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ABSTRACT

We use a model of pure, intertemporal exchange with spatially and informstion-
ally separated markets to explain the existence of private securities which
¢ireulate and, hence, play a prominent rele in exchange. The model, which
utilizes a perfect foresight equilibrium concept, implies that a Schelling-
type coordination problem can arise. Tt can happen that the amounts of circu-
lating securities that are required to support an equllibrium and that are
issued at the same time in informationally separated markets mat satiafy

restrictions not implied by individual maximization and market c¢learing in

each merket separately.
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1. Tntroduction

A seemingly central observation for monetary economics is that some
objects——often referred to as monles—-appear in exchange mich more frequently
than other objects. In this paper, we present and study a model that gener-
ates a version of this cbservatlion for private securities; in the model, some
securities get traded frequently, or circulate, while others do not. In this
and other respects, the securities in our model resemble historically observed
bills of exchange.

The model that we use to explain the existence of circulating secur-
ities is one of intertemporal trade in spatially and informetionally separated
markets. The assumption that trade occcurs in separate markets has heen used
by Ostroy (1973), Ostroy-Starr (1974), and Parris {1979} to model the trans-
action patterns of commodities, and by Townsend (1980) teo model that of fiat
money. We use it here to model the transaction patterns of private securi-
ties. Adopting that assumption 1is c¢onsistent with the general view that
fruitful theories of the pattern of exchenge and of media of exchange require
settings Iin vhich it is somehow difficult to carry out exchange.

The difficulty of carrying out exchange under our assumpticns shows
up in two distinct ways. Cne is market iocompleteness; 1t can happen that
some physically feasible and beneficial trades cannot be accomplished. This,
as we will see, i3 an obvious implication of our assumptions and does not,
therefore, require extended discussion. The other is mich less obviocus. It
turns out to resemble the problem in a Schelling pure coordination game.

As described by Schelling (1960), a pure coordination game is one in

which there 1s no commnication and ne conflict and in which the problem
facing the players is to choose strategies which are coordinated. In our

model, it can happen that the quantities of securities that are required to
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support an equilibrium and that are issued by individuals at the same time in
spatially and informationally separated rarkets must satisfy restrictions not
implied by individuval maximization and by mrket clearing in each separate
market. In other words, the utllity-maximizing choices of quantities of
securities, the strategles of individuals, are not in general unique, but must
somehow be coordinated across informationally separated markets if they are to
be consistent with the existence of an equilidbrium.

This (coordinaticn) problem arises only in some versions of our
model. In fact, there is a cloge connection between its appearance and the
appearance of circulating securitiea; the problem dees not appear unless there
is a role for circulating securitles. In this sense, the model is consistent
with the widely held view that problems~-perhaps, in the form of chaotic
conditions--sonetimes arise in credit merkets with unregulated issue of pri-
vate securities which play an important role in exchange—lf Although this
view is widely held, there are few, if any, other models that provide an
interpretation of it.gf

Qur presentation is organized as follows. We begin iIn Section 2
with an Introductory description of our model and of the example we use to
display the coordination problems In Section 3, we describe a somewhat gen-
eral class of environments, introduce our notation, and formally describve ocur
equilibrium concept. In Section 4, we establish for ocur example equivalence
between ocur equilibrium and that implied by complete date-location contingent
markets with complete participaticn. In Section 5, we use that equivalence to
dlsplay the transaction patterns of the securities issued. Finally, in Sec-

tion 6, we use it to display the coordination problem.
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2. Preliminary Description: Some Fxample Fconomies

We study set-ups with a finite number of finite lived people who
meet deterministically at prescribed locations and at prescribed times. The
example we focus on 13 an econcmy of four people who meet according to the
pattern laid out in Table 1. Although the coocrdination problem arises only in
the four-pericd version of this setup, in this section we alsc comment on the
two and three period versions of it.

In this example at date 1, persons 1 and 2 are together at location
1, while persons 3 and L are together at location 2. Persons 1 and 4 always

stay at those locations, while persons 2 and 3 switch locations each period.

