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ABSTRACT 

T h i s p a p e r d e v e l o p s a mode l o f v i n t a g e human c a p i t a l i n w h i c h e a c h t e c h n o l o g y 
r e q u i r e s v i n t a g e s p e c i f i c s k i l l s . We examine t he p r o p e r t i e s o f a s t a t i o n a r y 
e q u i l i b r i u m f o r o u r economy. The s t a t i o n a r y e q u i l i b r i u m i s c h a r a c t e r i z e d by a n 
endogenous d i s t r i b u t i o n o f s k i l l e d w o r k e r s a c r o s s v i n t a g e s . The d i s t r i b u t i o n i s 
shown t o be s i n g l e peaked a n d , u n d e r g e n e r a l c o n d i t i o n s , t h e r e i s a l a g be tween 
t he t ime when a t e c h n o l o g y a p p e a r s and the peak o f i t ' s u s a g e , a phenomenon known 
as d i f f u s i o n . An i n c r e a s e i n t he r a t e o f exogenous t e c h n o l o g i c a l change s h i f t s 
t he d i s t r i b u t i o n o f human c a p i t a l t o more r e c e n t v i n t a g e s t h e r e b y i n c r e a s i n g t he 
d i f f u s i o n r a t e . 
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The v i e w s e x p r e s s e d h e r e i n a r e t h o s e o f t he a u t h o r s and n o t n e c e s s a r i l y t h o s e o f 
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1. Introduction 

Why a r e new t e c h n o l o g i e s o f t e n a d o p t e d s l o w l y ? Why do p e o p l e o f t e n i n v e s t 

i n new t e c h n o l o g i e s e v e n when a p p a r e n t l y s u p e r i o r t e c h n o l o g i e s a r e a v a i l a b l e ? 

How a r e d e c i s i o n s t o adop t new t e c h n o l o g i e s a f f e c t e d b y t he p r o s p e c t t h a t even 

b e t t e r t e c h n o l o g i e s w i l l a r r i v e i n the f u t u r e ? T h i s p a p e r d e v e l o p s a d y n a m i c , 

g e n e r a l e q u i l i b r i u m mode l t o deepen ou r u n d e r s t a n d i n g o f t he f a c t o r s d e t e r m i n i n g 

b o t h t he r a t e o f a d o p t i o n o f new t e c h n o l o g i e s and t he r a t e o f d i s p l a c e m e n t o f o l d 

o n e s . 

The mode l h a s t h r e e d i s t i n c t i v e f e a t u r e s . F i r s t , c a p i t a l i s s p e c i f i c to 

a p a r t i c u l a r t e c h n o l o g y . S e c o n d , the m a r g i n a l p r o d u c t o f i n v e s t m e n t i n a 

t e c h n o l o g y i n c r e a s e s w i t h the e x i s t i n g c a p i t a l s p e c i f i c t o t h a t t e c h n o l o g y so 

t h a t new and o l d c a p i t a l a r e comp lemen ta ry i n p u t s i n p r o d u c t i o n . T h i r d , new and 

s u p e r i o r t e c h n o l o g i e s a r r i v e c o n t i n u a l l y . Because c a p i t a l i s t e c h n o l o g y 

s p e c i f i c , o l d t e c h n o l o g i e s w i l l c o n t i n u e to be u s e d e v e n t h o u g h b e t t e r 

t e c h n o l o g i e s a r e a v a i l a b l e . T h i s f e a t u r e i m p l i e s t h a t t h e r e i s a d i s t r i b u t i o n 

o f c a p i t a l i n use by v i n t a g e s (see So low 1960 , f o r an e a r l y a n a l y s i s o f a v i n t a g e 

c a p i t a l model and S a l t e r 1960 , and J u g e n f e l t 1986 , f o r a n a l y s e s o f d i f f u s i o n i n 

v i n t a g e c a p i t a l m o d e l s ) . Because o l d and new c a p i t a l a r e comp lemen ta ry i n p u t s , 

i t c a n be d e s i r a b l e to c r e a t e new c a p i t a l s p e c i f i c to o l d t e c h n o l o g i e s . 

T h e r e f o r e t he c a p i t a l s t o c k i n a p a r t i c u l a r t e c h n o l o g y r e a c h e s i t s peak a f t e r 

some t ime f o l l o w i n g the t e c h n o l o g y ' s i n t r o d u c t i o n . T h i s phenomenon i s known as 

d i f f u s i o n . B e c a u s e s u p e r i o r t e c h n o l o g i e s a r r i v e c o n t i n u a l l y i n t he m o d e l , we a r e 

a b l e to a n a l y z e t he i n t e r p l a y be tween a d o p t i o n r a t e s and the r a t e o f 

t e c h n o l o g i c a l p r o g r e s s . 

I n o u r g e n e r a l e q u i l i b r i u m m o d e l , the d i f f u s i o n r a t e depends on t he c u r r e n t 

d i s t r i b u t i o n o f v i n t a g e c a p i t a l , the r e l a t i v e s u p e r i o r i t y o f t he newest 

t e c h n o l o g y , and on t he q u a l i t y o f t e c h n o l o g i e s e x p e c t e d t o a r r i v e i n t he f u t u r e . 
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The d i s t r i b u t i o n o f v i n t a g e c a p i t a l i n the f u t u r e i n t u r n depends upon t he r a t e 

o f i n v e s t m e n t i n c u r r e n t t e c h n o l o g i e s . R a t h e r t h a n s t a r t i n g a t an a r b i t r a r y 

i n i t i a l d i s t r i b u t i o n , we examine t he e f f e c t o f changes i n t h e q u a l i t y o f new 

t e c h n o l o g i e s on t he d i f f u s i o n r a t e i n a s t a t i o n a r y e q u i l i b r i u m . We show t h a t t he 

d i f f u s i o n r a t e i n s u c h an e q u i l i b r i u m i n c r e a s e s w i t h an i n c r e a s e i n t he r e l a t i v e 

s u p e r i o r i t y o f new t e c h n o l o g i e s o v e r e x i s t i n g o n e s . We a l s o show t h a t the 

d i f f u s i o n r a t e i n c r e a s e s as t he a r r i v a l r a t e o f new t e c h n o l o g i e s i n c r e a s e s . I n 

a c l a s s i c p a p e r , R o s e n b e r g (1976) p o i n t e d t o two o p p o s i n g f o r c e s w h i c h d e t e r m i n e 

how d i f f u s i o n r a t e s change w i t h a change i n t he q u a l i t y o f new t e c h n o l o g i e s . An 

i n c r e a s e i n the r e l a t i v e s u p e r i o r i t y o f c u r r e n t l y a v a i l a b l e new t e c h n o l o g i e s 

c r e a t e s an i n c e n t i v e to s w i t c h t o them. However , i f s u b s t a n t i a l l y b e t t e r 

t e c h n o l o g i e s a r e e x p e c t e d to a r r i v e i n the f u t u r e , f i r m s have an i n c e n t i v e to 

w a i t f o r b e t t e r t e c h n o l o g i e s t o a r r i v e . I n ou r mode l o f o n g o i n g t e c h n o l o g i c a l 

c h a n g e , t he t r a d e o f f be tween t h e s e i n c e n t i v e s i s d e c i s i v e l y r e s o l v e d i n the 

d i r e c t i o n o f q u i c k e r a d o p t i o n and more r a p i d d i f f u s i o n . 

Our model i s c o n s i s t e n t w i t h s e v e r a l e m p i r i c a l o b s e r v a t i o n s w h i c h have now 

a t t a i n e d t he s t a t u r e o f s t y l i z e d f a c t s . F i r s t , w h i l e t he a d o p t i o n r a t e s o f new 

t e c h n o l o g i e s v a r y w i d e l y a c r o s s i n d u s t r i e s and o v e r t i m e , i t i s u n d e n i a b l e t h a t 

new t e c h n o l o g i e s a r e o f t e n a d o p t e d on a l a r g e s c a l e o n l y a f t e r a p r o l o n g e d p e r i o d 

o f t i m e . As M a n s f i e l d (1968) p o i n t s ou t " i t t ook 20 y e a r s o r more f o r a l l o f t he 

m a j o r f i r m s ( i n s e v e r a l i n d u s t r i e s ) to i n s t a l l c e n t r a l i z e d t r a f f i c c o n t r o l , c a r 

r e t a r d e r s , b y - p r o d u c t coke ovens and c o n t i n u o u s a n n e a l i n g . " None o f t h e s e 

i n v e n t i o n s was p a t e n t a b l e and so we must l o o k to o t h e r s o u r c e s t o u n d e r s t a n d the 

a p p a r e n t l y s l o w r a t e o f a d o p t i o n . S e c o n d , the e m p i r i c a l l i t e r a t u r e p r o v i d e s 

e v i d e n c e t h a t d i f f u s i o n c u r v e s a r e g e n e r a l l y S - s h a p e d ( s e e J o v a n o v i c and L a c h 

1989 , f o r a f o r c e f u l e x p r e s s i o n o f t h i s v i e w and a l s o G r i l i c h e s 1957 , D a v i e s 
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1979 , G o r t and K l e p p e r 1982 , and J o v a n o v i c and M a c d o n a l d 1 9 8 8 ) . T h i r d , D a v i e s 

(1979) f i n d s e v i d e n c e t h a t d i f f u s i o n r a t e s i n c r e a s e w i t h an i n c r e a s e i n the 

g rowth r a t e o f t he a d o p t i n g i n d u s t r y . 

We now t u r n t o t he r e l a t i o n s h i p be tween ou r mode l and t he e x i s t i n g 

t h e o r e t i c a l l i t e r a t u r e on d i f f u s i o n . R e s e a r c h i n t h i s a r e a f a l l s i n t o t h r e e ma in 

c a t e g o r i e s . One f o c u s e s on u n c e r t a i n t y abou t t he q u a l i t y o f new t e c h n o l o g i e s 

( J e n s e n 1 9 8 3 , and B a l c e r and L ippman 1 9 8 4 ) . The s e c o n d e m p h a s i z e s s t r a t e g i c 

i s s u e s i n t e c h n o l o g y a d o p t i o n (Kamien and S c h w a r t z 1972 , Re inganum 1 9 8 1 , and 

Spence 1 9 8 4 ) . The t h i r d emphas i zes s p i l l o v e r e f f e c t s and l e a r n i n g by d o i n g i n 

g e n e r a t i n g s l o w d i f f u s i o n ( J o v a n o v i c and M a c d o n a l d 1989 , D a v i d 1969 , D a v i d and 

O l s e n 1987 , and J o v a n o v i c and L a c h 1 9 8 9 ) . W h i l e u n c e r t a i n t y a n d s t r a t e g i c i s s u e s 

a r e u n d o u b t e d l y i m p o r t a n t , i n t h i s p a p e r we a b s t r a c t away f r o m t h e s e i s s u e s by 

c o n s i d e r i n g a c e r t a i n t y model w i t h c o m p e t i t i v e a g e n t s . 

Our mode l d i f f e r s f r om the e x i s t i n g l i t e r a t u r e i n s e v e r a l s u b s t a n t i v e w a y s . 

F i r s t , i n o u r model n o t o n l y a r e o l d t e c h n o l o g i e s u s e d when a p p a r e n t l y b e t t e r 

t e c h n o l o g i e s a r e a v a i l a b l e , p e o p l e w i l l i n v e s t i n o l d t e c h n o l o g i e s . The e x i s t i n g 

l i t e r a t u r e g e n e r a l l y does n o t y i e l d t h i s i m p l i c a t i o n . T h e r e i s some e v i d e n c e i n 

M a n s f i e l d ( 1 9 6 8 , C h a p . 8) s u g g e s t i n g t h a t f i r m s u s i n g o l d e r t e c h n i q u e s grew i n 

s i z e , though o b v i o u s l y a t a s l o w e r r a t e t h a n f i r m s u s i n g newer t e c h n i q u e s . 

