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1. I n t r o d u c t i o n 

F r iedman [ 1 9 6 9 ] , Bewley [ 1 9 8 0 , 1 9 8 3 ] , and Townsend [1980] 

a rgue t h a t the o p t i m a l monetary p o l i c y i s c o n t r a c t i o n a r y . We show 

t h a t i f b u y e r s v a l u e c o n s u m p t i o n more than s e l l e r s by a s u f f i c i e n t 

marg in and t h e r e i s some randomness i n t he economy, t hen t h e r e i s 

an e x p a n s i o n a r y p o l i c y t h a t d o m i n a t e s a l l c o n t r a c t i o n a r y p o l i c i e s . 

We s t u d y an env i r onmen t i n w h i c h two t y p e s o f i n f i ­

n i t e l y - l i v e d a g e n t s s h i f t randomly back and f o r t h between b e i n g 

b u y e r s and s e l l e r s . W i th e a c h a g e n t ' s t y p e p r i v a t e i n f o r m a t i o n , 

we c o n s i d e r mechanisms i n w h i c h i n f o r m a t i o n i s c a r r i e d between 

p e r i o d s by the p r i v a t e h o l d i n g o f d i v i s i b l e t r a d a b l e a s s e t s . I f a 

f i r s t b e s t i s a c h i e v a b l e by s u c h a mechan ism, i t i s a c h i e v a b l e 

w i t h j u s t one a s s e t , w h i c h we i n t e r p r e t a s money. The mechanism 

i t s e l f we i n t e r p r e t a s a government p o l i c y . Our f o c u s i s on t he 

n a t u r e o f mechanisms t h a t a c h i e v e t h e f i r s t b e s t . A c o n t r a c t i o n ­

a r y p o l i c y pays a p o s i t i v e r a t e o f i n t e r e s t on money b a l a n c e s o r 

c o n t r a c t s the money s u p p l y ; an e x p a n s i o n a r y p o l i c y t a x e s money 

b a l a n c e s o r expands t he money s u p p l y . We show t h a t i f t h e r e i s 

some randomness i n t h e economy, no c o n t r a c t i o n a r y p o l i c y can e v e r 

a c h i e v e t h e f i r s t b e s t . On t he o t h e r h a n d , i f a g e n t s a r e s u f f i ­

c i e n t l y p a t i e n t and t he d e s i r e t o t r a d e s u f f i c i e n t l y s t r o n g , t he 

f i r s t b e s t can be a c h i e v e d by a f l a t e x p a n s i o n : an e x p a n s i o n i n 

wh ich t he t a x on money b a l a n c e s and r a t e o f e x p a n s i o n o f t he money 

s u p p l y a r e c o n s t a n t i n d e p e n d e n t o f t i m e , s t a t e and h i s t o r y . 

T h i s r e s u l t s t a n d s i n c o n t r a s t to F r i e d m a n ' s [1969] 

t h e o r y o f t he o p t i m a l q u a n t i t y o f money as d e v e l o p e d by Bewley 

[1980 ,1983 ] and Townsend [ 1 9 8 0 ] . A good summary o f t h i s work can 
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be f ound i n S a r g e n t [ 1 9 8 7 ] . A s i m i l a r r e s u l t i n a d i f f e r e n t b u t 

r e l a t e d model can be found i n Taub [ 1 9 8 7 ] . They s u g g e s t t h a t i n 

o r d e r t o i n c r e a s e t he r e a l v a l u e o f t he money s t o c k , a c o n t r a c t i o n 

i s d e s i r a b l e . However , when t he f u t u r e i s u n c e r t a i n , p r i v a t e 

i n d i v i d u a l s w i l l o p t i m a l l y p l a n t o run o u t o f money w i t h p o s i t i v e 

p r o b a b i l i t y , p r e v e n t i n g them f rom b u y i n g when i t i s s o c i a l l y 

d e s i r a b l e t h a t t hey do s o . T h i s can be p r e v e n t e d o n l y by an 

e x p a n s i o n . M o r e o v e r , u n l i k e t he Bew ley /Townsend m o d e l , where t he 

f i r s t b e s t r e q u i r e s t h a t the m a r g i n a l u t i l i t y o f b u y e r s and s e l l ­

e r s be e q u a l i z e d , h e r e the f i r s t b e s t f o r c e s s e l l e r s t o z e r o 

c o n s u m p t i o n . T h i s a l l o w s t he m a r g i n a l u t i l i t y o f b u y e r s t o be 

s t r i c t l y h i g h e r t h a n t h a t o f s e l l e r s . Because o f t h i s g a p , t h e 

wedge between t he m a r g i n a l u t i l i t y o f b u y e r s and s e l l e r s caused by 

a modest r a t e o f i n f l a t i o n does no t r e d u c e t r a d e . When t he f i r s t 

b e s t e q u a l i z e s t he m a r g i n a l u t i l i t y o f b u y e r s and s e l l e r s , K e h o e , 

L e v i n e , and Woodford [1987] show t h a t t h e r e i s a t r a d e o f f be tween 

t he b e n e f i c i a l r e d i s t r i b u t i o n a l e f f e c t o f an e x p a n s i o n , and t h e 

r e d u c t i o n i n t r a d e due t o t he i n c r e a s e d wedge between t he m a r g i n a l 

u t i l i t y o f b u y e r s and s e l l e r s . 

I t i s i m p o r t a n t to e m p h a s i z e t h a t we do n o t assume t h a t 

a mone ta ry e x p a n s i o n i s t he o n l y s o u r c e o f government r e v e n u e : 

i n d e e d , we p e r m i t mechanisms i n w h i c h t he e n t i r e s t o c k o f consump­

t i o n i s c o n t r o l l e d by t he gove rnmen t . W i t h o u t p r i v a t e i n f o r m a ­

t i o n , t he f i r s t b e s t can be a c h i e v e d s i m p l y by r e d i s t r i b u t i n g a l l 

c o n s u m p t i o n to b u y e r s : money and a s s e t s a r e no t r e q u i r e d . W i t h 

p r i v a t e i n f o r m a t i o n , t h e o n l y i n c e n t i v e c o m p a t i b l e r e d i s t r i b u t i o n 

scheme r e q u i r e s some e x p a n s i o n . The key p o i n t i s t h a t t h e same 
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f e a t u r e o f the model t h a t makes money i n t e r e s t i n g f o r c e s an e x p a n ­

s i o n a r y p o l i c y — i t i s no t t r u e t h a t t h i s r e d i s t r i b u t i o n c o u l d be 

a c h i e v e d by a mix o f d e f l a t i o n and some o t h e r p o l i c y . 

The n e x t s e c t i o n o f t he paper d e s c r i b e s t he e n v i r o n ­

ment . S e c t i o n t h r e e d i s c u s s e s a s s e t s t r a d i n g mechan isms , and 

shows t h a t o n l y one a s s e t i s n e e d e d . S e c t i o n f o u r c h a r a c t e r i z e s 

a s s e t t r a d i n g mechanisms a s c o m p e t i t i v e e q u i l i b r i a w i t h lump sum 

t r a n s f e r s . S e c t i o n f i v e d e s c r i b e s c o n t r a c t i o n a r y and e x p a n s i o n a r y 

p o l i c i e s , and shows t h a t no c o n t r a c t i o n can a c h i e v e t he f i r s t 

b e s t , w h i l e under c e r t a i n c o n d i t i o n s a f l a t e x p a n s i o n c a n . 

