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I n t roduc t i on 

Economic systems s tud ied i n Macroeconomics, Genera l E q u i l i b r i u m 

Theory, and I n t e r n a t i o n a l Trade are l a r g e , complex systems composed o f numer­

ous i n t e r a c t i n g subsystems. Macroeconomics attempts to determine government 

p o l i c y impacts on the behav io r o f aggregates r e s u l t i n g from the i n t e r a c t i o n o f 

la rge numbers o f consumers and f i r m s . Genera l E q u i l i b r i u m Theory s tud ies the 

more d e t a i l e d behav ior o f consumers and f i rms v i a the concept o f i n t e r a c t i n g 

markets. I n t e r n a t i o n a l Trade s tud ies a wor ld economy composed o f numerous 

coun t r i es i n t e r a c t i n g through wor ld markets. 

In t h e i r attempt to understand the behav ior of such complex systems, 

economists have fo l lowed the r e d u c t i o n i s t l ead o f p h y s i c a l s c i e n t i s t s . They 

have done so by at tempt ing to compose t h e i r t h e o r i e s from d e t a i l e d t h e o r i e s o f 

i n d i v i d u a l subsystem behav io r . The "New C l a s s i c a l Macroeconomics" at tempts t o 

e x p l o i t dynamic op t im iza t i on -based microeconomic t h e o r i e s o f f i r m and consumer 

behavior i n c o n s t r u c t i n g t heo r i es e x p l a i n i n g the behav ior of macroeconomic 

aggregates.—^ The "New I n d u s t r i a l O r g a n i z a t i o n " hopes to exp la i n o l i g o p o ­

l i s t i c i ndus t ry behav io r by fo rmu la t ing op t im iza t i on -based sub theor ies which 

p r e d i c t a f i r m ' s p r o d u c t i o n , en t r y , and e x i t dec is ions.—^ Many p o s i t i v e and 

normative models o f economic growth have concent ra ted on understanding the 

case of a s i n g l e , i s o l a t e d economy's growth as a pre lude to understanding the 

growth o f economies i n i n t e r a c t i o n w i th the wor ld economy. 

U n f o r t u n a t e l y , i n t e r a c t i o n s among l a rge numbers o f heterogeneous 

subsystems are o f ten l e s s w e l l understood and harder t o ana lyze than are the 

i s o l a t e d subsystems themselves. T h i s s i t u a t i o n has l ed model lers t o adopt 

many s i m p l i f y i n g assumpt ions. For example, to de r i ve t e s t a b l e hypotheses, 

many macroeconomic t h e o r i e s reso r t to the assumption that a l l f i rms are i d e n ­

t i c a l , o r a l t e r n a t i v e l y , t ha t aggregate output behaves as i f i t were produced 
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by a s i n g l e f i r m . - ^ To de r i ve t e s t a b l e hypotheses v i a comparat ive s t a t i c s , 

gene ra l e q u i l i b r i u m t h e o r i s t s r eso r t to assuming gross s u b s t i t u t e s and other 

s t rong assumptions about the nature o f market in teract ionJt / Simon and Ando's 

( l 9 6 l ) assumption of "near decomposab i l i t y " i s another s i m p l i f y i n g assumption 

made i n the face o f such comp lex i t y . In a l l o f these c a s e s , such assumptions 

are not made s o l e l y to ensure computat iona l t r a c t a b i l i t y . They are a l s o 

necess i t a t ed because o f the lack o f d e t a i l e d data about the i n t e r a c t i o n s o f 

i n t e r e s t ( e . g . , c ross e l a s t i c i t i e s ) . 

The d i f f i c u l t y of d e r i v i n g t e s t a b l e hypotheses i n l a r g e , dynamic 

systems whose i n t e r a c t i o n s are poor l y understood has a l s o plagued p h y s i c a l 

s c i e n t i s t s . But p h y s i c i s t s and mathematicians have developed gene ra l methods 

o f a n a l y z i n g such systems. Perhaps the most s u c c e s s f u l method a p p l i e s to s o -

c a l l e d " l a r g e , weakly i n t e r a c t i n g " systems, to be def ined below. The method 

i s c a l l e d E q u i l i b r i u m S t a t i s t i c a l Mechanics , or the Gibbs Formal ism. I t i s 

the t h e s i s o f t h i s paper tha t t h i s method, which has been s u c c e s s f u l l y a p p l i e d 

to complex dynamic problems i n such d i ve rse f i e l d s as Phys i cs ( R e i f , 1965)5 

Popu la t i on B io logy (Kerner , 1972), and Neurology (Cowan, 1968), can a l s o be 

f r u i t f u l l y a p p l i e d to generate t e s t a b l e hypotheses i n analogous complex, 

dynamic economic systems. To develop t h i s t h e s i s , a genera l measure t h e o r e t i c 

ve rs i on o f the Gibbs Formal ism, der ived by R. M. Lewis ( i960) and expos i ted by 

T r u e s d e l l ( i960) i s b r i e f l y p resen ted . The reader i s s t r ong l y urged t o see 

these two papers f o r a r i go rous d e t a i l e d e x p o s i t i o n . An a l t e r n a t i v e , 

i n f o r m a t i o n - t h e o r e t i c j u s t i f i c a t i o n f o r the Gibbs Formal ism i s a l s o p resen ted . 

To i l l u s t r a t e the concepts and t h e i r a p p l i c a t i o n throughout the 

paper , the Gibbs Formal ism i s a p p l i e d to an extremely s i m p l i f i e d dynamic 

compe t i t i ve model o f the economy. Even though the model i s o v e r s i m p l i f i e d , we 

w i l l see that i t p r e d i c t s many e m p i r i c a l f i n d i n g s . 
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F i r s t , though, i t w i l l l a t e r prove i n s t r u c t i v e to cons ide r the 

p h y s i c a l problem which f i r s t i l l u s t r a t e d the need f o r and use fu lness of the 

Gibbs Formal ism: the i d e a l gas problem. Formal ana log ies between the p h y s i c s 

o f the gas and the economics o f our compe t i t i ve model w i l l a l s o be d iscussed 

throughout the paper . 

Dynamic Opt im iza t ion i n a Gas 

Consider the problem o f p r e d i c t i n g the d i s t r i b u t i o n of atoms' speeds 

i n a low dens i t y (more p r e c i s e l y , i d e a l ) raonatomic gas heated to some tempera­

tu re T w i t h i n a con ta ine r o f volume V , l i k e a b a l l o o n . The c l a s s i c a l atomic 

theory o f matter p o s i t s t ha t the speeds are a f f e c t e d by the weak g r a v i t a t i o n a l 

a t t r a c t i o n the atoms have f o r each o t h e r s , as w e l l as by t h e i r banging i n t o 

the w a l l s of the c o n t a i n e r . C l a s s i c a l p h y s i c i s t s o f the 19th cen tu ry b e l i e v e d 

tha t they had a good theory p r e d i c t i n g the motion o f an i n d i v i d u a l ga3 atom i 

( i . e . , the i t h subsystem) o f mass M i n i s o l a t i o n , i . e . , when un in f l uenced by 

o ther atoms and when moving i n unenclosed space. Denote the i t h atom's p o s i ­

t i o n at t ime t by ( q ^ t ^ q ^ t ^ q ^ t ) ) = q i ( t ) and i t s t ime d e r i v a t i v e ( i . e . , 

v e l o c i t y vec tor ) at t by (q * ( t ) ,q * ( t ) , q * ( t ) ) = q ^ ( t ) . Then, accord ing to the 

P r i n c i p l e o f Least A c t i o n , the i t h gas atom i n i s o l a t i o n moves as i f i t were 

an Eu le r p a t h , a l though not a g l o b a l m in im ize r , o f the f o l l o w i n g dynamic 

m in im iza t ion problem: 

• i 2 
T T 3 Mq 

(1) min / L ^ q 1 , ^ ) = / I — 4 - d t 
0 0 j = l ~ 

whose Eu le r paths are found by computing 

(2) d /d t 3L 1/9qJ - B L 1 / ^ = d /d t MqJ = MqJ = 0 , J = 1, 2 , 3-



- It -

The l a t t e r e q u a l i t y i n (2) i s a s p e c i a l case o f Newton's Law F = MA, where F = 

0. For any i n i t i a l c o n d i t i o n (q 1 (0 ) , q X (0 ) ) , the s o l u t i o n o f (2) i s 

4,(t) = C K ( 0 H + q*(0). In i s o l a t i o n , the i t h atom t r a v e l s i n a s t r a i g h t l i n e 
J J J 

w i t h a constant v e l o c i t y vec to r q 1 (0 ) . An a l t e r n a t i v e c h a r a c t e r i z a t i o n of 

t h i s i s to t rans fo rm problem ( l ) i n t o a Hami l ton ian fo rmu la t ion by i n t r o d u c i n g 

a d d i t i o n a l , s o - c a l l e d conjugate c o o r d i n a t e s , 

(3) p j = 9L i /3qJ = Mq/j, 

the Hami l ton ian H v i a the Legendre t r a n s f o r m a t i o n , 

00 l l V . q 1 ) = I p jq? - t V , * 1 ) = I p f /2M 
j = l J J j = l J 

and d e f i n i n g the Hami l ton ian d i f f e r e n t i a l equat ions 

(5) q j = a n V a P j j = 1, 2, 3 p j = - 3H1/8qJ 

whose s o l u t i o n a l s o y i e l d s the Eu le r paths o f ( l ) JL / The Hami l ton ian 00 i s 

cons tan t , or conserved, along t r a j e c t o r i e s (p ( t ) ,q (t)] i n the i t h atoms' 

s i x - d i m e n s i o n a l s t a te space, and i s termed a conserva t i on law* While e i t h e r 

( l ) and (2) o r (U) and (5) p rov ides a complete c h a r a c t e r i z a t i o n o f the be­

hav io r o f the i t h gas atom i n i s o l a t i o n , the Hami l ton ian fo rmu la t ion w i l l 

prove most u s e f u l i n what i s to f o l l o w . 

When a la rge number N o f these gas atoms are p laced i n a con ta i ne r 

o f volume V , they cannot t r a v e l i n s t r a i g h t l i n e s f o r very l o n g . They are no 

longer i s o l a t e d , f o r each o f them must bounce o f f the w a l l s of the v e s s e l , and 

they are weakly mutual ly a t t r a c t i n g . As a r e s u l t , (k) i s no l onge r a c o n s e r ­

va t i on law fo r an i n d i v i d u a l atom. Th is makes the p r e d i c t i o n o f the behav ior 

of the system o f N atoms extremely comp l i ca ted . How can t h i s behav io r be 

p red ic ted? 
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With accura te knowledge about the d e t a i l e d nature o f the atoms' 

i n t e r a c t i o n s w i th the con ta ine r and each o the r , i t would be t h e o r e t i c a l l y -

p o s s i b l e to p r e d i c t the p o s i t i o n and v e l o c i t y o f a l l atoms f o r a l l f u tu re 

t imes . Th is cou ld be accompl ished by fo rmu la t ing and s o l v i n g a d i f f e r e n t i a l 

equat ion system i n c o r p o r a t i n g these i n t e r a c t i o n s . Then, the d i s t r i b u t i o n o f 

speeds and other d i s t r i b u t i o n s dependent on the motion o f the atoms cou ld be 

tabu la ted from the s o l u t i o n , g iven the i n i t i a l p o s i t i o n and v e l o c i t y o f each 

atom. 