Table 1: Who Meets Whom When

Location
Date 1 2

1 (1,2) (3,4)
2 (1,3) (2,4)
3 (1,2) (3,%)
b (1,3) (2,4)

As regards commodities or consumption goods, we assume there is one .
commodity for each location-date combination. Equivalently, we assume that
ST T —
/ there iz one good which is indexed by location and date. The set-up is pure

. exchange 1n the usual sense; goods indexed by one location-~date combination
f

! cannot be transformed intc goods Indexed by another location-date combinaticn:
\.\ t that 1s, there is no transpeortatlen, production, or storage technology for

S 1
\\q‘igoods. Letting J denote the number of locations and T the number of dates,

a

5 / the commedity space ha?ﬁfmg;:sio;;) JdT+ We assume that each person gets utility
..17{1. e

from commodities and has positive endowments of commodities in a proper subget
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wvhose elements correspond to the location-date combinations that the person
visits. In Figure 1, we indicate by X'y the subspace of the 2T commodity
space that is relevant in the above sense for each of the persons in the four-

person, four-period economy.

Figure 1-Relevant Commodity Subspaces in the Table 1 Fconormy

Perscn 1 ' Perscon 2 Person 3 Person L
location locatilon location location
2 2 X X 2 X X 2 X ¥ ¥ X
1 X x x X 1 X X 1 X X l
1 2 3 4 1 2 3 b 1 2 3 4 1 2 3 4
date date date date

As regards private securities, we lat the spatial separation limit
trades in securities in what seems to be a natural way. First, at a particular
time, a perscn can only trade securities with someone he or she meets. Second,
although securities can be transported, they can move only with a person.
Finally, we do not allow people to renege on their debts or to counterfeit
others' debts. Securities or debts in ocur model take the form of promises to
pay stated amounts of date and location specific goods. We assume that if the
promise is presented at the relevant date and location, then it is honored.

In order to suggest how these rules and our spatial separation work,

we briefly describe some of their implications for the Table 1 example.
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If T=2--that is, if the economy lasts only two periods--then no trade
i3 possible in the Table 1 economy under our security trading rules. For ex-
ample, person 1 cannot sell a promise to person 2 because person 2 can neither
redeem it at date 2, nor pass it on to person 4, who has no use for it at date
2, the assumed last date. Note In this connection that there i3 a complete
absence—of-double-coincidence in the Table 1 T=2 example; as shown in Flgure 1,
for T=2 no pair of perscons has endowments and cares about a common two dimen-
zional subspace of the commodity space. From what we have Just seen, the kinds
of private securitles we allow do not at all overcome this particular absence-
of-double—coincidence. Note, by the way, that there is potentially something
to overcome In the sense that there can exist redistributions of the endowments
that give rise to allocations Pareto-superior to the endowment allocation. Put
differently, if all four people were together at some time "zero" and traded in
complete (location and date contingent) markets, something we rule out, then
‘the endowment would not necessarily be a competitive equilibrium.

If T=3 in the Table 1 set-up, cur rules are consistent with some
trade in private securities. It is easy to see, however, that only the fol-
lowing kinds of seecurities get traded: persons whoe meet at date 1 can trade
debts due at date 3 when they meet again. For example, person 1 can issue a
promise to pay location 1, date 3 good, a promise that person 2 holds until he
or she again meets person 1. Thus, such securities do not circulate; they do
not get traded in a secondary market and are not used to make third-party pay-
ments. Corresponding to this noneirculating characteristic 1s the fact that
such securities do no more than accomplish trades for which there 1s a double-
coincidences. For example, as 1s clear from Figure 1, persoens 1 and 2 have a
double-coincidence between location 1, date 1 good and location 1, date 3 good.
Note alsc that there remains a degree of market incompleteness in the T=3 econ-

omy. In particular, the two date 2 goods cannot be traded.
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If T = L in the Table 1 economy, then our security trading rules are
consistent not only with the existence of several noncirculating securities,
but alsc with the existence of several circulating securities. At date 1,
person 1 can issue to person 2 a promise to pay location 1, date 4 good. This
promise can be redeemed by being passed from person 2 to person 4 at date 2,
from person 4 to person 3 at date 3, and from person 3 to person 1, the issuer,
at date 4. Similarly, each of persons 2, 3, and 4 can issue at date 1 a prom-
ise of date L4 good at some location. Vhether such securities are in fact is=-

sued 1s one of the questions taken up hbelow.

