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ABSTRACT 

We s t u d y an o v e r l a p p i n g g e n e r a t i o n s model w h i c h c o n t a i n s a c a p i t a l 
good t h a t r e s e m b l e s a c t u a l g o l d . T h i s c a p i t a l good can he s t o r e d 
w i t h o u t p h y s i c a l l y d e p r e c i a t i n g and c a n , by u s i n g o t h e r r e s o u r c e s , 
be c o n v e r t e d back and f o r t h between g o l d j e w e l r y w h i c h y i e l d s 
u t i l i t y d i r e c t l y and raw g o l d w h i c h does n o t . Under t h e a s s u m p ­
t i o n t h a t t h e t h r e e u t i l i t y - y i e l d i n g o b j e c t s — f i r s t and second 
p e r i o d consump t i on and j e w e l r y — a r e g r o s s s u b s t i t u t e s , s t a t i o n a r y 
e q u i l i b r i a a r e shown t o e x i s t and a r e c h a r a c t e r i z e d ; f o r some 
p a r a m e t e r v a l u e s , t h e r e a r e i n e f f i c i e n t e q u i l i b r i a , w h i l e f o r 
o t h e r s t h e r e a r e e f f i c i e n t e q u i l i b r i a . Bo th t y p e s can be i n t e r ­
p r e t e d as commodi ty money e q u i l i b r i a . 

*An e a r l i e r v e r s i o n o f t h i s p a p e r was p r e s e n t e d a t a s e m i n a r a t 
MIT. We a r e i n d e b t e d t o t he p a r t i c i p a n t s f o r comments, many o f 
w h i c h a r e r e f l e c t e d i n t h e p r e s e n t v e r s i o n . The v iews e x p r e s s e d 
h e r e i n a r e t h o s e of t h e a u t h o r s and no t n e c e s s a r i l y t h o s e o f t h e 
F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s o r t h e F e d e r a l R e s e r v e S y s t e m . 



One w i d e l y - h e l d n o t i o n about commodity money sys tems i s 

t h a t t hey a r e i n e f f i c i e n t i f u s i n g t h e commodity as money p r e ­

c l u d e s u s i n g i t as a consump t i on good o r as a p r o d u c t i v e i n p u t . 

One c o h e r e n t but no t w i d e l y a c c e p t e d i n t e r p r e t a t i o n o f t h i s i n ­

e f f i c i e n c y n o t i o n i n v o l v e s i d e n t i f y i n g i t w i t h t h e i n e f f i c i e n t o r 

o v e r a c c u m u l a t i o n - o f - c a p i t a l e q u i l i b r i a o f o v e r l a p p i n g g e n e r a t i o n s 

models .—^ T h i s i n t e r p r e t a t i o n seems no t t o be w i d e l y a c c e p t e d i n 

p a r t b e c a u s e t h e c a p i t a l goods o f most o v e r l a p p i n g g e n e r a t i o n s 

models do no t resemb le t h e o b j e c t s used a s commodi ty m o n i e s — f o r 

e x a m p l e , t h e p r e c i o u s m e t a l s . Our g o a l i n t h i s p a p e r i s t o o v e r ­

come t h i s o b j e c t i o n a n d , t h e r e b y , t o make t h e above i d e n t i f i c a t i o n 

more p a l a t a b l e . We do t h i s by d i s p l a y i n g and a n a l y z i n g an o v e r ­

l a p p i n g g e n e r a t i o n s model i n w h i c h t h e c a p i t a l good d i s p l a y s some 

o f t h e t e c h n o l o g i c a l f e a t u r e s o f a c t u a l commodi ty m o n i e s . 

The c a p i t a l o f our o v e r l a p p i n g g e n e r a t i o n s m o d e l , wh i ch 

we l a b e l " g o l d , " has f e a t u r e s t h a t make i t r e s e m b l e a p r e c i o u s 

m e t a l l i k e g o l d . The re i s a f i x e d and i n d e s t r u c t i b l e s t o c k o f i t 

wh i ch can p o t e n t i a l l y t a k e t h r e e forms a t each d i s c r e t e d a t e t : 

"new j e w e l r y , " " raw g o l d , " and " o l d j e w e l r y . " The f i r s t g i v e s 

u t i l i t y t o t h o s e who h o l d i t f rom t t o t + 1. However , a t t + 1 , 

i t a u t o m a t i c a l l y becomes o l d j e w e l r y , wh ich does not g i v e u t i l i t y 

t o o t h e r p e o p l e who h o l d i t s u b s e q u e n t l y . O ld j e w e l r y c a n , how­

e v e r , be t u r n e d i n t o u t i l i t y - y i e l d i n g new j e w e l r y by e x p e n d i n g 

nongo ld r e s o u r c e s . I t must f i r s t , v i a a c o s t l y t e c h n o l o g y , b e 

t u r n e d i n t o raw g o l d and t h e n t h e raw g o l d , v i a a n o t h e r c o s t l y 

t e c h n o l o g y , g e t s t u r n e d i n t o new j e w e l r y . As we w i l l s e e , w h e t h e r 

an e q u i l i b r i u m f o r our model i s e f f i c i e n t o r no t depends on t h e 
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form i n wh ich g o l d ends up b e i n g h e l d . In p a r t i c u l a r , a l t h o u g h 

n e i t h e r o l d j e w e l r y no r raw g o l d y i e l d s u t i l i t y , o n l y h o l d i n g s o f 

t h e l a t t e r ( f o r e v e r ) i m p l y i n e f f i c i e n c y . 

The p a p e r i s o r g a n i z e d and i t s main r e s u l t s a r e as 

f o l l o w s . The model i s d e s c r i b e d i n d e t a i l i n S e c t i o n 1. The 

c o n d i t i o n s f o r a p e r f e c t f o r e s i g h t c o m p e t i t i v e e q u i l i b r i u m a r e 

deve loped and s e t out i n S e c t i o n 2 . In S e c t i o n 3 , we p r o v e t h e 

e x i s t e n c e o f and p a r t l y c h a r a c t e r i z e s t a t i o n a r y e q u i l i b r i a . I t 

t u r n s out t h a t t h e a s s u m p t i o n o f g r o s s s u b s t i t u t i o n among t h e 

t h r e e u t i l i t y - y i e l d i n g o b j e c t s — n o n g o l d consumpt ion when young and 

when o l d and new j e w e l r y — p l a y s a c r u c i a l r o l e i n t h e e x i s t e n c e 

p r o o f . I n d e e d , as a rgued i n A p p e n d i x 2 , such an a s s u m p t i o n i s 

n e c e s s a r y f o r e x i s t e n c e even o f a s t e a d y s t a t e . In S e c t i o n h, we 

c h a r a c t e r i z e s t a t i o n a r y e q u i l i b r i a i n te rms o f P a r e t o - o p t i m a l -

i t y . I t t u r n s out t h a t t h e r e i s no p r i c e c h a r a c t e r i z a t i o n o f 

o p t i m a l i t y , bu t t h a t t h e r e i s one i n te rms o f t h e o b j e c t s h e l d i n 

an e q u i l i b r i u m . A n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r i n e f f i ­

c i e n c y o f a s t a t i o n a r y e q u i l i b r i u m i s t h a t raw g o l d i s h e l d . In 

S e c t i o n 5» we i n t r o d u c e f i a t money and examine t h e r e l a t i o n s h i p 

between i t s e q u i l i b r i u m v a l u e and t he e q u i l i b r i u m r e l a t i v e p r i c e 

o f g o l d and n o n g o l d g o o d s . The i m p l i e d r e l a t i o n s h i p i s c o n s i s t e n t 

w i t h t h e - n o t i o n t h a t a commodity ( g o l d ) i s more v a l u a b l e i n te rms 

o f o t h e r commod i t i es t h e more i m p o r t a n t i s i t s r o l e a s a commodi ty 

money. Most of t h e p r o o f s appea r i n Append i x 1. 



- 3 -

1 . The Mode l 

The model i s o f a. d i s c r e t e t ime economy d e f i n e d ove r 

i n t e g e r d a t e s t > 1. I t i s an o v e r l a p p i n g g e n e r a t i o n s model o f 

t w o - p e r i o d l i v e d g e n e r a t i o n s , wh i ch d i f f e r s f rom o t h e r such models 

because o f t h e r o l e p l a y e d by t h e c a p i t a l good w h i c h we c a l l g o l d . 

R e s o u r c e s and T e c h n o l o g i e s 

A t each d a t e t , t he economy has a new s o c i a l endowment 

o f W > 0 u n i t s o f a g o o d , w h i c h we c a l l t i m e t b r e a d . Time t 

b r e a d cannot be c o n v e r t e d v i a a p r o d u c t i o n p r o c e s s i n t o t i m e t + J 

b r e a d , f o r any j * 0 . 

The o n l y o t h e r r e s o u r c e o f t h i s economy i s a p o s i t i v e 

s t o c k o f g o l d a t t = 1. We assume t h a t t h i s i s i n t h e fo rm o f 

" o l d j e w e l r y . " G o l d can p o t e n t i a l l y t a k e t h r e e forms a t each 

d a t e ; o l d j e w e l r y , raw g o l d , and new j e w e l r y . As d e s c r i b e d b e l o w , 

o n l y new j e w e l r y i s an argument o f u t i l i t y f u n c t i o n s . 

There a r e s i m p l e , f i x e d p r o p o r t i o n t e c h n o l o g i e s a v a i l ­

a b l e f o r p r o d u c i n g each form, o f g o l d . F o r any q > 0 , q u n i t s o f 

new j e w e l r y a t t can be p roduced u s i n g q u n i t s o f raw g o l d a t t 

and a-^q u n i t s o f t ime t b r e a d , where a ^ > 0 . There a r e two ways 

t o p roduce raw g o l d a t t . F o r any q > 0 , q u n i t s o f raw g o l d a t t 

can be p roduced f rom q u n i t s o f raw g o l d a t t - 1 (by s t o r i n g t he 

raw g o l d a t t - l ) ; i t can a l s o be p roduced u s i n g q u n i t s o f o l d 

j e w e l r y a t t and a^q u n i t s o f t i m e t b r e a d , where &2 > 0. The re 

a r e a l s o two ways t o p roduce o l d j e w e l r y a t t . F o r any q > 0 , q 

u n i t s o f o l d j e w e l r y a t t can be p roduced f rom q u n i t s o f o l d 

j e w e l r y a t t - 1 o r f rom q u n i t s o f new j e w e l r y a t t - 1. In 
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o t h e r w o r d s , b o t h raw g o l d and o l d j e w e l r y can he s t o r e d w i t h o u t 

p h y s i c a l l y d e p r e c i a t i n g o r a p p r e c i a t i n g and new j e w e l r y a t t - 1 

a u t o m a t i c a l l y becomes o l d j e w e l r y a t t . O ld j e w e l r y a t t can a t a 

c o s t o f &2 p e r u n i t i n t e rms o f b r e a d a t t be t u r n e d i n t o raw g o l d 

a t t and t h e l a t t e r can a t a c o s t o f a-^ p e r u n i t i n t e r m s o f b r e a d 

a t t be t u r n e d i n t o new j e w e l r y a t t . 