S e c o n d , i n ou r g e n e r a l e q u i l i b r i u m m o d e l , b o t h the c o s t o f s w i t c h i n g t o a new 

t e c h n o l o g y and the c o s t o f o p e r a t i n g o l d t e c h n o l o g i e s a r e e n d o g e n o u s l y d e t e r m i n e d 

r a t h e r t h a n e x o g e n o u s l y s p e c i f i e d as i n much o f t he l i t e r a t u r e . I n p a r t i c u l a r , 

t h i s e n d o g e n e i t y a l l o w s us to a n a l y z e how s w i t c h i n g c o s t s and o p e r a t i n g c o s t s a r e 

a f f e c t e d by the c u r r e n t d i s t r i b u t i o n o f t e c h n o l o g i e s and b y t h e a n t i c i p a t e d 

a r r i v a l r a t e o f new t e c h n o l o g i e s . T h i r d , much o f t he l i t e r a t u r e a t t e m p t s t o 

u n d e r s t a n d d i f f u s i o n i n e n v i r o n m e n t s where t e c h n o l o g i c a l change i s a 
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o n c e — a n d - f o r — a l l e v e n t . F o r many i n d u s t r i e s ( c o m p u t e r s , f o r one examp le ) i t 

seems more a p p r o p r i a t e to model t e c h n o l o g i c a l change as a c o n t i n u a l p r o c e s s . 

Such a mode l a l l o w s us t o a n a l y z e i n d u s t r i e s where many d i f f e r e n t t e c h n i q u e s 

s i m u l t a n e o u s l y c o e x i s t and t o d e v e l o p a d e e p e r u n d e r s t a n d i n g o f how the r a t e s o f 

decay o f o l d e r t e c h n o l o g i e s i n t e r a c t w i t h t h e g r o w t h o f newer o n e s . 

I n ou r m o d e l , a l l the c a p i t a l i s t e c h n o l o g y - s p e c i f i c human c a p i t a l w h i c h 

i s a c q u i r e d b y u s i n g a p a r t i c u l a r t e c h n o l o g y . L e a r n i n g b y d o i n g i s , i n t h i s 

s e n s e , an i m p o r t a n t f e a t u r e o f t he m o d e l . However , t h e r e a r e no s p i l l o v e r 

e f f e c t s a c r o s s t e c h n o l o g i e s . T h e r e f o r e , t he c o m p e t i t i v e e q u i l i b r i u m o f ou r model 

i s a l s o P a r e t o o p t i m a l . 

The p l a n o f t he p a p e r i s a s f o l l o w s . I n S e c t i o n 2 we s e t up t he m o d e l , 

d e f i n e a c o m p e t i t i v e e q u i l i b r i u m and p r o v e e x i s t e n c e and u n i q u e n e s s o f a 

s t a t i o n a r y e q u i l i b r i u m . I n S e c t i o n 3 we c h a r a c t e r i z e the s t a t i o n a r y e q u i l i b r i u m . 

I n S e c t i o n 4 we show t h a t c o m p e t i t i v e e q u i l i b r i a a r e P a r e t o - o p t i m a l . S e c t i o n 5 

c o n c l u d e s the p a p e r . 

2 . The Model 

We c o n s i d e r an i n f i n i t e h o r i z o n o v e r l a p p i n g g e n e r a t i o n s mode l o f a g e n t s who 

l i v e f o r two p e r i o d s . A new t e c h n o l o g y a p p e a r s i n e v e r y p e r i o d . T h i s t e c h n o l o g y 

i s g i v e n by t he p r o d u c t i o n f u n c t i o n 7 f c f ( N , Z ) where t d e n o t e s t he p e r i o d i n w h i c h 

the t e c h n o l o g y a p p e a r e d , N i s t he i n p u t o f u n s k i l l e d w o r k e r s , Z i s t h e i n p u t o f 

e x p e r i e n c e d w o r k e r s , and 7 > 1. A g i v e n s e t o f t e c h n o l o g i e s w i t h t — ( 0 , - 1 , 

- 2 , . . . } i s a v a i l a b l e i n p e r i o d 0 . We assume t h a t t he p r o d u c t i o n f u n c t i o n f has 

c o n s t a n t r e t u r n s t o s c a l e and t h a t f ( - , Z ) i s s t r i c t l y i n c r e a s i n g and s t r i c t l y 

c o n c a v e f o r each Z > 0 . L e t f ( N , 0 ) = w 0 N where o>0 > 0 . As w i l l become a p p a r e n t 

b e l o w , t he fo rm o f t h i s p r o d u c t i o n f u n c t i o n p l a y s an i m p o r t a n t r o l e i n 
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d e t e r m i n i n g t he r a t e o f d i f f u s i o n . I n p a r t i c u l a r , i f t he two t y p e s o f l a b o r a r e 

h i g h l y c o m p l e m e n t a r y , new t e c h n o l o g i e s d i f f u s e s l o w l y . No te a l s o t h a t b e c a u s e 

7 > 1, t i n ou r economy o u t p u t grows o v e r t i m e . 

We w i l l a d o p t s t a n d a r d n o t a t i o n f o r v i n t a g e c a p i t a l m o d e l s . The l e t t e r " t " 

w i l l i n d e x t i m e and the l e t t e r " r " w i l l i n d e x t he v i n t a g e o f t he t e c h n o l o g y , w i t h 

t he f o l l o w i n g i n t e r p r e t a t i o n : A t e c h n o l o g y o f v i n t a g e r i n p e r i o d t r e f e r s t o 

t he t e c h n o l o g y t h a t a p p e a r e d i n p e r i o d t - T . F o r example r - 2 a t d a t e t 

d e n o t e s t h e t e c h n o l o g y t h a t a p p e a r e d i n p e r i o d t - 2 . N o t i c e a l s o t h a t t he same 

t e c h n o l o g y i n p e r i o d t + 1 w i l l have v i n t a g e r = 3 . 

I n e v e r y p e r i o d , a c o n s t a n t p o p u l a t i o n o f a g e n t s i s b o r n who l i v e f o r two 

p e r i o d s . We n o r m a l i z e the p o p u l a t i o n s i z e to be 1 . These a g e n t s have 

p r e f e r e n c e s d e f i n e d o v e r t he two p e r i o d s t h e y l i v e g i v e n b y the u t i l i t y f u n c t i o n 

U ( C ! , C 2 ) = c x + /3c 2 

where c1 d e n o t e s c o n s u m p t i o n when y o u n g , c 2 d e n o t e s c o n s u m p t i o n when o l d and 0 

< P < 1. I n p e r i o d 0 , an o l d g e n e r a t i o n i s a l i v e w h i c h o n l y c a r e s abou t c u r r e n t 

c o n s u m p t i o n . We a l l o w i n d i v i d u a l s o f a g i v e n g e n e r a t i o n t o b o r r o w and l e n d 

among t h e m s e l v e s . T h u s , so l o n g as a g g r e g a t e c o n s u m p t i o n o f a g e n e r a t i o n i s 

p o s i t i v e i n b o t h p e r i o d s o f l i f e , t he m a r k e t i n t e r e s t f a c t o r w i l l be 0. 

Worke rs c a n choose t o work i n o n l y one v i n t a g e . E x p e r i e n c e i s a c q u i r e d by 

w o r k i n g i n a f i r m u s i n g a p a r t i c u l a r t e c h n o l o g y as an u n s k i l l e d w o r k e r f o r one 

p e r i o d and i s s p e c i f i c t o t h a t t e c h n o l o g y . I n t h i s s e n s e , ou r mode l i s one o f 

l e a r n i n g by d o i n g . The c h o i c e s o f young a g e n t s on w h i c h s k i l l s t o l e a r n i n d u c e 

a d i s t r i b u t i o n o f s k i l l e d w o r k e r s a c r o s s t e c h n o l o g i e s i n t he f o l l o w i n g p e r i o d . 

The d i s t r i b u t i o n o f o l d a g e n t s i n p e r i o d 0 i s g i v e n . 
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L e t fit be t h e d i s t r i b u t i o n o f e x p e r i e n c e d o l d a g e n t s a t d a t e t a c r o s s 

v i n t a g e s r e ( 0 , 1 , 2 , . . . ) . Thus p t ( r ) i n d i c a t e s t h e number (more p r e c i s e l y mass) 

o f o l d a g e n t s w i t h e x p e r i e n c e i n v i n t a g e r . These a r e t he o l d p e o p l e who when 

young w o r k e d i n t he t e c h n o l o g y t h a t a p p e a r e d i n p e r i o d t — r. S i n c e t h e r e a r e 

no e x p e r i e n c e d w o r k e r s i n t he " j u s t b o r n " v i n t a g e , pt(0) — 0 f o r a l l t . We w i l l 

r e f e r t o nt as the s t a t e o f t he economy. 

We now d e s c r i b e t he e v o l u t i o n o f t he s t a t e o f t he economy. L e t N 1 ( t , T ) , 

t - 0 , 1, . . . , d e n o t e t he number o f young w o r k e r s who e n t e r v i n t a g e r a t d a t e t . 

I n p e r i o d t + 1 t h e s e w o r k e r s w i l l be s k i l l e d i n v i n t a g e r + 1. T h e r e f o r e , 

(1) p f c + 1 ( r + l ) = N x ( t , T ) r = 0 , 1, a l l t . 

O n l y e x p e r i e n c e d o l d w o r k e r s i n a p a r t i c u l a r v i n t a g e c a n s u p p l y t he s k i l l e d 

l a b o r i n p u t i n t h a t v i n t a g e . We a l l o w e x p e r i e n c e d w o r k e r s t o move f r e e l y and 

s u p p l y u n s k i l l e d l a b o r a t any v i n t a g e . L e t N 2 ( t , r ) d e n o t e t he number o f o l d 

w o r k e r s who work as u n s k i l l e d w o r k e r s i n v i n t a g e r and l e t Z ( t , r ) deno te t he 

s k i l l e d l a b o r i n p u t t o v i n t a g e r a t d a t e t . Then we have 

(2) 0 < Z ( t , r ) < M t ( 0 r = 0 , 1 a l l t . 

We now t u r n t o t he d e c i s i o n p r o b l e m s o f t he w o r k e r s . L e t w ( t , r ) d e n o t e t he 

wage o f u n s k i l l e d w o r k e r s i n v i n t a g e r i n p e r i o d t and l e t v ( t , r ) deno te t he wage 

p a i d t o s k i l l e d w o r k e r s a t v i n t a g e r i n p e r i o d t . F i r s t c o n s i d e r t h e d e c i s i o n 

p r o b l e m o f o l d w o r k e r s . S i n c e o l d w o r k e r s c a n work a t any v i n t a g e a s u n s k i l l e d 

w o r k e r s , t h e y must be p a i d a t l e a s t as much as u n s k i l l e d w o r k e r s i n any v i n t a g e . 

T h a t i s , i f Z ( t , r ) > 0 t h e n v ( t , r ) > w ( t , s ) f o r a l l s . F u r t h e r m o r e , i f t he l a s t 

i n e q u a l i t y i s s t r i c t , s k i l l e d w o r k e r s i n v i n t a g e r w i l l o n l y s u p p l y s k i l l e d 

l a b o r , o r Z ( t , r ) = \ir . C l e a r l y o l d w o r k e r s who work as u n s k i l l e d w o r k e r s w i l l 
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c h o o s e t he v i n t a g e o f f e r i n g the h i g h e s t wage r a t e ; t h a t i s , i f N 2 ( t , r ) > 0 t h e n 

w ( t , r ) > w ( t , s ) f o r a l l s . 

Now c o n s i d e r t he d e c i s i o n p r o b l e m o f young w o r k e r s . I f a y o u n g w o r k e r 

d e c i d e s t o e n t e r v i n t a g e r , h i s o r h e r e a r n i n g s i n t he f o l l o w i n g p e r i o d w i l l be 

( a t l e a s t ) v ( t + l , r + l ) s i n c e i n t he f o l l o w i n g p e r i o d he o r she w i l l be s k i l l e d i n 

v i n t a g e r + 1. S i n c e young a g e n t s max im ize d i s c o u n t e d e a r n i n g s , we have t he 

f o l l o w i n g i n e q u a l i t y 1 , 

(3) w ( t , r ) + /3 m a x { v ( t + l , T + l ) , w ( t + l , 0 ) , w ( t + l , l ) , . . . ) 

> w ( t , s ) + $ m a x { v ( t + l , s + l ) , w ( t + l , 0 ) , w ( t + l , l ) , . . . ) 

f o r a l l r , s , and t s u c h t h a t N ^ t . r ) > 0 . 

I n e a c h v i n t a g e p r o f i t m a x i m i z i n g f i r m s o p e r a t e t he p r o d u c t i o n p r o c e s s . 

