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ABSTRACT 

This paper develops a f o r e c a s t i n g procedure based on a 
Bayes ian method f o r es t ima t i ng vec to r a u t o r e g r e s s i o n s . The p r o ­
cedure i s a p p l i e d to ten macroeconomic v a r i a b l e s and i s shown to 
improve ou t -o f - samp le f o r e c a s t s r e l a t i v e to u n i v a r i a t e equa­
t i o n s . Al though c r o s s - v a r i a b l e s responses are damped by the 
p r i o r , c o n s i d e r a b l e i n t e r a c t i o n among the v a r i a b l e s i s shown to be 
captured by the e s t i m a t e s . 

We prov ide u n c o n d i t i o n a l f o r e c a s t s as o f 1982:12 and 
1963:3* We a l s o desc r i be how a model such as t h i s can be used to 
make c o n d i t i o n a l p r o j e c t i o n s and to ana lyse p o l i c y a l t e r n a t i v e s . 
As an example, we ana lyze a Congress iona l Budget O f f i c e f o r e c a s t 
made i n 1982:12. 

Whi le no automat ic c a u s a l i n t e r p r e t a t i o n s a r i s e from 
models l i k e o u r s , they p rov ide a d e t a i l e d c h a r a c t e r i z a t i o n o f the 
dynamic s t a t i s t i c a l in terdependence of a set of economic v a r i ­
a b l e s , which may help i n e v a l u a t i n g c a u s a l hypotheses, w i thout 
c o n t a i n i n g any such hypotheses themselves. 

The views expressed here in are those of the author and net neces­
s a r i l y those of the Federa l Reserve Bank of M inneapo l i s or the 
Fede ra l Reserve System. The m a t e r i a l conta ined i s o f a p r e l i m i ­
nary na tu re , i s c i r c u l a t e d to s t imu la te d i s c u s s i o n , and i s not to 
be quoted wi thout permiss ion of the author . 



I n t roduc t ion 

We approach the a n a l y s i s o f a group o f economic time 

s e r i e s as the problem o f u s i n g a p r i o r j o i n t d i s t r i b u t i o n f o r the 

observed values of the s e r i e s w i th fu tu re va lues to ob ta in a 

p o s t e r i o r d i s t r i b u t i o n f o r fu tu re data c o n d i t i o n a l on observed 

da ta . The methods we suggest are Bayes ian i n s p i r i t . We do no t , 

however, attempt to make our p r i o r d i s t r i b u t i o n s f u l l y r e f l e c t our 

pe rsona l a p r i o r i knowledge and u n c e r t a i n t y . Ins tead we aim at a 

p r i o r d i s t r i b u t i o n which i s e a s i l y s tandard ized and reproduced by 

o ther researchers and r e f l e c t s aspects o f p r i o r d i s t r i b u t i o n s 

which are l i k e l y to be s i m i l a r across many r e s e a r c h e r s . The 

p o s t e r i o r d i s t r i b u t i o n produced by our a n a l y s i s i s , o f cou rse , 

j us t the l i k e l i h o o d func t i on weighted by the p r i o r p . d . f . Our 

methods can be thought of as a way of r epo r t i ng the l i k e l i h o o d 

func t ion to o ther r e s e a r c h e r s ; i t p rov ides a repor t more u s e f u l 

than the unweighted l i k e l i h o o d func t i on i t s e l f f o r researchers who 

themselves put l i t t l e . p r i o r p r o b a b i l i t y on reg ions o f the param­

e te r space g iven low p r o b a b i l i t y by our p r i o r . 

We regard conven t i ona l methods o f deve lop ing p r o b a b i l i t y 

models fo r econometric t ime s e r i e s as u n r e l i a b l e because they do 

not g ive p r o b a b i l i s t i c treatment to the unce r t a i n t y a r i s i n g from 

resea rche rs 1 inexact knowledge of the t rue "model s p e c i f i c a ­

t i o n . " Convent ional approaches produce models which can be h e l p ­

f u l adjuncts to judgment i n producing f o r e c a s t s , but the imp l ied 

p r o b a b i l i t y d i s t r i b u t i o n s about the fo recas t which such models 

generate are almost i n v a r i a b l y too o p t i m i s t i c . (The ideas i n 

these f i r s t two paragraphs are d iscussed at more leng th i n Sims 

(1982) and L i t te rman (1982).) 
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S p e c i f y i n g a j o i n t d i s t r i b u t i o n over the hundreds o r 

thousands of i n t e r r e l a t e d data po in ts a v a i l a b l e i n most a p p l i c a ­

t i o n s i s a complex t a s k . Any e x p l i c i t j o i n t p r o b a b i l i t y model we 

may w r i t e down i s l i k e l y to con ta in hidden i m p l i c a t i o n s which we 

would r e j e c t i f we con f ron ted them. Yet there i s no j o i n t d i s t r i ­

bu t ion represen t ing " i gnorance" on which we can r e l y as i n some 

sense c o n s e r v a t i v e . For example, i f we take a l a r g e - v a r i a n c e 

j o i n t normal p r i o r on the c o e f f i c i e n t s of an u n r e s t r i c t e d vec tor 

au to regress ive model f o r the data as rep resen t ing ignorance , we 

are i n fac t p u t t i n g h igh p r o b a b i l i t y on models w i th very l a rge 

c o e f f i c i e n t s . Such models produce e r r a t i c , poor f o recas t s and 

imply exp los i ve behav ior of fu tu re da ta . Most researchers would 

t h ink i t u n l i k e l y tha t such models a c t u a l l y c h a r a c t e r i z e the d a t a , 

ye t use of nonBayesian es t ima t ion methods i s roughly equ iva len t to 

use of the f l a t p r i o r s which put h igh p r o b a b i l i t y on such mod­

e l s . Th is i s why those making p r a c t i c a l use of nonBayesian meth­

ods are fo rced to impose a r b i t r a r y or conven t i ona l r e s t r i c t i o n s to 

s i m p l i f y t h e i r models, e l i m i n a t i n g many parameters which i t must 

be admit ted are not known to be z e r o . 

S ince we and the p ro fess i on as a whole have l i t t l e 

exper ience w i th s p e c i f y i n g j o i n t d i s t r i b u t i o n s f o r these c o n t e x t s , 

i n t h i s paper we experiment w i th a range o f p r i o r d i s t r i b u t i o n s . 

The range we cons ide r i s indexed by a set o f e igh t parameters . 

Our view i s that a good standard p u b l i c p r i o r may w e l l be some 

weighted average of the p r i o r s indexed by these parameters. S ince 

the p r i o r s w i th a l l parameters f i x e d are much more t r a c t a b l e than 

would be a weighted i n t e g r a l over the parameters, our hope i s t ha t 
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ve w i l l emerge w i th evidence tha t f o r many purposes i t w i l l be 

p o s s i b l e to ob ta in good r e s u l t s w i th a s i n g l e s e t t i n g o f the 

parameters , wi thout making the ex tens ive e x p l o r a t i o n s which under ­

l i e t h i s paper ' s r e s u l t s . Th i s would occur i f over a wide range 

o f reasonable s e t t i n g s f o r the parameters the model generated 

s i m i l a r c o n d i t i o n a l d i s t r i b u t i o n s o f the fu ture g iven past va lues 

o f the v a r i a b l e s i n the system. 

Another p o s s i b i l i t y i s t h a t , wh i le c o n d i t i o n a l d i s t r i ­

bu t ions are s e n s i t i v e to the parameter s e t t i n g , the data are f i t 

w e l l only by parameter va lues i n a c e r t a i n narrow range, and 

w i t h i n t h i s range c o n d i t i o n a l d i s t r i b u t i o n s o f the fu tu re are a l l 

s i m i l a r . . Th is would imply t h a t , though we need to search to f i n d 

a good parameter v e c t o r , we can then generate c o n d i t i o n a l d i s t r i ­

bu t ions w i th a s i n g l e "good" vec to r . The inconvenience of having 

to compute many such c o n d i t i o n a l d i s t r i b u t i o n s and then take 

weighted averages of the r e s u l t s would be avo ided. 

Whi le our e x p l o r a t i o n s are i n some ways l i k e f i t t i n g the 

parameters o f a conven t iona l model—we examine va r ious po in ts i n a 

parameter space and check how w e l l the r e s u l t i n g models f i t the 

data—the mot iva t ion and i m p l i c a t i o n s o f the r e s u l t s are d i f f e r e n t 

i n important r e s p e c t s . Our i d e a l conc lus ion would be that the 

parameters are " i l l - d e t e r m i n e d " — t h a t the f i t i s s i m i l a r across a 

wide range of parameter s e t t i n g s which a l l have s i m i l a r i m p l i c a ­

t i o n s . 

Of cou rse , there i s a quest ion as to what we mean by a 

p a r t i c u l a r p r i o r ' s " f i t t i n g " the data w e l l o r b a d l y . The Bayes ian 

i n t e r p r e t a t i o n i s that we have s p e c i f i e d our p r i o r i ncomp le te ly . . 



The u s u a l Bayesian fo rmu la t ion has a model f o r the data y s p e c i ­

f i e d as a dens i t y f unc t i on p ( y | 8 ) f o r y c o n d i t i o n a l on parameters 

8 , y i e l d i n g a j o i n t dens i t y f o r y and 8 as the product p ( y | 8 ) q ( 8 ) , 

where q i s a p r i o r dens i t y on the parameters 8 . We are i n t r o d u c ­

ing an ex t ra l a y e r o f p a r a m e t e r i z a t i o n . We s p e c i f y a model f o r 

the . data c o n d i t i o n a l on parameters 8 which we c a l l " c o e f f i ­

c i e n t s " . We s p e c i f y a p r i o r over 8 c o n d i t i o n a l on a second set o f 

parameters T T , S O that our j o i n t dens i ty fo r the data and the 

c o e f f i c i e n t s c o n d i t i o n a l on TT i s p(y18 )q(8 | T T ) . We leave i n e x p l i ­

c i t our p r i o r over TT, which we need to f u l l y s p e c i f y the p roba­

b i l i t y d i s t r i b u t i o n o f the da ta . We can i n p r i n c i p l e i n t e g r a t e 

p ( y | 8 ) a(8 [IT) w i th respect to 8 to ob ta in the marg ina l d i s t r i b u ­

t i o n f o r y g iven T T , which we cou ld c a l l m(yjiT), I f we are not 

d i r e c t l y i n t e r e s t e d i n 8 , we can t r e a t m(yjir) as our model f o r the 

da ta . For a f i x e d set o f observed data y , the behav io r o f m(yjir) 

as a func t ion o f TT p lays the formal r o l e of a l i k e l i h o o d func­

t i o n . As u s u a l i n such a c o n t e x t , i f our p r i o r dens i t y i s f l a t i n 

the reg ion where m(yJTr) i s l a r g e , our p o s t e r i o r p . d . f . f o r TT w i l l 

be p r o p o r t i o n a l to m(y|Tr) and we can t h i nk of ou rse lves as making 

in fe rences about the l i k e l y va lues of TT . But s ince here TT i s 

i n t e r e s t i n g mainly f o r i t s i m p l i c a t i o n s about 8 , we do not focus 

in fe rence on " e s t i m a t i n g " T T . 

Our p o s t e r i o r p . d . f . on 8 , f o r a f u l l y s p e c i f i e d p r i o r , 

would be obta ined by forming the marg ina l j o i n t p . d . f . f o r 8 and y 

by i n t e g r a t i n g over T T , then app ly ing Bayes 1 r u l e . In the case 

where our p r i o r p . d . f . on TT i s f l a t i n the re levan t r e g i o n , t h i s 

leads to a p o s t e r i o r p . d . f . fo r 8 which i s a weighted average of 
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those obta ined c o n d i t i o n a l on T T , w i th the r e l a t i v e weight on TT 

g iven by m(yJTr)# Thus, when we measure the f i t o f the model we 

ought n a t u r a l l y to use the r e l a t i v e s i z e o f m(yJTr). This i s 

f o rma l l y much l i k e us ing the l i k e l i h o o d f u n c t i o n , and we w i l l 

o c c a s i o n a l l y hencefor th r e f e r to m(yJTr) as the l i k e l i h o o d , but i t 

i s nonetheless a Bayes ian n o t i o n , s ince i t i s der i ved by t a k i n g 

the c o e f f i c i e n t s 6 as a p r i o r i random. 

In f a c t , we s h a l l see that t h i s Bayesian no t ion of how 

w e l l a p r i o r f i t s the data corresponds to measuring the f i t by 

f o r e c a s t i n g performance. That i s , w i th a p a r t i c u l a r s e t t i n g o f TT , 

we can generate r e c u r s i v e l y through the sample one-s tep-ahead 

f o recas t s of data at t + 1 g iven data up through t . The measure 

o f f i t based on our Bayesian l i k e l i h o o d turns out under our a s ­

sumptions to be a weighted sum o f squares of the one-step-ahead 

fo recas t errors*. Readers uncomfor table w i th the Bayesian t e r m i ­

nology can th ink of what we are doing as us ing TT to index f o r e ­

c a s t i n g p rocedures , choosing among procedures by how w e l l they 

fo recas t i n the sample p e r i o d . From t h i s p e r s p e c t i v e , we are 

t a k i n g the la rge parameter space indexed by 9 and reduc ing i t to a 

sma l le r one indexed by T T . What we are doing i s qu i te d i f f e r e n t , 

however, from the conven t i ona l "parsimonious p a r a m e t r i z a t i o n " 

approach, which would use some subspace of the 8 - s p a c e , j u d i ­

c i o u s l y chosen, as i f i t were the whole parameter space. Cur 

approach w i l l , f o r any given cho ice of TT , a l l ow the 6 used i n 

f o r e c a s t i n g to be more and more s t r ong l y data-determined as data 

accumulates through t ime , w i th no subspaces of the 6-space ru led 

out . 
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The Fo recas t i ng Procedure 

The procedures we are about to descr ibe i n d e t a i l were 

developed i n L i t te rman (1980, 1981, 1982) and Sims (1980, 1982) . 

Though the procedures are descr ibed i n genera l terms, i t may help 

to bear i n mind tha t ve w i l l be app l y i ng them to a s p e c i f i c set o f 

da ta . We cons ider a set of ten v a r i a b l e s , measuring ou tpu t , 

p r i c e s , money, f e d e r a l government revenues and o u t l a y s , s tock 

p r i c e s , i n t e r e s t r a t e s , the va lue o f the d o l l a r , the f low o f t o t a l 

n o n f i n a n c i a l debt , and the change i n bus iness i n v e n t o r i e s . The 

data are descr ibed f u l l y i n the Appendix. Observat ions begin i n 

19^8:1 and end as o f 1983:3* A l l v a r i a b l e s are logged except 

changes in bus iness i nven to r i es and the i n t e r e s t r a t e ; a l l v a r i ­

ab les are seasona l l y ad jus ted except the i n t e r e s t r a t e , s tock 

p r i c e index , and the t rade-weighted d o l l a r ; none o f which show 

evidence o f a seasona l p a t t e r n . 

S t a r t i n g from an u n r e s t r i c t e d , t i m e - v a r y i n g , m' th-order 

vec to r au to reg ress i ve rep resen ta t i on f o r the n - vec to r , X , 

(1) X t = A t ( L ) X t - 1 + C t + e t , 

where A^(L) i s fo r each t a po lynomia l o f order m i n s t r i c t l y 

p o s i t i v e powers o f the l a g opera tor L , we express our p r i o r sepa­

r a t e l y fo r each equat ion as a d i s t r i b u t i o n over the c o e f f i c i e n t s 

i n A and C. In p r i n c i p l e we should a l s o t r e a t the va r iance o f 

as u n c e r t a i n , but i ns tead t h i s i s t r ea ted as one o f the parameters 

o f our p r i o r . Our approach can be thought of as imposing " f u z z y " 

r e s t r i c t i o n s on the equa t ion , s t r i k i n g a balance between decreas­

i ng var iance and i n c r e a s i n g b i a s as the r e s t r i c t i o n s are t i gh tened 
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up. What we do thus has antecedents i n the l i t e r a t u r e on s h r i n k ­

age es t imat ion and i t s Bayesian i n t e r p r e t a t i o n , fo r example, the 

works by Hoer l and Kennard (1970), S t e i n (1974), S h i l l e r (1973) 

and Learner (1972, 1978). 

The p r i o r i s s p e c i f i e d as a m u l t i v a r i a t e normal d i s t r i ­

but ion f o r the c o e f f i c i e n t s of the vec to r a u t o r e g r e s s i o n . We 

r e f e r to changes i n the parameters of the p r i o r which lead to 

smal le r ( l a rge r ) va r iances o f c o e f f i c i e n t s as t i g h t e n i n g ( l o o s e n ­

ing) the p r i o r . The p r i o r means fo r a l l c o e f f i c i e n t s are z e r o , 

except f o r a mean of one at the f i r s t l a g o f the dependent v a r i ­

ab le i n each equat ion . Thus, i n the l i m i t as the p r i o r i s t i g h t ­

ened around i t s mean each equat ion takes the form o f a random 

walk . 

( 2 ) x t - V i + s 

Because most o f the v a r i a b l e s we use have p e r s i s t e n t t r e n d s , we 

always keep the p r i o r f o r the constant i n each equat ion f l a t i n 

the re levant reg ion o f the parameter space, so the l i m i t i n g form 

f o r each equat ion i s e s s e n t i a l l y a random walk w i th d r i f t f i t to 

the data . 

(3) x. = x, . + c + e+ 
w U—i. o 

While we recognize that a more accurate rep resen ta t i on o f our 

p r i o r b e l i e f s would g ive l e s s weight to systems w i th e x p l o s i v e 

roo ts than i s imp l ied by our symmetric d i s t r i b u t i o n s around t h i s 

mean, we doubt tha t the gain tha t cou ld be ach ieved by abandoning 

the Gaussian form fo r our p r i o r would be worth the p r i c e . In 
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p a r t i c u l a r , the l i k e l i h o o d f unc t i on f o r data which i s not e x p l o d ­

ing w i l l be qu i t e c l e a r i n i t s r e j e c t i o n o f roots s i g n i f i c a n t l y 

ou ts ide the u n i t c i r c l e . 

We denote by 8 ^ the parameter vec to r obta ined by s t a c k ­

ing up a l l the c o e f f i c i e n t s o f the vec to r a u t o r e g r e s s i o n . The 

i n i t i a l vec to r 8Q i s g iven a m u l t i v a r i a t e normal p r i o r dens i t y 

func t ion w i th mean 3 . The covar iance matr ix o f the p r i o r , de ­

noted E Q , i s generated as a f u n c t i o n , F , o f a vec to r of p r i o r 

parameters , I T . Thus, at t ime 0 , we have. 