Our t e c h n o l o g i c a l a s s u m p t i o n s , r e p r e s e n t e d s c h e m a t i c a l l y 

i n F i g u r e 1, i m p l y t h e f o l l o w i n g d e f i n i t i o n f o r f e a s i b l e , u t i l i t y -

y i e l d i n g a g g r e g a t e s . In s t a t i n g t h e d e f i n i t i o n , we u s e t h e f o l ­

l o w i n g n o t a t i o n : C j ._^ ( t ) [C^.(t)] i s t o t a l consump t i on o f t ime t 

b r e a d by t h e members o f g e n e r a t i o n t - 1 f t ] , D+ i s t h e s t o c k o f 

new j e w e l r y a t t , and. G^ ( K . ) i s t h e s t o c k o f raw g o l d ( o l d j e w ­

e l r y ) h e l d f rom t t o t + 1. 

D e f i n i t i o n . G i v e n Kq > 0 , Gq = Dq = 0 , a n o n n e g a t i v e sequence 

{C^._j( t) ,C j . ( t ) ,D^} i s f e a s i b l e i f t h e r e e x i s t s a n o n n e g a t i v e 

sequence {G^K.,.} t h a t f o r a l l t > 1 s a t i s f i e s 

(1) D t + Kt + G t = D t _ x + K t _ 1 + G t _ 1 

(2) c t - l ^ ) + c t ( t ) + a l D t + a 2 ( D t + G t " G t - l ) < W 

(3) D t + G t - G t _ L > 0 

E q u a l i t y ( l ) l i m i t s t h e s t o c k o f g o l d a t t i n a l l i t s 

forms t o t h e s t o c k a t t - 1 . Impos ing e q u a l i t y h e r e i s w i t h o u t 

l o s s o f g e n e r a l i t y s i n c e o l d j e w e l r y (and raw g o l d ) can be c o s t -

l e s s l y s t o r e d f rom one da te t o t h e n e x t . I n e q u a l i t y (2) i s t h e 

c o n s t r a i n t on uses o f t ime t b r e a d . The f i r s t two te rms a r e 

d i r e c t consumpt ion by members o f g e n e r a t i o n s t - 1 and t , r e s p e c -



t i v e l y . The t h i r d i s b r e a d used i n p r o d u c i n g new J e w e l r y f rom raw 

g o l d , and t he f o u r t h i s b r e a d used i n t r a n s f o r m i n g p a r t o f t he 

s t o c k o f o l d j e w e l r y i n t o raw g o l d . I n e q u a l i t y (3) e x p r e s s e s t h e 

i r r e v e r s i b i l i t y o f t he p r o c e s s f o r c o n v e r t i n g o l d j e w e l r y i n t o raw 

g o l d . Impos ing i t r u l e s ou t a l l o c a t i o n s t h a t c a l l f o r c o n v e r t i n g 

raw g o l d a t t i n t o o l d j e w e l r y a t t and t ime t b r e a d . 

P r e f e r e n c e s and Endowments 

We d i s t i n g u i s h between t h e " o l d " a t t = 1, t he members 

o f g e n e r a t i o n 0 , and eve ryone e l s e . Each member o f g e n e r a t i o n 0 

max im izes h i s o r h e r consump t i on o f t i m e 1 b r e a d . Each i s endowed 

w i t h some t i m e 1 b r e a d and w i t h some o l d J e w e l r y . Among t h e m , t h e 

members o f g e n e r a t i o n 0 own Kq , t h e e n t i r e i n i t i a l s t o c k o f o l d 

j e w e l r y . 

A l l o t h e r g e n e r a t i o n s a r e i d e n t i c a l as r e g a r d s p r e f e r ­

ence and endowment t y p e s and numbers . Member h i n g e n e r a t i o n t , t 

> 1 , max im izes u t i l i t y , denoted u* 1 (c} ( t ) , c ^ ( t+1) , d ! ) ) , where t h e 

s u b s c r i p t deno tes g e n e r a t i o n and t h e f i r s t argument i s t i m e t 

b r e a d , t h e second i s t ime t + 1 b r e a d , and t h e t h i r d i s new j e w ­

e l r y a t t t h a t i s h e l d f rom t t o t + 1 (a t w h i c h t i m e i t becomes 

o l d J e w e l r y ) . There a r e H members i n each g e n e r a t i o n . 

We assume t h a t u n i s t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e , 

s t r i c t l y q u a s i - c o n c a v e , and i s such t h a t a l l goods a r e g r o s s 

s u b s t i t u t e s . As r e g a r d s endowments, h i n g e n e r a t i o n t i s endowed 

w i t h some t i m e t b r e a d , ŵ ? ( t ) > 0 , and w i t h some t i m e t + 1 b r e a d 

w ^ ( t + l ) > 0 , hut i s not endowed w i t h new j e w e l r y o r g o l d i n any 

f o r m . 



- 6 -

As we w i l l show, t h i s s p e c i f i c a t i o n i m p l i e s t h a t t h e r e 

i s a s t a t i o n a r y o r c o n s t a n t - o v e r - t i m e e q u i l i b r i u m . The g r o s s 

s u b s t i t u t e s a s s u m p t i o n t u r n s out t o be i m p o r t a n t f o r e x i s t e n c e o f 

s u c h an e q u i l i b r i u m . 

2 . C h o i c e , Demands, and E q u i l i b r i u m 

We assume c o m p e t i t i v e b e h a v i o r a n d , b e c a u s e we w i l l be 

l o o k i n g a t p e r f e c t f o r e s i g h t e q u i l i b r i a , w i l l no t d i s t i n g u i s h 

between a c t u a l and a n t i c i p a t e d p r i c e s . 

F o r t > 1, h i n g e n e r a t i o n t f a c e s t he f o l l o w i n g c o n ­

s t r a i n t s : 

( i o c j(t) • ( p t v ; < v > ) - i : - p t ? : - v t < 

( 5 ) e b ( t + 1 ) < w h ( t + 1 ) + v h + w h + V t + i ( d j + k h ) 

where p .̂ i s t h e p r i c e o f raw g o l d a t t i n u n i t s o f t i m e t b r e a d , 

1^ i s l o a n s g r a n t e d by h , g] 1 > 0 i s raw g o l d t h a t h c a r r i e s f rom t 

t o t + 1, v t i s t h e p r i c e o f o l d j e w e l r y a t t i n u n i t s o f t i m e t 

b r e a d , k^ > 0 i s o l d j e w e l r y t h a t h c a r r i e s f rom t t o t + 1, and 

r^ i s t h e g r o s s r e a l r e t u r n on l o a n s g r a n t e d i n t i m e t b r e a d and 

p a i d back i n t i m e t + 1 b r e a d . 

C o n s t r a i n t s (h) and (5) a r e v a l i d c o n s t r a i n t s on t h e 

arguments o f u^ f o r n o n n e g a t i v e p r i c e s t h a t s a t i s f y v+ > p+ -

T h i s i n e q u a l i t y i s s a t i s f i e d i n any e q u i l i b r i u m because i t 

e x p r e s s e s t h e r e q u i r e m e n t t h a t p r o f i t s f rom t u r n i n g o l d j e w e l r y 

i n t o raw g o l d a r e not p o s i t i v e . 

S i n c e we assume t h a t 1̂ " i s u n c o n s t r a i n e d , wh i ch i s t o 

s a y t h a t h can e i t h e r b o r r o w o r l e n d a t r + , ( M and (5) a r e e q u i v -
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a l e n t t o t h e f o l l o w i n g s i n g l e c o n s t r a i n t o b t a i n e d by e l i m i n a t i n g 

( l / r t ) v j ( t + l ) 

where 

5 t = ( p t + l / r t - p t } ' 6 t = ( v t + l / r t - V t } -

In any e q u i l i b r i u m , h must f a c e a budget se t t h a t i s 

bounded i n t h e o b j e c t s t h a t g i v e u t i l i t y . T h e r e f o r e , i n any 

h h e q u i l i b r i u m , t h e c o e f f i c i e n t o f g . , £. , and t h a t o f k. , 6 + , canno t 
X t 1 , 1 -

be p o s i t i v e . M o r e o v e r , g£ > 0 i m p l i e s = 0 , £^ < 0 i m p l i e s 

g£ = 0 , k£ > 0 i m p l i e s & t = 0 , and 6 t < 0 i m p l i e s k£ = 0 . T h u s , 

i n any e q u i l i b r i u m 

(7) ? t < 0 , 6 t < 0 , g \ = 0 , k j 6 t = 0 

I t f o l l o w s t h a t f o r p r i c e s t h a t s a t i s f y t h e i n e q u a l i t i e s o f ( 7 ) , 

t h e budget se t c o n s t r a i n i n g t he arguments o f u*1 ca.n be w r i t t e n 

w i t h t h e te rms i n g!? and k!? o m i t t e d o r as 

( R ) S l t C t ( t ) + S 2 t C t ( t + l ) + S 3 t d t < + S 2 t W t ( t + l ) 

where 

( 9 ) s l t 1 B 2 t a 1 / r t ' s 3 t E a l + p t " Wrf 

Under ou r a s s u m p t i o n s about u* 1 , m a x i m i z a t i o n o f u*1 

s u b j e c t t o (8) i m p l i e s (8) (and [k) and (5)) a t e q u a l i t y and 

d i f f e r e n t i a b l e demand f u n c t i o n s , c^(s^. ) f o r c ^ ( t + l ) ( s e c o n d p e r i o d 

c o n s u m p t i o n o f b r e a d ) and d ^ ( s ^ ) f o r d ^ (new J e w e l r y ) , where s ^ = 
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( s l t ' s 2 t ' s 3 t ^ * '^rie S r o s s s u b s t i t u t e s a s s u m p t i o n s a y s t h a t c ^ ( s+ ) 

i s n o n d e c r e a s i n g i n s - ^ and s ^ and d e c r e a s i n g i n S2^- and t h a t 

d^(s^.) i s n o n d e c r e a s i n g s ^ and s ^ and d e c r e a s i n g i n So+. 