B e c a u s e o f ou r a s s u m p t i o n o f c o n s t a n t r e t u r n s t o s c a l e , t he d i s t r i b u t i o n o f 

p r o p e r t y r i g h t s o f f i r m s i s i r r e l e v a n t . I n e a c h v i n t a g e we have 

(4 ) m a x { 7

t - T f ( N , Z ) - w ( t , r ) N - v ( t , r ) Z ) - 0 f o r a l l r > 1, f o r a l l t . 
N<Z 

I n t he " j u s t - b o r n " v i n t a g e we have t he p r o f i t m a x i m i z a t i o n c o n d i t i o n , 

(5) m a x ( 7

t f ( N , 0 ) - w ( t , 0 ) N ) - 0 . 
N 

R e c a l l t h a t f ( N , 0 ) = w 0 N . T h u s , (5) i m p l i e s t h a t i f N ^ t . O ) > 0 f o r some 

t , t h e n w ( t , 0 ) - 7*^0 • 

A competitive equilibrium f o r t h i s economy i s a c o l l e c t i o n o f wage 

f u n c t i o n s w ( t , r ) and v ( t , r ) ; employment f u n c t i o n s N 1 ( t , r ) , N 2 ( t , r ) , and Z ( t , r ) ; 

and a sequence o f d i s t r i b u t i o n f u n c t i o n s (/x t) , s u c h t h a t : 
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( i ) Young w o r k e r s a r e i n d i f f e r e n t among v i n t a g e s : The wage f u n c t i o n s 

s a t i s f y ( 3 ) . O l d w o r k e r s max im ize t h e i r i n c o m e : Z ( t , r ) > 0 i m p l i e s 

v ( t , r ) > w ( t , s ) f o r a l l s , v ( t , r ) > w ( t , s ) f o r a l l s i m p l i e s 

Z ( t , r ) - fiT and N 2 ( t , r ) > 0 i m p l i e s w ( t , r ) > w ( t , s ) f o r a l l s . 

( i i ) P r o f i t m a x i m i z a t i o n : The employment f u n c t i o n s s o l v e (4) and ( 5 ) . 

( i i i ) R e s o u r c e c o n s t r a i n t s : E ^ . o N ^ t . r ) - 1 and Z £ _ 0 ( N 2 ( t , T ) + Z ( t , r ) ) = 1 

f o r a l l t and the employment and d i s t r i b u t i o n f u n c t i o n s s a t i s f y (1) 

and ( 2 ) . 

I n t he r e s t o f t he p a p e r we w i l l c o n c e n t r a t e o u r a t t e n t i o n on t he 

stationary equilibrium, w h i c h i s a c o m p e t i t i v e e q u i l i b r i u m w i t h t he 

a d d i t i o n a l c o n d i t i o n s : 

( i v ) pt - ft, N 2 ( t , r ) - N 2 T , Z ( t , r ) = Z T , w ( t , r ) - and v ( t , r ) - 7 \ 

f o r a l l t , where w T and v , deno te t he wage r a t e s a t p e r i o d 0 . 

To i n t e r p r e t t he c o n d i t i o n s imposed by a s t a t i o n a r y e q u i l i b r i u m i t i s 

c o n v e n i e n t t o t h i n k o f t he t e c h n o l o g i e s a s l y i n g on t he r e a l l i n e . Then i n a 

s t a t i o n a r y e q u i l i b r i u m the d i s t r i b u t i o n o f a g e n t s a c r o s s t e c h n o l o g i e s a d v a n c e s 

t o t he r i g h t a t a c o n s t a n t r a t e . However , r e l a t i v e t o t h e newes t t e c h n o l o g y the 

d i s t r i b u t i o n i s s t a t i o n a r y . So , a t the b e g i n n i n g o f e v e r y p e r i o d t he economy i s 

i d e n t i c a l t o what i t was i n t he p r e v i o u s p e r i o d , e x c e p t t h a t a l l t he t e c h n o l o g i e s 

a r e more p r o d u c t i v e by a f a c t o r o f 7 . We t h e r e f o r e r e q u i r e t h a t t he a l l o c a t i o n s 

a t e a c h v i n t a g e be t he same o v e r t ime i n a s t a t i o n a r y e q u i l i b r i u m and t h a t wages 

r i s e a t t he r a t e 7 . 2 

The k e y c o n d i t i o n i n an e q u i l i b r i u m i s the p r e s e n t v a l u e c o n d i t i o n i n ( 3 ) . 

T h i s c o n d i t i o n i s somewhat u n w i e l d y bu t we can use o u r c o n s t a n t r e t u r n s t o s c a l e 

a s s u m p t i o n t o s i m p l i f y i t c o n s i d e r a b l y . To u s e t h i s a s s u m p t i o n , l e t us d e f i n e 
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t he i n p u t o f u n s k i l l e d l a b o r r e l a t i v e t o s k i l l e d l a b o r b y n and t he p r o f i t 

f u n c t i o n ?r T(w) b y 

(6) T T ( W ) = max (7~ T f ( n , 1) - wn) . 
n 

From the c o n s t a n t r e t u r n s t o s c a l e a s s u m p t i o n , i t i s c l e a r t h a t i f Z T > 0 

f o r some r t h e n v T - T T T ( W t ) . O f c o u r s e , i f Z r < pr t h e n v T e q u a l s t he maximum 

wage. T h e r e f o r e , 

(7) v T = max { T T T ( W t ) , max w T ) f o r a l l r s u c h t h a t nT > 0 . 
T 

R e c a l l i n g t h a t wages r i s e a t r a t e 7 i n a s t a t i o n a r y e q u i l i b r i u m , t he 

p r e s e n t v a l u e c o n d i t i o n s (3) can be s i m p l i f i e d t o r e a d , 

(8) wT_j + 0-y max(7 r T (w r ) , max w T) < k 

w i t h e q u a l i t y f o r a l l r s u c h t h a t / i T > 0 where k i s t he p r e s e n t v a l u e o f income 

f o r a young w o r k e r a t d a t e z e r o . 

I n t he a p p e n d i x we e s t a b l i s h t he f o l l o w i n g 

Proposition 1 (Unskilled workers' wages increase with vintage). 

I n a s t a t i o n a r y e q u i l i b r i u m , 

( i ) The s u p p o r t o f t he d i s t r i b u t i o n i s f i n i t e : t h e r e i s some number T 

s u c h t h a t fiT > 0 f o r T < T and fiT = 0 f o r r > T. 

( i i ) Z T = (tr f o r r < T - 2 and Z T _ ! > 0 . 

( i i i ) w 7 > w T_! and v T + 1 < v T f o r r = l T - l . 

P r o p o s i t i o n 1 s a y s t h a t , i n a s t a t i o n a r y e q u i l i b r i u m , o n l y a f i n i t e number 

o f v i n t a g e s w i l l be u s e d . T h u s , a l l t e c h n o l o g i e s a r e e v e n t u a l l y d i s c a r d e d . I t 
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a l s o s a y s t h a t young w o r k e r s o n l y e n t e r v i n t a g e s where o l d w o r k e r s s u p p l y s k i l l e d 

l a b o r and t h a t u n s k i l l e d w o r k e r s wages i n c r e a s e w i t h t he age o f a t e c h n o l o g y 

w h i l e s k i l l e d w o r k e r s wages d e c l i n e w i t h t he age o f a t e c h n o l o g y . T h u s , young 

w o r k e r s who e n t e r new t e c h n o l o g i e s i n v e s t when young and r e a p t h e b e n e f i t s o f 

t h e i r human c a p i t a l when t h e y a r e o l d . 

P r o p o s i t i o n 1 t o g e t h e r w i t h t he p r e s e n t v a l u e c o n d i t i o n (8) s u g g e s t s a 

s i m p l e r e c u r s i v e p r o c e d u r e f o r c o m p u t i n g t he wage sequence i n a s t a t i o n a r y 

e q u i l i b r i u m . To d e v e l o p t h i s p r o c e d u r e , f i r s t n o t e t h a t u s i n g P r o p o s i t i o n 1 i n 

(8 ) we have 

(9) w r_j + 0-yirr(wr) = k f o r r - 1 T - l 

N e x t , u s i n g t he r e s u l t i n P r o p o s i t i o n 1 t h a t young w o r k e r s e n t e r t he j u s t -

b o r n v i n t a g e and (5) we have 

(10) w 0 - w„ . 

T h u s , i f the p r e s e n t v a l u e o f e a r n i n g s , k, and t he number o f v i n t a g e s , T, 

a r e known we c a n u s e (9) and (10) to compute t h e wage sequence f o r u n s k i l l e d 

w o r k e r s . We t u r n now to d e t e r m i n i n g k and T. Suppose f i r s t t h a t z T = 0 so t h a t 

a l l o l d w o r k e r s s k i l l e d i n v i n t a g e T work as u n s k i l l e d w o r k e r s . I n a s t a t i o n a r y 

e q u i l i b r i u m , any young w o r k e r who e n t e r s v i n t a g e T - l w i l l t h e n work as an 

u n s k i l l e d w o r k e r when o l d as w e l l . Such a w o r k e r w i l l t h e r e f o r e choose the 

v i n t a g e p a y i n g t he h i g h e s t wages to u n s k i l l e d w o r k e r s i n b o t h p e r i o d s o f h i s 

l i f e . T h u s , young w o r k e r s e n t e r i n g v i n t a g e T - l r e c e i v e a wage wT_j when young 

and 7WT_! when o l d . We t h e n have the e q u a t i o n f o r d e t e r m i n i n g k g i v e n b y , 

(11) w T_ x + fiywj-x = k. 



11 

To d e t e r m i n e t he number o f v i n t a g e s , T , n o t e t h a t i f z T — 0 , t he wage o f 

w o r k e r s e n t e r i n g v i n t a g e T - l , Wjw l ( must be t he h i g h e s t wage p a i d to u n s k i l l e d 

w o r k e r s a t any v i n t a g e . I n p a r t i c u l a r , w T_ x > w T . F u r t h e r m o r e , s i n c e w o r k e r s 

s k i l l e d i n v i n t a g e T a l s o r e c e i v e a wage o f w T _ l f we have t h a t T T T ( W t ) < w T _ j . Now 

j r T ( - ) i s a d e c r e a s i n g f u n c t i o n o f the wage. T h u s , we have t h a t 

(12) T r ^ w ^ ) < w T _ x . 

N e x t , f r om P r o p o s i t i o n 1 we have t h a t w o r k e r s s k i l l e d i n v i n t a g e T - l 

choose t o work as s k i l l e d w o r k e r s . T h e r e f o r e , 

(13) T T T _ 1 ( W T _ 1 ) > w T _ x . 

I n e q u a l i t i e s (12) and (13) c a n now be u s e d t o g e t h e r w i t h e q u a t i o n s (9) 

t h r o u g h (11) t o c o n s t r u c t t he wage s e q u e n c e . The a l g o r i t h m i s t o guess a t a 

v a l u e o f T and t h e n u s e (9) t h r o u g h (11) t o c o n s t r u c t a wage s e q u e n c e . We t h e n 

v e r i f y w h e t h e r t he c o n s t r u c t e d wage sequence s a t i s f i e s ( 1 2 ) . I f i t does n o t , we 

guess a l a r g e r v a l u e o f T . I f t h e wage sequence f a i l s t o s a t i s f y (13) we g u e s s 

a s m a l l e r v a l u e o f T . No te t h a t b e c a u s e w T ( - ) i s d e c r e a s i n g i n T , i f t he wage 

sequence f a i l s t o s a t i s f y (12) i t w i l l s a t i s f y ( 1 3 ) . 