( M ZQ = F( i r) 

(5) e Q ~ n ( 3 , z 0 ) . 

We pos tu l a te change i n the c o e f f i c i e n t s o f the au to ­

reg ress ion over t ime acco rd ing to 

The parameter T T Q c o n t r o l s the ra te o f decay toward the 

p r i o r mean. When i t i s set to 1, as i n a number o f our e x p e r i ­

ments, we are modeling the c o e f f i c i e n t v a r i a t i o n as a random 

walk . The random change i n the parameter v e c t o r , u^ , i s assumed 

to be drawn from a d i s t r i b u t i o n w i th zero mean, and covar iance 

matr ix p r o p o r t i o n a l t o £ Q - ^ 

- i /Excep t that the var iance i n changes i n the constant 
term i s kept equal to the var iance o f changes i n the c o e f f i c i e n t 
on the f i r s t own l a g , ra ther than set p r o p o r t i o n a l to the e f f e c ­
t i v e l y i n f i n i t e p r i o r va r iance on the constant te rm. 
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The f a c t o r o f p r o p o r t i o n a l i t y , T T J , which s c a l e s I Q to 

determine the covar iance matr ix o f u^ , determines the amount of 

t ime v a r i a t i o n a l lowed i n the parameter v e c t o r . 

Having s p e c i f i e d the p r o b a b i l i t y model, we apply the 

Kalman f i l t e r equat ion by equat ion to ob ta in r e c u r s i v e l y p o s t e r i o r 

modes 6 f o r 9^ based on data through t - 1 . When we have passed 

through the f u l l sample t h i s way, we end up w i t h a va lue fo r the 

l i k e l i h o o d of the sample and a f u l l - s a m p l e est imate o f the param­

e te r vector app ly ing at the f i r s t post-sample date. 

The Kalman f i l t e r i s e a s i e s t to understand f o r the case 

where the p r i o r i s normal w i th a f i x e d covar iance matr ix and the 

equat ion d is tu rbance terms have known v a r i a n c e . In p r a c t i c e , 

o f course , we do not know the equat ion d is turbance var iances a 

p r i o r i . Our procedure i s t o use a , .9 t imes the vec to r 'of v a r i ­

ances o f r e s i d u a l s i n a u n i v a r i a t e au to regress ions o f order 6, as 

i f i t were e x a c t l y the vec to r o f va r iances of equat ion d i s t u r ­

bances fo r the m i l t i v a r i a t e system. The r e s u l t s o f the f i l t e r 

depend on ly on the r a t i o s o f equat ion d is tu rbance va r iances to the 

2 / 

elements o f I Q . We can examine how the l i k e l i h o o d ^ va lue behaves 
2 

as a func t ion o f ci f o r equat ion i , keeping a l l parameter e s t i ­

mates unchanged. At the h ighest va lue o f the l i k e l i h o o d , we have 

the modal est imate o f equat ion d is tu rbance va r iance f o r the f i x e d 

2 

r a t i o o f to ZQ which generated our es t ima tes , assuming a f l a t 

2 

p r i o r on . We w i l l a l so have an imp l ied r e s c a l i n g of both our 

2 
i n i t i a l and our i n i t i a l I Q . 

-£/The reader i s reminded of our s p e c i a l use fo r the term 
l i k e l i h o o d : the marg ina l p . d . f . f o r the data c o n d i t i o n a l cn the 
parameters ^ . 
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2 
The value o f the l i k e l i h o o d f o r the r e s c a l e d and EQ 

at v h i c h the p o s t e r i o r p . d . f . i s maximized prov ides a n a t u r a l 

measure o f f i t f o r i n d i v i d u a l equat ions . The l i k e l i h o o d measure 

i s a k i nd of est imate o f the one-step ahead f o recas t s tandard 

e r r o r . Sca led to have u n i t s o f s tandard e r ro rs of one-step ahead 

p r e d i c t i o n e r r o r s , i t i s g iven by 

- 2 

(T) I T " 1 ! ^ V i 5 . 
t-i C . ^ ) 

2 where i s the one-s tep ahead fo recas t e r r o r : s . . i s the t t+1 i t 
2 

t h e o r e t i c a l p r e d i c t i o n e r r o r f o r equat ion i a t t , s . i s the sample 
2 

geometr ic mean o f s . . I t d i f f e r s from the o rd ina ry root mean 
i t 

square fo recas t e r ro r i n that i t weights squared fo recas t e r ro r s 

by the inverses o f ' t h e i r t h e o r e t i c a l v a r i a n c e s . The t h e o r e t i c a l 

va r iances vary 'across observa t ions because the component of f o r e ­

cas t e r ro r va r iance due to parameter change depends on the va lues 

o f the independent v a r i a b l e s . 

We have not s e r i o u s l y exp lored the p o t e n t i a l ga ins from 

t r e a t i n g the equat ions o f the system j o i n t l y . Least squares 

equat ion by equat ion i s f u l l y a s y m p t o t i c a l l y e f f i c i e n t f o r an 

unconst ra ined vec to r a u t o r e g r e s s i o n , because the same v a r i a b l e s 

appear on the r igh t -hand s ide o f each equat ion . The Bayesian 

p o s t e r i o r mode i s not c o r r e c t l y captured by s i n g l e equat ion meth­

ods , however, even i f p r i o r s are normal and independent across 

equat ions , un less the p r i o r covar iance matr ices are p r o p o r t i o n a l 

t o one another and the same m u l t i p l e o f equat ion d is turbance 

var iance i n each equa t ion . Furthermore, i n a system as l a r g e (10 
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v a r i a b l e s ) as the one we examine i n t h i s paper , there are many 

(55) f ree parameters i n the d is turbance covar iance ma t r i x , a l l o f 

which a f f e c t the p o s t e r i o r d i s t r i b u t i o n . I t i s l i k e l y that by 

imposing an in fo rmat i ve p r i o r on the 600 c o e f f i c i e n t s on lagged 

v a r i a b l e s wh i le us i ng a " f l a t " p r i o r on the 55 parameters o f the 

covar iance matr ix we are m iss ing an avenue fo r improving r e l i a b i l -

o/ 

i t y o f these methods^- ' 

The s i n g l e - e q u a t i o n measures of f i t which emerge na tu ­

r a l l y from the Kalman f i l t e r have a m u l t i v a r i a t e ana logue, but i t 

cannot be computed wi thout us ing a m u l t i v a r i a t e ve rs ion of the 

Kalman f i l t e r . We have the re fo re put pr imary emphasis on a d i f ­

fe ren t c l a s s o f m u l t i v a r i a t e measures o f f i t , the log-determinants 

o f matr ices o f c r o s s products o f k -s tep ahead ou t -o f -sample f o r e ­

cas t e r r o r s . The l i k e l i h o o d measure of f i t would d i f f e r from one 

based on the determinant o f the c r o s s product of one-step ahead 

f o recas t s mainly i n we ight ing the e r ro rs by the inverses of t h e i r 

c o n d i t i o n a l v a r i a n c e s . 

The log-determinants o f the matr ices o f summed c r o s s -

products o f k -s tep ou t -o f -sample f o recas t e r r o r s which we r e l y on 

as our pr imary measures of f i t are def ined by 

-i'We cou ld parameter ize the model i n i t i a l l y i n r e c u r s i v e 
form, w i th the j f t h equat ion express ing X j ^ as a l i n e a r f u n c t i o n 
o f lagged X ^ ' s and cur ren t X ^ ' s f o r i < j and the covar iance 
matr ix o f equat ion d is tu rbances s p e c i f i e d as d i a g o n a l . In such a 
model s i n g l e - e q u a t i o n procedures would c o i n c i d e w i th m u l t i p l e -
equat ion procedures because o f the d i a g o n a l i t y o f the d is tu rbance 
ma t r i x , and most of the f ree parameters of the covar iance matr ix 
o f r e s i d u a l s would become c o e f f i c i e n t s on r i g h t - h a n d - s i d e v a r i ­
a b l e s . The d i f f i c u l t y w i th t h i s approach i s that normal p r i o r 
d i s t r i b u t i o n s on c o e f f i c i e n t s i n such a r e c u r s i v e system cannot be 
chosen to t r e a t v a r i a b l e s symmet r i ca l l y . The p o t e n t i a l advantages 
of i n c l u d i n g contemporaneous r e l a t i o n s among d is tu rbances i n the 
p r i o r d i s t r i b u t i o n "are great enough that t h i s approach should be 
exp lo red , howeve r. 
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( 8 ) t V k • ( A + k - W « 

s=l 

(10) k -s tep-ahead log-determinant = l o g ( J E ^ J ) . 

S ix parameters determine the genera l form of our f unc ­

t i o n , F. The parameters and t h e i r r o l e s are as f o l l o w s : 

parameter c o n t r o l s : 

*ir̂  r e l a t i v e t i gh tness on own lags 

I T ^ r e l a t i v e t i gh tness on constant 

7*2 r e l a t i v e t i gh tness on lags o f 
o ther v a r i a b l e s 

term 

T T ^ d i f f e r e n t i a l t i g h t n e s s among 
o ther v a r i a b l e s 

o v e r a l l t i g h t n e s s 

TTg t i g h t n e s s on sums o f c o e f f i c i ­
ents 

Let the i^* 1 component o f X , x* have the s c a l a r r e p r e ­

s e n t a t i o n : 

/ - - \ i i l ^ i l , ^ i 1 (11) x. = a . x . . + a . 0x+ 0 + . . . + a x^ t 1 , 1 t - 1 1 , 2 t - 2 l ,m t-m 

2 . i 2 ^ ^ i 2 
+ a 2 , l X t - l T a 2 , 2 X t - 2 + + a 2 , m X t - m 

+ a n , l X t l + a n , 2 x ? - 2 + + a n , m x ? - m + C " + e t 

The f i r s t f i v e components o f together w i th the e l e -
0 

ments o f a and a set of r e l a t i v e we igh ts , u j , f o r i = l , . . . , n ; 

j = l , . . . , n , de f ine a d iagona l matr ix o f va r iances f o r the c o e f f i c i ­

en t s . For c o e f f i c i e n t s of own l a g s , that i s , a * v , k = l , 2 , . . . , m , 

we assume the var iance i s g iven by 
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(12) Var (a j ) = 5 1 

For lags o f o ther v a r i a b l e s i n a g iven equa t ion , that i s , a^" , , k 

= 1 , 2 , . . . ,m, and i not equal t o j , we assume the va r iance i s g iven 

by 
o 

i 7 T 5 # 7 r 2 # ° i 
(13) Var (a ) = r 5- f o r not equal to j . 

J * k ^ e x p ^ •u> 

For the constant term i n each equat ion we assume the var iance i s 

g iven by 
i 2 (Ik) Var (c ) = T T ^ • T T ^ • T T 2 • a i . 

2 

The s c a l e f a c t o r s are present to take account o f the 

u n i t s o f the data i n determin ing the p r i o r t i gh tness fo r c o e f f i c i ­

ents on d i f f e r e n t v a r i a b l e s . 

The r e l a t i v e we igh ts , , are a set o f numbers which we 

s p e c i f y to r e f l e c t our a p r i o r i knowledge about the l i k e l i h o o d 

that lags o f v a r i a b l e j w i l l have nonzero c o e f f i c i e n t s i n equat ion 

i . The l a r g e r i s ^ , the c l o s e r to zero we f e e l tha t c o e f f i c i e n t 

i s l i k e l y to be. For most o f the v a r i a b l e s we have s p e c i f i e d 
00 * equal to 0 and ok equal t o 1 f o r i not equal to j . For the 1 j 

i n t e r e s t ra te and the t rade-weighted d o l l a r we s p e c i f i e d w^ equal 

t o 1 and u1 equal to 2 f o r i not equal to j . These we igh ts , j 
r e l a t i v e to the o t h e r s , r e f l e c t our b e l i e f that these v a r i a b l e s 

are a p r i o r i more l i k e l y to behave l i k e random wa lks . F i n a l l y , 
i i 

f o r the stock p r i c e index we s p e c i f i e d w. eaua l to 1 and w. eaua l 
1 J 

to 5 to r e f l e c t our s t rong b e l i e f tha t t h i s v a r i a b l e behaves l i k e 

a random walk. 



Given the above t i gh tnesses on i n d i v i d u a l c o e f f i c i e n t s , 

based on T T ^ through T T ^ , we a l so wished to impose a p r i o r b e l i e f 

tha t the sums o f c o e f f i c i e n t s on own lags are c l o s e t o 1, and on 

lags o f o ther v a r i a b l e s are c l o s e to 0. Th is does not a f f e c t the 

mean o f our p r i o r . Consider a d iagona l b lock o f v a r i a n c e s , M, f o r 

a vec to r o f c o e f f i c i e n t s , 9 , on lags o f v a r i a b l e j i n equat ion i , 

de f ined by parameters T T ^ through T T ^ . Let the vec to r S be de f i ned 

by 

(15) S = • [1 1 . . . 1] . 

Then f o l l o w i n g the h e u r i s t i c l o g i c o f T h e i l ' s mixed es t ima t ion 

procedure , we can in t roduce a "dummy o b s e r v a t i o n " o f the form 

(16) S9 = v , 

w i t h the var iance o f v set to one, by modi fy ing M to take the new 

form 

fi7\ n - M f MSS'Mi 
( 1 7 ) N = M fe} 

Improving Forecast Accuracy 

Before we search over the p r i o r parameters, we generate 

a set of benchmark u n i v a r i a t e , f i x e d - c o e f f i c i e n t , au to reg res -

s i o n s . Based on the r e s u l t s i n L i t te rman (1982), which viewed 

out -o f -sample f o recas t performance as a f unc t i on o f l a g l eng th f o r 

many of these v a r i a b l e s , we chose to inc lude s i x lags i n each 

equat ion and a constant term. For t h i s set o f equa t i ons , and a l l 

subsequent s p e c i f i c a t i o n s , we c a l c u l a t e sets o f 1, 3 , 6 , and 12-

step ahead fo recas t e r ro r s f o r each month from 1951:1 through 
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1980:12* We compute log-determinant measures o f f i t as w e l l as 

standard e r ro rs fo r each v a r i a b l e , and we look at three ten -year 

sub -pe r i ods , as w e l l as the o v e r a l l f i t i n order to gauge the 

cons is tency o f the r e s u l t s . The o v e r a l l measure of f o recas t 

accuracy to which we g ive pr imary a t t e n t i o n i s the f u l l - p e r i o d 

log-determinant o f the covar iance matr ix o f one-s tep ahead f o r e ­

cas t e r r o r s . The u n i v a r i a t e r e s u l t s are presented i n Table 1. 



- 1 6 -

Table 1 

U n i v a r i a t e F o r e c a s t i n g Performance 

V a r i a b l e Pe r i od 1 Pe r i od 2 Pe r i od 3 O v e r a l l 

1-Step Hor izon 

Standard E r r o r s 
R e a l GNP . 0 . 9 6 5 0 .796 0 .818 0.863 
GNP d e f l a t o r 0.204 0.136 0 .208 0 .186 
Ml 0.292 0.321 0.498 0.381 
Stock P r i c e Index 2 .895 3.280 3.695 3.306 
Treasury b i l l ra te 0.231 0.233 0.871 0.537 
Trade weighted d o l l a r 0.295 0.355 1.981 1.174 
Flow o f t o t a l debt 18.863 8.945 7.155 12.741 
Change i n i n v e n t o r i e s 4 . 9 6 7 4 . 9 8 I 6.531 5-542 
Fede ra l ou t lays 5.209 3.839 4.383 4.512 
Fede ra l r e c e i p t s 4.300 4.330 3.905 4.183 

Log determinant - 69 .035 -70.741 -62 .819 -64.395 

3-Step Hor izon 

Standard E r ro r s 
R e a l GNP 1.492 1.059 1.337 1.309 
GNP d e f l a t o r 0 .506 0.368 0 .495 0.460 
Ml 0 .651 0 .616 1.015 0.782 
Stock P r i c e Index 5.901 6 .608 7.532 6.714 
Treasury b i l l ra te 0 .502 O.588 1.849 1.157 
Trade weighted d o l l a r 0 .562 0.753 4.429 2 .6 l 4 
Flow o f t o t a l debt 40.328 16.797 14.865 26.642 
Change i n i n v e n t o r i e s 5.868 5.507 8.185 6.627 
Fede ra l ou t lays 5.647 4.819 4.532 5.022 
Federa l r e c e i p t s 5.279 5.263 4.178 4.934 

Log determinant -58.277 -60.593 -52.840 -53 .523 

6-Step Hor izon 

Standard E r ro rs 
R e a l GNP 2.549 1.490 2.035 2.071 
GNP d e f l a t o r O.968 0.673 0.885 0.851 
Ml 1.151 1.137 1.303 1.208 
Stock P r i c e Index 9 .598 10.751 11.487 10.641 
Treasury b i l l ra te 0.910 0.902 2.410 1.57b 
Trade weighted d o l l a r 0 .882 1.060 6.811 4 .012 
Flow o f t o t a l debt 46.127 21 .069 1 8 . 8 0 9 31.227 
Change i n i n ven to r i es 6.700 5.866 9.282 7.^27 
Fede ra l ou t lays 9.336 6 . 9 8 6 6.224 7.631 
Federa l r e c e i p t s 8.073 6.090 4.932 6 . 4 9 6 

Log determinant -50.336 -54.638 -47.249 - 4 6 . 9 0 9 
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12-S tep Hor izon 

Standard E r ro r s 
Rea l GNP k.56k 2.749 3.176 3.581 
GNP d e f l a t o r 2 .880 1.349 1.722 2.088 
Ml 2.335 2.0U1 1.875 2.093 
Stock P r i c e Index 17-924 14.725 15 .505 16.109 
Treasury b i l l r a te 1.184 1.340 2.717 1.878 
Trade weighted d o l l a r 2.315 1.275 9.811 5.866 
Flow o f t o t a l debt 64.439 32.025 24.778 43.939 
Change i n i n v e n t o r i e s 7.680 6 .562 10.340 8.346 
Fede ra l ou t lays 16.970 11.555 10.316 13.265 
Federa l r e c e i p t s 19.904 10.006 7.516 13-574 

Log determinant - 3 9 . 5 6 0 -48.346 -42.100 - 3 8 . 2 8 4 

The extent o f our i n v e s t i g a t i o n o f d i f f e r e n t s e t t i n g s o f 

the TT vec to r was cons t ra ined by the expense of eva lua t i ng the 

fo recas t performance f o r each v a l u e . Although our c a l c u l a t i o n s 

were performed on a Cray-1 computer at the U n i v e r s i t y o f Minnesota 

which i s both extremely f a s t and i nexpens i ve , each eva lua t i on o f 

f o recas t performance fo r a g iven va lue of TT r equ i red approx imate ly 

60 seconds and cos t about $ 3 0 . About h a l f o f the t ime f o r a g iven 

run was invo lved i n the r ecu rs i ve es t imat ion of the 9 s , the res t 

was used i n genera t ing the 1 2 - s t e p ahead f o recas t s each p e r i o d and 

doing the account ing necessary to generate fo recas t accuracy 

s t a t i s t i c s . 