Now l e t C ( s t ) and D ( s t ) deno te £ h c h ( s t ) and £ h d h ( s t ) , 

r e s p e c t i v e l y , where t h e summat ion i s o v e r a l l members o f g e n e r a ­

t i o n t . These a g g r e g a t e f u n c t i o n s p o s s e s s t h e p r o p e r t i e s o f t h e 

c o r r e s p o n d i n g i n d i v i d u a l f u n c t i o n s no ted a b o v e . — / M o r e o v e r , a s 

t h e n o t a t i o n i n d i c a t e s , t h e s e f u n c t i o n s do not depend on t i m e 

because d i f f e r e n t g e n e r a t i o n s a r e i d e n t i c a l . I t i s c o n v e n i e n t t o 

d e f i n e ^ = I h w £ ( t ) and W 2 = £ b w £ ( t + l ) , and t o no te t h a t G t = £ h g £ 

v h 

and = i h ^ f w ^ e r e t h e s e summat ions a r e a l s o o v e r t h e members o f 

g e n e r a t i o n t . 

We a r e now ready t o d e f i n e a p e r f e c t f o r e s i g h t c o m p e t i ­

t i v e e q u i l i b r i u m , o r , s i m p l y , f rom now o n , an e q u i l i b r i u m . 

D e f i n i t i o n . G i v e n Kq > 0 , an e q u i l i b r i u m c o n s i s t s o f a p o s i t i v e 

sequence f o r r t and n o n n e g a t i v e sequences f o r p t , v t , G + , and K .̂ 

t h a t f o r a l l t > 1 s a t i s f y ( 7 ) , v t > p^ - a ^ , and 

(10) C ( s t ) - W 2 = P t + 1 [ G t + 1 + D ( s t + 1 ) l + v t + 1 K + + 1 

- a ? f D ( s t ) + K t - K t + 1 l 

(11) D ( s t ) + K,. + G t = K Q . 

E q u a t i o n (10) e x p r e s s e s e q u a l i t y between t h e e x c e s s 

demand f o r t i m e t + 1 b r e a d on t h e p a r t o f g e n e r a t i o n t ( t he l e f t -

hand s i d e ) and t h e net e x c e s s s u p p l y o f t h a t good by members o f 

g e n e r a t i o n t + 1, ne t o f t h e amount used t o c o n v e r t o l d j e w e l r y 

i n t o raw g o l d , t h e te rm i n a? ( t h e r i g h t - h a n d s i d e ) . E q u a t i o n 
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(11) r e q u i r e s t h a t t h e demand f o r g o l d i n a l l i t s fo rms he e q u a l 

t o t he i n h e r i t e d amount . ( I m p o s i n g e q u a l i t y i n ( l l ) i s i n n o c u o u s 

s i n c e a t a z e r o p r i c e f o r o l d j e w e l r y (vj. = 0 ) , i n d i v i d u a l s a r e 

i n d i f f e r e n t abou t t h e amount o f o l d j e w e l r y t h e y h o l d . ) 

We w i l l c o n c e r n o u r s e l v e s o n l y w i t h t h e e x i s t e n c e and 

p r o p e r t i e s o f s t a t i o n a r y e q x i i l i h r i a , e q u i l i b r i a f o r wh i ch t h e r t 

p t , v + , G^., and K .̂ sequences a r e c o n s t a n t s e q u e n c e s . 

3. E x i s t e n c e o f S t a t i o n a r y E q u i l i b r i a 

L e t us d e f i n e C ' ( r , p ) = C ( s - p S 2 , S g ) a n ( 5 D ' ( r , p ) = D(s -L»s 2 ,Sg ) 

where s-^ = 1 , = and s-^ = a-^ + a ^ / 1 * + p ( l - l / r ) » Note t h a t 

t h i s e x p r e s s i o n f o r s ^ f o l l o w s f rom i m p o s i n g v^ = p t - a 2 f o r a l l 

t . ( S t a t i o n a r y e q u i l i b r i a w i t h v t > p t - a 2 do not e x i s t , b e c a u s e 

t h e i n e q u a . l i t y i m p l i e s t h a t o l d j e w e l r y i s no t c o n v e r t e d i n t o new 

j e w e l r y a t t . ) Note t h a t a t r = 1, So = a-^ + a 2 , a n d , i n p a r t i c u ­

l a r , does no t depend on p . T h u s , C ' ( l , p ) = C ( l , l , a - L + a 2 ) = C* and 

n ' ( l , p ) = D ( l , l , a - ] + a 2 ) = D* . The magn i tudes C* and D* a r e t h e 

q u a n t i t i e s demanded o f second p e r i o d c o n s u m p t i o n o f b r e a d and o f 

new j e w e l r y , r e s p e c t i v e l y , when t h e r e a l r a t e o f i n t e r e s t i s z e r o 

( r t = 1) and when t h e p r i c e o f raw g o l d i s no t c h a n g i n g and i s 

c o n s i s t e n t w i t h p r o d u c i n g raw g o l d f rom o l d j e w e l r y . By ( 7 ) , 

t h e s e a r e n e c e s s a r i l y t h e e q u i l i b r i u m q u a n t i t i e s i n a s t a t i o n a . r y 

e q u i l i b r i u m i n w h i c h raw g o l d o r o l d j e w e l r y i s s t o r e d . In p r o p ­

o s i t i o n 1, we w i l l be c h a r a c t e r i z i n g s t a t i o n a r y e q u i l i b r i a i n 

t e rms o f t he s i g n s o f C * - Wg and D* - K Q . 

Our d e f i n i t i o n o f an e q u i l i b r i u m i m p l i e s t h e f o l l o w i n g 

d e f i n i t i o n o f a s t a t i o n a r y e q u i l i b r i u m . 
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D e f i n i t i o n . A s t a t i o n a r y e q u i l i b r i u m c o n s i s t s o f a p o s i t i v e 

s c a l a r r and n o n n e g a t i v e s c a l e r s p - a 2 , G , and K t h a t s a t i s f y 

( 1 2 ) C ' ( r , p ) - W 2 = pG + ( p - a 2 ) ( K + D ' ( r , p ) ] , 

(13) D ' ( r , p ) + K + G = K q , 

and r > 1 w i t h r = 1 i f G + ( p - a 2 ) K > 0 , t h e s e l a s t b e i n g t h e s t a ­

t i o n a r y v e r s i o n o f ( 7 ) . ( F o r = p_ - a 2 , a n e c e s s a r y c o n d i t i o n 

f o r a s t a t i o n a r y e q u i l i b r i u m , ( 1 2 ) and ( 1 3 ) a r e t h e s t a t i o n a r y 

v e r s i o n s o f ( 1 0 ) and ( l l ) . ) 

The f o l l o w i n g f o u r lemmas ( t h e i r p r o o f s a p p e a r i n A p ­

p e n d i x l ) e s t a b l i s h p r o p e r t i e s o f t h e C and D* f u n c t i o n s . These 

a r e used i n e s t a b l i s h i n g e x i s t e n c e and some p r o p e r t i e s o f s t a ­

t i o n a r y e q u i l i b r i a . 

Lemma 1 . F o r any p > a 2 , (a ) IWJ > C ' ( r , p ) - W 2 ; (b) C j ( r , p ) > 

0 ; and ( c ) C ' ( r , p ) + • a s r *• °°. 

In F i g u r e 2 , f o r an a r b i t r a r y p > a 2 , we i l l u s t r a t e two 

a l t e r n a t i v e C ' ( r , p ) f u n c t i o n s , one f o r C * - W 2 > 0 , t h e o t h e r f o r 

C * - W 2 < 0 . The p o s i t i v e s l o p e — i . e . , p r o p e r t y ( b ) — i s a c o n s e ­

quence o f our g r o s s s u b s t i t u t e s a s s u m p t i o n . 

Lemma 2 . L e t p* = max ( a 2 , ( C * - V J 2 + a 2 K 0 ) / K q ] and d e f i n e <Ji(p) f o r p > 

P * by 

( l l * ) C' ( i |>(p) ,p) - W 2 - ( p - a 2 ) K Q 

Then i|>(p) i s a c o n t i n u o u s f u n c t i o n such t h a t tji(p) > ( p - e ^ ^ / W ^ . — ^ 

The l o c u s (p ,<Kp) ) c o n s i s t s o f a l l p a i r s ( p , r ) c o n s i s ­

t e n t w i t h ( 1 2 ) and ( 1 3 ) combined and w i t h G = 0 . In F i g u r e 3 , we 
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i l l u s t r a t e t h e p o i n t s ( p , r ) = (p,<|>(p)) f o r two c a s e s , C * - W 2 > 0 

and C * - Wg < 0 . 

Lemma 3 . (a) F o r any r > 1, D ' ( r , p ) + °° as p + - (a -^+ag / r ) 

r / ( r - l ) , D ' ( r , p ) + 0 a s p + » , and D ? < 0 . (h) F o r any p > a 2 , Dj 

< 0. 

Lemma h. F o r any r > 1, l e t $(r) he d e f i n e d by 

(15) D ' ( r , * ( r ) ) = K Q . 

Then (a) <(>(r) i s a c o n t i n u o u s f u n c t i o n t h a t i s d e c r e a s i n g whenever 

<j>(r) > a 2 ; (b) i f D* > Kq , t h e n 4>(r) + » as r • 1 ; (c ) a l l p a i r s 

( r , p ) w i t h p > 4>(r) s a t i s f y D * ( r , p ) < K 0 ; (d) i f D* < Kq , t h e n a l l 

p a i r s ( r , p ) w i t h r > 1 and p > a 2 s a t i s f y D ' ( r , p ) < Kq and w i t h 

s l a c k u n l e s s D* = Kq and r = 1. 