We have d e r i v e d t h i s a l g o r i t h m f o r t he c a s e when z T — 0 . A s l i g h t 

m o d i f i c a t i o n i s r e q u i r e d to accommodate t he p o s s i b i l i t y t h a t z T > 0 . I n t h i s 

c a s e , i t c o u l d be t h a t w T_ 1( l+/37) < k, so t h a t t he a l g o r i t h m d e s c r i b e d above 

a p p a r e n t l y c a n n o t be u s e d . S u p p o s e , p r o v i s i o n a l l y , t h a t t he p r e s e n t v a l u e o f 

e a r n i n g s , k, i s known. L e t S deno te t he s m a l l e s t v i n t a g e s u c h t h a t j r s ( k / ( l + ^ 7 ) ) 

< k / ( l + ^ 7 ) . F o r r - T, T + 1 S - 1 we d e f i n e w T so t h a t w T_i + 0yirT(wr) -

k and l e t w s_ x - k / ( l + ^ 7 ) . C l e a r l y , t h i s c o n s t r u c t e d wage sequence s a t i s f i e s a l l 

t he c o n d i t i o n s o f a s t a t i o n a r y e q u i l i b r i u m . We have e s t a b l i s h e d t h a t , i n a 
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s t a t i o n a r y e q u i l i b r i u m , t h e r e e x i s t s a v i n t a g e S and a wage sequence w r , r = 0 , 

. . . , S - 1 s a t i s f y i n g 

(14) w T • ^ f , i ( w r . i ) " k f o r r - 0 S - 2 

(15) w 0 - w 0 , Wg.! -

( 1 6 ) '^(w?) * T T W 

Note t h a t (16) t o g e t h e r w i t h (14) i m p l i e s t h a t w T + 1 > w T , r - 0 , S -

2 , and t h a t T T T ( W T ) > k / ( l+ /37) f o r r = 1 S - 2 s i n c e n i s s t r i c t l y 

d e c r e a s i n g i n t he v i n t a g e . 

T h i s c o n s t r u c t i o n shows t h a t t he a l g o r i t h m i s t he same b o t h when z x - 0 and 

when Zj > 0 . We t u r n now t o t he p r o b l e m o f u n c o v e r i n g t he number o f a c t i v e 

v i n t a g e s T f r om the wage sequence s a t i s f y i n g (14) t h r o u g h (17) a n d , more 

g e n e r a l l y , c o n s t r u c t i n g the employment a l l o c a t i o n s . 

Suppose we f i n d some sequence o f wages , w 0 , w x , . . . . ws_j w h i c h s a t i s f i e s 

( 1 4 ) - ( 1 7 ) . L e t TXfiv/f) deno te the s o l u t i o n to t he p r o b l e m 

T T T ( W t ) = max 7 _ T f ( n , l ) - w T n . 
n 

Then , g i v e n t he sequence o f wages , t h e employment sequence i s c o n s t r u c t e d 

as f o l l o w s . Suppose f i r s t t h a t n s _ 1 (w s _ 1 ) > 0 . T h e n , l e t a l l young w o r k e r s who 

e n t e r v i n t a g e S — 1 work as u n s k i l l e d w o r k e r s i n t he f o l l o w i n g p e r i o d i n v i n t a g e 

S - l . T h e r e f o r e , we have N l s _ j = N 2 s - i - I n a l l p r e c e d i n g v i n t a g e s , i t f o l l o w s f r om 

the f a c t t h a t / i T + 1 - N l T and N l T - n T pi r t h a t / i T + 1 - / i i ^s= in s . We now show t h a t ^ 
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c a n be c h o s e n t o s a t i s f y l a b o r marke t c l e a r i n g . The m a r k e t c l e a r i n g c o n d i t i o n 

can be w r i t t e n as 

(18) 5 > T n T J £ i - 1 - i n . 
T - l 1 

From the r e c u r s i v e c o n s t r u c t i o n o f n, t he l e f t s i d e o f (18 ) i s a c o n t i n u o u s 

i n c r e a s i n g f u n c t i o n o f nx w h i c h e q u a l s z e r o i f / i x e q u a l s z e r o and t he r i g h t s i d e 

i s a c o n t i n u o u s s t r i c t l y d e c r e a s i n g f u n c t i o n r a n g i n g f r om z e r o t o one . 

T h e r e f o r e , t h e r e i s a u n i q u e v a l u e o f j i i w h i c h s o l v e s ( 1 8 ) . From t h i s v a l u e o f 

filt t h e r e m a i n i n g a l l o c a t i o n s c a n be c o n s t r u c t e d . 

I f n s _ 1 (w s _ 1 ) - 0 , l e t T - l deno te t he l a r g e s t v i n t a g e s u c h t h a t n T _ 1 (w T _ 1 ) 

> 0 . R e p l a c e t he s e c o n d te rm on the l e f t s i d e o f (18) b y ((i-t-1nt.l')/2. The same 

argument f o r t he e x i s t e n c e f o r a d i s t r i b u t i o n t h e n a p p l i e s . 

The p r o b l e m o f p r o v i n g t he e x i s t e n c e o f a s t a t i o n a r y e q u i l i b r i u m t h e n 

r e d u c e s to t he p r o b l e m o f v e r i f y i n g t h a t a wage sequence c a n be f o u n d w h i c h 

s a t i s f i e s (14) t h r o u g h ( 1 7 ) . We show t h a t s u c h a wage s e q u e n c e c a n be f o u n d i n 

t he f o l l o w i n g p r o p o s i t i o n w h i c h i s p r o v e d i n t he a p p e n d i x . 

Proposition 2 (Existence of a wage sequence). 

The re e x i s t s a u n i q u e number S and a u n i q u e sequence o f w a g e s , w 0 , w, , . . . , 

w s_i s a t i s f y i n g ( 1 4 ) - ( 1 7 ) . 

I f n s _ 1 (w s _ 1 ) > 0 , t he number o f a c t i v e v i n t a g e s , T e q u a l s S . I f n s _ 1 (w s _ 1 ) 

- 0 , the number o f a c t i v e v i n t a g e s i s d e t e r m i n e d by t he l a r g e s t v i n t a g e T s u c h 

t h a t n T _ 1 (w T _ 1 ) > 0 . We have e s t a b l i s h e d t he f o l l o w i n g t h e o r e m . 3 
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Theorem (Equilibrium existence). 

A s t a t i o n a r y e q u i l i b r i u m e x i s t s f o r the v i n t a g e c a p i t a l m o d e l . 

From P r o p o s i t i o n 2 t he wage sequence i s u n i q u e . The employment sequence 

i s a l s o u n i q u e e x c e p t f o r two k n i f e - e d g e c a s e s . One c a s e o c c u r s when w o r k e r s 

s k i l l e d i n v i n t a g e T a r e i n d i f f e r e n t be tween w o r k i n g i n v i n t a g e T as s k i l l e d 

w o r k e r s and w o r k i n g i n v i n t a g e T - 1 as u n s k i l l e d w o r k e r s . Then t h e r e i s an 

i n d e t e r m i n a c y i n a l l o c a t i n g o l d w o r k e r s s k i l l e d i n v i n t a g e be tween v i n t a g e T -

1 and T . The o t h e r c a s e o c c u r s when w T_ a - v T _ 1 ( N 2 T - i > 0 , and Z T _ X < M T - I - Then 

t h e r e i s an i n d e t e r m i n a c y i n a l l o c a t i n g o l d w o r k e r s s k i l l e d i n v i n t a g e T — 1 

be tween s k i l l e d and u n s k i l l e d t a s k s . I t i s c l e a r t h a t b o t h c a s e s a r e k n i f e - e d g e 

i n n a t u r e . The e q u i l i b r i u m i s t h e r e f o r e u n i q u e i n g e n e r a l . 4 

3. Properties of the Equilibrium 

The s t a t i o n a r y d i s t r i b u t i o n p r o v i d e s a p i c t u r e o f t he r i s e and f a l l o f a 

p a r t i c u l a r t e c h n o l o g y i n ou r m o d e l . Say a new t e c h n o l o g y a r r i v e s i n p e r i o d 0 . 

I n p e r i o d 1 , t h i s t e c h n o l o g y i s o f v i n t a g e 1 and t h e r e f o r e has e x a c t l y t he same 

c a p i t a l s t o c k as t he v i n t a g e 1 t e c h n o l o g y i n p e r i o d 0 . I n p e r i o d 2 , t h i s 

t e c h n o l o g y has t he same c a p i t a l s t o c k as t he v i n t a g e 2 t e c h n o l o g y i n p e r i o d 0 , 

and so o n . T h e r e f o r e , t he r a t e o f d i f f u s i o n o f new t e c h n o l o g y i s c l o s e l y r e l a t e d 

to t he p r o p e r t i e s o f t he s t a t i o n a r y d i s t r i b u t i o n . We e s t a b l i s h t h a t t he 

d i s t r i b u t i o n i s s i n g l e p e a k e d and l o g concave i n t he f o l l o w i n g p r o p o s i t i o n . 

Proposition 3 (Single peakedness and log concavity). 

T h e r e i s a v i n t a g e R s u c h t h a t f o r a l l r < R, nr > and f o r r > R, y.T 

< M T - I - F u r t h e r m o r e , l o g /i_ i s concave i n r . 
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Proof. S i n c e w T i s i n c r e a s i n g i n r , i t f o l l o w s t h a t n , i s d e c r e a s i n g i n r . 

R e c a l l t h a t nT — / x T _ 1 n T _ 1 . T h e r e f o r e , i f rtf-i > 1, fiT > Mr-l> a n < * i f " T - I < 1> Mr < 

M T -1 , and a l l s u b s e q u e n t v a l u e s o f p. a r e a l s o d e c r e a s i n g . S i n c e t he number o f 

v i n t a g e s i n u s e i s f i n i t e , t h e r e s u l t f o l l o w s . 

Log c o n c a v i t y f o l l o w s b e c a u s e t he i n c r e m e n t b e t w e e n l o g ^ T + 1 and l o g / i T i s 

g i v e n by l o g n T w h i c h i s d e c r e a s i n g i n r . • 

P r o p o s i t i o n 3 i l l u s t r a t e s t he s e n s e i n w h i c h ou r mode l i s one o f d i f f u s i o n . 

I f t he peak o f the d i f f u s i o n c u r v e i s a t v i n t a g e s g r e a t e r t h a n 1 the d i s t r i b u t i o n 

o f s k i l l s ( o r c a p i t a l ) r i s e s and t h e n f a l l s o v e r t i m e . T h i s w i l l o c c u r i f 

r e l a t i v e employment a t v i n t a g e 1 i s g r e a t e r t h a n u n i t y . We examine t h i s 

p o s s i b i l i t y b e l o w . F u r t h e r m o r e , t he d i f f u s i o n c u r v e i s l o g c o n c a v e and t he 

g r o w t h r a t e o f c a p i t a l d e c r e a s e s m o n o t o n i c a l l y as some o f the e m p i r i c a l 

l i t e r a t u r e s u g g e s t s . 

We now d i s c u s s t he f a c t o r s d e t e r m i n i n g t he shape o f t he d i s t r i b u t i o n 

f u n c t i o n . I n p a r t i c u l a r , we examine t he c o n d i t i o n s u n d e r w h i c h t he peak o f t he 

d i s t r i b u t i o n o c c u r s a t v i n t a g e s g r e a t e r t h a n 1 . The f a c t o r s i n d e t e r m i n i n g 

w h e t h e r r e l a t i v e employment i n v i n t a g e 1 i s g r e a t e r t h a n u n i t y a r e t he p r o d u c t i o n 

f u n c t i o n , f ( - , - ) t h e r a t e o f g row th o f the economy, 7 , and t he d i s c o u n t f a c t o r , 

/3. We f i r s t c o n s i d e r t he r o l e o f t he p r o d u c t i o n f u n c t i o n . A l a r g e number o f 

young w o r k e r s w i l l e n t e r v i n t a g e 1 and l a t e r v i n t a g e s i f t he demand f o r t h e i r 

s e r v i c e s i s h i g h , t h a t i s , i f t h e i r m a r g i n a l p r o d u c t i s h i g h i n t h e s e v i n t a g e s . 

These young w o r k e r s w i l l be w i l l i n g to work as s k i l l e d w o r k e r s when o l d and 

c o n t i n u e to a t t r a c t l a r g e numbers o f young w o r k e r s i n t o t h e i r v i n t a g e s i f the 

m a r g i n a l p r o d u c t o f t he young w o r k e r s t h e y h i r e i n c r e a s e s w i t h t he number o f 

s k i l l e d w o r k e r s . T h a t i s , i f s k i l l e d and u n s k i l l e d l a b o r a r e comp lemen ta r y 

i n p u t s i n p r o d u c t i o n t h e n s l o w a d o p t i o n o f new t e c h n o l o g i e s i s l i k e l y to o c c u r . 



16 

To i l l u s t r a t e t h i s r o l e o f c o m p l e m e n t a r i t i e s i n g e n e r a t i n g d i f f u s i o n we c o n d u c t e d 

some s i m u l a t i o n s . 

