a b o r a x i s , 

r e s t r i c t i n g t he p l a n n e r to choose among t h i s f i n i t e s e t o f f e a s i b l e 

p o i n t s , c a l l i t K . The f u n c t i o n a l e q u a t i o n f o r t he o p t i m a l v a l u e f u n c ­

t i o n i s 

(28) v ( K , 8 , e . ) = max 
3 1 J I>0 

I + ( 1 - 6 ) K eK a 

where K eK. N o t i c e t h a t n e x t p e r i o d ' s c a p i t a l s t o c k I + (1 -6 )K i s r e q u i r e d 
a a 

to b e l o n g to the s e t K. The g r i d o f f e a s i b l e p o i n t s K was c h o s e n as 

f o l l o w s . Where the g r i d c o n t a i n s n p o i n t s and K was c h o s e n as t he h i g h e s t 

c a p i t a l - l a b o r r a t i o i n the g r i d , we c h o s e 

K n - j + l = ( 1 - 6 ) j / m ' K . . . . n 

where m i s a p o s i t i v e i n t e g e r . N o t i c e t h a t t he g r i d i s c h o s e n so t h a t 

the " c o r n e r p o i n t s " ( 1 - 6 ) K a r e i n c l u d e d . I n p r a c t i c e , K and m were 

c h o s e n s o t h a t the g r i d a t l e a s t c o v e r e d the s e t o f e r g o d i c s t a t e s f o r 

the c a p i t a l - l a b o r r a t i o . 

We s o l v e d t he f u n c t i o n a l e q u a t i o n (28) by i n e f f e c t i t e r a t i n g 

on t he "T m a p p i n g " d e s c r i b e d i n t he d i s c u s s i o n o f P r o p o s i t i o n 1 . I n 

p r a c t i c e we used an a l g o r i t h m d e s c r i b e d by B e r t s e k a s [A, pp . 237-241 ] to speed up 

t he c o n v e r g e n c e . We a r e c o n s t r a i n e d to c o n s i d e r v a r i a t i o n s i n t he 

i n v e s t m e n t r a t e o f A where A i s the d i s t a n c e be tween a d j a c e n t p o i n t s i n 

K . The n e c e s s a r y c o n d i t i o n f o r the maximum p r o b l e m on t he r i g h t s i d e o f 

(28) i s t h a t f o r I o p t i m a l 

> u ( f ( K ) 8 . - ( I + A ) , e . ) + S i Iv((l-6)K + ( I+A) ,9 , e )p q 
a JL a b III o 1 s m 
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f o r a l l A > 0 and f o r a l l I + A > 0 o r A > - I, where I + ( 1 - 6 ) K eK 

and I + A + ( 1 - 6 ) K e K . The o p t i m i z i n g I t hus s a t i s f i e s t he c o n d i t i o n 

t h a t i t i s t he l a r g e s t v a l u e o f I f o r w h i c h 

u ( f ( K ) e . - I , e . ) - u ( f ( K ) 9 . - ( I + A ) , e . ) 
(29) - - J - - 3 -

A 

&l I ( v ( ( l - 5 ) K a + I + A , e 8 , e i n ) - v ( ( l - 6 ) K a + I , e s , e m ) ) p a q . 
s m 

A 

f o r a l l a d m i s s i b l e A > 0 . F o r t he s m a l l e s t a d m i s s i b l e A , we t a k e the 

l e f t s i d e o f (29) as ou r e s t i m a t e o f u ( c , e . ) , w h i l e we t a k e the r i g h t 
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s i d e a s o u r e s t i m a t e o f p *u ( c , e ) . We fo rm ou r e s t i m a t e o f p v ( K , 9 . , e . ) 
K c K a x j 

by d i v i d i n g t he l a t t e r by t he f o r m e r . The opt imum p o l i c y f u n c t i o n 

I ( K , 9 . , e . ) i s o b t a i n e d a s a b y - p r o d u c t o f s o l v i n g f o r t he o p t i m a l v a l u e 
a 1 J 

f u n c t i o n . 

We g e n e r a t e d t he s t o c h a s t i c m a t r i x a s s o c i a t e d w i t h t he Markov 

p r o c e s s f o r K f r om 

P . . = P rob {K , =K . IK =K.} 
1 3 t+1 1 ' t j 

= P r o b { l ( K j , 6 , e ) + ( l - 6 ) K j = K i } 

= T p q m s nn s,meT 

where T = { ( s , m ) : I ( K . , 9 ,e ) + ( l - 6 ) K . = K . } . An (nxn) s t o c h a s t i c m a t r i x 
j s m j 1 

P w i t h e l e m e n t s P „ was f o r m e d , w i t h n b e i n g t he number o f p o i n t s i n t h e 

s e t o f a d m i s s i b l e c a p i t a l s t o c k s K. Then t he s t a t i o n a r y d i s t r i b u t i o n o f 

K was d e t e r m i n e d by t a k i n g any co lumn o f l i m ? t ( i n t he l i m i t the co lumns o f 
t

 t _ w 

P a r e a l l t he same, i f P p o s s e s s e s a u n i q u e s t a t i o n a r y d i s t r i b u t i o n ) . 

