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ABSTRACT 

We u s e a model o f p u r e , i n t e r t e m p o r a l exchange w i t h s p a t i a l l y and i n f o r m a t i o n -

a l l y s e p a r a t e d marke ts t o e x p l a i n t he e x i s t e n c e o f p r i v a t e s e c u r i t i e s w h i c h 

c i r c u l a t e a n d , h e n c e , p l a y a p rominen t r o l e i n e x c h a n g e . The m o d e l , w h i c h 

u t i l i z e s a p e r f e c t f o r e s i g h t e q u i l i b r i u m c o n c e p t , i m p l i e s t h a t a S c h e l l i n g -

t y p e c o o r d i n a t i o n p r o b l e m can a r i s e . I t can happen t h a t t h e amounts o f c i r c u ­

l a t i n g s e c u r i t i e s t h a t a r e r e q u i r e d t o suppo r t an e q u i l i b r i u m and t h a t a r e 

i s s u e d a t the same t i m e i n i n f o r m a t i o n a l l y s e p a r a t e d marke ts must s a t i s f y 

r e s t r i c t i o n s no t i m p l i e d by i n d i v i d u a l m a x i m i z a t i o n and market c l e a r i n g i n 

each market s e p a r a t e l y . 

'<. • ' 

*k v e r s i o n o f t h i s p a p e r e n t i t l e d "A Mode l o f C i r c u l a t i n g P r i v a t e D e b t " was 
p r e s e n t e d a t t he E c o n o m e t r i c S o c i e t y Summer M e e t i n g , C o r n e l l U n i v e r s i t y , June 
16-19, 1982 and a t s e m i n a r s a t MIT , t h e U n i v e r s i t y o f C h i c a g o , C a r n e g i e - M e l l o n 
U n i v e r s i t y , and t h e U n i v e r s i t y o f M i n n e s o t a . H e l p f u l comments f rom t h e p a r ­
t i c i p a n t s o f t h e s e s e m i n a r s and f rom A l v i n Roth a r e g r a t e f u l l y a c k n o w l e d g e d . 
We a r e i n d e b t e d t o t he F e d e r a l Reserve Bank o f M i n n e a p o l i s f o r f i n a n c i a l 
s u p p o r t . However , t h e v i ews e x p r e s s e d a r e t h o s e o f t h e a u t h o r s and no t t h o s e 
o f t h e Bank o r the F e d e r a l R e s e r v e Sys tem. 



1. I n t r o d u c t i o n 

A seem ing l y c e n t r a l o b s e r v a t i o n f o r monetary economics i s t h a t some 

o b j e c t s — o f t e n r e f e r r e d t o a s m o n i e s — a p p e a r i n exchange much more f r e q u e n t l y 

t h a n o t h e r o b j e c t s . I n t h i s p a p e r , we p r e s e n t and s tudy a model t h a t g e n e r ­

a t e s a v e r s i o n o f t h i s o b s e r v a t i o n f o r p r i v a t e s e c u r i t i e s ; i n t he m o d e l , some 

s e c u r i t i e s get t r a d e d f r e q u e n t l y , o r c i r c u l a t e , w h i l e o t h e r s do n o t . I n t h i s 

and o t h e r r e s p e c t s , t h e s e c u r i t i e s i n ou r model r esemb le h i s t o r i c a l l y o b s e r v e d 

b i l l s o f exchange. 

The model t h a t we u s e t o e x p l a i n t h e e x i s t e n c e o f c i r c u l a t i n g s e c u r ­

i t i e s i s one o f i n t e r t e m p o r a l t r a d e i n s p a t i a l l y and i n f o r m a t i o n a l l y s e p a r a t e d 

m a r k e t s . The a s s u m p t i o n t h a t t r a d e o c c u r s i n s e p a r a t e marke ts has been used 

by O s t r o y ( 1 9 7 3 ) , O s t r o y - S t a r r ( 1 9 7 4 ) , and F a r r i s (1979) t o model t he t r a n s ­

a c t i o n p a t t e r n s o f c o m m o d i t i e s , and by Townsend (1980) t o model t h a t o f f i a t 

money. We u s e i t h e r e t o model t h e t r a n s a c t i o n p a t t e r n s o f p r i v a t e s e c u r i ­

t i e s . A d o p t i n g t h a t a s s u m p t i o n i s c o n s i s t e n t w i t h t he g e n e r a l v i e w t h a t 

f r u i t f u l t h e o r i e s o f t h e p a t t e r n o f exchange and o f media o f exchange r e q u i r e 

s e t t i n g s i n wh ich i t i s somehow d i f f i c u l t t o c a r r y ou t exchange . 

The d i f f i c u l t y o f c a r r y i n g ou t exchange under ou r a s s u m p t i o n s shows 

u p i n two d i s t i n c t ways. One i s market i n c o m p l e t e n e s s ; i t can happen t h a t 

some p h y s i c a l l y f e a s i b l e and b e n e f i c i a l t r a d e s canno t be a c c o m p l i s h e d . T h i s , 

a s we w i l l s e e , i s an o b v i o u s i m p l i c a t i o n o f ou r a s s u m p t i o n s and does n o t , 

t h e r e f o r e , r e q u i r e ex tended d i s c u s s i o n . The o t h e r i s much l e s s o b v i o u s . I t 

t u r n s ou t t o resemb le t h e p rob lem i n a S c h e l l i n g pure c o o r d i n a t i o n game. 

As d e s c r i b e d by S c h e l l i n g (1960), a p u r e c o o r d i n a t i o n game i s one i n 

w h i c h t h e r e i s no commun ica t i on and no c o n f l i c t and i n w h i c h t he p rob lem 

f a c i n g t he p l a y e r s i s t o choose s t r a t e g i e s w h i c h a r e c o o r d i n a t e d . In o u r 

m o d e l , i t can happen t h a t t he q u a n t i t i e s o f s e c u r i t i e s t h a t a r e r e q u i r e d to 
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s u p p o r t an e q u i l i b r i u m and t h a t a r e i s s u e d by i n d i v i d u a l s a t t h e same t i m e i n 

s p a t i a l l y and i n f o r m a t i o n a l l y s e p a r a t e d marke ts must s a t i s f y r e s t r i c t i o n s no t 

i m p l i e d by i n d i v i d u a l m a x i m i z a t i o n and by market c l e a r i n g i n each s e p a r a t e 

m a r k e t . I n o t h e r wo rds , t he u t i l i t y - m a x i m i z i n g c h o i c e s o f q u a n t i t i e s o f 

s e c u r i t i e s , t h e s t r a t e g i e s o f i n d i v i d u a l s , a r e no t i n g e n e r a l u n i q u e , bu t must 

somehow be c o o r d i n a t e d a c r o s s i n f o r m a t i o n a l l y s e p a r a t e d marke ts i f they a r e to 

be c o n s i s t e n t w i t h t h e e x i s t e n c e o f an e q u i l i b r i u m . 

T h i s ( c o o r d i n a t i o n ) p r o b l e m a r i s e s o n l y i n some v e r s i o n s o f o u r 

m o d e l . In f a c t , t h e r e i s a c l o s e c o n n e c t i o n between i t s a p p e a r a n c e and t h e 

a p p e a r a n c e o f c i r c u l a t i n g s e c u r i t i e s ; t h e p rob lem does no t a p p e a r u n l e s s t h e r e 

i s a r o l e f o r c i r c u l a t i n g s e c u r i t i e s . In t h i s s e n s e , t h e mode l i s c o n s i s t e n t 

w i t h t h e w i d e l y h e l d v iew t h a t p r o b l e m s — p e r h a p s , i n t he form o f c h a o t i c 

c o n d i t i o n s — s o m e t i m e s a r i s e i n c r e d i t marke ts w i t h u n r e g u l a t e d i s s u e o f p r i ­

v a t e s e c u r i t i e s wh ich p l a y an i m p o r t a n t r o l e i n e x c h a n g e . ! / A l t h o u g h t h i s 

v i ew i s w i d e l y h e l d , t h e r e a r e few , i f a n y , o t h e r models t h a t p r o v i d e an 

P / 

i n t e r p r e t a t i o n o f i t -=- ' 