We chose to focus p r i m a r i l y on two dimensions of the 

p r i o r , the o v e r a l l t i g h t n e s s and the degree o f t ime v a r i a t i o n o f 

the parameters. Our p rev ious exper ience w i th p r i o r s of t h i s form 

has suggested tha t the degree o f pa ramete r i za t ion of an equat ion 

i s an important determinant of fo recas t accuracy . V iewing the 

s p e c i f i c a t i o n o f a f o r e c a s t i n g equat ion as the c o n s t r u c t i o n of a 

s i g n a l e x t r a c t i o n f i l t e r , i t i s c l e a r that equat ions w i th too many 

f ree parameters tend to p i ck up excess no ise and to generate poor 



- 1 8 -

out -o f -sample f o r e c a s t s * Equat ions w i th too few parameters f a i l 

t o p i ck up the s i g n a l . The s p e c i f i c a t i o n o f a p r i o r p rov ides a 

f l e x i b l e format through which one can conf ron t the t r a d e o f f b e ­

tween i n c r e a s i n g s i g n a l e x t r a c t i o n c a p a b i l i t i e s and o v e r - f i t t i n g 

the da ta . By a d j u s t i n g the t i g h t n e s s o f the p r i o r , one can tune 

the f i l t e r a long t h i s d imension. 

We focus on the fo recas t performance as a func t ion of 

the amount o f t ime v a r i a t i o n i n order to i n v e s t i g a t e the degree to 

which r e s u l t s might be improved by r e l a x i n g the usua l assumption 

of constant c o e f f i c i e n t s . We hope not on ly to i nc rease f o recas t 

accuracy , but a l so to generate a more r e a l i s t i c d e s c r i p t i o n o f the 

unce r ta i n t y o f f o r e c a s t s , p a r t i c u l a r l y o f those at m u l t i - s t e p 

ho r i zons . 

As a f i r s t step i n t h i s i n v e s t i g a t i o n we focused on how 

much improvement i n f o r e c a s t i n g would be p o s s i b l e by search ing 

a long these two d imensions. Tak ing as g iven the parameter va lues : 

*1 - .05 

*2 » .001 

105 

% " 2 

we began by min imiz ing the one-step ahead log-determinant as a 

func t ion o f T T ^ and T T ^ . An i n fo rma l search r e q u i r i n g about 50 

func t i on eva lua t ions l e d us to the va lues ir̂  = l . a and T T ^ = .23 • 10 ; 

Up to t h i s po in t we had not yet begun to c o n s t r a i n the 

sum of c o e f f i c i e n t s or to a l l ow decay of the parameter e s t i -
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mates. In e f f e c t we had, by d e f a u l t , se t = 0 and irg = 1. Over 

the range we examined, f o recas t performance v a r i e d l i t t l e as we 

changed T T ^ and T T ^ . I t was c l e a r , though, tha t f o r these param­

e te rs we had found va lues i n a neighborhood of no more than a few 

percent from the po in t at which our one-step log-de terminant 

measure was min imized. 

The amount o f parameter v a r i a t i o n a l lowed at t h i s s p e c i ­

f i c a t i o n i s s m a l l . The imp l ied standard e r r o r o f the change i n 

the f i r s t own l a g , f o r example, over the e n t i r e sample i s on the 

order o f . 001 . Since the p r i o r mean of t h i s parameter i s 1, 

parameter d r i f t might be taken as n e g l i g i b l e . Th i s r e s u l t may 

seem s u r p r i s i n g at f i r s t , but i t should not be . In a model w i t h 

6 l c o e f f i c i e n t s on the r i gh t -hand s i d e , any very s u b s t a n t i a l 

amount of parameter d r i f t imp l i es l a rge standard e r r o r s o f one-

step ahead f o r e c a s t s . The fac t that simple random walk models 

fo recas t economic t ime s e r i e s as w e l l as they do over r e l a t i v e l y 

long time spans i s i n c o n s i s t e n t w i th la rge amounts of parameter 

v a r i a b i l i t y . One way t o read our conc lus i on i s tha t a l l o w i n g f o r 

parameter d r i f t improves f o recas t s very l i t t l e and that s ince 

doing so i s expens ive , i n many a p p l i c a t i o n s i t w i l l be reasonable 

to use f i x e d - c o e f f i c i e n t models. 

However, i n a model w i th 6 l c o e f f i c i e n t s on the r i g h t -

hand s ide o f each equa t i on , even smal l amounts o f var iance i n 

parameter changes can con t r i bu te a s u b s t a n t i a l amount to fo recas t 

e r r o r . Furthermore i n m u l t i p l e - s t e p f o r e c a s t s , markov parameter 

d r i f t o f the type our model a l lows b u i l d s up very r a p i d l y i n the 

est imated standard e r r o r s o f f o r e c a s t . There fo re , i t i s important 
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t o a l l ow fo r parameter d r i f t i f one wants to ob ta in more than 

po in t f o r e c a s t s . 

One puzz le we found was that the 12-step ahead l o g -

determinant reached a minimum w i th p r i o r s tha t were both t i g h t e r 

and that a l lowed l e s s t i m e - v a r i a t i o n than the p r i o r which was best 

at the shor tes t f o recas t h o r i z o n . Though the d i f f e r e n c e s i n f i t 

are s m a l l , the pa t te rn o f t i g h t e r p r i o r s l ead ing to r e l a t i v e l y 

b e t t e r performance at d i s t a n t ho r i zons mot ivated our making f u r ­

the r experiments w i th the form o f the p r i o r . 

Since our conc lus i on about the amount o f t ime v a r i a t i o n 

seems to us impor tant , we examined the p o s s i b i l i t y that i t i s 

dependent on the p a r t i c u l a r form i n which we a l l ow parameter 

v a r i a t i o n . We performed the f o l l o w i n g experiment: we compared 

the f o r e c a s t i n g performance o f two c o n s t a n t - c o e f f i c i e n t s p e c i f i c a ­

t i o n s , the f i r s t of which uses a l l a v a i l a b l e observa t ions at each 

po in t i n t ime , and the second o f which uses on ly the 120 most 

recent observa t ions ( i f that many are a v a i l a b l e ) . 3y the one-step 

ahead log-determinant measure, the f i r s t s p e c i f i c a t i o n performs 

b e t t e r . Thus, dropping o b s e r v a t i o n s , even those more than ten 

years o l d , causes the log-determinant to r i s e . I n t e r e s t i n g l y , the 

f o r e c a s t i n g performance at longer hor izons d id improve w i th the 

o l d observa t ions dropped. The conc lus ion tha t t ime v a r i a t i o n i s 

sma l l r e l a t i v e to sampl ing e r r o r i n c o e f f i c i e n t est imates seems to 

be uphe ld . Since dropping observa t ions g ives more weight to the 

p r i o r , i t appears that l ong -ho r i zon fo recas ts might be improved by 

assuming decay o f parameters toward t h e i r p r i o r means. 



- 2 1 -

An a d d i t i o n a l r e s t r i c t i o n which we cons idered i n the 

hope that i t would a l l ow more t ime v a r i a t i o n i n parameters was to 

impose that the sums o f c o e f f i c i e n t s on lags o f each v a r i a b l e i n 

each equat ion do not vary too much. We found tha t i f t h i s r e ­

s t r i c t i o n was imposed very t i g h t l y , then cons ide rab l y more t i m e -

v a r i a t i o n i n i n d i v i d u a l c o e f f i c i e n t s was p o s s i b l e before the 

f o r e c a s t i n g performance worsened. However, none of these s p e c i ­

f i c a t i o n s performed as w e l l as those wi thout the t i g h t r e s t r i c ­

t i o n . The best performance a long t h i s added dimension was 

achieved when ffg was between 5* and 1. , tha t i s , w i th standard 

dev ia t i ons around sums o f c o e f f i c i e n t s o f between .2 and 1. In 

choos ing iTg we a l s o cons idered var ious va lues o f T T ^ , but the 

re turns to t h i s search were not l a r g e . Of the combinat ions o f 

va lues that we t r i e d , the best was ffg = 1 and T T ^ = 10 ' . At t h i s 

s p e c i f i c a t i o n the standard e r r o r o f parameter change over the f u l l 

sample i s approximately double what i t was at the prev ious b e s t -

f i t t i n g s p e c i f i c a t i o n . 

A second type o f s t r uc tu re we imposed on the t ime-

v a r i a t i o n o f parameters was to s p e c i f y that the c o e f f i c i e n t s 

s low ly decay toward the p r i o r mean. Th is s t r uc tu re i s implemented 

by choosing va lues o f the decay parameter , T T Q , s l i g h t l y l e s s than 

1. 

In per forming t h i s experiment we reest imated the coe f ­

f i c i e n t s w i th each new o b s e r v a t i o n , but cost cons ide ra t i ons p r e ­

vented us from r e v i s i n g the c o e f f i c i e n t est imates at each step i n 

the f o r e c a s t i n g r e c u r s i o n . In one sample fo recas t where we d i d 

take account of parameter decay at the .9975 per pe r iod r a t e , we 
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found tha t the f o r e c a s t s changed on ly by about .1 percent at the 

12-s tep hor izon and about 1.5 percent at the U8-step h o r i z o n . 

L e t t i n g T T Q - .999 i n t h i s type o f s p e c i f i c a t i o n was 

somewhat s u c c e s s f u l i n terms o f improving fo recas t performance, 

but i t d id not p rov ide much room fo r a l l o w i n g a l a r g e r degree o f 

t ime v a r i a t i o n . At t h i s value f o r ffg, doub l ing the t i m e - v a r i a t i o n 

parameter , T T ^ , t o .2 • 10~^ marg ina l l y improved the one-s tep f o r e ­

c a s t s , but l ed to a much l a r g e r decrease i n accuracy at longer 

h o r i z o n s . Inc reas ing the ra te o f decay to .9975 caused the f o r e ­

c a s t performance at a one-step ho r i zon to worsen by about the same 

amount as tha t a t a 12-s tep ho r i zon improved, w i th both changes 

very s m a l l . Larger amounts o f decay caused decreases i n accuracy 

a t a l l h o r i z o n s . 

Based on these f i n d i n g s , we adopted as our p r e f e r r e d 

s p e c i f i c a t i o n the f o l l o w i n g parameter v a l u e s : 

— .05 

*2 = .005 

*3 = 105 

*4 = 2 

*5 = 1.4 

*6 = 1.0 

"1 = 10-7 

*8 = .999 

The fo recas t accuracy s t a t i s t i c s at t h i s s p e c i f i c a t i o n are g iven 

i n Table 2. 
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Table 2 

F i n a l S p e c i f i c a t i o n Forecast Performance 

V a r i a b l e Pe r i od 1 Pe r iod 2 Pe r i od 3 O v e r a l l 

1-Step Hor izon 

Standard Er ro rs 
R e a l GNP 0.925 0.800 0.759 0.831 
GNP d e f l a t o r 0.199 0.131 0.210 0.183 
Ml 0.269 0.320 0.474 0.365 
Stock P r i c e Index 2.832 3.294 3.734 3.308 
Treasury b i l l ra te 0.229 0.241 0.847 0.525 
Trade weighted d o l l a r 0.319 0.323 1.957 1.160 
Flow o f t o t a l debt 18.087 8.248 6.694 12.110 
Change i n i n v e n t o r i e s 4.839 4.963 6.446 5.465 
F e d e r a l ou t lays 4.879 3.500 4.485 4.327 
Federa l r e c e i p t s 4.267 4.325 4.008 4.202 

Log determinant -69.497 -71.310 -63.114 -64 .829 

3-Step Hor izon 

Standard E r ro r s 
R e a l GNP 1.355 1.083 1.178 1.211 
GNP d e f l a t o r 0.506 0.329 0.518 0.459 
Ml O.58O 0.625 0.944 0.735 
Stock P r i c e Index 5.841 6.567 7.556 6.692 
Treasury b i l l ra te 0.493 O.56O 1.746 1.096 
Trade weighted d o l l a r 0.670 0.677 4.339 2.565 
Flow o f t o t a l debt 36.154 13.336 13.101 23.499 
Change i n i n v e n t o r i e s 5.610 5.402 8.247 6.549 
Fede ra l ou t lays 5.568 4.204 4.416 4.767 
Federa l r e c e i p t s 4.931 5.151 4.440 4.850 

Log determinant -59-240 -61.680 -53.379 -54.349 

6-Step Hor izon 

Standard E r ro r s 
R e a l GNP 2.172 1.677 1.729 1.872 
GNP d e f l a t o r 0.826 0.567 0.976 0.808 
Ml 1.073 1.205 1.234 1.173 
Stock P r i c e Index 9.709 10.563 11.721 10.696 
Treasury b i l l ra te 0.810 0.793 2.273 1.466 
Trade weighted d o l l a r 1.135 0.990 6.666 • 3.946 
Flow of t o t a l debt 39"-045 15.522 14.429 25.649 
Change i n i n v e n t o r i e s 6.140 5.899 9.290 7.276 
Federa l ou t lays 8.794 5-145 5.539 6.696 
Fede ra l r e c e i p t s 6.900 5.969 5.670 6.202 

Log determinant -52.102 -55.858 -47.723 -48.051 



- 2 4 -

12 -S tep Hor izon 

Standard E r r o r s 
R e a l GNP 
GNP d e f l a t o r 
Ml 
Stock P r i c e Index 
Treasury b i l l ra te 
Trade weighted d o l l a r 
Flow o f t o t a l debt 
Change i n i n v e n t o r i e s 
Federa l ou t l ays 
Federa l r e c e i p t s 

3-500 
1.627 
2.150 

17.891 
1.033 
1.984 

53.879 
6.644 

17.870 
14.370 

3 .235 
1 .122 
2 . 3 3 9 

14.460 
1.108 
1.187 

2 0 . 8 7 7 
6 .800 
7.174 
9 .269 

3.113 
1.992 
1 .925 

1 6 . 3 6 7 
2 . 4 6 9 
9 -510 
8 . 5 9 4 

1 0 . 3 1 8 
8 . 0 6 1 
9.113 

3 . 2 8 7 
1 .620 
2.145 

16.300 
1 .672 
5 .651 

35.045 
8 . 1 0 0 

1 2 . 0 5 2 
1 1 . 1 8 7 

Log determinant •44.207 - 5 0 . 2 6 5 •41.723 -40.680 

In comparing the performance o f d i f f e r e n t systems i t i s 

u s e f u l to note t h a t , as ide from covar iance terms, changes i n the 

log-determinant represent a sum o f the percent changes i n the 

va r iance o f fo recas t e r ro r s from each equat ion . M u l t i p l y i n g the 

change by f i v e ( d i v i d e by 20 to get standard e r r o r s f o r ten v a r i ­

ab les and m u l t i p l y by 100 to get percent) g ives a rough est imate 

o f the average percent change i n f o recas t standard e r r o r s o f the 

equat ions . Thus, we observe an average of about 2 percent im­

provement i n the one-s tep f o recas t e r r o r s i n go ing from u n i v a r i a t e 

to the f i n a l s p e c i f i c a t i o n , about 12 percent at the 12 -s tep h o r i ­

zon. 

were encouraged by our f i n d i n g tha t f o recas t performance was 

g e n e r a l l y i n s e n s i t i v e to the v a r i a t i o n i n parameters that we 

looked a t . A l l o f the se ts o f parameter va lues we looked at had 

log-determinants c l o s e r to our f i n a l cho ice than to the u n i v a r i ­

a t e , i n d i c a t i n g the l ack of s e n s i t i v i t y o f f o recas t performance 

over the range of p r i o r s we i n v e s t i g a t e d . 

In search ing i n f o r m a l l y over parameters of our p r i o r we 
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In o rder to i n v e s t i g a t e t h i s s e n s i t i v i t y more c a r e f u l l y , 

however, we looked at f o recas t performance over a l a r g e r g r i d o f 

va lues f o r the o v e r a l l t i gh tness and t ime v a r i a t i o n parameters o f 

our p r i o r . The g r i d was chosen to cover a reg ion s e v e r a l orders 

o f magnitude wide a long both d imens ions, f a r ou ts ide the range we 

would cons ider reasonab le . 

Our p re fe r red p r i o r o v e r a l l t i gh tness of l .U represents 

a s c a l i n g up of the va r iances of a l l c o e f f i c i e n t p r i o r d i s t r i ­

bu t ions by hO percent from our o r i g i n a l s p e c i f i c a t i o n . For our 

g r i d search we chose to look at the v a l u e s : . O l U , »lk9 . 7 , l . U , 

2 . 8 , and l U . The f i n a l va lue fo r our time v a r i a t i o n parameter was 

1 0 " ^ . We chose a g r i d a long t h i s dimension o f l O " " 1 ^ , 1 0 " ^ , 1 0 ~ ^ , 

and 10""^. The f i r s t value represents e s s e n t i a l l y no parameter 

v a r i a t i o n , wh i le the l a s t s p e c i f i e s an order o f magnitude l a r g e r 

than our p re fe r red va lue . 

The o v e r a l l accuracy o f f o recas t s generated by our 

vec to r au to regress ions tu rns out to be a w e l l behaved func t i on o f 

the p r i o r parameters over which we searched. We present the 

r e s u l t s o f the g r i d search as a s e r i e s o f c h a r t s . The o v e r a l l 

f o recas t accuracy i s shown from two d i f f e r e n t views i n Charts 1 

and 2 . Here fo recas t accuracy i s represented by the height o f a 

sur face fo r each po in t on our g r i d . The height i s g iven by 

(18) 5 • [ l o g | E 1 | - l o g ^ O r ,ir )|J 

where E^ i s the c ross -p roduc t matr ix o f the one-step ahead f o r e ­

cas t e r ro rs fo r our p re fe r red s p e c i f i c a t i o n and E 1 ( T T ^ , T T ^ ) i s the 

c ross -p roduc t matr ix * o f one-step ahead fo recas t e r ro rs fo r the 

po in t on the g r i d ( T T ^ , T T J ) . 



