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I n t r o d u c t i o n 

Th is paper exp lo res some o f the i m p l i c a t i o n s f o r econometr ic 

p r a c t i c e of a s i n g l e p r i n c i p l e from economic theo ry . T h i s p r i n c i p l e 

i s t ha t p e o p l e ' s observed behav io r w i l l change when t h e i r c o n s t r a i n t s 

change. In dynamic c o n t e x t s , a proper d e f i n i t i o n of p e o p l e ' s con­

s t r a i n t s i n c l u d e s among them laws of mot ion tha t d e s c r i b e the e v o l u t i o n 

of the taxes they must pay and the p r i c e s of the goods tha t they buy 

and s e l l . Changes i n agents ' pe rcep t i ons of these laws of mot ion (or 

c o n s t r a i n t s ) w i l l i n genera l produce changes i n the schedules tha t 

desc r i be the cho ices they make as a f u n c t i o n of the i n f o rma t i on that 

they possess . U n t i l very r e c e n t l y , r e c e i v e d dynamic econometr ic 

p r a c t i c e ignored t h i s p r i n c i p l e , and r o u t i n e l y deduced p o l i c y c o n ­

c l u s i o n s by assuming tha t p e o p l e ' s r u l e s of cho ice would not v a r y , 

f o r example, w i t h the government 's cho ices of laws of mot ions f o r 

v a r i a b l e s such as tax r a t e s , government purchases and so on. These 

v a r i a b l e s are supposed to have t h e i r e f f e c t s p r e c i s e l y because they 

i n f l u e n c e the c o n s t r a i n t s o f some p r i v a t e agen ts . 

The p r a c t i c e of dynamic econometr ics shou ld be changed so tha t 

i t i s c o n s i s t e n t w i t h the p r i n c i p l e tha t p e o p l e ' s r u l e s of cho i ce are 

i n f l u e n c e d by t h e i r c o n s t r a i n t s . T h i s i s a s u b s t a n t i a l u n d e r t a k i n g , 

and i n v o l v e s major adjustments i n the ways tha t we f o r m u l a t e , e s t i m a t e , 

and s imu la te econometr ic models. Foremost, we need a s t r i c t e r d e f i n i ­

t i o n of the c l a s s parameters that can be regarded as " s t r u c t u r a l " . 

The body o f d o c t r i n e a s s o c i a t e d w i t h the "s imu l taneous equa t i ons " model 

i n econometr ics p rope r l y d i r e c t s the a t t e n t i o n of the researche r beyond 

reduced form parameters to the parameters of " s t r u c t u r a l equa t i ons " which 

presumably d e s c r i b e those aspec ts of the behav ior of people tha t p r e v a i l 
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ac ross a range of h y p o t h e t i c a l envi ronments. The reason f o r want ing 

parameters o f s t r u c t u r a l equat ions i s tha t knowledge of them i s necessary 

to ana l yze an i n t e r e s t i n g c l a s s of p o l i c y i n t e r v e n t i o n s . Most o f t e n , 

however, i nc luded i n a prominent way among the " s t r u c t u r a l equa t i ons " have 

been equat ions d e s c r i b i n g the r u l e s of cho i ce f o r p r i v a t e agen ts . Con­

sumption f u n c t i o n s , investment schedu les , demand f u n c t i o n s f o r a s s e t s , 

and a g r i c u l t u r a l supply f unc t i ons are a l l examples of such r u l e s of c h o i c e . 

In dynamic s e t t i n g s , rega rd ing the parameters of these r u l e s of cho i ce as 

s t r u c t u r a l or i n v a r i a n t under i n t e r v e n t i o n s v i o l a t e s our s imp le p r i n c i p l e 

from economic theory . 

T h i s paper d e s c r i b e s methods f o r i n t e r p r e t i n g economic t ime s e r i e s 

i n a manner c o n s i s t e n t w i t h the p r i n c i p l e tha t p e o p l e ' s c o n s t r a i n t s 

i n f l u e n c e t h e i r behav io r . For the most p a r t , I s h a l l r e s t r i c t t h i n g s 

so tha t the dynamic economic theory i s of the e q u i l i b r i u m v a r i e t y , 

w i th o p t i m i z i n g agents and c l e a r e d markets . However, many of the 

p r i n c i p l e s d e s c r i b e d here w i l l p e r t a i n to o ther types of dynamic economic 

t h e o r i e s , such as " d i s e q u i l i b r i u m " models w i t h o p t i m i z i n g agen ts . The 

l i n e of work I s h a l l d e s c r i b e has d i v e r s e an teceden ts , of which major 

ones are c o n t r i b u t i o n s of Muth [46, 4 7 ] , Lucas [33, 3 4 ] , Lucas and 

P r e s c o t t [37] , Ner love [50] , and Graves and T e l s e r [ 1 7 J . — The works 

of Granger [16] and Sims [571 have prov ided key t e c h n i c a l econometr ic 

founda t ions . 

The b a s i c i dea i s to i n t e r p r e t a c o l l e c t i o n of economic t ime 

s e r i e s as r e s u l t i n g from the cho i ces of p r i v a t e agents i n t e r a c t i n g 

i n markets assumed to be organ ized a long w e l l s p e c i f i e d l i n e s . The 

p r i v a t e agents a re assumed to face n o n t r i v i a l dynamic and s t o c h a s t i c 

o p t i m i z a t i o n problems. Th is i s an a t t r a c t i v e assumpt ion because 

the s o l u t i o n s of such problems a re known to imply tha t the chosen 

v a r i a b l e s ( e . g . s tocks of f a c t o r s o f p roduc t i on or f i n a n c i a l asse t s ) 

can e x h i b i t s e r i a l c o r r e l a t i o n and c r o s s - s e r i a l c o r r e l a t i o n . S ince 
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t ime s e r i e s of economic da ta u s u a l l y have the p r o p e r t i e s of h igh 

o w n - s e r i a l c o r r e l a t i o n and v a r i o u s p a t t e r n s of c r o s s - s e r i a l c o r r e l a t i o n , 

i t seems tha t the re i s p o t e n t i a l f o r s p e c i f y i n g dynamic p r e f e r e n c e s , 

t e c h n o l o g i e s , c o n s t r a i n t s and r u l e s of the market game tha t rough ly 

reproduce the s e r i a l c o r r e l a t i o n and c r o s s - c o r r e l a t i o n pa t t e rns i n 

a g i ven c o l l e c t i o n of t ime s e r i e s measur ing market outcomes. I f 

t h i s can be done i n such a f a s h i o n tha t the f r e e parameters of 

p r e f e r e n c e s , t e c h n o l o g i e s , and c o n s t r a i n t s a re i d e n t i f i a b l e 

e c o n o m e t r i c a l l y , i t i s then p o s s i b l e to i n t e r p r e t the c o l l e c t i o n 

of t ime s e r i e s as the outcome of a w e l l s p e c i f i e d dynamic, s t o c h a s t i c 

e q u i l i b r i u m model. Th i s paper i s in tended as a n o n t e c h n i c a l summary 

of some of the econometr ic and t h e o r e t i c a l i s s u e s i n v o l v e d i n 

i n t e r p r e t i n g da ta i n t h i s way. 

But why should anybody want to i n t e r p r e t t ime s e r i e s da ta as 

r e p r e s e n t i n g the r e s u l t s of i n t e r a c t i o n s of p r i v a t e agen ts ' o p t i ­

m i z i ng cho ices? The answer i s not tha t t h i s way of model ing i s 

a e s t h e t i c a l l y p l e a s i n g , a l though i t i s , nor t ha t model ing i n t h i s 

way guarantees an a n a l y s i s t ha t i m p l i e s no r o l e f o r government 

i n t e r v e n t i o n , which i t d o e s n ' t . The reason f o r i n t e r p r e t i n g t ime 

s e r i e s i n t h i s way i s p r a c t i c a l : i t p o t e n t i a l l y o f f e r s the a n a l y s t 

the a b i l i t y to p r e d i c t how a g e n t s ' behav ior and the random behav ior 

of market-determined v a r i a b l e s w i l l each change when the re a re 

p o l i c y i n t e r v e n t i o n s or o ther changes i n the environment t ha t a l t e r 

some of the agen ts ' dynamic c o n s t r a i n t s . There i s a gene ra l 

presumpt ion tha t p r i v a t e agen ts ' behav io r and the random behav io r 

of j iarket outcomes both w i l l change whenever agen ts ' c o n s t r a i n t s 

change, as when p o l i c y i n t e r v e n t i o n s or o ther changes i n the e n v i r o n ­

ment occur . The best t ha t can be hoped f o r i s tha t the parameters 

of agen ts ' p re fe rences and t e c h n o l o g i e s w i l l not change i n the 
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f a c e of such changes i n the environment. I f the dynamic econometr ic 

model i s formulated e x p l i c t l y i n terms of the parameters of p r e f e r e n c e s , 

t echno log ies and c o n s t r a i n t s , i t w i l l i n p r i n c i p l e be p o s s i b l e f o r 

the a n a l y s t to p r e d i c t the e f f e c t s on observed behav io r of changes 

i n the s t o c h a s t i c environment. 

Pas t dynamic econometr ic s t u d i e s should u s u a l l y be regarded 

as hav ing been d i r e c t e d a t p r o v i d i n g ways of summarizing the observed 

behavior of i n t e r r e l a t e d v a r i a b l e s , w i thout a t tempt ing to i n f e r the 

o b j e c t i v e s , o p p o r t u n i t i e s , and c o n s t r a i n t s of the agents whose 

d e c i s i o n s determine those v a r i a b l e s . Most e x i s t i n g s t u d i e s can be 

v iewed , at b e s t , as hav ing es t imated parameters of a g e n t s ' d e c i s i o n  

r u l e s f o r s e t t i n g chosen v a r i a b l e s as f u n c t i o n s of the i n f o rma t i on 

they possess . Most of the b e t t e r s t u d i e s of consumpt ion, investment , 

asse t demand, and a g r i c u l t u r a l supp ly f u n c t i o n s must be i n t e r ­

p re ted as having es t imated such d e c i s i o n r u l e s . Dynamic economic 

theory i m p l i e s tha t these d e c i s i o n r u l e s cannot be expected to 

remain i n v a r i a n t i n the face of p o l i c y i n t e r v e n t i o n s tha t take the 

form of changes i n some of the c o n s t r a i n t s f a c i n g agen ts . T h i s 

means tha t there i s a t h e o r e t i c a l presumpt ion tha t h i s t o r i c a l econo­

me t r i c es t imates of such d e c i s i o n r u l e s w i l l p rov ide poor p r e d i c t i o n s 

about behav io r i n a h y p o t h e t i c a l l y new envi ronment . T h i s was Robert 

E. L u c a s ' s [34] c r i t i q u e of econometr ic p o l i c y e v a l u a t i o n procedures 

as they e x i s t e d i n 1973. 

Some readers of Lucas [34] have i n t e r p r e t e d the message as a c a l l 

2 / 

to eva lua te p o l i c i e s by us ing e x i s t i n g econometr ic models d i f f e r e n t l y . — 

However, a main i m p l i c a t i o n of L u c a s ' s argument, and of dynamic economic 

theory g e n e r a l l y , i s tha t the f o r m u l a t i o n , i d e n t i f i c a t i o n , and e s t i m a t i o n 

o f the models must each be approached i n s u b s t a n t i a l l y new and d i f f e r e n t 

ways. Most e x i s t i n g models s imp ly cannot be saved by s i m u l a t i n g them a 
3 / 

l i t t l e more shrewdly.— 
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Formu la t ing and e s t i m a t i n g " r a t i o n a l e x p e c t a t i o n s " models and 

dynamic e q u i l i b r i u m models of economic t ime s e r i e s i n v o l v e s a v a r i e t y 

of impor tant conceptua l and econometr ic i s s u e s , some of which I t r y to 

summarize i n t h i s paper . Among the i s s u e s to be t r ea ted are the f o l l o w i n g : 

( i ) I d e n t i f i c a t i o n c r i t e r i a . P r i o r i d e n t i f y i n g i n f o rma t i on 

of the Cowles commission v a r i e t y , i . e . , ma in l y e x c l u s i o n r e s t r i c t i o n s , 

p l a y a much sma l l e r r o l e i n dynamic e q u i l i b r i u m models. N o n l i n e a r 

c r o s s - e q u a t i o n r e s t r i c t i o n s i m p l i e d by dynamic theory a re used 

e x t e n s i v e l y . T h i s s h i f t i n v o l v e s important m o d i f i c a t i o n s of past 

ways of t h i n k i n g about i d e n t i f i c a t i o n and e s t i m a t i o n . 

( i i ) Models of e r r o r terms. The dynamic e q u i l i b r i u m model ing 

s t r a t e g y v i r t u a l l y f o r c e s the r e s e a r c h e r to t h i n k about the sources 

and i n t e r p r e t a t i o n s of the e r ro r terms i n the s t o c h a s t i c equat ions 

tha t he f i t s . The e x p l i c i t l y s t o c h a s t i c na tu re o f the t h e o r i z i n g 

makes i t d i f f i c u l t to " t a c k on" e r r o r terms a f t e r the t h e o r i z i n g 

i s done, a u s u a l procedure i n the p a s t . 

( i i i ) The r o l e of G r a n g e r - c a u s a l i t y . Granger c a u s a l i t y t u rns 

out to be a c r i t i c a l concept i n the f o rmu la t i on of dynamic economic 

models, as i t i s c o i n c i d e n t w i t h the c o n d i t i o n f o r the appearance 

as an i n f o rma t i on v a r i a b l e i n an a g e n t ' s d e c i s i o n r u l e of a v a r i a b l e 

not o therw ise i n the a g e n t ' s c r i t e r i o n f u n c t i o n or c o n s t r a i n t s . 

( i v ) Bayes ian a n a l y s i s : Bayes ian econometr ic techn iques prov ide 

a means of m ix ing p r i o r t h e o r e t i c a l i n f o rma t i on about parameters w i t h 

i n fo rma t i on from the d a t a . Such procedures are w ide l y used by a p p l i e d 

t ime s e r i e s economet r i c i ans , a l t hough o f t e n no fo rma l Bayes ian j u s t i ­

f i c a t i o n i s g i v e n . Dynamic economic theory p rov ides no j u s t i f i c a t i o n 

f o r one w ide l y imposed c l a s s of p r i o r r e s t r i c t i o n s which can be viewed 

as r e s t r i c t i o n s d i r e c t l y on d e c i s i o n r u l e s . I ns tead , dynamic economic 

theory suggests tha t p r i o r i n f o r m a t i o n about agen ts ' c r i t e r i o n f u n c t i o n s 
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and c o n s t r a i n t s i s what shou ld be used i n e s t i m a t i o n . T h i s f e a t u r e of 

dynamic economic theory has i m p l i c a t i o n s f o r the proper implementat ion 

both of fo rma l Bayes ian procedures and of l e s s fo rma l procedures f o r 

c o n s t r a i n i n g parameter es t ima tes . 

I s h a l l o rgan i ze my d i s c u s s i o n around a p a i r o f examples. In 

s e c t i o n 1, I d e s c r i b e a l i n e a r - q u a d r a t i c v e r s i o n of Lucas and P r e s c o t t ' s 

model of investment under u n c e r t a i n t y . I s h a l l use t h i s example f o r 

d i s c u s s i n g the econometr ic i m p l i c a t i o n s of dynamic e q u i l i b r i u m models. 

In s e c t i o n 2, I d e s c r i b e a very s imp le model of i n t e r r e l a t e d corn and 

hog markets . Though i t i s o v e r l y s i m p l e , t h i s model i l l u s t r a t e s how 

many of the p o i n t s addressed i n s e c t i o n 1 g e n e r a l i z e , and a l s o i l l u s t r a t e s 

what I b e l i e v e t o be the e s s e n t i a l p r i n c i p l e s t ha t would be i n v o l v e d i n 

b u i l d i n g a u s e f u l econometr ic model of the " co rn -hog c y c l e " . In the 

L u c a s - P r e s c o t t example, s t a t e v a r i a b l e s which help the f i r m p r e d i c t the 

f u t u r e p r i c e s of i npu ts appear i n the r e p r e s e n t a t i v e f i r m ' s d e c i s i o n 

r u l e . However, the laws of mot ion of these input p r i c e s are taken as 

g iven from ou t s i de the model . In a c t u a l i t y , the p r i c e s of these i npu ts 

are u s u a l l y thought to be determined by t rades i n "ano the r " market , one 

source of demand f o r wh ich stems from the i ndus t r y be ing modeled by Lucas 

and P r e s c o t t . What m o d i f i c a t i o n s to the a n a l y s i s occur i f t h i s " o t h e r " 

market i s modeled e x p l i c i t l y ? The corn-hog example i s des igned to s tudy 

t h i s q u e s t i o n . The corn-hog model goes beyond the L u c a s - P r e s c o t t example 

by p e r m i t t i n g the output of one i n d u s t r y , c o r n , to be an inpu t i n t o the 

p roduc t i on of the o ther i n d u s t r y , hogs. S ince hog producers have an 

i n c e n t i v e to f o r e c a s t f u t u r e corn p r i c e s , i t f o l l o w s tha t " s t a t e v a r i a b l e s " 

t h a t appear i n the laws of mot ion f o r the t o t a l output and p r i c e of co rn 

appear i n the d e c i s i o n r u l e of the r e p r e s e n t a t i v e hog producer . A l s o , 

because the corn producer has an i n c e n t i v e to f o r e c a s t the p r i c e of c o r n , 
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which depends p a r t l y on the demand f o r co rn from hog p roduce rs , the 

" s t a t e v a r i a b l e s " tha t appear i n the laws of mot ion f o r the t o t a l hog 

output and the p r i c e o f hogs appear i n the o p t i m a l d e c i s i o n r u l e of the 

r e p r e s e n t a t i v e co rn producer . Hence, each i n d u s t r y i n h e r i t s the s t a t e 

v a r i a b l e s o f the o the r . F u r t h e r , the e q u i l i b r i a i n the two i n d u s t r i e s 

a re i n e x t r i c a b l y i n t e r r e l a t e d . The corn-hog example i l l u s t r a t e s an 

impor tant gene ra l phenomenon: tha t r a t i o n a l expec ta t i ons e q u i l i b r i a of 

i n d u s t r i e s t ha t are r e l a t e d on l y because they t r ade w i t h one another 

t e c h n i c a l l y become equ i va len t to the s o l u t i o n of " i n t e r r e l a t e d f a c t o r 

demand" problems i n which q u a n t i t i e s and p r i c e s f o r d i f f e r e n t goods 

i n t e r a c t p e r v a s i v e l y . 

I have adopted l i n e a r - q u a d r a t i c setups because they s i m p l i f y both 

the t h e o r e t i c a l and econometr ic d i s c u s s i o n s , w h i l e i l l u s t r a t i n g many 

of the s a l i e n t me thodo log i ca l i m p l i c a t i o n s of dynamic d e c i s i o n theo ry . 

L i n e a r - q u a d r a t i c optimum problems d e l i v e r d i f f e r e n c e equa t ions tha t a re 

l i n e a r i n the v a r i a b l e s , and so match up n i c e l y w i t h much e x i s t i n g 

dynamic econometr ic theory . The reader f a m i l i a r w i t h Lucas and P r e s c o t t 

[37] w i l l r ecogn i ze how the corn-hog model of s e c t i o n 2 can be g e n e r a l i z e d 

to i n c o r p o r a t e more gene ra l s p e c i f i c a t i o n s f o r the t e c h n o l o g i e s , p r e f e r e n c e s , 

and c o n s t r a i n t s . That i nc reased g e n e r a l i t y would make the econometr ic 

i m p l i c a t i o n s harder to e x t r a c t than w i t h the present se tup , w i thout 
4 / 

a l t e r i n g the b a s i c message.— 
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1. Investment Under U n c e r t a i n t y 

Th is s e c t i o n desc r i bes a l i n e a r - q u a d r a t i c v e r s i o n of Lucas 

and P r e s c o t t ' s model of inves tment , and uses i t as a v e h i c l e f o r 

e x p o s i t i n g a v a r i e t y of concep tua l and econometr ic i s s u e s . The 

model d e s c r i b e s the mutual de te rm ina t i on over t ime of the c a p i t a l 

s t o c k , ou tpu t , and market p r i c e of a s i n g l e i n d u s t r y . The model 

can be g e n e r a l i z e d to handle m u l t i p l e f a c t o r s of p r o d u c t i o n , a t the 

cos t of what are r e a l l y on l y t e c h n i c a l c o m p l i c a t i o n s . In s e c t i o n 2 , 

I i n d i c a t e how the model can be extended to ana lyze two or more 

in terdependent i n d u s t r i e s , such as the "hog and c o r n " i n d u s t r i e s . 