2 . The Env i ronmen t 

The re a r e two t y p e s o f i n f i n i t e l y - l i v e d a g e n t , deno ted 

t y p e 1 and t y p e 2 . The re a r e a con t i nuum o f a g e n t s , w i t h e a c h 

t y p e c o n s t i t u t i n g h a l f t he p o p u l a t i o n . An i n d i v i d u a l a g e n t ' s t y p e 

i s known o n l y to h i m s e l f . 

The re a r e two p o s s i b l e s t a t e s o f t h e w o r l d , deno ted 

s t a t e 1 and s t a t e 2 . These s t a t e s f o l l o w a Markov c h a i n , w i t h IT 

d e n o t i n g t h e p r o b a b i l i t y t h a t t he s t a t e changes f r om 1 t o 2 o r 2 

to 1, and 1 - TT d e n o t i n g t he p r o b a b i l i t y t h a t t he s t a t e r e m a i n s 

t he same. The p r o b a b i l i t y IT i s r e f e r r e d t o a s t he p r o b a b i l i t y o f 

r e v e r s a l . The s t a t e o f t he w o r l d i n p e r i o d t i s deno ted r\ . The 

i n i t i a l s t a t e n 1 has e q u a l p r o b a b i l i t y o f b e i n g e i t h e r s t a t e 1, o r 

s t a t e 2 . 

The re i s a s i n g l e p e r i s h a b l e c o n s u m p t i o n good x . One 

u n i t o f t h i s good i s a v a i l a b l e p e r c a p i t a each p e r i o d . I f x^ d e -

n o t e s the consump t i on o f a g e n t a a t t ime t , h i s p r e f e r e n c e s have 

the a d d i t i v e l y s e p a r a b l e f o rm 
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u ( x a ) 5 e rt.y-]^i,S), 
where 0 < 5 < 1 i s a s u b j e c t i v e d i s c o u n t f a c t o r common t o a l l 

t y p e s , and E d e n o t e s t h e i n i t i a l e x p e c t a t i o n b e f o r e i s known. 

The p e r i o d u t i l i t y f u n c t i o n u a ( x a , n t ) i s u ( x a ) i f t he s t a t e n t i s 

t he same a s a g e n t a ' s t y p e , and u ( x a ) i f n o t . We a l w a y s assume: 

( A . 1 ) u ( x ), u (x ) a r e bounded , i n c r e a s i n g , concave and c o n t i n -
u — t 

u o u s l y d i f f e r e n t i a b l e . 

Boundedness i s a t e c h n i c a l a s s u m p t i o n i n s u r i n g " c o n t i n u i t y a t 

i n f i n i t y " i n the s e n s e o f Fudenberg and L e v i n e [1987] t h a t t h e 

f u t u r e does no t m a t t e r t oo much; m o n o t o n i c i t y and c o n c a v i t y a r e 

s t a n d a r d . D i f f e r e n t i a b i l i t y i s c o n v e n i e n t f o r n o t a t i o n a l s i m p l i c ­

i t y . One s p e c i a l c a s e o f some i m p o r t a n c e i s t h e c a s e o f a l i n e a r  

e n v i r o n m e n t : f o r some e , n, n > 0 , u ( x ) = nx , and u (x ) = nx 
- C C — C ~ u 

f o r 0 < x a < 2 + e . S i n c e when a l l a g e n t s o f a g i v e n t y p e a r e 

t r e a t e d e q u a l l y no a g e n t can consume more t h a n 2, t h i s means t h a t 

t he u t i l i t y f u n c t i o n s a r e l i n e a r i n t he r e l e v a n t r a n g e . N o t i c e 

t h a t s i n c e they a r e bounded a b o v e , u and u canno t be l i n e a r g l o b ­

a l l y . 

As t he economy s h i f t s back and f o r t h be tween s t a t e s , t he 

two t y p e s o f a g e n t s h i f t back and f o r t h be tween t he p e r i o d u t i l i t y 

f u n c t i o n s u and u . When a t y p e has u t i l i t y u , we r e f e r to them a s 

b u y e r s , when the u t i l i t y i s u , we r e f e r t o them a s s e l l e r s . To 

j u s t i f y t h i s t e r m i n o l o g y , we assume 

( A . 2 ) Du(2) > D u ( 0 ) , 
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where Du , Du r e p r e s e n t t he d e r i v a t i v e s o f u and u r e s p e c t i v e l y . 

T h i s s a y s t h a t when a l l o f t he s i n g l e good i s s h a r e d e q u a l l y among 

buye rs (each r e c e i v i n g two u n i t s , and e a c h s e l l e r none) t h e mar ­

g i n a l u t i l i t y o f a buyer i s n e v e r - t h e - l e s s g r e a t e r t han t h a t o f a 

s e l l e r . 

Because b o t h t y p e s a r e e q u a l l y l i k e l y t o b e g i n l i f e a s a 

b u y e r , t h e r e i s a u n i q u e e f f i c i e n t a l l o c a t i o n mechanism i n w h i c h 

a l l a g e n t s o f a g i v e n t y p e a r e t r e a t e d e q u a l l y . We r e f e r t o t h i s 

a s t he b e s t a l l o c a t i o n , and f rom ( A . 2 ) i t c o n s i s t s o f d i v i d i n g a l l 

o f t he s i n g l e good e q u a l l y among t h e b u y e r s , e a c h r e c e i v i n g two 

u n i t s , and each s e l l e r n o n e . 

As we s h a l l show i n the n e x t s e c t i o n , t h e b e s t a l l o c a ­

t i o n i s no t a l w a y s i n c e n t i v e c o m p a t i b l e . However , u s i n g i t a s a 

benchmark s u b s t a n t i a l l y s i m p l i f i e s ou r a n a l y s i s : i t i s e a s i e r to 

check whether o r no t t h e b e s t a l l o c a t i o n i s i n c e n t i v e c o m p a t i b l e 

t han i t i s to c a l c u l a t e t he c o n s t r a i n e d op t imum. 

3 . A s s e t T r a d i n g Mechanisms 

In t h i s s e c t i o n we d e f i n e mechanisms and a s s e t t r a d i n g 

mechan i sms . We g i v e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e 

b e s t a l l o c a t i o n to be i m p l e m e n t a b l e . We show t h a t t r a d i n g c o n ­

s t r a i n s mechanism d e s i g n by r e p l a c i n g n o n m a r g i n a l d e c i s i o n s w i t h 

m a r g i n a l o n e s . F i n a l l y we show t h a t i n ou r e n v i r o n m e n t o n l y one 

a s s e t i s r e q u i r e d . The n a t u r e o f mechanisms t h a t implement t he 

b e s t a l l o c a t i o n a r e d i s c u s s e d b e l o w . 

Our n o t i o n o f i m p l e m e n t a b i l i t y i s t h a t o f o p e n - l o o p Nash 

e q u i l i b r i u m i n an anonymous d e c e n t r a l i z e d game f o r m . L e t I be an 

a b s t r a c t s p a c e o f a c t i o n s . An o p e n - l o o p s t r a t e g y i s a sequence o f 
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maps a ( x , n 1 , . . . , n . ) mapping an a g e n t s t y p e T and t he h i s t o r y o f 

s t a t e s t o a c t i o n s . A game fo rm i s a sequence o f maps 

f . ( n . , . . . , n. , a . , . . . , a ) > 0 mapp ing t he h i s t o r y o f s t a t e s and an 

a g e n t s a c t i o n s t o n o n n e g a t i v e consump t i on l e v e l s . Hammond [1979] 

r e f e r s t o s u c h a game f o r m , i n w h i c h an a g e n t ' s c o n s u m p t i o n i s 

i ndependen t o f t he p l a y o f o t h e r a g e n t s , as d e c e n t r a l i z e d . The 

b e s t a l l o c a t i o n i s imp lemented by t h e mechanism f and s t r a t e g y o 

i f 

f t ( i 1 , . . . , n t , a 1 ( T ) , . . . , o T ( T , t i 1 , . . . , n t ) ) = 2 , n t = T 

= 0 , n t * t , 

so t h a t b u y e r s g e t two and s e l l e r s z e r o , and s u c h t h a t f o r a l l o 

( u ( 2 ) + u ( 0 ) ) / 2 ( 1 - « ) 

- E I t = 1

6 t " l u a { f t ^ n i ' - - - ' n t ' ° i ( T ) , - " ' ° t ( T ' n r , , * , n t ) ^ ' n t ^ 

so t h a t t he u t i l i t y f rom the b e s t a l l o c a t i o n canno t be improved 

upon by p l a y i n g an a l t e r n a t i v e s t r a t e g y o . In o t h e r w o r d s , t h e r e 

must be an o p e n - l o o p Nash e q u i l i b r i u m t h a t y i e l d s the b e s t a l l o c a ­

t i o n . 