3. Debt Fquilibria in the General Spatial-Separation Set-Tbp

In this section, we describe the general class of econonies under
consideration and define a competitive debt equilibrium.

We asgume an economy with G persons, each of whom lives T periods.
At each time t, each person g can be paired with some other person or with no
one. These pairings occur at {isolated) locations. Thus, we assume that per-
son g 1s assigned to some location 1 at each time t, and that in that location
there either 13 or is not a single trading partner. We let there be J » G/2
locations.

If person g 1s in location 1 at time t, then he is endowed with some
positive number of units, wft, of the location i, date t consumption goods. For
other locatlon-date combinations, his endowvment is =zero. Let w® denote the
entire JT dimensional endowment vector for person g. Also let cft denote the
nonnegative number of unlts of location i-date t consumption of person g and
let c® denote the entire JT dimensional consumption vector for person g. Pref-
erences of each person g are described by a utility function UB{c3) which is
continuous, concave, and strictly increasing in the T-dimensional subspace that

is relevant for gz.
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We restrict attention to securities that can be redeemed. Thus,
ir d:t’ which is nonnegative, denotes securities issued by person f at time s
to pay dzt units of the consumption good where £ will be at time t, we consider
only triplets (f,s,t) with the property that there is a path or chain of pair-
ings leading from where f i3 at 8 to where £ is at t.

We let pgt(i,u) be the price per unit of d:t at location i, date u in
units of good (i,u). However, we define such a price only for pairs (i,u) that
potentially admlt of a2 nontrivial trade in dit.

ing to determine a price for d:; in a2 market where demnd and supply are iden-

(This allows us to avold hav-

tically zero and also allows us to restrict attentlon to positive prices.)

Thus, suppose h and g meet at (i,u). We say that h is a potential demander

T

of dst at (i,n) if there is a route from h at u to f at t. We say that h is a

f‘
potential supplier of d;t at (i,u) if there is route from f at s to h at u. We

b g

say there is a market in d_, at {1,u) if and only if h is a potential demander

t
and g is a potential supplier at (i,u), or vice versa.

£

We let d:%(i,u) be the excess demand by g at {i,u) for d_,.

In terms

of this notation, our debt trading rules are

t r
zuzsdat(.’u) > 0 for each f

(1)

t

fg
. > LA #
Eu=adst( ,i) > 0 for each t gsand g #

where, in each case, the locations range over those that the demander visits.
The firat inequeallty says that  must end up demanding as much as f issues,
which expresses our no-reneging rule. The second says that g # £ cannot sup-
Ply d:t without having previously acquired it. Finally, as a conventlon, if
there 1s not a market 1in dgt at (i,u), we set d:%(i,u) = 0.

Then, as. budget constraints for any person g, we may write
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(2) w?.u > 1 * ): dst(i’u)pst(i’u)

there being T such constraints, one for each (i,u) that g visits. The summa-
tion in (2) 1s over all securites, all {(f,s,t), :for which a market exists at
{(1,u).

Now, letting d8 denote the vector of debt demands of g over all se-
curities that can be issued, a ve.ctor which has many zeros, we can now give the
following definition of a debt equilibrium or of a competitive, perfect-fore-

sight equilibrium under ocur security trading rules.

Definition: A debt equilibrivm is a specification of consumption and debt
derends--c® and 4% for each g = 1, 2,64+, G=-and positive security prices,

f
Py (t,u), such that
(1) c® and 4® meximize UB(c8) subject to (1) and (2)

g 8 - fg =
(1) Xg(ciu wiu) 0 for each (i,u) and ):gdst(i,u) 0 for each {i,u) and

all potentially redeemable d:t.

Although it may seem strange to be considering competitive (price-
taking) equilibrium in mrkets with only two traders, everything we do also
holds for set-ups in which each of our persons 1s a trader type and in which

there are many traders of each type._E.*!

