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S y s t e m a t i c a l l y M i s s i n g D a t a i n E c o n o m e t r i c M o d e l s — 
Some I d e n t i f i c a t i o n C o n s i d e r a t i o n s 

I. I n t r o d u c t i o n 

The v a r i a b l e s w h i c h e n t e r m a c r o e c o n o m e t r i c mode ls a r e measured 

r e g u l a r l y , b u t a t d i f f e r e n t t ime i n t e r v a l s . T h u s , n e t n a t i o n a l p r o d u c t 

d a t a a r e a v a i l a b l e q u a r t e r l y ; money s t o c k , b i w e e k l y ; and i n t e r e s t r a t e s , 

d a i l y . T h i s h e t e r o g e n e i t y poses b o t h t h e o r e t i c a l and p r a c t i c a l p r o b l e m s 

f o r t he model b u i l d e r . D e s p i t e a t t e m p t s t o c o n s t r u c t " f i n e " mode ls ( i n 

w h i c h the v a r i a b l e s a r e , f o r e x a m p l e , measured mon th l y ) i t i s f a i r t o 

s a y t h a t t he method o f r e s o l u t i o n to d a t e h a s been to c o n s t r u c t " c o a r s e " 

mode ls ( m e a s u r i n g a l l v a r i a b l e s , s a y , q u a r t e r l y ) , i g n o r i n g , o r u s i n g i n 

a n o n s y s t e m a t i c o r a g g r e g a t e d manner , the i n t r a q u a r t e r o b s e r v a t i o n s . 

The a p p r o a c h t a k e n i n t h i s p a p e r assumes t he v a r i a b l e s ( w h i c h 

i n p r a c t i c e w i l l be r e s i d u a l s f r om f i t t e d t r e n d s ) a r e r e a l i z a t i o n s o f a 

c o n t i n u o u s , s e c o n d - o r d e r s t a t i o n a r y s t o c h a s t i c p r o c e s s . I d e n t i f i c a t i o n ^ 

i s a c h i e v e d by p r o j e c t i o n o f t h e dependent p r o c e s s o n t o t h e i n d e p e n d e n t 

p r o c e s s . T h u s , i f we had t he c o n t i n u o u s a u t o c o v a r i a n c e and c r o s s -

c o v a r i a n c e f u n c t i o n s , o r , e q u i v a l e n t l y , a l l o f t h e own and c r o s s - s p e c t r a l 

d e n s i t i e s , we w o u l d know the c o n t i n u o u s m o d e l ' s p a r a m e t e r s ( l a g d i s t r i b u ­

t i o n s ) . I t i s w i t h r e s p e c t t o t h i s ( i d e a l i z e d ) d a t a s e t t h a t the c o n t i n u o u s 

mode l i s i d e n t i f i e d ; w i t h r e s p e c t a s e t o f d a t a c o n s i s t i n g o n l y o f 

r e g u l a r p o i n t s a m p l i n g s , t h e c o n t i n u o u s p r o c e s s i s no l o n g e r i d e n t i f i e d . 

N e v e r t h e l e s s , by p r o j e c t i n g t he sampled dependen t p r o c e s s on to t he 

samp led i n d e p e n d e n t p r o c e s s , a d i s c r e t e mode l i s i d e n t i f i e d w i t h r e s p e c t 

to t he sampled d a t a s e t . R e l a t i o n s h i p s be tween the p a r a m e t e r s o f t h e 

d i s c r e t e and c o n t i n u o u s mode ls were d e v e l o p e d b y S ims i n [ 1 0 ] , f o r 

s c a l a r p r o c e s s e s . Emphas is was p l a c e d on c o n d i t i o n s under w h i c h t he 
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p a r a m e t e r s f o r t h e c o n t i n u o u s and d i s c r e t e mode ls wou ld be " c l o s e " t o 

one a n o t h e r . I n [ 3 ] , Geweke e x t e n d e d S i m s ' r e s u l t s t o t h e v e c t o r c a s e . 

A l l d a t a was g a t h e r e d a t t h e same t ime i n t e r v a l s i n b o t h o f t h e s e p a p e r s . 

We c a n now i m a g i n e t h a t t he d i s c r e t e model j u s t m e n t i o n e d i s a 

" f i n e " mode l i n w h i c h , f o r e x a m p l e , a l l v a r i a b l e s a r e o b s e r v e d , s a y , 

d a i l y . W i t h s u c h f r e q u e n t d a t a t h i s mode l i s i d e n t i f i e d b y p r o j e c t i o n 

and i s t h u s a n a l o g o u s t o t he c o n t i n u o u s mode l a b o v e . F u r t h e r , w i t h 

nonhomogeneous ly samp led t ime s e r i e s o r w i t h u n i f o r m l y l e s s f r e q u e n t l y 

samp led d a t a , t h e " f i n e " model c e a s e s t o r ema in i d e n t i f i e d , b u t g i v e s 

r i s e i n t u r n t o " c o a r s e r " m o d e l s , w h i c h a r e i d e n t i f i e d w i t h r e s p e c t to 

t h e r a t e a t w h i c h o b s e r v a t i o n s a r e b e i n g r e c o r d e d . Thus we have s e v e r a l 

m o d e l s , a l l i n t e r r e l a t e d , and p o s s e s s i n g v a r y i n g p o s s i b i l i t i e s f o r 

i d e n t i f i c a t i o n . 

The r o l e o f t he c o n t i n u o u s model may be l i k e n e d t o t he r o l e o f 

p r e f e r e n c e s i n t he t h e o r y o f consumer c h o i c e : even though t h e y may n o t 

b e ou r p r i n c i p a l c o n c e r n f o r i n f e r e n c e , we a r e w e l l a d v i s e d t o p o s t u l a t e 

them as o u r p r i m i t i v e n o t i o n . We w i l l on o c c a s i o n a n a l y z e t h e i m p l i c a ­

t i o n s f o r t he d i s c r e t e mode ls w h i c h f l o w f r om h y p o t h e s i z e d r e s t r i c t i o n s 

o f t he u n d e r l y i n g c o n t i n u o u s m o d e l ; a n d , r e f l e c t i n g ou r b e l i e f t h a t 

economic p r o c e s s e s a r e i d e a l l y b e s t mode led a s c o n t i n u o u s phenomena, we 

s h o u l d l i k e t o c h e c k t h e c o m p a t i b i l i t y o f any a s s u m p t i o n s p l a c e d on a 

d i s c r e t e model w i t h a c o n t i n u o u s m o d e l . 

I I . N o t a t i o n , Framework, and t h e C o n t i n u o u s Mode l 
l x l N x l 

L e t y ( t ) , x ( t ) be j o i n t l y c o v a r i a n c e s t a t i o n a r y , c o n t i n u o u s , 

r e a l , s t o c h a s t i c p r o c e s s e s , where y w i l l b e i n t e r p r e t e d a s the dependen t 

2 / 
and x a s an i n d e p e n d e n t , l i n e a r l y r egu la r— p r o c e s s . We assume t h a t 

F (dX) i = l , . . . N , and F (dX) a r e a b s o l u t e l y c o n t i n u o u s w i t h r e s p e c t 
x . x . y y 
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to Lebesgue m e a s u r e , so i n t h e (N+ l ) x (N+ l ) s p e c t r a l d i s t r i b u t i o n m a t r i x 

o f t he ( ) p r o c e s s , a l l e l e m e n t s have d e n s i t i e s . Thus 
X 

. N x l l x l ~ m 

>Nxl 
R ^ ( t ) = E x ( s ) y ( s + t ) , = / e d F x y ( A ) = / e x A C S x y ( A ) d A 

where 

OT . " i t - F (dx) 
x ( t ) = / e i W t d z x ( w ) , y ( t ) = / e 1 W t d Z y ( w ) , - E L = S x y ( x ) , 

— CO 

and 

xy A = w 
Edz ( A ) d z (w) « \ J ? . x y „ A t w. 

S i m i l a r d e f i n i t i o n s and r e s u l t s h o l d f o r R ( t ) and F ( d A ) , i n n o t a t i o n 
xx x x 

3 / 

( e . g . , F i shman [2 ] ) w h i c h i s c l o s e enough to s tandard— to be u n d e r s t o o d . 

A l l random v a r i a b l e s a r e assumed to have mean 0 , and we f o l l o w t h e u s u a l 

e c o n o m e t r i c p r a c t i c e o f l i m i t i n g o u r s e l v e s t o s e c o n d - o r d e r moments f o r 

i d e n t i f y i n g i n f o r m a t i o n . 

We now c o n s i d e r t he s p e c i f i c a t i o n o f model ( A ) , 

N N ~ 

(1) y ( t ) = x ' * b ( t ) + u ( t ) = ( I b * x . ) ( t ) + u ( t ) = I j b ( s ) x ( t - s ) d s + u ( t ) 
j = l J J j = l - » J 2 

i n w h i c h , f o r j = l , . . . N , 

(2) E x ^ ( t ) u ( t + s ) = 0 , 

a l l t , s , r e a l . S u b s t i t u t i n g f o r u ( t +s ) i n t he l a s t e x p r e s s i o n , we have 

N 
E x ( t ) y ( t + s ) * = E { x ( t ) ( I b * x . ) ' ( t + s ) } , 

j = l 2 2 

o r , a g a i n , R (s ) = R * b ( s ) where b ' = (b , . . . b ) . Bu t b e c a u s e x and y 
xy x x x Ei 

a r e r e a l , R (s ) = R (s ) and R (s ) = R ( s ) , so we may c o n j u g a t e , t o 
x y x y xx xx 

o b t a i n 



( 3 ) R x y ( s ) = R x x * b ( s ) -

We have a r r i v e d a t ( 3 ) , w h i c h i s e q u i v a l e n t to ( 2 ) , g i v e n ( 1 ) , 

4 / 

t h a t i s , g i v e n t h a t s u c h a b ( « ) e x i s t s . — Bu t t h i s h e r e t o f o r e t a c i t 

a s s u m p t i o n must now be i n v e s t i g a t e d , a s w e l l as t he r e l a t e d q u e s t i o n o f 

c o v e r g e n c e o f t he s t o c h a s t i c i n t e g r a l s I n x ' * b . P e r h a p s (1) a n d (2) a r e 

c o n s i s t e n t — b u t w i t h t he i m p l i e d b ( » ) a g e n e r a l i z e d f u n c t i o n ^ ' — ̂  ( see 

P r o p o s i t i o n A ) . More t o t h e p o i n t , no s u c h b may e x i s t . I t i s ( y ( t ) | H x ) , 

t h e p r o j e c t i o n — ^ o f y ( t ) on to H ( t he space o f v a l u e s o f t he x p r o c e s s ; 
X 

s e e f o o t n o t e 2) w h i c h a l w a y s e x i s t s , and (1) wou ld have been more a c c u ­

r a t e l y w r i t t e n 

( 1 ) ' y ( t ) = ( y ( t ) | H ) + u ( t ) . 
X 

However , t o r e s t o r e (1) and t o r e t u r n to more f a m i l i a r t e r r a i n , we have 

P r o p o s i t i o n 1 I f IS (w) I ^ 0 a . e . , and S ^"(w)S (w) i s t h e ( c l a s s i c a l ) 
xx xx xy 

F o u r i e r t r a n s f o r m o f b ( « ) w i t h a b s o l u t e l y i n t e g r a b l e componen ts , t hen 

( 1 ) ' becomes ( 1 ) : s p e c i f i c a l l y , ( y ( t ) | H x ) h a s t he ( k e r n e l ) r e p r e s e n t a t i o n 

CO 

j b ' ( t - s ) x ( s ) d s = x ' * b ( t ) . 

~ CO 

P r o o f : The c h a r a c t e r i z i n g f e a t u r e o f o r t h o g o n a l p r o j e c t i o n i s t h a t 

^ y ( t ) - ( y ( t ) | H x ) , x ( s ^ = 0 , a l l t and s , where t he n o t a t i o n ^ y , z ^ means 

E y z , o r Eyz i f t he random v e c t o r s y and z a r e r e a l . U n i q u e n e s s f o l l o w s 

e s s e n t i a l l y f r om t h e r e q u i r e m e n t t h a t ( y ( t ) | H ) be i n H , t he H i l b e r t 
X X 

s p a c e fo rmed b y c o m p l e t i n g , under the norm i n d u c e d by ^ , y t h e s e t o f 

a l l f i n i t e l i n e a r c o m b i n a t i o n s o f x ( t ) , t r e a l . Now by t he deve lopmen t 

i n R o z a n o v , p . 2 8 - 3 5 , t h e r e c o r r e s p o n d s to ( y ( t ) | H ) a S - u n i q u e s p e c t r a l 
X X 

c h a r a c t e r i s t i c 
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l x N 
CD (w) , CDeL [S (w)dw] , 

XX 

t he l a t t e r te rm mean ing 

/ CD(W) S (W) cp1 (w) dw < ~, 
X 

s u c h t h a t 

( y ( t ) |H ) = / e i t A c p U ) z ( d A ) . 
X x 

— CO 

F o r f u t u r e r e f e r e n c e , l e t ' s c a l l t h e g e n e r a l c o r r e s p o n d e n c e 9- Thus 

CO 

<P*§ay where cp e L 2 [ S ^ C w ) dw] and x ^ = / e l t : Acp( A) z x ( d A) e H x . 

The i n t e g r a b i l i t y c o n d i t i o n on cp i s p r e c i s e l y t h a t needed to e n s u r e 

c o n v e r g e n c e o f t he s t o c h a s t i c i n t e g r a l . R e w r i t i n g t he c h a r a c t e r i z i n g i n n e r 

p r o d u c t w h i c h must be z e r o , s u b s t i t u t i n g f o r ( y ( t ) lH ) , and c o n j u g a t i n g 
X 

y i e l d s 

e i A ( s - t ) £ [ ( d x ) ( d x ) _ ( d x ) z , ( d x ) = 0 

y x x x y 
—w 

a f t e r e x c h a n g i n g t h e o r d e r o f i n t e g r a t i o n and u s i n g the o r t h o g o n a l i t y 

o f t he i n c r e m e n t s p r o c e s s e s . We a r r i v e a t S = S cp ' , o r S = S cp ' , 
* x y x x T x y xx^ 

where - ' = o r d i n a r y t r a n s p o s e . B u t by h y p o t h e s i s cp' = S S = b , f o r 
x x x y 

" b e | L > " i . e . , some b a l l o f whose components a r e i n L ^ C - o , o) . We may 

t h u s w r i t e 
CO . ^ CO . CO ' ( \ 

( y ( t ) | H x ) = / e l t X b ( A ) z x ( d A ) = / e l t A / b ' ( t - s ) e _ : L X U ~ s ; d s z x ( d x ) 

= / b ' ( t - s ) / e l X S z x ( d A ) d s = / b ' ( t - s ) x ( s ) = b ' * x ( t ) = 

x ' * b ( t ) 
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The change o f o r d e r o f s t o c h a s t i c i n t e g r a t i o n i s p o s s i b l e b y t he m a t r i x 

g e n e r a l i z a t i o n o f R o z a n o v ' s F u b i n i - l i k e Theorem 2 . 4 ; belL^ i s e x a c t l y 

what i s needed to a l l o w t h i s a p p l i c a t i o n . Q . E . D . 

We s h a l l n o t p u r s u e t he q u e s t i o n o f d e s c r i b i n g t h e c l a s s 8 o f 

b g L ^ [ S x x ( w ) d w ] w h i c h a r e F o u r i e r t r a n s f o r m s o f i L ^ C - 0 0 * » ) f u n c t i o n s b 

e x c e p t t o s a y t h e e l e m e n t s o f 8 must be u n i f o r m l y c o n t i n u o u s and bounded ; 

^ . . . - i b w - i a w ~ , . 
and o b v i o u s l y 8 i s nonempty , s i n c e i t c o n t a i n s e - e = Xr K I ^ X N 

[ a , D J 

t he s c a l a r c a s e ) , where v r v i ( t ) = 1» t e [ a » b ] , and v a n i s h e s o t h e r w i s e . 
[ a , DJ 

The c o n t i n u o u s model may now be r e g a r d e d as i d e n t i f i e d , a t 

l e a s t where S i s n o n d e g e n e r a t e , b y b = S ''"S , where a l t h o u g h we x x xx xy 

have r i g o r o u s l y worked ou t o n l y a c l a s s i c a l c a s e , we s h a l l n o t h e s i t a t e 

t o i n t e r p r e t t he s y m b o l s i n t h e more g e n e r a l i z e d s e n s e o f f o o t n o t e 6 . 

To be c l e a r abou t t h i s p o i n t and t o i l l u s t r a t e t he f o r c e o f P r o p o s i t i o n 1 

a s w e l l a s t he use o f s e v e r a l d e f i n i t i o n s , c o n s i d e r t he c o n t i n u o u s t i m e 

model 

y ( t ) = x ( t - l ) + u ( t ) , E u ( t ) x ( s ) = 0 a l l s and t . 