F i n a l l y , I ment ion tha t i t i s s t r a i g h t f o r w a r d to modify the model 

to i nco rpo ra te much r i c h e r dynamics by g e n e r a l i z i n g the na tu re of 

the adjustment c o s t s . 

I d e f i n e the f o l l o w i n g v a r i a b l e s : 

y = output of the r e p r e s e n t a t i v e f i r m 

n = number of f i rms i n the i n d u s t r y , assumed cons tan t over t ime 

Yj_ = n y t = t o t a l output of i n d u s t r y 

P t • p r i c e of output 

— a (p^ x 1) v e c t o r o f random v a r i a b l e s appear ing i n the i ndus t r y 

demand schedu le , p^ _> 1 

J)^t

 = a (p - p^) x 1 v e c t o r of random v a r i a b l e s which he lp p r e d i c t f u t u r e 

va lues of the c o l l e c t i o n o f v a r i a b l e s D i t > P — P j 

C U 2 t 

= r e n t a l r a t e on c a p i t a l 

W"t • a (q x 1) v e c t o r whose f i r s t element i s w^; the remain ing 

elements of Wfc a re v a r i a b l e s t h a t he lp p r e d i c t f u t u r e w t ' s . 
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u t = a random shock to demand 

= a random shock i n the p roduc t i on f u n c t i o n 

k £ = s tock of c a p i t a l of the r e p r e s e n t a t i v e f i r m 

K f c " n k t = t o t a l c a p i t a l s t ock i n i n d u s t r y 

The s u b s c r i p t t indexes the da te to which the v a r i a b l e co r responds . 

I f u r t h e r d e f i n e the f o l l o w i n g po lynomia ls i n the l a g opera tor 

L: 

6 u ( L ) = 1 -

r 
u 

Z 6 , L J , 
J-l U j 

where i s a s c a l a r 

« D ( L ) - I 
P 

r 

where % i s a 
p x p 

p x p ma t r i x and 1^ 

i d e n t i t y m a t r i x . 

i s the 

«v<L> - I 
q 

W J where 6 . 
wj 

i s a 

(q x q) 

(q x q) ma t r i x and 1^ 

i d e n t i t y m a t r i x . 

i s the 

6 £ ( L ) = 1 - Z 6 .1/*, 
j - l * 

where i s a s c a l a r . — 

The i n d u s t r y c o n s i s t s of n i d e n t i c a l compe t i t i ve f i r m s , each 

of which uses a s i n g l e f a c t o r of p r o d u c t i o n , c a p i t a l , to produce a 

s i n g l e ou tput . Output of the r e p r e s e n t a t i v e f i r m y i s governed by 

(1.1) y t - f k t + n - 1 e t , f > 0 

where k £ i s the r e p r e s e n t a t i v e f i r m ' s s tock of c a p i t a l a t t , and 

e t i s a random e r ro r i n the techno logy . The f i r m knows { e t > e ( ; _ 1 f - } » 

but does not know w i t h c e r t a i n t y f u t u r e v a l u e s of the shock e^. The 

e r r o r e i s known to f o l l o w the r - t h o rder Markov process t E 

(1.2) 6

e < L > E t = ^ 
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e 6 / where V i s a " fundamenta l " wh i te n o i s e e r ro r term f o r e

t

> — 

The f i r m i s assumed to know "^ (L ) and E ( V ^ ) 2 w i t h c e r t a i n t y . 

The demand curve f o r output i s g i v e n by — 

(1.3) P t = V A l Y t + A 2 D l t + U t V A 1 > 0 

where D^t i s a ( p 1 x 1) v e c t o r of "demand s h i f t e r s " , A^ i s 

a (1 x p^) v e c t o r of c o n s t a n t s , and u f c i s a random shock to the 

demand cu rve . The random term u obeys the r ^ o rder Markov 
t J u 

process 

(1.4) 6

u < L ) u t = V t 

where v " i s a fundamental wh i te no i se f o r u £ . The (p^ x 1) 

v e c t o r of demand s h i f t e r s D l t c o n s i s t s of the f i r s t p.̂  rows o f 

the p x l v e c t o r D f c , which f o l l o w s the r

D

t h o rder v e c t o r 

a u t o r e g r e s s i v e p rocess 

(1.5) y L > D

t

 = ^ 

where i s a (p x 1) v e c t o r wh i te n o i s e tha t i s fundamental 

f o r the p rocess D^.. The r e p r e s e n t a t i v e f i r m i s assumed to know 

6 u ( L ) , <$n(L), A Q , A^, A 2 , and the second moments of v " and 

w i t h c e r t a i n t y . 

At t ime t , t o t a l output i s g i ven by 

(1.6) Y t = n y t = f K t + e t 

The r e p r e s e n t a t i v e f i r m ' s problem i s to choose a cont ingency p is 

f o r k , . to maximize the c r i t e r i o n 
t+J 
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(1.7) E o J 0

B t { V t - w t k t - f ( k t + l " k t ) 2 } 

sub jec t to k Q g i v e n . In (7), E t i s the mathemat ica l expec ta t i on 

ope ra to r , c o n d i t i o n a l on i n f o rma t i on known to the f i r m at t ime t . 

Th is i n f o rma t i on se t w i l l s h o r t l y be s p e c i f i e d p r e c i s e l y . In ( 7 ) , d 

d 2 

i s a p o s i t i v e cons tan t . The term -j ( k t + 1 ~ k

t ) i s in tended to 

rep resen t the n o t i o n tha t there a re c o s t s i n t e r n a l to f i r m of a d j u s t i n g 

the c a p i t a l s t ock , and tha t these r i s e a t an i n c r e a s i n g r a t e w i t h the 

abso lu te va lue of the change i n c a p i t a l . We assume tha t the r e n t a l 

on c a p i t a l w fc i s the f i r s t element of the (q x 1) v e c t o r random 

process W tha t obeys the r T J ' o rder v e c t o r a u t o r e g r e s s i o n 

(1.8) 6 (L)W = VY w t t 

where v " i s a (q x 1) v e c t o r wh i te n o i s e tha t i s fundamental f o r 

W . The f i r m i s supposed to know 6 (L) and the second moment m a t r i x c w 
w 

of V" t w i t h c e r t a i n t y . 

At t ime t , the f i r m chooses k

t + 1 » g i ven the i n f o rma t i on 

tha t i t has a v a i l a b l e a t t . However, the max im iza t ion problem 

(7) i s not ye t w e l l posed, s i n c e we have not comp le te l y s p e l l e d 

out the dynamic c o n s t r a i n t s w i t h respec t to which the max imiza t ion 

i s supposed to occur . To complete the problem (7 ) , we beg in by 

s u b s t i t u t i n g (f k t + n _ 1 e t ) f o r y t , and [ A ^ - A ^ f K t - A ^ + A ^ j . + u ] 

f o r to get 
CO 

(1.9) E Q Z 6 t { [ A 0 - A 1 f K t - A 1 e t + A 2 D u + u t ] [ f k t + n _ 1 e t ] 
t=0 

- w t k t - X + i - v 2 } -
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In order tha t the problem of max imiz ing (9) w i t h respec t to a 

cont ingency p l a n f o r ^ t + j J ^ e w e l l posed, i t i s necessary to 

a t t r i b u t e to the f i r m p r e c i s e v iews about the laws of mot ion of the 

random v a r i a b l e s tha t i t cannot c o n t r o l , but whose v a l u e s i n f l u e n c e 

the best cho i ce of i t s own s tocks o f c a p i t a l . For problem (9 ) , these 

" u n c o n t r o l l a b l e " v a r i a b l e s about which the r e p r e s e n t a t i v e f i r m 

ca res are K t > D ^ t , u t and w^. The f i r m ca res about the present 

and f u t u r e behav ior of the v a r i a b l e s (K^, D ^ t , u f c ) because they 

i n f l u e n c e the present and f u t u r e behav ior of the market p r i c e through 

the demand r e l a t i o n s h i p p

T

 = A Q ~ A l ^ K t + A 2 D l t + u t ' T h e ^ i r m c a r e s 

about the e v o l u t i o n of the r e n t a l p rocess w £ because i t i n f l u e n c e s 

i t s c o s t s . We have a l r e a d y comp le te l y desc r ibed our assumpt ions about 

the f i r m ' s v iews of the laws of mot ion of D^ t» u t and w^, namely, 

tha t the f i r m knows the Markov laws (4 ) , ( 5 ) , and (8) that govern 

them, and a t t ime t knows D t » D t _ ^ , . . . , u t » u t and W t > 

W £ _^ , To complete the s p e c i f i c a t i o n r e q u i r e s tha t we s p e c i f y 

the f i r m ' s v iews about the e v o l u t i o n of the aggregate c a p i t a l s t ock 

K^. We assume t h a t the r e p r e s e n t a t i v e f i r m b e l i e v e s tha t the aggregate 

c a p i t a l s tock evo lves acco rd ing to the law 

(1.10) K t + 1 = H Q + H w ( L ) W t + H D ( L ) D t + H e ( L ) e t 

+ H u ( L ) u t + H l K t 

where HQ and a re s c a l a r s and 

r -1 w 
H (L) = Z H L J , where H i s (1 * q) 

j = Q W J W J 

V 1 

H ^ L ) = H ^ , where i s (1 x p ) 
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r -1 
£ i 

H £ ( L ) = I H £ j L J , where B _ i s a s c a l a r 

r -1 u 
H (L) = E H . L J , where H . i s a s c a l a r . 

The r e p r e s e n t a t i v e f i r m i s assumed to know a l l o f the parameters 

of the l i n e a r law of mot ion (10) w i t h c e r t a i n t y . The reason t h a t 

we have chosen the form (10) as the f i r m ' s pe rce i ved law o f mot ion 

f o r K w i l l s h o r t l y become apparen t . 

Wi th these s p e c i f i c a t i o n s , the max im iza t ion of (9) i s now w e l l 

posed. Summarizing the se tup , we have tha t the r e p r e s e n t a t i v e f i r m 

maximizes 

00 
(1.9) E Q I 6 t { [ A 0 - A 1 f K t - A l £ t + A 2 D l t + u t ] [ f ^ - h f 1 ^ ] 

- w t \ " f < k t + i - v 2 } 

O / 

sub jec t to the laws of motion— 

(1.10) K t + 1 = H Q + H w ( L )W t + H D ( L ) D t + H £ ( L ) 

+ H u ( L ) u t + H ^ 

(1.8) 6

w

( L ) W t = V t 

(1.4) V L ) u t = V t 

(1.5) 6

D ( L > D

t

 = ^ 

(1-2) 6

e

( L ) e t = V t 
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9/ 
and sub jec t to the xnformat ion set a t t ime t,— 

( K t , k t , V , W t _ r . . . , W t . r . D t , D x D 
w 0 

V e

t - l ' * * ' ' £ t - r +1» u t ' u t - l " " , U t - r +1 
e u 

The f i r m maximizes (9) t a k i n g the laws of mot ion (8 ) , ( 4 ) , ( 5 ) , (2) 

and (10) as g i ven and beyond i t s c o n t r o l . The f i r m i s assumed to know 

the 6 ' s and H 's w i t h c e r t a i n t y , and to know the f i r s t and second 

moments of the V^ 's .——^ We f u r t h e r r e s t r i c t the problem so tha t the s o l u t i o n 

i s a l i n e a r cont ingency p l a n ^ i ^ For t h i s to be t r u e , i t i s s u f f i c i e n t tha t 

the l e a s t squares p r e d i c t o r s of f u t u r e W, D, e, and u ' s be l i n e a r i n 

the c o n d i t i o n i n g v a r i a b l e s . T h i s w i l l be t rue i f V | f v " , V ^ , and V w 

obey normal p r o b a b i l i t y l a w s . A l t e r n a t i v e l y , the a n a l y s t can s imp ly assume 

tha t the i ndus t r y i s ope ra t i ng under o p t i m a l l i n e a r r u l e s . In e i t h e r c a s e , 

the s o l u t i o n of the r e p r e s e n t a t i v e f i r m ' s problem i s a l i n e a r cont ingency 

12/ 
p l an of the form •==• 
(11) k t + 1 = h Q + h w ( L ) W t + h D ( L ) D t + h £ ( L ) e t 

+ h u ( L ) u t + h ^ + h 2 k t 

where h^, h^ , and h 2 a re s c a l a r s , and 

r -1 
w 

h (L) = Z h . L j , where h . i s (1 x q) 
w v

 j = 0 wj wj 

V l J 
^ ( L ) - ^ h j j j L 3 , where h ^ i s (1 x p) 

h e ( L ) = £ h g j " » where h £ i s a s c a l a r 

r -1 u 
h (L) = £ h . L ^ , where h . i s a s c a l a r . 

j - 0 U J U J 
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M u l t i p l y i n g both s i des of the f i r m ' s d e c i s i o n r u l e (11) by n 

and u s i n g K t = nk f c g i ves 

(1-12) K t + 1 = n h Q + n h w ( L ) W t + n h ^ L ^ + n h e ( L ) e t 

+ n h u ( L ) u t + ( n h x + h 2 ) K t 

Equat ion (12) i s the a c t u a l law of mot ion f o r aggregate c a p i t a l tha t 

r e s u l t s f rom the behavior of the r e p r e s e n t a t i v e f i r m tha t we have 

d e s c r i b e d . R e c a l l tha t i n s o l v i n g i t s optimum prob lem, the r e p r e s e n t a t i v e 

f i r m was assumed to b e l i e v e t h a t the law of mot ion f o r i n d u s t r y - w i d e 

c a p i t a l was (10) . The idea of r a t i o n a l expec ta t i ons i s to assume that 

the f i r m ' s pe rcep t i ons of the law of mot ion f o r aggregate c a p i t a l a re 

c o r r e c t . We d e f i n e a r a t i o n a l expec ta t i ons e q u i l i b r i u m as a p a i r of 

laws of mot ion f o r K f c and k f c such tha t (12) and (10) a r e 

equ i va len t • Upon comparing (10) w i t h (12) i t i s ev ident t ha t necessary 

and s u f f i c i e n t c o n d i t i o n s f o r a r a t i o n a l expec ta t i ons e q u i l i b r i u m a re 

H Q = n h Q 

H W (L ) = nh w CL) 

H ^ d ) = n h ^ L ) 

H (L) = nh (L) 

H u ( L ) = n h u ( L ) 

H x = ( n ^ + h 2 ) 

We beg in our a n a l y s i s o f the model by b r i e f l y d e s c r i b i n g aspec ts of 

the o p t i m i z a t i o n problem so l ved by the f i r m . Among the f i r s t - o r d e r 

necessary c o n d i t i o n s f o r the max im iza t i on of (9) i s the f o l l o w i n g 

system of s t o c h a s t i c " E u l e r e q u a t i o n s " , which a re de r i ved by 
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d i f f e r e n t i a t i n g (9) w i t h respec t to k f c f o r t = 1 , 2 , . . . ; 

(1.13) M k t + 1 - d ( l + B ) k t + d k t _ 1 = B» t 

or 

•*Wt - Alet + A2Dlt + Ut] 

k

t + i - ( ] + 1 ) k t + ? k t - r l v f p t 

In a d d i t i o n to the system of Eu le r equa t i ons , a t r a n s v e r s a l i t y c o n d i t i o n 

i s among the f i r s t order necessary c o n d i t i o n s . The t r a n s v e r s a l i t y c o n d i t i o n 

can be de r i ved by methods desc r i bed i n Sargent [54] . The t r a n s ­

v e r s a l i t y c o n d i t i o n f o r the present problem i n e f f e c t r e q u i r e s tha t 

the s o l u t i o n possess the p roper ty l i m E J ^ k , , = 0. 

Us ing the l a g ope ra to r , the preced ing E u l e r equa t ion can be 

r e w r i t t e n &s~— 

( 1 - ( i + l ) L + I L

2 ) k t + 1 = i W t - l p t 

Us ing the f a c t o r i z a t i o n 

(1 - ( i + 1)L + | L 2 ) = d - J L ) ( l - L ) , 

the above E u l e r equat ion can be w r i t t e n as 

(1 - | L ) (1-L) k t + 1 - I w t - f P t . 

No t ing tha t (1 - — L) = - g ^ L ( l - g L ^) and ope ra t i ng on both s i d e s 
p 

of the above equat ion w i t h [-g ^ ( l - g L * ) ] 1 g i v e s the so lu t i on 1 —' ' 

1-BL 1-6L 1 C 

or e q u i v a l e n t l y 
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(1.14) ( i - L ) k t + 1 - d " 1 + BEd- 1 jQ h t w l 

I t can be v e r i f i e d tha t (14) s a t i s f i e s both the Eu le r equat ions and 

the t r a n s v e r s a l i t y c o n d i t i o n . Equa t ion (14) would g i v e the a p p r o p r i a t e 

r u l e f o r s e t t i n g k t + j_ i f the f i r m had p e r f e c t f o r e s i g h t about the 

e n t i r e f u t u r e paths of the r e n t a l w t and the output p r i c e P t - When 

the f i r m does not have p e r f e c t f o r e s i g h t , the c o r r e c t d e c i s i o n r u l e 

can be de r i ved by r e p l a c i n g the f u t u r e v a l u e s on the r i g h t s i d e of 

(14) w i t h the cor respond ing mathemat ica l expec ta t i ons c o n d i t i o n a l on 
1 5 / 

i n f o rma t i on the f i r m does have. Th is l eads to the d e c i s i o n r u l e — 

( i . i 5 ) ( i - L ) k t + 1 - - d - 1 B j Q e V + i + i l f lt + e f d ' 1 j0

eiEPt+i+i l"t 

Here tt^ i s de f i ned as the in fo rma t i on set ft^ • {W t > W t _ ^ , . . . , 

u f c , u t _ ^ , . . . , D t > D t _ ^ , . . . , e f c , e t _ ^ , . . . , K t } . The c o n d i t i o n a l mathemat ica l 

expec ta t i ons are assumed to be computed u s i n g the laws of mot ion (10) , 

(8 ) , (4 ) , (5 ) , and (2) f o r K, W, u , D, and e, r e s p e c t i v e l y , 

as w e l l as the demand r e l a t i o n s h i p P f c = A Q - A ^ ( f K t + e t ) + A ^ D ^ + U j . , 

which i s used to deduce the law of mot ion f o r P t - Once these c o n d i t i o n a l 

mathemat ica l expec ta t i ons a re e x p l i c i t l y c a l c u l a t e d i n terms of the 

parameters of (10 ) , ( 8 ) , (4 ) , ( 5 ) , ( 2 ) , and the demand curve ( 3 ) , they 

can be s u b s t i t u t e d i n t o equat ion (15) to deduce the optimum d e c i s i o n 

r u l e (11) f o r the r e p r e s e n t a t i v e f i r m . The d e c i s i o n r u l e (11) i s l i n e a r 

i n a l l of the " i n f o r m a t i o n v a r i a b l e s " t ha t appear on the r i g h t s i d e . 

However, as the above method of c a l c u l a t i n g the parameters h of the 

d e c i s i o n r u l e (11) sugges ts , the parameters h a re themselves c o m p l i ­

cated n o n l i n e a r f unc t i ons of the u n d e r l y i n g parameters of the model : 

the parameters A ^ , A ^ , A^ of the demand c u r v e , the parameters f and d 
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of the techno logy ; and the parameters 6 ( L ) , 6 ( L ) , 6 ( L ) , and 
U £ W 

6^(L) of the laws of mot ion of the random processes g i ven from 

16/ , 

ou t s i de the m o d e l . — The h s a re a l s o n o n l i n e a r f u n c t i o n s o f the 

H ' s of the law of mot ion of aggregate c a p i t a l (10) , which a re not 

g i ven from ou t s i de but a re to be determined from the a n a l y s i s . 

The na tu re of these n o n l i n e a r i t i e s has been c h a r a c t e r i z e d by Hansen 

and Sargent [23 ] , and w i l l be a l l u d e d to f u r t h e r below. 

Equa t ion (15) , which was de r i ved by pu re l y fo rma l m a n i p u l a t i o n s , 

has the v i r t u e of i n d i c a t i n g c l e a r l y t ha t the f i r m has an i n c e n t i v e 

to f o r e c a s t f u t u r e r e a l i z a t i o n s of the r e n t a l w and the output p r i c e 

P . As a r e s u l t , any s t a t e v a r i a b l e s tha t the f i r m sees a t t , and 

tha t he lp p r e d i c t e i t h e r f u t u r e P ' s or f u t u r e w ' s , w i l l appear 

i n the f i r m ' s d e c i s i o n r u l e f o r k

t + ^ , g i ven by equa t ion (11) . That 

the h ' s of (11) a re n o n l i n e a r f u n c t i o n s of the parameters 

{ A 0 , A r A 2 , f , d , 6, 6 u , 6 £ , 6 w , 6^ H g , H , , ^ , H Q and H ^ , 

stems from the n o n l i n e a r way i n which the c o n d i t i o n a l mathemat ica l 

expec ta t i ons of f u t u r e w ' s and P ' s a re f u n c t i o n s of these parameters . 