Our p r e s e n t a t i o n i s o r g a n i z e d a s f o l l o w s . We b e g i n i n S e c t i o n 2 

w i t h an i n t r o d u c t o r y d e s c r i p t i o n o f ou r model and o f t h e example we use t o 

d i s p l a y t h e c o o r d i n a t i o n p r o b l e m . In S e c t i o n 3 , we d e s c r i b e a somewhat g e n ­

e r a l c l a s s o f e n v i r o n m e n t s , i n t r o d u c e ou r n o t a t i o n , and f o r m a l l y d e s c r i b e o u r 

e q u i l i b r i u m c o n c e p t . I n S e c t i o n 3, we e s t a b l i s h f o r ou r example e q u i v a l e n c e 

between ou r e q u i l i b r i u m and t h a t i m p l i e d by c o m p l e t e d a t e - l o c a t i o n c o n t i n g e n t 

marke ts w i t h comp le te p a r t i c i p a t i o n . I n S e c t i o n 5, we use t h a t e q u i v a l e n c e t o 

d i s p l a y t h e t r a n s a c t i o n p a t t e r n s o f t h e s e c u r i t i e s i s s u e d . F i n a l l y , i n S e c ­

t i o n 6, we use i t t o d i s p l a y t he c o o r d i n a t i o n p r o b l e m . 
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2 . P r e l i m i n a r y D e s c r i p t i o n : Some Example Economies 

We s t u d y s e t - u p s w i t h a f i n i t e number o f f i n i t e l i v e d p e o p l e who 

meet d e t e r m i n i s t i c a l l y a t p r e s c r i b e d l o c a t i o n s and a t p r e s c r i b e d t i m e s . The 

example we f ocus on i s an economy o f f o u r p e o p l e who meet a c c o r d i n g t o t h e 

p a t t e r n l a i d ou t i n T a b l e 1 . A l t h o u g h t h e c o o r d i n a t i o n p r o b l e m a r i s e s o n l y i n 

t h e f o u r - p e r i o d v e r s i o n o f t h i s s e t u p , i n t h i s s e c t i o n we a l s o comment on t h e 

two and t h r e e p e r i o d v e r s i o n s o f i t . 

I n t h i s example a t da te 1, p e r s o n s 1 and 2 a r e t o g e t h e r a t l o c a t i o n 

1, w h i l e p e r s o n s 3 and h a r e t o g e t h e r a t l o c a t i o n 2 . P e r s o n s 1 and k a l w a y s 

3tay a t t h o s e l o c a t i o n s , w h i l e p e r s o n s 2 and 3 s w i t c h l o c a t i o n s each p e r i o d . 

T a b l e 1: Who Meets Whom When 

L o c a t i o n 

Date _1 2 

1 ( 1 , 2 ) (3 ,10 

2 ( 1 , 3 ) ( 2 ,U ) 

3 ( 1 , 2 ) (3,h) 

h ( 1 , 3 ) ( 2 , M 

As r e g a r d s commod i t i e s o r c o n s u m p t i o n g o o d s , we assume t h e r e i s one 

commodity f o r each l o c a t i o n - d a t e c o m b i n a t i o n . E q u i v a l e n t l y , we assume t h a t 

t h e r e i s one good w h i c h i s i n d e x e d by l o c a t i o n and d a t e . The s e t - u p i s pu re 

exchange i n t h e u s u a l s e n s e ; goods i n d e x e d by one l o c a t i o n - d a t e c o m b i n a t i o n 

canno t be t r a n s f o r m e d i n t o goods i n d e x e d by a n o t h e r l o c a t i o n - d a t e c o m b i n a t i o n ; 

j t h a t i s , t h e r e i s no t r a n s p o r t a t i o n , p r o d u c t i o n , o r s t o r a g e t e c h n o l o g y f o r 
i 

^ g o o d s . L e t t i n g J deno te t h e number o f l o c a t i o n s and T t he number o f d a t e s , 

t h e commodity space has dimension J T . We assume t h a t each pe rson g e t s u t i l i t y 

f rom co m mod i t i e s and has p o s i t i v e endowments o f commod i t i e s i n a p r o p e r s u b s e t 
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whose e lemen ts c o r r e s p o n d t o t he l o c a t i o n - d a t e c o m b i n a t i o n s t h a t t h e p e r s o n 

v i s i t s . In F i g u r e 1 , we i n d i c a t e by X ' s t he subspace o f t he 2T commodi ty 

space t h a t i s r e l e v a n t i n t h e above s e n s e f o r each o f t h e p e r s o n s i n t he f o u r -

p e r s o n , f o u r - p e r i o d economy. 

F i g u r e 1 - R e l e v a n t Commodity Subspaces i n t h e T a b l e 1 Economy 

Pe rson 1 

l o c a t i o n 

P e r s o n 2 P e r s o n 3 P e r s o n h 

l o c a t i o n l o c a t i o n l o c a t i o n 

X X X X 

1 2 3 U 
da te 

1 2 3 b 
d a t e 

X X X X 

1 2 3 U 
da te 

1 2 3 1* 
d a t e 

As r e g a r d s p r i v a t e s e c u r i t i e s , we l e t t he s p a t i a l s e p a r a t i o n l i m i t 

t r a d e s i n s e c u r i t i e s i n what seems t o be a n a t u r a l way. F i r s t , a t a p a r t i c u l a r 

t i m e , a pe r son can o n l y t r a d e s e c u r i t i e s w i t h someone he o r she mee ts . S e c o n d , 

a l t h o u g h s e c u r i t i e s can be t r a n s p o r t e d , t hey can move o n l y w i t h a p e r s o n . 

F i n a l l y , we do not a l l o w p e o p l e t o renege on t h e i r debts o r t o c o u n t e r f e i t 

o t h e r s ' d e b t s . S e c u r i t i e s o r d e b t s i n ou r model t a k e t h e fo rm o f p r o m i s e s t o 

pay s t a t e d amounts o f da te and l o c a t i o n s p e c i f i c g o o d s . We assume t h a t i f t h e 

p rom ise i s p r e s e n t e d a t t h e r e l e v a n t d a t e and l o c a t i o n , t hen i t i s h o n o r e d . 

I n o r d e r t o sugges t how t h e s e r u l e s and ou r s p a t i a l s e p a r a t i o n work , 

we b r i e f l y d e s c r i b e some o f t h e i r i m p l i c a t i o n s f o r t h e T a b l e 1 e x a m p l e . 
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I f T=2—that i s , i f t h e economy l a s t s o n l y two p e r i o d s — t h e n no t r a d e 

i s p o s s i b l e i n t he T a b l e 1 economy u n d e r ou r s e c u r i t y t r a d i n g r u l e s . F o r e x ­

a m p l e , p e r s o n 1 canno t s e l l a p r o m i s e t o p e r s o n 2 b e c a u s e p e r s o n 2 can n e i t h e r 

redeem i t a t da te 2 , no r p a s s i t on t o pe r son U, who has no u s e f o r i t a t da te 

2 , t h e assumed l a s t d a t e . Note i n t h i s c o n n e c t i o n t h a t t h e r e i s a c o m p l e t e 

a b s e n c e - o f - d o u b l e - c o i n c i d e n c e i n t h e T a b l e 1 T=2 e x a m p l e ; a s shown i n F i g u r e 1 , 

f o r T=2 no p a i r o f p e r s o n s has endowments and c a r e s abou t a common two d i m e n ­

s i o n a l subspace o f t h e commodity s p a c e . From what we have J u s t s e e n , t he k i n d s 

o f p r i v a t e s e c u r i t i e s we a l l o w do no t a t a l l overcome t h i s p a r t i c u l a r a b s e n c e -

o f - d o u b l e - c o i n c i d e n c e . N o t e , by t he way, t h a t t h e r e i s p o t e n t i a l l y someth ing 

t o overcome i n t h e sense t h a t t h e r e can e x i s t r e d i s t r i b u t i o n s o f t h e endowments 

t h a t g i v e r i s e t o a l l o c a t i o n s P a r e t o - s u p e r i o r t o t he endowment a l l o c a t i o n . Pu t 

d i f f e r e n t l y , i f a l l f o u r p e o p l e were t o g e t h e r a t some t i m e " z e r o " and t r a d e d i n 

c o m p l e t e ( l o c a t i o n and da te c o n t i n g e n t ) m a r k e t s , someth ing we r u l e o u t , then 

t h e endowment wou ld no t n e c e s s a r i l y b e a c o m p e t i t i v e e q u i l i b r i u m . 