T h i s d e f i n i t i o n o f i m p l e m e n t a b i l i t y i s e q u i v a l e n t t o 

b o t h Nash and subgame p e r f e c t i m p l e m e n t a b i l i t y i n a g e n e r a l a n o n y ­

mous game. Anonymi ty means t h a t no a g e n t can r espond to a d e v i a ­

t i o n by a measure z e r o g roup o f a g e n t s . S i n c e t he r e s p o n s e t o 

d e v i a t i o n s by more t h a n one a g e n t i s i r r e l e v a n t t o t he d e t e r m i n a ­

t i o n o f e q u i l i b r i u m , t h i s i m p l i e s t h e r e l e v a n t s p a c e o f s t r a t e g i e s 

a r e o p e n - l o o p . M o r e o v e r , because e a c h a g e n t i s i n f i n i t e s i m a l , an 
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o p e n - l o o p e q u i l i b r i u m i n w h i c h no agen t r e a c t s t o a n o t h e r ' s d e v i a ­

t i o n i s a l s o a c l o s e d - l o o p o r subgame p e r f e c t e q u i l i b r i u m : f a i l ­

i n g to r espond t o d e v i a t i o n s i s i t s e l f an e q u i l i b r i u m . Fudenberg 

and L e v i n e [1987] p r o v e the c o n v e r s e : i f a c l o s e d - l o o p e q u i l i b ­

r i um f a i l s t o be o p e n - l o o p , t hen a s w i t c h f rom one e q u i l i b r i u m t o 

a n o t h e r must be t r i g g e r e d by t he d e v i a t i o n o f a s i n g l e a g e n t , 

v i o l a t i n g a n o n y m i t y . 

G i v e n o p e n - l o o p s t r a t e g i e s and a n o n y m i t y , d e c e n t r a l i z a ­

t i o n o f t he game fo rm m e r e l y s i m p l i f i e s n o t a t i o n . G i v e n t he 

e q u i l i b r i u m s t r a t e g i e s o f a l l a g e n t s , anonymi t y i m p l i e s t h a t any 

p a i r o f a g e n t s p l a y i n g t he same s t r a t e g y r e c e i v e t he same a l l o c a ­

t i o n . D e t e r m i n a t i o n o f e q u i l i b r i u m depends o n l y on what happens 

t o an a g e n t when he changes h i s i n d i v i d u a l s t r a t e g y . The way i n 

w h i c h a l l o c a t i o n s change when t he e n t i r e d i s t r i b u t i o n o f s t r a t e ­

g i e s change i s i r r e l e v a n t and may be c o n v e n i e n t l y s u p p r e s s e d by a 

d e c e n t r a l i z e d game f o r m . 

An a l t e r n a t i v e v iew o f t h i s t y p e o f mechanism i s p r o ­

v i d e d by R o b e r t s [ 1 9 8 4 ] . He p o i n t s ou t t h a t we may s t r e n g t h e n t he 

e q u i l i b r i u m c o n c e p t to dominant s t r a t e g i e s , p r o v i d e d t h a t we 

r e q u i r e t he mechanism y i e l d s o c i a l l y f e a s i b l e a l l o c a t i o n s o n l y i n 

e q u i l i b r i u m . In t h i s c o n t e x t Hammond [1979] shows t h a t w i t h a 

con t i nuum o f a g e n t s d e c e n t r a l i z a t i o n does no t l i m i t t h e a l l o c a ­

t i o n s t h a t can be a c h i e v e d . 

In g e n e r a l , a game fo rm must keep t r a c k o f t he e n t i r e 

h i s t o r y o f p l a y o f a l l a g e n t s . To m a i n t a i n s u c h r e c o r d s c e n t r a l l y 

i s e x p e n s i v e : t h i s l e a d s us t o f o c u s on mechanisms i n w h i c h 

r e c o r d k e e p i n g i s d e c e n t r a l i z e d . An a s s e t game form c o n s i s t s o f a 
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f i n i t e number k o f a s s e t s and a sequence o f maps 

F . ( n . , . . . ,r\.,n7 ,,o.) e R mapping the h i s t o r y o f s t a t e s , and an 

a k 

a g e n t ' s v e c t o r o f r e v e a l e d i n i t i a l a s s e t h o l d i n g s M f c 1 £ R+ and 

a c t i o n o t o p a i r s ( M a x ) , w i t h M a e Rk f i n a l a s s e t h o l d i n g s and 

e R+ c o n s u m p t i o n . F o r n o t a t i o n a l c o n v e n i e n c e , we l e t be t h e 

n u l l s y m b o l . In o t h e r w o r d s , a t t i m e 1 a g e n t s a r e i s s u e d consump­

t i o n and k d i f f e r e n t k i n d s o f c e r t i f i c a t e s . In s u b s e q u e n t p e r i ­

o d s , t he mechanism depends on the h i s t o r y o f an a g e n t ' s a c t i o n s 

o n l y t h r o u g h t h e c e r t i f i c a t e s he was g i v e n a t the end o f t he 

p r e v i o u s p e r i o d . S i n c e t h e s e c e r t i f i c a t e s a r e v i e w e d a s p h y s i c a l 

e n t i t i e s , t hey must be i s s u e d and h e l d i n n o n n e g a t i v e q u a n t i ­

t i e s . We s h a l l a l w a y s assume 

( A . 2 ) F r e e d i s p o s a l : I f 0 < y < F t ( n 1 , • . . , n t , M a _ 1 , o f c ) , t h e n 

t h e r e e x i s t s w i t h y = F f c ( n 1 , . . . , n f c » M ^ _ 1 , o £ ) . 

In p a r t i c u l a r , a g e n t s c a n n o t be p r e v e n t e d f rom d i s c a r d i n g c e r t i f ­

i c a t e s ; t hey must be h e l d v o l u n t a r i l y . 