We c o n s i d e r e d c o n s t a n t e l a s t i c i t y o f s u b s t i t u t i o n p r o d u c t i o n f u n c t i o n s o f 

t he f o rm [ a 2 N p + a 1 Z p ] 1 / p w i t h t he e l a s t i c i t y g i v e n b y l / ( p - l ) . We n o r m a l i z e a 2 t o 

be 1 . As p d e c r e a s e s f r om one to z e r o , the i n p u t s become more and more 

comp lemen ta r y . I n F i g u r e 1 we p l o t t he c a p i t a l s t o c k pT a t e a c h v i n t a g e a g a i n s t 

t he v i n t a g e s f o r a number o f d i f f e r e n t v a l u e s o f p. N o t i c e t h a t t h e r a t e o f 

d i f f u s i o n s l o w s as t h e i n p u t s become more and more c o m p l e m e n t a r y . A g a i n , the 

i n t u i t i o n i s t h a t t he m a r g i n a l g a i n t o i n v e s t i n g i n an o l d t e c h n o l o g y i s h i g h 

when new i n v e s t m e n t i s a comp lemen ta ry i n p u t t o t he e x i s t i n g c a p i t a l s t o c k . Few 

w o r k e r s t h e n j o i n t he newes t t e c h n o l o g y , even though i t i s b e t t e r . N o t i c e t h a t 

t he d i s t r i b u t i o n i s no t s y m m e t r i c abou t the p e a k . T h e r e f o r e , the a d o p t i o n r a t e 

o f new t e c h n o l o g i e s c a n be q u i t e d i f f e r e n t f r om the decay r a t e o f o l d 

t e c h n o l o g i e s . F i g u r e 2 r e p r o d u c e s F i g u r e 1 f o r p - 0 . 1 up to t h e peak o f t he 

d i f f u s i o n c u r v e . The a d o p t i o n c u r v e h a s a c l a s s i c S—shape as much o f t he 

e m p i r i c a l l i t e r a t u r e s u g g e s t s i t s h o u l d . 

We now examine t he e f f e c t o f a change i n t he r a t e o f t e c h n o l o g i c a l change 

on t he s t a t i o n a r y d i s t r i b u t i o n . We c o n s i d e r two economies w i t h g r o w t h r a t e s 

g i v e n by y' and 7 w i t h 7 ' > 7 . Our ma in r e s u l t i s t h a t the d i s t r i b u t i o n 

a s s o c i a t e d w i t h t he h i g h e r g r o w t h r a t e , s a y p.' , w i l l be d o m i n a t e d i n t he s e n s e 

o f s t o c h a s t i c dominance by t he o r i g i n a l d i s t r i b u t i o n . I n o t h e r w o r d s , when t he 

g r o w t h r a t e i n c r e a s e s t he d i s t r i b u t i o n o f s k i l l e d w o r k e r s s h i f t s t o more r e c e n t 

v i n t a g e s . T h i s r e s u l t a l s o i m p l i e s t h a t t he r a t e o f d i f f u s i o n o f new 

t e c h n o l o g i e s i s h i g h e r i f the economy grows more r a p i d l y . 
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Proposition 4 (Relative employment decreases with an increase in the growth 

rate). 

C o n s i d e r two economies w i t h 7 ' > 7 and a s s o c i a t e d s t a t i o n a r y d i s t r i b u t i o n s 

p.' and fi r e s p e c t i v e l y . L e t w ( r , / i ' ) and w ( r , ( i ) deno te t he wage r a t e s i n t he two 

economies and n ( r , p ' ) , n(r,p) deno te t he r e l a t i v e l a b o r i n p u t d e c i s i o n s i n the 

two e c o n o m i e s . Then f ewer v i n t a g e s a r e u s e d i n the h i g h g r o w t h economy, the 

wages s a t i s f y 

w( r ,p' ) > W(T,p) f o r a l l r w i t h pr > 0 , 

and n ( r , / i ' ) < n ( r , / i ) f o r a l l r s u c h t h a t n ( r , / i ) > 0 . 

Proof. See Appendix. 

We u s e t h i s r e s u l t t o p r o v e : 

Proposition 5 (Stochastic dominance). 

C o n s i d e r two economies w i t h 7 ' > 7 . L e t p' , n deno te the r e s p e c t i v e 

s t a t i o n a r y d i s t r i b u t i o n s . Then p. s t o c h a s t i c a l l y d o m i n a t e s p' , i.e., 

s s 
E " r ^ E V f o r a l l S . 
T - l T - l 

Proof. We f i r s t e s t a b l i s h t h a t px < px' . Suppose b y way o f c o n t r a d i c t i o n t h a t 

px > pi . T h e n , f rom P r o p o s i t i o n 4 i t f o l l o w s t h a t n ( l , ^ 1 ) / i 1 > n ( l ,px' )pl' o r b y 

d e f i n i t i o n o f n t h a t p2 — V-r • R e p e a t i n g t he use o f P r o p o s i t i o n (4 ) i t f o l l o w s 

t h a t pT > pT' f o r T > 2. Thus ^".j pr > X T - I M t ' • Of c o u r s e , b o t h s i d e s o f t h i s 

i n e q u a l i t y sum t o 1 and we have a c o n t r a d i c t i o n . L e t T be t he s m a l l e s t number 
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s u c h t h a t Hj' < The P r o p o s i t i o n f o l l o w s i m m e d i a t e l y f o r S < T . C o n s i d e r now 

the P r o p o s i t i o n f o r S > T . U s i n g P r o p o s i t i o n 4 , i t f o l l o w s t h a t / * / < nr f o r a l l 

r > T. T h u s , f o r any S > T, we have < pz. B u t s i n c e Xr-i I*/ - 1 "Ir-i M T . 

we have t h a t 1 - £ T " - I M t ' S i - If-i A»r w h i c h e s t a b l i s h e s t he r e s u l t . • 

P r o p o s i t i o n 5 shows t h a t w i t h an i n c r e a s e i n t he g r o w t h r a t e o f t he 

economy, d i f f u s i o n becomes more r a p i d . The d i s t r i b u t i o n o f c a p i t a l s h i f t s 

t o w a r d s more r e c e n t v i n t a g e s i n t he f i r s t o r d e r s t o c h a s t i c dominance s e n s e . T h i s 

r e s u l t i s c o n s i s t e n t w i t h the e v i d e n c e p r e s e n t e d i n D a v i e s ( 1 9 7 9 ) . The i n t u i t i o n 

f o r t he r e s u l t i s s t r a i g h t f o r w a r d e x c e p t f o r some c o m p l i c a t i o n s i n d u c e d by t he 

g e n e r a l e q u i l i b r i u m s t r u c t u r e o f t he m o d e l . W i t h an i n c r e a s e i n t he g r o w t h r a t e , 

t h e r e l a t i v e i n f e r i o r i t y o f o l d e r t e c h n o l o g i e s measured by -f i n c r e a s e s . 

T h e r e f o r e , f e w e r young w o r k e r s j o i n o l d e r t e c h n o l o g i e s . The d i s t r i b u t i o n o f 

c a p i t a l t h e n s h i f t s t owards more r e c e n t v i n t a g e s . However , one s h o u l d no t i g n o r e 

g e n e r a l e q u i l i b r i u m e f f e c t s . Young w o r k e r s ' d e c i s i o n s t o j o i n r e l a t i v e l y new 

v i n t a g e s o f f e r i n g l o w e r wages d r i v e s down the wages o f u n s k i l l e d w o r k e r s t h e r e b y 

t e n d i n g t o make c o n t i n u e d o p e r a t i o n o f o l d e r v i n t a g e s p r o f i t a b l e . P r o p o s i t i o n 

4 bounds t he d e c l i n e i n u n s k i l l e d w o r k e r wages and l i m i t s t h i s g e n e r a l 

e q u i l i b r i u m e f f e c t . 

Our n e x t r e s u l t shows t h a t the e a r n i n g s p r o f i l e becomes f l a t t e r a s t he 

g rowth r a t e o f t he economy i n c r e a s e s . From P r o p o s i t i o n 4 

r "i T 

w ( r , M ' ) > -lr W ( T . 

U s i n g t h i s r e s u l t , we have 



19 

r -1 t 
y v 1 r y 

) - max 7 ' ~ T f (n) - w' n < 7 
_ 

max r T f ( n ) - 1 
7 w ' n < 7 

n T . T J J 7 ' 
w r (w) 

S i n c e 7 ' > 7 , i t f o l l o w s t h a t 

( 2 0 ) T ' ^ I O T . I ) < 7 * W ( W T » I ) 

WT

 w r 

The n u m e r a t o r o f ( 1 9 ) i s t he wage o f young w o r k e r s a f t e r t h e y have become 

s k i l l e d . The d e n o m i n a t o r i s t he wages o f young u n s k i l l e d w o r k e r s . T h e r e f o r e , 

t he e a r n i n g s p r o f i l e becomes f l a t t e r w i t h a h i g h e r g r o w t h r a t e . Because 

p r e f e r e n c e s a r e l i n e a r , the wage p r o f i l e does n o t p i n down the i n t e r t e m p o r a l 

a l l o c a t i o n o f c o n s u m p t i o n o f w o r k e r s . We examine how c o n s u m p t i o n p r o f i l e s o f a 

g e n e r a t i o n change w i t h t he g rowth r a t e o f the economy. The a g g r e g a t e ( o r p e r 

c a p i t a ) c o n s u m p t i o n o f young w o r k e r s i s d e f i n e d by 

l - l 
( 2 1 ) Cy - £ W T A * T * I 

T - 0 

and the c o n s u m p t i o n o f o l d w o r k e r s i s s i m i l a r l y d e f i n e d . The c o n s u m p t i o n p r o f i l e 

o f a g e n e r a t i o n i s g i v e n by 

( 2 2 ) c 0 E ? - i 

I n F i g u r e 3 , we p l o t t h i s c o n s u m p t i o n p r o f i l e a g a i n s t t he g r o w t h p a r a m e t e r 

7 f o r t h r e e v a l u e s o f t he s u b s t i t u t i o n p a r a m e t e r p. The d i s c o n t i n u i t i e s i n the 

f i g u r e o c c u r when t he number o f v i n t a g e s u s e d c h a n g e s . As c a n be s e e n f r om the 

f i g u r e , t he c o n s u m p t i o n p r o f i l e s a r e no t monotone . T h e r e a r e two e f f e c t s w o r k i n g 

i n o p p o s i t e d i r e c t i o n s . The wage p r o f i l e a t any g i v e n v i n t a g e becomes f l a t t e r 
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when t h e g r o w t h r a t e i n c r e a s e s thus mak ing t he c o n s u m p t i o n p r o f i l e f l a t t e r . 

However , t he d i s t r i b u t i o n o f w o r k e r s s h i f t s t owards more r e c e n t v i n t a g e s where 

wage p r o f i l e s a r e s t e e p e r t h u s mak ing the c o n s u m p t i o n p r o f i l e s t e e p e r . When an 

i n c r e a s e i n t he g r o w t h r a t e l e a v e s the number o f v i n t a g e s u n c h a n g e d , t he 

c o n s u m p t i o n p r o f i l e becomes f l a t t e r . The e f f e c t o f a f l a t t e n i n g wage p r o f i l e c a n 

be c l e a r l y s e e n i n s u c h a c a s e . The e f f e c t o f a s h i f t i n t h e d i s t r i b u t i o n c a n 

be seem most c l e a r l y when t he number o f v i n t a g e s u s e d c h a n g e s . The c o n s u m p t i o n 

p r o f i l e becomes s t e e p e r . I n t e r e s t i n g l y , t he f i g u r e shows t h a t c o n s u m p t i o n 

p r o f i l e s a r e g e n e r a l l y s t e e p when c o m p l e m e n t a r i t i e s a r e h i g h even though more 

w o r k e r s j o i n o l d e r t e c h n o l o g i e s w i t h r e l a t i v e l y f l a t wage p r o f i l e s . The r e a s o n 

i s t h a t w i t h h i g h e r c o m p l e m e n t a r i t i e s the wage p r o f i l e s a t e a c h v i n t a g e become 

s t e e p e r . 