R (s ) = R ( s - 1 ) and S (w) = e ~ 1 W S (w) f o l l o w d i r e c t l y . Thus b = 
x y x x x y x x J 

~~ 1 — iw ~ 
S S = e W h i l e b i s bounded and u n i f o r m l y c o n t i n u o u s , i t i s n o t x x x y 

t h e F o u r i e r t r a n s f o r m o f any L ^ ( - c o , • » ) f u n c t i o n . I t i s , h o w e v e r , t he 

F o u r i e r t r a n s f o r m o f 6 ^ ( 0 , t h e D i r a c d e l t a " f u n c t i o n " w i t h u n i t mass a t 
— i w 

1 : 62^) = S ( t - 1 ) > where 5 i s t he u s u a l d e l t a f u n c t i o n . Thus e = 
CO 

[ e fi,(t)dt. T a k i n g t he p o i n t o f v i e w t h a t R and R a r e t he J 1 o r x x x y 
Co 

d a t a , we fo rm b and c h e c k w h e t h e r o r n o t we a r e l u c k y enough to b e i n 

t he " s m o o t h " c a s e o f P r o p o s i t i o n 1, i n w h i c h t he e f f e c t s o f x ( t - s ) on 

y ( t ) a r e c o n t i n u o u s l y s p r e a d o v e r t i m e . In t h i s c a s e , t hey a r e n o t — 

they a r e c o n c e n t r a t e d a t a l a g o f one u n i t . N e v e r t h e l e s s t he s y s t e m a t i c 
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e f f e c t , ( y ( t ) | H ) , i s t he ( w e l l - d e f i n e d ! ) o r d i n a r y random v a r i a b l e x ( t - l ) 
x 

—iw 

w h i c h c o r r e s p o n d s under 9 t o t he s p e c t r a l c h a r a c t e r i s t i c e = cp(w). 

I t i s o n l y when we t r y to e x p r e s s x ( t - l ) a s a s y m b o l i c c o n v o l u t i o n , 

x * b ( t ) , t h a t we run i n t o t he need o f t he g e n e r a l i z e d f u n c t i o n b ( s ) = 

6 ( s - l ) . In s h o r t , g e n e r a l i z e d f u n c t i o n s (and e s p e c i a l l y t h e i r d i r e c t 

and i n v e r s e F o u r i e r t r a n s f o r m s ) c a n be used a s an a i d i n d i s c o v e r i n g 

images o f t h e b i s e c t i o n 6, a s we have d o n e . 

The s a d f a c t , howeve r , i s t h a t t he c o n t i n u o u s d a t a , (S , 
XX 

S ) o r (R , R ) , w i t h r e s p e c t t o w h i c h t h e c o n t i n u o u s model i s i d e n t i -
x y x x xy 

f i e d , a r e s e l d o m a t h a n d . C o n s e q u e n t l y , i n g e n e r a l , many b ( » ) v e c t o r s 

w i l l be o b s e r v a t i o n a l l y e q u i v a l e n t w i t h r e s p e c t t o (even t he d o u b l y 

i n f i n i t e i d e a l i z a t i o n s o f ) t he d i s c r e t e o b s e r v a t i o n a l p a t t e r n s t h a t we 

a r e l i k e l y t o p o s s e s s . Y e t , a s we w i l l s e e , v e s t i g e s o f i d e n t i f i c a t i o n 

may r e m a i n . 

I I I . The D i s c r e t e M o d e l s , And T h e i r I d e n t i f i a b i l i t y By Means o f P r o j e c t i o n 

We c o n s i d e r t h r e e mode ls w h i c h a r e a l l d i s c r e t e s a m p l i n g s o f 

t he v a r i a b l e s i n model ( A ) , y ( t ) = x ' * b ( t ) + u ( t ) . W i t h o u t l o s s o f g e n e r ­

a l i t y we may r e g a r d Y ( t ) = y ( t ) , t i n t e g e r , a s o b s e r v e d once p e r p e r i o d , 

l e s s o f t e n than any o f the i n d e p e n d e n t p r o c e s s e s i n mode ls ( B ) , ( C ) , and 

8 / 

(D) be low.— In model ( B ) , a l l o f t he v a r i a b l e s . . . a r e o b s e r v e d 

n^ t imes p e r p e r i o d , where n^ > 1 . We c a l l (B) the " f i n e " m o d e l , and 

w r i t e 

(4) Y ( t ) = j T B

j ; f ( t - J - > X

j < n 7 ) + U f < t ) 

j - i s co J. 1 

(5) E X . ( J - ) U f ( t ) = 0 a l l s , t i n t e g e r s ; j = l , N . 
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The uppe r c a s e v a r i a b l e s w i l l a l w a y s deno te p o i n t s a m p l i n g s o f t h e l o w e r 

c a s e v a r i a b l e s , s o t h a t 

X . ( f - ) = x . ( f - ) , t i n t e g e r , j = l , N . 

In model ( C ) , we assume t h a t t he i n d e p e n d e n t v a r i a b l e s a r e numbered i n 

o r d e r o f t h e i r o b s e r v a t i o n a l f r e q u e n c y , s o t h a t x ^ ( o r X ^ ) , i s o b s e r v e d 

n^ t i m e s p e r p e r i o d , n^ >̂  n^ >. . . . >, n N - We a l s o assume t h a t t n ^ / n ^ + ^ ] = 

n i / n ± + l ' w ^ e r e I 1 -*-s t n e g r e a t e s t i n t e g e r f u n c t i o n . T h i s a s s u m p t i o n i s 

l i k e l y t o be met a p p r o x i m a t e l y i n p r a c t i c e : f o r e x a m p l e , i f n ^ i s 12 

(mon th l y d a t a ) and i s 4 ( q u a r t e r l y d a t a ) then [ n ^ A ^ ] = n ^ / n ^ = 3 . 

We c a l l (C) t he " s y s t e m a t i c a l l y m i s s i n g d a t a " m o d e l — ( d i s c r e t e ) d a t a a r e 

" m i s s i n g " w i t h r e s p e c t t o ( B ) — a n d we w r i t e 

N s=« 

(6) = I I B ( t ^ - ) X (J~)+U( t ) 
j = l s=-^, j j 

(7) E U ( t ) X . ( — ) = 0 t , s , i n t e g e r , . . . N . 

F i n a l l y , t h e " c o a r s e " model (D) uses o n l y t h e i n d e p e n d e n t v a r i a b l e s 

c o r r e s p o n d i n g t o t he t i m e s a t w h i c h t he l e a s t f r e q u e n t l y o b s e r v e d t ime 

s e r i e s , X ^ i s m e a s u r e d . I t i s d e f i n e d by 

(8) Y ( t ) = I 7" B i . c

( C ^ ) X i ( n 7 ) + U c 
j = l s — » J ' N J T J c 

(9) EU ( t ) X . ( — ) = 0 t , s i n t e g e r ; . . . N . 
C J n N 

B e f o r e b e g i n n i n g a s y s t e m a t i c a n a l y s i s , s e v e r a l remarks a r e i n o r d e r . 

( i ) L o g i c a l l y (C) may be r e g a r d e d a s t he most g e n e r a l o f t he 

d i s c r e t e m o d e l s , w i t h (B) and (D) c o n s t i t u t i n g t he s p e c i a l c a s e s n^ = n^ 

and n^ = n ^ , i = l , N , r e s p e c t i v e l y . 
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( i i ) Mode l s ( B ) , ( C ) , and (D) a l l t a c i t l y d e f i n e t h e d i s t r i b u t e d 

l a g c o e f f i c i e n t s b y t h e p r o j e c t i o n o f samp led y on to t he r e l e v a n t s p a c e s 

o f v a l u e s g e n e r a t e d b y t he samp led x = (x^ . . . x^ ) ' p r o c e s s . C o n s e q u e n t l y , 

we s h o u l d b e p r e p a r e d t o pu t some e f f o r t i n t o f i n d i n g c o n d i t i o n s under 

w h i c h t h e p r o j e c t i o n s have t he c o n v o l u t i o n r e p r e s e n t a t i o n s i n d i c a t e d by 

( 4 ) , ( 6 ) , and ( 8 ) , r e s p e c t i v e l y . 

( i i i ) We c o u l d have r e w r i t t e n (6) t o a p p e a r c l o s e r to (4) a s 

f o l l o w s : 

N s=°° 

( 6 ) ' Y ( t ) = I j, B . ( t - ^ - ) X . ( f - ) + U ( t ) , 
j = l s - ~ 3 n l 3 n j 

B . ( t -~~) = 0 , t s , r i n t e g e r ; j = l , . . . N . 
n l n l n j 

H e r e , (6) o r ( 6 ) ' a p p e a r s a s (4) s u b j e c t t o t he c o n s t r a i n t t h a t when an 

i n d e p e n d e n t v a r i a b l e i s n o t a v a i l a b l e i t s c o e f f i c i e n t i s z e r o . S i m i l a r l y , 

(8) c o u l d be w r i t t e n ( 8 ) ' — ( 6 ) under t he o b v i o u s c o n s t r a i n t s — o r a g a i n 

a s ( 8 ) ' ' — ( 4 ) u n d e r even more c o n s t r a i n t s . 

( i v ) I f ou r g o a l we re to " p r e d i c t " Y ( t ) g i v e n t he e n t i r e X 

p r o c e s s p a s t , p r e s e n t , and f u t u r e , samp led a t t he i n t e r v a l s i n d i c a t e d i n 

t he mode l ( B ) , ( C ) , and ( D ) , t h e c o e f f i c i e n t s { B . . f } , { B . } , and { B . . } 

j > t j j ; c 

wou ld g i v e t he p r e d i c t i o n s w h i c h m i n i m i z e mean -squa re e r r o r o f p r e d i c t e d 

2 2 2 

Y ( t ) , O y ( t ) ^ B ^ — a Y ( t ) ^ — a Y ( t ) ^ ' T h i S f o l l o w s b e c a u s e we a r e p r o ­

j e c t i n g o n t o s u c c e s s i v e l y s m a l l e r s u b s p a c e s and c o n s e q u e n t l y b e i n g l e f t 

w i t h s u c c e s s i v e l y l o n g e r normed r e s i d u a l s . 

(v ) To i n t e r p r e t (D) a s an e q u a t i o n f rom the r e d u c e d fo rm o f a 

" c u r r e n t p r a c t i c e " e c o n o m e t r i c model wou ld r e q u i r e t h a t t h e X p r o c e s s be 

exogenous w i t h r e s p e c t to t he Y p r o c e s s , o r t h a t t h e r e b e no f e e d b a c k 
9 / 

f r om Y to X i n t he G r a n g e r - S i m s sense .— Remark ( i v ) wou ld t h e n s u g g e s t 
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t h a t " b e t t e r p r a c t i c e " f r om the p o i n t o f v i e w o f p r e d i c t i o n , a b s t r a c t i n g 

f r o m s a m p l i n g f l u c t u a t i o n s , w o u l d i n v o l v e use o f ( C ) . T h u s , a s s u m i n g 

t h a t t h e d a t a a r e h e t e r o g e n e o u s , (C) u s e s a l l t he d a t a and o p t i m i z e s ; 

(D) i g n o r e s t he more f r e q u e n t o b s e r v a t i o n s , t o i t s d e t r i m e n t ; and (B) i s 

n o t f e a s i b l e . 

The r e m a i n d e r o f t he p a p e r w i l l be d e v o t e d to a n a l y s i s o f t h e 

i d e n t i f i a b i l i t y o f and i n t e r r e l a t i o n s h i p s among t h e s e m o d e l s . We b e g i n 

w i t h more n o t a t i o n , a d o p t i n g t h a t emp loyed i n [3] and [10] w h e r e v e r 

p o s s i b l e , and r e m a i n i n g c o n s i s t e n t w i t h t h a t i n t r o d u c e d a l r e a d y . Thus 

an uppe r c a s e v a r i a b l e r e f e r s to a l o w e r c a s e v a r i a b l e , s a m p l e d . The 

same p r o p e r t y h o l d s be tween t he c o v a r i a n c e f u n c t i o n s , s i n c e R^y^n^ = 

E X C s - ^ Y C s ) = E x C s — ) y ( - ) = R ( X ) . A n a l o g o u s l y , R ^ ( - ) = R ( - ) . S i n c e n n n x y ri A. n x n 

t he n e x t few p r o p o s i t i o n s c o n c e r n t he r e l a t i o n be tween mode ls (A) and 

( B ) , t o m i n i m i z e s u b s c r i p t s we h a v e s e t n^=n and have d ropped the " f " 

B . . f . The s t a n d a r d m a n i p u l a t i o n y i e l d s the d i s c r e t e s p e c t r a l d e n s i t y on 

m a t r i x S x ( w ) , d e f i n e d on [-nrr, m r ] , i n te rms o f 

T T 

co iw— nir k=co i (w+2imk)— 
S ( w ) : R (-) = [ S (w)e n d w = f Y S (w+2irnk)e 

x x n > x ' , L x 
-nTrk=-<o 

mr iw-^ n-rr iw-^ 
/ F n [ S x ( . ) ] ( w ) e n d w = / S x ( w ) e n d w , 

-nrr -n-rr 

t he m i d d l e e q u a l i t y d e f i n i n g F [ ] . 

By t he a s s u m p t i o n o f f i n i t e v a r i a n c e s o f t h e X p r o c e s s , 

co niT 
R (0) = / S (w)dw = / S x ( w ) d w , 

- c o -n-rr 

s o we have i n t e g r a b i l i t y o f e a c h t e rm o f t h i s p o s i t i v e s e m i d e f i n i t e 

H e r m i t i a n m a t r i x . We a l r e a d y assumed d e t S (w) t o b e n o n z e r o a . e . on (-«• 
X 

and i t i s n a t u r a l t o make the same a s s u m p t i o n on S (w) on [-n-rr, m r ] . 
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E q u i v a l e n t l y we o r d e r the e i g e n v a l u e s o f S x ( w ) as X^(w) _> — • • • ^ j ( w ) 

and assume A ^ ( w ) > 0 f o r a l m o s t a l l s u c h w. P e r h a p s o b v i o u s i s t h e 

f o l l o w i n g . 

Lemma 1 F i n i t e v a r i a n c e o f t he X p r o c e s s — V a r X ^ < i = l , . . . N — i s 

e q u i v a l e n t to i n t e g r a b i l i t y o f A ^ ( w ) , i = l , . . . N . 

P r o o f : S i n c e 

N N 
t r S x ( w ) = I S x (w) = I X . ( w ) , 

i = l i i = l 

N N nir N M 
I V a r X ± = II S x (w)dw =11 X ± (w )dw . 

i = l i = l -mr i i = l -n i r 
nir 

F i n i t e n e s s o f t he l e f t - h a n d s i d e i m p l i e s t h a t e a c h o f / ^ . (w)dw < c o . 
-n i r 1 

The c o n v e r s e w o u l d a l s o have c o n t e n t had we d e f i n e d s p e c t r a f o r p r o c e s s e s 

w i t h i n f i n i t e v a r i a n c e . Q . E . D . 

As i n d i c a t e d i n remark ( i i ) , a deve lopment a n a l o g o u s t o t h a t 

emp loyed i n a r r i v i n g a t (3) w o u l d y i e l d , 

where B i s r e a l , B ' (—) = (B..(—), B „ ( — ) ) , and now o f c o u r s e t h e 
n I n N n 

c o n v o l u t i o n i s i n d i s c r e t e t i m e . The same o b j e c t i o n s a p p l y : t he e x i s ­

t e n c e o f t he r e p r e s e n t a t i o n B ' * X ( t ) f o r ( Y ( t ) IH^) has been t a c i t l y 

assumed. Bu t a s b e f o r e we can make t h i s a s s u m p t i o n good b y e s t a b l i s h i n g 

P r o p o s i t i o n 2 Assume A. . (w) > 0 a . e . on [ - n ^ , n^] and t h a t S ( w ) S v v ( w ) 
N A A I 

i s t h e F o u r i e r t r a n s f o r m o f B ( ^ ) where 
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Then 

( Y ( t ) | H x ) = \ B ( f r i ) X (f) = B ' * X ( t ) , 
j = l t=-<» 

s o t h a t mode l (B) i s i d e n t i f i e d by p r o j e c t i o n . 
l x N 

P r o o f : L e t t i n g cp(w) b e the S - u n i q u e s p e c t r a l c h a r a c t e r i s t i c 
A 

o f ( Y ( t ) |H ) , we have t he l a t t e r e q u a l to 

n-rr 
/ e C0 ( w ) z (dw) . 
-n i r 

P r o c e e d i n g as i n t he p r o o f o f P r o p o s i t i o n 1 to w r i t e o u t t he meaning o f 

o r t h o g o n a l i t y a g a i n y i e l d s ^ ^ ( w ) = S x ( W ) C D ' ( W ) , o r cp' = S X a . e . , 

u s i n g t he i n v e r t i b i l i t y o f S X e n s u r e d by X N > 0 a . e . Now by h y p o t h e s i s 

t=~ _ . t 
cp'(w) = I B ( ^ ) e " 1 W n \ 

t = - c o 

where t he a b s o l u t e s u m m a b i l i t y o f B (« ) g u a r a n t e e s a b s o l u t e and u n i f o r m 

c o n v e r g e n c e (as w e l l a s the u n i f o r m c o n t i n u i t y o f S X ^ ( w ) S X Y ( w ) . L e t 

e > 0 b e g i v e n , and choose M s o l a r g e t h a t , f o r a l l wef-nTt, n-n] and a l l 

j = l , . . . N , 
t=M . t 

p ( w ) - I B ( ^ ) e ~ i W n | , 16 (w) | < X 
t=-M J " ' 

X11 |2ra 

nir 
where | | | | = J X^(w)dw, 

-mr 

w h i c h i s f i n i t e b y t h e lemma. Now b y the u s u a l i s o m e t r y be tween the 

t ime and f r e q u e n c y d o m a i n s , 

N t=M _ nir 
| | ( y ( t ) | H ) - J I B ( t— )X . (-) I I = / 6 ' (w )S y (w ) 6 (w )dw = 

j = l t=-M n j n - n i r 

-nrr -nfr i 

i 
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.2 ? , ,2 where | |S(w) | | = l \ 6.(w) | 
1=1 1 

and t he f a m i l i a r i n e q u a l i t y i n v o l v i n g t he R a y l e i g h q u o t i e n t h a s been u s e d . 