Our f i r s t t heo rem shows t h a t t h e r e i s no l o s s i n r e ­

s t r i c t i n g a t t e n t i o n to a s s e t mechan isms . D e f i n e t he c o n s t a n t 

T h i s i s t he e x p e c t e d p r e s e n t v a l u e o f a u n i t o f u t i l i t y r e c e i v e d 

a f t e r t he n e x t r e v e r s a l . 
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P r o p o s i t i o n 3 - 1 : The b e s t a l l o c a t i o n can be imp lemented by a 

mechanism i f and o n l y i f i t c a n be imp lemented by a s i n g l e a s s e t 

mechanism i f and o n l y i f 

, 2 ) 5 ( 2 ) - G(o) > -1 
( 3 ' 2 ) u ( 2 ) - u ( 0 ) - \ • 

P r o o f : I f t he b e s t a l l o c a t i o n i s t o be imp lemen ted , i t i s c l e a r 

f r om anonym i t y t h a t i n i t i a l b u y e r s and s e l l e r s must p r e f e r t he 

p l a n o f r e c e i v i n g 2 when a b u y e r , 0 when a s e l l e r , t o m i s r e p r e ­

s e n t i n g a s t he o p p o s i t e t y p e and g e t t i n g 0 when a buye r and 2 when 

a s e l l e r . We may assume w i t h o u t l o s s o f g e n e r a l i t y t he i n i t i a l 

s t a t e i s n 1 = 1. A s i m p l e c a l c u l a t i o n shows t h a t t he e x p e c t e d 

v a l u e to an a g e n t r e c e i v i n g u t i l i t y u 1 i n s t a t e 1 and u 2 i n s t a t e 

2 i s 

(6 / ( 1 - 6 2 ) ) ( u . + 6 U - ) . 
TT TT ' I Tt 2 

C o n s e q u e n t l y , i t must be t h a t u ( 2 ) + 6 u ( 0 ) > u ( 0 ) + <S u ( 2 ) f o r 
TT— TT — 

i n i t i a l b u y e r s and u ( 0 ) + 6 u ( 2 ) > u ( 2 ) + 6 u ( 0 ) f o r i n i t i a l 
— TT — IT 

s e l l e r s . Because 0 < 6^ < 1 and by ( A . 2 ) , t he f o rme r i n e q u a l i t y 

i s t r u e i f t h e l a t t e r i s ; t h a t i s i n i t i a l b u y e r s do n o t w i s h t o 

m i s r e p r e s e n t i f i n i t i a l s e l l e r s do n o t . R e w r i t i n g t he c o n s t r a i n t 

f o r i n i t i a l s e l l e r s y i e l d s ( 3 . 2 ) . 

I t r e m a i n s to c o n s t r u c t a s i n g l e a s s e t mechan ism t h a t 

imp lements t he b e s t a l l o c a t i o n when ( 3 . 2 ) h o l d s . C o n s i d e r t he 

s t r a t e g y s p a c e i n w h i c h e a c h a g e n t may announce e i t h e r t h a t he i s 

a b u y e r , o r a s e l l e r . Suppose w i t h o u t l o s s o f g e n e r a l i t y 

n i = 1• Whenever n t = 1 a g e n t s who announce they a r e b u y e r s g e t 2 

u n i t s o f c o n s u m p t i o n , s e l l e r s g e t 2 c e r t i f i c a t e s . Whenever 
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n. = 2 a g e n t s w i t h 2 c e r t i f i c a t e s g e t 2 u n i t s o f c o n s u m p t i o n and 2 

c e r t i f i c a t e s ; a g e n t s who do no t have 2 c e r t i f i c a t e s g e t n o t h i n g . 

Each a g e n t f a c e s f o u r p o s s i b l e s t a t e s : he h o l d s e i t h e r 

2 c e r t i f i c a t e s o r n o n e ; and T\ i s e i t h e r 1 o r 2 . The o n l y c h o i c e 

i s what to do when i n s t a t e 1: t ake 2 u n i t s o f c o n s u m p t i o n o r 2 

c e r t i f i c a t e s . In s t a t e 2 , n o n c e r t i f i c a t e h o l d e r s can ge t n o t h i n g , 

and f r e e d i s p o s a b i l i t y i m p l i e s c e r t i f i c a t e h o l d e r s s h o u l d t a k e t h e 

f u l l amount o f f e r e d . W i t h f i n i t e l y many s t a t e s and c h o i c e s , and 

d i s c o u n t i n g , dynamic programming shows an opt imum e x i s t s and i s 

s t a t i o n a r y . The o n l y s t a t i o n a r y p l a n s a r e t o g e t 2 i n s t a t e 1, 0 

i n s t a t e 2 o r v i c e v e r s a . Bu t we showed above t h a t i f ( 3 . 2 ) 

h o l d s , b o t h t y p e s p r e f e r t o consume when they a r e b u y e r s . Q 

In g e n e r a l , an a s s e t mechanism can p r e v e n t a g e n t s f r om 

t r a d i n g a s s e t s . To t he e x t e n t t h a t the mechanism i s n o n l i n e a r , 

a g e n t s w i l l have an i n c e n t i v e t r a d e w i t h e a c h o t h e r . F o l l o w i n g 

Townsend [1987] and Hammond [ 1 9 7 9 ] , we assume t h a t p r e v e n t i n g 

t r a d e i s p r o h i b i t i v e l y e x p e n s i v e . In a d d i t i o n t o a s s u m i n g t h a t 

a s s e t s a r e i n f i n i t e l y d i v i s i b l e , two a s s u m p t i o n s a r e i n v o l v e d : 

( A . 3 ) Ex p o s t t r a d e : f o r each t and t h e r e e x i s t s a p 

k+1 k+1 
€ R+ s u c h t h a t i f z e R , p • z = 0 and 

F ( n n v , M . , 5 . ) + z > 0 (and i n p a r t i c u l a r r e p r e s e n t s 

a f e a s i b l e p l a n ) t h e n t h e r e e x i s t s o£ s u c h t h a t 

F t ( n 1 , . . . , v M ? - r ° t ) - F t ( V - - - ' V M t - r ° t ) + z -

In o t h e r w o r d s , t h e r e i s a p r i c e p s u c h t h a t a g e n t s can t r a d e 

a s s e t s and c o n s u m p t i o n . C o n s e q u e n t l y , the mechanism must p r o m i s e 
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to d e l i v e r a t l e a s t a s much a s a g e n t s c o u l d o b t a i n t h r o u g h 

t r a d e . A c a r e f u l d i s c u s s i o n o f the way i n w h i c h s i d e - m a r k e t s l e a d 

t o t h i s c o n c l u s i o n can be found i n Hammond [ 1 9 7 9 ] . 

The s e c o n d a s s u m p t i o n c o n c e r n i n g t r a d a b i l i t y i s 

( A . 4 ) Ex a n t e t r a d e : F o r a l l t , n . , n . , o.,a! and a l l 

M a , M aJ. € Rk, X e R s u c h t h a t X M a + ( 1 - X ) M a ' > 0 , t h e r e 

e x i s t s a a " s u c h t h a t 
t 

X F f c ( V . . . , V M a , o t ) • ( 1 - X ) F t ( n r . . . ( n t , M a ; a ; ) 

= F t ( n 1 , . . . , n t , X M ^ + ( 1 - X ) M a ! o ^ . 

In o t h e r wo rds , t he dependence o f F t on M a i s l i n e a r a f f i n e . 