U n f o r t u n a t e l y , t h i s method i s i n f e a s i b l e f o r two reasons. F i r s t , 

accura te knowledge about the i n t e r a c t i o n s i s d i f f i c u l t t o o b t a i n . But even i f 

i t we ren ' t , the huge d imens iona l i t y o f the system (N k 1 0 2 ^ f o r a mole o f gas) 

p rec ludes one from measuring the i n i t i a l c o n d i t i o n s and from i n t e g r a t i n g the 

r e s u l t i n g g i g a n t i c system o f compl ica ted d i f f e r e n t i a l equat ions forward. 

Fo r tuna te l y i n 1902, w i th the b r i l l i a n t work o f Maxwell and B o l t z -

mann to guide him, J o s i a h W i l l a r d Gibbs pub l i shed a method fo r s o l v i n g t h i s 

and o ther r e l a t e d problems. Because o f the aforementioned a n a l y t i c a l p r o b ­

lems, G ibbs ' method does not attempt to p r e c i s e l y p r e d i c t the fu tu re va lues o f 

system v a r i a b l e s . Rather , i t at tempts to p r e d i c t the d i s t r i b u t i o n s o f system 

v a r i a b l e s , and to l i n k these d i s t r i b u t i o n s to system parameters. More p r e ­

c i s e l y , f o r the i d e a l gas , assume tha t the dynamic behav ior o f i t s s t a t e 

vec to r Y = (p^»q^">P2»q2« • «P^»q^) i s a t r a j e c t o r y from an ergodic dynamical 

system, and tha t i n t e r a c t i o n s between atoms are "weak," i n a sense t o be 

de f ined l a t e r . Then, G ibbs ' method p r e d i c t s tha t i t s i n v a r i a n t p r o b a b i l i t y 

measure has the s o - c a l l e d c a n o n i c a l d e n s i t y g ( y ) : 

N e~ W H (P »1 ) i i i i i i 
(C) g(Y) = oo oo oo ^ i / I i s d p ^ d p d q ] d q 2 d q 

/ / / / / / e " kT H ( P * > 
D _00_00_00 
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where D i s the reg ion the gas ' con ta ine r occup ies i n space, T i s the gas 

temperature, K i s Bol tzmann's cons tan t , and H 1 i s g iven by (k). E r g o d i c i t y 

imp l i es tha t a t y p i c a l r e a l i z a t i o n o f y behaves as i f i t was generated by 

sampl ing from the c anon i c a l dens i t y (C) . Thus, f o r a p a r t i c u l a r gas, suppose 

one wanted to compute the d i s t r i b u t i o n tha t y(t) d i s p l a y s over an i n f i n i t e 

t ime span. G ibbs ' method p r e d i c t s tha t i t s dens i ty i s the canon i ca l dens i ty 

(C ) . I d e n t i c a l r e p l i c a t e gases , d i f f e r i n g on ly w i th respec t to the i n i t i a l 

c o n d i t i o n s of t h e i r atoms, behave as d i f f e r e n t t r a j e c t o r i e s from the system 

w i th (C) d e n s i t y . 

For example, suppose one wanted to compute the d i s t r i b u t i o n o f 

speeds among a l l N i d e n t i c a l atoms w i th mass M. The i t h atom's speed s^ ( t ) i s 

the norm o f i t s v e l o c i t y v e c t o r , wh ich , when expressed i n terms o f conjugate 

c o o r d i n a t e s , i s 

(6) s . ( t ) = 4\ p f / M . 
j = l J 

The i n v a r i a n t dens i ty o f (6) can be shown, v i a the standard change 

o f v a r i a b l e s i n ( C ) , t o equal 

(6a) g ( s . ) = ^ ( M / 2 T r K T ) 3 / 2 s 2 e * M s i / 2 K T ; w i th mean 

(6b) E ( s . ) = ( 8 K T / i r M ) 1 / 2 . 

and i s dubbed a Maxwel l ian d e n s i t y . The i n v a r i a n t dens i ty (6a) f o r s^ y i e l d s 

the speed d i s t r i b u t i o n a p a r t i c u l a r atom o f mass M t r a c e s out over an i n f i n i t e 

t ime span. I t a l s o y i e l d s the d i s t r i b u t i o n o f a l l i d e n t i c a l mass M atomic 

speeds i n the gas he ld a t temperature T, because each atoms' behav io r i s a 

d i f f e r e n t t r a j e c t o r y from the system wi th dens i t y (6a) . Because the expected 

speed (6b) i s i n v e r s e l y p r o p o r t i o n a l to the square root o f M, the average 

speed over t ime o f some atom would be twice as f as t as that of another atom 
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four t imes i t s mass. Other comparat ive dynamics r e s u l t s l i k e t h i s one a l l o w 

the researcher to t e s t the theory on a c t u a l t ime s e r i e s da ta . 

There i s a s t r i k i n g analogy between the gas problem and t y p i c a l  

problems o f dynamic microeconomic-based system models. These problems a l s o 

i n v o l v e la rge numbers o f subsystems ( i . e . , agen ts , markets, i n d i v i d u a l econo­

mies, e t c . ) whose i n d i v i d u a l behavior i s descr ibed e i t h e r by dynamic o p t i m i z a ­

t i o n problems analogous to ( l ) , o r by d i f f e r e n t i a l o r d i f f e r e n c e equat ions 

der ived by other methods l i k e s t o c h a s t i c o p t i m i z a t i o n ^ / o r by extending s t a t i c 

7 / 

t heo r i es i n t o dynamic contexts—!-' The task o f aggregat ing the behav io r o f 

those heterogeneous subsystems i s a l s o plagued by lack o f data and computa­

t i o n a l i n t r a c t a b i l i t y . The unde r l y i ng parameters o f the i n d i v i d u a l economic 

subsystems and the exogenous parameters o f e x t e r n a l fo rces a f f e c t i n g the 

system p lay the r o l e t ha t M, T, and V do i n the gas problem. Given va lues o f 

such exogenous economic parameters, one can app ly G ibbs ' method to p r e d i c t 

both c r o s s - s e c t i o n and t i m e - s e r i e s d i s t r i b u t i o n s o f endogenous economic v a r i ­

a b l e s , and to generate t e s t a b l e hypotheses through comparat ive dynamics r e l a ­

t i o n s h i p s analogous (6b) . Conf i rmat ion of such hypotheses co r robora tes the 

mainta ined assumptions about the i s o l a t e d dynamic subsystem models, and about 

the "weak" nature o f the sys tem's i n t e r a c t i o n s . 

Furthermore, even i f the va lues of some exogenous parameters are 

unknown, i t i s o f ten p o s s i b l e to es t imate parameters u s i n g data on observab le 

endogenous s e r i e s , and t e s t s o f the theory can be based on the est imated 

model. 

The Gibbs Formalism Accord ing to Lewis 

The f o l l ow ing i s intended to be a s i m p l i f i e d , a p p l i c a t i o n - o r i e n t e d 

expos i t i on o f the aforement ioned paper by L e w i s ^ / and the i n t e r p r e t a t i o n s 

g iven i t by T ruesde l l -2 / . L e w i s ' no ta t i on i s normal ly used throughout . To 
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s i m p l i f y the e x p o s i t i o n , some measure t h e o r e t i c d e t a i l s as w e l l as p roo fs a re 

ignored h e r e i n . The reader i s urged to see Lew is ' paper f o r these d e t a i l s . 

The f i r s t key concept i n the Gibbs Formalism i s a system t h e o r e t i c  

d e s c r i p t i o n o f the i t h subsystem i n i s o l a t i o n . Ergod ic theory i s used i n the 

d e s c r i p t i o n . - ^ / 

The i t h subsystem in i s o l a t i o n , or complete space, i s a f o u r - 

t up l e ( r . , A . , T . , m . , y ) , where: 
1 1 X/ 1 

(a) i s an A^-measurable space, a - f i n i t e w i th respect to the countab ly 

a d d i t i v e measure m^. The s ta te o f the subsystem a t t ime t , denoted 

Y x ( t ) e l \ , i s the minimum amount of in fo rmat ion the a n a l y s t needs to 

fo recas t the f u t u r e behav io r o f the i s o l a t e d subsystem. 

(b) The fami l y o f t r a n s f o r m a t i o n s , or s t a te t r a n s i t i o n f u n c t i o n s 

T X : T. +• r , tc[0,m), represent the i t h subsystem's dynamics. G iven 
"t 1 X 

an i n i t i a l s ta te at Y ( O e l j a t some time c, T x ( y M ' O ) = Y ( r + t ) , 

the s ta te which w i l l p r e v a i l a t t u n i t s o f t ime l a t e r . Lewis a l s o 

requ i res the semigroup compos i t ion p roper ty c h a r a c t e r i s t i c o f 

dynamical systems, i . e . , T o T X = T , t , s e [ 0 , * ) . Denot ing the 
T> S U • S 

Lesbesgue measurable subsets o f [O, 0 0) by L, i t i s a l s o r equ i r ed t h a t 

the fami ly T x i s a measurable t rans fo rma t ion from ([0,°°) x T i , L x A^) 

i n t o (TJ.AJ). 