I f T=3 i n t h e T a b l e 1 s e t - u p , o u r r u l e s a r e c o n s i s t e n t w i t h some 

t r a d e i n p r i v a t e s e c u r i t i e s . I t i s easy t o s e e , however , t h a t o n l y t h e f o l ­

l o w i n g k i n d s o f s e c u r i t i e s ge t t r a d e d : p e r s o n s who meet a t da te 1 can t r a d e 

d e b t s due a t d a t e 3 when t h e y meet a g a i n . F o r examp le , p e r s o n 1 can i s s u e a 

p r o m i s e t o pay l o c a t i o n 1 , da te 3 g o o d , a p rom ise t h a t p e r s o n 2 h o l d s u n t i l he 

o r she a g a i n meets p e r s o n 1 . T h u s , s u c h s e c u r i t i e s do no t c i r c u l a t e ; t h e y do 

no t ge t t r a d e d i n a secondary market and a r e no t used t o make t h i r d - p a r t y p a y ­

ments . C o r r e s p o n d i n g t o t h i s n o n c i r c u l a t i n g c h a r a c t e r i s t i c i s t h e f a c t t h a t 

s u c h s e c u r i t i e s do no more than a c c o m p l i s h t r a d e s f o r wh i ch t h e r e i s a d o u b l e -

c o i n c i d e n c e . F o r examp le , a s i s c l e a r f rom F i g u r e 1 , p e r s o n s 1 and 2 have a 

d o u b l e - c o i n c i d e n c e between l o c a t i o n 1, da te 1 good and l o c a t i o n 1 , da te 3 g o o d . 

Note a l s o t h a t t h e r e rema ins a deg ree o f market i n c o m p l e t e n e s s i n t h e T=3 e c o n ­

omy. I n p a r t i c u l a r , t he two da te 2 goods canno t be t r a d e d . 
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I f T = h i n t h e T a b l e 1 economy, t h e n ou r s e c u r i t y t r a d i n g r u l e s a r e 

c o n s i s t e n t no t o n l y w i t h t h e e x i s t e n c e o f s e v e r a l n o n c i r c u l a t i n g s e c u r i t i e s , 

bu t a l s o w i t h t h e e x i s t e n c e o f s e v e r a l c i r c u l a t i n g s e c u r i t i e s . At d a t e 1 , 

p e r s o n 1 can i s s u e t o p e r s o n 2 a p r o m i s e t o pay l o c a t i o n 1 , da te k g o o d . T h i s 

p rom ise can be redeemed by b e i n g p a s s e d f rom p e r s o n 2 t o p e r s o n h a t d a t e 2 , 

f r om p e r s o n h t o pe r son 3 a t da te 3 , and f rom pe rson 3 t o p e r s o n 1 , t h e i s s u e r , 

a t da te U. S i m i l a r l y , e a c h o f p e r s o n s 2 , 3 , and U can i s s u e a t da te 1 a p rom­

i s e o f da te k good a t some l o c a t i o n . Whether such s e c u r i t i e s a r e i n f a c t i s ­

sued i s one o f t h e q u e s t i o n s t a k e n up b e l o w . 

3 . Debt E q u i l i b r i a i n t h e G e n e r a l S p a t i a l - S e p a r a t i o n S e t - U p 

In t h i s s e c t i o n , we d e s c r i b e t he g e n e r a l c l a s s o f economies under 

c o n s i d e r a t i o n and d e f i n e a c o m p e t i t i v e debt e q u i l i b r i u m . 

We assume an economy w i t h G p e r s o n s , each o f whom l i v e s T p e r i o d s . 

At each t i m e t , each p e r s o n g can be p a i r e d w i t h some o t h e r p e r s o n o r w i t h no 

one . These p a i r i n g s o c c u r a t ( i s o l a t e d ) l o c a t i o n s . T h u s , we assume t h a t p e r ­

son g i s a s s i g n e d t o some l o c a t i o n i a t each t i m e t , and t h a t i n t h a t l o c a t i o n 

t h e r e e i t h e r i s o r i s not a s i n g l e t r a d i n g p a r t n e r . We l e t t h e r e be J > G / 2 

l o c a t i o n s . 

I f pe r son g i s i n l o c a t i o n i a t t ime t , t hen he i s endowed w i t h some 

p o s i t i v e number o f u n i t s , w* , o f t h e l o c a t i o n i , d a t e t c o n s u m p t i o n g o o d . F o r 
IX 

o t h e r l o c a t i o n - d a t e c o m b i n a t i o n s , h i s endowment i s z e r o . L e t w 2 deno te t h e 

e n t i r e JT d i m e n s i o n a l endowment v e c t o r f o r p e r s o n g . A l s o l e t c ? ^ deno te t h e 

n o n n e g a t i v e number o f u n i t s o f l o c a t i o n i - d a t e t c o n s u m p t i o n o f p e r s o n g and 

l e t c ^ deno te t h e e n t i r e J T d i m e n s i o n a l consumpt ion v e c t o r f o r p e r s o n g . P r e f ­

e r e n c e s o f each p e r s o n g a r e d e s c r i b e d by a u t i l i t y f u n c t i o n U s ( c & ) w h i c h i s 

c o n t i n u o u s , c o n c a v e , and s t r i c t l y i n c r e a s i n g i n t he T - d i m e n s i o n a l subspace t h a t 

i s r e l e v a n t f o r g . 



- 7 -

We r e s t r i c t a t t e n t i o n t o s e c u r i t i e s t h a t can be redeemed . T h u s , 

i f , v h i c h i s n o n n e g a t i v e , deno tes s e c u r i t i e s i s s u e d by p e r s o n f a t t i m e s sx 

t o pay d ^ t u n i t s o f t he consumpt ion good where f w i l l be a t t i m e t , we c o n s i d e r 

o n l y t r i p l e t s ( f , s , t ) w i t h t he p r o p e r t y t h a t t h e r e i s a p a t h o r c h a i n o f p a i r ­

i n g s l e a d i n g f r om where f i s a t s t o where f i s a t t . 

We l e t p s t ( i , u ) b e t he p r i c e p e r u n i t o f d . a t l o c a t i o n i , da te u i n 

u n i t s o f good ( i , u ) . However , we d e f i n e such a p r i c e o n l y f o r p a i r s ( i , u ) t h a t 

p o t e n t i a l l y admi t o f a n o n t r i v i a l t r a d e i n d . ( T h i s a l l o w s us t o a v o i d hav -
s * 

f 

i n g t o d e t e r m i n e a p r i c e f o r d g i f c i n a market where demand and s u p p l y a r e i d e n ­

t i c a l l y z e r o and a l s o a l l o w s us t o r e s t r i c t a t t e n t i o n t o p o s i t i v e p r i c e s . ) 

T h u s , suppose h and g meet a t ( i , u ) . We say t h a t h i s a p o t e n t i a l demander 

o f d a t ( i , u ) i f t h e r e i s a r o u t e f rom h a t u t o f a t t . We say t h a t h i s a 
S t 

f / ^ p o t e n t i a l s u p p l i e r o f d " a t ( i , u ; i f t h e r e i s r o u t e from f a t 3 t o h a t u . We 
3X1 

s a y t h e r e i s a market i n d f . a t ( i , u ) i f and o n l y i f h i s a p o t e n t i a l demander 

and g i s a p o t e n t i a l s u p p l i e r a t ( i , u ) , o r v i c e v e r s a . 

We l e t d j ( i , u ) be t he e x c e s s demand by g a t ( i , u ) f o r d . In terms 

o f t h i s n o t a t i o n , ou r debt t r a d i n g r u l e s a r e 

t 
c ' f f 

'-u=s 
(1 ) 

d . ( « , u ) > 0 f o r each f L\x=s s t ' 

I _ d f ? ( « , u ) > 0 f o r each t* » s and g * f 
U—S ST* 

w h e r e , i n each c a s e , t he l o c a t i o n s range o v e r t h o s e t h a t t h e demander v i s i t s . 

The f i r s t i n e q u a l i t y says t h a t f must end up demanding a s much a s f i s s u e s , 

w h i c h e x p r e s s e s ou r n o - r e n e g i n g r u l e . The second says t h a t g * f canno t s u p -

f 

p l y d g t w i t h o u t h a v i n g p r e v i o u s l y a c q u i r e d i t . F i n a l l y , a s a c o n v e n t i o n , i f 

t h e r e i s no t a market i n d f a t ( i , u ) , we s e t d f f ( i , u ) 3 0 . 