Townsend [1987] d i s c u s s e s t h i s t y p e o f a s s u m p t i o n a t l e n g t h . I t 

f o l l o w s f rom a l l o w i n g a g e n t s to t r a d e i n i t i a l a s s e t s b e f o r e t u r n ­

i n g them i n f o r f i n a l a s s e t s and c o n s u m p t i o n . I f t he F f c s c h e d u l e 

i s no t c o n v e x , a g e n t s w i t h d i f f e r e n t a s s e t h o l d i n g s w i l l p o o l 

t hem; i f i t i s n o t c o n c a v e , a g e n t s w i t h t he same h o l d i n g s w i l l 

r e d i s t r i b u t e them u n e q u a l l y . C o n s e q u e n t l y F f c must be b o t h concave 

and c o n v e x : t h a t i s , l i n e a r a f f i n e . The d i f f e r e n c e between t h i s 

a s s u m p t i o n and a s s u m p t i o n ( A . 3 ) i s t h a t t h e t r a d e i n ( A . 3 ) i n ­

v o l v e s s i m u l t a n e o u s exchange o f e q u a l v a l u e ; t he t r a d e i n ( A . 4 ) 

i n v o l v e s t r a d i n g a s s e t s b e f o r e the mechanism o p e r a t e s f o r goods 

and a s s e t s l a t e r . One way to d i s c o u r a g e t h i s t y p e o f t r a d e i s by 

r e f u s i n g t o honor s u c h c o n t r a c t s . N e v e r - t h e - l e s s , a s a m a t t e r o f 

p r a c t i c e , p e o p l e w i l l engage i n some t r a d e t o a v o i d n o n l i n e a r t a x 

schemes o r p r i c e d i s c r i m i n a t i o n schemes ( w h i c h a r e what ( A . 4 ) 

r u l e s o u t ) , and some c o s t s w i l l be i n c u r r e d i n t he p r o c e s s . 



Assumpt ion ( A . 4 ) i s an ex t reme a s s u m p t i o n , bu t p r o b a b l y no worse 

than t he o t h e r ex t reme a s s u m p t i o n — t h a t no ex a n t e t r a d e i s p o s s i ­

b l e . 

F i n a l l y , we assume 

( A . 5 ) C l o s e d n e s s : I f y n = F ^ ^ , . . . , i t , M * n , a " ) and yn - y , 
an £ 

M + M , t hen t h e r e i s a a, e I s u c h t h a t 

y -- F t < v . . . , v M j , o t ) . 

T h i s s a y s t h a t t he s e t o f a c h i e v a b l e a l l o c a t i o n s i s c l o s e d . S i n c e 

any a l l o c a t i o n t h a t can be s u p p o r t e d can s t i l l be s u p p o r t e d when 

we t a k e t h e c l o s u r e o f the s e t o f a c h i e v a b l e a l l o c a t i o n s , t h i s i s 

a t e c h n i c a l a s s u m p t i o n . I t i n s u r e s t h a t i n d i v i d u a l o p t i m a e x i s t . 

When ( A . 3 ) t o ( A . 5 ) a r e s a t i s f i e d , we r e f e r t o t h e 

mechanism a s an a s s e t t r a d i n g mechan i sm. The f o r c e o f t h i s r e ­

s t r i c t i o n i s g i v e n by P r o p o s i t i o n 3 - 2 . 

P r o p o s i t i o n 3 - 2 : The b e s t a l l o c a t i o n can be implemented by an 

a s s e t t r a d i n g mechanism i f and o n l y i f i t can be imp lemented by a 

s i n g l e a s s e t t r a d i n g mechanism i f and o n l y i f 

. Du(2) -1 
( 3 - 3 ) Du(0) - \ • 

P r o o f : F o l l o w s f rom Lemmas 3 - 3 and 4 . 3 b e l o w . Q 

C o n d i t i o n ( 3 . 3 ) i s s i m i l a r t o c o n d i t i o n ( 3 . 2 ) i n P r o p o ­

s i t i o n 3 - 1 , e x c e p t t h a t a v e r a g e u t i l i t y i s r e p l a c e d w i t h m a r g i n a l 

u t i l i t y . When u t i l i t y i s l i n e a r , P r o p o s i t i o n 3 . 2 i m p l i e s t he b e s t 

a l l o c a t i o n can be imp lemented by an a s s e t t r a d i n g mechanism i f and 
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o n l y i f i t can be implemented by some mechan ism. R o u g h l y , t r a d i n g 

p r e v e n t s t he mechanism f rom e x p l o i t i n g t he c o n c a v i t y o f u t i l i t y by 

f o r c i n g n o n m a r g i n a l d e c i s i o n s . 

From P r o p o s i t i o n 3 . 1 , we know t h a t ( 3 . 3 ) i s n e c e s s a r y 

f o r i m p l e m e n t a b i l i t y o f t h e b e s t a l l o c a t i o n i n the l i n e a r c a s e . 

In a n o n l i n e a r e n v i r o n m e n t , we may d e f i n e a c o r r e s p o n d i n g l i n e a r 

e n v i r o n m e n t i n w h i c h t he u t i l i t y f u n c t i o n a r e l i n e a r f o r 0 < x < 

2 + e , and t h e s l o p e s a r e n = Du(2) and n = D u ( 0 ) . The n e c e s s i t y 

o f ( 3 . 3 ) t hen f o l l o w s f rom 

Lemma 3 . 3 : I f an a s s e t t r a d i n g mechanism imp lements t he b e s t 

a l l o c a t i o n i t does so a l s o i n t he c o r r e s p o n d i n g l i n e a r e n v i r o n ­

ment . 

P r o o f : L e t F , o be the a s s e t t r a d i n g game fo rm and s t r a t e g y 

i m p l e m e n t i n g t he b e s t a l l o c a t i o n , and suppose i t does no t i m p l e ­

ment t he b e s t a l l o c a t i o n i n t he c o r r e s p o n d i n g l i n e a r e n v i r o n ­

ment . Then t h e r e must be a s t r a t e g y o t h a t does b e t t e r t han o . 

L e t x a deno te t he consump t i on p l a n a c h i e v e d by p l a y i n g o u s i n g t h e 

game fo rm F , and l e t x deno te t he b e s t a l l o c a t i o n . R e c a l l t h a t 

U ( x a ) d e n o t e s t he e x p e c t e d p r e s e n t v a l u e i n t he o r i g i n a l ( n o n l i n ­

ear e n v i r o n m e n t ) . L e t U L ( x a ) be t he e x p e c t e d p r e s e n t v a l u e i n t h e 

c o r r e s p o n d i n g l i n e a r e n v i r o n m e n t . By h y p o t h e s i s U L ( x a ) > 

L " a a U (x ) . We w i l l c o n s t r u c t an a l l o c a t i o n x , a c h i e v a b l e by means 
A 

o f a s t r a t e g y o , s u c h t h a t U ( x a ) > U ( x a ) , c o n t r a d i c t i n g t he f a c t 
A A 

t h a t F and a imp lement x a . 

F i r s t o b s e r v e t h a t because o f d i s c o u n t i n g , the p l a n x _ , 

e q u a l t o x a i f t < T, and e q u a l t o 0 i f t > T s a t i s f i e s U L ( x a ) > 
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U ( x a ) f o r some s u f f i c i e n t l y l a r g e T . F i x s u c h a T . By f r e e 

d i s p o s a b i l i t y t h e r e e x i s t s a s t r a t e g y s u c h t h a t F y i e l d s x „ 

when o T i s p l a y e d . 

N e x t , suppose 0 < X < 1. S i n c e x a and x a can be 

a c h i e v e d by s t r a t e g i e s a and a^, i t f o l l o w s f r om ( A . 3 ) and ( A . 4 ) 

a ~a a t h a t x = ( 1 - X ) x + Xx can be o b t a i n e d by p l a y i n g some s t r a t e g y 
A I 

o^ . S i n c e t he p l a n s x a and x a a r e u n i f o r m l y bounded o v e r t ime and 

s t a t e , T a y l o r ' s theo rem a p p l i e d to u ( x . , n h ) i m p l i e s 

U ( x a ) - U ( x a ) = X U L ( x a ) - X U L ( x a ) + o ( X ) , 

where o ( X ) / X - 0 as X - 0 . But t hen U L ( x a ) - U L ( x a ) < 0 i m p l i e s 

U ( x a ) - U ( x a ) < 0 f o r a l l X s m a l l enough , t he d e s i r e d c o n t r a -
A 

d i c t i o n . D 

The s u f f i c i e n c y o f a s i n g l e t r a d i n g mechanism when ( 3 . 3 ) 

h o l d s i s p roven be low a s Lemma 4 . 3 . 