We c a n a l s o u s e t he mode l to s t u d y human c a p i t a l a c c u m u l a t i o n . One measure 

o f i n v e s t m e n t i n h u m a n c a p i t a l i s f o r e g o n e e a r n i n g s . T h a t i s , t he i n v e s t m e n t o f 

a w o r k e r j o i n i n g v i n t a g e r i s g i v e n by (wT_x—wT) . T o t a l i n v e s t m e n t 5 i n the 

economy i s t h e n S ^ o ( w T _ 1 - w T ) / i T + 1 . S i n c e t he c a p i t a l s t o c k d e p r e c i a t e s c o m p l e t e l y 

a f t e r one p e r i o d o f u s e , the i n v e s t m e n t i s a l s o t he amount o f c a p i t a l i n t he 

economy. I n F i g u r e 4 , we p l o t the r a t i o o f i n v e s t m e n t to o u t p u t a g a i n s t t he 

g r o w t h r a t e p a r a m e t e r f o r t h r e e v a l u e s o f t he s u b s t i t u t i o n p a r a m e t e r . The 

i n v e s t m e n t - o u t p u t r a t i o and t he c o n s u m p t i o n p r o f i l e a r e o b v i o u s l y c l o s e l y l i n k e d . 

A g a i n , t he d i s c o n t i n u i t i e s i n F i g u r e 4 o c c u r when t he number o f v i n t a g e s c h a n g e s . 

The e f f e c t o f t he f l a t t e n i n g wage p r o f i l e i s to r e d u c e measured i n v e s t m e n t a t 

each v i n t a g e w h i l e t he s h i f t o f w o r k e r s t o more r e c e n t v i n t a g e s where t he wage 

p r o f i l e i s s t e e p e r i n c r e a s e s i n v e s t m e n t . As c a n be s e e n f r om the f i g u r e , t he 

l a t t e r e f f e c t e v e n t u a l l y d o m i n a t e s , r a i s i n g t he i n v e s t m e n t - o u t p u t o r c a p i t a l -
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o u t p u t r a t i o . A s i n F i g u r e 3 , s t r o n g e r c o m p l e m e n t a r i t i e s t e n d t o r a i s e t he 

amount o f i n v e s t m e n t i n t he economy. 

The f l a t t e n i n g o f t he wage p r o f i l e i s a l s o a s s o c i a t e d w i t h a change i n the 

c o s t o f s w i t c h i n g f r om t he o l d e s t t e c h n o l o g y t o t he newes t o n e . We measure t h e s e 

s w i t c h i n g c o s t s b y w T_ x - w 0 . The s e n s e i n w h i c h ( V ^ - W Q ) i s a s w i t c h i n g c o s t c a n 

be made c l e a r e r i f we assume t h a t a s i n g l e , c o m p e t i t i v e f i r m o p e r a t e s a l l t he 

t e c h n o l o g i e s . Then ( W J . J — w 0 ) measures t he c o s t t o t h i s f i r m o f s w i t c h i n g an 

u n s k i l l e d w o r k e r f r om the o l d e s t to t he newes t t e c h n o l o g y . No te f r om (20) t h a t 

7 '»r ' 1 (w ' 1 ) < 7 f i ( w i ) - T h e r e f o r e , u 0 + f}y'n\(v\) < w 0 + fiyn1(w1) . U s i n g (8) we have 

t h a t Wj_ 1( l+/37' ) ^ W T - I ( 1 + / 3 7 ) - T h e r e f o r e wT_j f a l l s w i t h an i n c r e a s e i n the g rowth 

r a t e 7 . T h a t i s , s w i t c h i n g c o s t s d e c l i n e w i t h an i n c r e a s e i n t he g r o w t h r a t e . 

T h i s d e c l i n e i n s w i t c h i n g c o s t s s t i m u l a t e s young w o r k e r s to move towards more 

r e c e n t v i n t a g e s . I n F i g u r e 5 , we p l o t t he l o g a r i t h m s o f s w i t c h i n g c o s t s a g a i n s t 

t he g r o w t h r a t e and t he s u b s t i t u t i o n p a r a m e t e r . No te t h a t t he s w i t c h i n g c o s t s 

d e c l i n e w i t h an i n c r e a s e i n t he g rowth r a t e and r i s e w i t h an i n c r e a s e i n the 

c o m p l e m e n t a r i t i e s o f t he i n p u t s . 

We now examine the e f f e c t o f a change i n t he d i s c o u n t f a c t o r on the 

s t a t i o n a r y d i s t r i b u t i o n . One i n t e r p r e t a t i o n o f an i n c r e a s e i n t he d i s c o u n t 

f a c t o r i s a d e c r e a s e i n t he l e n g t h o f t he t ime i n t e r v a l . T h i s d e c r e a s e c a n be 

i n t e r p r e t e d as i n c r e a s i n g t he a r r i v a l r a t e o f new t e c h n o l o g i e s . B u t s h r i n k i n g 

the l e n g t h o f t he t ime i n t e r v a l a l s o s h r i n k s t he t r a i n i n g t i m e o f young w o r k e r s . 

So we a r e c h a n g i n g two v a r i a b l e s a t o n c e . We show i n P r o p o s i t i o n s 6 and 7 b e l o w 

t h a t an i n c r e a s e i n t he d i s c o u n t f a c t o r r e s u l t s i n a more r a p i d r a t e o f 

d i f f u s i o n . 
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Proposition 6. C o n s i d e r two economies w i t h 0' > /9 w i t h a s s o c i a t e d s t a t i o n a r y 

d i s t r i b u t i o n s n' and n r e s p e c t i v e l y . L e t w ( r , / * ' ) and w ( r , / i ) deno te t he wage 

r a t e s i n v i n t a g e r and n ( r , / i ' ) > n ( f deno te the i n p u t d e c i s i o n s i n v i n t a g e r 

i n t h e two e c o n o m i e s . Then W ( T , / J ' ) > w ( r , / i ) and n ( r , / i ' ) < n ( r , p ) a l l r . 

Proof. See Appendix. • 

We t h e n have 

Proposition 7. L e t J J ' and y. deno te t he s t e a d y s t a t e d i s t r i b u t i o n s f o r two 

economies c h a r a c t e r i z e d by d i s c o u n t f a c t o r s 0' and 0 r e s p e c t i v e l y . Then p. 

s t o c h a s t i c a l l y d o m i n a t e s . 

Proof. P a r a l l e l s P r o p o s i t i o n 5 e x a c t l y and i s o m i t t e d . • 

•4. Optimality of the Competitive Equilibrium 

I n t h i s s e c t i o n , we e s t a b l i s h t h a t i f t he g r o w t h r a t e o f t he economy i s n o t 

t o o l a r g e , t h e c o m p e t i t i v e e q u i l i b r i u m i s P a r e t o o p t i m a l . I n f a c t , the 

c o m p e t i t i v e e q u i l i b r i u m m a x i m i z e s t he d i s c o u n t e d v a l u e o f o u t p u t . We w i l l need 

t o assume (3-y < 1. T h i s i s a s t a n d a r d c o n d i t i o n i n mode ls o f economic g r o w t h . 

We need t o e n s u r e t h a t t he d i s c o u n t e d c o n s u m p t i o n s t r e a m i s bounded to e n s u r e 

t h a t o u r s o c i a l w e l f a r e f u n c t i o n i s w e l l — d e f i n e d . L e t c t - ( c l t , c 2 t ) deno te the 

c o n s u m p t i o n when young and o l d o f a r e p r e s e n t a t i v e a g e n t b o r n a t t ime t . We have 

assumed t h a t U ( c l t , c 2 t ) - c l t + / 3 c 2 t . The i n i t i a l o l d c a r e o n l y a b o u t c o n s u m p t i o n 

i n t he f i r s t p e r i o d d e n o t e d b y c 2 _ j . L e t c - ( c 2 _ 1 , ( c t ) ™ = 0 ) . We w i l l assume t h a t 

a p l a n n e r h a s p r e f e r e n c e s g i v e n by 
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CO 

(23) W(c) - H t . x * £ 0 H c l t , c 2 t ) . 

L e t y t - c 2 t - i + c l t . Thus y t d e n o t e s t he t o t a l o u t p u t a t t ime t . The 

p l a n n e r i s assumed to have a v a i l a b l e a t o t a l l a b o r endowment o f two u n i t s i n e a c h 

p e r i o d . L e t N j ( t , r ) d e n o t e l a b o r o f young w o r k e r s a l l o c a t e d t o v i n t a g e r a t t ime 

t and N 2 ( t , r ) deno te l a b o r o f o l d w o r k e r s t o u n s k i l l e d t a s k s . L e t Z ( t , r ) deno te 

s k i l l e d l a b o r a l l o c a t e d to v i n t a g e r a t t i m e t . I n k e e p i n g w i t h o u r a s s u m p t i o n s , 

Z ( t , r ) < N 1 ( t - l , r - l ) . The p r o b l e m f a c e d by the p l a n n e r i s t h e n 

(24) m a x f ^ V t 
t-o 

s u b j e c t t o 

(25) 0 < y t < ^ 7

t - T f ( N 1 ( t , r ) + N 2 ( t , r ) , Z ( t , r ) ) 
T - 0 

n 
(26) £ N x ( t , r ) i I a l l t 

T - 0 

(27) Z ( t + 1,T+1) < N ^ t . r ) a l l t , r > 0 

03 CO 

(28) £ ( Z ( t + l . r ) + N 2 ( t + l . r ) ) < £ N j ( t , r ) 
T - 0 T - 0 

g i v e n N j ( - l , r ) . 

L e t \ t d e n o t e t he L a g r a n g e m u l t i p l i e r on c o n s t r a i n t (26) . The n e c e s s a r y 

f i r s t o r d e r c o n d i t i o n s a r e t h e n g i v e n a f t e r some s i m p l i f i c a t i o n b y 

(29) 0 V r f i < N ( t , r ) , Z ( t , r ) ) + / 3 t * 1 7 t * 1 - ( T * 1 ) f 2 ( N ( t + l , r +1) , Z ( t + 1 , r +1) ) - \ b 
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f o r a l l v i n t a g e s w i t h N ( t , r ) > 0 , Z ( t + l , r + l ) > 0 . L e t A t - ( 0 7 ) ~ T A t . Then 

e q u a t i o n (29) c a n be r e w r i t t e n t o r e a d 

(30) 7 - T f i ( N ( t , r ) , Z ( t , r ) ) + £ 7 ' T f 2 ( N ( t+1 , ( r +1) , Z( t + 1, r +1) ) - Xt. 

L e t w ( t , r ) - 7 t " T f i ( N ( t , r , Z ( t , r ) ) and v ( t , r ) - 7 t _ T f 2 ( N ( t , r ) , Z( t , r ) ) . 

E q u a t i o n (30) i s t h e n o b v i o u s l y i d e n t i c a l to e q u a t i o n ( 3 ) . S i m i l a r a rguments 

a p p l y to v i n t a g e s where Z o r N e q u a l s z e r o . The f a c t t h a t f ( • , • ) i s homogenous 

o f d e g r e e one i m p l i e s t h a t f a ( - , - ) and f 2 ( - , - ) a r e homogenous o f d e g r e e z e r o . 

L e t n ( t , r ) = N ( t , r ) / Z ( t - l , r - 1 ) . E u l e r ' s Theorem i m p l i e s t h a t 

f 2 ( n ( t , r ) , l ) - f ( n ( t , r ) , l ) - n ( t , r ) f 1 ( n ( t , r ) , 1 ) . 

Hence , 

v ( t , r ) - f ( n ( t , r ) , l ) - w ( t , r ) n ( t , r ) . 