Q . E . D . 

We o b s e r v e t h a t the c o n s t r u c t i o n g u a r a n t e e s t h a t cp' = B be i n 

L ^ [ S (w)dw] , w h i c h i s p r e c i s e l y the ( s o - c a l l e d " m a t c h i n g " ) c o n d i t i o n ^ - ^ X 

t h a t t he c o n v o l u t i o n sum be c o n v e r g e n t i n mean s q u a r e . I n d e e d , assume 

t h a t we f i n d P ^ " 1 and " s o l v e " (10) f o r B ( ^ ) = R

X ~ 1 * R

X Y C ~ ) • P u t t i n g 

a s i d e t h e o b v i o u s c o n v e r g e n c e q u e s t i o n i n v o l v i n g the r i g h t - h a n d s i d e , 

when we a s k abou t X ' * ^ ̂ * ^ x y ' w e a r e "^e c* D a c k t o t ^ e e t c h i n g c o n d i t i o n , 

s i n c e t he v a r i a n c e o f t h i s random v a r i a b l e w i l l b e , i f f i n i t e , 

niT _ _ . _ 

/ W x " • v w -

-nir 

B u t now, t he f i n i t e n e s s o f t h i s i n t e g r a l must be c h e c k e d , o r assumed . 

We w i l l p u r s u e t h i s a p p r o a c h , t o d e r i v e d i f f e r e n t c o n d i t i o n s under w h i c h 

t h e d e s i r e d r e p r e s e n t a t i o n B ' * X ( t ) h o l d s . 

The f i r s t s t e p i s to c o n s t r u c t R^ . I t s d e f i n i n g p r o p e r t y i s 
S=co 

S=-co — 
n 

where 6 i s t he K r o n e c k e r d e l t a . T h i s c o n v o l u t i o n r e q u i r e m e n t t r a n s l a t e s 

? - 1 - 1 i n t o S ^ ( w ) S ^ (w) = 1^ , we[ -niT, nir] i f R^ and R^ can b o t h be F o u r i e r 

t r a n s f o r m e d . I n d e e d , W i e n e r and M a s a n i have p r o v i d e d t he t h e o r y w h i c h 

e x t e n d s t o t he H i l b e r t s p a c e [L ( o f NxN m a t r i c e s whose components a r e 

2 

L [-nir, n i r ] , c o m p l e x - v a l u e d f u n c t i o n s ) the r e s u l t s we n e e d , p a r t i c u l a r l y 

the R i e s z - F i s c h e r Theorem, P a r s e v a l ' s I d e n t i t y , and the C o n v o l u t i o n 

R u l e . ( [ 8 ] , e s p e c i a l l y Theorem 3 . 9 ) . Thus f o r ^ ( ~ ) to b e i n t he 

c o r r e s p o n d i n g (sequence) H i l b e r t s p a c e o f square -summab le m a t r i c e s , we 

must have b y d e f i n i t i o n t h a t 
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s = c o s = co s = <° N N „ 

(11) I 1 1 4 $ | £ > I « v X ' $ " I < I I i ^ ( f ) l 2 ) < 
S=-co S=-"> S=-<» 1 = 1 J=l 

I n t h i s c a s e , 

S = «> . S ,| 

(12) S x ( w ) = I R ^ e n i s i n l L i . e . , 
S=-co 

°° > 2^n~ / ^ " f S

X

( w ) S x ( w ) } d w ~ ( ( S

X

( w ) > S

X

( W ) ) ) = M S X ( W ) I I 2 ' 
- n i r 

C o n s e q u e n t l y , we w i l l b e a b l e to F o u r i e r t r a n s f o r m R^ t o S ^ , i n v e r t , and 

i n v e r s e F o u r i e r t r a n s f o r m p r o v i d e d t h a t (12) i s met by S and S 
A A 

Now S and S a r e i n lir i f and o n l y i f , r e s p e c t i v e l y , 
X A 2 

N 2 H 

i l l ^ Jl^ 

a r e i n t e g r a b l e , t h a t i s , i f and o n l y i f 

n-rr 2

 n 7 r ]_ 
J A-^(w)dw < co and | —2 dw < co. 
-n-rr -n i r X„,(w) 

We may summar ize t h i s d i s c u s s i o n as 

Lemma 2 P r o v i d e d the l a r g e s t and t he r e c i p r o c a l o f t he s m a l l e s t e i g e n v a l u e s 

2 -1 
o f S^(w) a r e b o t h i n L [-nir , n i r ] , e x i s t s , u n i q u e l y , i n • 

As n o t e d , t h e m a t c h i n g c o n d i t i o n must be d e a l t w i t h e x p l i c i t l y . 

H e r e , i t i s e v i d e n t l y 

- n i r 

Now i f R^ ^ i s e s s e n t i a l l y bounded above by w h i c h we mean t h e r e e x i s t s 

c > 0 s u c h t h a t c I ^ - R ^ ^(w) i s a . e . p o s i t i v e d e f i n i t e , t hen we w o u l d 

g 

h a v e the m a t c h i n g c o n d i t i o n s a t i s f i e d whenever R^Y^n^ a s c l u a r e summable 

v e c t o r s e q u e n c e , i . e . , 
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S=co S=<° _ 

S=—co S=—co 

T 1 I V I2 = r ^ M \ Y M ^ < -
S=-co 1=1 -IlTT 

where as b e f o r e I [ I s t a n d s f o r E u c l i d e a n no rm, and we h a v e t a c i t l y 

f i l l e d i n a gap b y d e f i n i n g the c o n c e p t s f o r N x l v e c t o r s t h a t had p r e ­

v i o u s l y been d e f i n e d f o r s c a l a r s and m a t r i c e s . The a s s u m p t i o n t h a t 
1 2 / 

Ryy(') be s q u a r e summable i s a v e r y n a t u r a l o n e , — e s p e c i a l l y i n c o n ­

j u n c t i o n w i t h Bg(*)e&2< F i n a l l y , we o b s e r v e t h a t i f ^ i s e s s e n t i a l l y 
- 1 - 1 2 2 1 3 / 

bounded a b o v e , t r S S < t r c ' I . . = c N , — w h i c h i s i n t e g r a b l e 
A. A N 

o v e r [-nir, n i r ] , so t h a t the c o n d i t i o n t h a t r~T*\ b e s q u a r e i n t e g r a b l e i s 
V w ) 

s a t i s f i e d . L i k e w i s e , i f R^ were bounded a b o v e , X^(w) w o u l d b e s q u a r e 

i n t e g r a b l e . B u t R^< d * I N i s e q u i v a l e n t t o ^ > d • T , i . e . , R^ 

b e i n g e s s e n t i a l l y bounded b e l o w . Taken t o g e t h e r , t he d i s c u s s i o n above 

e n t a i l s 

P r o p o s i t i o n 3 I f e—2 a n C * ^ a l s o : (a) i s e s s e n t i a l l y bounded 
1 1 - 1 n i r 2 

above and b e l o w (so t h a t i s a s w e l l ) o r , i f (b) f X^(w)dw <«> and 
-n i r 

S i s e s s e n t i a l l y bounded be low ( e q u i v a l e n t l y , t h a t S i s e s s e n t i a l l y 
A A 

bounded a b o v e ) ; then R^ has a u n i q u e i n v e r s e s u c h t h a t (R^ ^*R^.) ' * X ( t ) 

( Y ( t ) |H ) , i . e . , t h e m a t c h i n g c o n d i t i o n i s s a t i s f i e d . H e n c e , t he p r o -
A 

j e c t i o n has a c o n v o l u t i o n r e p r e s e n t a t i o n , and model (B) i s a g a i n i d e n t i f i e d 

A t t h i s p o i n t , s e v e r a l remarks a r e i n o r d e r . 

( i ) The q u e s t i o n r a i s e d e a r l i e r a b o u t c o n v e r g e n c e o f R^ ^ * R x Y ^ 

can b e answered a f f i r m a t i v e l y , unde r t he h y p o t h e s e s o f P r o p o s i t i o n 3 , 

s i n c e 
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S=co N 1 N S=co _-. 9 1/9 

S = - o o j = l J = l S = - c o 

< T i w ^ « i 2 » 1 / 2 < -
g=_co 

b y t h e Schwarz i n e q u a l i t y . 

( i i ) The a p p r o a c h o f P r o p o s i t i o n 3 s q u a r e s w i t h ou r i n t u i t i o n 

i n r e q u i r i n g a f u l l r ank c o n d i t i o n on a s t r u c t u r a l c h a r a c t e r i s t i c o f the 

x p r o c e s s t o b e a b l e t o u n i q u e l y a s s i g n c o o r d i n a t e s to t he c o o r d i n a t e -

f r e e c o n c e p t o f v e c t o r . 

( i i i ) The two p r e c e d i n g p r o p o s i t i o n s a p p l y to e s t a b l i s h i n g t he 

i d e n t i f i a b i l i t y o f M o d e l ( D ) , b y t a k i n g n = l . 

( i v ) W h i l e no d i r e c t r e f e r e n c e to t he s p e c t r a l c h a r a c t e r i s t i c 

o f ( Y ( t ) |H X ) was made, i t c l e a r l y i s * S x y ' B u t n o w ' a s t h e s u m o f 

2 

p r o d u c t s o f L [-nir , n-rr] f u n c t i o n s , t h i s s p e c t r a l c h a r a c t e r i s t i c i s no 

l o n g e r s u b j e c t t o t h e h a r s h c o n t i n u i t y r e q u i r e m e n t s i m p l i e d b y t he 

h y p o t h e s i s o f P r o p o s i t i o n 2 . 

In summary, i d e n t i f i c a t i o n o f mode ls ( A ) , ( B ) , and (D) has 

been a c h i e v e d i n two w a y s : r i g o r o u s l y , P r o p o s i t i o n s 1 -3 i n d i c a t e p r e c i s e 

c o n d i t i o n s f o r t he commonly w r i t t e n d i s t r i b u t e d l a g r e l a t i o n s to b e 

v a l i d ; i n t he c a s e o f t he c o n t i n u o u s m o d e l , the more g e n e r a l methods o f 

F o u r i e r t r a n s f o r m a t i o n o f g e n e r a l i z e d f u n c t i o n s we re i n d i c a t e d to be 

c a p a b l e o f p r o v i d i n g t he d e s i r e d i d e n t i f i c a t i o n . I t i s n o t e v i d e n t ( t o 

t he a u t h o r ! ) how t h i s l a t t e r t e c h n i q u e w o u l d a i d i n i d e n t i f i c a t i o n o f 
1 4 / 

the d i s c r e t e m o d e l . — M o d e l (C) w i l l b e t r e a t e d i n S e c t i o n V . We now 

a d d r e s s t he r e l a t i o n be tween t he c o n t i n u o u s b and d i s c r e t e B . 
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IV . On t h e I d e n t i f i c a t i o n o f t he C o n t i n u o u s Mode l f r om U n i f o r m D i s c r e t e 
D a t a 

We b e g i n by e x a m i n i n g t he r e l a t i o n o f Mode l (A) to t h e model 

(B) ( o r (D) i f n = l ) . I t i s u s e f u l to o b s e r v e t h a t S i s S (w) n -
A. I xy 

f o l d e d , - ^ ' ' j u s t a s S was S a c t e d upon b y F : 
A. X II 

. T . T 
oo i w — n u i w — 

R ( . - ) = [ S (w)e n d w = / F [S ( - ) ] ( w ) e n d w = x y n ' J xy > n xy 
1 -oo

 3 -nrr 

mr i w r ( 1 . 

I s x Y < w > e * - » n V 

-1*11 

w h e r e , a s b e f o r e , 

F n [ S ( O l ( w ) = I S ( w + 2 l T n k ) . 
k=-oo 

The f o r c e o f t he e q u a l i t y s t r i n g i s t he t h i r d e q u a l i t y , w h i c h p r o v e s 

t h a t 

(11a) F

n

[ S x y ( 0 ] ( w ) = S X Y ( w ) a ' e -

T a k i n g y=x, o r r e c a l l i n g the e a r l i e r r e s u l t , y i e l d s 

( l i b ) F [S ( . ) ] ( w ) = S v ( w ) a . e . n x X 

The l e f t - h a n d s i d e o f b o t h o f t h e s e r e l a t i o n s i s 2 i r n - p e r i o d i c , s o t h a t 

t he r i g h t - h a n d s i d e i s a l s o , d e s p i t e t he f a c t t h a t when X and Y a r e 

r e g a r d e d a s d i s c r e t e p r o c e s s e s i n t h e i r own r i g h t , S , S , and S a r e 
A Al II 

u s u a l l y c o n s i d e r e d a s d e f i n e d o n l y on [-n-jr, n-rr]. D e n o t i n g (pe rhaps 

o v e r l y s u g g e s t i v e l y ! ) t he s p e c t r a l c h a r a c t e r i s t i c s o f ( y ( t ) | H x ) and 

( Y ( t ) | H ) b y b and B , no f u r t h e r a s s u m p t i o n s were r e q u i r e d to w r i t e 
' A 

(12a) S X Y ( W ) = S x ( w ) B ( w ) , |w| < n^ 

and 
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(12b) S (w) = S (w )b (w) . x y x 

A p p l y i n g ¥^ t o (12b) and e q u a t i n g w i t h (12a) r e s u l t s i n 

(13a) S X Y ( w ) = F n [ S x ( - ) b ( ' ) ] 

(13b) S Y ( w ) B ( w ) = F [S ( . ) b ( . ) ] . 
A n x 

Assum ing S ^ e x i s t s a . e . y i e l d s 
A 

(14) B(w) = S Y

_ 1 ( w ) F ^ [ S v ( . ) b ( . ) ] = F [S _ 1 ( . ) S v ( . ) b ( . ) ] ( w ) a . e . 
A n x n A x 

s i n c e a 2 n i T - p e r i o d i c f u n c t i o n c a n b e p a s s e d t h r o u g h t he F^ o p e r a t o r . 

E q u a t i o n s (13) and (14) e x p r e s s t he g e n e r a l u n d e r i d e n t i f i a b i l i t y 

o f t h e c o n t i n u o u s model f r om d i s c r e t e d a t a . We may o b s e r v e S x > and 

S y ( w h i c h i s i r r e l e v a n t h e r e ) , a n d , f r o m ( 1 2 a ) , compute B ( w ) . Bu t s i n c e 

n e i t h e r S n o r S i s a v a i l a b l e ( o n l y t h e i r f o l d e d v e r s i o n s (11a) and 
x x y 

( l i b ) a r e o b s e r v a b l e ) , we c a n n o t compute S 1 ( w ) S (w) = b(w) f r om 

x x y 

( 1 2 b ) . We i n t e r p r e t t h e r i g h t - h a n d s i d e s o f (13) and (14) as d e s c r i b i n g , 

y 
w i t h o u t mak ing any f u r t h e r a s s u m p t i o n s a b o u t t he ( ) p r o c e s s , p r e c i s e l y 

X 

the s e t o f b ( - ) w h i c h a r e c o n s i s t e n t w i t h t he d a t a - d e t e r m i n e d l e f t - h a n d 

s i d e s . The n o n i d e n t i f i a b i l i t y o f b r e s u l t s f r om t h e j o i n t (and o b s e r v a -

t i o n a l l y i n s e p a r a b l e ) o p e r a t i o n s upon i t o f m u l t i p l i c a t i o n by an unknown 

S (w) m a t r i x , f o l l o w e d b y a f o l d i n g o f t h e p r o d u c t . 
X 

C o n s i d e r f i r s t the c o n c e p t u a l u n r a v e l i n g o f ( l i b ) , o r , e q u i v a l e n t l y 

t he n a t u r e o f t he u n d e r i d e n t i f i c a t i o n o f S . F o r any r e a l p r o c e s s , S 
X X 

m u s t : (1) be i n t e g r a b l e , (2) s a t i s f y S 1 (w ) = S (w) = S ( - w ) , and (3) b e 
X X X 

p o s i t i v e s e m i d e f i n i t e . The l a t t e r r e q u i r e m e n t i s somet imes s t r e n g t h e n e d 

t o ( 3 ' ) p o s i t i v e d e f i n i t e a . e . I t i s immed ia te f r om ( l i b ) t h a t t h e same 
CO 

p r o p e r t i e s w i l l h o l d f o r S v . Now d e f i n e N. = U {A+2Trnk} . Choose any 
A A : n , k = ^ ° 
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" a l l o w a b l e " S (•) and p i c k any A ^ N n . n> i . e . , A ^ O (mod 7 m ) . Any " d e c o m p o s i t i o n " 
x u ; — 

o f S ( A ) , i . e . , any s e q u e n c e o f p o s i t i v e d e f i n i t e H e r m i t i a n m a t r i c e s 
X * 

k=co 
{ S .J>(A ) } s u c h t h a t S ( A ) = Y S ( A ) , can be s p r e a d o v e r N to x , K x - x , K A , n 

k—00 

h e l p f o rm an o b s e r v a t i o n a l l y e q u i v a l e n t s p e c t r a l d e n s i t y m a t r i x f u n c t i o n . 