Charts 1 and 2 
How Forecast Accuracy Varies 

With Two Dimensions of the Prior 

Chart 1. Front View Chart 2. Back View 
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I t can be c l e a r l y seen i n these cha r t s tha t the accuracy 

sur face i s not s e n s i t i v e to even order-o f -magni tude changes i n 

these parameters o f our p r i o r . Because we vou ld g ive low weight 

to regions of our g r i d away from the c e n t e r , we i n t e r p r e t t h i s 

r e s u l t as i n d i c a t i n g tha t i f we t h i nk o f ourse lves as having a 

p r i o r which i s a mixture o f normal p r i o r s indexed by the va lues o f 

IT , we would end up w i th a p o s t e r i o r much l i k e tha t f o r our f i n a l 

chosen s p e c i f i c a t i o n . 

A s l i g h t l y more d e t a i l e d p i c t u r e o f the fo recas t p e r f o r ­

mance over our g r i d i s g iven i n Charts 3 through 8 . Here we 

d i s p l a y the accuracy sur faces f o r each o f our three nonover lapping 

sub-per iods f o r the one-step ahead and the 12 -s tep ahead h o r i ­

zons. The- cons is tency o f the shape o f t h i s sur face over the 

d i f f e r e n t per iods i s r e a s s u r i n g ; I t would appear reasonable to 

assume that any cho ice o f va lues fo r T T ^ and T T ^ i n a wide range 

around the cen te r o f t h i s g r i d would be l i k e l y to remain c l o s e to 

the op t ima l c h o i c e , at l e a s t f o r one-step f o r e c a s t s . 

The r e s u l t s f o r the 1 2 - s t e p ahead h o r i z o n , d i sp layed i n 

Char ts 6 through 8 are l e s s cons i s t en t over t ime. In g e n e r a l , 

though, they r e f l e c t the f i n d i n g tha t t i g h t e r p r i o r s w i th l e s s 

t ime v a r i a t i o n o f parameters appear to perform b e t t e r at f o r e c a s t ­

i ng over longer h o r i z o n s . 

What have we accompl ished through t h i s s p e c i f i c a t i o n 

search? By some s tandards , the answer would appear to be not 

much. A f t e r a complex and somewhat expensive (the t o t a l computing 

cos t was about $3000) search we f i n d a s p e c i f i c a t i o n which gene­

ra tes out -o f -sample fo recas t e r ro rs which average a few percent 



Charts 3-8 
Forecast Accuracy Surfaces in Three Nonoverlapping Subperiods 

AM axes of these charts have the same scales as those of Chart 1. 

Charts 3-5. One-Step-Ahead Forecast Horizon 
Chart 3. From January 1952 

to December 1961 
Chart 4. From January 1962 

to Oecember 1971 

Charts 6-8. Twelve Step-Ahead Forecast Horizon 
Chart 6. From January 1952 

to December 1961 
Chart 7. From January 1962 

to December 1971 

Chart 5. From January 1972 
to December 1961 

Chart 8. From January 1972 
to December 1961 
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smal le r than simple u n i v a r i a t e au to reg ress i ons . On the o the r 

hand, as ve po in ted out e a r l i e r , our search here has been aimed at 

t e s t i n g the use fu lness o f c e r t a i n ways o f s p e c i f y i n g a p r i o r . 

Near ly a l l the advantage of the m u l t i v a r i a t e procedures over the 

u n i v a r i a t e procedures i n f o r e c a s t i n g performance cou ld have been 

obta ined wi thout a l l ow ing f o r parameter d r i f t (a major source of 

computat ional expense) and wi thout search ing over most o f the 

dimensions we exp lo red . A more d i f f i c u l t quest ion i s whether by 

search ing as we have, we have ended up w i th a r e l i a b l e p r o b a b i l i t y 

d i s t r i b u t i o n f o r fu tu re data . 

Desp i te the smal l abso lu te ga in i n fo recas t accuracy , i t 

i s s i g n i f i c a n t tha t we have documented a c o n s i s t e n t ga in from the 

use of a fo rma l l y e x p l i c i t m u l t i v a r i a t e method i n a system of t h i s 

s i z e . This has not been done b e f o r e , to our knowledge. The 

d i f f e r e n c e i n accuracy between n a i l t i v a r i a t e and u n i v a r i a t e methods 

which we f i n d i s s u b s t a n t i a l r e l a t i v e to d i f f e r e n c e s i n f o recas t 

accuracy o r d i n a r i l y turned up i n comparisons across methods, even 

though i t i s not l a rge r e l a t i v e to t o t a l f o recas t e r r o r . More­

ove r , i f we th ink o f a decomposi t ion o f movements i n the data i n to 

s i g n a l and n o i s e , w i th no ise be ing the dominant component, then a 

2 percent inc rease i n fo recas t accuracy must represent a much 

l a r g e r percentage inc rease i n the amount o f s i g n a l that i s be ing 

cap tu red . And w i th a mu l t i va r i a te p r o b a b i l i t y model which has 

some c l a i m to accuracy , we can generate c o n d i t i o n a l d i s t r i b u t i o n s 

o f fu ture time paths o f a vec to r o f economic v a r i a b l e s which 

capture the most important c r o s s - v a r i a b l e r e l a t i o n s . 
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Forecasts and C o n d i t i o n a l P r o j e c t i o n 

The main purpose of genera t ing a model l i k e ours i s t o 

use data at a g iven date t to make assessments o f what i s l i k e l y 

to happen a f t e r t . We desc r i be here some ideas f o r making such 

assessments which are i n some ways new, yet which cou ld be a p p l i e d 

to any time s e r i e s model , not j us t models l i k e tha t we have c o n ­

s t r u c t e d . 

Obv ious ly one can cons t ruc t a fo recas t o f the most 

l i k e l y path o f the economy. For our model t h i s i s j u s t a matter 

o f r e c u r s i v e l y f o r e c a s t i n g one-step ahead w i th the au to reg ress i ve 

equa t ions , us ing f o recas t va lues as i f they were a c t u a l data as 

the date i s advanced in to the f u tu re . The appropr ia te procedure 

i s to use the most recent es t imate o f the randomly va ry ing param­

e te rs and vary them dur ing the f o r e c a s t i n g recu rs ion accord ing to 

t h e i r equat ion o f evo lu t i on ( 6 ) , i g n o r i n g the random term in tha t 

equat ion . Of cou rse , when I T Q i s 1 .0 , t h i s amounts to ho ld ing the 

parameters cons tan t . Because the f o r e c a s t s a f t e r the f i r s t p e r i o d 

data are non l i nea r func t ions o f the parameters, they are not 

unb iased . That i s , they do not represent the c o n d i t i o n a l expec ta ­

t i o n of fu ture da ta . One can , at cons ide rab le expense, eva luate 

the c o n d i t i o n a l expec ta t ion by s t o c h a s t i c a l l y s i m u l a t i n g the model 

and i n t e g r a t i n g the p o s t e r i o r d i s t r i b u t i o n of f o recas ts by Monte 

Car lo methods. In one experiment us i ng data through 1982:12 we 

found that the d i f f e r e n c e s i n f o recas ts based on time i n v a r i a n t 

c o e f f i c i e n t s , c o e f f i c i e n t s decaying at the ra te .999 , and those 

generated by Monte Car lo i n t e g r a t i o n were qu i te sma l l r e l a t i v e to 

the unce r t a i n t y i n the f o r e c a s t s . 



-29-

We present i n Charts 9 through 2k two f o recas t s from the 

model f o r 1983 through 1986. The f i r*st i s based on data through 

December 1982, the second i s based on data through March 1983» 

The char ts i n both cases show a f o recas t o f an extremely v igorous 

recovery , compared to those pub l i shed f o recas t s c i r c u l a t i n g i n 

February 1983* The Congress iona l Budget O f f i c e (CBO), f o r exam­

p l e , f o recas t r e a l GNP growth dur ing ca lendar I983 o f on ly k 

percen t , w i th i n f l a t i o n at k.J percent and the Treasury b i l l ra te 

at 6*8 pe rcen t . As o f December, the model f o recas t r e a l GNP 

growth at 8.8 percent combined w i th 5*9 percent i n f l a t i o n and an 

i n t e r e s t ra te o f 8.7 pe rcen t . Data f o r the f i r s t quar te r sug ­

gested that the recovery began w i th l e s s s t rength than the model 

a n t i c i p a t e d . These observa t ions d i d not have a s i g n i f i c a n t i r o a c t 

on the fo recas t growth ra tes i n fu tu re q u a r t e r s , however. 

Perhaps the most obvious f i r s t step beyond p repar ing a 

fo recas t i n us ing a model to eva lu ta te fu ture prospects i s to ask 

how l i k e l y are o ther p o s s i b l e p a t h s . We can a s k , f o r example, how 

l i k e l y i t i s that the CBO's p ro jec ted output and p r i c e l e v e l 

growth ra tes and Treasury b i l l r a tes w i l l be r e a l i z e d . In answer­

ing these ques t i ons , however, we w i l l be t a k i n g s e r i o u s l y the 

c r o s s - v a r i a b l e r e l a t i o n s h i p s est imated by the model. Before do ing 

s o , i t i s perhaps u s e f u l to i n v e s t i g a t e those aspects o f the 

model. 

The favorab le comparison between the fo recas t p e r f o r ­

mance of our f i n a l s p e c i f i c a t i o n and tha t o f the u n i v a r i a t e equa­

t i o n s suggests that the c r o s s - v a r i a b l e i n t e r a c t i o n s which are 

captured by our equat ions represent p r e d i c t a b l e responses . More-



Charts 9-24 
Forecasts 

Actuals 
From January 1981 
to March 1983 

Forecasts: As of December 1982 (From January 1983 
to December 1986) 

As of March 1983 (From April 1983 
to December 1986) 
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ove r , i t tu rns out tha t these responses e x p l a i n a s i g n i f i c a n t 

p ropo r t i on o f the v a r i a t i o n i n most o f the v a r i a b l e s i n the model 

and, w i th a few e x c e p t i o n s , they remain f a i r l y s t a b l e ac ross 

d i f f e r e n t sub-per iods o f the sample. 

One measure o f the s i z e o f the c r o s s - v a r i a b l e i n t e r a c ­

t i o n s i s the p ropor t i on o f the fo recas t e r ro r var iance o f a v a r i ­

ab le exp la ined by o r thogona l i zed innova t ions i n the other v a r i ­

ab les i n the system. Th is measure i s based on a decomposi t ion o f 

the var iance o f the k -s tep f o recas t i n to a sum of components 

assoc ia ted w i th each o f a set o f o r thogona l i nnova t i ons . See Sims 

(1980). Al though the decomposi t ion depends on the o rde r i ng chosen 

f o r the o r t h o g o n a l i z a t i o n , our po in t here i s merely to demonstrate 

the extent to which i n t e r a c t i o n s amoung v a r i a b l e s are cap tu red . 

We have looked at seve ra l o rde r i ngs , ' and t h i s aspect o f the de­

composi t ion i s not a f f e c t e d . 

For some v a r i a b l e s , such as the stock p r i c e index , our 

p r i o r aga ins t c r o s s - v a r i a b l e response i s so s t rong tha t v i r t u a l l y 

none i s a l l owed . Own innova t ions exp la i n over 95 percent o f stock 

p r i c e fo recas t e r r o r s , even at a U8 month h o r i z o n . For o ther 

v a r i a b l e s i n the system, however, the c r o s s - v a r i a b l e responses, 

shown i n Table 3 , are s i g n i f i c a n t . 
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Table 3 

Var iance Decomposit ion 

Be lov are the p ropo r t i ons o f f o recas t var iance at a U8-month 

hor i zon exp la ined by own i n n o v a t i o n s . The o r t h o g o n a l i z a t i o n 

order f o r t h i s decomposi t ion i s the order shown. 

ML 29-2 

Stock p r i c e index 95-1 

Treasury b i l l r a t e 59-9 

Flow o f t o t a l debt 76.9 

GNP d e f l a t o r 28. k 

Change i n i n v e n t o r i e s 76.0 

Rea l GNP 11.7 

F e d e r a l ou t l ays 79.7 

Federa l r e c e i p t s 65.1 

Trade Weighted D o l l a r 54.0 

We next d i s p l a y the responses of r e a l GTTP to the o r t h o -

gona l i zed i nnova t i ons . These responses a l so demonstrate the 

extent to which the model i s capable o f i n c o r p o r a t i n g m u l t i v a r i a t e 

i n t e r a c t i o n s , as w e l l as the extent to which such responses are 

s tab le over t ime . The responses , shown i n Charts 25 through 3 ^ , 

were est imated independent ly over three nonover lapping sub-

p e r i o d s , the same p r i o r be ing imposed at the beginn ing of each . 

Many o f the responses are of s u b s t a n t i a l magnitude r e l a t i v e to the 

s i z e o f the response to own i n n o v a t i o n s , and f o r the more s i g n i ­

f i c a n t responses there appear to be s t rong s i m i l a r i t i e s across the 

t ime p e r i o d s . 



Charts 25-34 
Responses of Real GNP in Three Nonoverlapping Periods 

From July 1948 From February 1960 From September 1971 
to January 1960 to August 1971 to March 1983 

Responses are to orthogonalized innovations of the same magnitude for each period. 
The graphs are displayed in the order that the innovations are orthogonalized. The size 
of the shock for each variable is normalized to be one standard error of the distribution 
of the residuals for that variable over the full period Responses are displayed over a 
horizon of 48 months in units of percent. 
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The responses are sca led to show percent movements i n 

r e a l GNP f o l l o w i n g o r thogona l i zed innovat ions i n each o f the other 

v a r i a b l e s . The s i z e o f the shock, which i s the same f o r each 

p e r i o d , i s normal ized to be one standard e r r o r o f the d i s t r i b u t i o n 

o f innovat ions over the e n t i r e p e r i o d . The l a r g e s t responses o f 

r e a l GNP are to innovat ions i n r e a l GNP, the change in bus iness 

i n v e n t o r i e s and the stock p r i c e index . These responses are a l l 

s i m i l a r across the d i f f e r e n t sub -pe r i ods . The responses o f output 

to i n t e r e s t ra tes and money innova t ions are a l s o s u b s t a n t i a l , and 

a l s o r e l a t i v e l y s i m i l a r i n t h e i r dynamic pa t te rn i n d i f f e r e n t sub-

p e r i o d s . The o ther responses are not p a r t i c u l a r l y c o n s i s t e n t over 

t ime p e r i o d s , but f o r the most par t they are not l a rge e i t h e r . 

With regard to the ques t ion o f cons i s tency across sub-

p e r i o d s , some readers w i l l undoubtedly be more impressed at f i r s t 

g lance by the v a r i a t i o n s i n some o f the responses than by the 

s i m i l a r i t i e s of o t h e r s . Perhaps the most n a t u r a l metr ic f o r 

measuring the degree of s t a b i l i t y o f the responses through t i m e , 

though, i s the ou t -o f -sample f o r e c a s t i n g accuracy metr ic which we 

have a l ready s t r e s s e d . We know tha t our s p e c i f i c a t i o n does w e l l 

by that measure. What we f i n d encouraging i n l ook ing at these 

response p a t t e r n s , and the e a r l i e r decomposit ions o f f o recas t 

v a r i a n c e , i s that the p r i o r which l ed to r e l a t i v e l y accurate 

f o recas t s i s a l so capable o f cap tu r i ng s i g n i f i c a n t c r o s s - v a r i a b l e 

i n t e r a c t i o n , even i n these three sub -pe r i ods , which each inc ludes 

on ly a very l i m i t e d amount o f da ta . 

There i s no unambiguously co r rec t way to measure how 

l i k e l y i t i s that a p a r t i c u l a r c o n d i t i o n on the p ro jec ted fu tu re 
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path o f the econony w i l l be r e a l i z e d . Of course the p r o b a b i l i t y 

tha t any set o f e q u a l i t y r e s t r i c t i o n s w i l l be exac t l y r e a l i z e d i s 

z e r o . When we ask how l i k e l y a p ro jec ted path i s we o r d i n a r i l y 

mean to ask how l i k e l y i t i s that the a c t u a l path w i l l d i f f e r from 

the model 's most l i k e l y p r o j e c t i o n as much as the p ro j ec ted path 

and " i n . t h e same d i r e c t i o n " . There i s no mechanical way to d e t e r ­

mine, from the path a l o n e , what paths " d i f f e r i n g i n the same 

d i r e c t i o n " might be. In our example, we might be i n t e r e s t e d i n 

the p r o b a b i l i t y that r e a l GNP growth w i l l be at l e a s t as low as 

CBO's h percent and i n f l a t i o n and the i n t e r e s t ra te a l so at l e a s t 

as low as t h e i r p r o j e c t i o n s . But one might i ns tead cons ide r t ha t 

on ly the GNP growth ra te d i f f e r e n c e s are i n t e r e s t i n g , so that 

f o recas ts d i f f e r i n g i n the same d i r e c t i o n as CBO's are a l l those 

w i t h growth ra tes at l e a s t as low. Or one might suppose that the 

c r i t i c a l t h i n g about the CBO fo recas t i s i t s lower r e a l i n t e r e s t 

ra te and des i re the re fo re to check the p l a u s i b i l i t y of i t s p ro ­

j ec ted gap between i n f l a t i o n ra tes and i n t e r e s t r a t e s . 

I f a c l a s s o f fu tu re paths i s s p e c i f i e d , one can measure 

the p r o b a b i l i t y o f the c l a s s d i r e c t l y — b y s t o c h a s t i c a l l y s i m u l a t ­

ing the model i f no computa t iona l l y cheaper a n a l y t i c method i s 

a v a i l a b l e . The method i s expens ive , however, both i n computer 

t ime and i n i t s requirement fo r c a r e f u l thought about the c l a s s of 

paths to be assessed . I ns tead , one can mechan ica l l y cons t ruc t a 

c l a s s of paths from s p e c i f i e d r e s t r i c t i o n s . A n a t u r a l way of 

doing t h i s i s a v a i l a b l e when the j o i n t dens i t y f unc t i on o f f u tu re 

paths i s unimodal and has convex l e v e l sur faces ( l i k e a normal 

d e n s i t y ) . We can cons t ruc t f i r s t the most l i k e l y path s a t i s f y i n g 
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the r e s t r i c t i o n s , then cons ide r the c l a s s o f a l l paths l y i n g on 

the downh i l l s ide o f the tangent p lane to the l e v e l sur face at 

tha t po in t i n the space o f fu tu re pa ths . Chart 35 shows the 

nature o f the set o f paths whose p r o b a b i l i t y wou ld be measured i n 

a two-d imensional s p e c i a l c a s e . 