In p r a c t i c e , to compute a r a t i o n a l expec ta t i ons e q u i l i b r i u m i t i s 

not necessary ever to c a l c u l a t e the r i g h t s i d e of (15 ) . Indeed, i t i s 

never necessary e x p l i c i t l y to c a l c u l a t e the h ' s tha t determine the 

d e c i s i o n r u l e (11) of the r e p r e s e n t a t i v e f i r m . I ns tead , the H 's of the 

e q u i l i b r i u m law of mot ion f o r the i n d u s t r y can be c a l c u l a t e d d i r e c t l y as 

f o l l o w s . — ' ' F i r s t , m u l t i p l y both s i d e s of equat ion (13) by n , then use 

K t = n k t , and c o l l e c t a l l terms i n K on the l e f t s i d e to get 

(1.16) 6 d K t + 1 - [ d ( l +6 )+A 1 f 2 6n ]K t + d K ^ = gnw t 

- BnfA Q + A 1 6 f n e t - g f n A ^ - g f n u t 
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I t i s of some i n t e r e s t tha t (16) i s i t s e l f the E u l e r equa t ion f o r 

18/ 
the " s o c i a l p l a n n i n g " problem of max imiz ing — 

CO 

(1.17) E Q ^ e t [ { A Q ( f K t + e t ) - | A 1 ( f K t + t ^ ) 2 + [ f K t + e j A ^ 

+ [ £ K t + s t ] u t } - w t K t " i n " l d ( V l - V 2 ] 

sub jec t to the laws o f mot ion (8 ) , (4 ) , (5 ) , and (2) f o r w t > u^, 

19/ 
D u , and e t . ^ / 

The term i n b races i s the a rea under the demand c u r v e , s i n c e 

Y. 
t 

f 
0 
/ [A Q - A jX + A 2 D l t + u t ] d x 

= A 0 Y t - 1 A l Y t + Y t A 2 D l t + V t ' 

Thus (17) i s the d iscounted a rea under the demand curve minus the t o t a l 

cos t s of p r o d u c t i o n . D i v i d i n g each s i d e of (16) by (3d, the Eu le r 

equat ion can be w r i t t e n 

1 A l f 2 " 1 
K t + 1 " t l + " B + — 1 K t + | 5 K t - l 

nf A„ A . f n 
( 1 . 1 8 ) = _ W t _ _ _ 2 + _ _ , t 

- d - 1 f n A 2 D l t - fa « t 

I t can e a s i l y be proved tha t there e x i s t s a X such tha t 

[1 - (1 + f1 + A - j ^ n d " 1 ) ! , + i f 1 ! 2 ] = (1 - a P 0 ~ 1 L ) ( l - A L ) 

r-
 2 0 / -1 -1 1 

where |A| < l / / g . — Us ing -(10) X L ( 1 - AgL ) = (1 - (Ag) X L ) , 

we have tha t the E u l e r equa t ion (18) can be w r i t t e n as 
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-(\&'\a - X B L _ 1 ) ( 1 - H ) K t + 1 = —5—52 + J „ t 

. A l f n f n . _ f n 
+ T ~ et " 1 A 2°lt " ~d Ut 

A s o l u t i o n of the Eu le r equa t ion tha t a l s o s a t i s f i e s the t r a n s v e r s a l i t y 

c o n d i t i o n f o r the s o c i a l p lann ing problem i s 

+ X&afA -1 

A l f D X e L - 1 , f n X S i - V 1 . n 

d 1 - X 3 L " 1 * 1 - X 0 L " 1 2 1 t 

fnA&d" 1 ! . " " 1 

R e c a l l , f o r example, tha t (1 - XBL~ )" w t • ( A B ) J w t + j . Then i t can 

be recogn ized tha t equat ion (19) i s the p e r f e c t f o r e s i g h t s o l u t i o n 

of the p lann ing problem that the r a t i o n a l expec ta t i ons compe t i t i ve 

e q u i l i b r i u m i m p l i c i t l y s o l v e s . Thus, equa t ion (19) expresses the 

aggregate c a p i t a l s t ock K t as a l i n e a r f u n c t i o n of K t and a l l 

f u t u r e v a l u e s o f w t , e^, D l t ' a n < * u t * 

By u s i n g the methods o f Hansen and Sargent [23, e s p e c i a l l y appendix 

A ] , equa t ion (19) can be conver ted to the " r e a l i z a b l e " law f o r 

K tha t s a t i s f i e s the E u l e r equat ions and t r a n s v e r s a l i t y c o n d i t i o n s , 

and which expresses K

t + ] _ a s a f u n c t i o n o n l y of i n f o rma t i on known 
2 1 / 

a t t ime t .— Th is i n v o l v e s r e p l a c i n g the terms w

t + ^ , e t + ^ , ^^ t + ^> a n d 
n

t + ^ i n (19) by the cor respond ing mathemat ica l expec ta t i ons c o n d i t i o n e d 

on The r e s u l t i n g e q u i l i b r i u m law of mot ion f o r K can be shown 

to be 
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(1.20) K t + 1 = H Q + H w (L )W t + H D ( L ) D t + H e ( L ) e t 

+ H u ( L ) u t + H l K t 

+ABnfA n 

where H . = -
0 d ( l - A B ) 

H l = X 

-nAB L ' ^ I - V ^ ) " 1 ^ ) ) 
(1.21) H w (L ) - f ^ ] 

X—A pL 

- A - f n A g L _ 1 ( l - « . ( X f l ) " 1 « - t t » 
H (L) [-

d 1 - A B L " 1 

L _ 1 ( I - 6 ( A B ) _ 1 5 (L)) 
I LO. ) * +fnA(3d \ i I : ] 

1-ABL X 

- l « ( x e ) _ 1 * a ) ) 
H (L) = +d A f nXB( !i p - S ] 

1-ABL 

Here $ i s a 1 x q v e c t o r w i t h 1 i n the f i r s t p o s i t i o n , 

f o l l owed by (q - 1) z e r o e s , and $ D i s a P 1

 x p m a t r i x w i t h 

a (Pj_ x P^) i d e n t i t y ma t r i x as the f i r s t p^ columns and zeroes 

e lsewhere. N o t i c e tha t w„ 5 <j> W. amd D.. = A D . I t i s conven ient 
c w t I t D t 

a t t h i s po i n t t o r e c a l l the laws of mot ion assumed f o r w t > u t , e t 

and D ^ t , namely 

(8) V L ) W t = V t 

(4) 6 u ( L ) u t = 

(5) 5 D ( L ) D t -

(2) 6 e ( L ) e t - Ve

t 
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Equa t ion (20) expresses the e q u i l i b r i u m law f o r the i n d u s t r y ­

wide c a p i t a l s t ock K t + ^ a s a l i n e a r f u n c t i o n o f K t > and cu r ren t 

and past v a l u e s of W, D, E , and u . Current and past v a l u e s of W appear 

i n (20) because they he lp p r e d i c t f u t u r e v a l u e s o f the r e n t a l r a t e w f c , 

w h i l e cu r ren t and past va lues o f D, E , and u appear because 

they are used by agents to p r e d i c t the f u t u r e course of the market 

p r i c e P. The number of lagged v a l u e s of W, D, E , and u i n 

(20) a re r - 1 , r - 1 , r - 1 , and r - 1 , as exp ress ions (21) can 
W U E U 

22/ 

be used to show.— Thus, the numbers of lagged va lues of these 

" i n f o r m a t i o n v a r i a b l e s " W, D, s , and u i n (20) a re e n t i r e l y 

i n h e r i t e d from the s p e c i f i c a t i o n s of the a c t u a l laws of mot ion f o r 

W, D, E , and u i n (8 ) , ( 5 ) , (2) and (4 ) . 

N o t i c e tha t the appearance of w t and D l t i n the o b j e c t i v e 

f u n c t i o n o f the r e p r e s e n t a t i v e f i r m (9) (or e q u i v a l e n t l y i n the 

o b j e c t i v e f u n c t i o n of the f i c t i t i o u s s o c i a l p lanner (17)) g i v e s r i s e 

to the appearance i n (20) of the e n t i r e b l ocks of v a r i a b l e s W"t and 

D f c tha t he lp p r e d i c t w and Dj_ t > r e s p e c t i v e l y . Thus any v a r i a b l e s 

t ha t he lp p r e d i c t w and D ^ t > and which agents have i n f o rma t i on 

on , be long i n the e q u i l i b r i u m law o f mot ion f o r i n d u s t r y wide 

c a p i t a l . The p roper ty that the remain ing v a r i a b l e s i n W (or D) 

he lp p r e d i c t f u t u r e va lues o f w (or D^) i s s a i d to be the p roper ty 

tha t the rema in ing v a r i a b l e s i n W (or D) Granger cause w (or D^) . 

The n o t i o n o f Granger c a u s a l i t y thus tu rns out to be c o i n c i d e n t w i t h 

the c r i t e r i o n f o r whether random v a r i a b l e s that don ' t themselves appear 

i n the a g e n t ' s c r i t e r i o n f u n c t i o n n e v e r t h e l e s s end up i n the 

e q u i l i b r i u m law of mot ion or d e c i s i o n r u l e , e s s e n t i a l l y because they 

appear i n the agen ts ' c o n s t r a i n t s as i n f o rma t i on v a r i a b l e s tha t he lp 
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p r e d i c t v a r i a b l e s tha t do appear i n the c r i t e r i o n f u n c t i o n . I t i s 

ma in ly f o r t h i s reason tha t the concept of Granger c a u s a l i t y has 

p layed an important r o l e i n work w i t h r a t i o n a l expec ta t i ons 

m o d e l s . — 

Equat ions (20) and (21) r e v e a l e x p l i c i t l y how the parameters 

of the e q u i l i b r i u m law of mot ion f o r i n d u s t r y wide c a p i t a l a re them­

s e l v e s n o n l i n e a r f u n c t i o n s of the u n d e r l y i n g parameters {AQ, A ^ , k^, 

f , d , B. n, 6 ( L ) , 6 ( L ) , 6 ( L ) , 6_(L)} . The n o n l i n e a r i t y has two 
w u e u 

sou rces . F i r s t , t he re i s the f a c t tha t X i s a n o n l i n e a r f u n c t i o n 

2 —1 

of 8 and ( A ^ f nd ) v i a the f a c t o r i z a t i o n d e f i n i n g X , 

( 1 - ( X 6 ) " 1 L ) ( 1 - X L ) " [ l - U + e " 1 + A - j f ^ d - 1 ) ! , + e _ 1 L 2 ] . Second, g i ven 

X, the formulas f o r H ( L ) , H ( L ) , H ( L ) , and H_(L) i n (21) a r e 
W U £ U 

n o n l i n e a r i n the parameters of ^ ( L ) , $ u ( L ) , ^ ( L ) and $ n ( L ) « 

Non l i nea r c r o s s - e q u a t i o n r e s t r i c t i o n s of the k ind i l l u s t r a t e d by 
(20) and (21) a re the ha l lmark o f r a t i o n a l expec ta t i ons models. Such 

c r o s s - e q u a t i o n r e s t r i c t i o n s a re l a r g e l y absent from " p r e - r a t i o n a l 

24/ 

expec ta t i ons dynamic econometr ic m o d e l s . — The presence of these 

r e s t r i c t i o n s impinges on a v a r i e t y of fundamental econometr ic and 

concep tua l i s s u e s , i n c l u d i n g i d e n t i f i c a t i o n , the a n a l y s i s of i n t e r ­

v e n t i o n s , models of " e r r o r t e rms" , and the r o l e of " p r i o r i n f o r m a t i o n " 

I now tu rn to d i s c u s s i n g each of these i s s u e s , u s i n g (20) and (21) 

as an ins t rument . 
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A n a l y s i s of I n t e r v e n t i o n s 

At t h i s p o i n t , i t i s u s e f u l to remind o u r s e l v e s of the p r i n c i p a l 

reason tha t an economist might want to c o n s t r u c t a dynamic econometr ic 

model of an i n d u s t r y a long the l i n e s of our example. I t i s to be a b l e 

to make q u a n t i t a t i v e p r e d i c t i o n s about the e f f e c t s on the i n d u s t r y 

tha t v a r i o u s h y p o t h e t i c a l i n t e r v e n t i o n s or "changes i n the envi ronment" 

w i l l have. In the present c o n t e x t , a h y p o t h e t i c a l " i n t e r v e n t i o n " o r 

"change i n the environment" means a change i n one of the po lynomia ls 

6 ( L ) , & ( L ) , 8^0-), o r 6 (L) tha t d e s c r i b e r e s p e c t i v e l y , the 
W U D £ 

25/ 

s t o c h a s t i c p rocesses f o r W, u , D, and e, t ha t impinge on the m a r k e t . — 

S e v e r a l i n t e r e s t i n g examples of such i n t e r v e n t i o n s can be g i v e n , i n c l u d i n g 

the f o l l o w i n g : 

(a) Suppose tha t there i s a s p e c i f i c tax imposed on s a l e s of 

the p roduc t . Such a s p e c i f i c tax can be modeled as a component of ( A 2 D l t ^ * 

Since the behav io r of the tax through t ime w i l l be desc r i bed by an element 

of the v e c t o r Markov law 6^ (L )D t = V ^ , changes i n the " r u l e " f o r 

s e t t i n g the s p e c i f i c t a x amount to changes i n one of the rows of 6 D ( L ) . 

(b) Suppose tha t there i s a s p e c i f i c tax on the use of the 

f a c t o r of p r o d u c t i o n . T h i s tax can be modeled as an a d d i t i o n to the 

r e n t a l w £ . A change i n the r u l e f o r s e t t i n g t h i s tax can be modeled 

as a change i n a row of 6 ( L ) . 
w 

(c) Suppose the re i s a change i n the s t r u c t u r e of the p rocess 

govern ing the " p r e - t a x " pa r t of the r e n t a l . Aga in t h i s can be modeled 

as a change i n one row of $ W ( L ) - Wi th a l i t t l e i m a g i n a t i o n , the 
26/ 

e f f e c t s of a change i n the o r g a n i z a t i o n of the i n d u s t r y — supp ly ing the 

f a c t o r might be modeled i n t h i s way. 
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The model l e a d i n g to (20) and (21) p rov ides a way of p r e d i c t i n g 

q u a n t i t a t i v e l y the e f f e c t s of such changes, once agents have caught 

on to them. The e f f e c t of i n t e r v e n t i o n s i n the sense desc r i bed here 

i s to change the f u n c t i o n (20) d e s c r i b i n g the e v o l u t i o n of i n d u s t r y 

c a p i t a l , i n a way p r e d i c t e d by the formulas g i ven i n (21) . S ince 

i n t e r v e n t i o n s o f t h i s c l a s s change the law of mot ion (20) , i t i s 

necessary to have a n a l y t i c methods wh ich use the " c r o s s - e q u a t i o n " 

r e s t r i c t i o n s (21) to p r e d i c t how the H 's of the K- law of mot ion 

(20) w i l l change i f t he re i s a h y p o t h e t i c a l i n t e r v e n t i o n ope ra t i ng 

on one or more of the 6 ' s . 

In o rder to eva lua te p o l i c y i n t e r v e n t i o n s i n t h i s way, i t i s 

e s s e n t i a l t ha t the H 's of (20) shou ld not be viewed as be ing among 

the " f r e e parameters" of the model . I n s t e a d , the mode l ' s f r e e 

parameters a re to be regarded as the deeper parameters {A^, A ^ , A^, 

f , d , 6 , <5 , <5 , <5_.}. The resea rche r needs to know these 
W U £ U 

parameters i n o rder to be a b l e to use the fo rmulas (21) to p r e d i c t 
27/ 

the consequences of h y p o t h e t i c a l changes i n the f u n c t i o n s 6 . — 

From the dynamic economic theory l e a d i n g to (20) and (21) , i t 

i s ev iden t t ha t a g i ven numer i ca l v e r s i o n of (20) , est imated from 

h i s t o r i c a l d a t a , cannot be used to eva lua te the consequences of 

a r b i t r a r y input sequences f o r {W } , {D t >, { £ t > , and {u t > . That i s , a 

f i x e d law of motion of the form (20) w i t h g iven numer i ca l v a l u e s f o r the 

H's cannot be used to i n v e s t i g a t e the consequence of a r b i t r a r i l y s p e c i f i e d 

numer ica l sequences f o r the W, D, e, and u ' s . In e f f e c t , a 

p a r t i c u l a r v e r s i o n of (20) can be expected to ho ld up on l y f o r W, 

D, E , and u sequences drawn from a r e s t r i c t e d domain: namely, 
28/ 

sequences obeying the p r o b a b i l i t y laws (8 ) , ( 4 ) , ( 5 ) , and (2) .— 
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However, u n t i l Lucas [34] wrote i n 1973, e v a l u a t i n g the e f f e c t s 

of i n t e r v e n t i o n s i n t h i s i n a p p r o p r i a t e way was the accepted procedure 

i n both the macroeconometr ic and the microeconometr ic l i t e r a t u r e s . 

Reg re tab l y , to t h i s day i t remains the procedure used i n the overwhelming 

m a j o r i t y of ana l yses of p o l i c y i n t e r v e n t i o n s . I t should be emphasized 

once a g a i n that f rom the v iewpo in t o f the dynamic d e c i s i o n theory 

desc r i bed above, the ques t i on of how agents w i l l respond to " a r b i t r a r y 

sequences" o f " f o r c i n g v a r i a b l e s " W, u, e, and D i s not w e l l posed. 

In e f f e c t , u n l e s s the resea rche r s p e c i f i e s p r e c i s e l y the pe rce i ved 

laws of mot ion f o r the " f o r c i n g v a r i a b l e s " , he has not s p e c i f i e d the 

c o n s t r a i n t s sub jec t to wh ich d e c i s i o n makers a re thought to be 

2 9 / 

a c t i n g . — 

Thus, i n o rder to be a b l e to eva lua te i n t e r v e n t i o n s o p e r a t i n g 

on the 6 ' s , i t i s necessary to fo rmu la te and es t ima te the model i n 

terms of the parameters of p re fe rences ( A Q , A ^ , A^), techno logy 

( f , and d ) , and the c o n s t r a i n t s ( the 6 ' s ) . The argument i n favo r 

of f o rmu la t i ng and es t ima t i ng the dynamic model a t the l e v e l of the 

deep parameters {AQ, A ^ , A^, d , f , <S£, 6^} i s i n much the 

same s p i r i t as the u s u a l j u s t i f i c a t i o n f o r es t ima t i ng " s t r u c t u r a l " 

parameters r a t h e r than reduced form parameters . As Marschak [AO] 

argued, the resea rche r wants to es t imate those o b j e c t s which 

w i l l permit him to ana l yze an i n t e r e s t i n g c l a s s of changes i n the 

environment. Dynamic economic theory has fo rced us to re-examine 

whether o b j e c t s l ong thought to be " s t r u c t u r a l " , i n c l u d i n g the parameters 

of d e c i s i o n r u l e s such as consumpt ion, inves tment , and p o r t f o l i o 

'. r.Z.c.:.-_c schedu les , are c o r r e c t l y taken tc be i n v a r i a n t v i t h respec t 

to changes i n the environment. Once agen ts ' behav ior i s modeled i n 

terms of genu ine ly dynamic o p t i m i z a t i o n problems, i t becomes apparent 

tha t the parameters o f observed d e c i s i o n r u l e s should not be viewed as 
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s t r u c t u r a l (see Muth [47] , Lucas and P r e s c o t t [ 37 ] , Lucas [33 ] , and 

Merton [42 ] ) . 

The Neg lec t of Lea rn ing 

At t h i s po i n t i t i s wor thwh i le to d i s c u s s a m o d i f i c a t i o n of the 

p reced ing k ind o f setup wh ich s e v e r a l economists have appa ren t l y 

30/ 
had i n m i n d . — For t h i s purpose i t i s s u f f i c i e n t to c o n s i d e r the 

problem of max imiz ing the s o c i a l w e l f a r e c r i t e r i o n sub jec t to the 

g i ven laws of mot ion (8 ) , ( 4 ) , (5) and (2) f o r , u ^ , D^, and 

e t « By r e l a b e l i n g and r e i n t e r p r e t i n g the v a r i a b l e s , we can t h i n k of 

t h i s as a cho ice problem faced by a s i n g l e p r i v a t e agent . In pos ing 

t h i s prob lem, i t was assumed tha t the "agen t " s o l v i n g the problem 

knows the t r u e v a l u e s of the parameters of the o b j e c t i v e f u n c t i o n (17) 

and the t rue va lues of the po lynomia ls i n the l a g ope ra to r ^ ( L ) , 

6 ( L ) , 6_(L) , and 6 (L ) . The o b s e r v a t i o n has been made tha t t h i s 
U U w 

setup f a i l s to i n c o r p o r a t e a model of how the " a g e n t " o p t i m a l l y l e a r n s 

about the 6 's f rom obse rva t i ons on past r e a l i z a t i o n s of the f o r c i n g 

v a r i a b l e s e, u , D, and W. Presumably , i f the " a g e n t " has on l y 

f i n i t e h i s t o r i e s o f obse rva t i ons on e, u , D, and W at h i s d i s p o s a l , 

then at each po in t i n t ime he i s u n c e r t a i n about the parameters of the 

po lynomia ls (5. Why not modify the p reced ing setup to i n c l u d e 

u n c e r t a i n t y about the 6's and a model o f op t ima l l e a r n i n g about the 6's? 