4 . S i n g l e A s s e t T r a d i n g Mechanisms 

One a s p e c t o f b o t h P r o p o s i t i o n s 3.1 and 3 . 2 i s t h a t t hey 

show t h a t no more t h a n one a s s e t i s needed . From c o n s i d e r a t i o n o f 

market c o m p l e t e n e s s , s u c h as t h o s e o f Arrow [1974] o r D u f f i e and 

Huang [ 1 9 8 6 ] , we s e e t h a t no more a s s e t s a r e needed than s t a t e s 

( t w o ) . On t h e o t h e r h a n d , s i n c e a s s e t s may be t a i l o r e d t o i n d i ­

v i d u a l s , we wou ld a l s o e x p e c t t h a t no more a s s e t s a r e need than 

p e o p l e ( t w o ) . However , we have shown t h a t we can e l i m i n a t e one 

a s s e t : r o u g h l y , we can t a i l o r a s s e t s t o a l l e x c e p t one t y p e , and 

g i v e t h a t t y p e wha teve r i s l e f t o v e r . 
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A s s e t s a r e e x p e n s i v e : t hey a r e c o s t l y to i s s u e , and 

v e r i f i c a t i o n i s r e q u i r e d to a v o i d f o r g e r i e s . M o r e o v e r , t he mar ­

k e t s i n w h i c h they a r e t r a d e d a r e no t c o s t l e s s to o p e r a t e . B e ­

cause o f t h e s e t r a n s a c t i o n s c o s t s , i t i s d e s i r a b l e f o r a s s e t 

t r a d i n g mechanisms to use a s few a s s e t s as p o s s i b l e . F o r t h i s 

r e a s o n , we now f o c u s on the c a s e o f a s i n g l e a s s e t , w h i c h we r e f e r 

to a s money. Th roughou t t h e r e s t o f t he p a p e r , t h e n , M a w i l l be a 

s c a l a r d e n o t i n g agen t a ' s h o l d i n g s o f money a t t . Our u l t i m a t e 

g o a l i s t o p a r t i a l l y c h a r a c t e r i z e s i n g l e a s s e t t r a d i n g mechanisms 

t h a t can s u p p o r t t he b e s t a l l o c a t i o n . We do s o i n te rms o f 

whe ther o r no t t hey a r e c o n t r a c t i o n a r y o r e x p a n s i o n a r y — t h a t i s , 

whe ther t he p e r c a p i t a money s u p p l y i n c r e a s e s o r d e c r e a s e s . Our 

g o a l i s t o show t h a t no c o n t r a c t i o n a r y mechanism can s u p p o r t t he 

b e s t a l l o c a t i o n , bu t t h a t an e x p a n s i o n a r y mechanisms somet imes 

c a n . 

We f i r s t c h a r a c t e r i z e s i n g l e a s s e t t r a d i n g mechan isms 

t h a t c a n imp lement t he b e s t a l l o c a t i o n . 

P r o p o s i t i o n 4 . 1 : The b e s t a l l o c a t i o n can be imp lemented by a 

s i n g l e a s s e t t r a d i n g mechanism i f and o n l y i f t h e r e e x i s t n o n n e g a -

t i v e p r i c e s p M ( n 1 , . . . , n f c ) , p x ( n 1 , . . . , n f c ) , q ( n 1 , . . . , n t ) and lump 

sum s u b s i d i e s L ( n n ) s u c h t h a t e a c h a g e n t a , when f a c e d w i t h 

i n i t i a l a s s e t h o l d i n g s o f M a = 0 and t h e sequence o f budge t c o n ­

s t r a i n t s 

( 4 . 1 ) • • • ' n t ) M t + P x ( V - - - ' n t ) x t 
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f i n d s i t o p t i m a l t o consume 2 u n i t s when a buye r and 0 when a 

s e l l e r . 

P r o o f : S u p p o s i n g t h a t t he b e s t a l l o c a t i o n i s i n f a c t o p t i m a l f o r 

each agen t g i v e n = 0 and t he sequence o f budge t c o n s t r a i n t s 

( 4 . 1 ) , we can d e s i g n a game fo rm i n w h i c h each a g e n t s s t r a t e g y o 

i s t o announce a d e s i r e d r a t i o o f f i n a l money to c o n s u m p t i o n 

( p o s s i b l y i n f i n i t y ) , and i n w h i c h F f c a s s i g n s t he u n i q u e p a i r 

( M ^ j X 3 ) c o n s i s t e n t w i t h t h i s r a t i o t h a t s a t i s f i e s ( 4 . 1 ) w i t h e x a c t 

e q u a l i t y . T o g e t h e r w i t h the s t r a t e g y o f a n n o u n c i n g t r u t h f u l l y , 

t h i s mechanism c l e a r l y imp lements t he b e s t a l l o c a t i o n . 

C o n v e r s e l y , f o r a mechanism t o imp lement t he b e s t a l l o ­

c a t i o n , i t i s c l e a r t h a t t he p l a n o f consuming 2 when a b u y e r and 

0 when a s e l l e r must be o p t i m a l i n t he s e t o f a l l c o n s u m p t i o n 

p l a n s t h a t can be g e n e r a t e d by p l a y i n g d i f f e r e n t s t r a t e g i e s . From 

ex p o s t t r a d a b i l i t y , ( A . 3 ) , t he s e t o f f i n a l money h o l d i n g s M a and 

c o n s u m p t i o n x t h a t a r e f e a s i b l e f o r an a g e n t a w i t h i n i t i a l money 

h o l d i n g s M have t he fo rm 

( 4 . 2 ) p M ( n r . . . , n t ) M a

 + p x ( n 1 n f c ) x a 

- M A X P ( T I I V F t ( V - - - ' V M t - r ° t ) ' 

where p = (p ,p ) i s t he n o n n e g a t i v e p r i c e v e c t o r whose e x i s t e n c e 
m x 

i s a s s e r t e d i n ( A . 3 ) and the e x i s t e n c e o f a maximum i s a s s u r e d by 

( A . 5 ) . M o r e o v e r , f rom ex a n t e t r a d a b i l i t y , ( A . 4 ) , t he r i g h t hand 

s i d e o f ( 4 . 1 ) i s a l i n e a r a f f i n e f u n c t i o n o f M a . , and we may 

w r i t e 
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( 4 . 3 ) max p ( n 1 , . . . , n t . ) F t ( r i 1 , . . . , n f , M a ^,a^) 

= q ( n 1 , • • • , i t ) M a _ 1 + L ( n 1 , . . . , n t ) . 

M o r e o v e r , by f r e e d i s p o s a b i l i t y o f a s s e t s , q i s n o n n e g a t i v e . 

Comb in ing ( 4 . 2 ) and ( 4 . 3 ) y i e l d s ( 4 . 1 ) . • 

I n c e n t i v e c o m p a t a b i l i t y f o r c e s t he p r i c e o f goods t o be 

s t r i c t l y p o s i t i v e , s o we t a k e goods to be n u m e r a i r e . We can t h e n 

r e w r i t e ( 4 . 1 ) a s 

°A+ \ K - p t ( R t \ 1 ) m t i + \ 

where i f M d e n o t e s t h e pe r c a p i t a money s t o c k , m = M / M i s 

agen t a ' s s h a r e ; where R t = Q M ( n 1 n f c ) / p M ( n 1 , . . . , n f c ) i s t h e 

g r o s s n o m i n a l i n t e r e s t payed on i n i t i a l money h o l d i n g s ; p f c = 

[ p M ( r 1 , . . . , n t ) / p x ( r i 1 , . . . , n t ) j M f c + 1 i s the r e a l v a l u e o f t h e f i n a l 

money s t o c k ; <t> = M . / M i s t he g r o s s g rowth r a t e o f t h e money 

s t o c k , and I E L ( n n , . ) / p ( n . , . . . , ' ! ^ ) i s t he r e a l v a l u e o f 

t he lump sum s u b s i d y . 