To m a i n t a i n t he l a s t e q u a l i t y i n (2) we must fo rm N_ and a r e l a t e d 
— A»n 

sequence S . , ( ~ A ) = S . ( A ) . A p e r t u r b a t i o n m a t r i x f u n c t i o n (wh i ch i s 

z e r o a . e . ) i s d e f i n e d b y : 

(15) P(w) = < 

0 w e ( N UN ) 
x ;n - A ; n 

S , ( X ) W = A + 2 m k , k#) 

" I S x , k ( X ) 

k^O 

S ( - A ) w = - A - 2 i r n k , k^O 
X 9 iC 

- I S x , k ( " A > 
k^O 

C o n s e q u e n t l y P ( - w ) = P(w) = P ' (w ) 

F i n a l l y , & (w) = S (w)+P(w). Note t h a t F [P ] (w) = 0 . By 
—X X 11 

c o n s t r u c t i o n ^ x ( w ) i s s t i l l an a l l o w a b l e s p e c t r a l d e n s i t y m a t r i x f u n c ­
t i o n , and F [S ](w) = F [S ] (w) = S v ( w ) , |w | _< mr , s o t h a t b o t h S and 

n ~x n x X j c 

S g i v e r i s e t o t he same o b s e r v e d S . A d m i t t e d l y , S and S d o n ' t 
X X - X X 

c o n s t i t u t e a v e r y i n t e r e s t i n g o b s e r v a t i o n a l l y e q u i v a l e n t p a i r ^ - ^ ; b u t 

t h i s o p e r a t i o n may be p e r f o r m e d s i m u l t a n e o u s l y f o r a l l A , o r a l l A i n a 

s e t , E , o f p o s i t i v e m e a s u r e T h i s now d e s c r i b e s e x a c t l y t he s e t o f 
1 8 / a l l S ( •) w h i c h a r e o b s e r v a t i o n a l l y e q u i v a l e n t t o S (•) . — The e a s i e s t 

—X X 

k i n d o f n o n d e g e n e r a t e s p e c i a l c a s e w o u l d p e r h a p s be to t ake ct-S (w) 
X 
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away f rom S (w) f o r w i n , s a y , ( i m , 3 im] and to add t h e s e v a l u e s to S (w) 
X X 

f o r w i n ( 3 i m , 5 n n ] , 0 < a < 1 , d o i n g the symmet r i c o p e r a t i o n f o r n e g a ­

t i v e w . 

F o r s h o r t , we w i l l d e s c r i b e t h i s p r o c e d u r e a s " s e l e c t i n g an 

a l l o w a b l e P " where P s a t i s f i e s t he r e s t r i c t i o n s " just d e s c r i b e d f o r 
x x 

P ( w ) . S i m i l a r l y , S = S +Q, whe re , b e c a u s e S (X) = S ( - X ) , Q(A) = 
_xy xy xy x y 

Q ( - X ) ; a n d , o f c o u r s e , Q must s a t i s f y t he " a d d i n g u p " p r o p e r t y F

n t Q ] = 0 . 

T h e r e i s no r e q u i r e m e n t on Q a n a l o g o u s t o the p o s i t i v e d e f i n i t e H e r m i t i a n 

r e s t r i c t i o n imposed on P . The f o r m a l d e f i n i t i o n o f Q(w) i s i d e n t i c a l t o 
X 

(15) e x c e p t t h a t t he N x l v e c t o r S , r e p l a c e s t he m a t r i x S . . " S e l e c t -
Xy y iC X K-

i n g an a l l o w a b l e Q x v " means, as b e f o r e , c h o o s i n g a n o n t r i v i a l d e c o m p o s i ­

t i o n s a t i s f y i n g t he c o n j u g a t e symmetry p r o p e r t y , and i s e q u i v a l e n t t o 

s e l e c t i n g an o b s e r v a t i o n a l l y e q u i v a l e n t S . 

The o b s e r v a t i o n a l l y e q u i v a l e n t b may now be r e p r e s e n t e d a s 

b+Ab, w i t h a f o r m u l a f o r Ab to b e d e r i v e d . The e q u a t i o n b = S has 
x xy 

two m e a n i n g s : f o r the " t r u e " ( S ^ , S ^ ) i t g i v e s t he " t r u e " b ; i t a l s o 

g i v e s t he f o rm o f i d e n t i f i c a t i o n — f o r any p o t e n t i a l ( S x » ^ X y ) p a i r , t he 

c o r r e s p o n d i n g b i s g i v e n b y i t . C o n s e q u e n t l y , f o r b+Ab to be o b s e r v a ­

t i o n a l l y e q u i v a l e n t t o b , t h e r e must be a t l e a s t one a l l o w a b l e P x and 

a t l e a s t one a l l o w a b l e Q s u c h t h a t 
xy 

(17) b+Ab = (S +P ) - 1 ( S +Q ) . 
x x x y xy 

R e a r r a n g i n g y i e l d s (S +P ) Ab = - P b+Q w h i c h , d e p e n d i n g on w h e t h e r i t 
x x x x y 

i s f o l d e d o r n o t , y i e l d s , 

(18a) Ab(w) = (S +P ) _ 1 ( - P b+Q ) 
x x x 

or 
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(18b) F [S Ab](w) = - F [P b ] (w) 
II - \ II A. 

(17) and (18a) a r e e q u i v a l e n t , and g i v e t he answer to the q u e s t i o n : 

w h i c h b a r e o b s e r v a t i o n a l l y e q u i v a l e n t to a g i v e n ( b , S , S ) when o n l y 
x x y 

1 Q / 
( S v , S v v ) — may b e o b s e r v e d ? ( 1 8 b ) , w h i c h f o l l o w s f r om (13b) as w e l l , 

s u f f e r s s i n c e i t makes no m e n t i o n o f Q : i f a Ab i s f ound t h a t s a t i s f i e s 
x y 

i t , t he q u e s t i o n o f w h e t h e r t h e r e e x i s t s an a l l o w a b l e Q w h i c h i s 
xy 

c o n s i s t e n t w i t h (18a) r e m a i n s . F i n a l l y , w h i l e a l l t he d i s c u s s i o n has 

been i n te rms o f t he s p e c t r a l c h a r a c t e r i s t i c s , a d o p t i o n o f t he assump­

t i o n s o f t he p r e v i o u s p r o p o s i t i o n s a l l o w the i n t e r p r e t a t i o n o f B and b 

as l a g d i s t r i b u t i o n s . 

W i t h o u t mak ing a d d i t i o n a l a s s u m p t i o n s , i t a p p e a r s n o t h i n g more 

can b e s a i d . Howeve r , by p l a c i n g s p e c i f i c r e s t r i c t i o n s on c h a r a c t e r i s t i c s 

o f t he p r o c e s s e s , i t i s p o s s i b l e to p r o c e e d : e i t h e r a s i n Sims [10] and 

Geweke [ 3 ] , t o f o r c e b ( - ) and B ( - ) to b e " c l o s e " ; o r , as h e r e , to f o r c e 

i d e n t i f i c a t i o n . In f a c t , e x t e n d i n g an a s s u m p t i o n a n a l y z e d i n e a c h o f 
2 0 / 

t h e s e p a p e r s f o r d i f f e r e n t r e a s o n s — l e a d s t o o u r n e x t r e s u l t . 

We need f i r s t t o g i v e two d e f i n i t i o n s , w h i c h m i g h t be u n d e r s t o o d 

f r om t h e i r s ymbo l s w i t h o u t e x p l a n a t i o n . F o r a sequence o f v e c t o r s o r 

m a t r i c e s ( R ^ o r **x^ t o ^ e i n —1 w e r e 1 u i r e t h e i r components to b e 

a b s o l u t e l y summable; and f o r a v e c t o r o r m a t r i x o f ( r e a l - o r c o m p l e x -
v a l u e d f u n c t i o n s , S v o r S v ) t o be i n l — , we r e q u i r e t h a t each component 

AI X J-
i » | L 

b e a b s o l u t e l y i n t e g r a b l e . As b e f o r e , we have r e f r a i n e d f rom i n c l u d i n g 

i n t h e n o t a t i o n the domains w h i c h w i l l b e c l e a r f r om the c o n t e x t and may 

on o c c a s i o n b e n o t e d e x p l i c i t l y . 

P r o p o s i t i o n 4 Assume : ( i ) R ( •) and R ( •) a r e g i v e n be tween t he 
x y x 

l a t t i c e p o i n t s L = t i n t e g e r } b y l i n e a r i n t e r p o l a t i o n , ( i i ) R (•) 
n i i xy 
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and R (• ) a r e i n l k 1 , and ( i i i ) S i s e s s e n t i a l l y bounded b e l o w . Then 
X -L A. 

B(—) and b ( t ) a r e b o t h i d e n t i f i e d f r om t h e d i s c r e t e d a t a ; m o r e o v e r , 
n r t 

b(-t) = < B V t l n t e g e r

s where t he i n t e r p r e t a t i o n i s t h a t b ( - ) i s a row 
n . 0 o t h e r w i s e t 

o f d e l t a f u n c t i o n s w i t h w e i g h t s g i v e n b y B(—) on t he l a t t i c e p o i n t s 

P r o o f : ( i ) s a y s t h a t 

" < H s | > V s > + M ^ 4 - T t r > 

and 

_ ,t+S^ / - t I i \ n , tx . i , „ ,t . 1 s K 
= ( 1 - I S I > R X Y ^ + I S I R

X Y ^ + ^ | 7 T ) 

f o r t i n t e g e r , and | s | <_ 1 . (t-^j- i s t a k e n to be z e r o a t s=0 . ) D e f i n i n g 

T Q ( W ) = | ^ ^WI J " j ^ ^ and i n t e r p r e t i n g ^ C ^ ) a n ^ R x Y ^ a s r o w s ° ^ 

d e l t a f u n c t i o n s w i t h w e i g h t s g i v e n b y t h e i r v a l u e s on L^, we may r e w r i t e 

a s s u m p t i o n ( i ) a s 

— C O 

and 

, t+s N ,°° „ , t+s , w „ . T , t +s N 

R 
x y 

w h e r e , b e c a u s e o f t he f i n i t e s u p p o r t o f T Q C * ) and t h e n a t u r e o f R^( ) 

and R j j yC* ) * t n e i n t e g r a l s a r e sums o f a t most two numbers . and R ^ 

w i l l be i n i f t h e y a r e i n t h a t t h e y a r e i n f o l l o w s f r om ( i ) , 

( i i ) , and t h e i r s a m p l i n g r e l a t i o n t o R and R — i n d e e d , any c o r r e s p o n d i n g 
x x y 

components have e q u a l and L no rms . T h u s , R^eli^( l l^(~ n^» nn) d i s p l a y i n g 

t h e domain) s o t h a t 

nir 2 
J \^(w)dw < c o ; 

- n ^ 
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w i t h ( i i i ) , we have P r o p o s i t i o n 3 i n f o r c e , so t h a t 

Y & X " X Y B = R x V s " s 

U ~ ~°° B u t t he r e l a t i o n R < >R i s t he u n i t a r y F o u r i e r i s o m o r p h i s m a l l u d e d to 
X X 

i s a l s o i n l j ^ and t he c l a s s i c a l - i n v e r s e F o u r i e r t r a n s f o r m may be a p p l i e d 

2 1 / 
to B to y i e l d t h e B — o f mode l ( B ) . R g ( 0 a n d R x Y ^ " ^ a s g e n e r a l i z e d 

f u n c t i o n s have F o u r i e r t r a n s f o r m s w h i c h a r e p e r i o d i c . The F o u r i e r 

2 
t r a n s f o r m o f r Q * l j j i s ~~2 ( l - c o s w ) - I ^ , o b v i o u s l y p o s i t i v e d e f i n i t e a . e . 

The c o n v o l u t i o n R t h u s h a s R = R • — ( 1 - c o s w) w h i c h i s c l e a r l y i n l k 
X X A Z t-

w 
f rom c o n s i d e r a t i o n o f the r i g h t - h a n d s i d e . The s p e c t r a l c h a r a c t e r i s t i c , 

- 1 2 1 / b , s a t i s f i e s b = S S : — i f we had R = S and R = S , t hen x xy x x xy xy 

b = ( i j . — U - c o s w ) ) " 1 ^ l - c o s w j y = R x " 1 ^ = B 
w w 

co i w t 
and t he c o n c l u s i o n f o l l o w s . We have R ( t ) = / S (w)e d t , w i t h S ( • ) e l r 1 -

X X X J . 

i s t 

i n f o o t n o t e 3 , e x t e n d e d t o l L ^ - 0 3 . <*>) m a t r i c e s i n t h e W i e n e r - M a s a n i 

2 
manner . (Tha t t h e components o f R (and s o o f R ) a r e i n L (-co, co) c a n 

X X 

be s e e n d i r e c t l y s i n c e t h e y a r e i n L^(-a>, a>) and b o u n d e d . ) W i t h 5 ^ ( 0 

and R

x ( * ) b o t h h a v i n g a b s o l u t e l y i n t e g r a b l e componen ts , t he c l a s s i c a l 

i n v e r s i o n theorem o f f o o t n o t e 3 a p p l i e s . B u t now S (•) i s a l s o seen t o 
X 

b e b o u n d e d , hence i n l ^ 9 ( - «>, co) , and i t f o l l o w s t h a t S -̂>-R , s i n c e «U 
^ X X 

a g r e e s w i t h t he o r d i n a r y F o u r i e r i n t e g r a l when doma in and range e lemen t 

1 2 

a r e b o t h i n L ( - » , » ) f l L ( - 0 0 , co) . (See [ 5 ] , e s p e c i a l l y p. 5 1 0 - 5 1 3 f o r 

B u t t h e n S = R b y t he one t o one p r o p e r t y o f Q . E . D . 
X X 

2 

A c o m p u t a t i o n i n t he p r o o f showed t h a t w S x ( w ) = R ^ l - c o s w) . 

The n o n i n t e g r a b i l i t y o f t he d i a g o n a l e l e m e n t s o f t he r i g h t - h a n d s i d e 

shows 
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j w S (w)dw = co, i = l , . . . N , i . e . , 
-co i i 

t h a t no component o f t h e x v e c t o r can be mean-squa re d i f f e r e n t i a b l e , an 

o b s e r v a t i o n a l s o n o t e d i n [ 3 ] , p . 7. 

I n t he s p e c i a l c a s e o f n = l , t he c o n t i n u o u s model (A) i s 

i d e n t i f i e d f rom o n l y t h e c o a r s e o b s e r v a t i o n a l s t r u c t u r e ( D ) . I t n e e d 

h a r d l y be s a i d t h a t t he h y p o t h e s e s a r e l e s s l i k e l y t o b e f u l l f i l l e d i n 

t h i s c a s e : l i n e a r i n t e r p o l a b i l i t y i s r e q u i r e d o v e r l o n g e r s e g m e n t s . 

I n d e e d , b y usng X . , i s u c h t h a t n i > r^, ^ C~ ) b e computed and 
i i 

p a r t o f t he i n t e r p o l a b i l i t y a s s u m p t i o n t h u s c h e c k e d when d a t a o f t h e 

model (C) p a t t e r n a r e a v a i l a b l e . 

A s e c o n d s i t u a t i o n w i t h i d e n t i f i c a t i o n p o s s i b i l i t i e s r e q u i r e s 
2 2 / 

t he abandonment o f t h e a s s u m p t i o n t h a t x b e l i n e a r l y r e g u l a r , — s i n c e 

t he l a t t e r i m p l i e s t h a t S (•) h a s t h e same r a n k a . e . I f S (w) v a n i s h e s 
X X 

f o r w>^[-nrr, n * ] , t h e n S x y ( w ) v a n i s h e s o u t s i d e t h i s i n t e r v a l a s w e l l ; 

c o n s e q u e n t l y , S x b = i s c o n s i s t e n t w i t h any v a l u e s f o r b(w) o u t s i d e 

t h i s i n t e r v a l . O t h e r w i s e p u t , mode l (A) i s n o t i d e n t i f i a b l e w i t h r e s p e c t 

t o c o n t i n u o u s d a t a , l e t a l o n e d i s c r e t e d a t a . P r o c e s s e s o f t h i s t y p e , 

whose s p e c t r a l d e n s i t y m a t r i x has f o r s u p p o r t a p r o p e r , compact s e t o f 

t h e a l l o w a b l e s u p p o r t ( h e r e , (-co, co) f o r r e a l p r o c e s s e s ) a r e c a l l e d 

b a n d - l i m i t e d . T h e i r v a l u e s x ( t ) , f o r a l l t , c a n be c a p t u r e d know ing 
t . 2 2 / 

o n l y t h e i r v a l u e s a t x ( ~ ) » p r o v i d e d t he s p e c t r u m i s b o u n d e d . — T h i s 

r e s u l t , b r i n g i n g t o mind i n t e r p o l a t i o n and t h e p r e v i o u s r e s u l t , s u g g e s t s 

a c l o s e r e x a m i n a t i o n . 

The v a n i s h i n g o f S i n an a r e a s a y s t h e r e i s "no a c t i o n " i n x 

a t t r i b u t a b l e t o t h a t p a r t o f t he s p e c t r u m ( h e r e , t h e h i g h - f r e q u e n c y 

c o m p o n e n t s ) . A r e a s o n a b l e i d e n t i f y i n g a s s u m p t i o n f o r b(w) m i g h t t h e r e ­

f o r e b e t o f o r i t t o have " n o a c t i o n " a t t h e s e f r e q u e n c i e s . We a d o p t 
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t h i s f o r t h e p u r p o s e s o f t h e n e x t p r o p o s i t i o n ; now, w i t h r e s p e c t t o t h e 

c o n t i n u o u s d a t a , 

b(w) = 
S "*"(w) S (w) | w| < nir x x y I I — 
0 |w | > mr* 

R e c a l l i n g ( 1 3 b ) , S V B = F [S ( 0 b ( - ) ] , and n o t i n g t h a t F e f f e c t i v e l y 

c a u s e s no l o s s o f i n f o r m a t i o n i n t h i s s i t u a t i o n b e c a u s e S (w+27rnk) and 
X 

b(w+2irnk) b o t h v a n i s h f o r an i n t e g e r k d i f f e r e n t f r om z e r o , we have 

f „ , s,~, \ |w < nir S (w)b(w) 
(19) S x ( w ) B ( w ) = { J|w| > nir and w = w*(Mod2 i rn ) . 