4, Debt Equilibria and Complete-Markets Fquilibria

In this section we establish equivalence for the Table 1, T=k economy
between the equilibrium allocations and prices of complete date-location con-
tingent markets and the allocations and prices of debt equilibria. This proves
useful in describing the transactlon psttern implications of the theory and the
coordination problem. We begin by showing that any complete-markets equilib-

rium {CME) consumption allocation can be supported by a debt equilibrium (DE).
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To show that any CME can be supported by a DE in the Table 1, T = 4

economy, we start with a given CME. This we describe by individual consumption
g - .8 _ _8

excess demmnds, &5, = C, Wi and by associated prices, Syt (in terms of an

abstract unit of account). These conatitute a CME if they satisfy:

(3) Xizteftsit = 0 for each g
g
(4} Egeit = 0 for each {i,t)

and if, in addition, for each g, the eft's are utility maximizing for g sublect
to (3).

A corresponding DE consists of positive debt prices and nonnegative
market clearing debt quantities such that {a)} the debt quantities and the given
CME e?t's satisfy each person’'s debt budget constraints, and (b} the debt quan-
tities and the given CME e '3 are utility maximizing for each person given

it

those debt prices.

Our first step is to produce candidate debt prices for the Table 1,
T=4 economy. This candidate is produced by mtehing the terms of trade hetween
consumption goods Implied by unconstrained trades in debts to the corresponding
terms of trade given by the CME prices. Thus, for example, for person 1,
pih(l,l) implies a trade between location 1, date 1 good and location 1, date
4 good. (Recall that given our way of measuring debt quantities,
pl (1,4) = 1.) Thus, we let pl (1,1) = s,,/3,,- 1In general, then, each debt
1 ’ 1 147%11 g ’ ’
price i3 taken to be a ratioco of CME prices with the numerator corresponding to

the redemption location-~date and the denomlnator to the location-date of the

current trade.
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For noneirculating debts, then, cur candidate is

(5) (p15(1,1), pJ4(2,1), p3,(1,2), 95,(2,2)) =

L

no(2,1), 75, (1,2), 3, (2,2))) =

(p§3(l,l),

(sy5/8175 Sp3/%51s 34/8150 95,/355)

while for circulating debts, it is

—;ih(l'l)’ 7, (2:2), 2, (2,3) ;;h/sll' S14/%55: slh,32;-

P (1,10, B5,(1,2), (2,30 | sy /5110 oy /5000 95,7505
(6) _

P]3_h(2,1), pih(2,2), pgh(l,:i) slh/szl, Slh/322’ slhf313

p;‘h(&l), p;_*h(l,:a), p;fh(l,fiz_ S, /8510 551,785 50 3214/313_

We can Immediately indicate that this implies that satisfaction of
{a} implies satisf‘action‘ of (b)s To see this, multiply the debt constraint
for e?t {equation (2)) by 84; and sum over i and t. Using (5) and (6), the
result is (3), in which debt quantities do not appear. Thus, at prices given
by (5) and (6), the debt constraints for any person are at least as constrain-

ing as (3). Therefore, 1f we can produce market clearing debt quantities,

d:t's, which make the CME eft's feasible choices subject to the budget con-

straints (2), then they are certainly utility maximizing cholces. That 1is, (a)
implies {b).
To motivate how we produce debt quantities, recall that a CME con-

sists of arbitrary s;.'s and of arbitrary eft's that satisfy (3), (4) and zero

restrictions for those e}, 's that correspond to (i,t)'s that g does not vis-

24
it
it. For the Table 1, T=4 economy, there are 3 + 8 + 16 independent constraints

on the 32 eft's. This leaves us free to choose 5 eft's arbitrarily, but not
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eil and eil cannot both be chosen arbitrarily because (4)
and the zero restrictions imply that these sum to zero. Similarly, eil, eie,

ei3, e}h cannot each be chosen arbitrarily since (3) mst be satisfied. We

any 5. For example,

arrive at candidates for equilibrium debt quantities by finding some that sat-
isfy constraints (1) and (2) and the relevant debt market clearing conditions

for a set of e?, 's that can be chosen arbitrarily.

g
it
For the Table 1, T=4 economy, the following equations are the debt

budget constraints, at prices satisfying (S5) and (6), for 5 eft's that can be

chosen arbitrarily:

(1) ( L L 1 1 1 )'