There seem to be th ree reasons f o r why such ex tens ions have not as yet 

s u c c e s s f u l l y been i nco rpo ra ted i n t o r a t i o n a l expec ta t i ons models. 

The f i r s t i s as f o l l o w s . A gene ra l model of o p t i m a l l e a r n i n g about 

the 6's i s r e a d i l y a v a i l a b l e i n the "Kalnian f i l t e r " . The Kalman f i l t e r 

can be used to model how a r a t i o n a l agent would use obse rva t i ons on (e^ , 

u t ' ^ t ' ^t^ t 0 r e v * s e h i s p r i o r b e l i e f s about the 6 ' s . — ^ However, w i t h 

the 6's u n c e r t a i n , i t i s no l onge r p o s s i b l e to g i v e c l o s e d form formulas 
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f o r the o p t i m a l d e c i s i o n r u l e i n terms of what a re now the p o s t e r i o r 

p r o b a b i l i t y d i s t r i b u t i o n s over the 6 ' s . The reason tha t no one 

has yet ob ta ined or i s l i k e l y ever to o b t a i n such c l o s e d fo rmulas i s 

as f o l l o w s . In d e r i v i n g the c l o s e d form of the r e s t r i c t i o n s (21) 

f o r the case i n which the 6 ' s a re assumed known w i t h c e r t a i n t y , the 

Wiener-Kolmogorov p r e d i c t i o n formula 

was used e x t e n s i v e l y . Here [ Z a . L J ] = Z a . L J , so tha t [ ] 
j — " J + j - 0 J 

means " i g n o r e nega t i ve powers of L " . The Wiener-Kolmogorov fo rmu la 

i s equ i va len t w i t h the " c h a i n r u l e " of f o r e c a s t i n g (see S h i l l e r [55] 

or Sargent [54] f o r e x p o s i t i o n s ) . These equ i va len t f o r e c a s t i n g r u l e s 

a re known to be c o r r e c t f o r the case i n which the 6 ' s a re known w i t h 

c e r t a i n t y . However, as Chow [6 ] has po in ted o u t , where t he re i s 

a n o n t r i v i a l p o s t e r i o r d e n s i t y over the 6 ' s , there i s i n gene ra l no 

known c losed form formula such as the above one f o r the i - s t e p ahead 

f o r e c a s t . For example, i t i s not t r u e tha t where 6 i s u n c e r t a i n , the 

c o r r e c t exp ress ion f o r E W . . . i s g i ven by r e p l a c i n g the 6 . . 's v i e . t:.<-

p o s t e r i o r means i n the above fo rmu la . The f a c t t ha t t he re i s no c l o s e d 

form p r e d i c t i o n fo rmu la f o r s u f f i c i e n t l y gene ra l cases i m p l i e s tha t i t i s 

imposs ib l e to d e r i v e c l o s e d form v e r s i o n s of d e c i s i o n r u l e s (and hence 

e q u i l i b r i a ) tha t cor respond to (21 ) . As we s h a l l see , f o r the k ind of 

e m p i r i c a l work we are advoca t i ng , i t i s impor tant to have a c l o s e d form 

f o r the mapping from the parameters o f the o b j e c t i v e f u n c t i o n s (17) and 

the dynamic c o n s t r a i n t s to the d e c i s i o n r u l e (20 ) . From t h i s v i e w p o i n t , 

the sugges t ion tha t one ought to b u i l d a l e a r n i n g mechanism i n t o r a t i o n a l 

-1 

] «(L)W t 

CO 
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expec ta t i ons models i s not u s e f u l i n sugges t ing p r a c t i c a l econometr ic 

3 2 / 

a l t e r n a t i v e s to the procedures recommended h e r e . — 

Another drawback, w i t h i n c o r p o r a t i n g l e a r n i n g i s t h a t , even i f one 

cou ld d e r i v e the d e c i s i o n r u l e s i n the f a c e of u n c e r t a i n 6 ' s , the 

i s s u e would a r i s e of how to determine the p r i o r used to i n i t i a t e the 

l e a r n i n g model f o r the 6 ' s . Would i t be imposed a p r i o r i or est imated? 

I f the i n i t i a l p r i o r were to be es t ima ted , t h i s would s u b s t a n t i a l l y 

comp l i ca te the e s t i m a t i o n problem and add to the number of parameters . 

F i n a l l y , i n many s e t t i n g s the Bayes ian l e a r n i n g model i m p l i e s that 

the p o s t e r i o r d i s t r i b u t i o n s c o l l a p s e about the t r u e 6 ' s as t ime passes 

w i thout l i m i t . In such s e t t i n g s , even i f the resea rche r e r roneous l y 

assumes tha t the 6 ' s are known w i t h c e r t a i n t y when i n r e a l i t y agents 

are l e a r n i n g about them i n an op t ima l way, the resea rche r con t inues to 

o b t a i n c o n s i s t e n t es t ima to rs of the u n d e r l y i n g parameters {AQ, A ^ , k^> 

f , d , 6 ^ , 6 ^ , 6 £ , 6^ } us ing the methods desc r i bed here and i n Hansen [ 2 0 ] 

and Hansen and Sargent [ 2 3 ] . I t does seem l i k e l y tha t by e r roneous l y 

i g n o r i n g the phenomenon of l e a r n i n g about the 6 ' s , the resea rche r i s 

i n c o r r e c t l y c a l c u l a t i n g the asympto t i c cova r i ance ma t r i x of h i s e s t i m a t o r s 

However, a t p resent no th ing i s known about the na tu re of t h i s e r r o r . 

F u r t h e r , s i n c e we s imp ly d o n ' t know how to compute optimum d e c i s i o n r u l e s 

under the assumpt ion tha t agents know the 6 ' s w i t h u n c e r t a i n t y , no 

c o n s i s t e n t e s t i m a t o r s of the u n d e r l y i n g parameters have been proposed tha t 

i n c o r p o r a t e agen ts ' l e a r n i n g about the 6 ' s i n the op t ima l way, to say 

no th ing of exp ress ions f o r the a s s o c i a t e d asymptot ic cova r i ance m a t r i c e s . 

From the p reced ing c o n s i d e r a t i o n s , I draw the c o n c l u s i o n tha t 

i n c o r p o r a t i n g o p t i m a l Bayes ian l e a r n i n g about the 6 ' s on the pa r t 

of agents i s not a r e s e a r c h avenue tha t soon promises a p p r e c i a b l e d i v i d e n d 

f o r the economist i n t e r e s t e d i n a p p l y i n g dynamic compe t i t i ve models of 

the s o r t desc r i bed here . 
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A Model of the " E r r o r Term" 

We now d e r i v e a "dynamic supply c u r v e " f o r the i n d u s t r y by u s i n g 

the i n d u s t r y - w i d e p r o d u c t i o n f u n c t i o n Y f c = f K t + e t to e l i m i n a t e K 

from (20) i n favo r o f Y . M u l t i p l y i n g both s i d e s of (20) by f then add 

e t + ^ to both s i d e s g i ves 

Y t + 1 = V + f H w ( L ) W t + f H D ( L ) ° t 

+ f H £ ( L ) e t + f H u ( L ) u t 

+ H l Y t + e t + l - H l £ l : 

E l i m i n a t i n g u £ by us ing u^. = P^ - A^ + A^Y^ - A 2 D l t g i ves 

(1.22) Y t + 1 = [H Q f - f H u d ) A 0 ] + f H u ( L ) P t + fH w <L)W t 

+ [fHjjCL) - f H u ( L ) A 2 ^ ] D t 

+ [H x + f H u ( L ) A 1 ] Y t 

+ [1 + f H £ ( L ) L - H^L] e t + 1 

T h i s can be w r i t t e n as 

(1.23) Y t + 1 - S Q + S p ( L ) P t + S w ( L ) W t 

+ S D ( L ) D t + S Y ( L ) Y t + S e ( L ) e t + 1 

where 

S 0 = V ' f H u ( 1 ) A 0 

(1.24) s (L) - fH (L) 
P u 

S (L) = fH (L) w v ' w v 
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S D ( L ) = [fHjjCL) - f H u ( L ) A 2 4 b ] 

S y ( L ) = [H x + f H u ( L ) A 1 ] 

S e ( L ) = [1 + f H £ ( L ) L - HjL] 

R e c a l l t ha t the demand curve i s 

(1.3) P t - A Q - A l Y t + A 2 D U + u t 

U s i n g ^ £ ( L ) e t ™ and 6 u ( L ) u t • v " , we can w r i t e the supp ly 

and demand curves as 

(1.25) Y t + 1 = S Q + S p ( L ) P t + S w ( L ) W t + S D ( L ) D | . 

+ S y ( L ) Y t + S ^ D i ^ L ) " ^ 

(1.26) P t - A Q - A 1 Y t + A 2 D l t + « u < L f ̂  

To d i s c u s s i d e n t i f i c a t i o n and e s t i m a t i o n of the model , we need 

a theory about what i s unknown to the economet r i c i an . In c o n s t r u c t i n g 

the model , we have taken the v iew t h a t a l l of the v a r i a b l e s on the 

r i g h t hand s i d e of the supply and demand curves (23) and (3) (or 

e q u i v a l e n t l y (25) and (26)) a re known to the r e p r e s e n t a t i v e f i r m . 

Thus, from the v iewpo in t of p r i v a t e agen ts , (25) and (26) d e s c r i b e 

exact l i n e a r f u n c t i o n s of the r i g h t s i d e v a r i a b l e s i n which the re 
33/ 

a re no "random e r r o r s " . — The on ly t r a c t a b l e ways tha t have so 

f a r been d i scove red of i n t r o d u c i n g "random e r r o r s " i n t o (25) and 

(26) have been to assume tha t the economet r i c ian has l e s s i n f o rma t i on 

than do the p r i v a t e agen ts . The sma l l e r i n f o rma t i on se t of the 

economet r i c ian leads to what from h i s po i n t of v iew a re random terms 
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i n r e l a t i o n s h i p s to be de r i ved from (23) and (3) o r (25) and (26) . 

The i d e a i s to r e s t r i c t the e c o n o m e t r i c i a n ' s i n f o rma t i on set r e l a t i v e 

to tha t of p r i v a t e agents i n a way both tha t i s p l a u s i b l e and tha t 

leads to a t r a c t a b l e s t a t i s t i c a l model of the e r r o r term. I s h a l l 

d e s c r i b e two models of the e r r o r term tha t can be cons t ruc ted i n 

t h i s way. 

One model r e s u l t s from assuming tha t the economet r i c ian has t ime 

s e r i e s on {P^., W t , D t , Y } but never observes the random processes 

e t and u t « On t h i s i n t e r p r e t a t i o n , e t and u £ become random 
3 4 / 

terms i n (23) and (3) from the economet r i c ian s v i e w p o i n t . In 

c o n s t r u c t i n g the model , we have a l r e a d y imposed tha t i s 

o r thogona l to a l l of the v a r i a b l e s on the r i g h t s i d e of (25 ) , and 
w i l l assume tha t i s o r thogona l to Y^. We can a l s o impose tha t 

u , 3 5 / 
V f c i s o r thogona l to D^, i f we w i s h , — a l though we might get by 

w i t h a weaker assumpt ion. 

The second model of the e r r o r term r e s u l t s from assuming tha t the 

economet r i c ian sees l e s s of D t and W t than do p r i v a t e agen ts . I t 

i s convenient to postpone a d e t a i l e d d i s c u s s i o n of t h i s second model 

of the e r r o r , and i ns tead f i r s t to d i s c u s s i d e n t i f i c a t i o n and e s t i m a t i o n 

under the f i r s t model of the e r r o r term. 
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I d e n t i f i c a t i o n and E s t i m a t i o n 

Wi th t h i s model of the e r ro r te rms, we can proceed to d i s c u s s 

i d e n t i f i c a t i o n and e s t i m a t i o n . F i r s t , n o t i c e tha t every v a r i a b l e 

tha t appears on the r i g h t s i d e of the demand schedu le (26) a l s o 

appears on the r i g h t s i d e of the supp ly schedu le (25) . The dynamic 

economic theory l e a d i n g to (25) makes the reason f o r t h i s c l e a r , 

s i n c e any v a r i a b l e s tha t he lp p r e d i c t f u t u r e p r i c e s P w i l l appear 

i n the supply schedule of the r e p r e s e n t a t i v e f i r m . T h i s immediate ly 

i m p l i e s t ha t any v a r i a b l e s tha t he lp p r e d i c t the demand s h i f t e r s 

D_£ w i l l appear i n the supply s c h e d u l e . — '' The f a c t t ha t no v a r i a b l e s 

on the r i g h t s i d e of the demand curve (26) a re exc luded from the supp ly 

schedule (25) means tha t i f the supp ly schedu le i s to be i d e n t i f i e d , 

the source of i d e n t i f i c a t i o n must be found i n r e s t r i c t i o n s of a k ind 

d i f f e r e n t f rom the u s u a l e x c l u s i o n r e s t r i c t i o n s t r e a t e d e x t e n s i v e l y 

i n econometr ics t e x t b o o k s . ^ A c c o r d i n g to the s tandard "o rde r c o n d i t i o n " 

f o r i d e n t i f i c a t i o n , equat ion {25) i s h o p e l e s s l y u n d e r i d e n t i f i e d . — - ^ so 

i f the parameters of the model a re to be i d e n t i f i e d , sources of p r i o r 

i n f o rma t i on not of the e x c l u s i o n v a r i e t y must be a v a i l a b l e . The main 

source of these r e s t r i c t i o n s i n the present model i s the ex tens i ve 

body of c r o s s equa t ion r e s t r i c t i o n s embodied i n equat ions (21) and 

(24) . Equat ions (21) and (24) g i v e the parameters of the supp ly 

schedule (25) as n o n l i n e a r f u n c t i o n s of the parameters {A Q , A ^ A 2 > 

f , d , g, n, 6 ( L ) , 6_(L) , <5 ( L ) , and 6 (L ) } . In g e n e r a l , p rov ided 
W U U £ 

tha t the parameters r „ and r , which determine the order of the 
D w 

a u t o r e g r e s s i v e p rocesses f o r D and W and the parameters p and q , 

the number o f elements i n the v e c t o r s D and W, r e s p e c t i v e l y , a re 

l a r g e enough, these c r o s s equa t ion r e s t r i c t i o n s i d e n t i f y or o v e r -
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i d e n t i f y the parameters of the model . The s t r e n g t h of o v e r i d e n t i f i c a t i o n 

g e n e r a l l y i nc reases w i t h i n c r e a s e s i n the o rders r.. and r and the 
39/ 

dimensions p and q . 

At t h i s po i n t i t i s u s e f u l to c o l l e c t toge ther the equat ions 

compr is ing the model as 

(1.25) Y t + 1 = S Q + S ( L ) P t + S w ( L ) W t + ( L ) D t 

where 

(27) 

e 
t+1 

- l . , u 

+ S Y ( L ) Y t + S ^ D a ^ L ) " ^ 

( 1 . 2 6 ) P t = A Q - A ] _ Y t + A 2 D U + fi^L)"^ 

(1.8) \,<-^v

t " v t 

( 1 . 5 ) -SnCDD,. " v£ 

S Q = + f 2 X Q f A 0 d - 1

+ f H u ( l ) A 0 

, . L _ 1 ( I - 6 (XB)~ 1 6 (L)) 
S (L) = + r n A & i i [ - ] 

p - i 
1-ABL 

„ \ R f

 L - 1 ( I " 6 ( X B ) _ 1 6 (L)) 
s w ( L ) * w

 [ ; J 
I - A & L 

2 -1 L _ 1 ( I - -5n(XB)_ 1<S (L) ) 
S D ( L ) = + f nXgd A A 2 y E 2 j 

1 - X 6 L " 1 

2 , L _ : L ( I - 6 ( X e ) - 1 6 (L)) 
- f^d ^ X B f H 2 ] A A 

1-AO. 1 
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, L (I - 6 (X6) 6 (L)) 
S Y ( L ) = + f d n A 0 L [ 2 : - ] + A 

A f 2 n A 6 1 - 6 (AtJ)* 16 (L) 
S (L) • 1 - — [ ZT—~ 1 " ^ " 

d 1-A6L 

Equat ions (25) , (26 ) , ( 8 ) , and (5) form a s t a t i s t i c a l model f o r 

the j o i n t process ( P t , Y t > W t > D t ) . The model i s l i n e a r i n the 

v a r i a b l e s , but i s c h a r a c t e r i z e d by the ex tens i ve set of c r o s s - e q u a t i o n 

r e s t r i c t i o n s desc r i bed by (27) . Wi th the model of the e r r o r terms 

c u r r e n t l y under d i s c u s s i o n , the s t a t i s t i c a l model o f the ( P t , Y ^ , 

Wfc> D t ) process has been s p e l l e d out s u f f i c i e n t l y comp le te l y tha t 

we cou ld w r i t e down the l i k e l i h o o d f u n c t i o n f o r a sample ( P t > Y ^ , 

W £ , D t ) , t = 1 , . . . , T assuming a normal p r o b a b i l i t y d e n s i t y f o r 

(V^, V " , v j , V ^ ) . - — / Maximum l i k e l i h o o d es t imates of the f r e e 

parameters of the model {A Q , A ^ , A^, f , d , ^ ( L ) , 5g (L ) , ^ ( L ) , 

6 £ (L ) } cou ld then be ob ta ined . Computat ional d e t a i l s of such p r o ­

cedures are d e s c r i b e d by Sargent [51, 52] and Hansen and Sargent [23] . 

From the po i n t of v iew of computing the e s t i m a t e s , i t i s a great 

p r a c t i c a l advantage tha t (27) g i v e s a set of c l osed - f o rm formulas f o r 

the c r o s s - e q u a t i o n r e s t r i c t i o n s imposed by the dynamic economic theo ry . 
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A p p l i c a t i o n of Bayes ian Methods 

The f a c t tha t f o r the present model of the e r ro r terms i t i s 

p o s s i b l e to w r i t e down a normal l i k e l i h o o d f u n c t i o n means that i n 

p r i n c i p l e Bayes ian methods a re a p p l i c a b l e . L e t t i n g 6 be the l i s t 

of parameters of the model , and Z be the d a t a , we have 

A{Z 10} f {6} 
f f 6|z}- : EEi2L 
post f (Z ) 

or 

(1.28) f

p o s t < e l z } = t(z|e)f(e)//£(z|e) f p r . o r (6)d6 

where f 0 8 ^ ^ ® I ^ J denotes the p o s t e r i o r p r o b a b i l i t y d e n s i t y , f (Z ) 

the p r o b a b i l i t y d e n s i t y of Z , f r ^ o r t 8 } the p r i o r d e n s i t y on 6, 

and £{z|9} the l i k e l i h o o d f u n c t i o n . Measures of the l o c a t i o n and 

d i s p e r s i o n of the p o s t e r i o r d i s t r i b u t i o n of 6 can be c a l c u l a t e d , 

k 
f o r example, by i n t e g r a t i n g 6 - f {6|Z} over 0 f o r a p p r o p r i a t e 

post 

va lues of k. In the Bayes ian v i ew , the r o l e of da ta a n a l y s i s i s to 

t r a c e out i n as r e v e a l i n g a way as p o s s i b l e the mapping de f i ned by 

(28) f rom the p r i o r to the p o s t e r i o r d i s t r i b u t i o n . For such an a n a l y s i s 

to be p r a c t i c a l , i t s u b s t a n t i a l l y eases mat ters i f the mapping (28) 

can be c h a r a c t e r i z e d a n a l y t i c a l l y , so tha t f o r example, p o s t e r i o r 
moments such as / 8 f ^ (9 |Z)d6 can be c a l c u l a t e d wi thout the need to 

post 1 

r e s o r t to numer i ca l i n t e g r a t i o n . Learner [32] and Z e l l n e r [61] 

d e s c r i b e forms of p r i o r d e n s i t i e s ^ ^ r ± O T ^ ^ tha t have the p roper ty 

tha t the mapping (28) i s one tha t can be w r i t t e n as an a n a l y t i c c l o s e d 

form when £(Z [6 ) i s the normal l i k e l i h o o d f u n c t i o n . 