Then , a s budget c o n s t r a i n t s f o r any p e r s o n g , we may w r i t e 
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( 2 ) * ! u > C f u + I < l ^ K t ^ 

t h e r e b e i n g T such c o n s t r a i n t s , one f o r each ( i , u ) t h a t g v i s i t s . The summa­

t i o n i n (2) i s o v e r a l l s e c u r i t e s , a l l ( f , s , t ) , . ' for w h i c h a market e x i s t s a t 

( i , u ) . 

Now, l e t t i n g d g deno te t h e v e c t o r o f debt demands o f g o v e r a l l s e ­

c u r i t i e s t h a t can be i s s u e d , a v e c t o r w h i c h has many z e r o s , we can now g i v e t h e 

f o l l o w i n g d e f i n i t i o n o f a debt e q u i l i b r i u m o r o f a c o m p e t i t i v e , p e r f e c t - f o r e ­

s i g h t e q u i l i b r i u m under ou r s e c u r i t y t r a d i n g r u l e s . 

D e f i n i t i o n : A debt e q u i l i b r i u m i s a s p e c i f i c a t i o n o f consumpt ion and debt 

d e m a n d s — c g and d g f o r each g = 1 , 2 , . . . , G—and p o s i t i v e s e c u r i t y p r i c e s , 

p ( i , u ) , such t h a t 

( i ) c g and d 8 max imize u S ( c g ) s u b j e c t t o ( l ) and (2) 

( i i ) £ g ^ c i u ~ W i u ^ = 0 f o r e a c h a n d £ g d s t ^ 1 , U ^ = ° f ° r e a c h ^ i , U ^ a n d 

f 
a l l p o t e n t i a l l y redeemab le d . 

S X 

A l t h o u g h i t may seem s t r a n g e t o be c o n s i d e r i n g c o m p e t i t i v e ( p r i c e -

t a k i n g ) e q u i l i b r i u m i n marke ts w i t h o n l y two t r a d e r s , e v e r y t h i n g we do a l s o 

h o l d s f o r s e t - u p s i n wh ich each o f o u r p e r s o n s i s a t r a d e r t y p e and i n wh ich 

t h e r e a r e many t r a d e r s o f e a c h t y p e - 2 / 

h. Debt E q u i l i b r i a and Comple te -Marke t3 E q u i l i b r i a 

I n t h i s s e c t i o n we e s t a b l i s h e q u i v a l e n c e f o r t he T a b l e 1, T=k economy 

between t he e q u i l i b r i u m a l l o c a t i o n s and p r i c e s o f comp le te d a t e - l o c a t i o n c o n ­

t i n g e n t marke ts and t he a l l o c a t i o n s and p r i c e s o f debt e q u i l i b r i a . T h i s p r o v e s 

u s e f u l i n d e s c r i b i n g t h e t r a n s a c t i o n p a t t e r n i m p l i c a t i o n s o f t h e t h e o r y and t h e 

c o o r d i n a t i o n p r o b l e m . We b e g i n by showing t h a t any c o m p l e t e - m a r k e t s e q u i l i b ­

r i u m (CME) consumpt ion a l l o c a t i o n can be s u p p o r t e d by a debt e q u i l i b r i u m ( D E ) . 
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To show t h a t any CME can be s u p p o r t e d by a DE i n t h e T a b l e 1 , T = k 

economy, we s t a r t w i t h a g i v e n CME. T h i s we d e s c r i b e by i n d i v i d u a l consump t i on 

e x c e s s demands, = ej^ - w ^ . , and by a s s o c i a t e d p r i c e s , s i t ( i n t e rms o f an 

a b s t r a c t u n i t o f a c c o u n t ) . These c o n s t i t u t e a CME i f t h e y s a t i s f y : 

(3) Iilte!tsit = 0 f o r e a c h g 

(U) lgeit = 0 f o r e a c h ^i,t^ 

and i f , i n a d d i t i o n , f o r each g , t he e ^ . ' s a r e u t i l i t y m a x i m i z i n g f o r g s u b j e c t 

t o ( 3 ) . 

A c o r r e s p o n d i n g DE c o n s i s t s o f p o s i t i v e debt p r i c e s and n o n n e g a t i v e 

market c l e a r i n g debt q u a n t i t i e s s u c h t h a t (a) t h e debt q u a n t i t i e s and t h e g i v e n 

CME e | t ' s s a t i s f y each p e r s o n ' s debt budget c o n s t r a i n t s , and (b) t h e debt q u a n ­

t i t i e s and t he g i v e n CME * f * ' 8 a r e u t i l i t y m a x i m i z i n g f o r each p e r s o n g i v e n 

t h o s e debt p r i c e s . 

Our f i r s t s t e p i s t o p roduce c a n d i d a t e debt p r i c e s f o r t h e T a b l e 1 , 

T=U economy. T h i s c a n d i d a t e i s p roduced by ma tch ing t h e te rms o f t r a d e between 

consumpt ion goods i m p l i e d by u n c o n s t r a i n e d t r a d e s i n deb ts t o t h e c o r r e s p o n d i n g 

te rms o f t r a d e g i v e n by t h e CME p r i c e s . T h u s , f o r examp le , f o r p e r s o n 1 , 

p j ^ ( l , l ) i m p l i e s a t r a d e between l o c a t i o n 1 , da te 1 good and l o c a t i o n 1 , da te 

h g o o d . ( R e c a l l t h a t g i v e n o u r way o f measu r i ng deb t q u a n t i t i e s , 

p ^ ( l , U ) = 1.) T h u s , we l e t p ^ ( l , l ) = ^ i ^ / 3 ^ ^ * ^ n g e n e r a l , t h e n , e a c h deb t 

p r i c e i s t a k e n t o be a r a t i o o f CME p r i c e s w i t h t he numera to r c o r r e s p o n d i n g t o 

t he redempt ion l o c a t i o n - d a t e and t h e denomina to r t o t h e l o c a t i o n - d a t e o f t h e 

c u r r e n t t r a d e . 
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F o r n o n c i r c u l a t i n g d e b t s , t h e n , ou r c a n d i d a t e i s 

(5 ) ( p j . d . l ) , p f , ( 2 , 1 ) , p j . ( l , 2 ) , P o , , ( 2 , 2 ) ) = 

£ 3 ( 1 , 1 ) , p } 3 ( 2 , l ) , p | u l 

w h i l e f o r c i r c u l a t i n g d e b t s , i t i s 

p j u ( l , l ) , p j u ( 2 , 2 ) , p j u ( 2 , 3 ) 

(6) 

p f k ( 2 . 2 » " 

P 2 U ( 2 , 2 ) ) ) = 

, s 2 U / s 2 2 ) 

S l U / s l l ' 8 l U / s 2 2 » 3 l U / s 2 3 

3 2 U / s l l ' s 2 U / s 1 2 » 3 2 U / s 2 3 

3 l U / s 2 1 ' S l U / s 2 2 ' V s 1 3 

s 2 l » / a 2 1 ' 3 2 U / s 1 2 « S 2 U / 3 1 3 

p ^ d , ! ) , p j u ( l , 2 ) , p 2

u ( 2 , 3 ) 

p j u ( 2 , l ) , p j u ( 2 , 2 ) , p j u ( l , 3 ) 

p j u ( 2 , l ) , p j u ( l , 2 ) , p j u ( l , 3 ) 

We can i m m e d i a t e l y i n d i c a t e t h a t t h i s i m p l i e s t h a t s a t i s f a c t i o n o f 

(a) i m p l i e s s a t i s f a c t i o n o f ( b ) . To s e e t h i s , m u l t i p l y t h e debt c o n s t r a i n t 

f o r e g ^ ( e q u a t i o n (2)) by 3^ and sum o v e r i and t . U s i n g (5) and (6 ) , t h e 

r e s u l t i s (3 ) , i n wh ich debt q u a n t i t i e s do no t a p p e a r . T h u s , a t p r i c e s g i v e n 

by (5) and (6 ) , t h e debt c o n s t r a i n t s f o r any p e r s o n a r e a t l e a s t a s c o n s t r a i n ­

i n g a s (3 ) . T h e r e f o r e , i f we can p roduce market c l e a r i n g debt q u a n t i t i e s , 

f K 

d g t ' s , w h i c h make t h e CME e * t ' s f e a s i b l e c h o i c e s s u b j e c t t o t h e budget c o n ­

s t r a i n t s ( 2 ) , t hen t h e y a r e c e r t a i n l y u t i l i t y m a x i m i z i n g c h o i c e s . Tha t i s , (a) 

i m p l i e s ( b ) . 