€512 €200 €170 100 €13/ = Ad
where
E2"3/321 0 0 0 0 0 =s1n/s21 sau/sz;y
O  spu/spp O 0 -sju/spp O su/spp O
A= 0 0 813/511 0 slh,sll -Sehlsll 0 0
0 0 0 syu/s;p 0 spyufs;p O -spu/syp
o

and 4 = (a]3-a3,4,-05, 47 5-03,05, 03, 47, 105, ,43,,47,) "+ ote that zeros
in the A matrix do not denote zero debt prices, tut rather that the particular
debt cannot be traded at the relevant location-date combination. Note also
that the relevant debt market clearing conditions are imposed in equation
(7). Thus, for example, the equilibrium demands for dih at dates 1, 2, and 3
are imposed in the first, second, and fifth equations of (7), respectively.

In order to see that there are nonnegative debt quantities that
satisfy (7) for arbitrary s;,'s and an arbitrary left-hand side (LHS) of (7),

consider an equivalent set of equations obtained by replacing the last equa-

tion of (7) by itself plus a multiple (311/313) of the third equation, namely
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¥ % 01 1 1 1,, _ ,
(8) legysennse o8 1p08 5 (5 /8 5308 ;1" = [A1,R0 A5, 8y, A5+ (51 /51 3)A5] 14

where A; denotes the ith row of the matrix A. VlNote that in each of the first
four equations of (8), there appears (with a non-zero coefficient) a differ-
ence between noncirculating debts which do not appear in any other equation.
Thus, for any quantities of the other debtz, each of the first four equations
can be satisfied by choosing nonnegative quantities of the noncirculating
debts which appear in that equation only. This allows us to choose nonnega-
tive quantities of the circulating debts in any way that satisfies the last

equation of (3), namely
1 1 1 .3 2 I
(9) el3+(311/313)ell'(slh/sl?;) (a7,-a7,) - (521&/513) (a7),-d;y,)

Tquation (9} i3 easily satisfied; if the LHS is positive (negetive), it can be
satisfied by setting at zero all but dih (dih).

Given dedt quantities that satisfy (8}, all that remains is to show
that they, (5) and (6), and the 11 other potentially nonzerc CME e?t's satisfy
the associated debt budget constraints. Two facts imply that they do. First,
if for any g, three debt budget constraints are satisfied at equality {as they
are for person 1), then the fourth is also; note that we have already referred
to the fact that (S) and (f) imply that the debt budget constraints satisfy

(3}, Second, we know that if g and h meet at (i,t), then the debt budget

constraint for eft iz minuz that for e?t. Thus, 1f debt prices and quanti-

ties are such that the debt budget constraint for g implies the CME eft, then
the debt budget constraint for h implies minus the CME e . But by (4), this

it
is the CME value of e?t. This concludes our argument that amy CME for the
Table 1, T=b economy can be supported by a DE.
The converse, that any DE consumption excess derands are also CME

excess demands in the Table 1, T=h economy, is established in the Appendix.
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5« Debt Eguilibrium Transaction Patterns

We now show that most Table 1, T=bL environments imply, rather than
Just permit, the existence of several private securities which play different
roles in exchange. We then describe two ways of summrizing these different
roles.

The coexlistence of circulating and noncirculating privatel debts can
be demonstrated using the equivalence results of section 4. That is, for some
set-ups for vhich DE's and CME's coincide, we now show that some CME's can be
supported only by DE’'s with both eirculating and noncirculating securities.

From (9), if e13+(s /313) 17 ¥ 0» then some circulating debt,

dlllh for some h, must be positive. Notice also that by mltiplying the 5Sth

equation of (7) by 313/521 and subtracting it from the 1lst, we get an equa-

4 1
tion for e21-( $13 /521 )e13

a Table 1, T=h set-up is such that any CME satisfies e +(s Je: % 0 and

13 “11
4 1
e21-( 313 /321)e13 # 0, then every DE for that set-up displays positive amounts
of both clrculating and noncirculating debts.-!i/

that contains c¢nly noncireulating debts. Thus, if

We now describe two ways of summarizing the different exchange roles
played by the different objects in debt equilibria in our set-ups. Cne way is
in terms of a payments matrix (see Clower {1967)); the other is in terms of
transaction velocities.