F o r t h e s t a t i o n a r y d i s t r i b u t i o n o f K we deno te 

P rob {K =K.} = T T . , K . e K , 1=1, n . 
t 1 1 1 

We c a l c u l a t e d t he p o p u l a t i o n moments o f I and P f r o m , e . g . , 

E I ( K , 6 , e ) = J I I 1 ( ^ , 8 < ) V q 
h = l i = l j = l J J 

n 2 2 
E I ( K , 0 , e ) • p ( K , 9 , e ) " I I I ,6 ,e )p (JL ,9 e )TT p q 

h = l i = l j = l J 
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T a b l e 1 

u ( c ) = £ • I n c 6 - . 05 

f ( K ) = K ( ' 2 5 ) B = . 95 

Economy 1 (64 p o i n t s i n K) 

P{6=.9} = . 5 , P{0=1.1} = . 5 

P{6=.9} = . 7 5 , P {e= l . l } = -25 

c o v ( I , p ) 
— = 1.5798 

v a r p K 

c o v ( I , p ) 
— = .4213 

^ v a r I - v a r p^ 

c o v ( I , p ) 
— — = .1123 

v a r I 

Economy 2 (64 p o i n t s i n K) 

P{6=.9} = . 5 P{0=1.1} = . 5 

P { £ = . 9 } = .25 P{0=1.1} = . 75 

c o v ( I , p ) 
^ = .8653 

v a r p K 

c o v ( I , p ) 
" = .0934 

^ v a r I ' v a r p^. 



Economy 3 

P{6=.9} = .5 P{9=1.1} = .5 

P{e=.9} = .5 P { e = l . l } = . 5 

(32 s t a t e s i n K) (48 s t a t e s i n K) (64 s t a t e s i n K) (80 s t a t e s i n 

c o v ( I , p ) 
= 1 . 3 1 9 1 3 2 .1889 2 .5057 2 .7491 

v a r p K 

c o v ( I , p ) 
- = .3115 -4572 .4933 .5261 

^ v a r I - v a r p^ 

c o v ( I , p ) 
r - ^ - = 0735 - °955 .0971 .1007 

v a r I .vi-i-i 

T a b l e 1 g i v e s examples f o r an economy i n w h i c h u ( c ) = e l n c and 

. 25 — 
f ( K ) = K , 6 = . 9 5 , and 6 = . 0 5 . The s e t K i n c l u d e d s i x t y - f o u r s t a t e s , 

e x c e p t where o t h e r w i s e n o t e d . F o r t he p a r a m e t e r s o f economy 3 , we have 

c a l c u l a t e d the samp le moments f o r a l t e r n a t i v e K ' s i n c l u d i n g 4 8 , 6 4 , and 

80 s t a t e s . These c a l c u l a t i o n s f o r i n c r e a s i n g l y f i n e g r i d s on K a r e 

i n t e r e s t i n g i f one v i e w s t h e s e f i n i t e economies as a p p r o x i m a t i o n s to the 

c o n t i n u o u s - s t a t e economy a n a l y z e d i n p r e v i o u s s e c t i o n s . From the b e h a v i o r 

o f t hese moments w i t h i n c r e a s i n g l y f i n e g r i d s , ou r g r i d s a r e e v i d e n t l y 

no t y e t f i n e enough to a p p r o x i m a t e the c o r r e s p o n d i n g c o n t i n u o u s - s t a t e 

economies v e r y w e l l . An a l t e r n a t i v e way to v i e w t h e s e c a l c u l a t i o n s i s 

no t as g i v i n g a p p r o x i m a t i o n s bu t e x a c t e v a l u a t i o n s o f the p o p u l a t i o n 

moments o f the i n d i c a t e d f i n i t e - s t a t e e c o n o m i e s . The t h r e e economies a r e 

i d e n t i c a l e x c e p t t h a t t h e y a r e c h a r a c t e r i z e d by d i f f e r e n t d i s t r i b u t i o n s 

o f t h e shock to p r e f e r e n c e s {e} . N o t i c e t h e e f f e c t s o f a l t e r a t i o n s i n 

t he d i s t r i b u t i o n on t he p o p u l a t i o n v a l u e s o f t he r e g r e s s i o n c o e f f i c i e n t 