In the contex t of dynamic economic models of the c l a s s represented 

by (25) , (26) , (8) and (5 ) , the ques t i on of whether the mapping (28) 

can be c h a r a c t e r i z e d a n a l y t i c a l l y h inges on which parameters one regards 
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as be ing i n the l i s t 6 about which the resea rche r has formula ted 

p r i o r i n f o r m a t i o n . One p o s s i b i l i t y i s t ha t 6 c o n s i s t s of the S ' s 

of (25) , the A ' s of (26) , and 6 , 6 and 6_ of (26) , (8) and 
w u D 

(5 ) . W i th t h i s i n t e r p r e t a t i o n of 6, then s i n c e (25 ) , (26 ) , ( 8 ) , 

and (5) a re l i n e a r i n the S ' s , A ' s , 6^ and 6^, i t i s p o s s i b l e to 

get a n a l y t i c c h a r a c t e r i z a t i o n s of the mapping from f r ^ o r ( 8 ) to 
f ( 6 | z ) . For example, S h i l l e r [55] and Learner [31] have post 

shown how p r i o r s of v a r i o u s forms on the S ' s i n (25) can t r a c t a b l y 

be mapped i n t o p o s t e r i o r s , i n con tex t s where (25) i s a p p r o p r i a t e l y 

viewed as a r e g r e s s i o n equa t ion . In e f f e c t , Learner [31] and S h i l l e r 

[55] p rov ided fo rma l Bayes ian methods f o r imposing r e s t r i c t i o n s on l a g 

d i s t r i b u t i o n s of a gene ra l k i n d , examples of which has l ong been imposed 

by a p p l i e d economet r i c i ans . These r e s t r i c t i o n s u s u a l l y corresponded 

to r e s t r i c t i o n s d i r e c t l y on our s ^ s - P r e - d a t i n g the work of S h i l l e r 

and Learner were the r e s t r i c t i o n s on d i s t r i b u t e d l a g s proposed by 

Koyck [ ] , Fr iedman [ ] and Cagan [ ] , Jorgenson [ ] , and Almon [ ] . 

There was a l s o the f r e q u e n t l y used i d e n t i f y i n g r e s t r i c t i o n tha t v a r i o u s 
41 / 

d i s t r i b u t e d l a g weights sum to u n i t y . — A l l of these approaches 

v iew the S ' s themselves as among the " f r e e parameters" o f the model 

about which the resea rche r can reasonab ly be imagined to have formed 

v iews summarized by a p r i o r d i s t r i b u t i o n . 

U n f o r t u n a t e l y , the t r a c t a b i l i t y of the L e a m e r - S h i l l e r approach i s 

purchased a t the cos t of i g n o r i n g the e s s e n t i a l aspec ts of the dynamic 

economic theory l e a d i n g to (25) . A c c o r d i n g to t ha t t heo ry , the S ' s 

a re not f r e e parameters , but are compl i ca ted f u n c t i o n s of the parameters 

{ A , A , A , f , d , 8, n , 6 ( L ) , 6 ( L ) , 6 ( L ) , 6 (L ) } . I t i s t h i s 
U J. i. W U U € 

l i s t of parameters which i t seems most a p p r o p r i a t e to expect an 

economist to have p r i o r b e l i e f s about . The parameters ( A Q , A ^ , A ^ , 

f , d} are the parameters d e s c r i b i n g p re fe rences and the techno logy , 



- 3 8 -

about which the economic t h e o r i s t may have some p r i o r b e l i e f s . The 

economis ts ' " p r i o r b e l i e f s " about the parameters {S , 6^, 6 , 6 } 
W U U £ 

are presumably on a d i f f e r e n t t h e o r e t i c a l f o o t i n g from h i s b e l i e f s 

about { A Q , A ^ A 2 > f , d} , s i n c e the former l i s t s imp ly c h a r a c t e r i z e s 

the s e r i a l c o r r e l a t i o n p r o p e r t i e s of the " s h i f t v a r i a b l e s " about which 

economic theory i t s e l f suggests l i t t l e , a l though c a s u a l g e n e r a l 

obse rva t i ons may suggest a presumpt ion i n favo r of h igh s e r i a l 

c o r r e l a t i o n , a t l e a s t i n some types of v a r i a b l e s . Fur thermore, 

i t i s the "deep" parameters { A . , A . , A „ , f , d , 6 , n , 6 , 6n, 6 , 6 } 
U 1 Z W u u C 

t ha t must be es t ima ted , i f one i s to b u i l d a model t ha t 

p o t e n t i a l l y overcomes L u c a s ' s c r i t i q u e of econometr ic p o l i c y e v a l u a t i o n 

p r o c e d u r e s . — 

From t h i s po i n t of v iew, Bayes ian a n a l y s i s u s i n g ( 2 8 ) becomes 

much l e s s t r a c t a b l e . Th i s i s because the l i k e l i h o o d f u n c t i o n 

£ ( Z | 8 ) becomes a v e r y compl i ca ted f u n c t i o n of the f r e e parameters 

i n 6 , by v i r t u e of the compl i ca ted na tu re of the c r o s s - e q u a t i o n 

r e s t r i c t i o n s i l l u s t r a t e d i n ( 2 7 ) . Bayes ian a n a l y s i s i s s t i l l p o s s i b l e , 

but the resea rche r w i l l be reduced to u s i n g numer i ca l methods to 

c h a r a c t e r i z e the mapping from the p r i o r to the p o s t e r i o r g i v e n i n ( 2 8 ) . 

For example, f o r a g i ven p r i o r , numer ica l i n t e g r a t i o n w i l l have to 

be used to c a l c u l a t e the moments of the p o s t e r i o r d i s t r i b u t i o n . My 

own judgement i s t ha t g i ven cur ren t computer techno logy , f o rma l Bayes ian 

e s t i m a t i o n procedures seem p r o h i b i t i v e l y expens ive f o r most members of 

the c l a s s of dynamic models cons ide red here . T h i s i s o b v i o u s l y not an 

o b j e c t i o n to Bayes ian methods i n p r i n c i p l e . However, I b e l i e v e tha t 

the h igh cos t a t tached to app l y i ng Bayes ian methods a p p r o p r i a t e l y he lps 

to e x p l a i n why they have not yet been a p p l i e d e x t e n s i v e l y to e s t i m a t i n g 

r a t i o n a l expec ta t i ons models. 



- 3 9 -

A Second Model o f the " E r r o r Term" 

More s e r i o u s l i m i t a t i o n s on the domain of Bayes ian techn iques 

emerge i f the researche r embraces a second model of the e r r o r te rm, 

which we now d i s c u s s . In the second model o f the e r r o r term, i t i s 

assumed tha t the economet r i c ian on ly possesses o b s e r v a t i o n s on 

subse ts W t C W£ and D t C D of the i n fo rma t i on v a r i a b l e s tha t 

43 / 

p r i v a t e agents use to f o r e c a s t f u t u r e w

t ' s a n d D ^ ' s . — * c * s 

assumed tha t these subse ts of i n f o r m a t i o n v a r i a b l e s f o l l o w a u t o r e g r e s s i v e 

processes 

6 D ( L ) D t - ? t 

6 w (L )W t = V* 

where <5n(L) and <5,,(L) a r e po lynomia ls i n the l a g opera tor of 
u W 

o f o rde r r Q and r^, r e s p e c t i v e l y . Then i t tu rns tha t the e q u i l i b r i u m 

law of mot ion f o r c a p i t a l (20) can be w r i t t e n i n a form i d e n t i c a l 

to (20) , except t ha t W, D, 6^, 6^, H^, and H w a r e to be r e p l a c e d 

by the cor respond ing o b j e c t s w i t h t i l d e s above them, and tha t the re 

appears a random d i s t u rbance n on the r i g h t s i d e of (20 ) . The 

c r o s s - e q u a t i o n r e s t r i c t i o n s (21) con t i nue to c h a r a c t e r i z e the o b j e c t s 
44 / 

w i t h t i l d e s over them.— The random v a r i a b l e n can be shown to 
- 45 / 

be o r thogona l to a l l of the cu r ren t and lagged va lues of W and D . — 

However, i t t u rns out tha t n £ i s i n g e n e r a l s e r i a l l y c o r r e l a t e d , 

w i t h s e r i a l c o r r e l a t i o n p r o p e r t i e s t ha t depend on the j o i n t c o v a r i a n c e 

p r o p e r t i e s of those v a r i a b l e s i n D t and tha t the economet r i c ian 

does not have obse rva t i ons on. In the contex t of t h i s se tup , i t i s 

not even p o s s i b l e to w r i t e down the l i k e l i h o o d f u n c t i o n wi thout 

s p e c i f y i n g d e t a i l s of the moments of i n f o rma t i on v a r i a b l e s i n D 
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and W tha t are unobservable to the economet r i c i an . I t would seem 

a t t r a c t i v e to adopt an e s t i m a t i o n procedure tha t avo ids the i m p l i c i t 

t h e o r i z i n g about the s t o c h a s t i c p r o p e r t i e s of the unobserved D 's 

and W's tha t an es t imator u s i n g the l i k e l i h o o d f u n c t i o n r e q u i r e s . 

One such e s t i m a t i o n s t r a t e g y tha t e x p l o i t s the o r t h o g o n a l i t y of 

n to D and W, wi thout r e q u i r i n g a l l of the added d e t a i l s 

requ i red to w r i t e down a l i k e l i h o o d f u n c t i o n , has been developed 

by L a r s Hansen [20] . The " g e n e r a l i z e d method of moments" e s t i m a t o r s 

of Hansen have the advantage of d e l i v e r i n g es t ima to rs of the f r e e 

parameters whose d e s i r e a b l e s t a t i s t i c a l p r o p e r t i e s d o n ' t depend on 

any a r b i t r a r y assumpt ions about the s e r i a l c o r r e l a t i o n p r o p e r t i e s 
4 6 / 

of the n t ' s . — These g e n e r a l i z e d method of moments es t ima to rs 

were invented p r e c i s e l y to handle s i t u a t i o n s i n which the resea rche r 

i s s u b s t a n t i a l l y more con f i den t of the o r t h o g o n a l i t y c o n d i t i o n s 

d e l i v e r e d by h i s t h e o r i z i n g than he i s about the s e r i a l c o r r e l a t i o n 

p r o p e r t i e s o f the e r r o r . These methods c o n s t r u c t s t a t i s t i c a l l y 

c o n s i s t e n t e s t i m a t o r s , w h i l e a v o i d i n g the need to form the l i k e l i h o o d 

f u n c t i o n . However, i n acknowledging tha t he h a s n ' t enough i n f o rma t i on 

about the d i s tu rbances to cons t ruc t the l i k e l i h o o d f u n c t i o n , the 

researche r l ooses the a b i l i t y to employ Bayes ian methods, s i n c e 

knowledge of the l i k e l i h o o d f u n c t i o n i s e s s e n t i a l f o r u s i n g Bayes ' 

law as i n (28) . 
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2 . A Model of the Corn-Hog Cyc le 

Th is s e c t i o n i l l u s t r a t e s i n a genera l way how a model of an 

important phenomenon, the "corn-hog c y c l e " , might be cons t ruc ted i n 

a f a s h i o n c o n s i s t e n t w i t h the p r i n c i p l e s recommended above. T e c h n i c a l l y , 

the corn-hog c y c l e i s de f i ned as the occur rence of d i s t i n c t i v e p a t t e r n s 

of s e r i a l c o r r e l a t i o n and c r o s s - s e r i a l c o r r e l a t i o n between v a r i o u s 

measures of output f l o w s , s t o c k s , and p r i c e s of co rn and hogs. A 

model of the behav ior of such s e r i e s might be u s e f u l e i t h e r f o r the 

p o s i t i v e a n a l y s i s of v a r i o u s tax and subs idy schemes des igned to 

ame l i o ra te the " c y c l e " , o r f o r the w e l f a r e of a n a l y s i s of a l t e r n a t i v e 

p o l i c i e s . The s imp le model I s h a l l d e s c r i b e i s ma in l y d i r e c t e d at the 

f i r s t use , but might a l s o be used f o r the second purpose . 

The corn-hog example a l s o i l l u s t r a t e s an important me thodo log i ca l 

p o i n t . The L u c a s - P r e s c o t t example desc r i bed i n s e c t i o n 1 has the 

f ea tu re tha t a l l the s t a t e v a r i a b l e s W"t t ha t he lp p r e d i c t f u t u r e v a l u e s 

of the input p r i c e w^ appear i n the e q u i l i b r i u m laws of mot ion f o r 

c a p i t a l and output . T h i s suggests tha t s i n c e the "hog i n d u s t r y " pu r ­

chases c o r n , the s t a t e v a r i a b l e s which c h a r a c t e r i z e the corn market 

w i l l appear i n the e q u i l i b r i u m laws of mot ion f o r the s t a t e v a r i a b l e s 

that c h a r a c t e r i z e the hog market. S i m i l a r r eason ing suggests tha t 

the corn market w i l l i n h e r i t a l l of the s t a t e v a r i a b l e s c h a r a c t e r i z i n g 

the hog market. To take t h i s i n t o account p r o p e r l y w i l l r e q u i r e , f o r 

example, t ha t f o r the hog i n d u s t r y the s t o c h a s t i c p rocess f o r one of 

i t s i n p u t s , which corresponds to 6 (L) i n ( 1 . 8 ) , can no longer be 
w 

regarded as determined from ou t s i de the model . I n s t e a d , the markets 

become i n t i m a t e l y i n t e r r e l a t e d , and t h e i r e q u i l i b r i a must be d e f i n e d 

j o i n t l y . 
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The purpose of t h i s s e c t i o n i s to i l l u s t r a t e the n o n t r i v i a l mod i ­

f i c a t i o n s of the setup of s e c t i o n 1 t ha t would be r e q u i r e d f o r v a r i o u s 

" r e a l i s t i c " a p p l i c a t i o n s . The model of the corn-hog c y c l e d e s c r i b e d 

here s t i l l does not r e a l i s t i c a l l y d e s c r i b e the dynamics of the a c t u a l 

corn and hog i n d u s t r i e s . More r e a l i s m cou ld be a t t a i n e d a t the cos t 

of p r o l i f e r a t i n g s t a t e v a r i a b l e s , but a t no r e a l cos t i n terms of 

a n a l y t i c a l d i f f i c u l t y . However, the example desc r i bed here w i l l convey 

the sense i n which the i n t e r n a l l o g i c of models of t h i s c l a s s tends to 

push the a n a l y s t i n the d i r e c t i o n o f a more gene ra l e q u i l i b r i u m approach. 

We now d e f i n e the f o l l o w i n g v a r i a b l e s : 

= output of the r e p r e s e n t a t i v e corn farmer 

m = number of co rn farmers 

C = t o t a l output of co rn (C = mc ) 
t 

P 
c t 

• p r i c e of co rn 

= a (p.. x 1) v e c t o r of random v a r i a b l e s appear ing i n 

the demand schedu le f o r f i n a l consumption of co rn 

2t 
= a (p - p 1 ) x 1 v e c t o r of random v a r i a b l e s tha t he lp 

p r e d i c t the f u t u r e va lues of the c o l l e c t i o n of random v a r i a b l e s 

k 
ct 

= c a p i t a l s tock of r e p r e s e n t a t i v e corn farmer 

K = mk • t o t a l c a p i t a l s t ock i n the corn i n d u s t r y . 
c t 



r e a l r e n t a l r a t e on c a p i t a l i n the corn i n d u s t r y . 

c c a (q x 1) v e c t o r whose f i r s t element i s w t ; 

the remain ing v a r i a b l e s of W"t a re v a r i a b l e s tha t 

he lp p r e d i c t f u t u r e va lues of w . 

f l ow output of hogs of the r e p r e s e n t a t i v e hog fa rmer . 

number of hog fa rmers . 

t o t a l output of hogs ( H t = n h t ) . 

consumption of co rn by hogs a t the r e p r e s e n t a t i v e hog farm. 

number o f hogs a t the r e p r e s e n t a t i v e hog farm. 

t o t a l number of hogs a t hog farms K^. • n ^ h t " 

m isce l l aneous expenses needed to ma in ta i n k^ t hogs a t 

the r e p r e s e n t a t i v e hog farm. 

a (q*1 x 1) v e c t o r whose f i r s t element i s w£; the 

remain ing v a r i a b l e s of a re v a r i a b l e s tha t he lp 

p r e d i c t f u t u r e va lues o f w h . 

f l o w p r i c e of hogs 

a (p^ x 1) v e c t o r of random v a r i a b l e s appear ing i n the 

demand schedu le f o r f i n a l consumption of hogs. 

a (p*1 "" P^) v e c t o r of random v a r i a b l e s tha t he lp p r e d i c t the 

f u tu re va lues o f the c o l l e c t i o n of v a r i a b l e s D!J\ p h _> p^ . 

4 . 

a random shock i n the p roduc t i on f u n c t i o n f o r c o r n , 

a random shock i n the p roduc t i on techno logy f o r hog fa rm ing , 

a random shock to the demand f o r f i n a l consumption of c o r n , 

a random shock to the f l o w demand f o r consumption of hogs. 
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We f u r t h e r d e f i n e the f o l l o w i n g po lynomia ls i n the l a g opera tor 

L : 

c U c j c 6 C (L ) = 1 - E 6 . L J , where 6 , i s a s c a l a r 
u j . i " J U J 

6 h (L ) = 1 - £ 6 h . L j , where 6 h , i s a s c a l a r 
u J M l uj u j 

c 
r D 

c c 1 c c c 6 Q ( L ) = 1^0 - E ^ D j L » where 6jjj i s a p x p m a t r i x , and 
j - l 

h 
c c 

IpC i s a (p x p ) i d e n t i t y m a t r i x 

6^(L) = I u - E 6^.1.^, where i l? . i s a P*1 x p*1 ma t r i x and D p " . , D i D1 
j - l 

c 
Iph i s the ( p h x p

h ) i d e n t i t y m a t r i x 

r 
e j 

6 C (L ) = 1 - E 6 C . L J , where 6°. i s a s c a l a r 
e j . i £ J £ J 

r h 

6^(L) = 1 - E 6^.L"^, where 6^. i s a s c a l a r . 
J-l * e J 

c r w 
6 (L) = I c - E 6 .L , where 6 . i s a (q x q ) m a t r i x , w q wj ' wj n c n c 

r h 

h W h h 
6 (L) = I . - E 6 . L J , where 6 . i s a ( q v x q , ) m a t r i x , w qh wj wj h h 

I s h a l l assume tha t f o r each po lynomia l 6 the ze roes of det (z) 

exceed / g i n modulus, where 6 i s the d i scoun t f a c t o r in t roduced 

below. 

There are m i d e n t i c a l co rn farmers , each of whom maximizes 
CO 

(2.1) E 0 £ 3 C { P c t c t - w ^ t - f ( k c t + 1 - k c t ) 2 > , d > 0 
C U 0 < 8 < 1 

where P i s the p r i c e of c o r n , c i s output of c o r n , k 
c t c c t 

i s 
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the c a p i t a l s t ock of the co rn p roducer , and i s the r e n t a l r a t e 

on c a p i t a l i n the corn-growing i n d u s t r y . Output of co rn obeys 

(2.2) c t = f k c t + * \ t , f > 0 

where e c { . i s a random p rocess . The p r o d u c t i v i t y shock e c t i s 

assumed to f o l l o w the r^ t h o rder Markov process 

(2.3) ^ ( L ) e c t = vc

et 

where V i s a fundamental wh i te n o i s e f o r E The corn producer et c t 

faces the s t o c h a s t i c p rocesses f o r P , and w^ as a p r i c e t a k e r . 
c t t 

The r e n t a l w f i s assumed to be the f i r s t element of a q x 1 v e c t o r 

random process tha t obeys the r w t h o rder v e c t o r Markov process 

(2.4) 6°(L)W^ = V° w t w wt 

where V . i s a (q x 1) v e c t o r wh i te n o i s e tha t i s fundamental wt 

f o r Wfc . The assumptions about the s t o c h a s t i c p rocess f o r P ^ t and 

the r e p r e s e n t a t i v e f i r m ' s pe rcep t ions of i t w i l l be f i l l e d i n l a t e r . 