The l o c u s (<j>(r),r) c o n s i s t s o f a l l p a i r s ( p , r ) t h a t 

equa te t h e demand f o r j e w e l r y t o t h e t o t a l s t o c k o f g o l d , a l l 

p a i r s t h a t s a t i s f y (13) and G = K = 0 . F o r t h e c a s e D* > Kq , we 

show two p o s s i b l e <}>(r) f u n c t i o n s i n F i g u r e 3 . No te t h a t p a r t s (b ) 

and (c ) o f Lemma h i m p l y t h a t i f D* > Kq , t h e n any s t a t i o n a r y 

e q u i l i b r i u m has r > 1 a n d , t h e r e f o r e , G = K = 0 . 

We a r e now rea.dy t o p rove e x i s t e n c e o f and t o p a r t i a l l y 

c h a r a c t e r i z e s t a t i o n a r y e q u i l i b r i a . 

P r o p o s i t i o n 1. 

( i ) There e x i s t s a t l e a s t one s t a t i o n a r y e q u i l i b r i u m . 

( i i ) I f D* > Kq o r i f C * < W ? , t h e n r > 1 ; o t h e r w i s e r = 1 . 

( i i i ) I f D* < Kq and 0 * > Wg, then t h e r e e x i s t e q u i l i b r i a w i t h 

G > 0 . 
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Proof» We p r o c e e d "by c o n s i d e r i n g c a s e s d e l i n e a t e d by t h e m a g n i -

t u d e s o f C * and D* . 

Case 1. D* > K 0 . 

( a ) C * - Wp > 0 . H e r e , by Lemmas 2 and h, t h e r e e x i s t s an 

( r , p ) t h a t s a t i s f i e s (lh) and (15). T h i s ( r , p ) and G = K 

= 0 i s an e q u i l i b r i u m . 

(b) C* - V,? < 0. I f t h e r e i s no ( r , p ) s a t i s f y i n g (lk) and 

( 1 5 ) , one o f t h e s i t u a t i o n s i l l u s t r a t e d i n F i g u r e 3 , t h e n 

p = a 2 , r = i j>(a 2), 0 = 0 , and K = Kq - D* ( ^ (ag ) j a g ) i s an 

e q u i l i b r i u m . . I f t h e r e i s an ( r , p ) s a t i s f y i n g ( l M and 

( 1 5 ) , t h e n i t and G = K = 0 i s an e q u i l i b r i u m . 

Case 2 . D* < K Q . 

(a ) C * - W 2 > a 2 ( K Q - D * ) : We show t h a t r = 1 , K = 0 , 0 = KQ -

D* i s an e q u i l i b r i u m . S i n c e (13) i s s a t i s f i e d by c o n ­

s t r u c t i o n , we have o n l y t o f i n d a p > a 2 s a t i s f y i n g ( 1 2 ) ; 

n a m e l y , one t h a t s a t i s f i e s C * - W 2 = p ( K Q - D * ) + ( p - a 2 ) D * 

= ( p - a 2 ) K Q + a 2 ( K p - D * ) . The h y p o t h e s i s o f t h i s c a s e 

i m p l i e s t h a t t h e r e i s a s o l u t i o n s a t i s f y i n g p > a 2 . 

(b ) 0 < C* - W 2 < a 2 ( K 0 - D * ) : Here r = 1, p = a 2 , and G = 

( C * - W 2 ) / a 2 s a t i s f y ( 1 2 ) . The h y p o t h e s i s i m p l i e s t h a t 

t h e s e and a p o s i t i v e K s a t i s f y ( 1 3 ) . Note t h a t t h i s and 

t h e g i v e n c o n s t r u c t i o n o f a Case 2a e q u i l i b r i u m i m p l y 

c o n c l u s i o n ( i i i ) . 

( c ) C * - W 2 < 0 . H e r e , p = a ? , r = ^ ( a 2 ) , G = K = 0 i s an 

e q u i l i b r i u m . In t h i s c a s e , r = 1 c o u l d no t be an e q u i ­

l i b r i u m because t h e r i g h t - h a n d s i d e o f (12) must be 

n o n n e g a t i v e . T h i s and t h e remark made a f t e r t h e p r o o f o f 

Lemma h i m p l y t h e f i r s t p a r t o f c o n c l u s i o n ( i i ) . 
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S i n c e Cases 1 and 2 and t h e i r s u b c a s e s c o v e r a l l p o s s i ­

b i l i t i e s , we have p roved c o n c l u s i o n ( i ) o f t h e p r o p o s i t i o n . 

To c o m p l e t e t h e p r o o f , we r u s t e s t a b l i s h t h e s e c o n d p a r t 

o f c o n c l u s i o n ( i i ) . Tha t i s , we must show t h a t Cases 2a and 2b do 

no t have an e q u i l i b r i u m w i t h r > 1. I f r > 1 , t h e n C + ( p - a 2 ) K = 

0 and by Lemma h p a r t ( d ) , D ' ( r , p ) < Kq . These and (13) i m p l y p = 

a 2 . Py (12) t h e s e i m p l y C ' ( r , a 2 ) - W« = 0 , w h i c h c o n t r a d i c t s C* -

W 2 > 0 and r > 1. A 

The r e a d e r may have n o t i c e d t h a t t h e r e a r e a d d i t i o n a l 

s t a t i o n a r y e q u i l i b r i a i n Cases 2a and 2b , ones w i t h s m a l l e r 0 and 

l a r g e r K than t h o s e d e s c r i b e d i n t h e p r o o f . I n d e e d , each economy 

s a t i s f y i n g t h e Case 2a o r ?b h y p o t h e s e s has a con t i nuum o f s t a ­

t i o n a r y e q u i l i b r i a . To s e e t h i s , w r i t e (12) a t r = 1 as 

(16) C * - W 2 = p(G+K) - a 2 K + ( p - a 2 ) D * 

T h e n , i f we s o l v e (13) a t r = 1 f o r G + K and s u b s t i t u t e t h e 

r e s u l t i n t o ( l6), we g e t 

(17) C* - tfg + a 2 D * = p K 0 - a ? K 

In F i g u r e h, we show t h e ( p , K ) p a i r s t h a t s a t i s f y (17) and p > a 2 . 

The d i f f e r e n t e q u i l i b r i a have t h e f o l l o w i n g f e a t u r e s . 

At any p > a 2 and v = p - a 2 , t h e o l d a r e i n d i f f e r e n t be tween 

s u p p l y i n g o l d j e w e l r y and raw g o l d . They a r e , howeve r , b e t t e r o f f 

t h e h i g h e r i s p. The h i g h e r i s p , t h e s m a l l e r t h e q u a n t i t y o f o l d 

j e w e l r y t h a t g e t s c o n v e r t e d i n t o raw g o l d . The e q u i l i b r i u m w i t h 

t h e h i g h e s t p (and h i g h e s t K) i s one w i t h K = Kq - D* and G = 0 . 

The w e l f a r e o f t h e young does not v a r y a c r o s s t h e s e e q u i l i b r i a . 
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The m u l t i p l i c i t y o f Case 2a and 2b e q u i l i b r i a d i s p l a y e d 

i n F i g u r e h depends on t h e a s s u m p t i o n t h a t a s u f f i c i e n t amount o f 

t h e i n i t i a l s t o c k o f g o l d i s i n t h e fo rm o f o l d j e w e l r y . H a v i n g 

d i s p l a y e d t he e q u i l i b r i a f o r an economy i n wh ich t he e n t i r e i n i ­

t i a l s t o c k i s i n t h e form o f o l d j e w e l r y , we can d e s c r i b e t h e 

e q u i l i b r i a f o r a l t e r n a t i v e e c o n o m i e s , ones t h a t d i f f e r o n l y w i t h 

r e g a r d t o t h e c o m p o s i t i o n o f t h e s t a r t i n g s t o c k o f g o l d . 

We l e t i n i t i a l c o n d i t i o n s , ( K ^ , G ^ ) , f o r such an a l t e r ­

n a t i v e economy be g i v e n by = Kq - D* - a(KQ-D*) and Gq = D* + 

c t ( K 0 - D * ) , where a i s a p a r a m e t e r between 0 and 1. N o t i c e t h a t 

+ Gfc = Kq . F o r a = 0 , t h e a l t e r n a t i v e economy has t h e same s e t o f 

( p , K ) e q u i l i b r i a as t h e o r i g i n a l economy. F o r a > 0 , i t does 

n o t . F o r a > 0 , t h e a l t e r n a t i v e economy does no t have a ( s t a t i o n ­

a r y ) G = 0 e q u i l i b r i u m . More g e n e r a l l y , as we i n c r e a s e a we 

e l i m i n a t e e q u i l i b r i a f r om t h e r i g h t i n F i g u r e h. Thus i t i s e a s y 

t o c o n s t r u c t a l a r g e c l a s s o f economies a l l o f whose s t a t i o n a r y 

e q u i l i b r i a have G > 0.—J 

h. O p t i m a l i t y C h a r a c t e r i z a t i o n o f S t a t i o n a r y E q u i l i b r i a 

B e f o r e we s t a t e and p rove a p r o p o s i t i o n , we r e s t a t e t h e 

s t a n d a r d d e f i n i t i o n s . 

D e f i n i t i o n s . An a l l o c a t i o n , {c . ( t ) , c ( t ) ,d }, t > 1, i s P a r e t o 
st A A 

s u p e r i o r t o t h e a l l o c a t i o n , {c + ^ ( t ) , c ^ ( t ) , d + } , t > 1, i f f o r a l l 

t. > 1 and a l l h , u h ( c ^ ( t ) , c * ( t + l ) , d * ) > u V j ( t ) , c J ( t + l ) ,dJ ) 
and c ^ ( l ) > Cq(1), w i t h a t l e a s t one s t r i c t i n e q u a l i t y . (Here 

c^_ - ^ ( t ) , O f . ( t ) , and dj. a r e H-e lement v e c t o r s w i t h t y p i c a l e l e ­

men ts , r e s p e c t i v e l y , c ^ _ ^ ( t ) , c ^ ( t ) , and d ^ . ) An a l l o c a t i o n i s 
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P a r e t o o p t i m a l i f t h e r e i s no f e a s i b l e a l l o c a t i o n P a r e t o s u p e r i o r 

t o i t . 

We now p rove t h e f o l l o w i n g . 

P r o p o s i t i o n 2 . G = 0 ( z e r o s t o r a g e o f raw g o l d ) i s n e c e s s a r y a n d 

s u f f i c i e n t f o r P a r e t o o p t i m a l i t y o f a s t a t i o n a r y e q u i l i b r i u m . 