T h e r e f o r e , p r o f i t m a x i m i z a t i o n f o l l o w s . We need t o v e r i f y t h a t t he 

c o m p e t i t i v e e q u i l i b r i u m s a t i s f i e s t he t r a n s v e r s a l i t y c o n d i t i o n t h a t (^7) f c 7~ 

r f 2 ( N ( t , r , Z ( t , r ) ) Z ( t , r ) goes to z e r o . Bu t t h i s o b v i o u s l y f o l l o w s b e c a u s e 

£z(">')z('>') - f ( l . l ) w h i c h i s bounded . T h e r e f o r e , t he c o m p e t i t i v e e q u i l i b r i u m 

s o l v e s t he same p r o b l e m as does the p l a n n e r . No te t h a t consumers a r e i n d i f f e r e n t 

i n t he c o m p e t i t i v e e q u i l i b r i u m abou t t he t i m i n g o f t h e i r c o n s u m p t i o n s . H e n c e , 

t he c o m p e t i t i v e e q u i l i b r i u m i s P a r e t o o p t i m a l . C l e a r l y , any s o l u t i o n t o the 

p rogramming p r o b l e m d e s c r i b e d above can a l s o be s u p p o r t e d as a c o m p e t i t i v e 

e q u i l i b r i u m . 
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5 . Concluding Remarks 

We have p r e s e n t e d a mode l o f i n v e s t m e n t i n t e c h n o l o g y s p e c i f i c human 

c a p i t a l . Such s p e c i f i c i t i e s l e a d to a l a g be tween t he t ime t h a t a new t e c h n o l o g y 

becomes a v a i l a b l e and t he peak o f i t s u s a g e . I n o t h e r w o r d s , t e c h n o l o g i e s 

d i f f u s e s l o w l y . We show t h a t an i n c r e a s e i n t he r a t e o f change o f t e c h n o l o g y 

a r r i v a l i m p l i e s an i n c r e a s e i n t he r a t e o f d i f f u s i o n . We a l s o show t h a t t he wage 

p r o f i l e s o v e r t i m e a r e f l a t t e r i n o l d e r t e c h n o l o g i e s t h a n i n newer o n e s . I n t h a t 

s e n s e , p e o p l e who l e a r n newer t e c h n o l o g i e s i n v e s t i n t e c h n o l o g y - s p e c i f i c s k i l l s 

and ou r model i s one o f human c a p i t a l a c c u m u l a t i o n . The e q u i l i b r i u m we d e s c r i b e 

i s P a r e t o o p t i m a l . 

A n o b v i o u s e x t e n s i o n o f ou r model wou ld be t o a l l o w f o r u n c e r t a i n t y i n t he 

r a t e o f t e c h n o l o g i c a l i n n o v a t i o n . We c o n j e c t u r e t h a t i n s u c h a c a s e , a 

t e c h n o l o g i c a l i n n o v a t i o n w h i c h i s s u b s t a n t i a l l y b e t t e r t h a n a v e r a g e w i l l a t t r a c t 

a l a r g e number o f young w o r k e r s and l e a d to l a r g e r t h a n a v e r a g e i n v e s t m e n t i n the 

newes t t e c h n o l o g y . S i n c e t h i s c a p i t a l i s s p e c i f i c to t he t e c h n o l o g y , i n 

s u b s e q u e n t p e r i o d s r e l a t i v e l y few young w o r k e r s w i l l be a t t r a c t e d to e v e n newer 

t e c h n o l o g i e s . T h e s e t e c h n o l o g i e s w i l l t h e n be a d o p t e d and d i f f u s e d a t a s l o w e r 

r a t e t h a n a v e r a g e . T h u s , t h i s e x t e n s i o n o f the mode l c a n a c c o u n t f o r b u r s t s i n 

t e c h n o l o g i c a l advance f o l l o w e d by a s lowdown. 

The a s s u m p t i o n o f exogenous t e c h n i c a l change o b v i o u s l y does n o t do j u s t i c e 

to t he r e a l i t y o f the p r o c e s s o f i n n o v a t i o n w h i c h r e q u i r e s t h e use o f r e s o u r c e s . 

I t w o u l d be i n t e r e s t i n g t o examine a model where t e c h n o l o g i c a l i n n o v a t i o n as w e l l 

as a d o p t i o n a r e j o i n t l y and e n d o g e n o u s l y d e t e r m i n e d . One p o s s i b l e m o d i f i c a t i o n 

o f ou r mode l w o u l d be to l e t t he p r o d u c t i v i t y o f t he newes t v i n t a g e r e l a t i v e t o 

the p r e v i o u s o n e , 7 , be d e t e r m i n e d b y t he number o f w o r k e r s who e n t e r t he newes t 
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i n d u s t r y . I n s u c h a c a s e w o r k e r s i n t he newes t v i n t a g e s c a n be t h o u g h t o f as 

e n g a g i n g i n i n n o v a t i v e a c t i v i t y . 

An a l t e r n a t i v e p o s s i b i l i t y i s to t h i n k o f s p i l l o v e r e f f e c t s a s i m p l y i n g 

t h a t i f w o r k e r s a r e s k i l l e d i n r e l a t i v e l y new t e c h n o l o g i e s t h e n t he p r o d u c t i v i t y 

o f t he newes t t e c h n o l o g y i s h i g h e r . I n s u c h a c a s e , t he r a t e o f g r o w t h o f the 

economy and t he r a t e o f a d o p t i o n o f new t e c h n o l o g i e s a r e b o t h d e t e r m i n e d 

e n d o g e n o u s l y . The r e s u l t i n g e q u i l i b r i u m i s n o t n e c e s s a r i l y P a r e t o o p t i m a l and 

t he mode l c a n be u s e d t o s t u d y the e f f e c t o f p o l i c y i n t e r v e n t i o n s on t he g r o w t h 

r a t e o f the economy. 

We c o n j e c t u r e t h a t an exogenous improvement i n t he t e c h n o l o g y o f i n n o v a t i o n 

w i l l l e a d , as i n t h i s p a p e r , to an i n c r e a s e i n t he r a t e o f d i f f u s i o n . The 

e a r n i n g p r o f i l e s w i l l a l s o l i k e l y g e t f l a t t e r w i t h s u c h an imp rovemen t . 
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F o o t n o t e s 

1We assume f o r now t h a t the i n t e r e s t r a t e i s 1//3 — 1 and show t h a t t h i s i s 

t r u e i n e q u i l i b r i u m . 

2 I n an e a r l i e r v e r s i o n o f t he p a p e r we showed t h a t i f t he d i s t r i b u t i o n i s 

s t a t i o n a r y t h e e q u i l i b r i u m a l l o c a t i o n s a r e s t a t i o n a r y and wages r i s e a t r a t e q . 

P r o o f s w i t h t h i s weake r c o n d i t i o n a r e a v a i l a b l e upon r e q u e s t . 

3 I t i s a l s o c l e a r f rom the p r o o f o f P r o p o s i t i o n 2 t h a t t he maximum wage 

r a t e i s s t r i c t l y p o s i t i v e . T h e r e f o r e , no w o r k e r i s a t a c o r n e r i n h i s 

c o n s u m p t i o n and t he e q u i l i b r i u m i n t e r e s t r a t e i s 1/0 - 1 . 

4 A n i n t e r e s t i n g q u e s t i o n i s w h e t h e r t he economy c o n v e r g e s to a s t a t i o n a r y 

e q u i l i b r i u m f rom an a r b i t r a r y i n i t i a l d i s t r i b u t i o n . T h i s q u e s t i o n i s d i f f i c u l t 

t o answer a n a l y t i c a l l y f o r m u l t i p l e c a p i t a l goods mode ls l i k e t h i s o n e . F o r t he 

p a r a m e t r i c examp les d e s c r i b e d b e l o w the d y n a m i c a l s y s t e m i m p l i e d by t he 

e q u i l i b r i u m c o n d i t i o n s i s l o c a l l y s t a b l e . I n d e e d , we f o u n d t h a t f o r 0-y 

s u f f i c i e n t l y c l o s e t o u n i t y a l l t he examp les we c o n s i d e r e d were l o c a l l y s t a b l e . 

5 0 u r measure o f i n v e s t m e n t i s t he s t a n d a r d one i n m u l t i p l e c a p i t a l goods 

model and i s f o r m a l l y i d e n t i c a l t o the way i n v e s t m e n t i s measured i n t he N a t i o n a l 

Income and P r o d u c t A c c o u n t s . I nves tmen t i n d i f f e r e n t s e c t o r s i s measu red a t 

marke t p r i c e s and t h e r e f o r e measures t he d e c r e a s e i n c o n s u m p t i o n a t t he m a r g i n 

due t o t he i n v e s t m e n t a c t i v i t y . 
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A p p e n d i x 

Proof of Proposition 1. We p r o v e t h i s p r o p o s i t i o n b y p r o v i n g a s e r i e s o f c l a i m s . 

Claim 1 (No holes in the stationary distribution). 

I f Z r - 0 f o r some r , t h e n - 0 . 

Proof. Suppose Z T — 0 and p T + 1 > 0 . Then w T - 7~ Tw 0 f o r a l l t f r om ( 5 ) . 

F u r t h e r m o r e , W J - J > ~/~T+1uiQ and w T + 1 ^ 7 ~ T - 1 W o s i n c e f i r m s c o u l d make i n f i n i t e 

p r o f i t s o t h e r w i s e . Now, i f w 0 - 0 , T T t ( W t ) i s i n f i n i t e i m p l y i n g t h a t t he p r e s e n t 

v a l u e o f income i s i n f i n i t e w h i c h i s i n c o n s i s t e n t w i t h t he f a c t t h a t o u t p u t i s 

bounded . I f w 0 > 0 , w T < w T _ j . From (8) t h i s i m p l i e s t h a t » r T + 1 ( w T + 1 ) > T T X ( W T ) . 

B u t w T + 1 > 7 W T w h i c h i m p l i e s t h a t T T + I ( W T + 1 ) < w T ( w T ) . We have a c o n t r a d i c t i o n . 

Claim 2 (The support of p is finite). 

The re e x i s t s T s u c h t h a t pr - 0 f o r a l l r > T. 

Proof. The argument i s b y c o n t r a d i c t i o n . U s i n g C l a i m 1 r e p e a t e d l y and n o t i n g 

t h a t 0 < Z T < pT, i t f o l l o w s t h a t pT > 0 f o r a l l r and t h a t Z T > 0 f o r a l l r . 

T h e r e f o r e , f r om (8) we have t h a t 

( A l ) w T * /97*r* l<WT*l) " k f o r a 1 1 T -

Suppose f i r s t t h a t f o r some T , W t > w T + 1 . T h e n , c l e a r l y , f r om ( A l ) T T S ( W S ) < 

» r s + 1 ( w s + 1 ) f o r a l l S > r and w s > w s + 1 . We n e x t show t h a t t h e r e i s some T s u c h 

t h a t n T (w T ) > 1 f o r a l l r > T . D e f i n e T as t h e s m a l l e s t number w h i c h s a t i s f i e s 

7 _ T f ( l , l ) < w T . S i n c e w T > 0 s u c h a number e x i s t s . S i n c e T T T ( W t ) > wT and T T T ( W T ) < 

7 _ T f ( n T (w T ) , 1) , c l e a r l y n T (w T ) > 1. I t a l s o f o l l o w s t h a t T V ( W T ) tt 1 f o r a l l r > T. 

S i n c e wages a r e s t r i c t l y d e c r e a s i n g , N 2 t = 0 and Z T = p,. T h e r e f o r e , pr+1 = 
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n T ( w T ) p T and pT i s an i n c r e a s i n g s e q u e n c e . Bu t E T / J r - 1. We have a 

c o n t r a d i c t i o n . C o n s i d e r n e x t t he c a s e when, f o r a l l T , w T < w T + 1 . B u t %, i s a 

d e c r e a s i n g f u n c t i o n o f t h e v i n t a g e and so f o r r s u f f i c i e n t l y l a r g e , i r T (w T ) < w1 

i m p l y i n g t h a t Z T - 0 . T h i s c o n t r a d i c t i o n e s t a b l i s h e s t he d e s i r e d r e s u l t . • 

Claim 3 (Unskilled workers' wages are nondecreasing). 

L e t T deno te the l a s t v i n t a g e . I n a s t a t i o n a r y e q u i l i b r i u m , w T > w T_ x and 

v T + 1 < v T f o r T - l T - l . F u r t h e r m o r e , Z T - n7, r < T - 2 , and Z T _, > 0 . 

Proof. L e t T be t he l a s t v i n t a g e . We show t h a t t he wage sequence i s 

n o n d e c r e a s i n g up t o v i n t a g e T - l . S u p p o s e , by way o f c o n t r a d i c t i o n , t h a t w^ 

< w T _ 2 . Then u s i n g e q u a t i o n ( 8 ) , we have 

( A 2 ) 7r T(w T) > nt^(w7). 