For a normal p . d . f . , t h i s leads to us ing the square root 

o f the usua l ch i - squa red s t a t i s t i c as i f i t were a normal random 

v a r i a b l e and measuring p l a u s i b i l i t y by the p r o b a b i l i t y i n the 

upper t a i l o f the normal p . d . f . a t the l e v e l o f t h i s s t a t i s t i c . 

One might wonder why i t i s not b e s t , f o r the case of a normal 

d i s t r i b u t i o n over fu tu re p a t h s , t o measure the p l a u s i b i l i t y o f a 

set of l i n e a r r e s t r i c t i o n s d i r e c t l y by the s i g n i f i c a n c e l e v e l o f 

i t s assoc ia ted ch i - squa red s t a t i s t i c , us i ng as degrees o f freedom 

the number of r e s t r i c t i o n s a p p l i e d . Th is i s , a f t e r a l l , how we 

would " t e s t " whether the r e s t r i c t i o n s are " t r u e " us i ng c l a s s i c a l 

methods. Such a procedure t r e a t s as the c l a s s o f paths whose 

p r o b a b i l i t y i s to be measured a l l paths w i th lower l i k e l i h o o d than 

the most l i k e l y path s a t i s f y i n g the r e s t r i c t i o n s . Thus, i f the 

model a s s e r t s tha t r e a l growth w i l l be a t 8 percent and i n f l a t i o n 

at • 6 percent and someone c la ims tha t ins tead growth w i l l be at k 

percent and i n f l a t i o n at 9 p e r c e n t , the c l a i m i s i n some sense 

d i f f e r e n t from the model a s s e r t i o n i n one d i r e c t i o n — i t i s more 

p e s s i m i s t i c . The standard use of the ch i - squa red s t a t i s t i c would 

assess the l i k e l i h o o d o f the p e s s i m i s t i c fo recas t by l ook ing at 

the p r o b a b i l i t y o f a l l paths a t l e a s t as u n l i k e l y , i n c l u d i n g those 

which are u n l i k e l y because they are much more o p t i m i s t i c than the 

model. The index we use here i n s t e a d looks on ly at paths l y i n g on 



Chart 35 
Construction of an Implausibiiity Index 

The implausibiiity index is a measure of the probability the model gives to 
outcomes on the downhill side of a tangent to the forecast's level curve at 
the point of a conditional projection. 
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f ?one s i d e " o f the c la imed p a t h . Th is i nc ludes some paths w i t h 

l e s s i n f l a t i o n and iaich l e s s r e a l growth as w e l l as paths w i th 

more i n f l a t i o n and l e s s r e a l growth, so i t i s not so narrow a 

c l a s s as that o f paths w i t h both l e s s r e a l growth and more i n f l a ­

t i o n . However, the t r adeo f f between i n f l a t i o n and r e a l growth 

i m p l i c i t i n d e f i n i n g the c l a s s o f paths "more p e s s i m i s t i c " than 

that c la imed i s cons t ruc ted mechan ica l ly from the covar iance 

matr ix of pa ths . Th i s w i l l a t best approximate the way we would 

cons t ruc t a c l a s s o f more p e s s i m i s t i c paths i f we thought about i t 

c a r e f u l l y . Nonetheless we apply t h i s measure of p l a u s i b i l i t y 

here . 

To do so , we must f i r s t f i n d the model 's p r o j e c t i o n o f 

the most l i k e l y fu tu re path f o r the economy subject to the c o n d i ­

t i o n that the CBO fo recas t s fo r annual average growth ra tes are 

s a t i s f i e d . Such c o n d i t i o n a l p r o j e c t i o n s may be i n t e r e s t i n g i n 

t h e i r own r i g h t as par t of a d e s c r i p t i o n o f the l i k e l i h o o d func­

t i o n , and fo r o ther a p p l i c a t i o n s we w i l l mention be low. 

The p r i n c i p l e i s that the model prov ides a j o i n t c o n d i ­

t i o n a l dens i t y f unc t i on f o r fu tu re paths of the p r o c e s s . We 

simply use tha t f unc t i on to f i n d l i k e l i h o o d - m a x i m i z i n g paths 

subject to c e r t a i n r e s t r i c t i o n s on the fu tu re pa ths . These com­

pu ta t i ons cannot i n genera l be c a r r i e d out r e c u r s i v e l y forward i n 

t ime as can the po in t f o r e c a s t s , because a c o n s t r a i n t on f u tu re 

va lues of a v a r i a b l e i n the system can ca r r y in fo rmat ion about the 

l i k e l y cur rent value of a l l v a r i a b l e s . I f , f o r example, I know 

tha t money stock w i l l grow s low ly between 12 and 18 months from 

now,- and i f I know tha t money stock i s nega t i ve l y c o r r e l a t e d w i th 
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d is tu rbances i n the i n t e r e s t r a t e 12 to 18 months e a r l i e r , then I 

should th ink i t l i k e l y that i n t e r e s t ra tes w i l l r i s e soon. 

The computations are s imp les t when the model i s s t a ­

t i o n a r y and concerned on ly w i th second-order p r o p e r t i e s , so we 

f i r s t desc r ibe our procedure w i t h i n the con f i nes o f the p r e d i c t i o n 

problem fo r covar iance s t a t i o n a r y p rocesses . The vec to r s t o ­

c h a s t i c process x^ : t = . . . , - 2 , - 1 , 0 , 1 , 2 , . . . i s assumed to be 

covar iance s t a t i ona ry and l i n e a r l y r e g u l a r . The moving average 

rep resen ta t i on (MAR) i s 

ao 
(19) x t . i b s V ; 

s=0 

where the innovat ions are unco r re la ted both across time and 

contemporaneously. The MAR i s normal ized so tha t E(u^u^) + I. 

A l i n e a r c o n s t r a i n t upon fu tu re va lues o f x" i s a l i n e a r 

c o n s t r a i n t upon • fu tu re va lues of the innovat ions process u. The 

c o n s t r a i n t on x i s t ransformed in to the equ iva len t c o n s t r a i n t on 

u . Th is has some computat iona l advantages when, as i s l i k e l y f o r 

models o f t h i s t ype , we have a l ready computed the c o e f f i c i e n t s o f 

the MAR in any case . The l e a s t squares est imate o f the con­

s t r a i n e d u T s i s computed, and the l e a s t squares p r o j e c t i o n o f x 

sub ject to t h i s c o n s t r a i n t i s obta ined by c o n s t r u c t i n g the path 

f o r x imp l ied by the computed i n n o v a t i o n s . 

Le t [y|Q] denote the or thogonal p r o j e c t i o n of the random 

v a r i a b l e y onto the c l o s e d subspace Q i n the H i l b e r t space o f 

f i n i t e var iance random v a r i a b l e s on the under l y ing p r o b a b i l i t y 

space. I f y i s a v e c t o r , the p r o j e c t i o n i s done component by 

component. H x ( t ) i s the c l osu re o f the subspace of f i n i t e l i n e a r 
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combinat ions o f x g f o r s < t . Consider the p r o j e c t i o n o f x^. +^ on 

the in format ion set c o n s i s t i n g o f H x ( t ) and 

CO 

(20) S~x = I S . x . 

where 

(21) [ S jS^ < - . 

S j i s dimension qxn, where q i s the number o f c o n s t r a i n t s and n i s 

the dimension o f x^ . The sequence S con ta ins the c o e f f i c i e n t s on 

past and fu tu re x va lues i n a set o f c o n s t r a i n t s . The p r o j e c t i o n 

we are c o n s i d e r i n g can be thought o f as the best l i n e a r p r e d i c t o r 

o f X-t+k g iven knowledge of x va lues up to t ime t and i n a d d i t i o n 

knowledge o f the l i n e a r combinat ions o f past and fu tu re x f s whose 

c o e f f i c i e n t s are i n S . In p r a c t i c e , the S sequence w i l l be zero 

except f o r a f i n i t e number o f te rms. App ly ing the law o f r e c u r ­

s i ve p r o j e c t i o n s : 

(22) [ x t + k | H x ( t ) + s p a n ( S # x ) ] = [ * t + k l H x ( t ) ] + 

t ( x t + k ~ [ x t + J H x ( t ) 1 ) I s P a n < s * x - [ s * x | H ( t ) ] )] 

and 

( 2 3 ) * t + k - [ x t J H x ( t ) 1 -T B » u t + k -« s=0 

Now, 

(2k) S * x - [ S * x | H ( t ) I » S * ( x - [ x | H ( t ) ] ) 

(25) x s - [ x j H x ( t ) ] = 0 f o r s < 
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s-t+1 

(26) x - [ x e | H ( t ) ] = I B.u f o r s > t , 
j—0 

so 

(27) S ( x - [ x | H x ( t ) [ ) = J 1

S - m

( ^ 0

B

J V = 1 - J ) 

(28) = I ( * f S B ) u 
k = l j =0 t K 

(29) = R*u = £ r , U . . 

By l i n e a r i t y , the second p r o j e c t i o n i n (22) can be v r i t t e n 

( 3 0 ) k t B s [ u t + k - J R * u l • 
s=0 

I t can be v e r i f i e d , us ing the o r t hogona l i t y p r i n c i p l e 

f o r p r o j e c t i o n s , tha t the p r o j e c t i o n f u t + k - j i ^ u l ^ s 

- i . , „ 
(31) R, J I R , R : } * 1 ( R * u ) . 

These are the l e a s t squares p r o j e c t i o n s of the fu tu re innova­

t i o n s . The p r o j e c t i o n (22) i s thus the sum of the uncons t ra ined 

f o recas t p lus 

( 3 2 ) X v w -

s=0 

which can be obta ined by s imu la t i ng the model beginn ing at t+1, 

us ing the u as the i n n o v a t i o n s . In a p a r t i c u l a r a p p l i c a t i o n , a 

va lue fo r S x i s u s u a l l y s u p p l i e d ; the equ iva len t value fo r R" u i s 

the d i f f e r e n c e between S x and the fo recas t value f o r S x . 

To see how t h i s works i n a simple case , suppose that 

data on Ml are a v a i l a b l e on ly w i th a two week de l ay , wh i le i n t e r ­

est ra te TB i s a v a i l a b l e on a d a i l y b a s i s . We have a weekly model 

which we wish to use to f o r e c a s t , but at t have data on M on ly 
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f o r s < t - 1 . Here, "pu re ly f o r f o r e c a s t i n g purposes, ve need t o 

make a p r o j e c t i o n c o n d i t i o n a l on TB^_^ and TB^. 

With the VAR normal ized so tha t Bg i s lower t r i a n g u l a r 

and TB comes above Ml i n the o rde r ing o f v a r i a b l e s , the moving 

average c o e f f i c i e n t s needed are the responses o f R to or thogona­

l i z e d shocks i n i t s e l f at zero and one step and i n Ml at one s tep ; 

c a l l these b^Q, b -^ , and b ^ . With v^ and w^ as the innova t ions 

i n TB and Ml a t t , 

(33) t̂-rPt-l b b 0 0 

b 7 • b l ml-

' t -1 

t -1 w 

0 0 V. 
t 

W 

The 2x2 mat r ices i n t h i s a r e , r e s p e c t i v e l y , R_7 and R_2 

i n the no ta t ion- above. The most convenient way to do t h i s com­

pu ta t i on i s to stack the set o f i nnova t i ons . With 

(34) 

(35) 

(36) 

R = 

r = 

bO 0 0 

b, . b . b . 0 b l ml rO 

ret-i-TBt-i 
TB, -TB j 

the formula fo r the cons t ra ined U vec to r becomes U = R f (RRT )"^r, 

which i s the s o l u t i o n o f the problem: min U f U sub jec t to RU = r. 

One important va r i an t on t h i s procedure i s to add the 

a d d i t i o n a l c o n s t r a i n t tha t on ly c e r t a i n innova t ions are a l lowed to 

be nonzero. We might want to do t h i s i f we had i n mind i n t e r p r e -
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t a t i o n s fo r c e r t a i n i n n o v a t i o n s . For example, i f we regarded 

money and i n t e r e s t ra tes as "monetary p o l i c y v a r i a b l e s " , ve might 

suppose tha t innova t ions i n those v a r i a b l e s represented changes i n 

p o l i c y . Then a fo recas t c o n d i t i o n a l on low i n f l a t i o n and on 

innovat ions be ing zero i n a l l v a r i a b l e s o ther than these monetary 

p o l i c y v a r i a b l e s would d i s p l a y the most l i k e l y way fo r monetary 

p o l i c y to generate low i n f l a t i o n J i / 

Ho ld ing c e r t a i n innovat ions to zero i n the c o n d i t i o n a l 

p r o j e c t i o n can be accompl ished s imply by e l i m i n a t i n g the columns 

i n the R matr ix which correspond to the v a r i a b l e s whose innova­

t i o n s must be z e r o . For computing cons t ra ined p a t h s , the n o r m a l i ­

za t i on o f the iMAR used to ob ta in orthonormal u ' s has no e f f e c t 

except on the computat iona l burden: i f Efu^Oj. 1) = I, the fo rmu la , 

u s i n g the s tack ing from above, i s U = (I | l ) R ' [ R ( L 8 where 

a d i f f e r e n t R ' matr ix i s obta ined us i ng the nonor thogona l ized 

MAR. O r thogona l i za t i on e l im ina tes the need fo r the I by i n c o r ­

po ra t i ng a f a c t o r i z a t i o n o f Z i n t o the MAR and thus i n t o the R 

ma t r i x . However, when innovat ions f o r c e r t a i n v a r i a b l e s are 

cons t ra ined to be zero o r t h o g o n a l i z a t i o n i s no longer innocuous, 

s ince the d e f i n i t i o n o f a v a r i a b l e ' s innovat ions depends on the 

o r t h o g o n a l i z a t i o n . For example, the l e a s t squares cons t ra i ned 

-—'There are a number o f models i n the l i t e r a t u r e which 
i d e n t i f y innovat ions i n c e r t a i n v a r i a b l e s as generated by p o l i c y 
or which go s t i l l f u r t he r and t r e a t c e r t a i n p o l i c y v a r i a b l e s as 
exogenous, hence Granger c a u s a l l y p r i o r , and as e n t i r e l y d e t e r ­
mined by p o l i c y . In f a c t , t h i s k ind of assumption i s probably the 
norm i n models which are used to generate i m p l i c a t i o n s f o r p o l ­
i c y . We regard such assumptions as f requen t l y be ing i n t e r e s t i n g 
specu la t i ve hypotheses, but seldom s o l i d l y j u s t i f i a b l e as " a 
p r i o r i knowledge." . 



path may prove to be obta ined p r i m a r i l y through innova t ions i n the 

p o l i c y v a r i a b l e s when one o rde r ing i s used , but through innova­

t i o n s i n the nonpo l i cy v a r i a b l e s i n another . 

Though the proo fs above were l i m i t e d to covar iance 

s t a t i o n a r y p rocesses , the method w i l l s t i l l work, e . g . , i f x has 

an i n v a r i a n t au to reg ress ive rep resen ta t i on w i th unstab le r o o t s . 

Our exper ience suggested t h a t , though models w i th t ime -

i n v a r i a n t c o e f f i c i e n t s generate reasonable f o r e c a s t s , they have a 

tendency to generate unreasonably o p t i m i s t i c est imates o f the 

l i k e l y s i z e o f fu tu re fo recas t e r ro rs—even when sampling e r r o r i n 

the est imated c o e f f i c i e n t s (which we ignored above) i s a l lowed 

f o r . One of the o b j e c t i v e s o f our research has been to d i scove r 

whether our random parameter s p e c i f i c a t i o n avoids t h i s o p t i m i s t i c 

tendency. 

We w i l l compare four d i f f e r e n t est imates of the c o v a r i ­

ance matr ix o f f o recas t e r r o r s . The f i r s t ma t r i x , F , i s generated 

from the usua l innova t ion covar iance ma t r i x , Z , est imated by 

t a k i n g c ross products o f in -sample r e s i d u a l s based on a f i x e d -

c o e f f i c i e n t s model. The k -s tep fo recas t e r ro r covar iance matr ix 

i s g iven as 

k-1 
(37) I. = Z B I B e 

k S S 

s=0 

where the B g

f s are the c o e f f i c i e n t s i n the MAR assoc ia ted w i th the 

f i x e d - c o e f f i c i e n t model. 

Our second est imate of the fo recas t e r ro r covar iance 

matr ix i s o, the est imate ob ta ined by us ing a t ime -va ry ing c o e f f i ­

c i e n t model, but tak ing the end -o f -pe r i od c o e f f i c i e n t es t imater as 
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f i x e d and us i ng the ou t -o f -sample one-step ahead fo recas t e r r o r s 

to est imate to covar iance matr ix o f i nnova t i ons . 

Another est imate o f the f o r e c a s t e r r o r covar iance mat r ix 

i s obta ined by a Monte Car lo s imu la t i on o f the f u l l random param­

e te r model from the end-of -sample i n i t i a l c o n d i t i o n s . Th is e s t i ­

mate we w i l l c a l l M. 

F i n a l l y , another way to assess l i k e l y f o recas t accuracy 

which i s i n some sense conse rva t i ve i s to r e c u r s i v e l y generate 

f o recas t s over a range of hor izons at each sample p o i n t , us ing 

data on ly up to the f o recas t date i n making each set o f f o r e ­

c a s t s . Forming the sample covar iance ma t r i x , V, of r e a l i z e d 

fo recas t e r r o r s at va r ious hor izons g ives us a d i r e c t measure o f 

l i k e l y fo recas t e r ro r va r iances at those ho r i zons . Th is procedure 

assumes that the s t o c h a s t i c process f o r the vec to r o f f o recas t 

e r r o r s by hor izon i s j o i n t l y s t a t i o n a r y , but requ i res no assump­

t i o n that the model j u s t i f y i n g the fo recas t procedure i s a l s o 

genera t ing the data . 