P r o o f : The p r o o f o f s u f f i c i e n c y i s i n Append i x 1. To p r o v e 

n e c e s s i t y , we p r o c e e d by c o n t r a d i c t i o n as f o l l o w s . Suppose t h a t 

t h e e q u i l i b r i u m has G > 0 . Then f o r any d a t e t > 1 and any h i n 

g e n e r a t i o n t , i t i s f e a s i b l e t o r a i s e t h e u t i l i t y o f h , w h i l e 

l e a v i n g i n t a c t t h e a l l o c a t i o n o f e v e r y o n e e l s e — e v e r y o n e e l s e i n 

g e n e r a t i o n t and eve ryone e l s e i n a l l o t h e r g e n e r a t i o n s . T h i s can 

be done by r e d u c i n g c . ( t ) , h ' s c o n s u m p t i o n o f t i m e t b r e a d , and 

u s i n g t h e f r e e d t i m e t b r e a d and some o f t he t ime t raw g o l d t o 

p roduce some t i m e t j e w e l r y f o r h . S i n c e a t t h e e q u i l i b r i u m 

a l l o c a t i o n , t h e r a t i o o f m a r g i n a l u t i l i t i e s , u ^ / u ^ , i s e q u a l t o a-^ 

+ ao and s i n c e i t i s f e a s i b l e t o p roduce q u n i t s o f e x t r a j e w e l r y 

by r e d u c i n g c £ ( t ) by a-^q u n i t s , i t i s p o s s i b l e t o choose a q e 

(0 ,G] wh ich r a i s e s h ' s u t i l i t y . A l t h o u g h t h e r e i s l e s s raw go ld 

a v a i l a b l e t h e r e a f t e r , t h a t does no t make i n f e a s i b l e anyone e l s e ' s 

e q u i l i b r i u m a l l o c a t i o n . A 

P r o p o s i t i o n s 1 and 2 i m p l y t h a t i f D* > K"0 o r i f C* < 

Wo, t h e n any s t a t i o n a r y e q u i l i b r i a i s o p t i m a l . In t h e s e e q u i l i b ­

r i a , no raw g o l d ( o r o l d j e w e l r y ) i s s t o r e d . However , s i n c e t h e 

p r i c e o f raw g o l d i s d e t e r m i n e d and raw g o l d i s p r e s e n t momen­

t a r i l y a t each d a t e , n o t h i n g would seem t o p r e v e n t raw g o l d f rom 

s e r v i n g a s a n u m e r a i r e i n t h e s e e q u i l i b r i a . 
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P r o p o s i t i o n s 1 and 2 a l s o i m p l y t h a t t h e c o n d i t i o n s D* < 

Kq and C* > Wp a r e n e c e s s a r y and s u f f i c i e n t f o r t h e e x i s t e n c e o f a 

s t a t i o n a r y n o n o p t i m a l e q u i l i b r i u m . They a r e n o t , h o w e v e r , s u f f i ­

c i e n t t o i m p l y t h a t any s t a t i o n a r y e q u i l i b r i u m i s n o n o p t i m a l . 

Such an i m p l i c a t i o n does f o l l o w f o r t h e a l t e r n a t i v e c l a s s o f 

economies d e s c r i b e d a b o v e , t h o s e w i t h a s u f f i c i e n t l y l a r g e p o r t i o n 

o f t he i n i t i a l g o l d s t o c k i n t h e fo rm o f raw g o l d , s i n c e a l l 

s t a t i o n a r y e q u i l i b r i a f o r such economies have G > 0 . Note t h a t 

ou r p r o o f o f t h e n e c e s s i t y p a r t o f P r o p o s i t i o n 2 a p p l i e s t o s u c h 

economies because t h e p r o o f does no t r e l y a t a l l on t h e was te 

i n v o l v e d i n c o n v e r t i n g some o f t h e i n i t i a l s t o c k o f o l d j e w e l r y 

i n t o raw g o l d t h a t g e t s s t o r e d . - ^ / 

5. The R e l a t i v e P r i c e o f a Commodity Money 

I t t u r n s out t h a t economies w i t h D* < Kq and C* > Wp 

have a l a r g e r c l a s s o f m u l t i p l i c i t i e s t h a n t h o s e d i s p l a y e d i n 

F i g u r e h. They a l s o have e q u i l i b r i a w i t h a v a l u e d f i x e d s t o c k o f 

f i a t money. I t i s i n t e rms o f t h i s b r o a d e r c l a s s o f e q u i l i b r i a 

t h a t we i n t e r p r e t t h e n o t i o n t h a t a commodity i s more v a l u a b l e i n 

te rms o f o t h e r c o m m o d i t i e s t h e more i m p o r t a n t i s i t s r o l e a s a 

commodity money. 

A s we i n t e r p r e t t h i s n o t i o n , i t i s about m u l t i p l e e q u i ­

l i b r i a and abou t an a s s o c i a t i o n , among e q u i l i b r i a , between r e l a ­

t i v e p r i c e s , p i n ou r c a s e , and t he e x t e n t o r degree t o wh ich a 

commodity i s p l a y i n g t h e r o l e o f a. commodity money. We i n t e r p r e t 

t h e degree t o w h i c h g o l d p l a y s a commodi ty money r o l e as i n v e r s e l y 

r e l a t e d t o t he v a l u e o f f i a t money. In o t h e r w o r d s , we i n t e r p r e t 
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t h e n o t i o n as one w h i c h c a l l s f o r a n e g a t i v e a s s o c i a t i o n be tween p 

and t he v a l u e o f f i a t money among m u l t i p l e e q u i l i b r i a . 

To examine w h e t h e r t h e r e i s such an a s s o c i a t i o n , we 

suppose t h a t t h e members o f g e n e r a t i o n 0 a r e endowed i n t h e a g g r e ­

ga te w i t h one u n i t o f f i a t money i n a d d i t i o n t o t h e i r g o l d . We 

suppose a l s o t h a t t h i s q u a n t i t y does not change o v e r t ime and we 

l e t deno te t he v a l u e o f t h i s u n i t o f f i a t money a t da te t i n 

u n i t s o f t ime t b r e a d . Note t h a t t h e e q u i l i b r i a o f P r o p o s i t i o n 1 

a r e a l s o e q u i l i b r i a f o r t h e economy w i t h t h e endowment o f f i a t 

money; t h e y a r e e q u i l i b r i a w i t h M .̂ = 0 f o r a l l t > 1 . 

W i t h o u t g o i n g t h r o u g h t h e o b v i o u s amendments t o C ' ) - ( T ) , 

we w i l l d i s p l a y a l l t h e r = 1 s t a t i o n a r y e q u i l i b r i a f o r economies 

w i t h D* < K 0 and C * > W ? . These a r e e q u i l i b r i a w i t h \ • M > 0 

f o r a l l t > 1. 

I n s t e a d o f ( l 6 ) , we have 

( l f i ) C * - W 2 = p(G+FC) - & 2 K + ( p - a 2 ) D * + M 

Then , i f we s u b s t i t u t e f o r G + K f rom (13) a t r = 1, we ge t 

(19) C * - W ? + a 2 D * = p K 0 - a ? K + M 

In F i g u r e 5 , t h e shaded a r e a d e p i c t s a l l (p ,M) p a i r s t h a t a r e 

e q u i l i b r i a . 

F o r each M, t h e r e i s an i n t e r v a l o f p ' s wh ich a r e e q u i ­

l i b r i a . T h i s i s t h e m u l t i p l i c i t y remarked upon i n t h e M = 0 

c a s e . The re i s an i n v e r s e a s s o c i a t i o n between M and p i n t h e 

sense t h a t f o r each M, t h e m i d p o i n t o f t h e c o r r e s p o n d i n g p i n t e r ­

v a l i s d e c r e a s i n g i n M. M o r e o v e r , t h e f o l l o w i n g can be v e r i f i e d 

d i r e c t l y . 
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P r o p o s i t i o n 3 . I f t h e r e e x i s t s a s t a t i o n a r y e q u i l i b r i u m i n w h i c h 

K + G > 0 , t h e n t h e r e i s an e q u i l i b r i u m w i t h K = G = 0 , M = C * -

Wp and p = &2» 

The e q u i l i b r i u m w i t h M = C* - Wp and p = a 0 i s one i n 

wh ich g o l d i n any fo rm i s no t s e r v i n g as w e a l t h ( o l d j e w e l r y i s 

f r e e ) and i n wh ich t h e r e l a t i v e p r i c e o f raw g o l d i s a t t h e m i n i ­

mum c o n s i s t e n t w i t h t h e p r o d u c t i o n o f new j e w e l r y f rom o l d j e w ­

e l r y . 

As wa.s t r u e f o r t he con t i nuum o f e q u i l i b r i a d e p i c t e d i n 

F i g u r e h, t h e a l l o c a t i o n s c o r r e s p o n d i n g t o t h e e q u i l i b r i a d e p i c t e d 

i n F i g u r e 5 d i f f e r by a t most t h e amount t h a t t h e t = 1 o l d c o n ­

sume, a d i f f e r e n c e t h a t c o r r e s p o n d s t o t h e d i f f e r e n c e i n t h e 

amount o f c o n s u m p t i o n good used t o t u r n o l d j e w e l r y i n t o raw 

g o l d . M o r e o v e r , t h e a d d i t i o n o f f i a t money adds no new consump­

t i o n a l l o c a t i o n s ; e v e r y a l l o c a t i o n i m p l i e d by a p o i n t i n F i g u r e 5 

i s p r e s e n t i n t h e o n e - d i m e n s i o n a l con t i nuum o f F i g u r e h. A more 

s i g n i f i c a n t r o l e f o r f i a t c u r r e n c y wou ld a r i s e i n s e t t i n g s i n 

w h i c h s t o r a g e and t r a d i n g o f o l d j e w e l r y i s no t a p e r f e c t s u b s t i ­

t u t e f o r s t o r a g e and t r a d i n g o f f i a t c u r r e n c y . — ^ 

^ . C o n c l u d i n g Remarks 

We have d e s c r i b e d e f f i c i e n t and i n e f f i c i e n t e q u i l i b r i a 

t h a t can be i n t e r p r e t e d as commodi ty money e q u i l i b r i a i n a mode l 

i n wh ich marke ts a r e p e r f e c t i n t he sense t h a t b o r r o w e r s a r e f r e e 