T h e r e f o r e , w T < W J . J , w h i c h i m p l i e s t h a t N 2 T - 0 . S i n c e N 1 T - 0 i n e q u a l i t y ( A 2 ) 

c a n n o t h o l d and we have a c o n t r a d i c t i o n . T h e r e f o r e , w T _ x > w T _ 2 . T h i s i m p l i e s 

t h a t Z T _ 2 > 0 and w I _ 1 (w T _ 1 ) < J T T _ 2 ( W t _ 2 ) . From the p r e s e n t v a l u e c o n d i t i o n s , w T _ 2 

> w x _ 3 . By i n d u c t i o n , the wages o f u n s k i l l e d w o r k e r s a r e s t r i c t l y i n c r e a s i n g f o r 

r = 0 , . . . , T — 2 . F u r t h e r m o r e , s i n c e t he wages o f s k i l l e d w o r k e r s a r e s t r i c t l y 

d e c r e a s i n g f o r r - 1 T - l , Z T — pT. • 

Proposition 2 (Existence of a wage sequence). 

The re e x i s t s a u n i q u e number S and a u n i q u e sequence o f wages s a t i s f y i n g 

( 1 4 ) - ( 1 7 ) . 

Proof. The p r o o f i s by c o n s t r u c t i o n . To c o n s t r u c t t h e wage s e q u e n c e , f i x a 

number T. D e f i n e a sequence o f wages as f u n c t i o n s o f w T _ x r e c u r s i v e l y as 

f o l l o w s . L e t t he wage a t v i n t a g e T - 2 be g i v e n b y 
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(A3) vr_z(vr_j) - w t_j(l+^l7) - £7*1-1 (Wj. i ) . 

C l e a r l y , w T _ 2 ( » ) i s a s t r i c t l y i n c r e a s i n g f u n c t i o n , and f o r s u f f i c i e n t l y 

l a r g e , w T _ 2 > 0 . D e f i n e t he r e s t o f t he wage sequence r e c u r s i v e l y as f o l l o w s : 

(A4) wr(wx_1) - V x _ i d + l 7 ) - /37T T . iK . i< w T - i ) ) -

C l e a r l y , w T (w T _ x ) i s a c o n t i n u o u s s t r i c t l y i n c r e a s i n g f u n c t i o n , w h i c h i s p o s i t i v e 

and t h e r e f o r e w e l l - d e f i n e d f o r s u f f i c i e n t l y l a r g e w M . I n p a r t i c u l a r , w 0 (w T _ 1 ) 

i s a c o n t i n u o u s s t r i c t l y i n c r e a s i n g f u n c t i o n . T h e r e f o r e , t h e r e i s a u n i q u e v a l u e 

o f wT_j f o r e a c h T s u c h t h a t w 0(w T_j) = w 0 . Denote the wage sequence a t t h i s v a l u e 

o f W J - J b y (w 0 (T ) , w x ( T ) , . . . ,w T _ 1 (T ) ) and t he a s s o c i a t e d p r e s e n t v a l u e by k ( T ) . I f 

7r 1(w 0) < w 0 , t he number o f v i n t a g e s i s 1 . So suppose ^•1(a)0) > co0 and l e t T - 2 . 

Then (A3) r e a d s w 0 + )877r 1(w 1(2)) = w x ( 2 ) (I+/87) • I f * i ( w i ( 2 ) ) 5 " i ( 2 ) , t h e n w 0 > 

w x ( 2 ) > ? r 1 (w 1 (2 ) ) w h i c h c o n t r a d i c t s t he a s s u m p t i o n t h a t n1(u0) > w 0 . So ? r 1 (w 1 (2 ) ) 

> w x ( 2 ) and t he c o n s t r u c t e d sequence a t T — 2 s a t i s f i e s (14 )—(16) . We now use 

i n d u c t i o n to a r g u e t h a t i f a sequence s a t i s f i e s ( 1 4 ) - ( 1 6 ) b u t does n o t s a t i s f y 

(17) a t T , t he sequence a t T + 1 a l s o s a t i s f i e s ( 1 4 ) - ( 1 6 ) . We have c o n s t r u c t e d 

wage s e q u e n c e s s a t i s f y i n g (14) and (15) f o r each T. Suppose T T T ( W t ( T + 1 ) ) < 

w T ( T + l ) . S i n c e W T ( W t _ 1 ( T ) ) > W t _ : ( T ) , i t f o l l o w s t h a t w T _ x (T) < w T ( T + l ) . T h e r e f o r e 

k ( T ) < k ( T + l ) . F u r t h e r m o r e , b e c a u s e w T ( w T ( T + l ) ) < w x ( T + l ) , u s i n g (A3) we have 

t h a t w I _ 1 ( T ) < w T _ 1 ( T + l ) . U s i n g t he r e s u l t t h a t k ( T ) < k ( T + l ) , we c a n u s e (A4) 

r e c u r s i v e l y to show t h a t w 0 (T ) < w 0 ( T + l ) w h i c h c l e a r l y c o n t r a d i c t s t h e f a c t t h a t 

w 0 (T ) - w 0 - w 0 ( T + l ) . We have e s t a b l i s h e d t h a t 7 r T (w x (T+ l ) ) > w T ( T + l ) . 

We now show t h a t w T (T+ l ) > w T _ x (T) i f t he sequence a t T s a t i s f i e s ( 1 4 ) - ( 1 6 ) . 

Suppose t h a t w T (T+ l ) < w ^ T ) . Then k ( T + l ) < k ( T ) and w T _ 1 (T+ l ) < w T _ x ( T ) . 

A g a i n , u s i n g (A4) i t i s e a s y t o show t h a t w T _ 2 (T+ l ) < w T _ 2 (T) and r e c u r s i v e l y t h a t 
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w 0 ( T + l ) < w 0 ( T ) , e s t a b l i s h i n g a c o n t r a d i c t i o n . S i n c e w T (T+ l ) > w T _,(T) and w T + 1 ( - ) 

< T T t ( - ) > i t i s c l e a r t h a t , f o r T s u f f i c i e n t l y l a r g e , (17) i s s a t i s f i e d . 

We now e s t a b l i s h t he u n i q u e n e s s o f t he wage s e q u e n c e . L e t w T (T ) s a t i s f y 

( 9 ) - ( 1 2 ) and l e t w T ( T * ) s a t i s f y t he same c o n d i t i o n s f o r a l a r g e r number , T * . 

S i n c e j r T * _ 1 ( w T „ _ 1 ( T * ) ) > w T *_ x (T* ) and W i ( w T _ , ( T ) ) 3 w I . 1 ( T ) i t f o l l o w s t h a t wT«_]_(T*) 

< w T _ 1 ( T ) . T h e r e f o r e , k ( T * ) < k ( T ) . I t i s a l s o s t r a i g h t f o r w a r d t o show t h a t wx_ 

X ( T * ) < w T _ 1 (T) . R e c u r s i v e l y u s i n g (A4) i t i s e a s y t o e s t a b l i s h a c o n t r a d i c t i o n . 

• 

Proposition 4. I f 7' > 7 t h e n n ( r , / i ' ) < n ( r , p ) where y.' and n a r e t he i n v a r i a n t 

d i s t r i b u t i o n s c o r r e s p o n d i n g t o 7' and 7 , r e s p e c t i v e l y . 

Proof. We w i l l show t h a t 

w ( f , p ' ) > 7 
7 

w(r ,/x) f o r T < V 

S i n c e n'T [ (7/7' ) T w] — n ^ w ) , t h i s s u f f i c e s t o p r o v e t he r e s u l t . We w i l l assume 

t h r o u g h o u t t h a t Z T ' — Z T - 0 . The p r o o f goes t h r o u g h w i t h s t r a i g h t f o r w a r d 

m o d i f i c a t i o n i f Z T - o r Z x i s p o s i t i v e . 

We s t a r t by a s s u m i n g t h a t T ' < T. Suppose b y way o f c o n t r a d i c t i o n t h a t v\ 

< ( 7 / 7 ' ) w i - T h e n , by d e f i n i t i o n o f n, K \ ( W \ ) > ( 7 / 7 ' ) w 1 ( w 1 ) w h i c h , i n t u r n , 

i m p l i e s , i f T ' > 2 t h a t 

k' - UJ0 + ^ 7 ' T i ( w ! ) > w 0 + /97«'i(w 1) - k. 

Bu t t h e n we a l s o have t h a t 

k' - w x + {JY v 2 > w x + f}-yv2 - k. 
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S i n c e w', < w , , we have t h a t v 2 > v z w h i c h , i n t u r n , i m p l i e s i f T ' > 3 t h a t 

7 ' v 2 - 7' (w ' 2 (w 2 ) > 7»r 2(w 2) - -)rv2. From t he d e f i n i t i o n o f JT we have t h a t w 2 < 

(7/7' ) 2 w2- R e p e a t i n g t h i s argument we have t h a t 

(A7) w r . , < ( 7 / 7 ' ) r - S - l -

B u t we a l s o have 

k' - Wj-_j + /37'wx-.]. > k > Wj-. , + Pywr.1. 

We have a c o n t r a d i c t i o n , and w'j > (7/7' )w 1 . 

We now c o m p l e t e t he argument w i t h an i n d u c t i v e s t e p . Suppose t h e r e i s some 

r s u c h t h a t w'T_, > (7/7' ) r _ 1 w T _ 1 b u t w'T < ( 7 / 7 ' ) r w T - T h e n , 7r'T(w'T) > (7/7' ) T w r and 

(A9) k' - w T . x + /3 tv t > 
T- l 

-jr\ [w T . l + / 97V r ] -
T-l 

k. 

A l s o n o t e t h a t v ' r + 1 = ( k ' - w ' T ) / p V > (7/7' ) T ( ( k - w T ) / ^ 7 ) = (7/7' ) T v T + 1 . 

T h e r e f o r e , w 7 + 1 < ( 7 / 7 ' ) r w T + 1 . R e p e a t i n g t h i s a rgumen t , we g e t t h a t W J - . J < 

( 7 / 7 ' ) T _ 1 W T - I a n < 3 u s i n g (A8) and (A9) we g e t a c o n t r a d i c t i o n . T h e r e f o r e , i f T ' 

< T , t h e n w^ > (7/7' ) T w f f o r a l l r < T ' . 

We now show t h a t T ' < T . Suppose T ' > T. U s i n g t he same a rgument as above 

i t c a n be shown t h a t w T > ( 7 / 7 ' ) T w T . Bu t t h e n 7 r T (w T ) < ( 7 / 7 ' ) T T T T ( W t ) so t h a t 

T T T ( W t ) > w T . T h i s o b v i o u s l y c o n t r a d i c t s a n e c e s s a r y c o n d i t i o n o f a s t a t i o n a r y 

e q u i l i b r i u m . 

Proposition 6. C o n s i d e r two economies w i t h d i s c o u n t f a c t o r s 0' and /3, w i t h /5' 

> 0. Then w'T > w T a l l r and n'T < n T a l l r . 
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Proof. Suppose T' < T and w'T < w1. We w i l l show t h a t t h i s l e a d s to a 

c o n t r a d i c t i o n . From (8 ) we have t h a t 

(A10) w 0 • 0 7 * i - wl * Pi*2(w2) - k 

( A l l ) w 0 + 0 ' 7 * i ( w i ) - w i • 0 ' 7 * 2 ( w z ) - k' . 

S u b t r a c t i n g t he f i r s t e q u a t i o n f r om the s e c o n d and n o t i n g t h a t Wj < wj we 

have a f t e r some r e a r r a n g i n g t h a t 

(A12) 0 ' [ lT i (wi) - 7 T 2 ( W 2 ) ] < ^ ( W i ) - 7 T 2 ( W 2 ) ] . 

R e c a l l t h a t p' > 0 and i n d e c r e a s i n g f u n c t i o n . Hence w 2 < w 2 . By 

i n d u c t i o n i t i s e a s y to show t h a t w'T < wT a l l r . I n p a r t i c u l a r , Wj -_ 1 < Vf^. 

I t f o l l o w s t h a t k' < k. Bu t 

(A13) W r . i d + 0 ' 7 ) - k' < k - Vr^a+Pt). 

S u b t r a c t i n g t he l e f t s i d e o f (A13) f rom (A10) and t he r i g h t s i d e o f (A13) f r om 

( A l l ) we c a n e a s i l y e s t a b l i s h a c o n t r a d i c t i o n . T h e r e f o r e w\ > w1. 

R e p e a t i n g t he same a rgument , i t f o l l o w s t h a t w'T > w T f o r a l l T. The 

argument t h a t T ' < T f o l l o w s e x a c t l y t he same l i n e s as i n the p r o o f o f 

P r o p o s i t i o n 4 . • 
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