(c) The i n v a r i a n t measure m^ i s a countab ly a d d i t i v e measure on A^ which 

i s p reserved by the s ta te t r a n s i t i o n f unc t i ons T* . The measure m^ i s 
• • — 1 

sa id to be preserved by T 1 i f m.(T (A)) = m (A) fo r a l l t e [ 0 , ») 
X 1 v 1 and A e A i , i . e . , i f the measure o f the set o f a l l i n i t i a l s t a t e s Y (T) 

which are t ransformed i n t o s ta tes Y ^ x + t J e A a f t e r t t ime u n i t s have 

passed , i s equal to the measure o f A i t s e l f . 
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(d) A k - vec to r o f r e a l - v a l u e d , Bo re l measurable f unc t i ons y 1 = 

(y^»«««>y^)» where each y * : I\ + R, i s termed a complete i n v a r i a n t  

v e c t o r , o r i s termed a complete vec to r o f constants o f the mot ion, o r 

i s termed a complete vec to r o f conse rva t i on laws, which has the 

f o l l o w i n g p r o p e r t i e s : 

( i ) y . (T . (Y ) ) = y ^ Y 1 ) f o r every t i n [ 0 ,» ) and almost every y 1 , f o r 
J t j 

each j = 1, k. Each y 1 i s termed an i n v a r i a n t f u n c t i o n , o r 
J 

a constant o f the mot ion, o r a conserva t ion law because the 

va lue y 1 i s cons tan t , o r conserved , a long a p a r t i c u l a r system 

t r a j e c t o r y s t a r t i n g a t Y 1 * 

( i i ) Any other conserva t i on law z : •> R can be w r i t t e n as z C y 1 ) = 

s M y M y 1 ) ) f o r almost every y 1 , where $ 1 i s Bo re l measurable on 

the r e a l Bo re l space R . Th i s means tha t y 1 i s the l a r g e s t 

vec to r o f " f u n c t i o n a l l y independent" conserva t i on l aws . 

An example o f a subsystem i n i s o l a t i o n w i l l now be i n t roduced . I t 

i s used throughout the r e s t o f the paper t o i l l u s t r a t e the concepts i n t roduced 

t h e r e . 

Example: A Dynamic, Compet i t ive Indust ry 

Consider the f o l l o w i n g s i m p l i f i e d , p a r t i a l e q u i l i b r i u m dynamic model 

o f a compet i t i ve i n d u s t r y , denoted by i . Constant re tu rns to s c a l e i n p roduc­

t i o n are assumed fo r i t s i d e n t i c a l f i r m s . Except f o r the p o s s i b i l i t y o f d i f ­

fe ren t endowments, households are a l s o assumed to be i d e n t i c a l . Without a 

l o s s o f g e n e r a l i t y , t h i s permi ts us to analyze the s i t u a t i o n i n terms o f a 

s i n g l e r ep resen ta t i ve f i r m and househo ld . 
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A rep resen ta t i ve household i s assumed to own some nonnegat ive c a p i ­

t a l stock q M t ) , and to rent i t to a r ep resen ta t i ve f i r m . I t uses the r e n t a l 

income from c a p i t a l and f i r m p r o f i t s t o purchase f i r m output , consuming some 

and i nves t i ng the r e s t . Each household ac ts as i f i t maximizes the same i n ­

stantaneous u t i l i t y U i ( c i ( t ) ) sub jec t t o the budget c o n s t r a i n t : 

00 
(7) max / U (c )dt 

i i » i 0 
c ,q ,q 

s . t . c 1 + q 1 = w ^ C t J q 1 + i r 1 ; q ^ O ) g iven 

where the dot denotes the t ime d e r i v a t i v e , where T T 1 i s economic p r o f i t from 

the rep resen ta t i ve f i r m , and where w x ( t ) i s the r e a l r e n t a l of c a p i t a l r e l a ­

t i v e to the p r i c e o f output . 

The rep resen ta t i ve f i rm s imul taneous ly chooses q ( t ) to maximize 

p r o f i t a t each po in t i n t ime : 

(8) max i r x ( t ) = P ^ q i ( t ) - w i ( t ) q i ( t ) . 
q i 

E q u i l i b r i u m then requ i res w*( t ) = 3 1 , , the assumed cons tan t , p o s i t i v e p r o ­

d u c t i v i t y o f c a p i t a l i n t h i s i n d u s t r y . Because o f t h i s , economic p r o f i t s are 

zero i n e q u i l i b r i u m , and the q x ( t ) stream chosen by households v i a (7) t r i ­

v i a l l y so lves (8) as w e l l . S u b s t i t u t i n g (8) and the budget c o n s t r a i n t i n t o 

(7) and m u l t i p l y i n g by -1 then y i e l d s the househo ld 's problem: 

00 
(9) min / - U ^ s j q 1 - ^ 1 ) . 

i « i 0 
q ,q 

We r e s t r i c t a t t e n t i o n to u t i l i t i e s U 1 i n which the Eu le r equat ion 

and t r a n s v e r s a l i t y c o n d i t i o n f o r (9) y i e l d i t s s o l u t i o n . One such e n v i r o n ­

ment, which w i l l be used throughout the paper , i s 

(10) u 1 = - e j t c ' - g i ) 2 , 



where 3^ and 3^ are p o s i t i v e c o n s t a n t s . That (10) i s such a u t i l i t y i s shown 

by Hadley and Kemp-ii-^ In t roduce the conjugate coord ina te p* as i n (3) o r v i a 

12/ 
P o n t r y a g i n ' s maximum p r i n c i p l e — ' 

(11) p 1 = 3 L i / D q i = a u V a c 1 = - 2 S J ( c i - 3 3 ) 

i n v e r t ( l l ) to so lve c 1 = 3^ - P 1 / 2 3 ^ , then de f i ne a Hami l ton ian H 1 v i a the 

Legendre t rans fo rmat ion as i n (k), 

(12) H ^ p 1 , * 1 ) = p T + U 1 = p 1 A B j + ( B ^ - B ^ p * 

then so lve the Hami l ton ian d i f f e r e n t i a l equat ions (5 ) , and requ i re t h a t 

(pMo) , q M o ) ) s a t i s f y the t r a n s v e r s a l i t y c o n d i t i o n 

(13) H ^ p i . q 1 ) = 0 . 

H 1 can be thought of imputed " i ncome, " where U 1 i s the va lue o f consumpt ion, 

and p 1 q 1 i s the va lue o f investment va lued a t i t s marg ina l oppor tun i t y c o s t , 

i . e . , the marginal u t i l i t y o f consumption. Assuming 0 < q 1 ( 0 ) < 3^ /3p , the 

s o l u t i o n i s : 

- 3 i t 
(Ik) q X ( t ) = 3 " / 3 X - ( B ^ - q ^ O ) ^ " 2 . 

(15) p X ( t ) = k B ^ - B ^ t ) ) 

For the u t i l i t y (10) , the i t h subsystem i n i s o l a t i o n i s thus s p e c i ­ 

f i e d a s : I\ = { ( p 1 , q 1 ) | p 1 e [ 0 , 2 3 X 3 2 l , q 1 e [ 0 , 3 X / 3 2 ] } « A i i s t h e c l a s s o f B o r e l 

measurable sets fo r the topology on i n h e r i t e d from the Fuc l i dean space 

2 i 

R . T i s the C°° f low de r i ved from the Hami l ton ian d i f f e r e n t i a l equat ions f o r 

(12) . The i n v a r i a n t measure m^ i s the Lesbesgue measure, i . e . , area on 

( r ^ , A ^ ) . This f o l l ows from L i o u v i l l e ' s Theorem, which imp l i es t ha t the L e s ­

besgue measure i s preserved by any f low induced by a C°° a v e c t o r f i e l d ( i . e . , 



autonomous d i f f e r e n t i a l equat ion) on a compact, c l o s e d , and o r i e n t a b l e C°° 

man i fo ld whose d ivergence v a n i s h e s . — ^ F i n a l l y , y 1 = H 1 de f ined by (12 ) , as 

t ime d i f f e r e n t i a t i o n v e r i f i e s tha t any t ime independent Plamil tonian i s a 

conserva t i on law fo r the f low i t induces . 

The second key concept needed i s the concept o f weakly i n t e r a c t i n g  

subsystems. Consider a subsystem i i n t e r a c t i n g w i th o ther subsystems. Then, 

the s ta te t r a n s i t i o n func t i ons T and conserva t ion law(s) i t possessed i n 

i s o l a t i o n may no longer be v a l i d . In the gas problem, the i t h gas atom i n a 

gas w i l l not t r a v e l i n a s t r a i g h t l i n e f o r e v e r , as i t s T X r e q u i r e s , due t o 

c o l l i s i o n s w i th the con ta ine r and fo rces exer ted on i t by o ther atoms. As a 

consequence, i t s energy (U) i s no longer conserved. In the economy, i n t e r ­

mediate i n p u t s , nonseparable u t i l i t i e s , and numerous o ther i n t e r a c t i o n s w i th 

o ther markets prec lude (7 ) , ( l M and (15) from ho ld ing f o r the i t h i n d u s t r y . 

I f the T* and i t s a s s o c i a t e d complete vec to r o f conse rva t i on laws no longer 

govern the behavior o f the i t h subsystem, then j u s t what laws _do_ govern i t s 

behav ior? And how can one d i scove r such laws wi thout d e t a i l e d i n fo rma t i on 

about the nature o f the i n t e r a c t i o n s ? 

The assumption o f weak i n t e r a c t i o n i s the key idea needed to answer 

these ques t i ons . Consider the system composed o f N subsystems. I t i s de -
N 

s c r i b e d by a system s ta te space w i th s ta tes Y = (Y 1 * '**^^) c T = ;[ r . , the 
i = l 

Ca r tes ian product o f the i n d i v i d u a l subsystems' s t a te spaces. In the presence 

o f i l l - s p e c i f i e d i n t e r a c t i o n s among i t s subsystems, the system's s t a te t r a n s i ­

t i o n func t i ons T^ a re unknown. The assumption o f weak i n t e r a c t i o n i s t ha t the  

unknown T^ have the f o l l o w i n g two p r o p e r t i e s : 

Proper ty ( i ) : a complete vec to r o f conse rva t i on laws f o r T t on T i s g i ven 
N . . 

by y,(Y) = I y^CY1), j = 1, k, and 
J i = l J 



N 
Proper ty ( i i ) : T .̂ p reserves the i n v a r i a n t measure m = n m. , on 

N N i= l 1 

( IT T. , n A . ) , i . e . , the product measure on T. As an 
i = l 1 i = l 1 

a d d i t i o n a l r e g u l a r i t y c o n d i t i o n , L e v i s assumes tha t 

m(y~ ( i ) ) i s f i n i t e f o r every f i n i t e r ec tang le I i n R^. 

The i n t u i t i v e meaning o f proper ty ( i ) i s that a l though the i n t e r ­

a c t i o n makes each y * vary over t ime , the i n t e r a c t i o n i s veak enough so tha t 
J N . 

the t o t a l v a r i a t i o n s cance l i n the aggregate y = £ y , . In the gas problem, 
J i = l J . 

p roper ty ( i ) i s the assumption tha t wh i l e the energy H o f the i t h atom g iven 
N 

by (k) changes over t ime, the t o t a l energy o f the gas £ H _is_ conserved . 
i = l 

That i s , the atoms exchange energy w i th each o ther and t h e i r con ta i ne r i n such 

a way as to conserve the t o t a l energy. In an economy o f N i n t e r a c t i n g com­

p e t i t i v e i n d u s t r i e s , p roper ty ( i ) i s the assumption tha t wh i l e the imputed 

income H , g iven by (12 ) , o f each i n d i v i d u a l i ndus t ry i s no longer conserved 
N ^ 

( i . e . , no longer z e r o ) , inputed n a t i o n a l income 1 H _is_ conserved . The 
i= l 

i n d u s t r i e s exchange imputed income among themselves i n such a way tha t the 

t o t a l n a t i o n a l imputed income i s conserved. But other than the p o s s i b i l i t y 

tha t the economy may behave as i f t h i s were t r u e , i s the re any p l a u s i b l e e c o ­

nomic t h e o r e t i c a l b a s i s f o r t h i s assumption? 