o f I on p , g i v e n by c o v ( I , p ) / v a r p , and on t he c o r r e l a t i o n c o e f f i c i e n t 
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be tween I and p R , g i v e n by c o v ( I , P R ) / ^ v a r 3>var p R . The t a b l e i l l u s t r a t e s 

how, i n t h e j a r g o n o f raacroeconomists, s h i f t s i n t he d i s t r i b u t i o n of the 

c o n s u m p t i o n f u n c t i o n canno t be e x p e c t e d to l e a v e t he r e g r e s s i o n o f I on 

p u n a l t e r e d . Graph 1 d e p i c t s the p o p u l a t i o n d i s c r e t e d e n s i t y f u n c t i o n K 

g i v i n g t he u n i q u e s t a t i o n a r y d i s t r i b u t i o n a s s o c i a t e d w i t h economy 3 w i t h 

64 s t a t e s . 

These examp les i l l u s t r a t e how i n s u c h a n economy, t he r e g r e s s i o n 

o f i n v e s t m e n t on p „ does no t r e c o v e r t he l aw g o v e r n i n g t he demand to 

a c c u m u l a t e c a p i t a l . The p r o b l e m i s no t a f a i l u r e to c o r r e c t f o r s i m u l ­

taneous e q u a t i o n b i a s , s a y by u s i n g i n s t r u m e n t a l v a r i a b l e s , no r i s i t a 

f a i l u r e to i n c l u d e enough l a g g e d v a l u e s o f q . I n t h e s e economies i t wou ld 

be i m p o s s i b l e to r e c o v e r a s t r u c t u r a l i n v e s t m e n t s c h e d u l e by p u r s u i n g 

s u c h m o d i f i c a t i o n s . 
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I t i s s t r a i g h t f o r w a r d to d e s c r i b e e c o n o m e t r i c p r o c e d u r e s t h a t 

wou ld p e r m i t r e c o v e r y o f t h e economy ' s s t r u c t u r a l p a r a m e t e r s f r om t ime 

s e r i e s d a t a on y , K , and p . I t wou ld be n e c e s s a r y to s p e c i f y f u n c -
t t K t 

t i o n a l f o rms f o r u ( c , e ) and f ( K ) 0 , a s w e l l a s a f o rm f o r t h e d i s t r i b u t i o n 

F ( 6 , e ) . Then f o r e a c h p o i n t i n t he s p a c e o f p a r a m e t e r s d e t e r m i n i n g 3 , 

5 , u ( ' , « ) > f ( ' ) , and F ( * , * ) j t h e r e i s a u n i q u e p a i r o f f u n c t i o n s I ( K , 9 , £ ) 

and p ( K , 6 , e ) . The l i k e l i h o o d f u n c t i o n o f a v e c t o r o f t ime s e r i e s on 
K 

(y . K . p,7 ) c a n t h e n be c h a r a c t e r i z e d a s a f u n c t i o n o f t h e f r e e p a r a m e t e r s 
t t K t 

o f ( 8 , 6 , u ( * > * ) » f ( ' ) > and F ( * , * ) } . The method o f maximum l i k e l i h o o d 

c o u l d t h e n be used to e s t i m a t e t he s t r u c t u r a l p a r a m e t e r s o f t h e economy. 

As of now, s u c h p r o c e d u r e s wou ld be v e r y e x p e n s i v e even f o r t he v e r y 

s i m p l e economy t h a t we have d e s c r i b e d . They wou ld be p r o h i b i t i v e l y 

e x p e n s i v e f o r any " r e a l i s t i c " m o d e l . 

Of c o u r s e , i n ou r samp le economies t he l e a s t s q u a r e s r e g r e s s i o n 

o f I on p., i s p r e d i c t e d t o r e m a i n t he same so l o n g a s t he d i s t r i b u t i o n s K 

o f a l l s h o c k s r e m a i n u n a l t e r e d . I t i s p o s s i b l e to c o n s t r u c t e x a m p l e s , 

as we have i n T a b l e 1 , i n w h i c h p e x p l a i n s a l a r g e p a r t o f t he v a r i a t i o n 
K 

i n i n v e s t m e n t . Bu t one wan ts a s t r u c t u r a l model o f i n v e s t m e n t i n o r d e r 

t o be a b l e to a n a l y z e i n t e r v e n t i o n s i n t he fo rms o f a l t e r a t i o n s i n 

c e r t a i n random p r o c e s s e s , i n p a r t i c u l a r , i n p r o c e s s e s d e s c r i b i n g v a r i o u s 

a s p e c t s o f f i s c a l p o l i c y . I t i s f o r a n a l y z i n g s u c h p o l i c y changes t h a t 