t o i s s u e c l a i m s i n any f o r m . In p a r t i c u l a r , b o r r o w e r s a r e f r e e t o 

i s s u e c l a i m s i n f o r m s — a n a l o g o u s t o b a n k n o t e s , f o r e x a m p l e — t h a t 

compete p e r f e c t l y w i t h any o t h e r n o n u t i l i t y y i e l d i n g a s s e t . - ! / In 
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some, i f no t mos t , a c t u a l commodi ty money s y s t e m s , u n f e t t e r e d 

p r i v a t e i n t e r m e d i a t i o n seems no t t o have been p e r m i t t e d . F o r 

examp le , i n 19th c e n t u r y E n g l a n d , P e e l ' s A c t s (l8M», U5) s e t a 100 

p e r c e n t m a r g i n a l r e s e r v e r e q u i r e m e n t i n g o l d a g a i n s t bankno te 

i s s u e . A n d , i n t h e U n i t e d S t a t e s , t h e N a t i o n a l B a n k i n g A c t (IB63) 

s e t a 100 p e r c e n t r e s e r v e r e q u i r e m e n t i n government bonds a g a i n s t 

bankno te i s s u e . — ^ We s u s p e c t t h a t sys tems w i t h b i n d i n g r e s t r i c ­

t i o n s on p r i v a t e i n t e r m e d i a t i o n a r e c h a r a c t e r i z e d by d i s t o r t i o n s , 

some o f w h i c h have n o t h i n g t o do w i t h t h e o v e r a c c u m u l a t i o n d i s t o r ­

t i o n t h a t c h a r a c t e r i z e s ou r n o n o p t i m a l e q u i l i b r i a . A g a i n s t t h e 

backg round o f such r e s t r i c t i o n s , t h e c h o i c e o f a. s t a n d a r d — s a y , 

w h e t h e r commodity o r f i a t — b e c o m e s a k i n d o f s e c o n d - b e s t c h o i c e . 

We have not a t t e m p t e d t o a n a l y z e such c h o i c e s — i n p a r t b e c a u s e 

t h e r e i s a s t r o n g p r e s u m p t i o n t h a t no g e n e r a l r e s u l t s wou ld emerge 

and i n p a r t b e c a u s e t h e r o l e o f t h e moneta ry s t a n d a r d wou ld no t b e 

i s o l a t e d i f some e s s e n t i a l l y a r b i t r a r y d i s t o r t i o n were t a k e n as a 

g i v e n . 
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APPENDIX 1 

P r o o f o f Lemma 1 

P r o p e r t y (a) i s an immedia te consequence o f (8) summed 

o v e r t h e members o f g e n e r a t i o n t . P r o p e r t y (b) i s a consequence 

o f our g r o s s s u b s t i t u t e s a s s u m p t i o n w h i c h g i v e s us C 2 < 0 , > 

0. Hence , C{ = 9 C ' / 3 r = C 1 O s 1 / 9 r ) + C 2 ( 3 s 2 / 3 r ) + C 3 ( 9 s 3 / 9 r ) = 

- C 2 / r 2 + C 3 ( p - a 2 ) / r 2 > 0 . To e s t a b l i s h ( c ) , f o r each p > a 2 , l e t 

l ( p ) = [a-[+a 2,a]_ +p] . Then , by t h e d e f i n i t i o n o f s ^ , f o r any r > 

1, s ^ ( r , p ) e l ( p ) . F o r each x e I and any A , t h e r e e x i s t s r ( x ) 

such t h a t C ( l , l / r , x ) > A f o r any r > F ( x ) . ( T h i s f o l l o w s f rom t h e 

f a c t t h a t C ( s - L , s 2 , s 3 ) + 0 0 as s 2 • 0 f o r f i x e d ( s - p S - O . ) L e t r* = 

m a x f r ( x ) ] f o r x e I ( p ) . Then , i f r > r* and x e l ( p ) , C ( l , l / r , x ) 

> A . A 

P r o o f o f Lemma 2 

F o r a f i x e d p > p * , t h e r i g h t - h a n d s i d e o f (15) i s a 

c o n s t a n t f u n c t i o n . I t i s a minimum a t p = p * . I f C * - W« > 0 , 

t h e minimum i s C* - W 2 ; o t h e r w i s e i t i s 0 . Thus f o r any p > p * , 

C ' ( l , p ) - W 2 < ( p - a 2 ) K Q . T h i s and p r o p e r t y (c ) o f Lemma 1 i m p l y 

e x i s t e n c e o f ty. P r o p e r t y (b) o f Lemma 1 i m p l i e s t h a t >Kp) i s a 

f u n c t i o n . The c o n t i n u i t y o f C i m p l i e s t h a t i s c o n t i n u o u s . 

F i n a l l y , t he l a s t f a c t says on l y t h a t t h e ij>(p) ( o r r ) t h a t s o l v e s 

(lh) l i e s t o t h e r i g h t i n F i g u r e 2 o f t he r t h a t s o l v e s rW^ = 

( p - a 2 ) K Q . T h i s i s an o b v i o u s consequence o f Lemma 1 (a) . ( N o t e , 

by t he way, t h a t <Kp) * 1 a r , d w i t h e q u a l i t y o n l y a t p = p* i f C * -

W 2 > 0 . ) A 
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P r o o f o f Leimria 3 

S i n c e s ^ and s 2 do not depend on p , p r o p e r t y (a) depends 

o n l y on how D t s ^ S g j S g ) v a r i e s w i t h S 3 . The a s s e r t e d l i m i t i n g 

b e h a v i o r i s i m p l i e d by D ->• «> as s-^ 0 and D * 0 as s-^ + 0 0 and by 

t h e f o l l o w i n g l i m i t i n g b e h a v i o r o f s ^ ; + 0 as p + - ( a ^ + a g / r ) 

r / ( r - l ) and s ^ + M as p • •*>. The a s s e r t e d s i g n s o f t h e p a r t i a l 

d e r i v a t i v e s o f D' f o l l o w f rom t h e c h a i n r u l e and our g r o s s s u b s t i ­

t u t e s a s s u m p t i o n . A 

P r o o f o f Lemma h 

(a ) Lemma 3 (a ) i m p l i e s t h a t <{>(r) e x i s t s and i s a f u n c ­

t i o n . C o n t i n u i t y o f <J> i s i m p l i e d by c o n t i n u i t y o f D ' . That <\>(r) 

i s d e c r e a s i n g whenever 4>(r) > a 2 f o l l o w s f rom Lemma 3 ( b ) . 

(b) Suppose no t and t h a t B > <|>(r) f o r a l l r . T h e n , Kq = 

D(r,<j>(r)) > D ( r , B ) f o r a l l r . I n p a r t i c u l a r , t he l i m i t o f D ( r , B ) 

a s r • 1 does no t e x c e e d Kq . However , s i n c e t h i s l i m i t i s D* , we 

have a c o n t r a d i c t i o n . 

( c ) T h i s i s an immed ia te consequence o f D£ < 0 f o r r > 1 

(Lemma 3 ) . 

(d) S i n c e D* < Kq , D ' ( l , p ) < Kq i s s a t i s f i e d by any p. 

F o r any r > 1 , D ' ( r , a 2 ) = D ( l , l / r , a 1 + a 2 ) < D* , where t h e i n e q u a l ­

i t y f o l l o w s f rom D | < 0 (Lemma 3 ) . S i n c e D£ < 0 (Lemma 3 ) , i t 

f o l l o w s t h a t D ' ( r , p ) < D* f o r a l l r > 1 and p > a 2 and w i t h s l a c k 

u n l e s s r = 1 . A 



P r o o f o f P r o p o s i t i o n 2 : S u f f i c i e n c y 

We d e r i v e a c o n t r a d i c t i o n f rom t h e a s s u m p t i o n t h a t t h e r e 

i s an a l l o c a t i o n , denoted t h e " - " a l l o c a t i o n , t h a t i s f e a s i b l e and 

P a r e t o s u p e r i o r t o t h e s t a t i o n a r y G = 0 e q u i l i b r i u m a l l o c a t i o n , 

deno ted t he " * " a l l o c a t i o n . The p r o o f p roceeds by c o n s i d e r i n g t h e 

f i r s t da te a t wh i ch " - " d i f f e r s f rom and by show ing t h a t t h e 

d i f f e r e n c e and t h e o t h e r p r o p e r t i e s o f " - " c o n t r a d i c t i t s f e a s i ­

b i l i t y . I n f e a s i h i l i t y i s e s t a b l i s h e d by show ing t h a t t h e sequence 

{C ( t + l ) } i s not bounded . T h i s i s done u s i n g p r o p e r t i e s o f a 

mapping g t h a t , f o r each C^ ._^ ( t ) , d e t e r m i n e s t h e minimum v a l u e o f 

C t ( t + l ) c o n s i s t e n t w i t h f e a s i b i l i t y and w i t h i n d i v i d u a l u t i l i t y 

b e i n g as h i g h as under t h e a l l o c a t i o n . 

The p r o o f r e l i e s on t h r e e lemmas. The f i r s t , Lemma 5 , 

e s t a b l i s h e s t h a t g i s an i n c r e a s i n g and s t r i c t l y convex f u n c t i o n 
A A A A 

w h i c h s a t i s f i e s g (Co) = C 0 and g ' ( C 0 ) > 1 , where C 0 d e n o t e s t h e 

c o n s t a n t v a l u e o f t o t a l second p e r i o d consump t i on under t h e 1 1 * " 

a l l o c a t i o n . One such f u n c t i o n i s d i s p l a y e d i n F i g u r e 6. Lemma 6 

e s t a b l i s h e s t h a t i f t i s t h e f i r s t d e p a r t u r e o f t h e " - " a l l o c a t i o n 

f rom the " A " a l l o c a t i o n , t hen C" ( t + l ) > C 0 ( i t l i e s t o t h e r i g h t 

o f t he f i x e d p o i n t o f g ) . The d e t a i l s o f the i n d u c t i o n s t e p a r e 

i n Lemma 7 . 

The f o l l o w i n g n o t a t i o n and f a c t s a r e used i n t h e lemmas. 