The hog i ndus t r y c o n s i s t s of n i d e n t i c a l producers each o f whom 

maximizes 

(2.5) E Q j o6 C{P h th t " w \ t - e /2 ( k ^ - k ^ ) 2 - P ^ } , e > 0, 

where P, i s the p r i c e of hogs, c, . i s the consumption of co rn by ht nt 

k h t hogs, k h t i s the number of hogs, h £ i s s a l e s of hogs, and w j ^ , . 

i s m isce l l aneous expenses requ i r ed to ma in ta i n k^ t hogs. The technology 

i s assumed to be 
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c 

(2.6) 
h t - (1 + tfk^ - k ^ + n - \ t , * > 0 

where $ i s determined by the rep roduc t i on r a t e of p i g s , which i s 

assumed exogenous h e r e , but would be a d e c i s i o n v a r i a b l e i n a more 
2 

r e a l i s t i c a n a l y s i s . In ( 5 ) , the term e/2 ( k j ^ j _ k h t ) r e p r e s e n t s 

c o s t s of a d j u s t i n g the number of p i gs r a p i d l y . The p r o d u c t i v i t y shock 

e h t f o l l o w s the r^ th o rder p rocess 

(2 .7) ^ ( L ) ^ - V h

£ t 

where i s a fundamental wh i te n o i s e f o r e ^ . The p r i c e w£ i s 

the f i r s t element o f a (q*1 x 1) v e c t o r WT tha t f o l l o w s the r*1 t h 
t w 

order v e c t o r Markov process 

(2.8) 6 h (L )W h = V h 

w t wt 

where V*1 i s a fundamental wh i te n o i s e f o r . 
wt t 

The f low demand f o r hogs i s g i ven by 

< 2 ' 9 > P h t = A 0 ' A l H t + A 2 ° l t + u h t ; A Q > 0, A l > 0 

where A Q , a re s c a l a r s , A 2 i s a (1 x p^) v e c t o r , H t = n h t > 

and where u, . i s a s t o c h a s t i c shock to demand tha t obeys the r*1 t h ht J u 

o rder Markov process 

(2.10) 6 ^ ( L ) u h t -

where V h i s fundamental f o r u . The v e c t o r of demand s h i f t e r s ut ht 

D^ t i s (p^ x 1) and c o n s i s t s of the f i r s t p^ elements of the 
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(p*1 x 1 ) vec to r D^. I t i s assumed tha t evo lves a c c o r d i n g to the 

r^ t h order v e c t o r Markov p rocess 

( 2 . 1 D ^ ( L ) D j - V j t 

where v j j t i s a ( p h x 1) v e c t o r wh i te n o i s e tha t i s fundamental f o r 

The demand f o r co rn i s the sum of the demand d e r i v e d from hog 

p r o d u c t i o n , C . t = n c h t , and the demand f o r f i n a l consumpt ion, C £ . 

The demand f o r f i n a l consumption obeys 

( 2 . 1 2 ) C c t = B Q - V E T + B 2 D ^ + u c t , B Q , B X > 0 

where BQ and B^ are s c a l a r s , where i s a ( 1 x p^) vec to r , where 

u » i s a demand shock tha t obeys the r t h o rder Markov p rocess c t ' u 

(2.13) « > > U c t - V u t 
c 

> 

c c where V . i s a fundamental wh i te n o i s e f o r u The (p. x 1) v e c t o r ut c t r l 
c c o f corn-demand s h i f t e r s D^ t c o n s i s t s of the f i r s t p^ elements of 

c c c a (p x l ) v e c t o r t ha t f o l l o w s the r Q t h o rde r Markov p rocess 

(2.14) S > ) D t " V£ t 

where V ^ t i s a (p C x l ) v e c t o r wh i te n o i s e tha t i s fundamental f o r 

D^. The hog-der ived demand f o r c o r n , f rom (6) , i s 

C h t = * h t 

where K ^ t = n k ^ t and K c t = m k c t - The e q u i l i b r i u m c o n d i t i o n i n the 

market f o r co rn i s 

c t ht c t c t 

or 
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B 0 " V e t + B 2 D l t + u c t + = f K c t + e c t 

which i m p l i e s t ha t 

( 2 . 1 5 ) P c t = B ^ [ Y K H T + u c t + B Q + B 2 D ^ - fl^ - e^) 

The farmers i n each market need to form v iews about f u t u r e p r i c e s 

of co rn and hogs i n order to s o l v e the maximum problems ( 5 ) and ( 1 ) . 

S ince f u t u r e corn and hog p r i c e s w i l l depend on f u t u r e s t a t e v a r i a b l e s 

i n each market , i n c l u d i n g the c a p i t a l s t ocks i n each marke t , farmers i n 

each market need to form a v iew about the laws of mot ion of the market -

wide s tocks of c a p i t a l i n both marke ts . We assume tha t f a r m e r s ' v i ews 

about these laws of mot ion a re c o r r e c t . I t w i l l t u rn out tha t the laws 

of mot ion f o r the market -wide c a p i t a l s t ocks i n the two i n d u s t r i e s w i l l 

have the forms 

w • H o +
 H>K +

 H > > w t + ^ ( L ) D t 

( 2 . 1 6 ) + H J J ( L ) D £ + H ^ ( L ) £ C T + A L ) e h t 

+ H

u

( L ) u c t + H u ( L ) u h t + H l K c t + H l \ t 

V + l " G 0 + Gw< L>Wt + + G D ( L > D t 

( 2 . 1 7 ) + G 5 ( L ) D j + G C

E ( L ) E C T + G ^ ( L ) E H T 

+ G C ( L ) u . + G H ( L ) u . „ + G'TK + G^ IL u c t u ht 1 c t 1 ht 

c h c h where H_ , H.. , H - , G , G . , G . are s c a l a r s and where 
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and a re c r -w 1 order po lynomia ls i n L . 

and Gw<L> are h r -w 1 order po lynomia ls i n L . 

H £ ( L > and G j (L ) a re c 1 order po lynomia ls i n L . 

H £ ( L ) and cjja) are h 1 order po lynomia ls i n L . 

H ° ( L ) and G C

£ ( L ) are c 
r -

£ 
1 o rde r po lynomia ls i n L . 

H*(L) and G ^ ( L ) are 
h 

r -
£ 

1 order po lynomia ls i n L . 

< C L ) and G u ( L ) are 
c r -u 1 order po lynomia ls i n L . 

< C L ) and G > ) a re h r -
u 

1 order po lynomia ls i n L . 

Zach of the H ( L ) and G ( L ) po lynomia ls i s conformable i n d imension 

w i t h the p rocess i t p r e m u l t i p l i e s . Equat ions (16) and (17) d e s c r i b e 

fa rmers ' pe r cep t i ons o f the laws of mot ion f o r K £ and K^. 

The important t h i ng to n o t i c e about (16) and (17) i s tha t any 

v a r i a b l e tha t appears on the r i g h t hand s i d e of one appears on the r i g h t 

s i de o f the o the r . Thus, the s t a t e v a r i a b l e s a re a s s e r t e d to be i d e n t i c a l 

f o r the two i n d u s t r i e s ' aggregate c a p i t a l s t o c k s . That (16) and (17) 

embody the c o r r e c t cho i ces of s t a t e v a r i a b l e s w i l l now become e v i d e n t , 

as we express the optimum problems of the r e p r e s e n t a t i v e f i r m i n each 

i n d u s t r y as comple te ly s ta ted dynamic o p t i m i z a t i o n problems. That i s , 

(16) and (17) w i l l t u rn out to have the c o r r e c t r i g h t hand s i d e v a r i a b l e s 

i n the sense tha t i f f i r m s ' pe rcep t i ons of the laws of mot ion f o r K c 

and are (16) and (17 ) , r e s p e c t i v e l y , then f i r m s ' o p t i m i z i n g behav ior 

w i l l imply a c t u a l laws of mot ion f o r K, and 1^ , r e s p e c t i v e l y , of the 

same f u n c t i o n a l forms as assumed fo r those p e r c e p t i o n s . 



From (6) we have tha t H t = ( l + ^ K ^ - K

h t + 1

 + e

h t - S u b s t i t u t i n g 

t h i s i n t o the demand schedu le f o r hogs g i v e s , 

(2.19) P h t - A Q - A l ( ( l + ^ - W ) + + u h t - A l E h t 

S u b s t i t u t i n g (19) and (15) i n t o (1) and (5) g i v e s the f o l l o w i n g c r i t e r i o n 

f unc t i ons f o r r e p r e s e n t a t i v e hog farmers and corn f a rmers , r e s p e c t i v e l y : 
CO 

E Q I B C { [A 0 - A l ( ( l + ^ - K h t + ] ) + A 2 D j t + u h t - A l E h t ] 
t=0 

(2.20) ia+*)\t - k h t f l + e h t ] - w \ t - f o ^ i - v 2 

" ^ h t ^ ^ S * + U c t + B Q + B 2 D ^ - f K c t - « c t ) ] ) 

(2.21) E Q s ' t t j 1 ^ + u c t + B Q + B . D ^ - f K ^ - ^ f k ^ 

- W t k c t - f ( k c t + l - k c t > 2 } 

The max im iza t ion of (20) and (21) each takes p l a c e sub jec t to the known 

laws of mot ion 

(2.4) 0 L ) W t - wt 

(2.8) 6 > ) W > - V ^ wt 

( 2 . 1 0 ) * u ( L > U n t ' ' t t ut 

(2.11) « M = v h 

Dt 

(2.13) < l < L > v • ut 

(2.14) 5 D ( L ) D t " 

(2.3) 

(2.7) 8>\: v » 
et 
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K c t + 1 = H 0 + H v ( L ) W t + H w^ L > W t + ^LK 

( 2 . 1 6 ) + H £ ( L ) D £ + H ^ ( L ) e c t + H ^ ( L ) ^ 

+ H u < L ) u c t + H u ( L ) u h t + H l K c t + H i \ t 

W = G 0 + G > ) W t + G > > < + G D ( L ) D t 

( 2 . 1 7 ) + G £ ( L ) D £ + G ^ ( L ) E C T + G ^ D e ^ 

+ G C ( L ) u . + G H ( L ) u , ^ + G ^ K FC + G J V u c t u ht 1 c t l l i t 

The o p t i m i z a t i o n f o r the r e p r e s e n t a t i v e f i r m i n each i n d u s t r y i s 
47 / 

c a r r i e d out sub jec t to the i n f o r m a t i o n set a t t ime t ,— 

{ K h t ' K c t ' £ W t - 1 W t - r h

 + 1> D t " - " D t - r ^ + 1 , 
w D 

e t ' " - " e t - r h + l ' u h t ' - - - ' U h t - r h + l ' W t W t - r C + 1 ' e u w 

D t D t - r ^ + l ' e c t ' " - ' G c t - r ^ r u c t " - - ' u c t - r ^ + l } 

In a d d i t i o n , at t ime t the f i r m knows i t s own cu r ren t s t ock of c a p i t a l 

k . or k , . , as i t chooses k . . . or k , . , , . c t nt c t + 1 n t+1 

The s o l u t i o n s to the problems of the c o n s t r a i n e d max im iza t ion of 

( 2 0 ) and ( 2 1 ) are a p a i r of l i n e a r cont ingency p l a n s of the form 

W • *0 + * > > W t + *w< L>Wt + g^(L)D C

t 

( 2 . 2 2 ) + g h ( L ) D h + g c a ) , + g h ( L ) £ h t 

+ 8 u ( L ) u c t + 8 u ( L > V + * l K c t + h h t 
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ct+1 = h 0 + h w ( L ) W t + h w ( L ) W t + 1 b ( L ) D t 

+ hJ (L )D^ + h ^ ( L ) £ c t + h^(L)e 
ht 

h ° ( L ) u „ + h h ( L ) u ^ + h?K „ + h^K u c t u v T i t 1 c t 1 ht 

c h where h 2 and g 2 a re s c a l a r s and the remain ing cons tan ts and 

po lynomia ls i n L are of the same dimensions and o rders as the 

cor respond ing c a p i t a l l e t t e r e d q u a n t i t i e s i n (16) and (17 ) , as d e f i n e d 

i n (18) . 

M u l t i p l y i n g (22) by n and (23) by m g i v e s 

W = Q S 0

 + <«K + n Sw< L > W t + n g D ( L ) D t 

+ n g £ ( L ) D £ + n g ^ ( L ) e c t + n g ^ L ) ^ 
(2.24) 

+ ng ht 

<\t + ^ 1 + £>ht 

= mhQ + mhw(L)W^ + mhj £(L)wj! + mh^(L)D^ 

(2.25) 

+ (mhj + h ^ ) K c t 
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Equat ions (24) and (25) are the a c t u a l laws o f mot ion f o r K, . , 
ht+1 

and ^ c t + ^ » r e s p e c t i v e l y , tha t correspond to the perce ived laws of 

mot ion (17) and (16) , r e s p e c t i v e l y . A r a t i o n a l expec ta t i ons e q u i l i b r i u m 

i s de f i ned as a p a i r of schedu les (16) and (25) which a re i d e n t i c a l l y 

e q u a l , and a p a i r of schedules (17) and (24) which a re i d e n t i c a l l y 

e q u a l . Th i s amounts to equat ing the pe rce i ved and a c t u a l laws of 

mot ion . 

I n s p e c t i o n of the c r i t e r i o n f u n c t i o n s (20) and (21) and the 

c o n s t r a i n t s ( 4 ) , (8 ) , (10) , (11 ) , (13 ) , (14) , (3 ) , and (7) w i l l 

conv ince the reader tha t the c o r r e c t s t a t e v a r i a b l e s have been i nc luded 

i n our " g u e s s e s " about the forms o f the laws of mot ion (16) and (17) 

f o r the aggregate c a p i t a l s t ocks and K^. The c o r r e c t p r i n c i p l e 

fo r the c e l e c t i o n of these s t a t e v a r i a b l e s i s c i . i e : any s t a t e v a r i e t i e s 

that appear e i t h e r i n the o b j e c t i v e f u n c t i o n s (20) and (21) o r i n the 

c o n s t r a i n t s ( 4 ) , ( 8 ) , (10 ) , (11 ) , ( 13 ) , (14 ) , ( 3 ) , and (7) a t t ime 

t + 1, be long i n the laws of mot ion f o r the aggregate c a p i t a l s t ocks 

of both i n d u s t r i e s . 

Having d e f i n e d a r a t i o n a l e x p e c t a t i o n s e q u i l i b r i u m fo r the model , 

I now tu rn to d e s c r i b e how the e q u i l i b r i u m can be c a l c u l a t e d v i a the 

method cor respond ing to that used by Lucas and P r e s c o t t [37] . As i n 

s e c t i o n 1, the i d e a i s to " d i s c o v e r " a f i c t i t i o u s s o c i a l p l ann ing problem 

tha t the e q u i l i b r i u m i m p l i c i t l y s o l v e s . F i r s t , n o t i c e tha t s i n c e the 

f l ow demand curve f o r hogs i s P ^ t • Ag -A 1 H t +A2D^ t + u ^ t , the area under 

the demand curve f o r hogs i s 

H t . 
/ 0 (A Q - A x x + A 2 D U + u h t ) d x 

" V t " 'I H t + H t A 2 D l t + V h t 



- [(1 + - ^ + e h t ] [ A 0 + + u h t - f ^ ) K h t -

S ince the demand curve f o r f i n a l consumption of co rn i s P ^ T = B ^ [ B Q 

+ ^2^1t + U c t ~ G c t ^ ' t * i e a r e a under t n e demand curve f o r f i n a l consumption 

of co rn i s 

C 

(2.27) 
' o " *1&Q + B 2 D l t + u c t " X ^ d x " 

B 0 B l l c c t + B l l c c t B 2 D l t + B l l u c t C c t " ( 2 B l > " l c c t 

S u b s t i t u t i n g f o r C ^ from the e q u i l i b r i u m c o n d i t i o n 

C ^ = f K c t + e c t - Y ^ h t g i v e s the f o l l o w i n g formula f o r the a rea under 

the demand curve f o r the f i n a l consumption o f c o r n : 

B 0 B l 1 t f K c t + e c t " *W + B l l u c t t f K c t + e c t " * n t ] 
(2.28) 

- ( 2 B 1 ) - 1 [ f K c t + « c t - Y K h t ] 2 + B ^ f f K ^ + , c t - Y ^ J B ^ 

Now c o n s i d e r the f o l l o w i n g f i c t i t i o u s s o c i a l p lann ing c r i t e r i o n : 

(2.29) E Q j Q * ' { { [ ( ! + ^ - h t + 1 + %tUAQ + A 2 D ^ + u h t 

" T
 + *)Kht eht>3> 

+ ( B ^ I f K ^ + c c t - Y ^ J + h \ t l * * c t

 + « e t " Y \ t ] 

" ^ V ' ^ c t + e c t " ^ t ] 2 + ^ C f K c t + e c t - Y ^ I B ^ } 

" W t K c t - W Xt " T 1 < K ct+l " K c t ) 2 

- ! ^ n t + i - h J 2 } • 
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Cons ider the max imiza t ion of (29) , assumed to take p l a c e sub jec t to the 

laws of mot ion 4 , 8 , 10, 11 , 13, 14, 3 , and 7. The i n f o rma t i on se t i s 

a t t ime t c o n s i s t s of obse rva t i ons on K, , K , e , e, , u , u, , W C , 

h c c h c h 

W*1, D ° , D*1 dated t and e a r l i e r . A t t ime t , the f i c t i t i o u s p lanner 

i s assumed to se t K, , , and K . , , as l i n e a r f u n c t i o n s of the 
nt+1 ct+1 

v a r i a b l e s i n the i n f o rma t i on set at t . The reader can v e r i f y t ha t 

these l i n e a r cont ingency p lans w i l l be of p r e c i s e l y the same l i n e a r 

forms as the laws of mot ion (16) and (17) tha t a r e the laws of mot ion 

f o r K £ and i n the r a t i o n a l expec ta t i ons e q u i l i b r i u m . Fur thermore , 

by a s t r a i g h t f o r w a r d argument, i t can be e s t a b l i s h e d d i r e c t l y tha t the 

laws of mot ion f o r K c and tha t maximize the s o c i a l p lann ing 

c r i t e r i o n (29) a re p r e c i s e l y the unique laws of mot ion f o r the r a t i o n a l 
4 8 / 

expec ta t i ons e q u i l i b r i u m . — 

The problem o f max imiz ing the f i c t i t i o u s s o c i a l p lann ing c r i t e r i o n 

(29) sub jec t to the c o n s t r a i n t s s t a t e d above i s known i n g e n e r a l to 

have a s o l u t i o n i n which a l l the r e l e v a n t h i s t o r i e s of the s t a t e 

v a r i a b l e s {K^» K^, e^, e^ , u ^ , u ^ , W C , W» B C , D"} appear i n the o p t i m a l 

law o f mot ion f o r both K £ and K^. Computa t i ona l l y e f f i c i e n t methods f o r 

o b t a i n i n g s o l u t i o n s f o r a gene ra l c l a s s o f " i n t e r r e l a t e d f a c t o r demand" 

prob lems, o f wh ich (29) i s a s p e c i a l c a s e , have been e x t e n s i v e l y desc r i bed 

by Hansen and Sargent [22] . 

By a s e r i e s of man ipu la t i ons which p a r a l l e l those used i n s e c t i o n 

2, i t i s p o s s i b l e to move from the laws of mot ion (16) and (17) f o r 

the aggregate c a p i t a l s tocks to dynamic f l ow supply curves f o r the corn 

and hog i n d u s t r i e s . These dynamic supp ly curves take the form 
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- S Q + S w (L)W^ + S, £(L)w£ + sJjCDD^ 

(2.30) + s J ( L ) D j + S e

C ( L ) e c t + S ^ ( L ) £ h t : 

+ Sp<L>PCt + SJ<L>*ht +
 SlKct+ S Xt 

and 

(2.31) 

+ 

+ 

CT0 + a w ( L ) W t + ° w ( L ) W t + a D ( L ) D t 

° D < L > D t + < < L > C c t + 0 > > e h t 

a ^ ( D p c t + a ^ ( L ) p h t + a ^ K c t + c \ t 

In (30) and (31) a l l po lynomia ls i n the l a g opera to r L a r e comparable 

i n d imension and o rde r w i t h the cor respond ing po lynomia ls tha t appear 

i n (16) and (17 ) , r e s p e c t i v e l y . The po in t to be emphasized i s 

tha t each of the dynamic supply curves (30) and (31) i n h e r i t s as 

arguments a l l of the random v a r i a b l e s tha t appear as demand s h i f t e r s 

i n the f l o w demand curves f o r both commodi t ies. 