To m o t i v a t e how we p roduce debt q u a n t i t i e s , r e c a l l t h a t a CME c o n ­

s i s t s o f a r b i t r a r y s i t ' s and o f a r b i t r a r y e ^ ' s t h a t s a t i s f y ( 3 ) , (k) and z e r o 

r e s t r i c t i o n s f o r t h o s e © f * ' s t h a t c o r r e s p o n d t o ( i , t ) ' s t h a t g does no t v i s ­

i t . F o r t h e T a b l e 1, T=l* economy, t h e r e a r e 3 + 8 + 16 i ndependen t c o n s t r a i n t s 

on t h e 32 e s ' s . T h i s l e a v e s u s f r e e t o choose 5 e f + ' s a r b i t r a r i l y , bu t no t 
i t 
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1 2 

any 5 . F o r e x a m p l e , e ^ and e ^ canno t b o t h be chosen a r b i t r a r i l y b e c a u s e (U) 

and t he z e r o r e s t r i c t i o n s i m p l y t h a t t h e s e sum t o z e r o . S i m i l a r l y , 9..t

 e J 2 » 

e ^ g » canno t each be c h o s e n a r b i t r a r i l y s i n c e (3) m i s t be s a t i s f i e d . We 

a r r i v e a t c a n d i d a t e s f o r e q u i l i b r i u m debt q u a n t i t i e s by f i n d i n g some t h a t s a t ­

i s f y c o n s t r a i n t s ( l ) and (2) and t h e r e l e v a n t debt market c l e a r i n g c o n d i t i o n s 
f o r a s e t o f e f . ' s t h a t can be chosen a r b i t r a r i l y , i t 

F o r t he T a b l e 1 , T=U economy, t he f o l l o w i n g e q u a t i o n s a r e t h e debt 

budget c o n s t r a i n t s , a t p r i c e s s a t i s f y i n g (5) and ( 6 ) , f o r 5 e f - ( . , s t h a t can b e 

c h o s e n a r b i t r a r i l y : 

(7) ( e 2 1 ' e 2 2 ' e l l » e 1 2 ' e 1 3 ) = A d 

where 

A = 

| s 2 3 / s 2 1 

0 

0 

0 

0 

0 0 

0 s 1 3 / s n 

0 

0 

0 

-1 

0 

0 

0 

-slk/: 22 

0 

0 

- s l U / s 21 

22 

3 l U / s 1 1 - s 2 ! | / s 1 1 0 

0 

0 

21 

1 2 0 s 2 U / s 1 2 0 - s 2 U / s 1 2 

0 0 - S ] V 3 i 3 3 2 ! * / 3 1 3 

. . f.h 3 .U .2 .1 .2 .1 .3 .1 .2 .3 ^ \ , , T A 

and d = ( d

1 3 - < i

1 3 » d

2 i , - < i

2 i l » d

1 3 - < i 1 3 » d

2 u - d

2 i t . d

1 i t » d

1 i i . d

1 i 1 » d 1 u ) • N o t e t h a t z e r o s 

i n t h e A m a t r i x do not deno te z e r o deb t p r i c e s , bu t r a t h e r t h a t t h e p a r t i c u l a r 

debt canno t be t r a d e d a t t he r e l e v a n t l o c a t i o n - d a t e c o m b i n a t i o n . Note a l s o 

t h a t t h e r e l e v a n t debt market c l e a r i n g c o n d i t i o n s a r e imposed i n e q u a t i o n 

( T ) . T h u s , f o r examp le , t h e e q u i l i b r i u m demands f o r d ^ a t da tes 1 , 2 , and 3 

a r e imposed i n t h e f i r s t , s e c o n d , and f i f t h e q u a t i o n s o f ( 7 ) , r e s p e c t i v e l y . 

I n o r d e r t o see t h a t t h e r e a r e n o n n e g a t i v e debt q u a n t i t i e s t h a t 

s a t i s f y (7) f o r a r b i t r a r y s i t ' s and a n a r b i t r a r y l e f t - h a n d s i d e (LHS) o f ( 7 ) , 

c o n s i d e r an e q u i v a l e n t s e t o f e q u a t i o n s o b t a i n e d by r e p l a c i n g t h e l a s t e q u a ­

t i o n o f (7) by i t s e l f p l u s a m u l t i p l e ( s ^ / s ^ o ) o f t h e t h i r d e q u a t i o n , namely 
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(8) ' e 2 1 ' e 2 2 ' e l l ' e 1 2 ' e 1 3 + ^ S l l / ' S 1 3 ^ e l l ' ' = ' A 1 ' A 2 ' A 3 ' A U ' A 5 + ^ 8 1 1 / ' S 1 3 ^ A 3 ' ' d 

where deno tes t h e i t h row o f t h e m a t r i x A . Note t h a t i n e a c h o f t h e f i r s t 

f o u r e q u a t i o n s o f ( 8 ) , t h e r e appea rs ( w i t h a n o n - z e r o c o e f f i c i e n t ) a d i f f e r ­

ence between n o n c i r c u l a t i n g deb ts w h i c h do no t appea r i n any o t h e r e q u a t i o n . 

T h u s , f o r any q u a n t i t i e s o f t he o t h e r d e b t s , each o f t he f i r s t f o u r e q u a t i o n s 

can be s a t i s f i e d by c h o o s i n g n o n n e g a t i v e q u a n t i t i e s o f t h e n o n c i r c u l a t i n g 

d e b t s wh ich appear i n t h a t e q u a t i o n o n l y . T h i s a l l o w s us t o choose nonnega­

t i v e q u a n t i t i e s o f t h e c i r c u l a t i n g d e b t s i n any way t h a t s a t i s f i e s t h e l a s t 

e q u a t i o n o f (8 ) , namely 

(9 ) •5 3+(- 1 1/- 1 3)-i1-(« l f cAi13>Cd^-«^ - ( s 2 l + / s 1 3 ) ( d 2

l U - d } u ) 

E q u a t i o n (9) i s e a s i l y s a t i s f i e d ; i f t h e LHS i s p o s i t i v e ( n e g a t i v e ) , i t can be 

s a t i s f i e d by s e t t i n g a t z e r o a l l bu t d ^ ( d ^ ) . 

G i v e n debt q u a n t i t i e s t h a t s a t i s f y ( 8 ) , a l l t h a t rema ins i s t o show 

t h a t t h e y , (5) and ( 6 ) , and the 11 o t h e r p o t e n t i a l l y nonze ro CME e f . ' a s a t i s f y 
IX 

t h e a s s o c i a t e d debt budget c o n s t r a i n t s . Two f a c t s i m p l y t h a t t h e y d o . F i r s t , 

i f f o r any g , t h r e e debt budget c o n s t r a i n t s a r e s a t i s f i e d a t e q u a l i t y (as they 

a r e f o r p e r s o n l ) , t h e n t h e f o u r t h i s a l s o ; n o t e t h a t we have a l r e a d y r e f e r r e d 

t o t he f a c t t h a t (5) and (6) i m p l y t h a t t he debt budget c o n s t r a i n t s s a t i s f y 

( 3 ) . S e c o n d , we know t h a t i f g and h meet a t ( i , t ) , t h e n t h e debt budge t 

c o n s t r a i n t f o r e . i s minus t h a t f o r e , . T h u s , i f debt p r i c e s and q u a n t i -
IX IX 

t i e s a r e such t h a t t h e debt budget c o n s t r a i n t f o r g i m p l i e s t h e CME e f , t h e n 
IX 

t h e debt budget c o n s t r a i n t f o r h i m p l i e s minus t h e CME e ? . But by ( U ) , t h i s 
IX 

i s t he CME v a l u e o f T h i s c o n c l u d e s ou r argument t h a t any CME f o r t h e 

T a b l e 1, T=U economy can be s u p p o r t e d by a DE. 

The c o n v e r s e , t h a t any DE consump t i on e x c e s s demands a r e a l s o CME 

e x c e s s demands i n t he T a b l e 1 , T=U economy, i s e s t a b l i s h e d i n the A p p e n d i x . 
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5 . Debt E q u i l i b r i u m T r a n s a c t i o n P a t t e r n s 

We now show t h a t most T a b l e 1 , T=U env i ronmen ts i m p l y , r a t h e r t han 

j u s t p e r m i t , t he e x i s t e n c e o f s e v e r a l p r i v a t e s e c u r i t i e s w h i c h p l a y d i f f e r e n t 

r o l e 3 i n exchange . We t h e n d e s c r i b e two ways o f summar i z i ng t h e s e d i f f e r e n t 

r o l e s . 