To p r o v e t h a t a s s e t t r a d i n g mechanism o f v a r i o u s t y p e s 

e x i s t , we must g i v e examp les o f p r i c e sys tems s u c h t h a t t he h y ­

p o t h e s i s o f P r o p o s i t i o n 4 .1 a r e s a t i s f i e d . To check f o r o p t i m a l -

i t y , i t i s c o n v e n i e n t t o u s e f i r s t o r d e r c o n d i t i o n s . To do s o , we 

must i n t r o d u c e n o t a t i o n t o d i s t i n g u i s h between t h e two s t a t e s t h a t 

can o c c u r n e x t p e r i o d . I f y t i s a t i m e t r e a l i z a t i o n , l e t y t + 1 be 

the r e a l i z a t i o n o f t ime t+1 i f t he s t a t e i s the same a t t+1 as a t 

t , and l e t y. . deno te t he r e a l i z a t i o n i f a r e v e r s a l o c c u r s . 
' J t +1 
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Lemma 4.2: Given budget constraints of the form (4.4) i t is 
s u f f i c i e n t for the best a l l o c a t i o n to be optimal that there ex is t 
a budget feas ib le contingent plan for money holding m , and non-
negative contingent marginal u t i l i t i e s o f consumption y and a 
constant B so that the f i r s t order condit ions 

(4.5) y a = Du(2) i f a i s a buyer at t 
v 

> Du(0) i f a i s a s e l l e r at t 

u a p t > «[ ( i - * )p t + l (R t + 1 *^ 1 )v 1 ^ t + 1 (R t + 1 $t l 1 )5 t + J 

(= i f m a > 0) 

and the t ransversa l i ty condit ion 

(4.6) p a p t < B, 

are s a t i s f i e d . 

We w i l l not prove th is lemma here: proofs may be found 
in Levine [1986] or Bewley [1980], and are a straightforward 
extension of the resul ts of Weitzman [1973] to the stochast ic 
case. We merely observe that i f n ( n 1 , . . - , n t ) is the probabi l i ty 
of the h is tory n . , n t > then (4.5) are the f i r s t order condi ­

t ions that follow from forming a Lagrangean by assoc ia t ing the 
t a 

mul t ip l i e rs 6 n( n . , . . . , n f )ut. with the budget constra int a f ter the 
history n t . The t ransversa l i ty condit ion (4.6) requires 
that the marginal u t i l i t y of a share of the money stock must be 
bounded. 
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We can now c o m p l e t e t he p r o o f o f P r o p o s i t i o n 3 . 2 a s 

Lemma 4 . 3 : I f D u ( 2 ) / D u ( 0 ) > 6 , t h e n t h e r e i s a s i n g l e a s s e t 
- IV 

t r a d i n g mechanism t h a t imp lemen ts t he b e s t a l l o c a t i o n . 

P r o o f : S u p p o s e , w i t h o u t l o s s o f g e n e r a l i t y , t h a t r = 1. A t t h e 

end o f e v e r y p e r i o d a s s i g n t y p e 1 ' s e n t i r e money s t o c k , so t h a t i f 

a i s a t y p e 2 a t t , m a = 2 . In p e r i o d s i n w h i c h t y p e 2 ' s a r e 

b u y e r s , p. = (1 - i r )6 / i t , R f4>~ 1 = 1/p. . and a, = 0 . In p e r i o d s 
t TI ^ t t t 

( i n c l u d i n g t he i n i t i a l p e r i o d ) i n w h i c h t y p e 2 ' s a r e s e l l e r s , p = 

1j R ^ * r 1 = _ 1 a n d K = 2 * A check shows t h a t ( 4 . 4 ) i s s a t i s -

f i e d . I t r e m a i n s t o g i v e m a r g i n a l u t i l i t i e s o f e x p e n d i t u r e f o r 
Si — 

s e l l e r s . When t y p e 2 ' s a r e s e l l e r s , s e t u = 6 D u ( 2 ) . When t y p e 
U TT 

1 's a r e s e l l e r s , s e t y a = D u ( 0 ) . The t r a n s v e r s a l i t y c o n d i t i o n 

( 4 . 6 ) i s o b v i o u s l y s a t i s f i e d . A c a l c u l a t i o n shows t h a t i f 

D u ( 2 ) / D u ( 0 ) > 6~ 1 ( 4 . 5 ) i s as w e l l . N o t i c e , i n c i d e n t a l l y , t h a t 
— TI 

t h i s i s e s s e n t i a l l y t he same mechanism u s e d i n t he p r o o f o f P r o p o ­

s i t i o n 3 . 1 . D 

5 . E x p a n s i o n a r y and C o n t r a c t i o n a r y P o l i c y 

A g i v e n mechanism must be e n f o r c e d ; i t i s n a t u r a l t o 

t h i n k o f t he e n f o r c e m e n t agen t a s t he g o v e r n m e n t . The mechanism 

can be e n f o r c e d e i t h e r t h r o u g h government p o l i c y — t h e r a t e a t 

wh i ch t he money s u p p l y g r o w s ; o r t h r o u g h government e n f o r c e m e n t o f 

p r i v a t e c o n t r a c t s — t h e e n f o r c e m e n t o f t he payment o f i n t e r e s t . I f 

no i n t e r e s t i s payed on money, ( s o R .̂ = 1) a p o l i c y i s e x p a n s i o n a r y 

i f > 1, s o t h a t t he money s u p p l y g r o w s , o r c o n t r a c t i o n a r y i f 

(j>, < 1. In l i g h t o f t h e f a c t t h a t ( 4 . 4 ) i m p l i e s t h a t a g e n t s c a r e 
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o n l y abou t R <t>" , t h i s m o t i v a t e s t he f o l l o w i n g d i s t i n c t i o n between 

mechan isms: A mechanism i s e x p a n s i o n a r y i f * f R ~ ^ > 1 f o r a l l 

t i m e s and h i s t o r i e s ; a mechanism i s c o n t r a c t i o n a r y i f 4>̂ RT _ 1 

f o r a l l t i m e s and h i s t o r i e s . 

Our g o a l i s t o c h a r a c t e r i z e mechan isms a b i l i t y to 

a c h i e v e t he b e s t a l l o c a t i o n . In t he c a s e o f c o n t r a c t i o n a r y mecha­

n i sms 

P r o p o s i t i o n 5 . 1 : I f 0 < tr < 1, t hen no c o n t r a c t i o n a r y mechanism 

can implement t he b e s t a l l o c a t i o n . 

P r o o f : F i r s t we show p < 3 D u ( 2 ) / ( 1 - 6 ) D u ( 0 ) = C a l m o s t s u r e l y . 