ou r a n a l y s i s s u g g e s t s t h a t i t w i l l be i n a d e q u a t e to r e l y on t he m a i n t e ­

nance o f h i s t o r i c a l p a t t e r n s be tween I and p . 
K 

5 . C o n c l u d i n g Remarks 

The f o l l o w i n g two f e a t u r e s o f ou r mode l d e s e r v e b r i e f d i s c u s s i o n : 

f i r s t , whenever p i s l e s s t h a n u n i t y , t he a g g r e g a t e r a t e o f i n v e s t m e n t 
K 

i s z e r o ; and s e c o n d , i t i s i m p o s s i b l e f o r P e v e r to be above u n i t y . I t 
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i s easy to c o n c e i v e o f v a r i a t i o n s on t he p r e s e n t model i n w h i c h a g g r e g a t e 

i n v e s t m e n t i s p o s i t i v e even when an a g g r e g a t e i n d e x c o r r e s p o n d i n g to 

p i r i s l e s s t h a n u n i t y . F o r e x a m p l e , c o n s i d e r a mode l w i t h two g o o d s , x 

and y , b o t h o f w h i c h a r e consumed w h i l e good y can a l s o be used to augment 

t he c a p i t a l s t o c k o f i n d u s t r i e s x and y . Assume t h a t new o u t p u t o f y 

c a n be c o s t l e s s l y a l l o c a t e d a c r o s s c o n s u m p t i o n , i n v e s t m e n t i n i n d u s t r y x , 

o r i n v e s t m e n t i n i n d u s t r y y . Bu t once i n p l a c e , c a p i t a l i n i n d u s t r i e s x 

and y canno t be consumed. T h i s s e t u p w i l l g i v e r i s e to two d i s t i n c t 

p r i c e s o f e x i s t i n g c a p i t a l i n i n d u s t r i e s x and y , say p „ and p w , 
Kx Ky 

r e s p e c t i v e l y , r e l a t i v e to n e w l y p r o d u c e d c a p i t a l . I nves tmen t i n i n d u s t r y 

x w i l l be p o s i t i v e o n l y i f p i s u n i t y and i n v e s t m e n t i n i n d u s t r y y 

w i l l be p o s i t i v e o n l y i f p i s u n i t y . Bu t a g g r e g a t e i n v e s t m e n t can 
ky 

be p o s i t i v e when an a g g r e g a t e i n d e x o f t he p r i c e o f e x i s t i n g c a p i t a l 

r e l a t i v e t o new ly p roduced c a p i t a l i s l e s s t h a n u n i t y . C o n c e p t u a l l y , 

a n a l y s i s o f s u c h a mode l i s no more c o m p l i c a t e d than t he o n e - s e c t o r model 

s t u d i e d i n t h i s p a p e r ; i t i s o n l y much more cumbersome n o t a t i o n a l l y . 

The second p e c u l i a r i t y o f ou r m o d e l , t he i n a b i l i t y o f p t o 
K 

r i s e above u n i t y , s tems f r om the asymmetry i n the " f r i c t i o n " t h a t we have 

p o s i t e d . T h a t i s , t h e t e c h n o l o g i c a l r i g i d i t y t h a t we have p o s i t e d 

impedes r a p i d d e c r e a s e s i n t he c a p i t a l s t o c k , bu t no t i n c r e a s e s . I t 

seems c l e a r t h a t g e n e r a l e q u i l i b r i u m v e r s i o n s o f t he c o s t - o f - c h a n g e 

mode ls of L u c a s [ 1 2 ] , G o u l d [ 1 0 ] , and Treadway [21] w h i c h p o s i t more o r 

l e s s s y m m e t r i c a l c o s t s o f a d j u s t m e n t , c o u l d be c o n s t r u c t e d i n w h i c h measures 

o f P j , wou ld r i s e above u n i t y . 

The re i s no r e a s o n t o b e l i e v e t h a t m o d i f i c a t i o n s a l o n g e i t h e r 

o f t h e s e l i n e s wou ld a l t e r t he b a s i c message o f t h i s p a p e r : t h a t the 

same " f r i c t i o n s " o r " a d j u s t m e n t c o s t s " t h a t make i t p o s s i b l e f o r p o r q 
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t o d i v e r g e f r om u n i t y a l s o e s t a b l i s h a p r e s u m p t i o n t h a t a g e n t s ' i n v e s t m e n t 

d e c i s i o n s a r e no t e x p r e s s i b l e i n any s i m p l e way as a f u n c t i o n o f p . 



F o o t n o t e s 

—^Lucas u s e s a s i n g l e r e p r e s e n t a t i v e consumer i n e x a c t l y t h i s 
way [ 1 1 ] . 

[11 ] a n l a o g o u s p r o p o s i t i o n and w i l l b e o m i t t e d . 