Our experiments w i th these four d i f f e r e n t ways of e s t i ­

mating f o recas t e r r o r covar iance matr ices gave no c l e a r rank ing o f 

the methods. The est imated standard e r ro rs of f o recas ts at 12 and 

h8 month hor izons are shown i n Table U. Each of our d i f f e r e n c e 

es t ima tes , F , 0 , M, and V at t imes g ives both the l a r g e s t and the 

smal les t est imated standard e r r o r s . This r e s u l t i s c e r t a i n l y due 

i n par t to the smal l samples we are u s i n g . In our Monte Car lo 

est imates we used on ly 200 draws, and f o r the genera t ion of h i s ­

t o r i c a l second moments i n V we use 2h0 obse rva t i ons , which r e p r e ­

sent on ly 5 nonover lapping U8-month p e r i o d s . 
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Table 4 

Standard e r r o r s o f 12-month f o r e c a s t s , 
es t imated va r ious ways 

Ml STOCKS TBILL DEBT PGNP CBI RGNP 

F .0136 .1360 1.4113 .2666 .0120 7.9992 .0233 

0 .0111 .1130 1.3225 .2822 .0088 8.3999 . 0188 

V .0233 .1136 1.2549 .2394 .0202 7.2900 .0293 

M .0129 

OUTL 

.0999 

RCPT 

1.3039 

TRD0L 

.2917 .0136 7.8663 .02C6 

F .0857 .0958 .0457 

0 .0890 .1008 .0400 

V .0826 .0927 .0293 

M .09^9 .0952 .0412 

Standard e r r o r s f o r 48-month f o r e c a s t s 
est imated va r i ous ways 

Ml STOCKS TBILL DEBT PGNP C3I RGNP 

F .0352 .2422 1.5435 .3010 .0245 3.2767 .0651 

0 .0277 .2399 1.5542 •3359 .0240 8 .9611 .0612 

V .0834 .1255 1.3493 .1906 .0871 7.1102 . 0589 

M . 0882 

OUTL 

.2191 

RCPT 

1.8737 

TRD0L 

.4500 .0948 11.0070 . 1083 

F .1048 .1218 .0889 

0 . 1128 .1354 . 0891 

V .1164 • 1530 . 0826 

M .2054 .2136 .0344 

E s t i m a t i n g ' f i x e d c o e f f i c i e n t model, us ing in-sample r e s i d u a l s to est imate 
innova t ion covar iance mat r i x . 



0: Using end-of-sample t ime -va ry i ng c o e f f i c i e n t es t imates as i f f i x e d , t r e a t ­
ing h i s t o r i c a l ou t -o f -sample one-s tep fo recas t e r r o r second moment mat r ix 
as i f i t were the i nnova t ion covar iance ma t r i x . 

V : H i s t o r i c a l second moments o f ou t -o f -sample fo recas t e r r o r s . 

M: Monte-car lo est imates o f f o recas t e r r o r s based on t ime -va ry i ng c o e f f i ­
c i e n t s model s t a r t e d up from end-of-sample i n i t i a l c o n d i t i o n s . 

• Our o r i g i n a l s u s p i c i o n , that est imates o f u n c e r t a i n t y , 

such as F based on f i x e d c o e f f i c i e n t models, would badly under­

est imate the average ou t -o f -sample m u l t i - s t e p f o recas t e r r o r s as 

measured i n V, was only o c c a s i o n a l l y observed. At the US-step 

hor i zon F badly underest imates the s i z e o f observed e r ro r s on ly 

f o r money and p r i c e s . In those two cases the Monte Car lo e s t i ­

mates i n M, based on the t ime -va ry i ng s p e c i f i c a t i o n s , d id g ive 

est imates much c l o s e r to the observed r e s u l t s . More o f t e n , how­

ever , the est imates i n F were l a r g e r than the observed f o recas t 

v a r i a n c e , and the Monte Car lo est imate i n some o f those cases gave 

even l a r g e r es t ima tes . I t i s p o s s i b l e , o f c o u r s e , tha t the use o f 

V as a standard o f comparison i s i napp rop r i a t e . When parameters 

are vary ing through time the u n c e r t a i n t y a l s o v a r i e s , and at a 

g iven time i t may be very d i f f e r e n t from an est imate based on 

average e r ro rs i n the p a s t . For the t rade-weighted d o l l a r the 

Monte Car lo est imate suggests much l ess unce r ta i n t y than the 

o t h e r s , and i t i s c e r t a i n l y conce i vab le tha t t h i s i s c o r r e c t . 

The t ime-va ry ing parameters s p e c i f i c a t i o n used i n t h i s 

paper imp l i es a c o n d i t i o n a l l y he te roscedas t i c nongaussian d i s t r i ­

bu t ion fo r the fo recas t e r r o r s . I f we form the sample covar iance 

ma t r i x , V, of f o recas t e r r o r s and form c o n d i t i o n a l p r o j e c t i o n s as 

minimum mean square e r ro r p r e d i c t i o n s us ing V, we are the re fo re 

c o n t r a d i c t i n g the p r o b a b i l i t y model which j u s t i f i e s our f o r e c a s t -
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i ng procedure . However, i t i s not c l e a r whether that model i s 

more r e a l i s t i c than one which uses V to form c o n d i t i o n a l p r o j e c ­

t i o n s . 

Us ing V to form c o n d i t i o n a l p r o j e c t i o n s i s only i n a 

sense c o n s e r v a t i v e . I t i s u n l i k e l y to g r e a t l y underest imate the 

magnitude o f e r r o r s , even at long ho r i zons . But when we est imate 

the whole o f V wi thout app l y i ng Bayesian methods we are l o s i n g the 

s t a b i l i t y prov ided by Bayesian "sh r inkage" toward a p r i o r mean. 

In p a r t i c u l a r when we s t a r t comparing c o n d i t i o n a l p r o j e c t i o n s to 

form conc lus ions about how much v a r i a b l e s respond to each o the r , 

use o f V may g ive an exaggerated view o f how s t rong the i n t e r a c ­

t i o n among v a r i a b l e s i n the data i s . 

A Gaussian c o v a r i a n c e - s t a t i o n a r y process generates a 

normal j o i n t d i s t r i b u t i o n fo r fu tu re paths g iven the p a s t , w i th 

some covar iance ' ma t r i x . However, tha t covar iance matr ix has a 

s p e c i a l s t r u c t u r e . To take the s imples t case , cons ide r the c o -

var iance matr ix o f one- and two-step ahead f o r e c a s t s f o r a u n i ­

v a r i a t e p rocess . I f i nnova t ion var iance i s one, the var iance of 

p 

two-step ahead f o recas t e r r o r s , S22» i s 1 + b , that f o r one-s tep 

ahead fo recas t e r r o r s , s ^ , i s 1, and the covar iance of one- and 

two-step ahead f o r e c a s t s , s^2» i s "D> where b i s the c o e f f i c i e n t on 

the f i r s t lagged innova t ion i n the MAR. Thus, the square root o f 

s 2 2 " s l l ^ s s 1 2 * ^ o r a P r o c e s s such that minimum va r iance 

fo recas ts are non l inear func t i ons of the data such a r e s t r i c t i o n 

on the covar iance matr ix o f f o recas t e r ro r s i s not i n gene ra l 

s a t i s f i e d . For example, suppose y ( t ) = e ( t ) + s g n ( e ( t - l ) ) , where 

e( t ) i s i . i . d . un i fo rm ly on (-•5»«5) 2-nd the func t i on sgn has 

va lue 1 i f i t s argument i s p o s i t i v e and -1 i f i t s argument i s 
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nega t i ve . C l e a r l y we can determine s g n ( e ( t - l ) ) from knowledge o f 

y ( t - l ) , so the one-step ahead fo recas t e r ro r var iance i s the 

var iance o f e ( t ) , i . e . , 1/12. The var iance o f the two-step ahead 

fo recas t e r ro r i s l + ( l / 1 2 ) , and the covar iance o f one- and two-

step ahead f o recas t s i s not ( s 2 2 ~ s l l ^ # ^ = ^ i n s * e a ( ^ •25« 

To f i n d the best l i n e a r f o recas t f o r a g iven f i x e d V not 

generated by a covar iance s t a t i o n a r y process the re fo re r equ i r es 

some mod i f i ca t i on o f our procedure. For t h i s case the d i f f e r e n c e 

between the cons t ra ined f o recas t and the uncons t ra ined f o recas t i s 

VS ' (SVS" )~^"r, where the matr ix S i s taken d i r e c t l y from the con ­

s t r a i n t s on x . A r e s t r i c t i o n cor responding to the r e s t r i c t i o n 

tha t only c e r t a i n v a r i a b l e s have nonzero innovat ions can be ob­

ta ined by examining the meaning o f a Cho lesk i f a c t o r i z a t i o n o f V 

i n t o L I / , L lower t r i a n g u l a r . I f EUtT = I, then i f V = L U , EWVr = 

V. The Cho lesk i f a c t o r i z a t i o n t ransforms the f o recas t e r r o r W 

i n t o LU, where each component o f U i s c reated as that par t o f the 

corresponding element o f W which i s unco r re la ted w i th the p r e ­

viously* def ined U f s . Th is i s p r e c i s e l y how the o r thogona l i zed 

innovat ions decompose the f o recas t e r r o r i n the covar iance s t a ­

t i o n a r y case: the innova t ion f o r v a r i a b l e j at step k i s the 

(normal ized) par t of the f o recas t e r r o r which i s o r thogona l to the 

innovat ions i n a l l v a r i a b l e s fo r steps < k and fo r v a r i a b l e s < j 

at step k. L desc r ibes an analog o f the moving average r e p r e ­

s e n t a t i o n : each column g ives the response of the system to a un i t 

shock i n the cor responding component o f U. I f W = VS^ (SVS > ) " " ^ r , 

then U = L " 1 ^ , and i f R i s def ined as SL , then U = R " ( R R ' ) " 1 r . 

Aga in , by c u t t i n g the appropr ia te columns out of the matr ix R, 

r e s t r i c t i o n s that c e r t a i n innovat ions remain at zero can be imp le ­

mented. 
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In t h i s paper we have cond i t i oned on c o n s t r a i n t s which 

i nvo l ve p ro j ec t i ons 48 per iods i n t o the ' f u t u re . Because o f the 

s i z e o f the system, a f u l l V o r M matr ix would be 480 x 480. 

Rather than attempt to operate w i th such a huge matr ix we have 

r e s t r i c t e d ourse lves to l o o k i n g at the c o n d i t i o n a l p r o j e c t i o n s f o r 

a nonconsecut ive sequence o f hor izons between 1 and 48 steps i n to 

the f u t u r e , w i th a l l c o n s t r a i n t s be ing put on ly on those i nc luded 

h o r i z o n s . That i s , i ns tead o f forming the covar iance matr ix f o r 1 

through 48 step ahead f o r e c a s t s , we form the covar iance matr ix f o r 

1 , 2 , 3 , 6 , 9 , 12, 18 , 24, 30 , 36, and 48 step ahead f o r e c a s t s . 

The r e s t r i c t i o n s we cons ide r on fu tu re paths must then be de f i ned 

i n terms of these h o r i z o n s . 

Tables 5-8 show the u n c o n d i t i o n a l fo recas t produced by 

the model and f o recas t s c o n d i t i o n a l on the CEO's 1983 and 1984 

averages fo r i n t e r e s t r a t e s , i n f l a t i o n and r e a l growth, us ing 

three covar iance m a t r i c e s : M, V, and 0 . Though they were net 

cons t ra ined to match the CBO p r o j e c t i o n s f o r the d e f i c i t , these 

f o recas t s agree w i th i t f a i r l y c l o s e l y . CBO p r o j e c t s 194, 197, 

214, and. 231 b i l l i o n d o l l a r s f o r f i s c a l years 1983-86, and a l l the 

model p r o j e c t i o n s are i n t h i s same range. 
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Table 5 

Uncond i t i ona l Forecas t 

Cont inuous ly compounded precentage change at 
annual r a te from prev ious pe r i od on t a b l e 

w i t h pe r i od p rev ious to 83-1 taken as 82-12• 
Except tha t TBILL i s i n percent and CBI and DEFICIT 

are i n b i l l i o n s o f d o l l a r s at annual r a t e s . 

Key to v a r i a b l e names 

Ml Money Supply STOCKS Stock P r i c e Index 

TBILL Treasury B i l l Rate DEBT Flow of T o t a l N o n f i n a n c i a l Debt 

PGNP GNP d e f l a t o r CBI Change i n Bus iness Inven to r i es 

RGNP Rea l GNP OUTL F e d e r a l Out lays 

RCPT Federa l Rece ip ts TRDOL Trade weighted d o l l a r 

DEFICIT Federa l D e f i c i t (Monthly f i g u r e s at annual r a t e s , i n $ b i l l . ) 

YR MO Ml STOCKS TBILL DEBT PGNP CBI 

83 1 9-38 • 14.38 8.01 144.54 4.08 - 1 5 . 6 1 

83 2 9.46 15.70 8.13 111.67 4 .26 -13 .49 

83 3 9 .60 11.86 8.27 59.06 4.97 -7 .70 

83 6 9.81 7.47 8.59 37.94 5.48 - 3 . 1 1 

83 9 9-36 6.38 8.85 30.21 5.91 .49 

83 12 9.11 6.03 9.08 16.31 6.33 3.24 

84 6 8.86 6.01 9.44 9 .60 6.78 6.04 

84 12 8.66 6.08 9-74 6.80 7.20 7.19 

85 6 8.57 6.17 9 .98 7.84 7.47 7.57 

85 12 8 .56 6.28 10.20 9 . 9 6 7.66 7.63 

86 12 8 .61 6.45 10.60 12.93 7.85 7.48 
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RGNP OUTL RCPT TRDOL DEFICIT 

83 1 9-77 -35 .04 -45 .36 - . 1 3 201.24 

83 2 8.38 .12 - 3 . 9 6 4.02 203.22 

83 3 10 .62 7 .08 10.32 5.60 202.86 

83 6 9 . 0 0 2.56 2.72 5.81 203.93 

83 9 8.47 1.40 5.64 4.24 198.40 

83 12 7.83 4.04 8.40 3.23 193.86 

84 6 7 .06 5.64 10.30 2.23 184.75 

84 12 6.33 7 .80 11.44 1.41 179.95 

85 6 5.85 9.38 11.88 .97 179.71 

85 12 5.53 IO.58 12 .06 .74 183.87 

86 12 5.28 11.75 12.19 .59 203.03 

Table 6 

Using the Simulated Random C o e f f i c i e n t s M M a t r i x : 
Model Forecas t C o n d i t i o n a l on CBO Average Rea l Growth, 

I n f l a t i o n , and B i l l Rate f o r 1983 and 1984. 
Percentage Growth Rates at Annual Rates 3etween L i s t e d Dates 

(Except TBILL , CBI and DEFICIT) 

YR M0 Ml STOCKS TBILL DEBT PGNP CBI 

83 1 7.56 - 1 1 . 5 2 7.89 134.16 4.32 -15 .83 

83 2 7.20 • .24 7.63 91.68 3.84 -14 .26 

83 3 7.68 6.00 7.43 82.68 4.42; -11 .10 

83 6 8.72 -15 .08 6 . 9 6 29.68 5.04 -7 .24 

83 9 8.48 12 .60 6 .56 18.00 5.20 - 7 . 5 0 

83 12 10.08 - . 6 4 6.24 10.12 4.36 - 7 .05 

84 6 8.68 2 .60 * 7 .06 40.16 4 .06 2.44 

84 12 7.18 8.94 7.74 19.42 5.14 .12 

85 6 6.72 13 .96 8.78 -12 .52 4.74 3.55 

85 12 6.34 9-18 9.76 -5 .68 5.46 6.87 

86 12 4.61 4.02 11.03 -11 .47 5.64 5.34 
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RGNP OUTL RCPT TRDOL DEF IC IT 

83 1 4.68 - 6 5 . 4 0 -63.24 3.24 190.34 

83 2 6 .60 2.40 42.00 . 12 171.62 

83 3 4.20 15 .60 8.40 6 .12 177.43 

83 6 6 .16 6.00 . - 7 . 6 0 3.04 200.22 

83 9 1.92 4 . 8 0 -7 .20 2 .28 220.02 

83 12 2.76 12.00 5.20 - 2 . 6 0 236.64 

84 6 6.56 - 1 . 6 0 4 . 8 0 .14 216 .09 

8k 12 2.84 4.00 - 2 . 0 0 .44 238.32 

85 6 5.20 3 .80 6 .60 2.08 234.46 

85 12 3.90 - 1 . 2 0 1 2 . 8 0 2.80 189 .37 

86 12 2.37 12.70 9-30 4.51 239.55 

T a b l e 7 

U s i n g t h e E m p i r i c a l l y E s t i m a t e d V M a t r i x : 
M o d e l F o r e c a s t C o n d i t i o n a l on CBO A v e r a g e R e a l G r o w t h , 

I n f l a t i o n , and B i l l Ra te f o r 1983 and 1 9 8 4 . 
P e r c e n t a g e Growth R a t e s a t A n n u a l R a t e s Eetween L i s t e d Dates 

( E x c e p t T B I L L , CBI and D E F I C I T ) . 

YR M0 M l STOCKS . T B I L L DEBT PGNP CBI 

83 1 4 . 5 6 - 3 . 0 0 7 . 7 3 1 5 5 . 7 6 4 . 0 8 - 1 5 . 2 2 

83 2 5 .28 5 .40 7 . 3 8 113 .64 4 . 0 8 - 1 3 . 8 2 

83 3 7 .08 9 .84 7 .04 4 9 . 8 0 4 . 6 8 - 9 . 1 2 

83 6 8 . 2 0 6 . 5 2 6 . 5 6 3 0 . 8 4 4 . 6 8 - 6 . 9 3 

83 9 7 . 5 6 9 . 7 2 6 . 7 9 2 4 . 7 6 4 . 9 2 - 5 . 2 4 

83 12 7 . 2 4 6 . 6 4 6 . 8 1 2 3 . 9 6 4 . 9 2 - 2 . 0 9 

84 6 6 . 6 6 8 . 4 2 7 . 4 2 2 5 . 0 4 4 . 4 6 3 .34 

84 12 6 .68 1 2 . 6 8 7 . 3 8 1 5 . 6 8 4 . 7 4 1 .78 

85 6 5 .56 8 . 5 0 8 .04 1 1 . 7 6 5 .54 8 . 8 1 
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85 12 6 . 3 2 13 .54 8 . 5 7 - 3 - 3 2 6 . 0 8 

86 12 5.40 8.84 9 . 8 5 - 3 . 9 5 6.40 

RGNP OUTL RCPT TRDOL DEFICIT 

83 1 2 . 2 8 - 3 4 . 2 0 - 4 6 . 4 4 .84 2 0 2 . 3 1 

83 2 1.44 - 3 . 6 0 - 1 2 . 0 0 2.64 2 0 5 . 7 1 

83 3 4 . 8 0 - 1 . 2 0 7 . 2 0 3 . 1 2 2 0 1 . 5 0 

83 6 3 .20 1.60 - . 4 0 4.32 2 0 5 . 1 8 

83 9 4 . 4 4 - 5 . 6 0 1 .60 1.04 1 9 2 . 0 6 

83 12 5 -52 2 . 0 0 4.40 .40 1 8 9 . 5 4 

84 6 5 .00 6 . 0 0 3 . 8 0 2 . 0 0 2 0 1 . 8 7 

8k 12 4.40 4 . 8 0 6 . 2 0 - 3 . 3 6 2 0 2 . 5 1 

85 6 6 . 5 0 . 2 0 4 . 2 0 2 . 9 6 1 9 0 . 3 5 

85 12 5 .86 2 . 8 0 6 . 6 0 . 2 6 1 8 0 . 8 8 

86 12 4 . 4 4 8 . 5 0 11.30 . 5 8 1 7 6 . 9 7 

Table 8 

Using the F i xed C o e f f i c i e n t s 0 M a t r i x : 
Model Forecast C o n d i t i o n a l on CBO Average Rea l Growth, 

I n f l a t i o n , and B i l l Rate f o r 1983 and 1 9 8 4 . 
Percentage Growth Rates at Annual Rates Between L i s t e d Dates 

(Except TBILL , CBI and DEFICIT) . 