By a payments matrix we mean an N by N mtrix, where N is the number
of obJects observed in a debt equilibrium, in which the (1,j)=th element is
"1" if obJect i is observed to trade for object } and is "0" otherwise. Thus,
for a Table 1, T=k economy, N equals the number of distinct consumption goods,
8, plus the number of distinct private securities issued in an equilibrium.
And, if the transaction pa.ttern is such that each consumption good gets traded

for one circulating security and one noncirculating security, then there are
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two nonzero elements in each row corresponding to a consumption good or to a
noncireulating debt, and there are four in each row corresponding to a cir-
culating debt. UNote, by the way, that nontrivial spatial set-ups seem not to
produce equilibria in which one object trades for every other object.

By the transaction velocity of an objfect, we mean the ratlo of the
average amount traded per date to the average stock, a pure number per unit
time. For example, for a Table 1, T=k economy, the following transaction
velocity pattern among obJects shows up in a debt equilibrium. For location
1, date t consumption good, the average stock outstanding may be taken to be
the total endowment divided by 4 {at dates other than t, the stock of this
good is zero), while the average amount traded per date {s the amount traded
at t divided by 4. Thus, the transaction velocity is in the interval (O,
1). Computed in a similar way, the transaction velocity of noncirculating
debt in such an economy is 2/3 (such debt is ocutstanding for 3 dates and the
entire stock is traded at two of those dates), while that of cireulating debt
is unity (the maximum possible velocity given ocur choice of time unit).

Thus, either in terms of a payments matrix or In terms of the pat-
tern of transaction velocities across objects, our set-ups can imply different
exchange roles for different obJects and, in particular, za relatively promi-

nent exchange role for what we have been calling circulating debt.

6. The Coordination Problem

Although a debt equilibrium exists in Table 1, T=bt economy, there is
a difficuity in arriving at debt quantities which achieve it. The difficulty
can be described as follows.

Individual equilibrium debt demands are correspondences not funce-

tions; that 1s, when faced with equilibrium debt prices, each of many vectors
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of debt quantities achieves a given equilibrium vector of consumption for each
individual. Of course, not surprisingly, in order to be a debt equilibrium,
the vectors chosen from these individual correspondences mst satisfy a re-
striction. In particular, the quantities of circulating debts must satisfy

equation (9), which we rewrite here as
1 2 _ 3 in
(10) dy = (spy/sgy)dyy, = b+ 4p) = (55, /59,)dy,

1
311/513)911]. Equation (10) says that a linear

function of the circulating debts issued in location 1 must equal a linear

- 1
where b = {513/311¢)[el3 + (

function of those issued in location 2. What distinguishes this situation
from others in which demands are correspondences is that if people in one
location at date 1 do not observe‘the quantities issued in the other location
at date 1, then whether a vector of debt quantities is consistent or inconsis-
tent with equation (10) is not revealed at date 1. Corresponding to any
nonnegative pair of circulating debts issued in location 1-at date 1 is a net
trade of noncirculating debts in location 1 at date 1, a magnitude of dia -
d§3, consistent with the equilibrium date 1, location 1 consumption trade and
with market clearing in the debts traded in location 1 at date 1 (see the
third row of equation (8)). A similar situation prevails in location 2 at
date 1 (see the first row of equation (8)). Only at date 2 and thereafter is
it revealed whether the quantities chosen at date 1 are consistent with equa-
tion (10) and, hence, with equilibrium consumption trades at subsequent dates.

We call this difficulty a coordination problem because arriving at
quantities that satisfy equation (10) calls for commnication across locations
wvhich is precluded by assumption. In that respect, our situation resembles

those described by Schelling (1960) as giving rise to coordination problems.

The absence of communication across locations is, by the way, consistent with
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one interpretation of our concept of a perfect foresight equilibrium. That
concept can be interpreted to mean that each person knows the endowments and
preferences of each other person and, hence, knows the equilibrium consumption
excess demands and debt prices. Such knowledge I1s consistent with people in
one location not knowing the debt quantities issued in the other location.