2 / 
— The p r o o f o f t h i s p r o p o s i t i o n e x a c t l y p a r a l l e l s L u c a s ' s 

3 / 
— The p r o o f p a r a l l e l s L u c a s ' s [ 1 1 ] . A c t u a l l y , o n l y t he sum 

i + k d i s d e t e r m i n e d a s a c o n t i n u o u s f u n c t i o n o f t he s t a t e v a r i a b l e s k, 
9 , e , K . T h i s i s b e c a u s e when p ( K , 9 , e ) = 1 , t h e a g e n t i s i n d i f f e r e n t 

d d 
as to t h e b r e a k d o w n o f i + k b e t w e e n i and k . S u p p o s e we a d o p t t h e 

c o n v e n t i o n t h a t when p K ( K , 9 , e ) = 1 , 

k d = ( l - 6 ) k i f k d + i > ( l - 6 ) k 

k d = k d + i i f k d + i < ( l - 6 ) k . 

T h i s c o n v e n t i o n r e s o l v e s t he i n d e t e r m i n a n c y when p K = 1 and makes t he 

r e s u l t i n g demand f u n c t i o n s f o r i and k c o n t i n u o u s . 

4 / 
— The c o n c a v i t y o f J ( * ) i n k c a n be p r o v e d as i n L u c a s [ 1 1 ] . 

The d i f f e r e n t i a b i l i t y o f J ( « ) c a n b e p r o v e d b y f o l l o w i n g an a rgument 
a n a l o g o u s t o t he one u s e d b e l o w i n S e c t i o n 3 t o p r o v e d i f f e r e n t i a b i l i t y 
o f v ( ) w i t h r e s p e c t t o K . 

—^The c o n d i t i o n t h a t u ( 0 , e ) = «° r u l e s o u t t h e p o s s i b i l i t y o f 
c o r n e r s o l u t i o n s w i t h c = 0 . 

— ^ C a l c u l a t e d u s i n g t h e methods i n S e c t i o n 3 b e l o w . 

- ^ e e N a y l o r and S e l l [ 1 7 ] . 

8 / 
— P r o p o s i t i o n s 1 , 2 , and 3 and t h e i r p r o o f s m i m i c a n a l o g o u s 

p r o p o s i t i o n s i n L u c a s [11] and L u c a s and P r e s c o t t [ 1 3 , 1 4 ] . F o r t h i s 
r e a s o n , we o n l y s k e t c h t h e p r o o f s . 

9/ 
— A g a i n , c o r n e r s o l u t i o n s w i t h c = 0 a r e r u l e d o u t b y t h e 

assumed f o r m o f t he u t i l i t y f u n c t i o n . 

- i ^ F r o m l e c t u r e s i n h i s E c o n o m i c s 337 c l a s s . 

1 1 / 
— From l e c t u r e s i n E c o n o m i c s 3 3 7 . 



A p p e n d i x 

P r o v i n g " S t o c h a s t i c S t a b i l i t y " 

We d e s c r i b e how to p r o v e t h a t t h e g r o w t h model p o s s e s s e s a 

u n i q u e s t a t i o n a r y d i s t r i b u t i o n o v e r K t o w h i c h t he s y s t e m c o n v e r g e s 

s t a r t i n g f r om any a r b i t r a r y i n i t i a l d i s t r i b u t i o n o v e r K. We w i l l s i m p l y 

i n d i c a t e how t h e p r o o f i n M i rman [15] o r L u c a s — ' ' ' must be m o d i f i e d to 

a c c o u n t f o r t h e " c o r n e r " t h a t i s p r e s e n t i n ou r p r o b l e m . L e t R be 

t he r e a l numbers , and (X t h e B o r e l s e t s . Then a Markov p r o c e s s i s d e f i n e d 

by t he s t o c h a s t i c k e r n e l P ( x , A ) : D x Q > [ 0 , l ] , where DCR. H e r e P ( x , A ) = 

P r o b f x ^ ^ ^ e A | x t = x } . F o r f i x e d x , P ( x , A ) i s a p r o b a b i l i t y d i s t r i b u t i o n i n 

A , w h i l e f o r any i n t e r v a l A , P ( x , A ) i s a B a i r e f u n c t i o n i n x . 

We need t he f o l l o w i n g two d e f i n i t i o n s : 

D e f i n i t i o n : An i n t e r v a l I C R i s c a l l e d an e r g o d i c s e t i f 

i ) x e l i m p l i e s P ( x , I ) = 1 . 

i i ) The re i s no I' C I w i t h X ( I ' ) < X ( I ) s u c h t h a t x e l ' i m p l i e s 

P ( x , I ' ) = 1. (Here X ( ' ) i s Lebesque m e a s u r e . ) 

D e f i n i t i o n : An e r g o d i c s e t I i s c a l l e d n o n c y c l i c i f f o r a l l I ' C I w i t h 

A ( I ' ) > 0 , x e l ' i m p l i e s P ( x , I * ) > 0 . 