S (w* )b(w*) . 1 x w ' : < nir 

S i n c e 

S (w) = S (w) , |w| _< nir 

i t f o l l o w s t h a t b(w) i s i d e n t i f i e d f r om t h e d i s c r e t e d a t a a s 

|B(w) |w| _< nir 

|w| > nir 

A g a i n we have e q u a l i t y o f b and B i n a s e n s e . To t r a n s l a t e 

t h i s r e s u l t i n t o t h e t i m e d o m a i n , we o b s e r v e t h a t 

( *) 
where t h e i n d i c a t o r o r c h a r a c t e r i s t i c f u n c t i o n x r n h a s b e e n p r e v i o u s l y 

L a , D j 

d e f i n e d . O b v i o u s l y b ( •) elir,^- 0 0, <*>) i f and o n l y i f B(w) e lL 2 [ -n i r , nrr], i n 

w h i c h c a s e we may t a k e an i n v e r s e F o u r i e r t r a n s f o r m . By a d o p t i n g t h e 

h y p o t h e s e s o f P r o p o s i t i o n 3 t h i s i s e n s u r e d , and 

-iw(-r) 
(21) B(w) = I B ( £ ) e 

t = _ c o n 

h o l d s f o r some B(—) zl „ . The i n v e r s e F o u r i e r t r a n s f o r m o f B(w) i s t h u s 
n — 2. 

a row o f d e l t a f u n c t i o n s w i t h w e i g h t s on t h e l a t t i c e g i v e n b y B ( - ^ ) . 
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A b u s i n g t h e n o t a t i o n s l i g h t l y b y r e f e r r i n g to t h i s g e n e r a l i z e d f u n c t i o n 

a s B (« )» we u s e t he c o n v o l u t i o n r u l e on (20) t o c o n c l u d e 

\ , , r . r°° „ , r . s i n Sim , „ , r . . _ r . 
(22a) b ( - ) = / B ( s ) ds = n - B ( - ) i f - eL . n n sit n n n 

—CO 

I f \ L , i . e . , i f r i s n o t an i n t e g e r , t h e f i r s t e q u a l i t y h o l d s and we 
n a n 

may a g a i n d e r i v e b( j j ) f r om o b s e r v a b l e B ( - ) , b u t t he r e l a t i o n i s n o t so 

s i m p l e . We have - = - + 6, 0 < S < t i n t e g e r . Then B(f - - s ) = B ( £ +6-n n n n n 

h a s i t s s u p p o r t l o c a t e d a t s v a l u e s i n t he d i s p l a c e d l a t t i c e L = 
0 j XI 

{6+~: t i n t e g e r } . C o n s e q u e n t l y 

j=o s in (6+J)Trn 

I t r e m a i n s t o c h e c k t h a t ou r c a n d i d a t e f o r ( y ( t ) | H ) , 

CO 

b ' * x ( t ) = / b ( t - s ) x ( s ) d s , 

- c o 

makes s e n s e . We a r e g i v e n pause by t he f a c t t h a t P r o p o s i t i o n 1 i s no t 

l i k e l y t o b e a p p l i c a b l e : f o r b ( « ) to be (-co, co), b(w) must be 

c o n t i n u o u s , and a g l a n c e a t (20) shows t h i s t o be u n l i k e l y . However , 

t h e m a t c h i n g c o n d i t i o n c a n be v e r i f i e d d i r e c t l y , s i n c e 

OT ^ ~ tin „ 
\ b ' ( w ) S (w)b(w)dw = { B 1 ( w ) S (w)B(w)dw < » 
* X * A -co -nTT 

b y P r o p o s i t i o n 3 and u s i n g t h e f i r s t e q u a l i t y i n ( 2 0 ) . T h i s c o n c l u d e s 

t he p r o o f o f 

P r o p o s i t i o n 5 I f (a ) t h e s p e c t r a l c h a r a c t e r i s t i c b(w) i s c h o s e n t o 

24 / 
v a n i s h w i t h S ; — (b) t he c o n t i n u o u s p r o c e s s X i s l i m i t e d to t he band 

X 
8 = [ -nir , n i r ] ; (c ) S (w) (=S (w) on 8) i s e s s e n t i a l l y bounded b e l o w and 

X X 
2 

e i t h e r \-(w)eL [-XVJT, XITT] o r S i s e s s e n t i a l l y bounded a b o v e ; and (d) 
i x 
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R w e £ 0 ; t h e n t h e c o n t i n u o u s and d i s c r e t e mode ls (A) and (B) a r e b o t h 
X I Z 

i d e n t i f i e d f rom t h e d i s c r e t e d a t a b y p r o j e c t i o n . M o r e o v e r , e q u a t i o n s 

(22) p r o v i d e b ( « ) i n t e rms o f B ( « ) -

I n [ 3 ] , G e w e k e ' s P r o p o s i t i o n 3 shows , f o r t h e c a s e n = l , an 

" i n v e r s e " r e s u l t f o r b a n d - l i m i t e d p r o c e s s e s : 

(23) B ( t ) = / S l " ( ^ s ) S ) - b ( s ) d s > t i n t e g e r . 

T O 

H i s i n t e r e s t i n (23) i s t h a t e a c h component o f B i n v o l v e s o n l y t he 

c o r r e s p o n d i n g component o f b — t h e r e i s no c o n t a m i n a t i o n . Our r e s u l t 

shows t h a t , when b ( « ) i s i d e n t i f i e d b y ( a ) , t h e i n t e g r a l e q u a t i o n ( 2 3 ) , 

w h i c h h o l d s o n l y a t i n t e g e r t , i n v e r t s ! 

Even i f ou r i n t e r e s t i s n o t i n t h e c o n t i n u o u s m o d e l , t he l a s t 

two p r o p o s i t i o n s p r o v i d e some c l u e s abou t when a " c o a r s e " o b s e r v a t i o n a l 

p a t t e r n w i l l s e r v e to i d e n t i f y a " l e s s c o a r s e " m o d e l . B e f o r e t a k i n g 

t h i s up , we w i l l r e s p o n d t o t h e c h a l l e n g e o f remark ( i i ) a s i t p e r t a i n s 

t o mode l ( C ) . I t i s s t i l l o n l y t a c i t l y d e f i n e d by e q u a t i o n s (6) and 

( 7 ) ; P r o p o s i t i o n s 2 and 3 do n o t d i r e c t l y a p p l y t o i t . We e x p l o r e t h i s 

q u e s t i o n , and i t s r e l a t i o n to t h e o t h e r d i s c r e t e m o d e l s i n t h e n e x t 

s e c t i o n . 

V . The I d e n t i f i c a t i o n o f M o d e l (C) and t h e R e l a t i o n s Among the D i s c r e t e 
M o d e l s 

One way t o i n t e r p r e t ( 1 0 ) , P ^ C " ) = R x * B ^ ' i s a s a n e c e s s a r y 

and s u f f i c i e n t c o n d i t i o n on B f o r B ' * X ( t ) t o be t h e p r o j e c t i o n ( Y ( t ) |H^) , 

p r o v i d e d t h a t B ' * X ( t ) i s w e l l - d e f i n e d . P u t d i f f e r e n t l y , g i v e n a B b y 

w h a t e v e r means, i f B ' * X ( t ) c a n be shown t o be i n H x , t h e n c h e c k i n g (10) 

i s e q u i v a l e n t t o c h e c k i n g w h e t h e r B ' * X ( t ) i s t h e p r o j e c t i o n . W h i l e (10) 

r e f e r r e d t o mode l ( B ) , an a n a l o g o u s s y s t e m o f c o n v o l u t i o n e q u a t i o n s 
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h o l d s f o r mode l ( C ) . Our p l a n i s t o d e v e l o p them, s o l v e them, and t h e n 

a p p l y t he above c o n s i d e r a t i o n s to j u s t i f y ou r s o l u t i o n . 

L e t u s r e c a l l t he mode l (C) i n t he fo rm u s i n g ( 6 ) ' : 

(6) ' Y ( t ) = I *l B , ( t - f - ) X . ( f - ) + U ( t ) 
j - 1 2 n l 2 n l 

B.(t-^—) = 0 , — ^ — ; s , r i n t e g e r ; j = l , . . . N 
n l n l n j 

(7) E U ( t ) X (^-) = 0 , t , S i n t e g e r , j - 1 , . . . N . 
j 

The f o l l o w i n g n o t a t i o n w i l l be found u s e f u l . As b e f o r e , 

deno te by L. t he l a t t i c e {—: t i n t e g e r } j - 1 , . . . N . R e c a l l i n g ou r 

a s s u m p t i o n on t he d a t a s t r u c t u r e , d e f i n e t he i n t e g e r s 

n . n ± 

m b [—] = — ; N > j > i > 1 ; i , j i n t e g e r . 
J J — — — 

By H (S) w i l l be meant t he s m a l l e s t H i l b e r t space c o n t a i n i n g , o r spanned 

b y , t he s e t S . ( T h i s i s t he same c o n c e p t m e n t i o n e d i n t he p r o o f o f 

P r o p o s i t i o n 1 and f o o t n o t e 1. ) I n t h i s t e r m i n o l o g y , we h a v e : ( i ) t he 

domain o f X j ( * ) i s L.» ( i i ) t he l a t t i c e s a r e n e s t e d , 3 - 1 • • • ^ L^; 

( i i i ) B . ( « ) i s d e f i n e d on i - b u t may be n o n z e r o o n l y on L . , L.,-., ••• 
3 3 3 

V ( ^ ) 

N N 

H n E H( U ( X , ( s ) , s e L j ) ) C H( U (X (s ) , s e L . ) ) = H C 
j = l N j = l 2 

N N 

H ( U ( X , ( s ) , s e L , ) ) E L = L C H ( U ( X . ( S ) , S r e a l ) ) = H . 
j - 1 j - 1 A 

The m o d e l s (A) t o (D) a r e t h u s i d e n t i f i e d by p r o j e c t i n g Y ( t ) on to H. to 

H p , r e s p e c t i v e l y , a l l o f w h i c h may be r e g a r d e d a s c l o s e d s u b s p a c e s o f 

H . . = H(H u ( y ( t ) , t r e a l ) ) . T h i s o b s e r v a t i o n may c l a r i f y remarks 
v x , y j A 

( i i ) and ( i v ) o f S e c t i o n I I I . 
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M u l t i p l y i n g b o t h s i d e s of ( 6 ) ' by X . (t-^—) , t a k i n g e x p e c t a t i o n s , 
i 

and mak ing use o f (7) y i e l d s 

= - I v V x . ^ ' i = 1 ' • • • » • 
x l j = l J i J i 

(24) 

where t h e j — te rm i n t h i s sum i s 

S=co 

<25' 'i-x.i.&- I » j < H f c » V Y . ^ - ' V ' ' 
J 1 J 1 S = - c o J 1 1 J 1 1 

and t he c o n s t r a i n t s may be w r i t t e n 

(26) B . ( s ) = 0 , scLSL., N >_ j > i > 1 . 
3 "̂ J 

We w i l l make u s e of t he 

C o v a r i a n c e I d e n t i f i c a t i o n Lemma I f u ( - ) and v ( « ) a r e two s t a t i o n a r y 

p r o c e s s e s o b s e r v e d on the l a t t i c e s L and L , r e s p e c t i v e l y , we may r m n 

e s t i m a t e c o n s i s t e n t l y , and hence r e g a r d as i d e n t i f i a b l e , R u v ( s ) , s e L ^ , r 

t h e l e a s t common m u l t i p l e of m and n . (L = {~* t i n t e g e r } ) m m 

P r o o f : 

R £ 2 d S L ) = E u ( t - ^ ) v ( t - ^ ) , 
uv mn m' n 

by c o v a r i a n c e s t a t i o n a r i t y , s o t h a t f o r any i n t e g e r s k and h , 

1 v / ^ k N . h N _ " ,kn-hm. -T=T ) u ( t — ) v ( t - ~ ) = R ( ) T L m n uv mn 1 1 t£X 

may be f o r m e d , where | t | i s t he number o f p o i n t s i n T , a f i n i t e s e t f o r 

w h i c h d a t a on b o t h terms i n t he p r o d u c t a r e a v a i l a b l e . T h i s e s t i m a t o r 

i s c e r t a i n l y c o n s i s t e n t . C h o o s i n g h=0 ( r e s p e c t i v e l y k=0) shows R u ^ ( s ) , 

seL ( r e s p e c t i v e l y R ( s ) , s e L ) a r e i d e n t i f i e d . C l e a r l y t h e s e t o f 
m uv n 

p o i n t s s o i d e n t i f i e d i n a r b i t r a r i l y l a r g e samp les T i s a l a t t i c e . The 
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p r e c i s e d e s c r i p t i o n o f t he l a t t i c e g i v e s i t s s t e p , w h i c h i s e v i d e n t l y 

— , w i t h d t h e minimum p o s i t i v e i n t e g e r e q u a l to k n - h m , where k and h 
mn 

v a r y o v e r a l l i n t e g e r s . S i n c e m and n have l e a s t common m u l t i p l e r , 

ng = am = r w i t h a and g r e l a t i v e l y p r ime i n t e g e r s , and kn-hm = ^ - ( a k -

g h ) , we want t he l e a s t p o s i t i v e v a l u e o f ctk-gh o v e r a l l i n t e g e r s k and h . 

B u t ctk-gh can a l w a y s b e made to e q u a l 1 , i n w h i c h c a s e d = — = ^ = —, 

s o t h a t 

m 

1 - = £ - = 1 _ = I . 
mn mn gn r* 

T h i s l a s t o b s e r v a t i o n must be e v i d e n t t o a l l number t h e o r i s t s , and i t s 

t e d i o u s i n d u c t i o n p r o o f i s o m i t t e d . Q . E . D . 

A p p l y i n g t h i s lemma t o t h e c o n v o l u t i o n e q u a t i o n s y s t e m ( 2 4 ) — 

(26) shows t h a t a l l o f t h e te rms Y and x w h i c h e f f e c t i v e l y e n t e r 
i i j 

may be t a k e n a s known. F o r w h i l e t h e r i g h t - h a n d s i d e o f (25) c o n t a i n s 

a l l t h e te rms R^ v ( s ) , s e L , , o n l y when t zL. w i l l s u c h a t e rm have a 
X . X . . 1 n x j 

n o n z e r o c o e f f i c i e n t , and i t i s i n p r e c i s e l y t h a t c a s e t h a t R^ x i s 
1 j r 

a v a i l a b l e , b e c a u s e t h e sum o f t h e two l a t t i c e p o i n t s t e L . and tT~ELj 
n l i 

i s a l a t t i c e p o i n t . 

S o l v i n g t h i s s y s t e m — e v e n " o p e r a t i o n a l l y " — a p p e a r s t o b e much 

more f o r m i d a b l e t han s o l v i n g ( 1 0 ) , where we we re a b l e t o j u s t i f y m u l t i p l y ­

i n g b y R^"*". I f (24) we re w r i t t e n i n m a t r i x n o t a t i o n a s R ^ = R X X * B , we 

e v i d e n t l y have two c h o i c e s f o r t h e domain o f t h e e l e m e n t s o f R ^ : i t 

may b e u n i f o r m , ^— u n i t s a p a r t , i n w h i c h c a s e many components a r e u n o b s e r v -

a b l e ; o r , i t may be n o n u n i f o r m , d e f i n e d o n l y a t t h e f r e q u e n c i e s w h i c h 

e f f e c t i v e l y e n t e r (25) , i n w h i c h c a s e i t i s h a r d t o i m a g i n e even t h e 

f o r m a l c o n s t r u c t i o n o f \ I n any e v e n t , t h e c o n s t r a i n t s must a l s o be 

d e a l t w i t h . F i n a l l y , t he f r e q u e n c y w i t h w h i c h t h e e q u a l i t y i n (24) 

h o l d s v a r i e s w i t h t h e component i . 
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These d i f f i c u l t i e s c a n a g a i n be d e a l t w i t h i n t h e f r e q u e n c y 

d o m a i n , w i t h t he a i d o f a n e n t i r e l y f i n i t e v e r s i o n o f t h e f o l d i n g p r i n ­

c i p l e u s e d i n t h e p r e v i o u s s e c t i o n . S t a t e d i n t h e fo rm i n w h i c h i t w i l l 

b e u s e d , w i t h r e f e r e n c e t o t h e u n d e r l y i n g c o n t i n u o u s p r o c e s s e s s u p p r e s s e d , 

we have t he 

F i n i t e F o l d i n g Lemma I f t he d i s c r e t e p r o c e s s e s X and Y have a u t o c o r r e l a t i o n 

f u n c t i o n P ^ y ^ " ^ w h i c h i s i n p r i n c i p l e o b s e r v a b l e n^ t i m e s p e r p e r i o d b u t 

i s a c t u a l l y o b s e r v e d n . t imes p e r p e r i o d , n . / n . = m 1 . , t hen the o b s e r v e d 
J J- 3 -L»3 

c r o s s - s p e c t r a l d e n s i t y i s 

m. . -1 
1,3 

F n . ; n [ S X Y ( ' ) ] ( W ) = I S x v (w+27 rn j k ) , a . e . , w e [ 0 , 2 i r n ^ ] , 
j i k=0 

2 5 / 
where t h e d e n s i t i e s a r e assumed to e x i s t . — 

P r o o f : F o r any i n t e g e r r , 

r, rm . . 
rm . rm 1 . 2irn_ . 1,3 

t -hx<t> - Wir* • / ^"h SXY<»><<S -
3 1 3 1 0 

m, - 1 . rm . 
V r 3 i ( w + 2 7 r n . k ) — k i l

c . . . /. / e 3 n S (w+2im.k)dw. 
k=0 0 

The f i n i t e sum may be t a k e n i n s i d e t h e i n t e g r a l and t h e e x p o n e n t i a l may 
. r 

be r e p l a c e d b y e n ^ . Q . E . D . 