To examine the economic t h e o r e t i c a l p l a u s i b i l i t y o f P roper ty ( i ) i n 

our example, suppose there were no " i n t e r a c t i o n s " ac ross the N i n d u s t r i e s , i n 

the f o l l o w i n g sense: In choos ing among the N consumption goods c ; i = 1, 

N, each household ren ts c a p i t a l q. ( t ) and i nves ts i n a r ep resen ta t i ve 

f i rm i i n each o f N i n d u s t r i e s , i = 1, N. Constant re tu rns to s c a l e 

p r e v a i l s i n each i n d u s t r y , and no in te rmed ia te inpu ts are needed. Then, 

households would ac t as i f they s o l v e d . 
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N . . 
(16) max j I U 1 ( c 1 ) d t . 

i i « i 0 i = l 
c ,q ,q 
1=1,...,N 

s . t . I ( c V ) = I ( V

i ( t ) q i

+ 1 r i ) 
1=1 1=1 

Due to constant re tu rns to s c a l e , 31, = w 1 ( t ) and i r 1 = 0 f o r a l l i . Then, the 

a d d i t i v e s e p a r a b i l i t y i n (l6) permi ts us to show that each i ndus t r y w i l l 

f o l l o w i t s i s o l a t e d p a t h , i . e . , f o r each i = 1, N, H 1 g iven by (12) i s 
N . 

conserved , from which f o l l ows tha t I H i s a l s o conserved. 
1=1 

However, i n the presence of s t r u c t u r a l i n t e r a c t i o n s caus ing d e v i a ­

t i o n s from ( l 6 ) , each H 1 may not be conserved . For example, suppose the 
N 

u t i l i t y f unc t i on i s £ U 1 ( c ) + l ( c , . . . , c ), where I i s a non l i nea r term 
i= l 

rep resen t i ng the p o s s i b i l i t y tha t a good 's consumption a f f e c t s the marg ina l 

u t i l i t i e s o f o ther goods' consumpt ions. Or, suppose tha t l abo r or i n t e r ­

mediate goods are necessary f o r p roduc t ion o f some goods, so that p roduc t ion 

func t i ons f o r some i n d u s t r i e s do not depend s o l e l y on the c a p i t a l a l l o c a t e d t o 

them. Then, each H 1 from (12) w i l l not be conserved. P r o p o s i t i o n ( i ) i s 

perhaps p l a u s i b l e from the v iewpoint o f t h i s economic theory i f , when N i s 

l a r g e , the i n t e r a c t i o n s mentioned above are "weak" i n the sense tha t whi le 
N • 

each H 1 i s not conserved , £ H w i l l b e . Real wor ld evidence tha t c r o s s e l a s -
i = l 

t i c i t i e s o f demand are i n s i g n i f i c a n t f o r a l a rge f r a c t i o n o f p a i r s o f goods 

might help support the as ye t i l l - s p e c i f i e d c l a i m tha t the e f f e c t s of the 

non l i nea r I a re weak. 

C l e a r l y , in no way do these specu la t i ons c o n s t i t u t e an economic 

t h e o r e t i c a l b a s i s f o r the " r e a l i s m " o f Proper ty ( i ) . Such a t h e o r e t i c a l b a s i s 

must await research prov ing tha t the s o l u t i o n to a w e l l - s p e c i f i e d model com­

p a t i b l e w i th e x i s t i n g economic theory and c o n t a i n i n g such i n t e r a c t i o n s does 

indeed s a t i s f y Proper ty ( i ) . 
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The i n t u i t i v e meaning o f Proper ty ( i i ) can be grasped by t h i n k i n g 

o f m̂ CY*) as measuring the nonnormal ized p r o b a b i l i t y dens i ty o f observ ing the 

i t h subsystem i n s t a t e Y*» c o n d i t i o n a l on the in fo rmat ion i n Proper ty ( i ) 

about the unknown T^. Proper ty ( i i ) i s then i n t e rp re ted as the assumption 

tha t the p r o b a b i l i t y dens i t y o f obse rv ing the system i n s t a t e y = (Y\•••»Y^), 
i . e . , the p r o b a b i l i t y dens i t y o f the random vec to r Y, i s the product of i t s 

i n d i v i d u a l component's p r o b a b i l i t i e s d e n s i t i e s . That i s , Proper ty ( i i ) i s the 

assumption t h a t , c o n d i t i o n a l on ( i ) , the component subsystems behave i n a 

p r o b a b i l i s t i c a l l y independent f a s h i o n . Once a g a i n , we do not attempt t o 

produce a d e t a i l e d s t r u c t u r a l model compat ib le w i th t h i s assumpt ion. 

The assumption o f weak i n t e r a c t i o n i s imposs ib le to v e r i f y d i r e c t l y , 

p r e c i s e l y because we don ' t s p e c i f y observable i n t e r a c t i o n s . For the same 

reason , we do not " j u s t i f y " i t through d e t a i l e d economic s t r u c t u r a l t h e o r i e s 

o f i n t e r a c t i o n . Ra the r , i t should be viewed as a mainta ined " a s - i f " assump­

t i o n to he lp p r e d i c t system behav io r . As such , i t i s a " reasonab le " assump­

t i o n only i f i t leads to u s e f u l p r e d i c t i o n s and i n s i g h t s . I t s " t r u t h " or 

" f a l s i t y " i s i r r e l e v a n t f o r t h i s purpose. This view w i l l be s t rengthened by 

the in format ion t h e o r e t i c route to the Gibbs Formalism presented l a t e r . In 

c l o s i n g , i t i s i n t e r e s t i n g to note tha t progress i n p r o v i d i n g an analogous 

s t r u c t u r a l p h y s i c a l theory b a s i s fo r the Gibbs Formalism a p p l i e d t o the gas 

problem has come on ly i n the l a s t decade, desp i te i t s widespread success and 

a c c l a i m over the past 75 y e a r s . - i ^ 

The t h i r d and f i n a l concept o f the Gibbs Formal ism i s the assumption  

t ha t each subsystem i s smal l compared to the res t of the system, o r , e q u i v a - 

l e n t l y , tha t the system i s l a rge r e l a t i v e to each o f i t s subsystems. The 

p r e c i s e , measure t h e o r e t i c d e f i n i t i o n o f a l a r g e system i s g iven i n L e w i s , and 

i s too compl icated to s ta te here . Roughly , the system i s la rge r e l a t i v e to 
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N . 
each subsystem i i f i t s conse rva t i on laws y , = J, y , j = 1, k, would not 

J i = l J 

"vary much" w i th c e t e r i s pa r ibus v a r i a t i o n s i n any s i n g l e y . , i = l , N. In 
J 

the gas problem, the assumption o f a l a r g e system i s s a t i s f i e d i f there a re so 

many gas atoms tha t c e t e r i s pa r ibus f l u c t u a t i o n s i n the energy o f any one atom 

would hard ly i n f l u e n c e the g a s ' t o t a l energy. In the economy, t h i s assumption 

imp l i es tha t there are enough goods so tha t the c o n t r i b u t i o n of any i n d u s t r y ' s 

imputed income i s smal l compared t o n a t i o n a l imputed income. As b e f o r e , no 

d e t a i l e d s t r u c t u r a l " j u s t i f i c a t i o n " f o r t h i s assumption i s g i v e n . 

I t i s important t o note t h a t t h i s t h i r d assumption can be weakened, 

i f the ana l ys t i s w i l l i n g to forego the p o s s i b i l i t y o f p r e d i c t i n g the long- run 

behav ior o f i n d i v i d u a l l a rge subsystems. That i s , i f some subsystem i ' s y 1 

J 

do s i g n i f i c a n t l y c o n t r i b u t e to the t o t a l V j , i t i s not p o s s i b l e to c a l c u l a t e 

the long-run behavior o f y1, a l though i t i s s t i l l p o s s i b l e to compute the 

long- run behavior of the smal l subsystems' s t a tes and of v a r i a b l e s depending 

s o l e l y on a smal l subsystem's s t a t e . Thus, the ex is tence o f l a rge subsystems 

( i . e . , atoms, i n d u s t r i e s , e t c . ) i n t h i s sense does not t o t a l l y i n v a l i d a t e the 

Gibbs Formal ism. I t merely r e s t r i c t s the type o f p r e d i c t i o n s that can be 

r e l i a b l y made. F i n a l l y , the r e g u l a r i t y c o n d i t i o n i n Proper ty ( i i ) i s 

s a t i s f i e d i n our example, due to the f i n i t e measure o f the product space T. 

Long-Run Behavior o f Subsystems i n La rge ,  
Weakly I n t e r a c t i n g Systems 

Lewis , in h i s Theorem 2, shows how the long- run t ime average f* o f 

any r e a l va l ued , m^- in tegrab le f unc t i on f ^ ( Y 1 ( t ) ) o f the i t h subsystem's s t a t e 

vec to r y 1 can be computed i n l a r g e , weakly i n t e r a c t i n g s y s t e m s . ^ / 

Let T (Y1(T)) = Y i ( T + t ) . Then, the l ong - run t ime average f* o f some f u n c t i o n 

fji(Y ( t ) ) s t a r t i n g from i n i t i a l c o n d i t i o n Y 1 (0 ) , e x i s t s f o r a lmost every (m^) 

Y (0), and i s computed by 



(17) f* A= l i m i / f . ( Y i ( t ) ) d t = f J f ( y ^ e - ^ ^ ^ d m & f. 
T-*-00 0 i i 

where 

(18) . . ( « ) = / e - a , y l ( y l ) d m . 
1 r. 1 

i 

The func t i on z^(a) i s c a l l e d the p a r t i t i o n func t ion f o r the i t h 

subsystem, and i s assumed to e x i s t i n some open neighborhood o f k - v e c t o r s a . 

The c o r r e c t va lue o f the vector a t o use i n computing f ^ i n (17) depends on the 

va lue assumed by the subsystem's complete vec to r o f conse rva t i on laws y*", as 

descr ibed i n Lew is ' c o r o l l a r y t o h i s Theorem 2. F o r t u n a t e l y , the va lue o f a 

i s independent o f the p a r t i c u l a r subsystem one i s i n t e r e s t e d i n . For most 

a p p l i c a t i o n s env is ioned he re , one would not need to know the va lue o f a , so 

one would not need to know the (average) va lue o f y 1 . Ra ther , one cou ld t r e a t 

a as a vector of f ree parameters, and use econometric methods to es t imate a 

from d a t a . 