L u c a s and M i rman b o t h use a v e r s i o n o f D o o b ' s 

C o n d i t i o n D: There e x i s t s a p r o b a b i l i t y measure (p on (R,(X) , an i n t e g e r 

n , and numbers e , e ' > 0 s u c h t h a t (p(A) <_ e ' i m p l i e s t h a t P n ( x , A ) <_ 1 - e . 

Here P n ( x , A ) = P r o b { x , e A l x =x} . 
t+n t 

L u c a s ' s p r o o f p r o c e e d s by v e r i f y i n g t h a t f o r t he s t o c h a s t i c 

g rowth model t h e r e o b t a i n t he h y p o t h e s e s o f t h e f o l l o w i n g theorem of 

Doob: 

Theorem: Suppose t he p r o c e s s d e f i n e d by P ( x , A ) has a s i n g l e , n o n c y c l i c 

e r g o d i c s e t I and s a t i s f i e s c o n d i t i o n D. Then 



i ) The re i s a u n i q u e " i n v a r i a n t " p r o b a b i l i t y d i s t r i b u t i o n s a t i s f y i n g 

q (A ) = / P ( x , A ) d q ( x ) . 
R 

i i ) q ( D = 1. 

i i i ) F o r any q ^ , 1 n ( " ) c o n v e r g e s i n d i s t r i b u t i o n to q ( ' ) where 

{q^} i s g e n e r a t e d by i t e r a t i o n s on 

q (A) = / P ( x , A ) d q ( x ) . 
R 

We have assumed t h a t t h e r e e x i s t numbers 6 > Q_ > 0 and e > c_ > 0 

s u c h t h a t Prob{9<6<6, e<e<e}= 1. We have a l s o assumed t h a t F ( 9 , e ) has a 

c o n t i n u o u s and s t r i c t l y p o s i t i v e d e n s i t y on t h e r e c t a n g l e {9<9<9, e<e<e}. 

F i g u r e (1) p l o t s bCK. ,9 ,^ ) and b ( K , ^ , e ) . We d e f i n e K and K by 

K = h(K,9_, e) and K = h(K,9,_e) r e s p e c t i v e l y . The f o l l o w i n g a r g u m e n t , 

a d a p t e d f rom L u c a s , p r o v e s t h a t t he s o l u t i o n to e . g . , K = h ( K , 9 , £ ) i s 

u n i q u e , so t h a t f i g u r e 1 i s drawn c o r r e c t l y . A t t he s t e a d y - s t a t e v a l u e s 

K,8_,e t he f u n c t i o n a l e q u a t i o n i s s a t i s f i e d w i t h 

v ( K , ? , ^ ) = u ( ( l - 6 ) K + f ( K ) 9 - K , e ) 

+ B / v C K . e ' . e ^ d F O ' . e ' ) . 

The d e f i n i t i o n o f v ( K , 9 , e ) as t he maximum a t t a i n a b l e v a l u e s t a r t i n g f r om K 

i m p l i e s t h a t 

v ( K , 9 , e ) ^ u ( f ( K ) 9 - 6 K , e ) + p / v ( K , 9 ' , e ' ) d F ( 9 1 , e ' ) . 

I n t e g r a t i n g b o t h s i d e s w i t h r e s p e c t to d F ( 9 , e ) and r e a r r a n g i n g g i v e s 

( A l ) / v ( K , 8 , e ) d F ( e , e ) > ^ - / u ( f (K) 9 - 6 K , c ) d F ( 9 , E ) . 

Now s i n c e l e a v i n g t h e s t a t i o n a r y p o i n t K = h ( K , 9 , £ ) must l o w e r d i s c o u n t e d 

e x p e c t e d u t i l i t y , we have f o r K ^ K 



(A2) v ( K , e , e ) > u [ ( l - 6 ) K + f ( K ) 8 - K , e ] 

+ B / v ( K , e , , e , ) d F ( e * , e » ) . 

C o m b i n i n g (A2) w i t h ( A l ) g i v e s f o r a l l K 

v ( K , ? , e ) _> u [ ( l - 6 ) K + f ( K ) 6 - K , £ ] 

+ J u ( f ( K ) e , - 6 K , E , ) d F ( 8 , , £ , ) 1 

T h e r e f o r e K s o l v e s t he p r o b l e m 

m a x i m i z e d [ ( l - 6 ) K + f (K)e"-K,e] 
K 

+ j i g / u C f W e ' - d K . e ^ d F C e ' . e ' ) . 