O b s e r v e t h a t t h e n o t a t i o n F I ] ( ) i n d i c a t e s b o t h domain 
n 3 J n l 

and r a n g e o f t h e o p e r a t o r . When t he doma in i s c l e a r f rom t h e c o n t e x t , 

a s , s a y , i n (30) whe re any f o l d i s w i t h r e s p e c t t o [0 , 2 i r n ^ ] , t h e n o t a ­

t i o n may be a b b r e v i a t e d t o F [ ] ( • ) • V a l u a b l e u s e w i l l be made o f t h e 

r e l a t i o n , 
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(27) I B . ( t - ^ ) e l ( t - n 7 ) w = B (w) = B ( w + 2 l T n > = J B . (^—)e n 7 , 
S=-xo J " l J S=-oo J j J 

j = l , . . . N , 

w h i c h h o l d s b e c a u s e o f t h e c o n s t r a i n t ( 2 6 ) . 

F i n a l l y , we F o u r i e r t r a n s f o r m (24) and c o n s i d e r t he i — e q u a t i o n . 

The l e f t - h a n d s i d e i s , by t he F o l d i n g Lemma, 

(28) 

m, . -1 
1,1 

F n . ; n I S X . Y 1 ( w > = 1 S ( w - K ^ n .k ) . 
1 1 i k=0 i 

The f o l d i n g h e r e i s r e l a t i v e to t h e c r o s s - s p e c t r u m we wou ld o b s e r v e i f 

t h e d a t a on were on t he l a t t i c e L^ . T h e r e i s " t r u e " f o l d i n g r e l a t i v e 

t o t he o b s e r v a t i o n a l p a t t e r n o f mode l ( B ) : as l o n g a s we o n l y o b s e r v e 

X ^ on we c a n n o t u n f o l d . We w i l l s e e t h a t t h e r i g h t - h a n d s i d e , 

h o w e v e r , c o n t a i n s a " p s e u d o - f o l d i n g " f o r t h e te rms j , 1 <_ j <_ 1 - 1 . The 

. t h 
i — e q u a t i o n r e a d s 

(29) 

> i m . . -1 
i - l J , i 

F [S ](w) = I I B . ( w + 2 7 r n , k ) S Y (w+2nn.k) + n . , n . A . i . 1 I X . A . l 
1 1 l j = l k=0 l j 

N 

J B i W V ; n I s

X . x ' W 
J = i i ' 1 i J 

C o n s i d e r , f o r e x a m p l e , j = l . We have s e e n t h a t _ ( s ) i s known f o r 
i 1 

s e l , ; c o n s e q u e n t l y , S (w) i s known f o r a l l w , 0 < w < 2 ^ . The j = l 
1 X i X l . L 

t e rm i n (29) t h u s i n v o l v e s a ( B ^ - w e i g h t e d ) f o l d i n g o f what we know, a s 

opposed t o t h e l e f t - h a n d s i d e w h i c h f o l d s p a r t o f a c r o s s - s p e c t r u m we 

c a n ' t o b s e r v e . T h i s i s t h e s e n s e i n w h i c h " p s e u d o - f o l d i n g " i s to be 

t a k e n , s i n c e now we show how t h i s l a t t e r c a n be undone . 

S i n c e (29) i s t o h o l d f o r a l l w ( o r , b e c a u s e o f p e r i o d i c i t y , 

f o r a l l w i n [ 0 , 2-rrm]) we may s u b s t i t u t e W+2TT h , h=0, 1 , 2 , . . . n ± - l 
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s u c c e s s i v e l y f o r w . These ru e q u a t i o n s w i t h w now r e g a r d e d as b e l o n g i n g 

t o [ 0 , 2TT ] a r e c l e a r l y e q u i v a l e n t t o t he o r i g i n a l e q u a t i o n w i t h w b e l o n g ­

i n g t o t he e n t i r e [ 0 , 2-rrn^ i n t e r v a l . By e x p a n d i n g i n t h i s way , we can 

e x p r e s s t he d e s i r e d B v e c t o r as t he s o l u t i o n o f t he m a t r i x e q u a t i o n 

s y s t e m ( 3 0 ) , d i s p l a y e d as p . 33 w h i c h w i l l be on o c c a s i o n a b b e v i a t e d by 

S X Y ( w ) = S x - c ( w ) B ( w ) . 

We d e s c r i b e S _ f u r t h e r , as i t s p r o p e r t i e s a r e of c r u c i a l 

i m p o r t a n c e f o r t he i d e n t i f i c a t i o n o f mode l ( C ) . I t i s s q u a r e , o f 
N 

d i m e n s i o n ( V n . ) , and H e r m i t i a n . As i n d i c a t e d i t i s most e a s i l y v i s u -
1=1 2 

a l i z e d i n te rms o f i t s N b l o c k s . The ( j , k ) b l o c k i s : d i a g o n a l , o f 

d i m e n s i o n n . , i f j =k ; i f j < k, i t i s n . x n, c o n s i s t i n g o f m. , d i a g o n a l 

m a t r i c e s s t a c k e d v e r t i c a l l y . The e l e m e n t s on t h e d i a g o n a l a r e t h e 

c r o s s - s p e c t r a l d e n s i t y F [ S v v ] ( w ) , a s " t r u l y " f o l d e d by t h e o b s e r v a -
j 1 3 k 

t i o n a l p a t t e r n . A l t h o u g h f o r m a l l y i n d i c a t e d to show the g e n e r a l p a t t e r n , 

no f o l d i n g o c c u r s i n t he f i r s t b l o c k - r o w o r i n t h e f i r s t b l o c k - c o l u m n . 

S i n c e a l l f o l d i n g i s w i t h r e s p e c t t o [ 0 , 2 7 ^ ] , an n^ has been o m i t t e d 

f r om F [ ] ( • ) i n ( 3 0 ) . I n w i n d i n g d i a g o n a l l y down a s t a c k o n l y one 
n i ; n l 

p e r i o d i s t r a v e r s e d — t h e r e i s n e v e r any r e p e t i t i o n . The w i d t h of t he 

s t 
b l o c k s d i m i n i s h e s w i t h r i g h t w a r d movement. By i n s p e c t i n g t he n^+1— 

r o w , t h e " p s e u d o - f o l d i n g " i s s e e n , i n t h a t S^ x (w) and S^ x (WK^TT^) , 
2 1 2 1 

w h i c h a r e i n d i v i d u a l l y o b s e r v a b l e , o c c u r t o g e t h e r i n the n^+1 e q u a t i o n . 

F i n a l l y , a l l e l e m e n t s of 8 ^ ( 0 and S a r e i d e n t i f i e d , o r d a t a - d e t e r -
AI A , KJ 

m i n e d , so t h a t we m i g h t hope t h a t 

(31) B(w) = S ^ J ( w ) S X Y ( w ) , w e [ 0 , 2TT] 

h o l d s and our i n d i c a t e d programme may be c a r r i e d o u t . B e f o r e c o n t i n u i n g 

we make a s l i g h t d i g r e s s i o n i n t he n e x t p a r a g r a p h . 
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S i n c e m o d e l s (B) and (D) were s e e n as m a t h e m a t i c a l l y s p e c i a l 

c a s e s o f mode l (C) , t he e q u a t i o n s 

(32) S X Y ( w ) = S X ; B ( w ) B f W £ [ ° ' 2 l f ] ; a n d 

(33) S X Y ( w ) = S X ; D ( w ) B c ' W e [ 0 ' 2 i t ] ' 

a r e p a r t i c u l a r l y i n s t r u c t i v e s p e c i a l c a s e s o f ( 3 0 ) , i n w h i c h t he ( j , k) 

26 / 
b l o c k i s a l w a y s d i a g o n a l . — The t e c h n i q u e o f f o r m i n g t he s u p e r - m a t r i x 

S v _ i s n e c e s s i t a t e d by t he f a c t t h a t no o r t h o g o n a l - i n c r e m e n t s r e p r e s e n -X J L 

t a t i o n o f t he s u b s p a c e H^, we a r e p r o j e c t i n g i n t o e x i s t s , and c r e a t i n g 

one wou ld be more d i f f i c u l t t h a n ou r d i r e c t s o l u t i o n . Tha t S x > f i and 

S a c t u a l l y y i e l d t he p r e v i o u s s o l u t i o n s d e r i v e d on t he b a s i s o f 
A | U 

s p e c t r a l r e p r e s e n t a t i o n s i s a g r a t i f y i n g c h e c k on t h e v a l i d i t y of t he 

p r e s e n t t e c h n i q u e . 

The s p i r i t o f our i n q u i r y i n v o l v e s mak ing a s s u m p t i o n s , i n s o f a r 

a s p o s s i b l e , on t he c o n t i n u o u s p r o c e s s ( y , x ) and a n a l y z i n g t h e i r i m p l i ­

c a t i o n s f o r t he d i s c r e t e m o d e l s . A n a t u r a l a s s u m p t i o n , s u g g e s t e d by t he 
i i 1/2 1/2 

l o g i c a l r e q u i r e m e n t t h a t |S ( « ) | _1 S ( • ) S (•) , i s t h a t t he 
X . X , X . X . 

i j i 3 
( c o n t i n u o u s ) s p e c t r a l d e n s i t y m a t r i x have a dominan t d i a g o n a l — t h e 

p o s i t i v e d i a g o n a l e lement e x c e e d i n g t he sum o f t he m o d u l i i o f t he o f f -

d i a g o n a l e l e m e n t s o f t h a t r o w . Bu t f rom the f o l d i n g f o r m u l a e (11a) and 

( l i b ) t h i s p r o p e r t y c a r r i e s o v e r t o t he d i s c r e t e mode l ( B ) - s p e c t r a 

d e f i n e d on [-nir , nir] (o r e q u i v a l e n t l y [ 0 , 2im] : i n t he s e q u e l we may 

use t h e s e i n t e r c h a n g e a b l y ) ; a l s o , d i r e c t l y o r by F i n i t e F o l d i n g , to 

mode l ( D ) . We have o n l y t o c o n s i d e r mode l (C) to e s t a b l i s h 

P r o p o s i t i o n 6 S , S , S a r e a l l p o s i t i v e d e f i n i t e , and hence 
A J D A ) L X y u 

i n v e r t i b l e , under t he a s s u m p t i o n t h a t t he c o n t i n u o u s s p e c t r a l d e n s i t y 

m a t r i x i s p o i n t w i s e dominan t d i a g o n a l . 
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P r o o f : The m a t r i c e s a r e a l l H e r m i t i a n . H a v i n g w r i t t e n ou t S x _ c i n 

( 3 0 ) , i n s p e c t i o n shows t h a t , upon u n f o l d i n g the t y p i c a l d i a g o n a l e lement 

F [ S v ](w) i n t o S v (w)+S v (w+2-rrn.) + . . . + S Y (w+2Trn (m . - 1 ) ) , each 
n i ' n l i i i i 

t e rm bounds t he sum o f t h e o f f - d i a g o n a l t e rms i n t h e same f r e q u e n c y 

r a n g e . C o n s e q u e n t l y , a l l t he m a t r i c e s a r e dominant d i a g o n a l , hence by 

t h e w e l l - k n o w n t h e o r e m , p o s i t i v e d e f i n i t e . Q . E . D . 

Two r e m a r k s a r e i n o r d e r : ( i ) t h e immed iacy o f t h i s r e s u l t i s 

i l l u s o r y ; r a t h e r , t he power of (29) and t h e f e l i c i t o u s s u b s t i t u t i o n 

w h i c h l e d t o (30 ) a r e r e f l e c t e d ; ( i i ) as s a t i s f y i n g a s i t i s to d e r i v e a 

p r e v i o u s a s s u m p t i o n , t h i s r e s u l t by i t s e l f , we e m p h a s i z e , i s i n a d e q u a t e : 

B , B ^ , B c may e x i s t , bu t t he n a t u r e o f t he i m p l i e d i n v e r s e F o u r i e r 

t r a n s f o r m needs t o be c h e c k e d . T h i s we do i n t he v e r y i m p o r t a n t 

P r o p o s i t i o n 7 Any h y p o t h e s e s on t h e c o n t i n u o u s mode l w h i c h v a l i d a t e 

mode l (B) under P r o p o s i t i o n 3 a l s o v a l i d a t e mode l ( C ) . S p e c i f i c a l l y , 
NxN 

when S i s e s s e n t i a l l y bounded b e l o w , and a l s o 
A 

nrr ~ 
( i ) / A^(w)dw 

-nrr 

o r ( i i ) S v i s e s s e n t i a l l y bounded a b o v e , t h e n t h e s e same p r o p e r t i e s h o l d 

f o r S x . c - C o n s e q u e n t l y w i t h R X Y ^ - ) ^ ' i t : f o l l o w s t h a t Be l i ^ i n ( 3 0 ) — ^ 

so t h a t : B has an i n v e r s e F o u r i e r t r a n s f o r m i n J U , B ( — ) , w h i c h s a t i s f i e s 
n l 

t h e m a t c h i n g c o n d i t i o n ; h e n c e , B ' * X ( t ) i s w e l l d e f i n e d . 

NxN 
P r o o f : Assume c ^ I N < S x ( w ) < C 2 I N > w e [ 0 , 2- r rn ] , where o f c o u r s e n=n^. 

We now seek t o f i n d s i m i l a r bounds f o r S , w e [ 0 , 2TT]. TO t h i s e n d , 
A ; v_» 

t he n o t a t i o n f o r a t y p i c a l t e s t v e c t o r x c f o r t he R a y l e i g h q u o t i e n t i s 

n e e d e d . C o n s i d e r t he l a y o u t : 



37 -

1 
vec to r ) 

X l l / X 1 2 

'21 

\ 2 J m l , 2 

s t a c k e d 
v e c t o r s 

x 12 \ 

x n 2 2 

x , x 

X 

N / 

V 1N 

m 1,N 

s tacked) ; ~ 
v e c t o r s ' 

X xi \ 
• N 

• N 

x 

W i t h t h e (n^-Hi^ • • • + n | g ) x - ' - v e c t o r yL^= / x A f o r m the R a y l e i g h q u o t i e n t 

x 

x 

x ' S (w)x , w h i c h , upon c l o s e i n s p e c t i o n , i s r e v e a l e d t o be 
C A J C 

n 1 

T x ' k S x ( w + ( k - l ) 2 i r ) x k -

k = l 

C o n s e q u e n t l y , u s i n g t h e a s s u m p t i o n on S ( ) , we have 
A 

n., 

: l l l X d l E i C l J > k . X k . i X c ' S X ; C ( w ) x c i C 2 k ^ X k . X k . - C 2 m l , N 1 1 c ' ' E 

s i n c e 

I XkA. ± "ifB'll*cllK» k = l 
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| | | | g t he E u c l i d e a n norm, and 

n l 
11 x 11 „ < y x ' x, 
II d IE ,L k . k . . 

k = l 

C o n s e q u e n t l y , 

( c l ) X c V c - V S X ; C ( W ) X C - ( c 2 m l , N ) x c ' T N X c ' 

s o t h a t S _(w) i s a l s o e s s e n t i a l l y bounded f r om above and b e l o w . I n 
A ; \J 

c a s e S (w) meets c o n d i t i o n ( i ) i n s t e a d , we n o t e t h a t t h e same e x p a n s i o n 
X 

f o r t h e q u a d r a t i c fo rm ( o r R a y l e i g h q u o t i e n t ) y i e l d s t h e i n e q u a l i t y 

n i 
S U P ( X c ' S X - C ( w > X J = X l - C ( w ) - ^ V w + 2 i r ( k - l ) ) , 

N * c N E = i 

where A . . „ ( w ) i s t h e l a r g e s t e i g e n v a l u e o f S and A , ( • ) has t he same 

mean ing a s b e f o r e . B o t h s i d e s o f t h i s l a s t i n e q u a l i t y a r e p o s i t i v e a . e . , 

s i n c e S i s bounded f r om be low by h y p o t h e s i s . By s q u a r i n g b o t h s i d e s 

and i n t e g r a t i n g o v e r [ 0 , 2 i r ] , t he f a c t t h a t / A 1 (w)dw < 0 0 f o l l o w s 
o 1 ; C 

f r om h y p o t h e s i s ( i ) ( w i t h t he t r i v i a l change o f v a r i a b l e ) and t he H o l d e r 

i n e q u a l i t y a p p l i e d t o t he c r o s s - p r o d u c t te rms i n t he sum. (The e q u a l i t y 

i n v o l v i n g A , p ( w ) was a l s o used i n t he p r o o f of P r o p o s i t i o n 2 . ) C o n s e q u e n t l y , 

S v „ i s i n l L r 0 , and s i n c e i t i s bounded f r om b e l o w , i t s i n v e r s e e x i s t s , 

i s bounded f r om a b o v e , and c o n s e q u e n t l y i s i n ( j ^ a s w e l l . F i n a l l y , we 

i n d i c a t e more e x p l i c i t l y t h a n on p . 1 4 - 1 5 t h e f i n i t e n e s s o f t h e m a t c h i n g 

c o n d i t i o n : 
2ir 2TT 

/ R X Y ( w ) , R x ( w ) R x y ( w ) d w < / R ^ w ) c - I R ^ M d w 

N 
where I i s o f d i m e n s i o n \ n . and c i s t h e c o n s t a n t i n t he uppe r bound 

-1 ~ - 1 1 = 1 1 

f o r S x - C = . We used t he f a c t t h a t R ^ C ' ) 1 ^ i m p l i e s R ^ O e X ^ - Q . E . D . 
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Our s o l u t i o n t o (30) i s now j u s t i f i e d , and we have u n i f i e d t he 

m o d e l s (A) t h r o u g h (D) by p r o d u c i n g r e a s o n a b l e c o n d i t i o n s under w h i c h 

t h e y a r e a l l i d e n t i f i e d by p r o j e c t i o n . C o n s e q u e n t l y we may p r o c e e d t o 

s t u d y t h e i r r e l a t i o n s h i p by a n a l y z i n g (31) ( e q u i v a l e n t l y , ( 3 0 ) ) , ( 3 2 ) , 

and ( 3 3 ) . 