Equat ions (17) and ( l8) have a n ice p r o b a b i l i s t i c i n t e r p r e t a t i o n . 

Equat ion (17) shows how the long- run t ime average o f any m^- in tegrab le f u n c ­

t i o n o f the i t h subsystem's s t a te Y 1 can be computed by a s o - c a l l e d phase 
- a « y i ( Y 1 ) 

average f^ over i t s s t a te space l j . The m u l t i v a r i a t e f u n c t i o n e can 

be thought o f as de termin ing a " p r o b a b i l i t y d e n s i t y " f o r the i t h subsystem's 

s t a te Y » w i th z^(ce) thought of as i t s no rma l i za t i on cons tan t . To see t h i s , 

l e t f^ be the i n d i c a t o r f u n c t i o n f o r any measurable set E^. The long- run t ime 

average o f t h i s i n d i c a t o r f unc t i on y i e l d s the long- run f r a c t i o n o f t ime the 

s t a t e Y 1 ( t ) spends i n E j , and i s dubbed the mean so journ t ime o f the subsystem 

i n E J . The mean sojourn t ime i s a f r e q u e n t i s t way to de f ine the p r o b a b i l i t y 

p^(F^) tha t the subsystem s ta te i s i n some subset E. Computing (17) f o r t h i s 

i n d i c a t o r f^, one o b t a i n s : 
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^ I • - - y l ( T l S -
1 ri. 

1 

When the subsystem has only k = 1 independent conservat ion law, the p roba­

b i l i t y d i s t r i b u t i o n i n (19) i s the famous c a n o n i c a l d i s t r i b u t i o n o f G i b b s . 

For the genera l case o f k > 1, T r u e s d e l l has dubbed i t the p o l y c a n o n i c a l  

d i s t r i b u t i o n . 

The po l ycanon i ca l d i s t r i b u t i o n i s a l s o o f use i n c a l c u l a t i n g s t a t i ­

s t i c s o f some time s e r i e s f j o ther than i t s long- run average. For example, t o 

compute the long- run var iance o f some square i n t e g r a b l e f^ 

(20) var f . = 11m ± / ( f . ^ t ) ) - f * ) 2 d t 
1 T * - 0 

one s imply expands (20) and a p p l i e s ( 1 7 ) t o ob ta in 

(21) var f . = f 2 - f 2 , 

which i s the f a m i l i a r mean ( i . e . , phase average) squared minus the square of 

the mean. Other long- run moments a re s i m i l a r l y computed. 

The po l ycanon i ca l dens i t y can be s i m i l a r l y used to compute long- run 

covar iances between two t ime s e r i e s f I (Y 1 ( t ) ) and g I (Y 1 ( t ) ) . De f i n i ng the 

long- run covar iance of square i n t e g r a b l e f^ and g^ as 

T 

(22) cov ( f . , g . ) = l i m i / ( f ( y ^ t ) ) - f * ) ( g . (Y ( t ) - g * ) d t 
T+« 0 

one expands (22) and again a p p l i e s ( lT ) to ob ta in the f a m i l i a r r ep resen ta t i on 

(23) c o v ( f . , g . ) = fTg~7 - f . g . . 

To make matters conc re te , cons ide r our i t h i ndus t r y (10) , w i th conserva t i on 

law (12) . The i n v a r i a n t measure m^ i s the Lesbesgue measure u. Using the 

c a n o n i c a l d i s t r i b u t i o n (19 ) , the mean sojourn t ime of Y1 = ( p 1 » q 1 ) i n some 

measurable subset o f T- i s g iven by 
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. 2 
(2)4) p ' ( E . ) = z . U ) - 1 / e x p ( - a ( p 1 A s J + ^ q 1 - * * )p 1 ) )dy 

where 

(25) z . ( a ) = 3 / 2 V 3 e x P ( - a ( p i A 6 J + ( e j q i - e ^ ) p i ) ) d p i d q i . 

0 0 

Un fo r t una te l y , the i n t e g r a l s i n ( 2 U ) and ( 2 5 ) cannot be eva luated i n terms o f 

elementary f u n c t i o n s . In the e m p i r i c a l a p p l i c a t i o n below, they w i l l be numer­

i c a l l y i n teg ra ted by computer. 

An A p p l i c a t i o n o f the Subsytem's Canon ica l Densi ty 

The marginal dens i ty g i ( q i ) o f (2k)t de f ined by 

23^*3^" 2 

( 2 6 ) gAq1) = z . ( a ) " 1 / 1 3 e x p ( - a ( p i / U B M S V - i ^ p 1 ) J d p 1 

0 

y i e l d s the dens i t y of a r ep resen ta t i ve f i r m ' s c a p i t a l stock i n the i t h i ndu ­

s t r y . Note tha t i t on ly depends on the parameters (3^ ,3^ ,3^ ) c h a r a c t e r i z i n g 

the i t h i n d u s t r y , ra the r than on t h e i r va lues f o r o ther i n d u s t r i e s . Because 

o f t h i s , i t i s p o s s i b l e to f i t t h i s dens i ty to indus t ry data wi thout l o s i n g 

too many degrees o f freedom. There i s a pauc i t y o f t ime s e r i e s data on a c t u a l 

i n d i v i d u a l f i r m s ' input u t i l i z a t i o n , though. However, because our model 

assumes tha t a l l f i rms i n an i ndus t r y are i d e n t i c a l except f o r t h e i r i n i t i a l 

c a p i t a l s t o c k s , each f i r m ' s c a p i t a l stock t ime s e r i e s can be viewed as a 

t r a j e c t o r y generated by the dynamical system whose i n v a r i a n t dens i t y i s 

( 2 6 ) . Then, ( 2 6 ) should a l s o y i e l d the s t a t i o n a r y dens i ty o f c a p i t a l stock 

ac ross f i rms i n the i t h i n d u s t r y . 

D i f f e r e n t i a t i n g ( 2 6 ) under the i n t e g r a l s ign t w i c e , we f i n d tha t 

2 i 2 

dg-^/dq 1 < 0 and d g ^ d q > 0 , a r e s u l t which ho lds up f o r any u t i l i t y U 1 y i e l d ­

i ng an i n t e r i o r s o l u t i o n to ( 9 ) . - ^ - ^ Under the i n t e r p r e t a t i o n above, t h i s 
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means tha t the dens i t y o f f i r m c a p i t a l q 1 i n the i t h i ndus t r y i s a d e c r e a s i n g , 

convex func t ion o f f i rm c a p i t a l q 1 . Because o f the assumed constant re tu rns 

to s c a l e , the dens i t y o f f i rm output 3g<i i s p r o p o r t i o n a l to tha t o f q 1 . 

Thus, choosing e i t h e r f i r m output o r c a p i t a l as a measure o f f i r m s i z e , t h e 

dens i t y o f f i rm s i z e should be convex downward. Fur thermore, by a d d i t i o n a l l y 

assuming tha t the c a p i t a l / l a b o r r a t i o i s a cons tant ac ross f i rms i n the i t h 

i n d u s t r y , e a s i l y ob ta inab le h istograms o f the i n d u s t r y ' s employment/ f i rm 

should a l s o d e c l i n e throughout the range o f f i r m employment. 

Indust ry data seems to support t h i s t h e o r e t i c a l p r e d i c t i o n . For 

example, Lawrence K l e i n i X ' s t a t e s 

"There are so many f i rms w i th on ly a few employees tha t 
there appear to be con t i nuous l y f a l l i n g frequency d i s t r i ­
b u t i o n s . They do no t , as i n the case of income, r i s e t o 
a modal peak then d e c l i n e . They beg in w i th a modal peak 
and then dec l i ne th roughou t . " 

Cor robora t ion o f t h i s f i n d i n g comes from the U.S. Census Bureau 's Census o f 

Manufac turers . Every f i v e y e a r s , t h e i r census repo r t s the d i s t r i b u t i o n o f 

es tab l ishment employment s i z e i n the 20 , t w o - d i g i t SIC i n d u s t r i e s . A t y p i c a l 

d i s t r i b u t i o n from the l a t e s t (1977) census i s t ha t f o r SIC 2 9 , Petro leum and 

Coal P roduc ts , shown i n Table 1. By exper iment ing w i th d i f f e r e n t va lues f o r a 

and the parameter va lues 8 * , Sg , B^ *-n ( 2 6 ) , we have been a b l e to produce a 

d i s t r i b u t i o n s i m i l a r to t h i s i n a h y p o t h e t i c a l i ndus t r y w i th no f i rms l a r g e r 

than 250 employees, by assuming tha t the c a p i t a l / l a b o r r a t i o i s one. I t s 

dens i t y i s graphed i n F igure 1. I t i s d i f f i c u l t to a c c u r a t e l y compute the 

r e q u i s i t e numer ica l i n t e g r a l s when the domain of i n t e g r a t i o n i s much l a r g e r 

than t h i s . H o p e f u l l y , proper s c a l i n g o f data w i l l help avo id t h i s problem i n 

the f u t u r e . To summarize, we have shown tha t a weakly i n t e r a c t i n g economy 

w i th dynamic compet i t i ve i n d u s t r i e s , whose f i rms produce under constant r e ­

turns to s c a l e , q u a l i t a t i v e l y y i e l d s the observed d i s t r i b u t i o n o f e s t a b l i s h ­

ment s i z e . 
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SIC 2 9 
Petroleum and Coal Products Canon i ca l Dens i t y (26)2^J 

Employees # o f Es tab l i shments % o f T o t a l % o f T 

1-1+ 710 32.2 33.1* 

5 - 9 1*22 19.1 22 .0 

1 0 - 1 9 300 13.6 2U.3 

20 -1 *9 31*8 15 .8 1 8 . 0 

5 0 - 9 9 11*8 0 6 . 7 2.1 

100-21+9 150 0 6 . 8 0 . 1 

2 5 0 - 1 * 9 9 63 0 2 . 9 — 

5 0 0 - 9 9 9 h5 0 2 . 0 — 

1000-21*99 1 8 0 0 . 8 — 

72500 2 0 . 1 — 

TOTAL 2 2 0 6 

TABLE 1 : An a c t u a l i ndus t r y v s . a canon i ca l dens i t y ( 2 6 ) 

a = 1 2 . 5 3 * = . 2 5 3 * = - 0 0 8 3 3 = 2 



F igu re 1 Marg ina l Canon ica l Dens i ty f o r a = 1 2 . 5 , 3^ = . 2 5 , 8^ =
 '00^•> ^3 = 2 

X1 0 _ 1 

1 . 00-r — — — r~ 

0 . 80-H 

0 . 20 H 

0 . 00 
0 50 100 150 200 250 
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In the f u t u r e , we hope t o f i nd minimum c h i - s q u a r e es t imates f o r 

a , 3 * , 3 ^ , and 3 * f o r numerous i n d u s t r i e s , under the t h e o r e t i c a l r e s t r i c t i o n 

tha t a i s constant across i n d u s t r i e s . Such a procedure would a l s o permit us 

t o t e s t the hypothes is t ha t a i s cons tant ac ross i n d u s t r i e s . 