As i n the development i n s e c t i o n 1 , equat ions (30) and (31) a re 

r e l a t i o n s h i p s tha t a re exact l i n e a r f u n c t i o n s of the v a r i a b l e s i n the 

i n f o rma t i on se t s of p r i v a t e agen ts . They can be conver ted to equat ions 

tha t c o n t a i n what a re random e r r o r s from the v iewpo in t of the econome-

t r i c i a n by one of the dev i ces d e s c r i b e d i n s e c t i o n 1. For example, 

we might assume tha t the economet r i c ian has da ta on a l l of the v a r i a b l e s 

on the r i g h t s i d e s of (30) and (31 ) , except f o r cu r ren t and past v a l u e s 

of the shocks i n the p roduc t i on r e l a t i o n s , e f t t and e ^ . Under t h i s 

i n t e r p r e t a t i o n , the d i s t r i b u t e d l a g s i n e t and e, become the e r r o r 
c t ht 

terms from the e c o n o m e t r i c i a n ' s p e r s p e c t i v e . 
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I t i s ev iden t from (30) and (31) t ha t the dynamic economic theory 

tha t we are us ing subver ts the u s u a l i d e n t i f i c a t i o n c o n d i t i o n s of the 

e x c l u s i o n v a r i e t y . Because of the appearance of a l l of the s t a t e 

v a r i a b l e s i n the dynamic supply curves (30) and (31) , the supp ly schedules 

f o r hogs and co rn a re u n d e r i d e n t i f i e d acco rd ing to the u s u a l o rder 

c o n d i t i o n . However, as i n s e c t i o n 1, the dynamic theory from which 

these curves a re de r i ved f u r n i s h e s an e x t e n s i v e se t of r e s t r i c t i o n s 

between the parameters of (30) and (31) and the parameters of (4 ) , ( 8 ) , 

(10 ) , (11) , (13) , (14) , (3) and (7 ) . These l a t t e r parameters a re the 

parameters of the Markov laws f o r the d r i v i n g v a r i a b l e s . 

A l though the model of t h i s s e c t i o n adm i t t ed l y embodies o v e r s i m p l i f i e d 

t e c h n o l o g i e s , i t cou ld r e a d i l y be extended to i n c o r p o r a t e much more " r e a l i s t i c " 

t echno log ies f o r the corn and hog i n d u s t r i e s , even w h i l e s t a y i n g w i t h i n the 

49 / 

l i n e a r - q u a d r a t i c framework.— N e r l o v e , Gre ther and Carava lho [49] p rov ide 

u s e f u l i n d i c a t i o n s about how t h i s might be done. Such g e n e r a l i z a t i o n s 

can be accompl ished a t the cos t of i n c r e a s e s i n the number o f " s t a t e " 

v a r i a b l e s r e q u i r e d , but i n v o l v e no genuine a n a l y t i c a l c o m p l i c a t i o n s beyond 

those encountered i n our corn-hog model . I n c reas i ng the number of f a c t o r s 

of p roduc t i on i n each i n d u s t r y can a l s o be accompl ished i n a c o n c e p t u a l l y 

s t r a i g h t f o r w a r d manner. Hansen and Sargent [22] have devoted s u b s t a n t i a l 

e f f o r t to the development of f a s t methods of computing l i n e a r r a t i o n a l 

expec ta t i ons e q u i l i b r i a f o r a wide c l a s s of models. The use of these 

methods w i l l make i t p r a c t i c a l to cons t ruc t models o f i n t e r r e l a t e d i n d u s t r i e s 

w i t h s t a t e v e c t o r s of a t l e a s t moderate d imens ion . 

The L u c a s - P r e s c o t t example of s e c t i o n 1 and the corn-hog example 

i l l u s t r a t e a key p r i n c i p l e : laws o f mot ion f o r the endogenous s t a t e 

v a r i a b l e s o f one i n d u s t r y w i l l g e n e r a l l y be f u n c t i o n s o f a l l of the 

s t a t e v a r i a b l e s c h a r a c t e r i z i n g the i n d u s t r i e s w i th which i t i n t e r a c t s . 
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The a n a l y s t w i l l o f t e n face a hard p r a c t i c a l d e c i s i o n about which 

dynamics he takes as g iven from o u t s i d e the model . To i l l u s t r a t e 

t h i s f u r t h e r , suppose tha t one of the s h i f t e r s D ^ t i n the demand 

schedule f o r co rn i s the p r i c e of wheat, and tha t the p r i c e of co rn 

i s a l s o an argument i n the demand schedule f o r wheat. I t i s then 

easy to imagine a r a t i o n a l expec ta t i ons e q u i l i b r i u m model of the c o r n , 

hog, and wheat markets . The gene ra l p o i n t i s t ha t a r a t i o n a l expec ta ­

t i o n s e q u i l i b r i u m of i n d u s t r i e s tha t use each o thers outputs as 

i npu ts i s t e c h n i c a l l y e q u i v a l e n t w i t h the s o l u t i o n of an i n t e r r e l a t e d 

f a c t o r demand problem i n which the laws o f mot ion f o r s t a t e s 

c h a r a c t e r i z i n g each one of the i n d u s t r i e s dynamica l l y i n t e r a c t i n 

i n t e r e s t i n g ways w i t h the s t a t e s of a l l the o ther i n d u s t r i e s . Thus, 

the i n t e r n a l l o g i c of these models tends to p rope l the a n a l y s t toward 

more and more o f a gene ra l e q u i l i b r i u m f o r m u l a t i o n . In any g iven 

a p p l i c a t i o n , the researche r w i l l have to choose what laws of mot ion 

he takes as g iven from o u t s i d e the model , f o r the purposes of the 

a n a l y s i s at hand. As our examples i n d i c a t e , the cho i ce made w i l l 

i n f l u e n c e s u b s t a n t i a l l y the d e f i n i t i o n of e q u i l i b r i u m to be employed. 

S u p e r f i c i a l l y , the corn-hog model of t h i s s e c t i o n may seem ve ry 

much more compl i ca ted and d i f f i c u l t to es t imate than the L u c a s - P r e s c o t t 

example of s e c t i o n 1. However, to some ex ten t t h i s impress ion i s 

i l l u s o r y , as the number of f r e e parameters of the model o f t h i s s e c t i o n 

i s rough ly of the order of magnitude of tw i ce the number f o r the L u c a s -

P r e s c o t t example. The l a g d i s t r i b u t i o n s i n (2.24) and (2.25) t u rn out 

to be h i g h l y r e s t r i c t e d by the theo ry . Hansen and Sargent [ ] have 

d e s c r i b e d formulas fo r d e s c r i b i n g these r e s t r i c t i o n s i n a way tha t i s 

convenient both f o r a n a l y s i s and e s t i m a t i o n . As a r e s u l t of such 

r e s e a r c h , i t seems f e a s i b l e to es t ima te models w i t h s i z a b l e s t a t e - s p a c e s 

and compl i ca ted i n t e r r e l a t i o n s h i p s ac ross i n d u s t r i e s . 
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The t h e o r e t i c a l and econometr ic t r a c t a b i l i t y of dynamic systems 

w i t h l a r g e s t a t e spaces i s the c h i e f v i r t u e of the l i n e a r - q u a d r a t i c 

setups adopted i n t h i s paper. These l i n e a r - q u a d r a t i c setups adm i t t ed l y 

s a c r i f i c e g e n e r a l i t y v i s - a - v i s the methods used by L u c a s - P r e s c o t t [ ] 

o r Sargent [ ] i n terms of a d m i s s i b l e f u n c t i o n a l forms f o r o b j e c t i v e s 

and c o n s t r a i n t s , but f o r p r a c t i c a l a p p l i c a t i o n s they permi t g rea te r 

g e n e r a l i t y v i s - a - v i s those same a l t e r n a t i v e s i n the sense of e a s i l y 

accommodating h igh -o rde r s e r i a l dependence i n the " f o r c i n g f u n c t i o n s " . 

A major goa l of recent r e s e a r c h by Hansen and Sargent [ ] and Tay lo r 

[ ] i s to extend the l i m i t s of the d imension of models tha t can be 

ana lyzed and es t imated by the above methods. 
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3. Conc lus ions 

Re-making dynamic econometr ic p r a c t i c e so that i t i s c o n s i s t e n t 

w i t h the p r i n c i p l e that agen ts ' c o n s t r a i n t s i n f l u e n c e t h e i r behav io r 

i s a t ask tha t i s f a r f rom f i n i s h e d . F u r t h e r , p r o p e r l y a l l o w i n g f o r 

the i m p l i c a t i o n s o f the p r i n c i p l e w i l l s u r e l y r e q u i r e abandoning many 

p r e s e n t l y rece i ved ways of i n t e r p r e t i n g d a t a . A v a r i e t y of setups can 

be imagined tha t are c o n s i s t e n t w i t h the p r i n c i p l e . For example, a 

v a r i e t y of v a r i a t i o n s of the setups of t h i s paper can be imagined i n 

which agents o p t i m i z e , but have s m a l l e r i n f o rma t i on s e t s than have been 

a t t r i b u t e d to them here . A l s o , i n fo rma t i on d i s c r e p a n c i e s ac ross c l a s s e s 

of agents can be assumed. In many such c a s e s , endogenous v a r i a b l e s such 

as p r i c e s w i l l p l a y an impor tant r o l e i n convey ing i n f o rma t i on to agen ts . 

In models w i th dynamics as compl i ca ted as those of our examples, these 

v a r i a t i o n s i n t r oduce s u b s t a n t i a l a n a l y t i c a l d i f f i c u l t i e s . To date the re 

i s very l i t t l e work which i n v e s t i g a t e s the econometr ic i m p l i c a t i o n s of 

such c o m p l i c a t i o n s to setups l i k e o u r s . Wi th o r w i thout these c o m p l i c a t i o n s , 

b u i l d i n g a dynamic econometr ics t ha t i s c o n s i s t e n t w i t h our s imp le p r i n c i p l e 

from economic theory i s a c h a l l e n g i n g t a s k . I t i s sure to r e q u i r e sub­

s t a n t i a l changes i n the ways tha t a p p l i e d economists i n t e r p r e t economic 

t ime s e r i e s . 
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FOOTNOTES 

1. Examples of work i n the gene ra l l i n e are Tay lo r [59, 60 ] , Meese [41 ] , 

Kennan [27] , Crawford [ 9 ] , B lanco [ 5 ] , Huntz inger [25] , N e r l o v e , Gre ther 

and Carvalho [49] , C ra ine [ 8 ] , Geweke [18] , Hansen and Sargent [21, 22, 

23 ] , and Sargent [51, 52 ] . 

l'.:c ..a^.crs by P a u l Anderson i j and F r e d e r i c k M ichk in . j ^ce... c 

l e a s t p a r t l y mot iva ted by t h i s i n t e r p r e t a t i o n . 

3. The c i r c l e of ideas I d i s c u s s i n t h i s paper has perhaps r e c e i v e d most 

n o t o r i e t y i n the context of macroeconomic examples. In p a r t i c u l a r , 

s u b s t a n t i a l a t t e n t i o n has been devoted to the sample economies of Lucas 

[ ] and Sargent and Wal lace [ ] i n which those sys temat i c n o n n e u t r a l i t i e s 

t ha t come from imput ing p e r s i s t e n t l y subopt imal expec ta t i ons to agents 

were shown to d i sappear when the hypo thes is of r a t i o n a l expec ta t i ons 

was imposed on agen ts . Crude ly pu t , c e r t a i n c l a s s e s of sys temat i c 

monetary p o l i c i e s , i n p a r t i c u l a r those which operate s o l e l y v i a d e c e p t i o n , 

were rendered impotent i n the Lucas and Sargent and Wa l lace examples. 

S ince the p u b l i c a t i o n of these pape rs , many papers have been pub l i shed 

that have desc r i bed setups i n wh ich the cho i ce of sys temat i c p o l i c y 

ma t te rs , even when r a t i o n a l expec ta t i ons p r e v a i l . These papers u s u a l l y 

invoke a source of n o n n e u t r a l i t y not based on d e c e p t i o n , of which there 

are many i n s tandard macroeconomic theory . Papers of t h i s c l a s s have 

o f t e n been i n t e r p r e t e d as p r o v i d i n g a defense of " p r e - r a t i o n a l e x p e c t a t i o n s " 

a c t i v i s t p o l i c y a long l i n e s tha t were produced by c a l c u l a t i n g op t ima l 

c o n t r o l s f o r Keynes ian econometr ic models of the s t y l e of the l a t e 1 9 6 0 ' s . 

In f a c t , no such defense i s i m p l i e d p a r t l y because the methods by which 

op t ima l c o n t r o l s f o r government p o l i c y v a r i a b l e s are c a l c u l a t e d i s ve ry 

d i f f e r e n t i n a l l r a t i o n a l expec ta t i ons models from the procedures tha t 

were a p p l i e d to p r e - r a t i o n a l expec ta t i ons models, but a l s o because the 



ways i n wh ich econometr ic es t ima tes are to be cons t ruc ted f o r r a t i o n a l 

expec ta t i ons models, w i t h or w i thout n e u t r a l i t i e s , d i f f e r s u b s t a n t i a l l y 

from the methods a p p l i e d to the Keynes ian models of the 1 9 6 0 ' s . The 

main po in t of the Lucas [ ] and Sargent and Wa l lace [ ] examples i s 

tha t s u b s t i t u t i n g the assumption of r a t i o n a l expec ta t i ons f o r " a d a p t i v e " 

expec ta t i ons makes a c r i t i c a l d i f f e r e n c e f o r the methods both by which 

we should eva lua te and o p t i m a l l y choose government p o l i c i e s . That 

same message i s present i n the papers of Phe lps and T a y l o r [ ] , F i s c h e r 

[ ] , and H a l l [ ] , even i f s u p e r f i c i a l l y the d i f f e r e n c e s i n some 

q u a l i t a t i v e f e a t u r e s of the op t ima l p o l i c i e s under the two assumptions 

on expec ta t i ons may have seemed l e s s dramat ic than i n Sargent and 

W a l l a c e ' s example or L u c a s ' s . 

Us ing the methods of d iscounted dynamic programming ( e . g . B l a c k w e l l [ 4 ] ) , 

t h e o r e t i c a l r e s u l t s e s t a b l i s h i n g e x i s t e n c e and uniqueness of e q u i l i b r i a 

and v a r i o u s q u a l i t a t i v e f ea tu res of the e q u i l i b r i a can o f t en be obta ined f o r 

"weak" or " g e n e r a l " assumptions such as tha t u t i l i t y i s concave, c o n s t r a i n t 

se t s are convex and monotone i n s h i f t v a r i a b l e s , and so on . Lucas and 

P r e s c o t t [37] and Lucas [36] g i ve i n t e r e s t i n g i l l u s t r a t i o n s of these methods. 

These techn iques were a l s o used by Sargent [53] to make some gene ra l 

obse rva t i ons on i n t e r p r e t i n g t ime s e r i e s c o r r e l a t i o n s between " T o b i n ' s q " 

v a r i a b l e and the aggregate r a t e o f inves tment . However, f o r a p p l i e d work, 

i t i s necessary to be ab le to c a l c u l a t e e q u i l i b r i a as a f u n c t i o n of the f r e e 

parameters o f p re fe rences and c o n s t r a i n t s , and i t i s h i g h l y d e s i r a b l e i f the 

e q u i l i b r i a can be c a l c u l a t e d e a s i l y . Wh i le f o r gene ra l f u n c t i o n a l fo rms, 

i t i s i n p r i n c i p l e p o s s i b l e to c a l c u l a t e e q u i l i b r i a of r e c u r s i v e compe t i t i ve 

models u s i n g a c o n t r a c t i o n mapping, i n p r a c t i c e such methods are p r e s e n t l y 

too expens ive to use i n e m p i r i c a l work. For t h i s r e a s o n , f o r e m p i r i c a l work 

i t i s p r e s e n t l y necessary to choose f u n c t i o n a l forms fo r which e q u i l i b r i a 

can be c a l c u l a t e d e i t h e r a n a l y t i c a l l y or " v e r y q u i c k l y " . L i n e a r - q u a d r a t i c 



s p e c i f i c a t i o n s a re one of the few such c h o i c e s of conven ient f u n c t i o n a l 

forms a v a i l a b l e . (Var ious v e r s i o n s of l o g a r i t h m i c s p e c i f i c a t i o n a re a l s o 

sometimes t r a c t a b l e , e . g . Merton [42 ] ) . A v a l u a b l e treatment of r e c u r s i v e 

compe t i t i ve e q u i l i b r i u m models w i t h gene ra l s p e c i f i c a t i o n s of f u n c t i o n a l 

forms i s P r e s c o t t and Mehra [48] . 

5 . I s h a l l impose the c o n d i t i o n that the zeroes of 5 p(z) , 6^ (z ) , 

det6p(z) and det 6 w ( z ) each exceed u n i t y i n modulus. A c t u a l l y , a 

weaker c o n d i t i o n would s u f f i c e , namely that the zeroes of these 

po lynomia ls each exceed / 3 i n modulus, where 3 i s the d i scoun t 

f a c t o r in t roduced below. These c o n d i t i o n s on the zeroes are 

r e g u l a r i t y c o n d i t i o n s that assu re tha t the i n f i n i t e s e r i e s c a l c u l a t e d 

on page below converge. 

6. An (n x 1) v e c t o r whi te no ise e i s s a i d to be fundamental 

f o r an (n x 1) v e c t o r process x^ i f the v e c t o r o f o n e - s t e p -

ahead l i n e a r l e a s t squares e r r o r s i n p r e d i c t i n g x t from past 

x ' s can be w r i t t e n as a l i n e a r combinat ion of e^. 

7. IT. the r .occls of botn s e c t i o n s i and 2, s imp le s t a t i c cr-an :-.:::ctic:.£ 

are p o s i t e d . As a r e s u l t , a l l of the i n t e r e s t i n g dynamics of the moaeis 

comes from t h e i r supply s i d e s . S p e c i f y i n g a demand schedu le w i t h 

i n t e r e s t i n g dynamics would comp l i ca te the p r e s e n t a t i o n , but not a l t e r 

the b a s i c messages of our examples. Graves and T e l s e r [17] ana l yze 

dynamic o p t i m i z a t i o n problems i n which much of the i n t e r e s t i n g dynamics 

comes from a demand curve tha t i s s p e c i f i e d . Sargent [54, Ch. 16] 

ana lyzes a model of the l a b o r market i n which the dynamics are i n f l u e n c e d 

by n o n t r i v i a l dynamic o p t i m i z a t i o n problems so lved by both s u p p l i e r s 

and demanders. 

8 . I t would be s t r a i g h t f o r w a r d to modify t h i s setup to assume tha t 

the {W, u, £, D} p rocesses a re each f i n i t e order mixed moving 

average, a u t o r e g r e s s i v e p r o c e s s e s . For the d e t a i l s , see Hansen and 

Sargent [21] . 



9. These v a r i a b l e s comple te ly c h a r a c t e r i z e the " s t a t e " v e c t o r f o r the 

f i r m ' s problem. We have i n mind that the f i r m a c t u a l l y has obse rva t i ons 

on va lues of K, k, W, D, e, and u f o r a l l dates t and e a r l i e r . 

I t tu rns out tha t the f i r m ' s d e c i s i o n s are o p t i m a l l y a f u n c t i o n on ly 

of the i n fo rma t i on set l i s t e d i n the t e x t . 

W U 1") 
10. I t i s assumed tha t each of v

t » v
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to the i n f o rma t i on se t {W 1 , u , D„ , e t , s > 1}. 
t - s t—s t—s t - s — 

11 . Th i s i s because we want the s t o c h a s t i c d i f f e r e n c e equat ions d e s c r i b i n g 

the behav io r of the system to be l i n e a r , and thereby to be r e a d i l y 

s u s c e p t i b l e to econometr ic a n a l y s i s . 

12 . That the s o l u t i o n to the problem i s of t h i s form f o l l o w s from 

l i n e a r o p t i m a l c o n t r o l theory . See Kushner [24, Chapter 9 ] , 

Ber tsekas [ 3 , Chapter 3 ] , Sargent [54, Chapter X I V ] , or 

Kwakernaak and S ivan [29] . 

13. For a d i s c u s s i o n of the use of l a g opera to rs i n the present c o n t e x t , 

see Sargent [54, chapters IX and X I V ] . 

14. In e f f e c t , the t r a n s v e r s a l i t y c o n d i t i o n compels us to s o l v e the 

uns tab le roo t forward i n t h i s manner. 

15. As noted above, we s h a l l want the r e l e v a n t c o n d i t i o n a l expec ta t i ons 

to be l i n e a r . So we s h a l l regard the E(« | tha t appears i n 

(15) and e lsewhere as w ide-sense c o n d i t i o n a l e x p e c t a t i o n s , tha t 

i s , l i n e a r l e a s t squares p r e d i c t o r s . Th i s amounts to r e s t r i c t i n g 

the f i r m to l i n e a r d e c i s i o n r u l e s , as d e s i r e d . 

16. The parameters si and n a l s o belong i n t . . i ^ l i s i t c:' : . iu ler iy i r . 

parameters of the model . I s h a l l u s u a l l y d e l e t e these two parameters 

from subsequent l i s t i n g s of the mode l ' s u n d e r l y i n g parameters , though 

they should be unders tood. In some a p p l i c a t i o n s , the a n a l y s t may 

want to s p e c i f y coun te rpa r t s of 8 and n comple te ly ji p r i o r i , i n 

which case they would not be i nc luded among the " f r e e parameters" of 

the model over which the l i k e l i h o o d f u n c t i o n o r o ther measure of " f i t " 

i s to be maximized. 