YR M0 Ml STOCKS TBILL DEBT PGNP CEI 

83 1 6.48 - 1 4 . 1 6 7 . 7 6 109.20 3.72 -15 .71 

83 2 6.48 -13 .20 7-53 7 6 . 0 8 3 .60 -13 .97 

83 3 7.32 -15 .24 7 . 2 8 24.48 4.32 - 8 .84 

83 6 8 . 3 6 - 1 8 . 6 4 6 . 8 1 18.64 4 . 5 6 • - 6 . 7 8 

83 9 8.32 - 1 4 . 5 6 6 .54 28.32 4.92 - 5 . 1 6 

83 12 8.44 - 8 . 8 8 . 6 . 5 7 27 .36 5.4U - 5 . 0 4 

84 6 7.72 - - 2 . 7 6 7.24 15.46 4.36 .48 
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84 12 7.78 5.06 7 .56 13.62 4.84 - . 2 2 

85 6 9 .06 8.30 8.39 I 6 . 9 6 7.90 5.48 

85 12 8.58 8.48 9.04 5.16 8.12 7.50 

86 12 8.43 8.52 9.91 6.kk 8 .26 8.09 

RGNP OUTL RCPT TRD0L DEFICIT 

83 1 4.92 -39.00 -41.64 .24 196.89 

83 2 4.08 - 1 . 2 0 - 3 . 6 0 3.48 197.85 

83 3 6.36 6.00 8.40 4.32 197.68 

83 6 4 .16 1.20 0.00 4.48 200.02 

83 9 3.88 - . 4 0 1.20 2.32 197.49 

83 12 2.84 .80 2.00 1.20 196.13 

84 6 5-58 6.00 3.40 .72 209.90 

84 12 3-82 6.20 4.40 -1 .18 222.01 

85 6 8.32 5.20 11.00 - . 4 8 209.48 

85 12 6.82 8.00 12.80 - . 6 6 201.77 

86 12 5-58 10.70 13.50 - . 2 8 202.89 

The " i m p l a u s i b i i i t y i ndex " f o r the f i x e d c o e f f i c i e n t s 

f o recas t , generated as the root sum o f squares o f the s tandard ! zed 

shocks requ i red to generate the f o r e c a s t , i s 4 .1 ; , : .mprobable •? -p x a. 

t r ea ted as a o n e - t a i l e d normal or t t e s t s t a t i s t i c . For the 

fo recas t generated from the V matr ix the i ndex i s 3«0 and f o r the 

M matr ix i t i s 3«3-—both smal le r than fo r the f i x e d c o e f f i c i e n t s 

model, hut s t i l l i n the range o f i m p l a u s i b i i i t y . 

A l l the c o n d i t i o n a l f o recas t s show an i n i t i a l sharp 

c o n t r a c t i o n i n both ou t l ays and r e c e i p t s , and a l l show s lower 

money growth than the u n c o n d i t i o n a l f o r e c a s t . On the other hand, 
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the degree to which money growth i s reduced i s much l a r g e r i n the 

V fo recas t than i n e i t h e r o f the other two, and the reduc t ion i n 

stock p r i c e s i s much g rea te r i n the f i x e d - c o e f f i c i e n t s model than 

i n the other two. We should note that the r e s u l t s from the s imu­

l a t i o n - b a s e d M matr ix d i f f e r n o t i c e a b l y between an M matr ix based 

on 200 random draws and one based on 100 random draws, and because 

the e m p i r i c a l V matr ix i s a l so based on a sample of on ly a few 

hundred h igh l y dependent observed fo recas t e r r o r s , i t too i s 

probably i n f e c t e d by s u b s t a n t i a l sampl ing e r r o r . Thus, though 

no t i ceab le d i f f e rences e x i s t , they may be inherent s t a t i s t i c a l 

e r r o r ra the r than fundamental d i f f e r e n c e s i n the r e s u l t s based on 

these d i f f e r e n t approaches. 

To understand why i t emerges as i m p l a u s i b l e , i t may help 

to examine the t ime sequence o f s tandard ized shocks imp l i ed by the 

f o r e c a s t , as d i sp layed in Table 9 fo r the e m p i r i c a l V v e r s i o n . 

Note that there are no s tandard ized shocks a f t e r 1984.12 because 

the c o n s t r a i n t s i nvo lved no dates a f t e r t ha t . 
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Table 9 

Standard ized Shocks Generat ing the Table 7 P r o j e c t i o n 

YR MO Ml STOCKS TBILL DEBT PGNP CBI 

83 1 - 0 . 9 - 0 . 4 - 0 . 6 0.1 0.3 - 0 . 0 

83 2 - 0 . 4 - 0 . 3 - 0 . 6 0.1 0.3 - 0 . 0 

83 3 - 0 . 3 - 0 . 3 - 0 . 5 0.1 0.3 - 0 . 0 

83 6 - 0 . 3 - 0 . 3 - 0 . 9 0.3 0.4 0.1 

83 9 - 0 . 3 - 0 . 3 - 0 . 6 0.2 0.3 - 0 . 1 

83 12 -0 .4 - 0 . 2 - 0 .4 - 0 . 0 0.2 - 0 . 0 

84 6 - 0 . 7 - 0 . 2 0.1 - 0 . 1 - 0 . 1 - 0 . 2 

84 12 - 0 . 3 - 0 . 1 - 0 . 2 -0 .1 0.1 - 0 .4 

RGNP OUTL RCPT TRD0L 

83 1 - 0 . 8 0.0 - 0 . 0 0.2 

83 2 - 0 . 7 0.0 - 0 . 0 0.1 

83 3 - 0 . 5 0.0 0.0 0.2 

83 6 - 0 . 8 - 0 . 1 0.0 0.2 

83 9 - 0 . 6 - 0 . 2 0.1 0.2 

83 12 - 0 . 4 - 0 . 0 0.1 0.0 

84 6 - 0 . 6 0.0 0.0 0.0 

84 12 - 0 . 5 0.0 0.0 0.0 

Because the model shows a s t rong connect ion o f Ml i nno -

va t ions and stock p r i c e innova t ions to subsequent output and (to a 

l e s s e r extent) p r i c e movements , both these v a r i a b l e s show a s e -

quence of f a i r l y l a rge negat ive s tandard ized shocks. Qne p o s s i b l e 

i n t e r p r e t a t i o n o f the p r o j e c t i o n i s an " i r r a t i o n a l mone ta r i s t " 

one. A l e s s expansionary monetary p o l i c y than the model 's uncon-
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s t r a i ned fo recas t leads to c o r r e c t a n t i c i p a t i o n s o f lower f u tu re 

i n f l a t i o n and to lower nominal i n t e r e s t r a t e s . Because o f some 

k i nd o f p r i c e r i g i d i t y or money i l l u s i o n (perhaps an i n a b i l i t y o f 

wage con t rac ts to lower t h e i r ra tes o f inc rease f a s t enough) the 

lower i n f l a t i o n ra te leads to p e r s i s t e n t l y lower ou tput . 

As one o f us (Sims (1983) ) has recen t l y argued, though, 

the p r a c t i c e o f i d e n t i f y i n g p o l i c y ac t i ons w i th innova t ions i n 

p o l i c y v a r i a b l e s , which u n d e r l i e s nuch standard manipu la t ion o f 

econometric models f o r p o l i c y a n a l y s i s as w e l l as some r a t i o n a l 

expec ta t ions macroeconomics, requ i res j u s t i f i c a t i o n , which may not 

be easy to f i n d . One cou ld i n t e r p r e t Tables 7 and 8 as showing 

the response of the economy to p u b l i c r ecogn i t i on that capac i t y 

u t i l i z a t i o n i s l i k e l y to remain low and unemployment h i g h , due t o 

cont inued slow adapta t ion o f the i n d u s t r i a l economies to h igh 

energy p r i c e s &nd to the nominal i n e r t i a o f the wage and p r i c e 

s e t t i n g mechanism. On t h i s i n t e r p r e t a t i o n new in fo rmat ion appears 

f i r s t i n the f i n a n c i a l v a r i a b l e s money, the b i l l r a t e , and the 

stock p r i c e index because a l l th ree (wi th a p a r t i a l l y accommoda­

t i v e monetary p o l i c y ) reac t q u i c k l y to the p u b l i c ' s a n t i c i p a t i o n s 

o f the f u tu re . They the re fo re do not r e f l e c t p o l i c y dec i s i ons and 

the d i f f e rence between the CBO and the c e n t r a l model p r o j e c t i o n 

cannot be read as d i s p l a y i n g the e f f e c t o f c o n t r a c t i o n a r y monetary 

p o l i c y . 

One i n t e r p r e t a t i o n which i s not cons i s ten t w i th the 

model i s the idea tha t d e f i c i t s might be c r i t i c a l to the d i f f e r ­

ence between the model 's expansionary c e n t r a l f o recas t and the 

l e s s v igorous CBO f o r e c a s t . D i f f e rences between the d e f i c i t 
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p r e d i c t i o n s f o r these c o n d i t i o n a l p r o j e c t i o n s and those f o r the 

models c e n t r a l f o recas t are s l i g h t . Furthermore i n an experiment 

ve do not repor t i n d e t a i l we t r i e d imposing a c o n s t r a i n t tha t the 

d e f i c i t be down to 2 percent o f GNP by 1 9 8 4 . 1 2 . That p r o j e c t i o n 

showed expendi tures lower and revenues h i g h e r , w i th hard ly any 

o ther change i n the fo recas t r e l a t i v e to the model 's uncons t ra ined 

f o r e c a s t . The i m p l a u s i b i i i t y index f o r t h i s f o recas t ranged from 

•62 to 1.2 f o r the three methods, i n d i c a t i n g that i t i s not at a l l 

u n l i k e l y . 

In a more extreme exper iment, the d e f i c i t was con ­

s t r a i n e d to reach zero at 198U.6 and stay t h e r e . This c o n d i t i o n a l 

p r o j e c t i o n , and the shock assoc ia ted w i th i t , based on the M 

covar iance matr ix are shown i n Tables 10 and 1 1 . Th is p r o j e c t i o n 

has an i m p l a u s i b i i i t y index ranging from 3*6 to 1 2 , w i th the 

lowest value doming from t h i s va r iab le -paramete rs p r o j e c t i o n . 

Th is range i s l a r g e , but o f course a l l put the c o n s t r a i n t i n the 

reg ion o f great i m p l a u s i b i i i t y . 
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Table 10 

P r o j e c t i o n Const ra ined t o Produce D e f i c i t o f Zero f o r 1 9 8 4 . 6 
and Therea f te r Percent Changes from Prev ious Date 

(Except TBILL CBI and DEFICIT) , Us ing Mat r i x M 

YR MO Ml STOCKS TBILL DEBT PGNP CBI 

83 1 9.48 13 .80 8 . 0 5 130.08 4 . 2 0 - 1 5 . 2 7 

83 2 9.48 18 .84 8 . 0 9 1 1 3 . 5 2 4 . 4 4 - 1 2 . 4 9 

83 3 1 0 . 0 8 26 .40 8 . 2 8 9 3 . 3 6 5.04 - 7 . 1 4 

83 6 10.24 1 6 . 9 2 8 . 5 6 42.24 5 . 7 6 - 3 . 2 0 

83 9 9 . 9 2 9 . 0 0 8 . 7 2 - 6 . 1 2 6 . 0 8 - . 1 2 

83 12 9 - 9 6 12 .64 8 . 9 3 1 8 . 9 2 7 . 5 2 4 . 6 8 

84 6 9 . 2 2 7 . 6 6 9 . 7 0 1 8 . 2 0 8 .34 8 . 8 7 

84 12 9 . 2 2 4 . 3 4 9 . 8 5 - 9 . 4 0 9 . 0 6 9 . 7 6 

85 6 9 . 6 2 7 .18 9 -93 1 0 . 6 0 9 . 0 0 8 . 6 8 

85 12 9 .42 5.64 1 0 . 3 4 1 5 . 0 8 9.04 7 . 5 0 

86 12 9.40 4 . 8 7 1 0 . 5 8 1 0 . 0 8 9.31 7 . 8 2 

RGNP OUTL RCPT TRDOL DEFICIT 

83 1 9 . 9 6 - 3 3 . 0 0 - 3 9 - 2 4 - . 9 6 1 9 9 . 6 2 

83 2 6 . 9 6 - 7 . 2 0 - 7 . 2 0 3 . 9 6 198.42 

83 3 1 1 . 8 8 1.20 7 . 2 0 1.92 1 9 5 . 7 3 

83 6 9.48 3 . 6 0 5 . 2 0 5.40 195 .16 

83 9 9.04 - 4 . 8 0 1 2 . 0 0 4 .80 1 6 7 . 9 5 

83 12 9 .44 - 1 8 . 0 0 1 1 . 6 0 2.40 116.14 

84 6 8.04 - 4 . 4 0 2 9 . 8 0 2 .44 0 . 0 0 

84 12 6 . 7 2 1 1 . 6 0 1 1 . 6 0 2 . 1 2 0 . 0 0 

85 6 5 .08 1 0 . 2 0 1 0 . 2 0 2 .34 0 . 0 0 

85 12 5.40 1 2 . 2 0 1 2 . 2 0 1.08 0 . 0 0 

86 12 5 .29 . 1 5 . 6 0 15 .60 1.58 0 . 0 0 
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Table 11 

Standard ized Shocks Generat ing the Table 10 P r o j e c t i o n 

YR MO Ml STOCKS TBILL DEBT PGNP CEI 

83 1 0.0 - 0 . 0 0.1 -0.1 0.0 0.0 

83 2 0.0 0.1 -0.2 - 0 . 0 0.1 0.1 

83 3 0.1 0.3 0.2 0.1 - 0 . 0 0.1 
83 6 0.2 0.3 -0.1 0.1 0.1 - 0 . 0 

83 9 0.1 0.1 -0.1 -0.4 - 0 . 0 -0.1 

83 12 0.3 0.1 -0.1 -0.2 0.3 0.3 
84 6 0.0 0.2 0.3 0.1 0 .3 0.0 

84 12 - 0 . 0 0.1 - 0 . 0 -0.1 0.2 0.1 
85 6 - 0 . 0 0.0 -0.1 -0.1 0.1 - 0 . 0 

85 12 0.0 0.0 0.0 -0.1 0.1 0.0 

86 12 - 0 . 0 0.0 0.0 - 0 . 0 0.0 - 0 . 0 

RGNP OUTL RCPT TRD0L 

83 1 - 0 . 0 0.1 0.1 -0.1 

83 2 -o.u - 0 . 0 0.0 - 0 . 0 

83 3 0.0 -0.1 0.0 -0 .3 
83 6 0.0 - 0 . 0 0.1 - 0 . 0 

83 9 0.1 -0.1 0.1 0.1 
83 12 - 0 . 0 -0.6 0.3 -0.1 
8k 6 -0.1 -0 .7 0.9 - 0 . 0 

8k 12 0.0 -0.3 0.4 - 0 . 0 

85 6 0.0 -0.1 0.2 0.0 

85 12 0.0 -0 .2 0.3 - 0 . 0 

86 12 0.0 - 0 . 0 0.0 0.0 

The c o n s t r a i n t o f a zero d e f i c i t by 1984.6 produces 

n o t i c e a b l e e f f e c t s on the p r o j e c t i o n s f o r o ther v a r i a b l e s , w i t h 

even more rap id expansion than i n the c e n t r a l f o recas t i n the 

pe r i od before 198k.6, fo l l owed by a sharp reduc t ion i n output 

growth rate and a r i s e i n i n t e r e s t ra tes when the d e f i c i t takes 

i t s sharpest drop. . This i s c o n s i s t e n t w i th a "Keynes ian" i n t e r -
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p r e t a t i o n that expansion tends to reduce d e f i c i t s by r a i s i n g the 

tax base f a s t e r than i t r a i s e s government spending p l a n s , at l e a s t 

i n the short run , and that when taxes are r a i s e d and expend i tu re 

reduced, there are subsequent con t rac t i ona ry e f f e c t s on the econ­

omy. The model then can be i n t e r p r e t e d as say ing tha t the most 

l i k e l y way to a r r i v e at a zero d e f i c i t i s to have a lucky expan­

s ion i n output soon, combined w i th an unusua l l y l a rge r i s e i n 

taxes and dec l i ne i n expendi tures l a t e r * 

I t should a l s o be noted tha t there are s e v e r a l ways t o 

model the e f f e c t s o f a c o r r e c t l y a n t i c i p a t e d fu ture reduc t ion i n 

the d e f i c i t which imply that i t would have cur rent expansionary 

e f f e c t s on demand, combined w i th con t rac t i ona ry e f f e c t s when i t 

a c t u a l l y o c c u r s . Since there i s more than one way to get such a 

r e s u l t and none o f them are s imp le , we omit l a y i n g out such a 

theory . We only po in t out that i t i s p o s s i b l e to i n t e r p r e t the 

i n i t i a l expansion i n the p r o j e c t i o n w i th smal l fu tu re d e f i c i t as 

d i r e c t l y produced by a n t i c i p a t i o n s o f the smal l fu tu re d e f i c i t . 