Comparative Subsystem Dynamics in Large ,  
Weakly I n t e r a c t i n g Systems 

The s t a t i s t i c s o f r e a l va lued func t i ons o f the i t h subsystem's 

s t a t e , f j ( Y 1 ( t ) ) , depend on the vec to r o f parameters 3 1 through the p o l y -

c a n o n i c a l d i s t r i b u t i o n ( 1 9 ) . Assuming tha t y i ( y I ; 3 I ) i s d i f f e r e n t i a b l e i n 3 * 

and tha t 3 i s a known o r es t imated parameter v e c t o r , one can d i f f e r e n t i a t e 

r e l a t i o n s l i k e (IT) o r (2 l ) w i th respect to 3 * to determine changes in the 

long- run s t a t i s t i c s w i th respect to changes i n 0 • This e x e r c i s e i s dubbed 

comparat ive subsystem dynamics. Assume tha t these parameter changes occur 

" s l ow l y enough" so tha t long- run t ime averages are good approx imat ions to the 

1 T 

a c t u a l p a r t i a l t ime means — / f . ( y . ( t ) ) d t tha t occur between parameter 
0 

changes. Then, comparat ive subsystem dynamics g ive a good i n d i c a t i o n o f the 

a c t u a l subsystem behav ior over t ime . Such "s low ly v a r y i n g " parameter changes 

are c a l l e d q u a s i - s t a t i c i n p h y s i c s . The assumption o f q u a s i - s t a t i c change i s , 

rough ly , the u s u a l assumption used by economic a n a l y s t s i n j u s t i f y i n g the 

re levance o f comparat ive s t a t i c s e x e r c i s e s . 

For the dens i t y tabu la ted i n Table 1 and graphed i n F igure 1 , we 

compute the change i n mean f i rm c a p i t a l stock and i n mean household consump­

t i o n r e s u l t i n g from a c e t e r i s pa r ibus i nc rease o f 1 percent i n each param­

e t e r . The r e s u l t s are summarized i n Table 2. 



r 

- 2k -

ljo i nc rease i n : 
O r i g i n a l i l l 

Parameters o B ^ Bp 3 ^ 

mean f i r m c a p i t a l q 1 1 2 . 6 5 2 1 3 - 9 3 9 1 2 . 5 0 2 1 2 . 5 2 7 1 2 . ^ 7 8 

mean houshold consump­

t i o n c 1 = B X - p 1 / 2 B X . 3 6 2 . 1 7 2 . 3 6 0 . 3 6 3 . 3 6 2 

TABLE 2 : Comparative Subsystem Dynamics o f Densi ty ( 2 6 ) 

a = 1 2 . 5 , B J = . 2 5 , B X = . 0 0 8 , B 1 = 2 . 0 

From Table 2 , we see tha t the mean c a p i t a l s tock per f i r m f a l l s and 

mean household consumption r i s e s when the p r o d u c t i v i t y ( r e n t a l ) of 

c a p i t a l Bp, i n c r e a s e s , i n accord w i th i n t u i t i o n . The q u a n t i t a t i v e i n c r e a s e i n 

mean consumption i s s m a l l , though. A l s o , note t ha t changes i n the systemwide 

parameter a have a fa r more dramat ic e f f e c t on these v a r i a b l e s than do the 

other parameters, which only a f f e c t t h i s p a r t i c u l a r i n d u s t r y . 

Long-Run Behavior o f a System i n Weak I n t e r a c t i o n  
w i th I t s Environment 

Many v a r i a b l e s of i n t e r e s t depend on the s t a tes o f numerous sub­

systems. For example, a macroeconomist i n t e res ted i n t o t a l n a t i o n a l ou tpu t , 

consumption, or investment i n our economy needs to compute s t a t i s t i c s o f 

func t ions f ( Y 1 ( t ) , • . . ,Y ( t ) ) . To do so , we assume that the system i t s e l f i s 

i n weak i n t e r a c t i o n w i th some i l l - u n d e r s t o o d environment. Redenoting the 
N N N . N 

system ( II I\ , H A . , I y 1 , II m. ,T ) by (r' , A ' ,y* ,m' , T ! ) , the environment i s 
. _ 1 . . X . _ _ 1 X X 
i = l i = l 1=1 1=1 

s p e c i f i e d as another subsystem, w i th s t a te space T " , measurable sets A " , s t a te 
t r a n s i t i o n func t i ons T " , i n v a r i a n t measure m" and a complete vec to r o f c o n -

s e r v a t i o n laws y " . The assumption o f weak i n t e r a c t i o n between the system and 
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i t s environment i s tha t y = y ' + y " i s a complete vec to r o f conserva t i on laws 

f o r the coupled system/environment T = V x T", the product measure m = m' x 

m" i s an i n v a r i a n t measure f o r the (unknown) system/environment s t a t e t r a n s i ­

t i o n func t ions on T, and tha t m(y ( l ) ) < 0 0 , f o r every f i n i t e r ec tang le I i n 

R . I t i s a l s o e s s e n t i a l to assume, as b e f o r e , tha t the combined 

system/environment i s la rge r e l a t i v e t o the system. That i s , i t i s assumed 

tha t y "does not vary too much" w i th c e t e r i s pa r ibus f l u c t u a t i o n s o f y ' , the 

p r e c i s e d e f i n i t i o n be ing g iven i n Lew is , p. 360. In the economic example used 

here , the environment would i nc l ude exogenous elements which impinge on the 

nat ionwide economy and tha t are not e x p l i c i t i n the model. 

Given these a d d i t i o n a l assumpt ions, one can again app ly Theorem 2 o f 

L e w i s i ^ / t o compute t ime averages o f system, dubbed macro, v a r i a b l e s 

f ( Y ^ ( t ) , . . • , Y ^ ( t ) ) , v i a the use o f a p o l y c a n o n i c a l d e n s i t y . Remembering 

tha t Y ' = (Y , . . . , Y ) 

T 
(27) f * ( Y ' (0)) = l i m i / f (Y 1 ( t ) )dt = / f (Y ' ) e a * y ' d m ' & f 

T+- o K ' V 

where the system's p a r t i t i o n func t i on z ' (ct) i s : 

( 2 8 ) z ' ( a ) = / e - a * y ' d m ' • / / . . / e " " ^ V 0 * ^ . . e " a ^ V d m , . . . .dm. 

N 
o r , r e w r i t i n g (2?) f o r the i n d i c a t o r f unc t i on f on a se t E = II E ^ , e A ^ , 

i = l 
and us ing ( l ° ) , f i n d : 

N 
( 2 9 ) p ' ( E ) = n p! (E ) . 

i = l 

Fur thermore, the long- run var iance o f a square i n t eg rab le ( w . r . t . 

(29) ) macro v a r i a b l e f can be computed by (20) w i th f = f ( Y ' ( t ) ) and w i l l 

y i e l d a formula s i m i l a r to (21 ) ; 

(30) var f = f 2 - f 2 . 
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F i n a l l y , the long- run cova r i ance between two square i n t e g r a b l e macro 

v a r i a b l e s f ( y ' ( t ) ) and g ( Y ' ( t ) ) can be computed by ( 2 2 ) y i e l d i n g : 

(31) cov ( f , g ) = tg - f i . 

An A p p l i c a t i o n o f Macrodynamics 

Suppose we are i n t e r e s t e d i n computing moments o f aggregate ou tpu t , 

or the equ iva len t aggregate income. L e t t i n g n denote the number o f house­

h o l d s , aggregate income y i s : 

N . . N . . 
(32) y = n I w V = n £ B V 

i = l i = l 

The j o i n t d i s t r i b u t i o n ( 2 9 ) f a c t o r s i n t o the product o f i t s mar­

g i n a l s , so the component random v a r i a b l e s i n the sum (32) are independent . 

The abso lu te va lues o f the components are a l s o un i fo rm ly bounded by the c o n ­

s tan t M = max n £ X ; because q 1 e [ 0 , B ^ / B i ] • There fo re , i f we a d d i t i o n a l l y assume 

1=1 , . . .H J 

t h a t 8 * , 3g , 8^ and a are such that the s e r i e s (var ( y m ) ) X / 2 d i v e r g e s , where 

ra . . 
v i i PO / y m = n I 8 ? q , i t f o l l ows from the L indeberg C e n t r a l L im i t Theorem^-' t h a t 

i = l 

the s tandard ized y f f l converge i n d i s t r i b u t i o n to the standard normal . One 

economy obv ious l y s a t i s f y i n g t h i s assumption i s tha t where a l l i n d u s t r i e s are 

i d e n t i c a l . 

Given the above assumpt ion, one might expect to f i nd tha t detrended 

n a t i o n a l output w i l l be normal ly d i s t r i b u t e d about i t s t rend over an i n f i n i t e 

t ime span. To t e s t t h i s p r e d i c t i o n , we f i r s t detrended the postwar , quarter ly-

t ime s e r i e s o f U.S. r e a l g ross domestic p roduc t , s t a r t i n g i n 19**7» To do s o , 

we regressed t h i s s e r i e s on a fou r th order po lynomia l t ime t r e n d . The lh6 

est imated r e s i d u a l s formed the detrended output s e r i e s . As p r e d i c t e d , i t does 

indeed appear that t h i s s e r i e s i s normal ly d i s t r i b u t e d , f o r i t s mean i s zero 
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to s i x decimal p laces and i t s median i s on l y . 6 3 , which i s q u i t e c l o s e to i t s 

mean when measured r e l a t i v e to i t s standard d e v i a t i o n o f $25.8 b i l l i o n . Thus, 

the d i s t r i b u t i o n appears symmetr ic. More impo r tan t l y , the d i s t r i b u t i o n passed 

the Kolmogorov-Smirnov t e s t f o r n o r m a l i t y , as desc r ibed i n K e n d a l l and 
p-i / 

S t u a r t ^ - ' , a t the .05 l e v e l o f s i g n i f i c a n c e . 