Qur coordination problem bears some resemblance to & result obtained
Yy Ostroy (1973) and Ostroy-Starr (1974) in their study of the decentral-
ization of exchange. In thelr model, knowledge of equilibrium prices of
commodities 1s not enough to guide people to the trades that produce the
equlliibrium allocation in one round of dilateral trading if the trading rules
are infermationally decentralized. In our model, knowledge of current and
future equilibrium prices of securities is not encugh to guide people to the
quantities of securities required to support an equilibrium if security trans-
actions 1in other mrkets are not chbserved. Of course, both private debt in
our model and money in thelr model alleviate a quid pro quo requirement and
facilitate the attainment of equilibrium. There 13 a sense, though, in which
the monetary exchange precess 1z informetionally centralized in their model.
It requires that budget baiance information be transmitted to a monetary
anthority or requires that there be implicit agreement about which commodity
is to be used to cover budget deficits and surpluses. One interpretation of
our coordinaticn problem is that a debt equilibrium also requires centraliza-

tion.

7. Concluding Remarks

A3 promised, we have described a class of environments which iIn
general gives rise to private securities which circulate. The crucial feature

in our environments is separated or segmented markets among which people move
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over time. We have also demonstrated that in some of the environments in
which circulating securities appear a problem also appears, a problem which
resembles a Schelling coordination problem. Since there is nothing particu-
larly strange about our physical environment or our security trading rules and
equilibrium concept, we think the model shows promise as an explanation for
why actual credit merkets appear not to work well at times. However, except
for breaking down barriers to commnication, the model does not suggest to us

any way of solving the coordination problem.
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Appendix

Here we prove for the Table 1, =L economy that any DE consumption
excess demands are also CME consumption excess demands.

Since the DE eit's are market clearing--that is, satisfy (4)--we

have to show only that the debt budget constraints are equivalent to (3) for

some choice of sit's; if we can establish that equivalence, then it follows

that the DE eft's are utility maximizing subject to (3).

The debt budget constraints for person 1 in the Table 1, T=4 economy

can be written

SR | | 1 21 2
e, = -d13(l,1)p13(1,1) - dl3(1,1)p13(1,1)
= d%t(l,l)pih(l,l) = dfi(l,l)pih(l,l)
i. A3 1 31 3
&, = —dzh(1,2)p2h(l,2) - deh(1,2)p2h(l,2)
21 2 41 N
- 47, (1,2)p7,, (1,2) - d};(1,2)p,), (1,2)
1

1]
[}

11 21 31 3 41 Y
13 -d13(1,3) - d13(1,3) - dlh(l,B}Plh(l,3) - dlh(l,B)plh(l,3)

_o11 31 11 31

[
H
=

|

Let us add and subtract di;(l,l)piB’(l,lJ on the RHS of the first

equation, so that the sum-Id;"-lL(l,l) + dgé(l,l)]appears. Note that the sum

1
3

equal to each other because at any debt prices, debt demands satisfy

1
3

[di;(l,l) + di;(l,l)] is unconstrained (as to sign). These facts imply that

Idi%(l,B) + di (1,3)] appears in the third equation and that these sums are

11 = A 21 21

d13(1'l) -4y (1,3) and d13(1,1) = -dl3(l,3)- Moreover, the sum
the first and third equations are no more constraining than the single equa-
tion that results from substituting for that sum from the 3rd equation into

the first to produce
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(1) i + p13(1 1)e (1 1)Ip 5(1,1) - pl3(1 1)]

- dii(l,l)p%h(l,l) - d?t(l,l)pfhfl,l)
- dlh(l 3)P1h(1 3)p13(1 1} - d L1 3)P1u(1 3)P1h(1 3)p13(1 1)

An exactly sanalogous procedure allows us to combine the second and fourth
equations into the following single equation which 1s no less constraining

than those separate equations,

1

1 1 _ 31,1 3 21 2
(11) e, + Py (1,2)ey, = d35;0p;) (1,2)-p;), (2,2)] ~ al}(1,2)p7,(1,2)

- ab(1,2)p),(1,2) - ph, (1,2) [ah (1,0)+a3) (1,0)]

Now consider the first term on the RHS of (i), If the price differ-

ence that multiplies d%

that cannot be an equllibrium choice, 1t follows that the DE prices satisfy

(1,1) is positive, then df%(l,l) is infinite. Since

p13(1 1) < pl3(1 1); that is, arbitrage is not possible for person 1 in the
debts di3 and d§3. And sinee an analogous manipulation of the debt budget
censtraint for person 2 implies the reverse inequality, 1t follows that DE
prices satisfy 1313(1 1) = p§3(1,1). In addition, exactly the same reasoning
allows us to conclude that the DE prices satisfy the entire first equality of
equation (5).