17. The f o l l o w i n g argument i n the t e x t p rov ides a way of " d i s c o v e r i n g " 

Lucas and P r e s c o t t ' s [37] method of c a l c u l a t i n g the r a t i o n a l expec ta t i ons 

e q u i l i b r i u m by f o r m u l a t i n g a f i c t i t i o u s s o c i a l p lann ing problem tha t 

reproduces the e q u i l i b r i u m . I t i s worth remark ing tha t Kydland and 

P r e s c o t t [30] d e s c r i b e a r e c u r s i v e method of c a l c u l a t i n g a l i n e a r 

r a t i o n a l expec ta t i ons e q u i l i b r i u m tha t i s a p p l i c a b l e to our 

problem and i s d i s t i n c t f rom the L u c a s - P r e s c o t t method upon which 

the d i s c u s s i o n i n the t ex t i s based. Kydland and P r e s c o t t ' s method 

s u c c e s s f u l l y computes the e q u i l i b r i u m even i n i n s t a n c e s i n which 

the L u c a s - P r e s c o t t method breaks down. These i n s t a n c e s o c c u r , f o r 

example, i n wh ich there i s feedback from the i n d u s t r y - w i d e aggregate 

c a p i t a l s t ock K to W or D, as would occur i f lagged K ' s appeared 

as s t a t e s i n the Markov law f o r W or D. In such i n s t a n c e s , Lucas 

and P r e s c o t t ' s s o c i a l p l ann ing problem f a i l s to reproduce the r a t i o n a l 

expec ta t i ons e q u i l i b r i u m e s s e n t i a l l y because the f i c t i t i o u s p lanner 

takes i n t o account the " e x t e r n a l i t y " tha t the feedback from K to 

W o r D c o n s t i t u t e s . 

18 . T h i s was emphasized i n a more gene ra l contex t by Lucas and P r e s c o t t 

[30] . 

19. I t can a l s o be proved tha t the t r a n s v e r s a l i t y c o n d i t i o n f o r (17) 

imposes the same c o n d i t i o n on the s o l u t i o n as does the t r a n s v e r s a l i t y 

c o n d i t i o n of the r e p r e s e n t a t i v e f i r m . 

20. T h i s f o l l o w s d i r e c t l y from the o b s e r v a t i o n that i f z ^ i s a 

zero of [1 - (1 + 6 _ 1 + k^f2 n d " 1 )z + S - 1 z 2 ] , then so i s g z " 1 . 

21 . Note tha t the equa t ion (1.19) s a t i s f i e s the f i r s t - c r d e r necessary 

c o n d i t i o n s f o r the o p t i m i z a t i o n problem but g i v e s the " p l a n n e r " too 

much i n f o r m a t i o n ( i t i s " a n t i c i p a t i v e " or " n o n r e a l i z a b l e " ) . The 

c o r r e c t s o l u t i o n to the problem t a k i n g the i n f o r m a t i o n se t a v a i l a b l e 

to the " p l a n n e r " i n t o account i s the s o l u t i o n of the f i r s t - o r d e r 

necessary c o n d i t i o n s tha t expresses K - as a f u n c t i o n on l y of 



In fo rmat ion that the p lanner possesses at t ime t . Such a s o l u t i o n 

i s s a i d to be " r e a l i z a b l e " o r " n o n a n t i c i p a t i v e " . 

22. By expanding the po lynomia l i n L , i t i s p o s s i b l e to show 

tha t 

1-XBL j - 0 k-j+1 

r 
where 5(L) • I - 2 <5.LJ. N o t i c e tha t the po lynomia l u the l e f t 

j - 1 j 

c i c e of (*) i s one s ided i n nonnegat ive powers oT L , J e e p i t e the 

appearance of L , and t h a t i t i s a po lynomia l of o rder ( r - 1 ) , as 

a s s e r t e d i n the t e x t . The fo rmu la (*) can be de r i ved by mimick ing the 

procedures used i n Hansen and Sargent [23] . The same mathemat ica l 

techn iques used by Hansen and Sargent [23] to d e r i v e exp ress ions l i k e 

(21) or (*) were independent ly u t i l i z e d by F u t i a [15] to compute 

l i n e a r r a t i o n a l expec ta t i ons e q u i l i b r i a . A l s o , w i thout knowing 

of Hansen and S a r g e n t ' s work, John Kennan independent ly de r i ved 

formulas s i m i l a r to (*) i n a p e r s o n a l l e t t e r to me. 

23. From t h i s p o i n t of v i ew , i t i s i r r e l e v a n t whether Granger c a u s a l i t y 

i s c o n s i s t e n t w i t h o n e ' s n o t i o n of what " t r u e " c a u s a l i t y i s . Ch r i s t ophe r 

Sims [57] has desc r i bed the r e l a t i o n s h i p of the concept of Granger 

c a u s a l i t y to t ha t of s t r i c t econometr ic exogene i t y . That a random 

process y f a i l to Granger -cause x i s a necessary c o n d i t i o n f o r 

x to be s t r i c t l y e c o n o m e t r i c a l l y exogenous w i t h respec t to y . 

For t h i s reason , the concept o f Granger c a u s a l i t y i s a l s o u s e f u l i n 

d e s i g n i n g s p e c i f i c a t i o n t e s t s . For a d i s c u s s i o n o f the r e l a t i o n s h i p 

between Granger c a u s a l i t y and econometr ic exogene i ty i n the con tex t 

of l i n e a r r a t i o n a l expec ta t i ons models, see Hansen and Sargent [23] . 



24. Thus F r a n k l i n F i s h e r wro te : " I n p r a c t i c e , except f o r such cova r i ance 

r e s t r i c t i o n s [across d i s t u rbances i n d i s t i n c t s t r u c t u r a l e q u a t i o n s ] , 

r e s t r i c t i o n s which r e l a t e the parameters o f one equat ion to those o f 

one or more o thers a re ex t remely r a r e . There i s no reason i n p r i n c i p l e 

why such cases cannot o c c u r , however, and i t may be wor thwh i le devo t i ng 

a ve ry shor t d i s c u s s i o n to them." [10, p. 176 ] . 

25 . By now, t h i s i s a r o u t i n e and u n c o n t r o v e r s i a l d e f i n i t i o n of an 

" i n t e r v e n t i o n " . A p p l i c a t i o n s of the techn iques of op t ima l c o n t r o l 

theory to the c a l c u l a t i o n of macroeconometr ic and microeconometr ic 

p o l i c y response f u n c t i o n s employ p r e c i s e l y t h i s concept of i n t e r v e n t i o n 

(see e . g . Chow [6 ] , T a y l o r [60] , Kareken , Muench, and Wa l lace [26 ] , 

and Arzac and W i l k i n s o n [2].} 

26. Fo r example, i f i t becomes a c a r t e l when be fo re i t had been 

compe t i t i ve or noncoopera t i ve i n some way. 

27. A t e c h n i c a l q u a l i f i c a t i o n needs t o be added a t t h i s p o i n t . In 

order to have a model capab le of p r e d i c t i n g e f f e c t s of i n t e r v e n t i o n s 

a c t i n g on the 6 ' s , one can sometimes get by wi thout hav ing 

un ique l y i d e n t i f i e d the parameters {A, f , d} . What the resea rche r 

must i d e n t i f y are the parameters of the c h a r a c t e r i s t i c po l ynomia l 

o f the E u l e r equat ion (16) , namely the parameters 4^ , i n 

[gd - (d( l+g) + A ^ n p O L + d L 2 ] = [ g ^ + 4 Q L + ^ L 2 ] 

2 

where = d , and -<j>0 = (d(l+g) + A ^ n g ) . The theory assumes 

tha t the * j ' s w i l l be i n v a r i a n t w i t h respec t to i n t e r v e n t i o n s 

on the 6 ' s . I f the resea rche r can un ique l y i d e n t i f y the * j ' s » 

he can proceed w i t h econometr ic p o l i c y e v a l u a t i o n , even i f he cannot 

un ique ly i d e n t i f y a l l of (A^, f , d ) . In some s e t u p s , the parameters 

of the c h a r a c t e r i s t i c po lynomia ls o f the E u l e r equat ions a re i d e n t i f i e d 

even though on l y an equ iva lence c l a s s of the coun te rpa r t s of (A . , f , d) 



i s i d e n t i f i e d . T h i s i s enough f o r econometr ic p o l i c y e v a l u a t i o n to 

p roceed . T h i s problem i s d i scussed by Hansen and Sargent [22] . i t 

i s t e c h n i c a l l y r e l a t e d to the " i n v e r s e op t ima l c o n t r o l " problem 

(see Mosca and Zappa [44 ] ) . 

28. T h i s message i s a t l e a s t i m p l i c i t i n the work by Lucas and 

P r e s c o t t [37] . Gordon and Hynes [191 made the argument i n an i n f o r m a l 

way. Lucas [34] f o r c e f u l l y brought the message to the a t t e n t i o n 

of macroeconomists. 

29. However, some economists con t i nue to argue tha t e x i s t i n g macro-

econometr ic models can be used to p r e d i c t the e f f e c t s of such 

a r b i t r a r y sequences. (See Friedman [ 1 3 ] ) . 

30. See Benjamin F r iedman -and Franco M o d i g l i a n i [43] . 

31. See Anderson and Moore [1 ] . The Kalman f i l t e r p rov ides a model of 

Bayes ian l e a r n i n g about the 6 ' s where the i n i t i a l p r i o r and the 

p o s t e r i o r s are m u l t i v a r i a t e normal . However, as L a r s Hansen p o i n t s 

out to me, normal p o s t e r i o r s f o r the 6 ' s a re i n a d m i s s i b l e f o r dynamic 

models of the c l a s s desc r i bed here . T h i s i s because the dynamic 

o p t i m i z a t i o n problems we c o n s i d e r may be i l l - p o s e d f o r p o i n t s i n the 

parameter space of 6 ' s f o r which the zeroes of det 6(z) a re l e s s than 

rf5 i n modulus. Only p r i o r s and p o s t e r i o r s that a s s i g n zero p r o b a b i l i t y 

to t h i s reg ion of the parameter space are i n gene ra l a d m i s s i b l e f o r 

our problems. T h i s r u l e s out m u l t i v a r i a t e normal d i s t r i b u t i o n s . Tak ing 

account of t h i s a d m i s s i b i l i t y c o n s t r a i n t s e v e r e l y comp l i ca tes the task 

of b u i l d i n g a model o f op t ima l l e a r n i n g about the 6 ' s . 

32. F u r t h e r , n o t i c e tha t i f the d e c i s i o n r u l e s cou ld be c a l c u l a t e d i n c l o s e d 

form under u n c e r t a i n t y about the 6 ' s , the r e s u l t i n g t ime s e r i e s models 

would have t i m e - v a r y i n g c o e f f i c i e n t s and so be n o n - s t a t i o n a r y . Even 

i f c a l c u l a t i n g the d e c i s i o n r u l e s were a t r a c t a b l e t a s k under u n c e r t a i n t y 



about the 6 ' s , the l o s s of s t a t i o n a r i t y t ha t i t would imply might 

w e l l be a p r i c e tha t the a p p l i e d economist would not be prepared 

to pay even i n exchange f o r the " g r e a t e r r e a l i s m " of the l e a r n i n g 

assumpt ion. 

33. T h i s i s a consequence of the f a c t t ha t the r e p r e s e n t a t i v e f i r m 

v iews i t s e l f as p l a y i n g a dynamic "game aga ins t n a t u r e " , and 

so f i n d s i t opt imal to use a nonrandom s t r a t e g y , t ha t i s , a 

s t r a t e g y tha t can be expressed as an exact f u n c t i o n of i t s i n f o r ­

mat ion v a r i a b l e s and o ther s t a t e v a r i a b l e s . 

34. Th is i s a v e r s i o n of the model of the e r ro r term ana lyzed by 

Hansen and Sargent [23] and Sargent [52]. 

35. Wc have assumed that and a re the " innovat ions : >v <.:t-c;. op-

ahead e r r o r s i n p r e d i c t i n g and u £ on the b a s i s of obse rva t i ons 

on a l l v a r i a b l e s i n agen ts ' i n f o rma t i on set a t t ime t-1 (see f oo tno te 

6). Th i s i m p l i e s t ha t i s o r thogona l to a l l v a r i a b l e s on the 

r i g h t s i d e of (25). I f we assume tha t v" i s o r t hogona l to V ^ , 

i t a l c o i m p l i e s that V -" i s o r thogona l to Y . I - o s ; i n ; t ;.t 
t i_ 

v" i s o r thogona l to D ^ t amounts to assuming tha t D.^ i s s t r i c t l y 

exogenous i n (26), which i s s t r onge r than the Granger c a u s a l i t y assumpt ions 

a l ready imposed on Dj_t> namely, t ha t except f o r lagged D ' s , no other 

v a r i a b l e s i n the model Granger-cause . 

36. There i s a s i n g u l a r c l a s s of excep t ions to t h i s s ta tement . In 

the s p e c i a l case tha t 

(+> E D l t + J | f p t . s r o . E D l t + . | ( V . s r o 

37. f o r a l l j > 1, D i t ' s w i l 1 appear i n the demand schedu le but not 

i n the supply schedu le . The c o n d i t i o n (+) i s u s u a l l y thought to 

be exceed ing ly u n l i k e l y f o r any economic t ime s e r i e s { D ^ } . 

These remarks about i d e n t i f i c a t i o n should be compared to M i l t o n 

F r iedman 's d i s c u s s i o n [11] of the c o n d i t i o n s needed f o r " s u p p l y " 

and "demand" to p rov ide a u s e f u l c a t e g o r i z a t i o n o f the f a c t o r s 



imp ing ing on p r i c e and ou tpu t . Friedman argued tha t the c a t e g o r i -

z a t i o n was u s e f u l to the extent tha t i t e f f e c t i v e l y s o r t e d f o r c e s 

a c t i n g on p r i c e and output i n t o mutua l l y e x c l u s i v e c a t e g o r i e s . 

38. The f a c t tha t the demand curve e x c 1 :s some v a r i a b l e s tha t appear 

i n the supp ly schedu le i s due to the s t a t i c s p e c i f i c a t i o n f o r the 

demand cu rve . Th is f e a t u r e of the model would not s u r v i v e a v a r i e t y 

o f a l t e r a t i o n s tha t might p l a u s i b l y be used to i n t roduce dynamics i n t o 

the demand cu rve . For example, i f the demand schedule i nvo l ved 

expected f u t u r e p r i c e s as arguments, a l l v a r i a b l e s tha t he lp to 

p r e d i c t f u t u r e p r i c e s would appear i n the e c o n o m e t r i c a l l y o p e r a t i o n a l 

e x p r e s s i o n f o r cu r ren t p tha t would cor respond to (26) . 

39. T h i s c h a r a c t e r i s t i c of i d e n t i f i c a t i o n i n r a t i o n a l expec ta t i ons models 

has been noted i n v a r i o u s con tex t s by s e v e r a l au thors i n c l u d i n g Lucas 

[35] and Sims [58]. 

40 . See Hansen and Sargent [23] f o r a d i s c u s s i o n of the d e t a i l s . 

4 1 . Th i s r e s t r i c t i o n was c r i t i c i z e d by Lucas [ ] and Sargent [ ] 

f o r e s s e n t i a l l y the same reasons g iven here. 

42. A po i n t r e l a t e d to tha t r a i s e d i n f oo tno te 29 i s r e l e v a n t here . 

P r i o r s and p o s t e r i o r s tha t a s s i g n p o s i t i v e p r o b a b i l i t y to p o i n t s 

i n r eg ions f o r which zeroes of det 6(z) a re l e s s than /jT~ 

i n modulus a re i n a d m i s s i b l e . T h i s i s because under such d i s t r i b u t i o n s , 

f o r some reg ions i n the parameter space w i t h p o s i t i v e p r o b a b i l i t y , 

the dynamic optimum problems a re not w e l l posed. Tak ing t h i s i n t o 

account would s u b s t a n t i a l l y comp l i ca te the a n a l y s i s s i n c e i t would 

i n v o l v e us ing mathemat ica l l y l e s s t r a c t a b l e d i s t r i b u t i o n s . 

43 . T h i s model of the e r ro r term was o r i g i n a l l y proposed by S h i l l e r [ 5 5 ] 

i n a r e l a t e d but somewhat d i f f e r e n t c o n t e x t . The model was 

a p p l i e d i n the present con tex t by Hansen and Sargent [23] . N e r l o v e , 

Gre ther and Carvalho [49] a l s o recommend S h i l l e r ' s model of the 

e r r o r term. 



44. See Hansen and Sargent [23] . 

45 . A g a i n , see Hansen and Sargent [23] . 

46. Under r e g u l a r i t y c o n d i t i o n s prov ided by Hansen [20]> the es t ima to rs 

of the u n d e r l y i n g parameters a re shown to be c o n s i s t e n t , and 

most e f f i c i e n t w i t h i n a r e s t r i c t e d c l a s s of e s t i m a t o r s . Hansen 's 

d i s c u s s i o n of the c o n d i t i o n s f o r c o n s i s t e n c y , wh ich a l s o has 

i m p l i c a t i o n s f o r the c o n d i t i o n s f o r c o n s i s t e n c y of maximum l i k e l i ­

hood e s t i m a t o r s , i s a t t h i s da te the key r e f e r e n c e on i s s u e s of 

s t a t i s t i c a l c o n s i s t e n c y i n l i n e a r r a t i o n a l expec ta t i ons models. 

47. I assume tha t each of the i nnova t i ons 

{ V

c v h v h v h v c v c v c v h } 

l w t * wt* l i t ' D t ' u t ' V D t ' Et' e t ' 

i s o r thogona l to the i n f o rma t i on set 

^ - s ' W t - s ' ^ t - s ' D t - s ' e h t - s ' e c t - s ' u h t - s ' U c t - s ; S ^ 1 K 

48. T h i s can be e s t a b l i s h e d as f o l l o w s . F i r s t , o b t a i n the E u l e r equat ions 

f o r the s o c i a l p lann ing problem of max imiz ing (29) . Nex t , o b t a i n the 

E u l e r equat ions f o r the optimum problems (20) and (21) of the 

r e p r e s e n t a t i v e hog and corn farmers , r e s p e c t i v e l y . Upon u s i n g 

K. t = nkh t » and K c t • m k c t to e l i m i n a t e k ^ and k , t from the 

r e p r e s e n t a t i v e f i r m s ' E u l e r equat ions i n favo r of K.^ and K , i t 

w i l l be no t i ced tha t the r e s u l t i n g equat ions are the E u l e r equat ions 

of the s o c i a l p l ann ing prob lem. T h i s argument p a r a l l e l s tha t used 

i n s e c t i o n 1. Fur thermore, i t can be demonstrated tha t the t r a n s -

v e r s a l i t y c o n d i t i o n s o f the p l ann ing problem and the r e p r e s e n t a t i v e 

f i r m s ' problems a l s o match up. 



As I have i n t e r p r e t e d the models d e s c r i b e d i n t h i s paper , agents 

are regarded as u s i n g a l ong l i s t of s t a t e v a r i a b l e s to f o r e c a s t 

f u t u r e p r i c e s . A c r i t i c i s m of t h i s i n t e r p r e t a t i o n of the models, 

which i s c a l l e d to mind by the naming of commodit ies as " c o r n " 

and " h o g s " , might be tha t i t i gno res the e x i s t e n c e of f u t u r e s 

markets wh ich con f ron t agents w i t h p r i c e s a t wh ich they can 

purchase o r s e l l f o r f u t u r e d e l i v e r y . So maybe agents are be ing 

modeled as hav ing to f o r e c a s t too much. In the contex t of a 

s u f f i c i e n t l y l a r g e se t of markets i n s t a t e con t ingen t f u t u r e s 

c l a i m s , agents would have to do no f o r e c a s t i n g . I t would be a 

more or l e s s s tandard a p p l i c a t i o n of the Arrow-Debreu apparatus 

to r e i n t e r p r e t the cu r ren t models as ones i n which the re i s a 

complete se t of Arrow-Debreu cont ingent c l a ims marke ts . Lucas 

and P r e s c o t t [ ] and Sargent [ , pp. 376-7] p rov ide examples 

of such r e i n t e r p r e t a t i o n s i n r e l a t e d c o n t e x t s . So the re i s a 

l i m i t e d sense i n which the models desc r i bed here a re models of 

f u t u r e s marke ts , l i m i t e d because the models seems to e x p l a i n 

" too many" such f u t u r e s markets . 