The c o e x i s t e n c e o f c i r c u l a t i n g and n o n c i r c u l a t i n g p r i v a t e deb ts can 

be demons t ra ted u s i n g t h e e q u i v a l e n c e r e s u l t s o f s e c t i o n k. That i s , f o r some 

s e t - u p s f o r wh i ch D E ' s and CME's c o i n c i d e , we now show t h a t some CME's can be 

s u p p o r t e d o n l y by D E ' s w i t h b o t h c i r c u l a t i n g and n o n c i r c u l a t i n g s e c u r i t i e s . 

From ( 9 ) , i f ei3+^8n' ,si3^eii * ° ' t h e n s o m e c i r c u l a t i n g d e b t , 

di j^ f o r some h , must be p o s i t i v e . N o t i c e a l s o t h a t by m u l t i p l y i n g t h e 5 t h 

e q u a t i o n o f (7) by aj_2^a21 a n d s u b t r a c t i n g i t f rom the 1 s t , we ge t an e q u a ­

t i o n f o r e 2 i ~ ^ s i 3 / s 2 i ^ e i 3 t l i a t c o n t a i n s o n l y n o n c i r c u l a t i n g d e b t s . T h u s , i f 

a T a b l e 1 , T=U s e t - u p i s such t h a t any CME s a t i s f i e s e ^ 3 + ( s ^ / s ^ ) e ^ * 0 and 

e 2 i ~ ( 3 i 3 ^ 3 2 1 ^ e 1 3 * ®' t ^ i e n e v e r v DE f o r t h a t s e t - u p d i s p l a y s p o s i t i v e amounts 

o f b o t h c i r c u l a t i n g and n o n c i r c u l a t i n g deb ts 

We now d e s c r i b e two ways o f summar i z i ng t h e d i f f e r e n t exchange r o l e s 

p l a y e d by the d i f f e r e n t o b j e c t s i n debt e q u i l i b r i a i n ou r s e t - u p s . One way i s 

i n te rms o f a payments m a t r i x ( see C lowe r ( 1 9 6 7 ) ) ; t h e o t h e r i s i n te rms o f 

t r a n s a c t i o n v e l o c i t i e s . 

By a payments m a t r i x we mean an N by N m a t r i x , where N i s t h e number 

o f o b j e c t s o b s e r v e d i n a debt e q u i l i b r i u m , i n wh ich t h e ( i , j ) - t h e lemen t i s 

" 1 " i f o b j e c t i i s obse rved t o t r a d e f o r o b j e c t J and i s " 0 " o t h e r w i s e . T h u s , 

f o r a T a b l e 1 , T=U economy, N e q u a l s t he number o f d i s t i n c t c o n s u m p t i o n g o o d s , 

8 , p l u s t he number o f d i s t i n c t p r i v a t e s e c u r i t i e s i s s u e d i n an e q u i l i b r i u m . 

A n d , i f t he t r a n s a c t i o n p a t t e r n i s such t h a t each c o n s u m p t i o n good g e t s t r a d e d 

f o r one c i r c u l a t i n g s e c u r i t y and one n o n c i r c u l a t i n g s e c u r i t y , t hen t h e r e a r e 
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two nonze ro e lemen ts i n each row c o r r e s p o n d i n g t o a c o n s u m p t i o n good o r t o a 

n o n c i r c u l a t i n g d e b t , and t h e r e a r e f o u r i n each row c o r r e s p o n d i n g t o a c i r ­

c u l a t i n g d e b t . N o t e , by t h e way , t h a t n o n t r i v i a l s p a t i a l s e t - u p s seem not t o 

p roduce e q u i l i b r i a i n w h i c h one o b j e c t t r a d e s f o r eve ry o t h e r o b j e c t . 

By t h e t r a n s a c t i o n v e l o c i t y o f an o b j e c t , we mean t h e r a t i o o f t h e 

a v e r a g e amount t r a d e d p e r da te t o t he ave rage s t o c k , a pure number pe r u n i t 

t i m e . F o r examp le , f o r a T a b l e 1 , T=U economy, t h e f o l l o w i n g t r a n s a c t i o n 

v e l o c i t y p a t t e r n among o b j e c t s shows up i n a debt e q u i l i b r i u m . F o r l o c a t i o n 

i , d a t e t consump t i on g o o d , t h e a v e r a g e s t o c k o u t s t a n d i n g may be t a k e n t o be 

t h e t o t a l endowment d i v i d e d by h ( a t da tes o t h e r t han t , t h e s t ock o f t h i s 

good i s z e r o ) , w h i l e t h e ave rage amount t r a d e d p e r da te i s t h e amount t r a d e d 

a t t d i v i d e d by k. T h u s , t he t r a n s a c t i o n v e l o c i t y i s i n t h e i n t e r v a l ( 0 , 

l ) . Computed i n a s i m i l a r way, t h e t r a n s a c t i o n v e l o c i t y o f n o n c i r c u l a t i n g 

debt i n such an economy i s 2 / 3 ( s u c h debt i s o u t s t a n d i n g f o r 3 da tes and t h e 

e n t i r e s t o c k i3 t r a d e d a t two o f t h o s e d a t e s ) , w h i l e t h a t o f c i r c u l a t i n g deb t 

i s u n i t y ( t he maximum p o s s i b l e v e l o c i t y g i v e n our c h o i c e o f t i m e u n i t ) . 

T h u s , e i t h e r i n t e rms o f a payments m a t r i x o r i n t e r m s o f t h e p a t ­

t e r n o f t r a n s a c t i o n v e l o c i t i e s a c r o s s o b j e c t s , our s e t - u p s can i m p l y d i f f e r e n t 

exchange r o l e s f o r d i f f e r e n t o b j e c t s a n d , i n p a r t i c u l a r , a r e l a t i v e l y p r o m i ­

nent exchange r o l e f o r what we have been c a l l i n g c i r c u l a t i n g d e b t . 

6 . The C o o r d i n a t i o n P r o b l e m 

A l t h o u g h a debt e q u i l i b r i u m e x i s t s i n T a b l e 1 , T=U economy, t h e r e i s 

a d i f f i c u l t y i n a r r i v i n g a t debt q u a n t i t i e s w h i c h a c h i e v e i t . The d i f f i c u l t y 

can be d e s c r i b e d as f o l l o w s . 

I n d i v i d u a l e q u i l i b r i u m debt demands a r e c o r r e s p o n d e n c e s not f u n c ­

t i o n s ; t h a t i s , when f a c e d w i t h e q u i l i b r i u m debt p r i c e s , each o f many v e c t o r s 
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o f debt q u a n t i t i e s a c h i e v e s a g i v e n e q u i l i b r i u m v e c t o r o f c o n s u m p t i o n f o r each 

i n d i v i d u a l . Of c o u r s e , not s u r p r i s i n g l y , i n o r d e r t o be a debt e q u i l i b r i u m , 

t h e v e c t o r s chosen f rom t h e s e i n d i v i d u a l c o r r e s p o n d e n c e s must s a t i s f y a r e ­

s t r i c t i o n . I n p a r t i c u l a r , t h e q u a n t i t i e s o f c i r c u l a t i n g debt3 must s a t i s f y 

e q u a t i o n (9 ) , w h i c h we r e w r i t e h e r e as 

(10) d j u - ( s 2 U / s l U ) d 2

u = b • d ^ - (s2U/»lU)dJu 

where b = (•̂ /•ĵ Hc'ig + ^sn^si3^9iî  * E q u a t i o n (10) s a y s t h a t a l i n e a r 

f u n c t i o n o f t he c i r c u l a t i n g d e b t s i s s u e d i n l o c a t i o n 1 must e q u a l a l i n e a r 

f u n c t i o n o f t h o s e i s s u e d i n l o c a t i o n 2 . 'That d i s t i n g u i s h e s t h i s s i t u a t i o n 

f rom o t h e r s i n wh ich demands a r e c o r r e s p o n d e n c e s i s t h a t i f p e o p l e i n one 

l o c a t i o n a t da te 1 do no t o b s e r v e t h e q u a n t i t i e s i s s u e d i n t h e o t h e r l o c a t i o n 

a t da te 1, t h e n whether a v e c t o r o f debt q u a n t i t i e s i s c o n s i s t e n t o r i n c o n s i s ­

t e n t w i t h e q u a t i o n (10) i s not r e v e a l e d a t da te 1. C o r r e s p o n d i n g t o any 

n o n n e g a t i v e p a i r o f c i r c u l a t i n g deb ts i s s u e d i n l o c a t i o n 1-a t da te 1 i s a net 

t r a d e o f n o n c i r c u l a t i n g d e b t s i n l o c a t i o n 1 a t d a t e 1, a magn i tude o f dj- -