The f i r s t - o r d e r n e c e s s a r y c o n d i t i o n f o r t h i s p r o b l e m i s 

0 = H = - u c [ ( l - 6 ) K + f ( K ) ¥ - K , e ] 

+ J i g / u c ( f ( K ) 6 , - 6 K , e , ) ( f ' ( K ) 6 ' - 6 ) d F ( 8 ' , e ' ) . 

We c a l c u l a t e 

d l = U c c + 1^6 / u

c c ( f ( K ) 9 , - 6 K , e ' ) ( f ( K ) 0 ' - 6 ) 2 d F ( 0 , , c I ) 

+ I=B / u

c ( f ( K ) e , - 6 K » e , ) f " ( K ) 6 , d F ( e ' ' e , ) < °-

That dH/dK < 0 i m p l i e s t h a t t h e r e i s a u n i q u e K t h a t s o l v e s H = 0. T h i s 

p r o v e s t h a t t h e r e i s a un i que K s o l v i n g K = h ( K , 6 , £ ) . O b v i o u s l y , the 

same argument e s t a b l i s h e s the u n i q u e n e s s o f the s o l u t i o n K to K = h ( K , 9 ^ e ) . 

F o l l o w i n g the argument o f M i rman [15], i t i s p o s s i b l e to show 

t h a t I = [K , K] i s t he e r g o d i c s e t . F u r t h e r , I i s n o n c y c l i c s i n c e f o r 

any i n t e r v a l E o f p o s i t i v e l e n g t h c o n t a i n i n g K e ( K , K ) , P r o b i K . e E | K = K J > 0. 



As i n Mi rman [ 1 5 ] , i t can be shown t h a t f r om any i n i t i a l ( d i s t r i b u t i o n 

o v e r ) K, K w i l l e v e n t u a l l y r e m a i n i n ( K , K ) w i t h p r o b a b i l i t y o n e . T h e r e f o r e , 

we w i l l r e s t r i c t ou r a t t e n t i o n t o t h e i n t e r v a l ( K , K ) . 

F o r t he p u r p o s e o f i n d i c a t i n g how to a d a p t L u c a s ' s a r g u m e n t , 

n o t h i n g e s s e n t i a l w i l l be l o s t by a s s u m i n g t h a t e_=e, so t h a t z i s 

nonrandom. S u p p r e s s i n g t h e argument e , we w r i t e t h e s t o c h a s t i c d i f f e r e n c e 

e q u a t i o n f o r K a s K f c + 1 = b ( K t , 6 t ) . We r e l y h e a v i l y on F i g u r e s 2 and 3 , 

w h i c h d e p i c t t he f u n c t i o n K . = b ( K t , 6 t ) i n t h e ( K

t + 1 » K

t ) a n d ^ K t + l ' 9 t ^ 

p l a n e s , r e s p e c t i v e l y . F o r K̂_ < KQ c o r n e r s o l u t i o n s do no t o c c u r , w h i l e 

f o r K^ > KQ t h e y do o c c u r w i t h some p r o b a b i l i t y , b u t f o r K e [ K , K ] we 

s h a l l show t h a t t h i s p r o b a b i l i t y i s u n i f o r m l y ( i n K) bounded away f rom 

u n i t y . T h i s i s enough to p e r m i t L u c a s ' s p r o o f t o w o r k . 

E v i d e n t l y , f o r e a c h v a l u e o f K^ = K, t h e r e i s a v a l u e o f 

9 = Q ( K ) s u c h t h a t K t + 1 = b ( K _ , 0 t ) = (1 -6 )K_ f o r 0 t < 9(K_) and K _ + 1 = 

b ( K t , e t ) > ( l - f i ) K f o r e t > e ( K t ) . The re e x i s t s a v a l u e K Q , K < K Q < K 

s u c h t h a t f o r K t <_ K^ , e ( K t ) = 0_; 0 (K) i s a c o n t i n u o u s f u n c t i o n o f K and 

i s i n c r e a s i n g i n K on ( K Q , K ) . F o r 6 > 0 , 0 (K ) < 6 . T h i s f o l l o w s b e c a u s e 

o f f c o r n e r s , b ( K , 0 ) i s s t r i c t l y i n c r e a s i n g i n 9 , and b ( K , 9 ) > ( l - S ) K . 

I t f o l l o w s t h a t f o r a l l K e [ K , K ] 

P r o b { K t + 1 = ( l - 6 ) K | K t = K } < P r o b { 9 < 6 ( K ) } . 