L e t f h ( c j , d h ) be d e f i n e d by u h ( c j , f ( c j , d h ) , d h ) = u h , 

where u* 1 i s h ' s u t i l i t y i n t h e g i v e n G = 0 e q u i l i b r i u m , and l e t 

F ( C l , d ) = ^ f N c ^ d * 1 ) , t h e sum b e i n g o v e r t h e H members o f g e n e r a ­

t i o n t , t > 1. S i n c e u n i s t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e and 

s t r i c t l y q u a s i - c o n c a v e , t h e f u n c t i o n s f and F a r e t w i c e c o n t i n u ­

o u s l y d i f f e r e n t i a b l e and s t r i c t l y c o n v e x . 
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A l s o , f o r x e ( 0 , W ) , l e t T (x ) = { ( c t ( t ) , d t ) E E J : 

C t ( t ) + ( a 1 + a 2 ) D T < W - x and D T < K Q } . As i s w e l l known , T ( x ) , 

w h i c h i s a s p e c i a l c a s e o f a budget c o r r e s p o n d e n c e , i s a c o n t i n u ­

ous c o r r e s p o n d e n c e . M o r e o v e r , f o r f i x e d x , T (x ) i s convex and 

compac t . 

Lemma 5 . L e t g ( x ) = min F(c-]_,d) s u b j e c t t o ( c - p d ) e T ( x ) . Then 

(a) g ( x ) i s a d i f f e r e n t i a b l e , s t r i c t l y c o n v e x , and i n c r e a s i n g 

f u n c t i o n o f x ; (b) g ( C 2 ) = and i s a t t a i n e d a t , and o n l y a t , 
<*> s. s. s» s. / \ /*» 

( c l t d ) = ( c 1 , d ) ; ( c ) g ' ( C 2 ) > 1 . (Here ( c ^ d )deno tes ( c t ( t ) , d t ) , 

v e c t o r s o f c o n s t a n t s . ) 

P r o o f . (a ) G i v e n t h e s t r i c t c o n v e x i t y o f F ( » ) and t h e c o n v e x i t y 

o f t he s e t T ( x ) , t h e v a l u e s ( c - p d ) t h a t a t t a i n g ( x ) a r e u n i q u e . 

Then d i f f e r e n t i a b i l i t y f o l l o w s f rom t w i c e d i f f e r e n t i a b i l i t y o f 

F ( - ) . 

To e s t a b l i s h c o n v e x i t y o f g , l e t x-^ and x 2 be any two 

r e a l numbers such t h a t T(x^) and F ( x 2 ) a r e nonempty . L e t ( c ^ , d ) 

be t h e un ique m i n i m i z e r a s s o c i a t e d w i t h x » , i = 1 , 2 . P i c k any 0 
1 2 

< X < 1 and d e f i n e x ( X ) = Xx-^ + ( l - X ) x 2 , c 1 ( X ) = X c 1 + ( l - X ) c 1 , 

and d (X) = X d 1 + ( l - X ) d 2 . Then i t i s s t r a i g h t f o r w a r d t o v e r i f y 

t h a t ( c j . d 1 ) e T(Xl) and ( c ^ , d 2 ) e T(xp) i m p l y ( c 1 ( X ) , d ( X ) ) e 

r ( x ( X ) ) . T h i s , t he s t r i c t c o n v e x i t y o f F , and t h e d e f i n i t i o n o f g 

i m p l y g ( x ( X ) ) < F ( C l ( X ) , d ( X ) ) < X F ( c J , d 1 ) + ( l - X ) F ( c 2 , d 2 ) = X g ( x x ) 

+ ( 1 - X ) g ( x 2 ) . 

F i n a l l y , i f x-^ > x 2 , t hen r ( x^ ) i s a s t r i c t s u b s e t o f 

T ( x 2 ) , s t r i c t i n t h e s e n s e t h a t any e lement on t h e boundary o f t h e 

s e t T ( x 2 ) does not b e l o n g t o T ( x ^ ) . As F ( • ) i s d e c r e a s i n g i n each 

a rgument , i t s minimum i s a c h i e v e d on t h e b o u n d a r y . T h e r e f o r e , g 

i s i n c r e a s i n g . 
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(b) From t h e d e f i n i t i o n o f r ( C 0 ) and f e a s i b i l i t y o f t h e 
A A A 

a l l o c a t i o n (see ( 2 ) ) , i t f o l l o w s t h a t ( c ^ d ) e r ( C 0 ) . G i v e n 

t h e s t r i c t c o n v e x i t y o f F ( c ^ , d ) and t h e c o n v e x i t y o f t h e f e a s i b l e 

s e t r ( C 2 ) , t h e f i r s t o r d e r c o n d i t i o n s a r e n e c e s s a r y and s u f f i c i e n t 

f o r a minimum and a r e a t t a i n e d a t a u n i q u e p o i n t . These c o n d i ­

t i o n s a r e : c ^ f ^ + X ) = 0 and d h [f p+is^ +a 0 )A+u ] = 0 f o r each h ; 

X { J c 5 + ( a 1 4 a 2 ) ^ d h - W - C 2 } = 0 ; and u ( £ d h - K Q } = 0 , where X and p a r e 

t h e n o n n e g a t i v e Lagrange m u l t i p l i e r s a s s o c i a t e d w i t h t h e c o n -

s t r a i n t s t h a t d e f i n e t h e se t r (C , , ) . We now show t h a t t h e s e 2H + 2 
^ A A 

e q u a t i o n s a r e s a t i s f i e d by c-j = c ^ , d = d , X = r , and y = 
A A A A 

p ( r - l ) + ra^^ + a 2 - r ( a 1 + a 2 ) . 

Le t f j = f j ( c ^ , d h ) and f*j = f | ( c j , d h ) . By c o n s t r u c ­

t i o n f k ( c ! j | , d n ) = C g . As t h e a l l o c a t i o n i s an e q u i l i b r i u m , t h e 
A ^ 

f o l l o w i n g m a r g i n a l c o n d i t i o n s h o l d : f^ = u-^/Up = r > 1 and f ^ = 
T̂"l A A A A ^ A A ^ 

u ^ / u 2 = p ( r - l ) + r a ^ + a p , where u ^ = u ^ ( c ^ , c 2 , d ). I t f o l l o w s 

t h a t ou r c o n j e c t u r e d s o l u t i o n s a t i s f i e s t h e f i r s t 2H e q u a t i o n s . 

S i n c e t h e " A " a l l o c a t i o n s a t i s f i e s (2) w i t h e q u a l i t y , t he nex t t o 

t he l a s t e q u a t i o n i s a l s o s a t i s f i e d . As f o r t h e l a s t e q u a t i o n , 
A A A A 

n o t i c e t h a t i f r = 1 o r p = a 0 , t hen u = 0 . I f r > 1 and p > a 2 , 
A A A A 

t hen t he p r o o f o f P r o p o s i t i o n 1 shows t h a t ( r , p ) = (r,<J>(r)) a n d , 

*h 
c o n s e q u e n t l y , £d = K Q . 

A A 

( c ) By t h e e n v e l o p e t h e o r e m , g'(C^) = X = r > 1 . A 

Lemma 6. I f t = t i s t h e f i r s t da te a t w h i c h ( c^ ^ ( t ) , c ^ ( t ) , d ^ ) * 
A A A 

( c t 1 ( t ) , c t ( t ) , d t ) , t hen f o r t = t , C t ( t + l ) > + f o r some 

x t > C 2 . 

P r o o f . By t he d e f i n i t i o n o f t" and f e a s i b i l i t y (see ( 2 ) ) , G = 0 

f o r a l l t < t . In a d d i t i o n , by t h e d e f i n i t i o n o f t , 1 ( t ) > 



& ^ ( t ) f o r t = t . ( i f n o t , t h e n s o r e o l d pe rson a t t = t h a s 

l e s s consump t i on under t h e " - " a l l o c a t i o n t h e n u n d e r t h e 

a l l o c a t i o n , wh i ch v i o l a t e s t h e assumed Pa r e t o s u p e r i o r i t y o f t h e 

fo rmer o v e r t h e l a t t e r . ) These two f a c t s and (2) i m p l y t h a t f o r t 

= t, C t ( t ) + (&1+a2)^t < W - C 2 - a 2 G t a n d , t h e r e f o r e , t h a t 

(~ct(t),dt) e r ( C 2 + a 2 G " t ) . We c o m p l e t e t h e p r o o f o f t h i s lemma b y 

d e a l i n g s e p a r a t e l y w i t h two c a s e s . 

G = 0 f o r t = t : In t h i s c a s e , ( c . ( t ) , d . ) e T(C ). We 

know t h a t g (Cp ) = C 2 and t h a t t h i s minimum o f F i s a t t a i n e d 

u n i q u e l y a t (c ( t ) , d ). I t f o l l o w s t h a t F(c*. ( t ) , d . ) > C _ . S i n c e 

C ( t + l ) > F ( c , ( t ) , d ), v e have ou r r e s u l t f o r t h i s c a s e . 

G > 0 f o r t = t : In t h i s c a s e , C t ( t + l ) > g ( C 2 + a 2 G t ) > 
s. 

C 0 + a 0 G f o r t = t , where t h e s t r i c t i n e q u a l i t y i s a c o n s e q u e n c e 

o f Lemma 5 . A. 

Lemma 7 . I f ( i ) C. ( t + l ) > x,. + a_G\ and ( i i ) x. > C 0 , t hen t t d t * ti 

C t + 1 ( t + 2 ) > g ( x t ) + a 2 G t + 1 . 

P r o o f . w e have C t + 1 ( t + 2 ) > g f c " t ( t + l ) + a 2 ( G t + 1 - G t ) ) > g U t ^ 2 \ + 1 ) , 

where t h e f i r s t i n e q u a l i t y f o l l o w s f r om (2) and t h e assumed P a r e t o 

s u p e r i o r i t y o f " - " and where t h e second f o l l o w s f rom h y p o t h e s i s 

( i ) o f t h e lemma and g ' > 0 . By h y p o t h e s i s ( i i ) and Lemma 5 ( s e e 

F i g u r e 6 ) , g ( x t + a 2 G t + 1 ) > g ( x t ) + a 2 G t + 1 . A 

P r o o f o f S u f f i c i e n c y . Lemmas 6 and 7 p r o v i d e t h e i n g r e d i e n t s o f 

an i n d u c t i o n argument t h a t i m p l i e s t h a t {C ( t + l ) } i s unbounded 

a n d , h e n c e , no t f e a s i b l e . F o r t = t and a l l p o s i t i v e i n t e g e r s k , 

they imp l y t h a t C^_ +^(t+k+l) > x ^ . + k where f o r a l l such k , x t + ^ = 

g ( x t + k _ - ^ ) w i t h x .̂ > C 2 « By Lemma 5 , t h e sequence (x-t+k^ i s u n ­

b o u n d e d . A 
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APPENDIX 2 

The main p u r p o s e o f t h i s append i x i s t o i n d i c a t e t h e 

s e n s e i n w h i c h our g r o s s s u b s t i t u t e s a s s u m p t i o n i s n e c e s s a r y f o r 

e x i s t e n c e o f a s t a t i o n a r y e q u i l i b r i u m ( o r even f o r e x i s t e n c e o f a 

s t a t i o n a r y p o i n t ) . The c a s e o f c o n c e r n , t h e one f o r wh i ch t h e 

a s s u m p t i o n i s u s e d , i s D* > KQ and C * > Wg (Case l a o f P r o p o s i t i o n 

1 ) . 