2 

d^^» c o n s i s t e n t w i t h t h e e q u i l i b r i u m d a t e 1, l o c a t i o n 1 c o n s u m p t i o n t r a d e and 

w i t h market c l e a r i n g i n t he deb ts t r a d e d i n l o c a t i o n 1 a t da te 1 (see the 

t h i r d row o f e q u a t i o n ( 8 ) ) . A s i m i l a r s i t u a t i o n p r e v a i l s i n l o c a t i o n 2 a t 

d a t e 1 ( s e e t he f i r s t row o f e q u a t i o n ( 8 ) ) . On l y a t da te 2 and t h e r e a f t e r i s 

i t r e v e a l e d whether t h e q u a n t i t i e s chosen a t da te 1 a r e c o n s i s t e n t w i t h e q u a ­

t i o n (10) a n d , h e n c e , w i t h e q u i l i b r i u m consumpt ion t r a d e s a t subsequen t d a t e s . 

We c a l l t h i s d i f f i c u l t y a c o o r d i n a t i o n p rob lem b e c a u s e a r r i v i n g a t 

q u a n t i t i e s t h a t s a t i s f y e q u a t i o n (10) c a l l s f o r commun ica t ion a c r o s s l o c a t i o n s 

wh ich i s p r e c l u d e d by a s s u m p t i o n . I n t h a t r e s p e c t , ou r s i t u a t i o n r e s e m b l e s 

t h o s e d e s c r i b e d by S c h e l l i n g ( i960) as g i v i n g r i s e t o c o o r d i n a t i o n p r o b l e m s . 

The absence o f commun ica t i on a c r o s s l o c a t i o n s i s , by t h e way , c o n s i s t e n t w i t h 
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one i n t e r p r e t a t i o n o f ou r c o n c e p t o f a p e r f e c t f o r e s i g h t e q u i l i b r i u m . That 

c o n c e p t can be i n t e r p r e t e d t o mean t h a t each pe rson knows t h e endowments and 

p r e f e r e n c e s o f each o t h e r p e r s o n a n d , h e n c e , knows t h e e q u i l i b r i u m c o n s u m p t i o n 

e x c e s s demands and debt p r i c e s . Such knowledge i s c o n s i s t e n t w i t h p e o p l e i n 

one l o c a t i o n not know ing t h e debt q u a n t i t i e s i s s u e d i n t h e o t h e r l o c a t i o n . 

Our c o o r d i n a t i o n p rob lem b e a r s some resemb lance t o a r e s u l t o b t a i n e d 

by O s t r o y (1973) and O s t r o y - S t a r r (1974*) i n t h e i r s t u d y o f t h e d e c e n t r a l ­

i z a t i o n o f exchange . I n t h e i r m o d e l , knowledge o f e q u i l i b r i u m p r i c e s o f 

commod i t i es i s no t enough t o gu ide p e o p l e t o t h e t r a d e s t h a t p roduce t h e 

e q u i l i b r i u m a l l o c a t i o n i n one round o f b i l a t e r a l t r a d i n g i f t he t r a d i n g r u l e s 

a r e i n f o r m a t i o n a l l y d e c e n t r a l i z e d . In o u r m o d e l , knowledge o f c u r r e n t and 

f u t u r e e q u i l i b r i u m p r i c e s o f s e c u r i t i e s i s not enough t o g u i d e p e o p l e t o t he 

q u a n t i t i e s o f s e c u r i t i e s r e q u i r e d t o s u p p o r t an e q u i l i b r i u m i f s e c u r i t y t r a n s ­

a c t i o n s i n o t h e r marke ts a r e not o b s e r v e d . Of c o u r s e , b o t h p r i v a t e debt i n 

ou r model and money i n t h e i r model a l l e v i a t e a q u i d p r o quo r e q u i r e m e n t and 

f a c i l i t a t e t he a t t a i n m e n t o f e q u i l i b r i u m . There i s a s e n s e , t h o u g h , i n w h i c h 

t he monetary exchange p r o c e s s i s i n f o r m a t i o n a l l y c e n t r a l i z e d i n t h e i r m o d e l . 

I t r e q u i r e s t h a t budget b a l a n c e i n f o r m a t i o n be t r a n s m i t t e d t o a monetary 

a u t h o r i t y o r r e q u i r e s t h a t t h e r e be i m p l i c i t agreement abou t w h i c h commodi ty 

i s t o be used t o c o v e r budget d e f i c i t s and s u r p l u s e s . One i n t e r p r e t a t i o n o f 

ou r c o o r d i n a t i o n p r o b l e m i s t h a t a debt e q u i l i b r i u m a l s o r e q u i r e s c e n t r a l i z a ­

t i o n . 

7 . C o n c l u d i n g Remarks 

As p r o m i s e d , we have d e s c r i b e d a c l a s s o f env i ronmen ts w h i c h i n 

g e n e r a l g i v e s r i s e t o p r i v a t e s e c u r i t i e s w h i c h c i r c u l a t e . The c r u c i a l f e a t u r e 

i n our env i ronmen ts i s s e p a r a t e d o r segmented marke ts among w h i c h p e o p l e move 
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o v e r t i n e . We have a l s o demons t ra ted t h a t i n some o f t h e e n v i r o n m e n t s i n 

w h i c h c i r c u l a t i n g s e c u r i t i e s appear a p r o b l e m a l s o a p p e a r s , a p rob lem w h i c h 

r e s e m b l e s a S c h e l l i n g c o o r d i n a t i o n p r o b l e m . S i n c e t h e r e i s n o t h i n g p a r t i c u ­

l a r l y s t r a n g e about ou r p h y s i c a l env i ronment o r our s e c u r i t y t r a d i n g r u l e s and 

e q u i l i b r i u m c o n c e p t , we t h i n k t h e model shows p rom ise as an e x p l a n a t i o n f o r 

why a c t u a l c r e d i t markets appear not t o work w e l l a t t i m e s . However , excep t 

f o r b r e a k i n g down b a r r i e r s t o c o m m u n i c a t i o n , t h e model does no t s u g g e s t t o u s 

any way o f s o l v i n g the c o o r d i n a t i o n p r o b l e m . 
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Append i x 

Here we prove f o r t he T a b l e 1, T=U economy t h a t any DE consumpt ion 

e x c e s s demands a r e a l s o CME c o n s u m p t i o n e x c e s s demands. 

S i n c e t h e DE e ^ ' s a r e market c l e a r i n g — t h a t i s , s a t i s f y (U)—we 

have t o show o n l y t h a t t he debt budget c o n s t r a i n t s a r e e q u i v a l e n t t o (3) f o r 

some c h o i c e o f s ^ ' s ; i f we can e s t a b l i s h t h a t e q u i v a l e n c e , t h e n i t f o l l o w s 

t h a t t h e DE e ^ ' s a r e u t i l i t y m a x i m i z i n g s u b j e c t t o ( 3 ) . 