When Parameters Are Constant But Unknown: G ibbs ian  
Econometr ic Mode l l i ng o f Time S e r i e s Data 

To t e s t the theory w i t h i n regimes o f constant 3 = (3 , • • • , 3 N ) , o r to 

determine any unknown parameters i n the a and 3 v e c t o r s , one cou ld s i m u l ­

taneous ly es t imate the vec to rs a and 3 o f the p o l y c a n o n i c a l d e n s i t y 

—1 —ct-v* (Y' "3) 

z ' ( a , 3 ) e~ J ' from t ime s e r i e s data on observab le system t ime s e r i e s 

data f ( y ' ( t ) ) . To do s o , note tha t (27) y i e l d s an exact r e l a t i o n s h i p between 

the long- run mean f* o f an observab le f and i t s phase average f w i t h respec t 

to the po l ycanon i ca l d e n s i t y . Us ing E f o r the expec ta t i on ope ra to r , the 

e f f e c t s of measurement, s p e c i f i c a t i o n and/or o ther model l ing e r r o r s might be 

summarized by the more gene ra l hypo thes i s : 
( 32 ) E -̂(/e"T(llgT dm>) k = °-
In the jargon of t ime s e r i e s economet r i cs , (32) i s a "popu la t i on o r t h o g o n a l i t y 

c o n d i t i o n " imp l ied by t h i s t heo ry . The theory d e l i v e r s as many such o r t h o ­

g o n a l i t y cond i t i ons as there are observable s e r i e s f . Given a f i n i t e s e r i e s 

o f past observa t ions f ( Y ' ( 0 ) ) , . . . , f ( y ' ( T ) ) on a t l e a s t k + r ( i . e . , the dimen­

s i o n a l i t y o f (a ,3 ) ) observable f ' s , one should be ab le to apply the Genera­

l i z e d Method o f Moments (GMM) es t ima to r o f Hansen (1982) to ob ta i n c o n s i s t e n t 

and a s y m p t o t i c a l l y normal es t imato rs a and 3 . The number o f observab le 

s e r i e s f(Y'(t)) i s , i n p r i n c i p l e , i n f i n i t e . Thus, the re w i l l be f a r more than 

k + r o r t hogona l i t y r e s t r i c t i o n s a t our d i s p o s a l . Hansen has a l s o concocted a 



t e s t of the " o v e r - i d e n t i f y i n g r e s t r i c t i o n s " , i . e . , the number o f r e s t r i c t i o n s 

we have i n excess o f k + r, which u t i l i z e s the ch i - squared d i s t r i b u t i o n . Such 

a t e s t p rov ides a formal means o f t e s t i n g the theory w i t h i n regimes o f c o n ­

s tan t 6 . 

I f the s t a t e Y 1 i t s e l f i s obse rvab le , one cou ld a l s o u t i l i z e minimum 

c h i - s q u a r e es t ima t i on t o f i t the sys tem's p o l y c a n o n i c a l d e n s i t y , as env i s i oned 

e a r l i e r . Fur thermore, even i f y ' i s not observab le , the dens i t y o f some 

observab le f ( y ' ) can be der ived from the p o l y c a n o n i c a l dens i t y and the f u n c ­

t i o n a l form o f f. I t can then be f i t to da ta . 

I f these econometr ic t e s t s are s u c c e s s f u l , the r e s u l t i n g es t imated 

p o l y c a n o n i c a l dens i t y z ' ( a , 3 ) - 1 e a y ^ p rov ides what I dub a G ibbs ian  

Econometr ic Model (GEM) o f the system. The GEM cou ld be o f use f o r uncond i ­

t i o n a l f o r e c a s t i n g o f t ime averages and o ther moments o f observab les 

f ( y ( t ) ) . I t may a l so be o f use f o r c o n d i t i o n a l f o r e c a s t i n g o f p o l i c y i n t e r ­

v e n t i o n s , which can be model led by p r e d i c t a b l e , q u a s i - s t a t i c changes o f a and 

3. 

.In A l t e r n a t i v e D e r i v a t i o n o f The P o l y c a n o n i c a l D i s t r i b u t i o n :  
The Maximum Entropy Formal ism 

Another argument suppor t ing the p l a u s i b i l i t y of the p o l y c a n o n i c a l 

d i s t r i b u t i o n i s grounded i n in fo rmat ion theo ry . Th is argument was i n i t i a l l y 

op / 

advanced and promoted by E. T. Jaynes i n a s e r i e s o f papers—' and has been 

dubbed the Maximum Entropy Formal ism (MEF). The MEF has a l s o been w ide ly used 

i n r e g i o n a l and urban economics f o r model l ing t r a n s p o r t a t i o n problems and 

i n t e r r e g i o n a l commodity flows.—— The f o l l o w i n g p r e s e n t a t i o n o f t h i s fo rma l i sm 
ok/ 

f o l l ows r e s u l t s from the book by Guiasu*—• ' 
. i i 

As e a r l i e r , suppose (T ,A ) i s a measurable space , w i th a p r o b a ­

b i l i t y measure m'. The measure m' i s t o be thought o f as a p r i o r p r o b a b i l i t y 
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measure, summarizing the r e s e a r c h e r ' s s u b j e c t i v e p r o b a b i l i t y o f events i n 

A ' . Now, suppose on the b a s i s o f some o ther in fo rmat ion gleaned about the 

subsystem, the researcher r e v i s e s these p r o b a b i l i t i e s , r e p l a c i n g m' w i th a 

measure p ' , a b s o l u t e l y cont inuous w i th respect t o m'. Both o f these measures 

con ta in in fo rmat ion about the s u b j e c t i v e l i k e l i h o o d o f va r i ous events i n A * . 

But how can we quan t i f y the amount o f i n f o r m a t i o n , o r e q u i v a l e n t l y , the l ack 

o f u n c e r t a i n t y , expressed by a p a r t i c u l a r measure? And how can we q u a n t i f y 

the v a r i a t i o n o f in fo rmat ion tha t occurs when pass ing m' t o a p' which i s 

a b s o l u t e l y cont inuous w i th respec t t o m'? By the Radon-Nikodym Theorem, t he re 

e x i s t s a nonnegative r e a l va lued func t i on on f such that p ' (E ) = / <J)dm'. 
E 

Then, w i th mot i va t ion t o be p rov ided s h o r t l y , de f ine the v a r i a t i o n o f i n f o r m a ­ 

t i o n l ( p ' | m ' ) i n pass ing from m' t o p' t o be: 

(33) I ( p ' l m ' ) = / <t>(Y*)ln<KY')dm' 

f 

D e f i n i t i o n (33) has many i n t u i t i v e l y appea l ing p r o p e r t i e s cap tu r i ng 

the f l a v o r o f the change i n i n fo rma t ion i n moving from m* t o p ' . For example, 

suppose tha t p' = m' . Then there has obv ious l y been no change i n i n f o r m a t i o n , 

and d e f i n i t i o n (33) a c c o r d i n g l y y i e l d s l ( p ' | m ' ) = 0 . A s imple argument i n 

Gu iasu? - ^ shows tha t I i s nonnegat ive, f i n i t e i n value when <J> i s m'-square 

i n t e g r a b l e , and zero on l y when p' = m'. Thus, an a c t u a l change o f d i s t r i b u ­

t i o n always conveys some i n f o r m a t i o n . 

For the moment, assume that T* i s a d i s c r e t e set { y ^ , . . . , Y ^ } , w i th 

P ' C W i } ) = P'± • Then, i f m' i s the un i fo rm p r o b a b i l i t y , 
n . n 

(3k) I ( p ' Un i f o rm) = I n p ! l n ( n p l ) • - = l n (n ) + I p ! l n p ' . 
i = l i n i = l 

n 
D e f i n i n g the entropy o f the measure p' by E ( p ' ) = - £ p ! l n p ' 

i = l 1 

n 
(35) E ( p ' ) = l n (n ) - l ( p ' | u n i f o r m ) = -£ p ! l n p! . 

i = l 1 1 
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Because I i s nonnegat ive, we see tha t E ( p ' ) a t t a i n s i t s maximum o f In n when 

p' i s the un i fo rm d i s t r i b u t i o n . I n t e r p r e t i n g the entropy E as the "amount o f 

u n c e r t a i n t y " i n the measure p ' , we would then conclude tha t the un i fo rm mea­

sure has the most u n c e r t a i n t y . Th i s i s a l s o i n accord w i th i n t u i t i o n . 

One cou ld p o s s i b l y cons t ruc t a l t e r n a t i v e s to the entropy (35) as 

ways to quan t i f y the amount o f unce r t a i n t y in a measure i n a d i s c r e t e space 

T ' . KMnch in?-^ / pos tu l a ted four eminent ly reasonable axioms as d e s i d e r a t a f o r 

a reasonable q u a n t i f i c a t i o n o f the amount o f u n c e r t a i n t y i n p ' . Kh inch in then 

showed tha t the only p o s s i b l e f unc t i ons s a t i s f y i n g these axioms are p ropo r -
n 

t i o n a l to the entropy p! l o g p ! , where the logar i thm can have any base. 
1=1 1 1 

Thus, f o r d i s c r e t e s ta te spaces T ' , we can appeal to these reasonable axioms 
n 

to support the c l a i m tha t our entropy E ( p ' ) = p l l n p! reasonably cap tures 
i = l 1 

the concept o f the amount o f u n c e r t a i n t y . 

Suppose tha t the only i n fo rma t ion about the d i s c r e t e d i s t r i b u t i o n 

that one has can be expressed i n terms o f the set o f expected value c o n ­

s t r a i n t s : 

n 

(36) y j = X P j y j ( i r j ) . f o r j = 1, k; k < n. 

where each y ! i s a r e a l v a l u e d , Bore l - raeasurable f u n c t i o n . 
J 

Suppose t h a t , knowing (36 ) , one wanted to r e v i s e the p r i o r d i s t r i b u ­

t i o n m' t ha t one he ld p r i o r t o knowing any in fo rmat ion (36) . I t seems r e a s o n ­

ab le to choose p' t o be the rev i sed d i s t r i b u t i o n con ta i n i ng the most uncer ­

t a i n t y E ( p ' ) sub jec t to the in fo rmat ion c o n s t r a i n t s (36) . That i s , one would 

choose nonnegative p r o b a b i l i t i e s p^ summing to one and maximiz ing the 

s t r i c t l y concave func t i on (35) sub jec t to the l i n e a r e q u a l i t y c o n s t r a i n t s 

(36 ) . The approach o f choos ing p' to maximize entropy sub jec t to whatever 

i n f o r m a t i o n a l c o n s t r a i n t s the researche r possesses i s termed the Maximum 
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Entropy Formalism (MEF). Note from (35) tha t MEF i s equ i va len t to m in im iz ing 

the v a r i a t i o n o f in format ion l ( p ' [ u n i f o r m ) obta ined when pass i ng from a com­

p le te lack o f i n f o r m a t i o n , i . e . , from the un i fo rm p r i o r d i s t r i b u t i o n m' , t o 

the in fo rmat ion embodied i n (36) . 