On page 4 0 , we d i s p l a y (32) i n more d e t a i l . Of c o u r s e , t he 

f o l d i n g o p e r a t o r s a l l have t he same s u b s c r i p t . To s e e t h e r e l a t i o n s h i p 
N 

o f Bf t o B we i n t r o d u c e the ( J n . ) x Nn.. m a t r i x I„ _ g i v e n by 

/ 1 - 1 \ 
\ 

n„ 

\ 
" I 

/ 
. t h The b l o c k i n t he j d i a g o n a l p o s i t i o n c o n s i s t s o f m.. . i d e n t i t y m a t r i c e s 

l » J 

I . T h i s m a t r i x i s d i s t i n g u i s h e d by i t s a b i l i t y t o p r e m u l t i p l y t h e 

S w ( w ) i n (32) and y i e l d t he S (w) i n ( 3 0 ) . I n t u r n , t he t r a n s f o r m a -

t i o n o f t he r e s u l t a n t m a t r i x i n t o t he S i n (33) i s a c c o m p l i s h e d by 
N X Y 

p r e m u l t i p l i c a t i o n by t he Nx( ) n . ) m a t r i x I „ g i v e n by 
/ i = l 1 ; . 

11 . . . 1 
11 . . . 1 

11 . . . 1 / 
/ 

. t h 
i n w h i c h t he j — d i a g o n a l b l o c k c o n s i s t s o f n . o n e s . We d i s p l a y 

t h e c o a r s e mode l more f u l l y on the top o f page 4 1 . 



Mode l (D) 

N o t e : A s a b o v e , we t a k e n

N

= n » a n d , t o a v o i d r e p e t i t i o n , " f a c t o r " ou t 

F w h i c h i s common to a l l t e r m s , 
n 

(33) / S X i Y ( w ) N 

n 
S X 2 Y ( W ) 

V W ) 

= F 
n 

S (w) 
X 2 X 1 

S (w) 
X 1 X 2 

S „ (w) 
X 2 

S„ „ (w) 

S v v (w) 
X 2 X N 

/ 

o r , S X Y ( w ) = S Y . n ( w ) B „ ( w ) 
X ; D V ' c 

W i t h t h i s n o t a t i o n , and a d d i n g a s u b s c r i p t t o S x v t o i d e n t i f y 

t h e mode l t o w h i c h i t p e r t a i n s , we have 

and 

^ J B ^ Y J B I C ; B S X ; B B f S X Y ; C S X ; C B 

^ J C ^ J C R D ; C S X ; C B S X Y ; D S X ; D B c 

J u s t a s P r o p o s i t i o n 7 p roved p r o p e r t i e s abou t S f r om 
X J c 

a s s u m p t i o n s a b o u t S v , s o c o u l d we p r o v e t h a t t he same p r o p e r t i e s 
A ',D 

f o l l o w f o r S under t he same a s s u m p t i o n s . I n p a r t i c u l a r , one c o n -
A y u 

sequence of " e s s e n t i a l boundedness above and b e l o w " was i n v e r t i b i l i t y . 

The above e q u a t i o n s may t h u s be r e w r i t t e n , f o r w e [ 0 , 2ir]» and s u p p r e s s ­

i n g w w h i c h o c c u r s as t he argument i n a l l o f t h e s e m a t r i x f u n c t i o n s , a s 

( 3 4 ) B = * X i l \ i B h t * t "= ; X ; C B * B f 

and 
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( 3 5 ) ~Bc = S X ; D \ ; C S X ; C B ' ~ R X ; D C ' B -

C o m b i n i n g t h e s e e q u a t i o n s s u g g e s t s t h e d e f i n i t i o n f o r 

r D ; B - I D ; C I C ; B a n d r X ; D B E r X ; D C r X ; C B . 

These e n t a i l 

( 3 6 ) B c = r X ; D C B = r X ; D C r X ; C B B f = r X ; D B B f , 

where o f c o u r s e , 

r X ; D B = S X ; D I D ; C I C ; B S X ; B = S X ; D * D ; B S X ; B * 

The e q u a t i o n s ( 3 4 ) - ( 3 6 ) e x p r e s s t he r e l a t i o n s among t he 

d i s c r e t e m o d e l s ( B ) - ( D ) . They a r e , a s p e r h a p s m i g h t have been e x p e c t e d , 

s i m i l a r t o t h e r e s u l t o b t a i n e d i n [3] and [ 1 0 ] , B = F [ r . b ] , w h i c h 
c n^ x 

r e l a t e s , i n ou r t e r m i n o l o g y , mode ls (A) and ( D ) , where r (w) = 

S "*"(w)S (w) . B e c a u s e m u l t i p l i c a t i o n i n t he f r e q u e n c y domain c o r r e s -
-> i J x 

ponds t o c o n v o l u t i o n i n t he t i m e d o m a i n , t h e s e e q u a t i o n s a r e r e a d i l y 

i n t e r p r e t e d . 

The g e n e r a l l a c k o f i d e n t i f i c a t i o n o f mode l (B) ( r e s p e c t i v e l y , 

m o d e l ( C ) ) f r om the o b s e r v a t i o n a l p a t t e r n o f mode l (C) ( r e s p e c t i v e l y , 

mode l (D) ) a p p e a r s i n t he r e c t a n g u l a r d i m e n s i o n a l i t y o f 

N N 
( J n . ) x N n . Nx( £ n . ) 

i = l 1 i = l X 

; X ; C B a n d * X ; D C 

C o n s e q u e n t l y , n e i t h e r (34) n o r (35) may be i n v e r t e d i f any i n d e p e n d e n t 

v a r i a b l e i s o b s e r v e d more o f t e n than a n o t h e r . A d i s c u s s i o n o f t he 
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p r e c i s e n a t u r e o f t h e u n d e r i d e n t i f i a b i l i t y w o u l d f o l l o w t h e l i n e s o f 

p . 1 8 - 2 1 . R e s u l t s a n a l o g o u s t o t h o s e i d e n t i f y i n g b f rom B g i v e n above 

c o u l d now be g i v e n . F o r t he r e a d e r who has f o l l o w e d t h e argument t o 

t h i s s t a g e , h o w e v e r , to m e n t i o n s u c h r e s u l t s i s a l m o s t t o p r o v e them. 

We do c a l l a t t e n t i o n , n e v e r t h e l e s s , t o a s p e c i a l c a s e when t h e 

d a t a a r e i n t he o b s e r v a t i o n p a t t e r n o f mode l (C) and when t h e c o e f f i c i e n t s 

i n mode l (B) a r e t o be e s t i m a t e d . I n g e n e r a l , owing t o n o n z e r o n o n d i a g o n a l 

e l e m e n t s i n r v __ ( t h e d i s c r e t e a n a l o g u e o f " c o n t a m i n a t i o n " ) (34) shows 
A ; I D 

t h a t t h i s c a n n o t be d o n e . Howeve r , f o r X ^ , t he d e s i r e d c o e f f i c i e n t s 

B . f (w+2ir ( k - l ) n .) a r e i d e n t i f i e d , and c o n s e q u e n t l y e s t i m a b l e , i n t he 

s p e c i a l c a s e i n w h i c h n ^ " n ^ and x ,t > = 0 h o l d s f o r a l l i n t e g e r t , 

and f o r a l l j d i f f e r e n t f rom the f i x e d i . T h i s c a n b e s e e n d i r e c t l y 

f r om (30) i n i t s expanded f o r m . Of c o u r s e , i t i s the s t r e n g t h o f t h e s e 

a s s u m p t i o n s w h i c h a l l o w s t he a c h i e v e m e n t o f more i d e n t i f i c a t i o n t h a n we 

a r e o t h e r w i s e e n t i t l e d t o . A s w i t h t he o t h e r s u c h s p e c i a l c a s e s , we 

c a u t i o n t h a t a good d e a l o f r o b u s t n e s s i s r e q u i r e d f o r t h e i r p r a c t i c a l 

a p p l i c a t i o n . 

F i n a l l y , r e f l e c t i n g on t he v e r y p l a u s i b l e a s s u m p t i o n o f t h e 

n e s t e d d a t a s e t s o f mode l ( C ) , we remark on t h e e f f e c t o f i t s r e l a x a ­

t i o n . I f o b s e r v a t i o n s were a v a i l a b l e on X . a t t h e r a t e of n^ t i m e s p e r 

n . 
p e r i o d , ( now no t n e c e s s a r i l y an i n t e g e r ) t he l e a s t common m u l t i p l e , 

n i + l 

r , s a y , wou ld have been f o r m e d . The a p p r o p r i a t e " f i n e " mode l wou ld t hen 

h a v e had a l l v a r i a b l e s d e f i n e d on t he l a t t i c e [_r = {~> t i n t e g e r } . We 

wou ld t hen have p r o c e e d e d i n t h e same manner , w i t h t h e o n l y d i f f e r e n c e 

b e i n g t h a t t he p a t t e r n i n (30) wou ld no t be q u i t e so s i m p l e , a l t h o u g h i t 

w o u l d r e m a i n " q u a s i - b l o c k - d i a g o n a l . " The f u l l g e n e r a l i t y o f the C o v a r -

i a n c e I d e n t i f i c a t i o n Lemma w o u l d t h e n have been r e q u i r e d . 
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V I . C o n c l u s i o n 

W i t h i n t h e f ramework o f c o n t i n u o u s t i m e , j o i n t l y c o v a r i a n c e 

s t a t i o n a r y s t o c h a s t i c p r o c e s s e s , c o n d i t i o n s on a c o n t i n u o u s p r o c e s s were 

g i v e n under w h i c h t he u s u a l d i s t r i b u t e d l a g r e g r e s s i o n s were p r o v e d t o be 

i d e n t i f i e d by p r o j e c t i o n f o r v e r y g e n e r a l c l a s s e s o f o b s e r v a t i o n p a t t e r n s . 

F o r d i f f e r e n t o b s e r v a t i o n p a t t e r n s , d i f f e r e n t bu t r e l a t e d d i s t r i b u t e d l a g s 

were i d e n t i f i e d i n t h i s manner . 

The f r e q u e n c y domain was seen t o be t he n a t u r a l h a b i t a t f o r t h e 

s t u d y o f t he r e l a t i o n s h i p s among t h e s e p r o j e c t i o n s , d e s p i t e t h e l a c k a t 

t i m e s o f a C r a m e r - t y p e r e p r e s e n t a t i o n o f t h e samp led p r o c e s s . P r o p o s i t i o n s , 

meant t o be i n t e r p r e t e d as l i m i t i n g c a s e s , were advanced i n w h i c h c o n d i t i o n s 

t h a t have been s t u d i e d e l s e w h e r e a l l o w e d f i n e d i s t r i b u t e d l a g s to be 

i d e n t i f i e d f r om r e l a t i v e l y c o a r s e d a t a s t r u c t u r e s . Emphas i s was p l a c e d 

on t he deve lopmen t o f an a p p a r a t u s w h i c h i s i n p r i n c i p l e c a p a b l e of 

a n a l y z i n g t h e e f f e c t s o f t e m p o r a l a g g r e g a t i o n on a c a s e by c a s e b a s i s . 



F o o t n o t e s 

— I n [ 1 0 ] , S ims u s e s the same method o f i d e n t i f i c a t i o n . A s he 
n o t e s , i t i s no t t h e o n l y r o u t e t h a t c a n be t a k e n : p r o j e c t i o n on t he 
p a s t and p r e s e n t i s a l s o p o s s i b l e , bu t n o t s o t r a c t a b l e a n a l y t i c a l l y . 
More a c c u r a t e l y , t he p r o j e c t i o n i s o n t o t he s p a c e o f v a l u e s , H , o f 

X 

t h e i n d e p e n d e n t p r o c e s s . The l a t t e r c o n c e p t i s r i g o r o u s l y d e f i n e d i n 
Rozanov [ 9 ] , p . 3 . B r i e f l y , i t i s t h e c o m p l e t i o n under t h e q u a d r a t i c 
mean norm o f t he l i n e a r s p a c e o f random v a r i a b l e s spanned by x ( s ) , s 
r e a l . A s a g e n e r a l r u l e , t h e mean ing t h a t i s u n d e r s t o o d by any u n d e f ­
i n e d symbo l s s u c h a s 

CO 

r l t W , , . 
/ e dz (w) 

x ' 
—CO 

t h e i n t e g r a l o f a comp lex v a l u e d f u n c t i o n w i t h r e s p e c t t o a random 
m e a s u r e , may be f ound i n t h i s s o u r c e ( w i t h $ (dA) r e p l a c i n g dz (w)) o r 

X 

Koopmans [ 6 ] . S i n c e a l l f u t u r e r e f e r e n c e t o Rozanov w i l l be t o h i s 
b o o k , [ 9 ] , we w i l l om i t t h i s r e f e r e n c e number i n t he s e q u e l . 

21 
— F o r a r i g o r o u s d e f i n i t i o n o f l i n e a r r e g u l a r i t y , c o n s u l t 

R o z a n o v , p . 53 f o r t h e d i s c r e t e c a s e , p . 110 f o r t h e c o n t i n u o u s c a s e . I n 
b o t h c a s e s t h e i n t u i t i v e mean ing i s t he same: t he b e s t f o r e c a s t o f t he 
" i n f i n i t e l y r e m o v e d " f u t u r e i s t h e mean; o r , t h e r e a r e no d e t e r m i n i s t i c 
components r e m a i n i n g i n t he p r o c e s s e s b e i n g s t u d i e d . L i n e a r r e g u l a r i t y 
o f x i m p l i e s S has c o n s t a n t r a n k a . e . We assume |S I 4 0 a . e . , u n l e s s x x 
n o t e d i n t h e s e q u e l , w h i c h i s c o n s i s t e n t w i t h l i n e a r r e g u l a r i t y . 
(Theorem 2 . 4 , p . 1 1 5 , R o z a n o v ) . 

3 / 
— U n f o r t u n a t e l y , t h e r e a r e s e v e r a l " s t a n d a r d s , " as c a s u a l 

p e r u s a l o f t he s o u r c e s c i t e d i n t h i s p a p e r shows . D i f f e r e n c e s c a n o f t e n 
be r e s o l v e d by c h e c k i n g w h e t h e r R ^ C s ) means E x ( t ) y ( t + s ) ' o r E x ( t + s ) y ( t ) ' , 
where y a s w e l l a s x may b e a v e c t o r . (The symbo l ' w i l l a l w a y s deno te 
( comp lex ) c o n j u g a t e t r a n s p o s e ; ~ w i l l d e n o t e F o u r i e r t r a n s f o r m . ) I n t h e 
f o r m e r c a s e , t h e u s u a l e q u a l i t y 

co . 

R ( t ) = / e l A t S (A )dA x y v * xy 
~ C O 

i s m a i n t a i n e d (when w o r k i n g w i t h x and y r e a l ) by d e f i n i n g 

E z ( A ) d z (w) = x y 
dF (A) A = w 

1 
w h i c h c o n t r a s t s w i t h t h e l a t t e r (more common) d e f i n i t i o n o f R ( s ) , i n 

x y 
w h i c h t h e r i g h t - h a n d s i d e o f t he l a s t e x p r e s s i o n i s n o t c o n j u g a t e d . 
W h i c h e v e r d e f i n i t i o n we c h o o s e , we a l s o have 

_ CO 

\ - / R ( t ) e " 1 X t d t = S (A) 
2 IT 3 xy x y v 

—CO 

when we assume t h a t 



— See any t e x t on f u n c t i o n a l a n a l y s i s f o r t he t e c h n i c a l d e f i n i t i o n . 
One t he a u t h o r has found e m i n e n t l y r e a d a b l e i s Bachman and N a r i c i [ 1 ] , 
i n w h i c h Theorem 1 0 . 8 a s s u r e s t h a t p r o j e c t i o n s a l w a y s e x i s t . 