We now proceed to combine (1) and (i1i) into a single constraint that
s no less constraining than btoth (i) and (ii). Pirst, add and subtract
d31(l 3)p1h(1 1) on the RHS of (1) so that the sum dlh(l 1) + d3h(1 3) appears
in  (i). This sum of demnds is equal at any debt prices to
-[dii(l,h) + dii(l,h)], which appears in (ii). Moreover, this sum is uncon-

strained, implying that the equaticn which results from eliminating it between

(1) and (i1} is no less constraining than both (i) and (ii). This single
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equation, which we will not write out, has the following form: a linear
combination of person 1l's excess demands for consumption 1is equal to a linear
combination of person 1's debt demands.

By an argument similar to that used above +to establish that DE
prices satisfy the first equality of equation {(5)--an argument that uses the
analogues of (i) and (ii} for perscns 2, 3, and U--it follows that the DE
pricea must be such that the coefficient of each debt demand is zero; that is,
intertemporal arbitrage among the variocus debts mist not be pessible for any-~
one. These restrictions on coefficlents of debt demands are the ones needed
in order to be able to choose s;y,'s to satisfy equation (). And such cholces
for s;y's imply equivalence between the debt constraints and (3).

To summerize, we have indicated how to manipulate the de-bt budget
conatraints for the Table 1, T=4 economy so as to establish two results. The
#irgt is that security prices in a DE for that economy are constrained so that
we can choose sy,'s to satisfy (5) and (6). Second, with that choice of
sit's, debt constraints are equivalent to (3) so that the e};t's that are
utility maximizing sub]ect to the debt constraints are alsc utility maximizing
subject to (3). These results imply that any DE is a CME in the Table 1, T=

CCONOMY »
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Footnotes

i’See, for example, Friedman's comments about private bank note
issue and unfettered intermediation (1960, pages 21 and 108).

g/ For two recent attempts mich different from ours, see Bryant
(1981), and Diamond and Dybvig (1983).

-3-/See Townsend-Wallace (1982) for a proof that every economy in the
class described has a debt equilibrium. One reason for not including the
proof in this version is that we do not use the existence result here. The
proof shows that our debt equilibrium construet is applicable to a broad class
of economies.

i’Coexistence of circulating and noncirculating securities can occur
even if there is not a coincidence between DE's and CME's. See Townsend-

Wallace (1982) for an example.



- 22 -

References

Bryant, John. 198l1. Bank collapsa and depression. Journal of Yoney, Credit,

and Banking 13 (Hovember): Uu5h.€k.
Clower, Robert., 1967. A reconsideration of the nicrofoundations of monetary

theory. Western Economie Journal 6 {December): 1-8.

Diamond, Douglas and Dybvig, Philip. 1983. Bank runs, deposit insurance, and

liquidity. Journal of Political Economy, 91 (June): LOl.19.

Friedman, Milton. 1960. A Program for Yonetary Stability New York: Fordham

University Press.
Harris, Milton. 1979. Expectations and money in a dynamic exchange econ-

omy. Fconometrica 47 {Movember): 1403-20.

Catroy, Joseph M. 1973. The informational efficiency of monetary exchange.

American Economic Review 63 (September): 597-610.

Ostroy, Joseph M. and Starr, Ross M. 1974. Money and the decentralization of

exchange. Econometrica 42 (Wovember): 1093-113.

Schelling, Thomas. 1960. The Strategy of Conflict. Cambridge: Harvard

University.
Townsend, Fobert. 1980. Models of Money With Spatially Separated Agents.

odels of Monetary Economiesa, ed. John Kareken and Neil Wallace. Federal

Reserve Pank of Minneapolis. 265-303.
Townsend, Robert and Wallace, Neil. 1982. A model of circulating private
debt. Staff Report 83, Federal Reserve Zank of Minneapolls Research

Department.