On ou r a s s u m p t i o n t h a t F ( g ) h a s a s t r i c t l y p o s i t i v e and c o n t i n u o u s d e n s i t y 

on [_e_,e], i t f o l l o w s t h a t t h e r i g h t - h a n d s i d e o f t he above i s s t r i c t l y 

l e s s t h a n u n i t y . T h e r e f o r e f o r a l l K e [ K , K ] , t h e r e i s a s c a l a r 

p = Prob{9>9(K) } > 0 s u c h t h a t 

(A3) P r o b { K t + 1 = ( l - 6 ) K | K t = K ) < 1 -p . 

N o t i c e t h a t p i s i n d e p e n d e n t o f K. 



I t i s now s t r a i g h t f o r w a r d to combine L u c a s ' s r e s u l t s w i t h 

(A3) t o show t h a t C o n d i t i o n D i s s a t i s f i e d . F o l l o w i n g L u c a s , l e t J = ( a , d ) 

be any i n t e r v a l i n t he bounded s e t [ K , K ] . Choose measure (p(J) = C ^ ( d - a ) , 

a n o r m a l i z i n g c o n s t a n t . Now f rom s e c t i o n 3 we have t h a t o f f c o r n e r s , 

i . e . , f o r e 2 > $i > 9(K), and f o r a l l K e [ K , K ] 

b ( K , e 2 ) - b X K . e ^ ^ a ^ - e p 

where a > 0. N o t i c e t h a t a i s i n d e p e n d e n t o f K . Assume f i r s t t h a t we 

a r e g i v e n a K and an i n t e r v a l I = [ a , d ] i n w h i c h t he s y s t e m i s o f f 

c o r n e r s , t he s i t u a t i o n i n f i g u r e ( A ) . 

D e f i n e e (K) and e (K) by d = b ( K , e . ( K ) ) , a = b ( K , e ( K ) ) . Then we have 
9. U Q 3 

6 . ( K ) - fl (K) < - ( b ( K , e , ( K ) ) , b (K , 6 (K ) ) 
u a ct a a 

8, (K) - q (K) < - ( d - a ) , a a — a 

u n i f o r m l y i n K . Now choose e ' > 0 s u c h t h a t ( d - a ) _< e ' i m p l i e s 

Prob{e a(K)<e<e d(K)} < | . 

T h i s i s p o s s i b l e by t he a s s u m p t i o n t h a t 0 h a s a c o n t i n u o u s d e n s i t y . 

We now have to c o n s i d e r t h e s i t u a t i o n i n w h i c h the i n t e r v a l 

( a , d ) i n c l u d e s v a l u e s o f K

t + 1 s u c h t h a t = ( l - 6 ) K t f o r some v a l u e s 

o f K = K. 
t 



I t w i l l s u f f i c e t o c o n s i d e r t h e " w o r s t " p o s s i b l e p l acemen t o f 

t h e i n t e r v a l [ a , d ] and c h o i c e o f K d e p i c t e d i n f i g u r e 5 , w o r s t f rom the 

p o i n t o f v i e w o f s a t i s f y i n g c o n d i t i o n D. Here d > a = ( l - S ) K . T h i s i s 

t he w o r s t s i t u a t i o n b e c a u s e e v i d e n t l y o v e r a l l c h o i c e s o f = K and 

a l l p o s i t i o n i n g o f i n t e r v a l s o f l e n g t h C ^ ( d - a ) , t h i s c h o i c e m a x i m i z e s 

P r o b { K t + ^ = ( l - 6 ) K | K t = K } . By t he p r e v i o u s a r g u m e n t , we have t h a t f o r ( d - a ) _< 

e ' 

P r o b { K t + 1 e l | K t = K } = 

P r o b { K t + 1 £ [ a , d ) | K t = K } + P r o b { K t + ] = ( 1 - 6 ) K | K t = K } . 

<! + u-p) = i -1. 

W i t h t he above c h o i c e s of (f) and e ' , and w i t h n=l and c = ^ > 0 , D o o b ' s 

c o n d i t i o n D i s s a t i s f i e d . 

So D o o b ' s c o n d i t i o n D i s v e r i f i e d , as a r e the u n i q u e n e s s and 

n o n c y c l i c n a t u r e o f t h e e r g o d i c s e t . Then a p p l i c a t i o n o f t he above 

q u o t e d t h e o r y f r om Doob e s t a b l i s h e s t h a t t he s t o c h a s t i c g rowth mode l 

has a u n i q u e s t a t i o n a r y d i s t r i b u t i o n o v e r K w h i c h a s s i g n s u n i t p r o b a b i l i t y 

to [ K , K ] , and t o w h i c h t he model c o n v e r g e s i n d i s t r i b u t i o n s t a r t i n g 

f r om any a r b i t r a r y i n i t i a l p r o b a b i l i t y d i s t r i b u t i o n o v e r K . 
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