L e t x a deno te t h e b e s t a l l o c a t i o n . Suppose o. > C f o r some h i s -

t o r y h. = ( n , . . . . . O n e t y p e o f agen t h o l d s a t l e a s t one u n i t 

**a 

o f money p e r c a p i t a , and can a f f o r d the c o n s u m p t i o n p l a n x e q u a l 

t o x b e f o r e t o r i f h f c does n o t o c c u r , and e q u a l t o C i n p e r i o d t 

and z e r o f o r e v e r a f t e r w a r d s i f h^. does o c c u r . C o n s i d e r t he l i n e a r 

env i r onmen t d e f i n e d by n = D u ( 2 ) , n = D u ( 0 ) . C o n t i n g e n t on h t , 

x g i v e s a p r e s e n t v a l u e o f no more t h a n 2 n / ( 1 - 6 ) u n i t s o f u t i l i t y 

a t t ; w h i l e x a g i v e s 3nX(1—6). S i n c e 0 < n < 1, h f c has p o s i t i v e 

p r o b a b i l i t y , and U L ( x a ) > U L ( x a ) . T h i s c o n t r a d i c t s Lemma 3 - 3 , 

show ing o. < C . 

Nex t o b s e r v e t h a t i n c e n t i v e c o m p a t a b i l i t y i m p l i e s ( 4 . 4 ) 

must h o l d w i t h e x a c t e q u a l i t y . A g g r e g a t i n g o v e r a g e n t s t h i s shows 

t h a t p • 1 = p . R . o ' 1 + l. . S o l v i n g f o r % and s u b s t i t u t i n g i n t o 
t C U U u U 

t he b u y e r ' s budge t c o n s t r a i n t ( 4 . 4 ) y i e l d s 

mti = R t* t 1 ( B tr 1 ) - 1 / D t -
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By h y p o t h e s i s R J > 1, and we j u s t showed - 1 / p . > - 1 / C . I t 

f o l l o w s t h a t i f 1 < 1 t hen 

m a < ( m a _ r D - ( 1 / C ) , 

and i n p a r t i c u l a r m a < 1. S i n c e m a > 0 , we s e e t h a t i t i s impos -

s i b l e f o r an a g e n t who has no more than t he a v e r a g e money s t o c k a t 

t he b e g i n n i n g o f a p e r i o d t o be a b u y e r more than C c o n s e c u t i v e 

p e r i o d s . U n f o r t u n a t e l y , s i n c e 0 < TT < 1, t h i s e v e n t o c c u r s w i t h 

p o s i t i v e p r o b a b i l i t y . T h i s c o n t r a d i c t i o n e s t a b l i s h e s t h a t a 

c o n t r a c t i o n a r y p o l i c y i s i n c o n s i s t e n t w i t h t he b e s t a l l o c a t i o n . Q 

The key t o t h i s a rgument i s t h a t a g e n t s s e l f i n s u r e by 

h o l d i n g money, a s i n L e l a n d [ 1 9 6 8 ] . C o n s e q u e n t l y , i f t h e y have 

bad l u c k t oo many t i m e s i n a row, and do no t ge t h e l p f rom the 

government t hey w i l l no l o n g e r be a b l e t o buy . T h i s i d e a can a l s o 

be f ound i n L e i j o n h u f v u d [ 1 9 7 3 ] , where i t i s s u g g e s t e d t h a t t h e 

economy w i l l behave " c l a s s i c a l l y " a s l o n g a s t h e r e i s enough 

l i q u i d i t y i n the sys tem t o a c t a s a b u f f e r . A g e n e r a l method o f 

compu t i ng e q u i l i b r i a o f t h i s t y p e may be f ound i n Kehoe and L e v i n e 

[ 1 9 8 5 ] . E q u i l i b r i a o f t h i s t y p e i n a s i m i l a r model have a l s o been 

computed by Sche inkman and W e i s s [ 1 9 8 6 ] , who p o i n t ou t a one t ime 

u n a n t i c i p a t e d e x p a n s i o n can h e l p when money b a l a n c e s a r e b a d l y 

d i s t r i b u t e d . In t h i s m o d e l , we can p r o v e a much s t r o n g e r r e s u l t . 

In c a s e * t R ^ 1 i s i n d e p e n d e n t o f t ime and h i s t o r y we 

r e f e r t o a f l a t e x p a n s i o n o r c o n t r a c t i o n . Such mechanisms a r e 

s i m p l e r and l e s s c o s t l y to o p e r a t e . In p a r t i c u l a r a f l a t e x p a n ­

s i o n can be imp lemented by government h e l i c o p t e r s d r o p p i n g a f i x e d 

p e r c e n t o f t he c u r r e n t money s u p p l y e a c h p e r i o d , and l e t t i n g 
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p r i v a t e m a r k e t s t a k e t h e i r c o u r s e . We have the f o l l o w i n g s t r o n g 

c o n v e r s e t o P r o p o s i t i o n 5 . 1 . 

P r o p o s i t i o n 5 . 2 : Suppose 

( 5 . 1 ) D u ( 2 ) / D u ( 0 ) > I / f in + 2 6 ~ 1 . 

Then t he b e s t a l l o c a t i o n can be imp lemented by a f l a t e x p a n s i o n . 

P r o o f : L e t R.<t>~̂  = 1 /3 - In t he i n i t i a l p e r i o d t he goods p r i c e o f 

money p . = 1. Add ing ( 4 . 4 ) a c r o s s t y p e s shows t h a t I. s 1. A t 

the end o f e v e r y p e r i o d a s s i g n s e l l e r s t he e n t i r e money s t o c k , so 

t h a t i f a i s a s e l l e r a t t , m a = 2 ( e a c h s e l l e r h o l d s t w i c e t h e 

a v e r a g e money s t o c k ) . I f a t t he b e g i n n i n g o f t he p e r i o d b u y e r s 

h o l d a l l t he money p = p = 3 / 4 ; i f a t t he b e g i n n i n g o f the p e r i o d 

s e l l e r s h o l d a l l t he money p f c = p = 3 / 2 . In e i t h e r c a s e a g g r e g a t ­

i n g ( 4 . 4 ) shows 

( 4 . 7 ) l f c = 1 + ( 2 / 3 ) p f c . 

By Lemma 4 . 4 , i t s u f f i c e s t o g i v e m a r g i n a l u t i l i t i e s o f e x p e n d i ­

t u r e y f s a t i s f y i n g ( 4 . 5 ) and ( 4 . 6 ) . F o r b u y e r s ( 4 . 5 ) g i v e s y a . 

S e t il s [4 /6TI+26~ 1 ] ~ 1 D u ( 2 ) . F o r s e l l e r s i n t he i n i t i a l p e r i o d , 

t a k e y a = ( 3 / 4 ) i J . In p e r i o d s i n w h i c h b u y e r s i n i t i a l l y h o l d a l l 

t he money, t a k e s e l l e r s m a r g i n a l u t i l i t y o f e x p e n d i t u r e t o 

be p a = u, w h i l e i f s e l l e r s i n i t i a l l y h o l d a l l t he money, 

t a k e y a = ( 1 / 2 ) i i . S i n c e y a t a k e s on o n l y t he v a l u e s D u ( 2 ) , 

( 3 / 4 ) y , u, and ( 1 / 2 ) i i , i t c l e a r l y s a t i s f i e s the t r a n s v e r s a l i t y 

c o n d i t i o n ( 4 . 6 ) . A d i r e c t c a l c u l a t i o n shows t h a t ( 5 . 1 ) i m p l i e s 

t he f i r s t o r d e r c o n d i t i o n s ( 4 . 5 ) . D 
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O b s e r v e , i n c i d e n t a l l y , t h a t t he bound i n P r o p o s i t i o n 4 . 3 

i s s t r o n g e r t han t h a t i n P r o p o s i t i o n 3 - 2 : We do no t a t t e m p t to 

show t h a t t h e b e s t a l l o c a t i o n can be imp lemented by a f l a t e x p a n ­

s i o n whenever i t can be imp lemented by some a s s e t t r a d i n g mecha ­

n i s m . 
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