8 / 

— F r o m an i d e n t i f i c a t i o n v i e w p o i n t t h e o b s e r v a t i o n a l f r e q u e n c y 

o f y ( t ) i s u n i m p o r t a n t . Say Y(—) = y (—) , t i n t e g e r , so t h a t Y (« ) i s 

y ( . ) samp led n t i m e s p e r p e r i o d , i n s t e a d o f o n c e . Two c a s e s now a r i s e : 

i ) [^] = —, some t , i n w h i c h c a s e the p r e v i o u s a n a l y s i s a p p l i e s , b e c a u s e 
we a r e r e l a t i n g Y a t an i n t e g e r t o g i v e n s e t o f i n d e p e n d e n t v a r i a b l e s , 
a n d , b e c a u s e o f s t a t i o n a r i t y , t he r e l a t i o n i s t he same r e g a r d l e s s o f t he 

i n t e g e r ; a n d , i i ) ^ = 1 £ J £ n _ 1 : n o w d e f i n e Y j ( t ) = y ( t + ^ ) a n d 

a p p l y t h e p r e v i o u s a n a l y s i s t o Y . and the X p r o c e s s . 

9 / 
— See S ims [11] f o r a p r o o f o f t he s c a l a r v e r s i o n o f t h i s 

a s s e r t i o n . 

— ^ A s employed i n [ 6 ] , p. 1 6 2 - 1 6 4 . The te rm i s f r om f i l t e r 
t h e o r y . 

— ^ T o be e x p l i c i t abou t t he i d e n t i f i c a t i o n t a c i t l y made h e r e , 
we have two r e l a t i o n s i n v o l v i n g R^ : 

nrr 
f 
-mr - n u 

iw(—) nrr _ iw(—) 

V n 0 = / S

X

( w ) e n d w a n d V n } = / E x ( w ) e n d w ' 

The f i r s t i s t h e u s u a l s p e c t r a l d e c o m p o s i t i o n , w i t h e l e m e n t s o f S^ i n 

L * [ m r , m r ] . The s e c o n d i s t he c l a s s i c a l F o u r i e r t r a n s f o r m [ L ^ - j ^ p a i r 

r e l a t i o n , w i t h e l e m e n t s o f R i n L [ -mr , n-rr]. S i n c e t h e s e e l e m e n t s w i l l 
1 1 a l s o be i n L [-nir, n-rr], we have two L [ -n i r , nir] f u n c t i o n s w i t h t he same 

F o u r i e r c o e f f i c i e n t s . H e n c e , R (w) = S (w) a . e . , by t he c l a s s i c a l 
1 X X . 

u n i q u e n e s s theorem f o r L [ -n i r , nir] f u n c t i o n s . 

1 2 / 
— T h i s i s e s p e c i a l l y so i f an a b s t r a c t p o i n t o f v i e w i s t a k e n 

toward (10) , i n w h i c h R̂ ^ i s v i e w e d a s a n j ^ - o p e r a t o r w h i c h i s t o t a k e %^ 
v e c t o r s t o v e c t o r s . Thus s t a t e d , we m i g h t s e e k c o n d i t i o n s on R x t h a t 

i t and i t s i n v e r s e have t h i s p r o p e r t y . My c o n j e c t u r e i s t h a t e s s e n t i a l 
boundedness i s t he d e s i r e d c o n d i t i o n . 

1 3 / 

— W e have had i n mind t h e u s u a l d i a g o n a l i z a t i o n . Choose U, 

u n i t a r y , s u c h t h a t u ' S x u = A- Then u ' S x

- 1 U = A \ a n d u ' S x

 1 S X ' U = 
A ^A ' • B u t A i s r e a l b e c a u s e S i s H e r m i t i a n , so t h a t t a k i n g t r a c e s , 

N - 1 -1 - 2 p e r m u t i n g u ' , and u s i n g u u ' = I y i e l d s t r S S ' = ) \ . . A l s o , 
A A . X 

1 = 1 -1 
u s i n g t he p o s i t i v e d e f i n i t e p r o p e r t y o f S X ( S X > 0 f o r s h o r t ) and o f S x , 



R ( O e l ^ C — , » ) 
x y 

a s w e l l a s t h a t S (X) e x i s t s . T h i s f o l l o w s f rom 
xy 

T - i ( X + e ) t - i X t 
F x y a + f ) - F x y ( X ) = T ^ i / _ T

R x y ( t ) ^ H T ^ d t « ' 4 1 ) 

D i v i d i n g by e and p a s s i n g to t he l i m i t , we g e t t he d e s i r e d r e s u l t by 
p u l l i n g t he l i m i t on e i n s i d e t he i n t e g r a l s i g n , w h i c h i s p e r m i s s i b l e by 
t he Domina ted Conve rgence Theorem and u s e s the i n t e g r a b i l i t y o f R ( * ) . 

xy 
Of c o u r s e , a l l i n t e g r a l s i n v o l v i n g m a t r i x - v a l u e d i n t e g r a n d s a r e t o be 
i n t e r p r e t e d c o m p o n e n t - w i s e . F i n a l l y , we n o t e t h a t t h a t a bounded f u n c t i o n 

i l l 2 ( |R ( « ) | i s bounded by |R ( 0 ) | ) i n L ro) i s a l s o i n L ( - ° ° , ro) and 
xy 2 x v 

t h a t when R ( « ) e L ( - » , » ) t b y t he p r e c e d i n g i n v e r s i o n f o r m u l a , |S ( • ) ! 
xy 2 x y 

i s bounded . Hence b o t h R ( • ) and S (•) a r e i n L (-«>, ro) , and may 
xy x y 

t h u s be r e g a r d e d as F o u r i e r t r a n s f o r m p a i r s under t he c l a s s i c a l u n i t a r y 
mapping o f t h i s H i l b e r t s p a c e on to i t s e l f ( [ 5 ] , p . 5 1 3 . ) F i n a l l y , we w i l l 
use t he symbo l s R (•) and R (•) a s w e l l a s S (•) and S (•) i n t e r c h a n g e a b l y . 

X X X X X X 
4 / 
— T h i s t a c t was t a k e n b e c a u s e o f p r e c e d e n t ( [ 3 ] , [ 10 ) ] and 

because i t i s a n a t u r a l way t o p r o c e e d . 
—' 'wh i l e L i g h t h i l l [7] i s a s t a n d a r d r e f e r e n c e w h i c h g i v e s a 

good " p h y s i c a l " m o t i v a t i o n f o r t h i s s u b j e c t , he n e v e r m e n t i o n s t he 
c o n v o l u t i o n o f d i s t r i b u t i o n s . T h i s t o p i c i s c r u c i a l f o r our p u r p o s e s , 
howeve r , a s we w i s h t o be a b l e t o F o u r i e r t r a n s f o r m ( 3 ) , s a y , to S 

xy 
S «b f o r a w i d e v a r i e t y o f o r d i n a r y and g e n e r a l i z e d R (•) and b ( * ) 

X X X X 

f u n c t i o n s . We r e f e r t he i n t e r e s t e d r e a d e r t o [13] o r [14] f o r j u s t i f i ­
c a t i o n o f any u n d e r q u a l i f i e d u s e o f s u c h p r o c e d u r e s . B r i e f l y , o r d i n a r y 
f u n c t i o n s c a n be embedded i n a s u i t a b l e s p a c e o f g e n e r a l i z e d f u n c t i o n s . 
The l a t t e r a r e d e f i n e d so as a l w a y s t o p e r m i t F o u r i e r and i n v e r s e F o u r i e r 
t r a n s f o r m a t i o n . I n t h i s way , we c a n o p e r a t e w i t h o r d i n a r y f u n c t i o n s 
w h i c h d o n ' t meet t he " c l a s s i c a l " c o n d i t i o n s f o r F o u r i e r r e p r e s e n t a t i o n s . 
F o r e x a m p l e , 

t=co 

I e 1 W t = 6 (w) , 
t = - c o 

t h e D i r a c d e l t a f u n c t i o n , where c o n v e r g e n c e o f t he i n f i n i t e s e r i e s i s 
i n t e r p r e t e d i n t he d i s t r i b u t i o n s e n s e . I n d e e d , t he s e r i e s d o e s n ' t 

2 
c o n v e r g e i n t he " c l a s s i c a l " modes ( p o i n t w i s e , L (—°°, » ) , C e s a r o , e t c . ) . 

— r e l a t e d way t h a t g e n e r a l i z e d f u n c t i o n s o r d i s t r i b u t i o n s 
m i g h t e n t e r i s i f we e x t e n d e d ou r c o n s i d e r a t i o n s t o g e n e r a l i z e d random 
p r o c e s s e s . C o n t i n u o u s t ime w h i t e n o i s e i s an e x a m p l e ; i t s c o r r e l a t i o n 
f u n c t i o n i s t he D i r a c d e l t a ( g e n e r a l i z e d ) f u n c t i o n o f t he p r e v i o u s 
f o o t n o t e . 



i f S x < c - I N , t hen ( i ) S x

 1 l S x

 l f > c ^ I ^ , and ( i i ) S x

 1 % > 

S ' ^ c ' 1 ' ! ^ > c ~ 2 I N > ( i i ) f o l l o w s f r om ( i ) and t he r e s u l t t h a t " A > B > 0 , 

C > 0 ; C commutes w i t h A and B i m p l i e s AC > B C . " F a c t s ( i ) and ( i i ) may 
b e f ound i n Halmos [ 4 ] , p . 1 6 7 - 8 . 

— ^ R e c a l l t h a t the a r t i f i c e o f t h e g e n e r a l i z e d f u n c t i o n b ( t ) = 
CO 

6 ( t ) a l l o w e d us t o " s i f t " x ( t - c t ) f r om f b ( t - s ) x ( s ) d s . Had b ( t ) been 
« ^ o 

t h e d e r i v a t i v e o f a d e l t a f u n c t i o n , x ' ( t - c t ) c o u l d have been r e a l i z e d , i f 
t h e x p r o c e s s we re mean s q u a r e d i f f e r e n t i a b l e . These b ( » ) " f u n c t i o n s " 
may be t h o u g h t o f a s t he i n c l u s i o n o f " i d e a l e l e m e n t s " : l i m i t s o f 
sequences {b n > of o r d i n a r y f u n c t i o n s b n ( « ) w h i c h become more c o n c e n t r a t e d 

a r o u n d a a s n i n c r e a s e s [ 7 ] . I n t he d i s c r e t e mode l t h e r e a g a i n may be 
e l e m e n t s o f H^. w h i c h a r e " i d e a l " i n the s e n s e t h a t t h e y a r e n o t r e p r e -

s e n t a b l e a s c o n v o l u t i o n s , b u t o n l y a s l i m i t s o f c o n v o l u t i o n s . I t i s 
u n c l e a r how t h e c o n c e p t o f g e n e r a l i z e d f u n c t i o n wou ld be u s e f u l i n 
d e s c r i b i n g t h e s e l i m i t i n g e l e m e n t s . 

— ^ M o s t t e x t s on t ime s e r i e s t r e a t t h i s t o p i c under t he h e a d i n g 
" a l i a s i n g . " To d e s c r i b e t h e u s e o f t he te rm " f o l d i n g o p e r a t o r , " i m a g i n e 
t h e g r a p h o f a ( s y m m e t r i c ) s p e c t r a l - d e n s i t y f u n c t i o n , drawn on b o t h 
s i d e s o f a p i e c e o f an ( i n f i n i t e l y l o n g ) p i e c e o f p a p e r . F o l d t h e p a p e r , 
s o a s t o make an a c c o r d i o n , w i t h p l e a t s a t nrrk, k i n t e g e r . Compress t h e 
p o s i t i v e h a l f o f a c c o r d i o n ; and s u p e r i m p o s e (add v e r t i c a l l y ) to make t he 
s p e c t r u m on [ 0 , n i r ] . 

— ^ S t r i c t l y s p e a k i n g , s i n c e S and S d i f f e r on a c o u n t a b l e 
X _ x 

s e t , t hey a r e e q u a l a l m o s t e v e r y w h e r e , and by t he u s u a l i d e n t i f i c a t i o n 
o f s u c h m a t r i x f u n c t i o n s , were c o n s i d e r e d to be t he same m a t r i x f u n c t i o n 
a l l a l o n g . 

— ^ T e c h n i c a l l y , t he e l e m e n t s o f t he p e r t u r b a t i o n m a t r i x , h e r e , 
P ( w ) , must be m e a s u r a b l e . 

1 8 / 
— A g a i n by f o o t n o t e 1 6 , t h e r e i s no l o s s o f g e n e r a l i t y by 

f o r c i n g ou r p e r t u r b a t i o n m a t r i c e s t o be z e r o on any s e t o f measure z e r o , 
w h i c h i s t he e f f e c t o f no t a l l o w i n g A t o be i n N„ . 

u • n 

—' 'o f c o u r s e S y may be o b s e r v e d , b u t s i n c e S y = ^ X | B | 2 + S y a n d 

n o t h i n g i s known a b o u t S ^ , S y p r o v i d e s no a d d i t i o n a l i n f o r m a t i o n . 
— 7 I n [10] and [ 3 ] , r ( t ) = R T 1 * R ( t ) and r (w) = s " 1 S (w) 

X A X X A X 
a r e d e f i n e d . Under t he " l i n e a r i n t e r p o l a t i o n " a s s u m p t i o n on R^ , i n [10] 
i t i s shown t h a t r ( t ) = r n ( t ) a \ l U l — 1 and i t i s emphas i zed 

X U t o | u | > 1 
t h a t t h i s f i l t e r h a s t he d e s i r a b l e p r o p e r t i e s o f h a v i n g i t s i n t e g r a l 
e q u a l u n i t y and v a n i s h i n g o f f a n i n t e r v a l ( [ - 1 , 1]) a round t he o r i g i n . 
I n [ 3 ] , t he f u r t h e r d e s i r a b l e p r o p e r t y o f " n o c o n t a m i n a t i o n , " o r , no 
c o n f o u n d i n g o f d i f f e r e n t components o f the b v e c t o r i n t h e B v e c t o r of 
( 1 4 ) , i s p r o v e d under t h i s a s s u m p t i o n . 



2 1 / 
— D e s p i t e t he n o t a t i o n we emphas i ze t h a t B and b a r e t he p r i m i t i v e 

c o n c e p t s h e r e . 

2 2 / 
— We r e f e r t he r e a d e r t o R o z a n o v , Theorem 2 . 4 , p. 115 and 

Theorem 6 . 4 , p . 27 f o r p r e c i s e s t a t e m e n t s and p r o o f s o f t h e s e r e s u l t s . 
CO 

2 3 / r s i n t i m - i t w . r s i n e TO g - 1 1 - " ^ , - = ( w ) 
' t u 6 1 X [ -n t r , nir] i s n o t s t r a i g h t - f o r w a r d 

— CO 

w i t h o u t a handbook o f d e f i n i t e i n t e g r a l s , s i n c e t he c o m p u t a t i o n 
0 w > ntr 

/ s i n t i m c o s tw d t i s n e e d e d . A c t u a l l y , t he i n t e g r a l e q u a l s 1/2 |w 
0 1 |w 

w h i c h i s Yr ( •) -i e x c e p t a t t h e e n d p o i n t s . Of c o u r s e , a t t=0 , • s - i n _ O H 
l -n t r , mrj t i r 

i s d e f i n e d (by c o n t i n u i t y ) a s n . 

2 4 / 

— S p e c t r a l c h a r a c t e r i s t i c s b e i n g S ^ - u n i q u e means t h a t two 

s u c h e l e m e n t s , b^(w) and b 2 ( w ) , a r e i d e n t i f i e d whenever 

= nir 
< n u 

/ ( b 1 - b 2 ) ' S x ( b 1 - b 2 ) d w = 0 . 

Where S v a n i s h e s , t he e q u i v a l e n c e c l a s s o f s u c h i d e n t i f i e d e l e m e n t s i s 
A 

l a r g e . H y p o t h e s i s (a) t e l l s us w h i c h e lemen t t o s e l e c t . 

2 5 / 
— W e d e p a r t s l i g h t l y f r om t r a d i t i o n h e r e by r e g a r d i n g c r o s s -

s p e c t r a a s d e f i n e d on [ 0 , 2 - ^ ] and [ 0 , 2 7 ^ ] r a t h e r t h a n on [ - m ^ , im^] 
and [ - m u , im^] b e c a u s e t he l i m i t s i n t h e f i n i t e summat ions a r e more 
t r a c t a b l e . Of c o u r s e s i n c e our f u n c t i o n s a r e o f t h e r e q u i r e d p e r i o d i c i t y , 
t h e y may be e x t e n d e d b a c k t o t he i n t e r v a l w h i c h i s s ymme t r i c abou t t h e 
o r i g i n , i f d e s i r e d . 

2 6 / 
— The l e f t - h a n d s i d e v e c t o r S v ( w ) i s , r e s p e c t i v e l y , o f 

N X Y 

d i m e n s i o n n N x l , ( £ n . ) x l , and N x l i n e q u a t i o n s ( 3 2 ) , ( 3 0 ) , and ( 3 3 ) , 
i = l 1 . 

r e s p e c t i v e l y . The mean ing o f the te rms S , S , B f , and B s h o u l d 
A J D A , D r C 

be c l e a r , bu t i n any e v e n t i s i n d i c a t e d e x p l i c i t l y i n t he m a t r i x d i s p l a y s . 
2 7 / ~ 
— The p e d a n t i c r e a d e r w i l l n o t e t h a t t h e same s y m b o l , B , i s 

N 
used i n ( 3 0 ) , where i t s domain i s [ 0 , 2ir] and i t i s ( £ n . ) x l , and i n 

i = l X 

( 2 7 ) , where i t s domain i s [ 0 , 2Tm^] and i t i s N x l . No t mak ing t h i s 
d i s t i n c t i o n , w h i c h c a u s e s no r e a l d i f f i c u l t y , r e f l e c t s i t s e l f i n t h e m i n o r 
a m b i g u i t y r e g a r d i n g t he domain o f [L^ • 
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