The model shows l e s s impact o f d r a s t i c changes i n fu tu re 

d e f i c i t s than many economists would t h ink l i k e l y . Though the 

modest i m p l a u s i b i i i t y index fo r the d r a s t i c d e f i c i t reduc t ion o f 

Tables 10 and 11 shows that the model 's d e f i c i t f o recas t s have 

shown s u b s t a n t i a l e r ro r i n the h i s t o r i c a l sample, probably an ­

nounced and b e l i e v e d changes o f such magnitude have not occur red 

be fo re . In that case the c o n d i t i o n a l f o recas t i n these Tables 

would not be a good guide to the l i k e l y e f f e c t s o f an announced 

and be l i eved change. On the other hand, i f changes o f t h i s magni­

tude have not been announced and b e l i e v e d b e f o r e , that i s reason 
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to quest ion whether a b e l i e v a b l e announcement o f t h i s type i s 

p o s s i b l e . 

The model does s y s t e m a t i c a l l y assoc i a t e the lower growth 

path o f the CBO fo recas t w i th a sharp i n i t i a l reduc t ion i n the 

t o t a l s i z e of the f e d e r a l budget, w i th expendi tures and r e c e i p t s 

moving down toge the r . This k i nd o f e f f e c t suggests e i t h e r a 

s u b s t a n t i a l short run balanced budget m u l t i p l i e r , or r e a l i n t e r ­

ac t i ons o f f e d e r a l expendi tures w i th the p r i v a t e sector—phenomena 

which p lay a minor r o l e i n c u r r e n t l y fash ionab le approaches to 

macroeconomics. 

As a k i nd o f cons is tency check o f these r e s u l t s , we a l s o 

i n v e s t i g a t e d the p o s t e r i o r d i s t r i b u t i o n d i r e c t l y us i ng the Monte 

Ca r l o method to i n t eg ra te va r ious regions and to eva luate c o n d i ­

t i o n a l expec ta t i ons . For example, to judge the p l a u s i b i l i t y o f 

the CBO fo recas t i n another way, we counted how many o f our 200 

s imu la t ions had r e a l GNP growth lower than the CBO p ro jec ted i n 

1983 and I 9 8 U . There were on ly four such s i m u l a t i o n s , con f i rm ing 

the i m p l a u s i b i i i t y o f the CBO fo recas t accord ing to our model. In 

a s i m i l a r experiment we found 37 s imu la t i ons had the p r i c e l e v e l 

growing l e s s r a p i d l y than the CBO f o r e c a s t . There was only one 

s imu la t i on which had both r e a l GNP and p r i c e l e v e l growth lower 

than the CBO. 

A fo recas t cond i t i oned on low d e f i c i t s was formed by 

averaging the 60 s imu la t i ons w i th the lowest d e f i c i t f o r e c a s t s f o r 

the per iod 1984 :6 t o 1 9 8 6 : 1 2 . The average d e f i c i t path fo r t h i s 

group was negat ive f o r the p e r i o d , smoothly d e c l i n i n g from cur ren t 

l e v e l s to zero i n March 1985 5 and ending the pe r iod w i th a 100 
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b i l l i o n d o l l a r s u r p l u s . Cons is ten t w i th the c o n d i t i o n a l p r o j e c ­

t i o n s above, t h i s subset o f the s imu la t ions had lower i n t e r e s t 

r a t e s , h igher s tock p r i c e s , and more r a p i d growth o f money, p r i c e s 

and output . The d e f i c i t f o recas t here i s not fo rced to zero as i n 

the e a r l i e r exper iment , and growth i n output s tays above the 

o v e r a l l average u n t i l l a t e i n 1986. 

Conc lus ion 

As i s c l e a r from these examples, when models l i k e t h i s 

one are used fo r p o l i c y a n a l y s i s they y i e l d no automatic c a u s a l 

i n t e r p r e t a t i o n s . They prov ide a d e t a i l e d c h a r a c t e r i z a t i o n o f 

dynamic s t a t i s t i c a l interdependence o f a set o f economic v a r i ­

a b l e s , which may help i n eva lua t i ng c a u s a l hypotheses, wi thout 

con ta i n i ng any such hypotheses themselves. 
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Data Appendix 

The data fo r t h i s study c o n s i s t o f ten s e r i e s o f monthly 

observa t ions fo r the pe r i od 1 9 4 8 : 1 through 1 9 8 3 : 3 * Some o f the 

s e r i e s were taken d i r e c t l y from sources g iven below, o thers were 

cons t ruc ted by i n t e r p o l a t i n g q u a r t e r l y da ta . Where data was 

pub l i shed i n seasona l l y ad jus ted form, i t was used. In o ther 

c a s e s , i n which on ly not seasona l l y ad jus ted data was pub l i shed 

and where there was evidence of a seasonal p a t t e r n , the data was 

ad justed by us p r i o r to u s e . D e t a i l s o f the data c o n s t r u c t i o n 

procedures are g iven below. The data set i t s e l f , which i s based 

on data pub l i shed as o f May 1 9 8 3 , i s a v a i l a b l e from L i t te rman f o r 

a nominal charge. 

The four s e r i e s which r e l y on i n t e r p o l a t i o n are r e a l 

GNP, the Change i n Bus iness I n v e n t o r i e s , the GNP d e f l a t o r , and the 

Flow o f T o t a l N o n f i n a n c i a l Debt. Rea l GNP i s generated as the sum 

of nine components, three o f which are components o f consumption 

and are a v a i l a b l e on a monthly b a s i s . The other s i x components, 

one of wh ich , the Change i n Bus iness I n v e n t o r i e s , i s i nc l uded 

s e p a r a t e l y , and the GNP d e f l a t o r are based on i n t e r p o l a t i o n of the 

q u a r t e r l y N a t i o n a l Income and Product Accounts . The Flow of T o t a l 

N o n f i n a n c i a l Debt i s an i n t e r p o l a t i o n of a q u a r t e r l y s e r i e s i n ­

c luded i n the Federa l Reserve Flow o f Funds accounts . The i n t e r ­

p o l a t i o n s use r e l a t e d monthly s e r i e s f o l l o w i n g the procedures of 

Chow-Lin [1972] and L i t te rman [ 1 9 8 3 ] . 

Seasonal adjustment was requ i red fo r f e d e r a l government 

rece ip ts , and expendi tures and fo r seve ra l of the monthly s e r i e s 

used i n the i n t e r p o l a t i o n s . 3elow we descr ibe the i n t e r p o l a t i o n 
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and seasonal adjustment procedures and the steps used f o r c o n ­

s t r u c t i o n o f each o f the i n d i v i d u a l s e r i e s . 

I n t e r p o l a t i o n 

Two i n t e r p o l a t i o n procedures are used ; one i s the Chow 

L i n [1972] procedure where e r r o r s are assumed to f o l l o w a f i r s t -

o rder markov p rocess , the o ther i s a v a r i a t i o n o f Chow-Lin when 

the e r ro r process f o l l ows a random walk w i th a f i r s t - o r d e r markov 

d r i v i n g p rocess . The l a t t e r method, denoted RW below, was t r i e d 

f i r s t when i n t e r p o l a t i o n was r e q u i r e d . I t i s based on the assump­

t i o n that the unobserved monthly s e r i e s o f i n t e r e s t , y ^ , i s r e ­

l a t e d to a vec to r o f observed monthly s e r i e s , x ^ , by the r e l a t i o n : 

yt = xt e + ut 

The e r ro r process u .̂ i s assumed to f o l l o w a random walk: 

ut • ut-i + v 

where i s a f i r s t - o r d e r markov p r o c e s s : 

e t = a e t- i + vt • 

L i t te rman [1983] shows how to est imate a , 3 and the monthly va lues 

of y , g iven q u a r t e r l y averages o f y and the monthly va lues o f x . 

He f i nds that r e l a t i v e to o ther standard approaches, t h i s p roce ­

dure reduces the i n t e r p o l a t i o n e r r o r i n s e v e r a l cases where quar ­

t e r l y averages o f observed monthly data were cons ide red . In cases 

where the est imated markov parameter , a , f o r t h i s procedure was 

n e ^ t i v e , however, the RW procedure d id not perform w e l l . For 

t h i s reason , where we encountered negat ive est imates o f a , we used 
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the Chow-Lin p rocedure , denoted CL below. In the CL model the 

e r r o r term, u^., i t s e l f f o l l ows a f i r s t - o r d e r markov p rocess . 

Seasonal Adjustment 

Where seasonal adjustment was necessary the procedure we 

fo l lowed was a frequency domain method based on Ner love [1964] and 

Geweke [1978]. In b r i e f , the steps were as f o l l o w s : 

1. D e t e r m i n i s t i c c o n s t a n t , t rend and monthly seasona ls 

were removed. 

2 . A short o rder au to reg ress i ve rep resen ta t i on w i t h 

seasonal lags was used to fo recas t and backcast two 

years o f da ta . - ! / 

3« The s e r i e s w i th d e t e r m i n i s t i c par t removed and ex ten ­

s ions appended i s f o u r i e r t ransformed and the spec ­

trum i s es t imated . 

4 . The f o u r i e r t rans fo rm of the data i s d i v i ded at 

seasona l f requenc ies by the r a t i o o f the es t imated 

spectrum to an est imate o f the nonseasonal spectrum 

at tha t f requency. The est imate o f the nonseasonal 

spectrum i s obta ined as a quadra t ic curve f i t across 

seasona l f requenc ies to periodogram o rd ina tes at each 

end o f the seasonal band. 

i / E a r l y ve rs ions of the data s e t , i n c l u d i n g thoses used 
fo r the ou t -o f -sample f o r e c a s t i n g experiments l e f t t h i s step out 
and padded w i th zeros ra the r than f o r e c a s t s . The seasona l l y 
ad justed s e r i e s generated wi thout t h i s step su f fe red at the ends 
o f the data from a de tec tab le modulat ion of the seasonal pa t te rn 
which l ed to our adopt ion o f t h i s procedure. 
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5» The ad jus ted f o u r i e r t rans fo rm i s t ransformed back to 

the t ime domain and constant and t rend are added. 

I n d i v i d u a l Se r i es 

Money Supply 

Seasona l l y ad jus ted monthly va lues fo r the money supp ly , 

M l , as pub l i shed by the Federa l Reserve Board were used f o r the 

pe r i od 1959 :1 to 1 9 8 3 : 3 * Values f o r ML dur ing the pe r iod o f 

1 9 ^ 8 : 1 through 1958:12 were generated by s c a l i n g the o l d Ml s e r i e s 

by the r a t i o o f the new to the o l d va lue fo r 1959 

Treasury B i l l Rate 

Th is s e r i e s i s monthly averages of y i e l d s on 3-month 

Treasury s e c u r i t i e s . 

Stock P r i c e Index 

Th is s e r i e s i s monthly averages of the Standard and 

P o o r ' s Index o f 500 s e c u r i t i e s p r i c e s . 

Flow o f T o t a l N o n f i n a n c i a l Debt 

Th is i s an i n t e r p o l a t e d ve rs ion o f the qua r t e r l y Flow of 

T o t a l N o n f i n a n c i a l Debt pub l i shed i n the Flow o f Funds data set by 

the Federa l Reserve Board. The qua r te r l y s e r i e s was cons t ruc ted 

by summing seasona l l y ad jus ted N o n f i n a n c i a l Sector Cred i t Market 

Debt and Fore ign Corporate E q u i t i e s and sub t rac t i ng C red i t Market 

Funds Raised by F o r e i g n e r s . These s e r i e s are l abe led F394104005, 

F26316U003, and F264102005, r e s p e c t i v e l y , i n the Flow of Funds 

accounts . 
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The r e l a t e d monthly s e r i e s used i n the CL i n t e r p o l a t i o n 

were commercial and i n d u s t r i a l l o a n s ; the change i n consumer 

c r e d i t ou ts tand ing ; the consumer p r i c e i n d e x , seasona l l y a d j u s t e d ; 

T - B i l l s ; M l ; s t o c k s ; and a constant and t rend . 

Because Flow o f Funds data are re leased w i t h e s s e n t i a l l y 

a one-quar ter l a g , the equat ion r e l a t i n g monthly v a r i a b l e s to the 

qua r t e r l y v a r i a b l e toge ther w i t h the p ro jec ted r e s i d u a l s was used 

to extend the data set through the f i r s t quar ter o f 1 9 8 3 , f o r 

which no q u a r t e r l y obse rva t i on was ye t a v a i l a b l e . A l s o , the f low 

o f debt s e r i e s begins i n 1 9 5 2 , r e q u i r i n g the use o f the equat ion 

i n a s i m i l a r manner to extend observa t ions back over the f i r s t 

four years o f our sample. 

Trade-weighted Value o f the U .S . D o l l a r 

The Commerce Department 's Index o f the Weighted Average 

Exchange Value o f the U .S . D o l l a r was used f o r the p e r i o d i n which 

i t i s a v a i l a b l e , 1967 :1 through 1 9 8 3 : 3 * For the e a r l i e r pe r iod a 

t rade-weighted d o l l a r was cons t ruc ted f o l l o w i n g the u s u a l fo rmula 

and we igh ts , except that i t was based on only the exchange ra tes 

between the U.S. and Germany, F rance , and the Un i ted Kingdom, 

ra the r than on the ten coun t r i es i n the cur rent index. The con ­

s t ruc ted s e r i e s was sca led so tha t the va lue f o r 1 9 6 7 : 1 c o i n c i d e s 

w i t h the cur rent index. Over the per iod 1967 :1 through 1969 :12 

the a c t u a l and the cons t ruc ted i n d i c e s were observed to move q u i t e 

c l o s e l y , d i f f e r i n g at any po in t by l e s s than .3 percen t . 
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Fede ra l Government Out lays 

Fede ra l government budget ou t l ays on a u n i f i e d b a s i s are 

a v a i l a b l e from the Treasury Department monthly, not s e a s o n a l l y 

ad jus ted from 1 9 6 8 : 2 . Annual va lues are pub l i shed fo r the p r i o r 

years i n our sample. The e a r l i e r annual data was l i n e a r l y i n t e r ­

po la ted us ing the monthly ou t l ays s e r i e s on a cash b a s i s , which i s 

a v a i l a b l e f o r t h i s p e r i o d . The e n t i r e monthly s e r i e s was then 

seasona l l y ad jus ted as descr ibed above. 

Federa l Government Rece ip ts 

The f e d e r a l government budget r e c e i p t s s e r i e s was con ­

s t ruc ted us ing data analogous to tha t a v a i l a b l e f o r o u t l a y s , and 

was a l so seasona l l y ad justed as descr ibed above. 

GNP D e f l a t o r 

The monthly GNP d e f l a t o r was based on a RW i n t e r p o l a t i o n 

us ing monthly data on the Consumer P r i c e Index, the Producer P r i c e 

Index, and a constant and t r end . The two monthly p r i c e i n d i c e s 

are pub l i shed i n l e v e l form on a not seasona l l y ad jus ted b a s i s , 

and thus were seasona l l y ad jus ted as descr ibed above p r i o r to use 

i n the i n t e r p o l a t i o n . 

Change i n Business Inven to r ies 

The monthly Change i n Bus iness Inven to r ies was generated 

by summing monthly Nondurable and Durable Changes i n Bus iness 

Inven to r ies s e r i e s which were each separa te ly i n t e r p o l a t e d . The 

Nondurable i n v e n t o r i e s was based on a CL i n t e r p o l a t i o n . The 

r e l a t e d monthly s e r i e s were the Net Change i n Inven to r ies on Hand 

and on Order . Wholesale Inven to r ies on Nondurable Goods, T o t a l 
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Inven to r ies o f Nondurable Goods, F i n i shed Inven to r ies o f Non­

durable Goods, and a cons tan t , t rend and dummies fo r constant and 

t rend over the p e r i o d 19U8:1 through 1957:12, dur ing which the 

f i n i s h e d goods i n v e n t o r i e s are not a v a i l a b l e . 

The Change i n Bus iness Inven to r ies o f Durable Goods 

s e r i e s was generated us ing a CL i n t e r p o l a t i o n . The r e l a t e d month­

l y s e r i e s were the Net Change i n Inven to r ies on Hand and on Order 

and the s e r i e s fo r durable goods cor responding to those used i n 

the nondurables i n t e r p o l a t i o n . 

Rea l GNP 

In a d d i t i o n to the change i n bus iness i n v e n t o r i e s , f i v e 

other components o f Real GNP were i n t e r p o l a t e d : Real Bus iness 

F i xed Investment, R e s i d e n t i a l Investment, Government Purchases , 

Expo r t s , and Imports . Real Bus iness F ixed Investment was i n t e r ­

po la ted us ing the CL method. Re la ted monthly s e r i e s inc luded the 

Index o f I n d u s t r i a l P r o d u c t i o n , the l e v e l o f Cont rac ts and Orders 

f o r P lan t and Equipment i n 1972 d o l l a r s , the Composite Index of 

C a p i t a l Investment Commitments, New Orders f o r C a p i t a l Goods, the 

Treasury B i l l Ra te , Commercial and I n d u s t r i a l Loans, and a con ­

stant and t r e n d . 

The i n t e r p o l a t i o n o f R e s i d e n t i a l Investment used the RW 

method. Rela ted monthly s e r i e s were New P r i v a t e Cons t ruc t ion i n 

constant d o l l a r s ; T o t a l P r i v a t e Cons t ruc t ion Pat i n P l a c e , which 

was seasona l l y ad jus ted and de f l a t ed us ing the GNP d e f l a t o r ; 

Expendi tures on P r i v a t e Cons t ruc t i on o f R e s i d e n t i a l B u i l d i n g s , 

which was de f l a ted us i ng the GNP d e f l a t o r ; and a cons tan t , t rend 

and dummies fo r per iods over which the monthly s e r i e s were not 

a v a i l a b l e . 
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The i n t e r p o l a t i o n o f Government Purchases presented a 

b i t o f a problem because we cou ld not f i n d s e r i e s which would 

exp la i n i t s movements. We ended up us i ng the RW i n t e r p o l a t i o n 

method wi th a constant and t r end . 

Expor ts and Imports were i n t e r p o l a t e d us ing the CL 

method. The r e l a t e d s e r i e s were Merchandise Trade Exports and 

Imports, r e s p e c t i v e l y , w i th constant and t r e n d . Both t rade s e r i e s 

were de f l a t ed u s i n g the GNP d e f l a t o r . 
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