The c r u c i a l i m p l i c a t i o n o f g r o s s s u b s t i t u t e s i s Lemma 

1 ( b ) : C | ( r , p ) > 0 . Absen t t h i s p r o p e r t y , i n s t e a d o f t h e s i t u a ­

t i o n i l l u s t r a t e d i n F i g u r e 2 , we c o u l d have a C ' ( r , p ) f u n c t i o n 

w i t h t h e p r o p e r t i e s i l l u s t r a t e d i n F i g u r e 7 ( r e c a l l t h a t C ' ( l , p ) = 

C * f o r a l l p ) . In s u c h a c a s e , <|>(p)—which i s d e f i n e d i n Lemma 2 

( e q u a t i o n ( l M ) — i s no t a f u n c t i o n a n d , i n p a r t i c u l a r , i s a c o r ­

r e s p o n d e n c e w h i c h i s not l o w e r h e m i c o n t i n u o u s (see F i g u r e fi). I f , 

i n a d d i t i o n , <f>(r)—which i s a f u n c t i o n u n d e r v e r y g e n e r a l a s s u m p ­

t i o n s — i s a s shown i n F i g u r e 8 , t h e n no s t a t i o n a r y p o i n t e x i s t s . 

A s u f f i c i e n t c o n d i t i o n f o r n o n l o w e r h e m i c o n t i n u i t y o f 

i|j(p) i s C | ( l , p ) < 0 f o r a l l p > p* i n a n e i g h b o r h o o d o f p* . To 

emphas ize t h a t n o t h i n g b i z a r r e i s r e q u i r e d i n o r d e r f o r t h i s t o 

h a p p e n , we s u g g e s t c o n d i t i o n s u n d e r w h i c h i t happens even i f t h e r e 

i s one p e r s o n p e r g e n e r a t i o n . 

L e t h ( s ^ , S 2 , S o , y ) be t h e s t a n d a r d i n d i v i d u a l demand 

f u n c t i o n f o r s e c o n d p e r i o d b r e a d as a f u n c t i o n o f p r i c e s and 

i n c o m e , y = s-jW-̂  + SgWg. T h e n , d e n o t i n g t h e c o r r e s p o n d i n g s u b s t i ­

t u t i o n t e r m s o f t h e S l u t s k y m a t r i x by h ¥ , i t f o l l o w s t h a t 

(20) C j ( l , p ) = - [ h * - ( C « - W 2 ) h u - ( p - a 2 ) h 3 ] 
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where a l l p a r t i a l d e r i v a t i v e s a r e e v a l u a t e d a t r = 1 a n d , t h e r e ­

f o r e , a t ( s ^ S g j S o j j r ) = ( l , l , a 1 + a 2 , w

1 + W 2 ) , wh i ch does no t depend 

on p . 

Assum ing no rma l g o o d s , s o t h a t h^ > 0 , t h e n ( s i n c e C * > 

W 2 and p > a 2 ) a n e c e s s a r y c o n d i t i o n f o r C . * ( l , p ) < 0 i s h j < 0 . 

I f t h i s n e c e s s a r y c o n d i t i o n h o l d s , t h e n C j ( l , p ) < C j j ( l , p * ) f o r a l l 

p > p * . T h u s , i t s u f f i c e s t o examine C | ( l , p * ) . 

By decompos ing h^ i n t o income and s u b s t i t u t i o n t e r m s , we 

f i n d t h a t t h e r i g h t - h a n d s i d e o f (20) e v a l u a t e d a t p = p* i s 

n e g a t i v e i f and o n l y i f 

(21) [ ( C * - W 2 ) / K 0 ! f ( K 0 - D » ) h u + h » l < h * . 

S i n c e D * > Kq , t h e income e f f e c t c o n t r i b u t e s t o s a t i s f y i n g ( 2 1 ) . 

A n d , s i n c e h * can b e a n y t h i n g ( n e g a t i v e i f second p e r i o d b r e a d and 

j e w e l r y a r e net. c o m p l e m e n t s ) , i t i s c l e a r t h a t w e l l - b e h a v e d p r e f ­

e r e n c e s can s a t i s f y ( 2 1 ) . 

A l t h o u g h , as t h i s d i s c u s s i o n i n d i c a t e s , g r o s s s u b s t i ­

t u t i o n i s n e c e s s a r y f o r e x i s t e n c e o f a s t a t i o n a r y e q u i l i b r i u m (and 

p o i n t ) , i t i s no t n e c e s s a r y f o r e x i s t e n c e o f an e q u i l i b r i u m . Our 

model s a t i s f i e s t h e a s s u m p t i o n s u n d e r w h i c h K o l l e r ( i p 8 3 ) e s t a b ­

l i s h e s e x i s t e n c e o f e q u i l i b r i u m f o r a g e n e r a l c l a s s o f o v e r l a p p i n g 

g e n e r a t i o n s models w i t h p r o d u c t i o n . U n f o r t u n a t e l y , as i s u s u a l 

w i t h g e n e r a l e x i s t e n c e r e s u l t s , M o l l e r ' s r e s u l t does not d e s c r i b e 

t h e e q u i l i b r i a . S o , f o r e x a m p l e , i t i s u n c l e a r whe the r D * > Kq i s 

s u f f i c i e n t f o r e x i s t e n c e o f an o p t i m a l e q u i l i b r i u m i n t h e absence 

o f t h e g r o s s s u b s t i t u t e s a s s u m p t i o n . 
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FOOTNOTES 

—^For examples o f o v e r l a p p i n g - g e n e r a t i o n s models w i t h 

t h e p o s s i b i l i t y o f c a p i t a l o v e r - a c c u m u l a t i o n , s e e Diamond (19^5), 

C a s s - Y a a r i (1966), W a l l a c e (1980), and S a r g e n t - W a l l a c e (1983). 

W a l l a c e and S a r g e n t - W a l l a c e a l s o s u g g e s t i d e n t i f y i n g t h e c a p i t a l 

goods o f t h e s e models w i t h commodity m o n i e s . 

—' N a t u r a l l y , i t i s s u f f i c i e n t f o r a l l ou r r e s u l t s t h a t C 

and D s a t i s f y t h e g r o s s s u b s t i t u t e s a s s u m p t i o n . 

—/If i t were no t t r u e t h a t C | > 0, t h e n we c o u l d no t 

e s t a b l i s h t h a t iC(p) i s a f u n c t i o n . I t wou ld be a c o r r e s p o n d e n c e . 

S i n c e l o w e r h e m i c o n t i n u i t y c o u l d not be e s t a b l i s h e d , a s t a t i o n a r y 

e q u i l i b r i u m w o u l d , i n g e n e r a l , f a i l t o e x i s t . See A p p e n d i x 2 f o r 

f u r t h e r d e t a i l s . 

—^One way t o r u l e out e q u i l i b r i a i n w h i c h o l d j e w e l r y i s 

s t o r e d i s t o impose a " t r a n s a c t i o n c o s t " on t r a d e i n o l d j e w e l r y — 

a c o s t wh i ch c o u l d be t h o u g h t o f as d e p i c t i n g t h e need t o have o l d 

j e w e l r y a p p r a i s e d each t i m e i t i s t r a d e d . I f such a c o s t i s 

modeled as a c o s t i n te rms o f b r e a d r e s o u r c e s t h a t i s p r o p o r t i o n a l 

t o t he amount o f o l d j e w e l r y t r a d e d and i f i t exceeds any c o r r e s ­

p o n d i n g c o s t f o r t h e t r a d i n g o f raw g o l d , t h e n t h e r e c o u l d no t be 

a s t a t i o n a r y e q u i l i b r i u m i n w h i c h o l d j e w e l r y i s s t o r e d . 

- ^ F o r our o r i g i n a l economy, an a l t e r n a t i v e p r o o f o f t he 

n e c e s s i t y p a r t o f P r o p o s i t i o n 2 i n v o l v e s n o t i n g t h a t some a d d i ­

t i o n a l t i m e 1 b r e a d can be p r o v i d e d w i t h o u t s a c r i f i c i n g any o t h e r 

u t i l i t y - y i e l d i n g o b j e c t by p r o d u c i n g l e s s raw g o l d a t t = 1. Bo th 

ou r p r o o f and t h i s a l t e r n a t i v e r e l y on ap > 0. 



—'The " t r a n s a c t i o n c o s t " model d e s c r i b e d i n f o o t n o t e h 

i s an e x a m p l e . 

X'Our model can e a s i l y accommodate r e a l r e s o u r c e c o s t s 

o f c o n v e r t i n g s a f e p r i v a t e l o a n s i n t o a s s e t s l i k e b a n k n o t e s p r o ­

v i d e d t h a t t he t e c h n o l o g y i s c o n s i s t e n t w i t h a c o m p e t i t i v e e q u i ­

l i b r i u m . I f i t i s , t hen a d d i n g i t t o ou r model wou ld no t s u b s t a n ­

t i a l l y change t h e model o r , t h e r e f o r e , P r o p o s i t i o n s 1 and 2 . 

—^ As t h e s e examples s u g g e s t , t h e r e i s more t o t h e d e s i g n 

o f a f i n a n c i a l s ys tem t h a n t h e c h o i c e o f a s t a n d a r d . The deba tes 

abou t P e e l ' s Ac t and t h o s e abou t a s u c c e s s o r sys tem t o t h e N a ­

t i o n a l B a n k i n g sys tem i n t he U n i t e d S t a t e s a l l presumed a g i v e n 

s t a n d a r d . 
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