The debt budget c o n s t r a i n t s f o r pe rson 1 i n t h e T a b l e 1, T=U economy 

can be w r i t t e n 

e l l = -^3 (1 .1^3(1 .1 ) " d g ( l , l ) p 2 

d J J ( i , i ) p ^ ( i , i ) - d 2 J ( i , i ) p 2

u d , i ) 

*12 = - 4 } ( l , 2 ) p J u ( l , 2 ) " d | } ( l . 2 ) p ^ ( l , 2 ) 

" £ J ( 1 . 2 ) ^ ( 1 . 2 ) - 4 ; (1,2 ) P J U (1,2) 

1 
e 1 3 = - d g ( l , 3 ) - d g ( l , 3 ) - d g ( l , 3 ) p ^ < l , 3 ) - d j j ( l , 3 ) p j u ( l , 3 ) 

Le t us add and s u b t r a c t d ^ d . l j p ^ d . l ) on t he RHS o f t he f i r s t 

11 21 
e q u a t i o n , so t h a t the sum - [ d ^ ( l , l ) + d ^ d . l ) l a p p e a r s . Note t h a t t h e sum 

11 21 
| d j - d , 3 ) + d ^ ^ d , 3 ) ] a p p e a r s i n t h e t h i r d e q u a t i o n and t h a t t h e s e sums a r e 
e q u a l t o each o t h e r because a t any debt p r i c e s , debt demands s a t i s f y 

d ^ ( l , l ) = - d ^ d , 3 ) and d ^ d , l ) = - d ^ ( l , 3 ) . M o r e o v e r , t h e sum 

11 21 

[ d ^ ( l , l ) + ^3(1,1)] i s u n c o n s t r a i n e d (as t o s i g n ) . These f a c t s i m p l y t h a t 

t h e f i r s t and t h i r d e q u a t i o n s a r e no more c o n s t r a i n i n g than t h e s i n g l e e q u a ­

t i o n t h a t r e s u l t s f rom s u b s t i t u t i n g f o r t h a t sum f rom t h e 3 rd e q u a t i o n i n t o 

t h e f i r s t t o produce 
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( i ) e ^ + p j 3 ( l , l ) e j 3 = d g ( l , l ) [ p j 3 ( l , l ) - p * 3 ( l , l ) l 

- 4 J ( l , l ) p J u ( l , l ) - «^J( l , l )p2 u ( l , l ) 

- d 3 J ( i , 3 ) p ^ ( i , 3 ) p J 3 ( l , l ) - d j j ( l , 3 ) p ! ; i | ( l , 3 ) p 5 u ( l , 3 ) p j 3 ( l , l ) 

An e x a c t l y a n a l o g o u s p r o c e d u r e a l l o w s us t o combine t h e second and f o u r t h 

e q u a t i o n s i n t o t he f o l l o w i n g s i n g l e e q u a t i o n w h i c h i s no l e s s c o n s t r a i n i n g 

t h a n t h o s e s e p a r a t e e q u a t i o n s , 

( i i ) e j 2 + P ^ ( l , 2 ) e J u = d3Jr P ^(l ,2)-p| u ( l ,2)] - d2J(l,2)p^(l,2) 

- dj j ( l ,2)pj u ( l ,2) - p ^ ( l , 2 ) [ d J J ( l , U ) + d 3 J ( l , U ) ] 

Now c o n s i d e r t h e f i r s t t e rm on t he RHS o f ( i ) . I f t h e p r i c e d i f f e r -

21 21 ence t h a t m u l t i p l i e s d ^ 3 ( l , l ) i s p o s i t i v e , t h e n d ^ 3 ( l , l ) i s i n f i n i t e . S i n c e 

t h a t c a n n o t be an e q u i l i b r i u m c h o i c e , i t f o l l o w s t h a t t h e DE p r i c e s s a t i s f y 

1 2 

p ^ 3 ( l , l ) < p ^ 3 ( l , l ) ; t h a t i s , a r b i t r a g e i s no t p o s s i b l e f o r p e r s o n 1 i n t he 

1 2 
d e b t s d ^ 3 and d .^ . s i n c e an a n a l o g o u s m a n i p u l a t i o n o f t h e debt budget 

c o n s t r a i n t f o r pe rson 2 i m p l i e s t he r e v e r s e i n e q u a l i t y , i t f o l l o w s t h a t DE 

1 2 

p r i c e s s a t i s f y p ^ 3 ( l , l ) = p ^ 3 ( l , l ) . In a d d i t i o n , e x a c t l y t h e same r e a s o n i n g 

a l l o w s us t o c o n c l u d e t h a t t he DE p r i c e s s a t i s f y the e n t i r e f i r s t e q u a l i t y o f 

e q u a t i o n (5)« 

We now p r o c e e d t o combine ( i ) and ( i i ) i n t o a s i n g l e c o n s t r a i n t t h a t 

i s no l e s s c o n s t r a i n i n g t h a n b o t h ( i ) and ( i i ) . F i r s t , add and s u b t r a c t 

d ^ J ( l , 3 ) p ^ ( l , i ) on t he RHS o f ( i ) so t h a t t h e sum d J J ( l . l ) + d ^ J ( l , 3 ) a p p e a r s 

i n ( i ) . T h i s sum o f demands i s e q u a l a t any deb t p r i c e s t o 

- [ d * J ( l , U ) + d~^( l ,U ) l , w h i c h a p p e a r s i n ( i i ) . M o r e o v e r , t h i s sum i s u n c o n ­

s t r a i n e d , i m p l y i n g t h a t t he e q u a t i o n wh ich r e s u l t s f rom e l i m i n a t i n g i t between 

( i ) and ( i i ) i s no l e s s c o n s t r a i n i n g t h a n b o t h ( i ) and ( i i ) . T h i s s i n g l e 
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e q u a t i o n , w h i c h we w i l l no t w r i t e o u t , has t h e f o l l o w i n g f o r m : a l i n e a r 

c o m b i n a t i o n o f pe r son l ' s e x c e s s demands f o r consumpt ion i s e q u a l t o a l i n e a r 

c o m b i n a t i o n o f p e r s o n l ' s debt demands. 

By an argument s i m i l a r t o t h a t used above t o e s t a b l i s h t h a t DE 

p r i c e s s a t i s f y t h e f i r s t e q u a l i t y o f e q u a t i o n (5)—an argument t h a t u s e s t h e 

a n a l o g u e s o f ( i ) and ( i i ) f o r p e r s o n s 2 , 3 , and h—it f o l l o w s t h a t t h e DE 

p r i c e s must be such t h a t t h e c o e f f i c i e n t o f each debt demand i s z e r o ; t h a t i s , 

i n t e r t e m p o r a l a r b i t r a g e among t h e v a r i o u s d e b t s must no t be p o s s i b l e f o r a n y ­

o n e . These r e s t r i c t i o n s on c o e f f i c i e n t s o f debt demands a r e t h e ones needed 

i n o r d e r t o be a b l e t o choose s ^ ' s t o s a t i s f y e q u a t i o n (6 ) . And such c h o i c e s 

f o r s l t ' s i m p l y e q u i v a l e n c e between t h e debt c o n s t r a i n t s and ( 3 ) . 

To summar i ze , we have i n d i c a t e d how t o m a n i p u l a t e t h e debt budget 

c o n s t r a i n t s f o r t h e T a b l e 1 , T=h economy so a s t o e s t a b l i s h two r e s u l t s . The 

f i r s t i s t h a t s e c u r i t y p r i c e s i n a DE f o r t h a t economy a r e c o n s t r a i n e d so t h a t 

we can choose s l t ' s t o s a t i s f y (5) and (6 ) . S e c o n d , w i t h t h a t c h o i c e o f 

S j | . ' s , debt c o n s t r a i n t s a r e e q u i v a l e n t t o (3) so t h a t t h e e ^ t ' s t h a t a r e 

u t i l i t y m a x i m i z i n g s u b j e c t t o t h e debt c o n s t r a i n t s a r e a l s o u t i l i t y m a x i m i z i n g 

s u b j e c t to ( 3 ) . These r e s u l t s imp l y t h a t any DE i s a CME i n t he T a b l e 1 , T=h 

economy. 
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F o o t n o t e s 

• i / s e e , f o r examp le , F r i e d m a n ' s comments about p r i v a t e bank note 

i s s u e and u n f e t t e r e d i n t e r m e d i a t i o n ( i 9 6 0 , pages 21 and 108) . 

2 / 

— ' F o r two r e c e n t a t t e m p t s much d i f f e r e n t f rom o u r s , see B r y a n t 

( 1 9 8 1 ) , and Diamond and D y b v i g (1983). 

- 2 / s e e Townsend-Wa l lace (1982) f o r a p r o o f t h a t e v e r y economy i n t he 

c l a s s d e s c r i b e d has a debt e q u i l i b r i u m . One r e a s o n f o r not i n c l u d i n g t h e 

p r o o f i n t h i s v e r s i o n i s t h a t we do no t use t he e x i s t e n c e r e s u l t h e r e . The 

p r o o f shows t h a t ou r debt e q u i l i b r i u m c o n s t r u c t i s a p p l i c a b l e t o a b r o a d c l a s s 

o f e c o n o m i e s . 

i i / c o e x i s t e n c e o f c i r c u l a t i n g and n o n c i r c u l a t i n g s e c u r i t i e s can o c c u r 

even i f t h e r e i s no t a c o i n c i d e n c e be tween D E ' s and C M E ' s . See Townsend-

W a l l a c e (1982) f o r an examp le . 
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