A t r i v i a l m o d i f i c a t i o n o f Theorem l 6 . 1 i n Guiasu shows tha t the 

s o l u t i o n maximizing (35) sub jec t t o (36) and the n o r m a l i z a t i o n c o n s t r a i n t i s : 

(37) = z ' ( a ) - V a ^ , ( Y i ) 

(38) z ' ( a ) = I .-«•*• 

i = l 

where the dot denotes the inner product o f the k -vec to r y ' and the vec to r a o f 

Lagrange m u l t i p l i e r s f o r (36) . The measure p' i s a d i s c r e t e ve rs ion o f the 

p o l y c a n o n i c a l d i s t r i b u t i o n . Such a d i s t r i b u t i o n i s "maximal ly noncommi t ta l , " 

i n tha t i t conveys no more i n fo rma t ion than tha t con ta ined i n the e x p l i c i t l y 

recogn ized c o n s t r a i n t s (36) . Any other d i s t r i b u t i o n i m p l i c i t l y con ta ins more 

in fo rmat ion than tha t e x p l i c i t l y r e c o g n i z e d , and i s thus ad hoc . 

When the s t a te space V con ta ins a continuum o f e lements , the a x i o ­

matic r e s u l t o f Kh inch in a l l u d e d to e a r l i e r f a i l s to go th rough . The re fo re , 

the ax iomat ic b a s i s fo r choosing the p o l y c a n o n i c a l d i s t r i b u t i o n as the c o n t i n ­

uous d i s t r i b u t i o n con ta i n i ng the most unce r ta i n t y sub jec t to i n fo rma t ion 

c o n s t r a i n t s i s not p resen t . 

However, the d e s i r a b l e p r o p e r t i e s o f the v a r i a t i o n o f i n fo rmat ion 

(33) mentioned above do not r e q u i r e a d i s c r e t e sample space . So, i t s t i l l 

seems reasonable to choose the d i s t r i b u t i o n p' caus ing the l e a s t v a r i a t i o n o f 

i n fo rmat ion i n moving from a p r i o r m' to p ' , sub jec t t o any i n fo rma t ion c o n ­

s t r a i n t s . Assume that the only in fo rmat ion present i s represented by the 

expected value c o n s t r a i n t s : 
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(39) / M Y 1 )y;(Y' )dm' = yT J = 1, k 
p» J J 

where, on each P , y ' i s a r e a l va l ued , Bore l -measurab le f u n c t i o n . Then, 
J 

m in im iz ing (33) subject to (39 ) , <J> > 0 , and / <|>dm' = 1 , i s equ i va len t to 
f 

maximizing - l ( p ' | m ' ) , dubbed g e n e r a l i z e d en t ropy , sub jec t to these c o n ­

s t r a i n t s . Rep lac ing the d i s c r e t e entropy E by - I , and t r i v i a l l y modi fy ing 

Theorem 1 6 . 1 i n Guiasu: 

(i*o) 4>(Y') = z ' t c t r V 0 ^ ' 

(1*1) z'(ct) = / e " a , y , d m ' 
r* 

(1*2) p ' (E ) = z ' ( c x ) - 1 / e - a , y ' d m ' 
E ' 

Thus, independent o f t heo ry , MEF has d e l i v e r e d the p o l y c a n o n i c a l d i s t r i b u -

127 / 

t i o n . Among d i s t r i b u t i o n s a b s o l u t e l y cont inuous wi th respec t t o m'—-' and 

compat ib le w i th the c o n s t r a i n t s (39) , the p o l y c a n o n i c a l d i s t r i b u t i o n i s the 

one which causes the minimum v a r i a t i o n o f in fo rmat ion from m'. Any o ther 

d i s t r i b u t i o n i m p l i c i t l y imp l i es a b igger change i n i n fo rma t ion than that 

warranted s o l e l y by the e x p l i c i t l y recogn ized c o n s t r a i n t s ( 39 ) , and i s thus ad 

hoc. 

Towards a S t a t i s t i c a l Macrodynamics: E p i l o g 

I t has been argued here in tha t the Gibbs Formal ism prov ides a u s e ­

f u l , t r a c t a b l e means o f f o rmu la t i ng t e s t a b l e hypotheses, a t both the micro and 

macro l e v e l , i n complex, dynamic economic systems. These t e s t a b l e hypotheses 

are formulated from a model o f the economic system tha t f o r c e s the researche r 

t o s p e c i f y on l y : 

( l ) A reasonable dynamic model o f each subsystem's i s o l a t e d b e ­

h a v i o r . Such a model i s conven ien t l y generated by e i t h e r d e t e r -
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m i n i s t i c o r s t o c h a s t i c dynamic o p t i m i z a t i o n based b e h a v i o r a l 

hypotheses, but need not be . 

(2) A measure- theore t ic hypo thes is t ha t the system i s l a r g e r e l a t i v e 

to i t s subsystems, which are i n weak i n t e r a c t i o n w i th one an ­

o t h e r . Th is hypothes is i s on ly necessary when one wishes t o 

formulate t e s t a b l e hypotheses about an i n d i v i d u a l subsystem's 

b e h a v i o r , i . e . , about endogenous micro v a r i a b l e s . 

( 3 ) A measure- theore t ic hypothes is tha t the sys tem's exogenous 

environment i s l a rge r e l a t i v e to the system, and i s i n weak 

i n t e r a c t i o n w i th the system. Th is hypothes is i s only necessary 

when one wants t o formulate t e s t a b l e hypotheses about sys temic 

b e h a v i o r , i . e . , about endogenous macro v a r i a b l e s . 

o r , from the Maximum Entropy Formalism f o r s t a t i s t i c a l i n f e r e n c e , 

(1+) one must s p e c i f y only t h a t the mean va lues o f the conserva t ion 

laws are known. 

A r e j e c t i o n o f t e s t a b l e hypotheses based on the Gibbs Formal ism 

might be remedied by changing the s p e c i f i c a t i o n o f ( l ) , i . e . , by p ropos ing 

a l t e r n a t i v e micro models of subsystem behav io r . Acceptance o f these t e s t a b l e 

hypotheses co r robora tes the co r rec tness o f the s p e c i f i c a t i o n o f ( l ) . 
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Footnotes 

—^See Sargent , Chapter 16 . 

—/see Baumol. 

—^See Sargent , Chapter 16. 

-Lfsee Quirk and Saposn ik , Chapter 6. 

•1/see Samuelson (1972) fo r a summary o f the r e l a t i o n s between 

dynamic op t im i za t i on problems and t h e i r Hami l ton ian fo rmu la t i ons . 

—^See Lucas and P resco t t f o r an example. 

-1/This i s sometimes done by t ime d i f f e r e n t i a t i o n o f s t a t i c e q u i l i ­

br ium c o n d i t i o n s . See, f o r example, Sargen t , Chapter 1. 

i i / s e e Lewis , 

-^ /see T r u e s d e l l . 

2Sl/See the e x c e l l e n t l e c t u r e notes o f Petersen fo r an i n t r o d u c t i o n 

to Ergod ic Theory. 

— ^ S e e Hadley and Kemp, pp. 66-67. 

— ^ S e e Hadley and Kemp, Chapter h. 

-i?_/see C o r n f e l d , Fomin and S i n a i , pp. hf-hB. 

ihJsee Lanford (197k) f o r d e t a i l s o f t h e i r p r o g r e s s . 

l^Jsee Lew is , p. 362. In accord w i th Lew is ' ideas we have i n mind 

the i n t e r p r e t a t i o n ( i i ) on p. 368, i . e . , tha t the i t h subsystem i s i n weak 

i n t e r a c t i o n w i th the N - l o t he rs . The concordance w i th Lew is ' no ta t i on i s as 

f o l l o w s : 

Denote (T . ,A.,T*,m.,y,) = (T• ,A ' ,T ' m ' , y ' ) . 
1 1. % 1 1 T> 

Def ine (r" ,A",T" m",y") = ( II r II A II TJ, U m. , I y J ) . 
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Assume tha t m" i s preserved by T" and tha t y " i s a complete set o f c o n s e r v a -

t i o n laws fo r II T . Then, V and T" are sa id to be i n weak i n t e r a c t i o n i f 

the product measure m' x m" on V x T" i s preserved by T t , and i f y ' + y " i s a 

complete set o f conse rva t i on laws f o r T t on r = I"' x T" . The d e f i n i t i o n o f T" 

being l a r g e r than V i s g iven on p. 3 6 0 . 

— / F i r s t , we must f i n d the Hami l ton ian f o r the genera l c a s e . Be ­

cause U 1 i s assumed s t r i c t l y concave, one can i nve r t p* = d u V d c 1 to ob ta in c* 

= c M p 1 ) . Then, q 1 = a ^ q 1 - c M p 1 ) and H 1 = U 1 + p V = U ^ c M p 1 ) ) + 

p ^ q 1 - p i c i ( p i ) . D i f f e r e n t i a t i n g g i ( q i ) tw ice f o r t h i s gene ra l H 1 shows 

tha t i t i s downward s l o p i n g and s t r i c t l y convex. 

H / S e e K l e i n , p. 1 5 0 . 

-i§Arhese were computed by i n t e g r a t i n g ( 2 6 ) over the rounded ranges 

[ 0 , 5 ] , [ 5 , 1 0 ] , [ 1 0 , 2 0 ] , e t c . , by a Gaussian i n t e g r a t i o n r o u t i n e . 

12./See Lew is , p. 3 6 8 . 

-2^ /See Ash , pp. 3 3 6 - 3 3 7 . 

l i / s e e K e n d a l l and S t u a r t , v o l . 2 , pp. 1*77-1*88. 

See the re ferenced papers o f Jaynes . 

i ^ / s e e W i l s o n . 

—^See Gu iasu , Chapters 1 , 2 and 1 6 . 

^Usee Gu iasu , Chapter 2 , Theorem 2 . 2 . 

—/See K h i n c h i n , Uniqueness Theorem, p. 9« A l s o , see Gu iasu , Chap­

t e r 2 . 

-?-I/The i n v a r i a n t measure m' of our theory was not no rma l i zed . I f 

m ' ( r ' ) < » , as i n our example, then i n t e r p r e t a t i o n o f m' as a p r i o r p r o b a b i l ­

i t y i s c o r r e c t i f we r e i n t e r p r e t m' to be m'/m'(T'). I f m ' ( r ' ) = « , though, 

then we can on ly i n t e r p r e t l ( p ' | m ' ) to be the v a r i a t i o n of i n fo rmat ion o b ­

ta ined when pass ing from the i n v a r i a n t measure m' to the p r o b a b i l i t y measure 
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p ' . As long as <|> i s m'-square i n t e g r a b l e , as assumed, the theorems c i t e d 

the paper are s t i l l v a l i d . 
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