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Many economic time s e r i e s seem to e x h i b i t somewhat 

p r e d i c t a b l e seasonal f l u c t u a t i o n s . In model ing v a r i a b l e s whose 

data s e r i e s appear to be s e a s o n a l , economists must e i t h e r i nc lude 

a source o f s e a s o n a l i t y in the model or t ransform the model and 

data to remove the seasonal f l u c t u a t i o n s . Common examples o f 

these two op t ions are i n c l u d i n g seasonal i n t e r cep t s h i f t s , on the 

one hand, or s p e c i f y i n g the model in terms of data t ransformed by 

the Census X-11 a l g o r i t h m , on the o the r . 

Economists have debated the r e l a t i v e mer i t s o f i n c l u d i n g 

seasonal elements i n the model versus t rans forming the model and 

data to a deseasona l i zed form. (See Z e l l n e r [1978].) Th i s de­

ba te , and much of the a n a l y s i s o f the model ing or removal o f 

seasona l i t y in g e n e r a l , has been shaped in pa r t by assumptions 

about the nature o f seasona l i t y i n economic time s e r i e s . Th i s 

paper attempts to shed new l i g h t on the debate, as w e l l as ske tch 

some new approaches handl ing s e a s o n a l i t y , by d e r i v i n g seasonal 

reduced forms fo r an important c l a s s of economic models. 

A GENERIC LINEAR-QUADRATIC ECONOMY WITH SEASONALITY 

Drawn by the t r a c t a b i l i t y of l i n e a r f i r s t - o r d e r c o n d i ­

t i o n s , economists have fo r many years shown a great dea l o f inge­

nu i t y in rep resen t ing economic phenomena by means o f models that 

can be w r i t t en i n l i n e a r - q u a d r a t i c form. In the l a s t ten y e a r s , 

work on es t ima t i ng r a t i o n a l expec ta t ions models has extended the 

l i n e a r - q u a d r a t i c framework to encompass much o f economic dynamics 

and time s e r i e s . In t h i s framework, the e q u i l i b r i u m laws o f 

motion fo r the economy so lve a cons t ra ined maximizat ion problem 

wi th a quadra t i c o b j e c t i v e and l i n e a r e q u a l i t y c o n s t r a i n t s . The 



l i n e a r i t y o f the c o n s t r a i n t s means they can be s u b s t i t u t e d in to 

the o b j e c t i v e f u n c t i o n , so we can represent the gener ic l i n e a r -

quadra t i c framework by focus ing on the max imiza t ion , w i th respec t 

to the s e r i e s of cho ice vec tors (N,.}™ o f the o b j e c t i v e 

CO 

( 1 ) R 0 - E o J n

b f c { A t ( L ) N t - | B t ( L ) N t l 2 - [ W t < L ) U t H D t ( L ) N t ] } , 

where u t i s a nonchoice (exogenous or endowment) time s e r i e s that 

obeys u t = V^ . (L )e t , i s a white no ise p rocess , b i s a d i scoun t 

f a c t o r , EQ denotes mathematical expec ta t i on c o n d i t i o n a l on the 

va lues of v a r i a b l e s dated 0 or e a r l i e r , L i s the time s e r i e s l ag 

opera to r , l h t = X t _ j , and A f c ( L ) , B t ( L ) , D t ( L ) , and [ w t ( L ) V t ( L ) ) 

are po lynomia ls in L a l l assumed ( fo r convenience and wi thout l oss 

o f g e n e r a l i t y ) to be o f order q. I de f i ne the l ag opera tor L so 

that i t does not s h i f t the sequences o f c o e f f i c i e n t mat r i ces Aj., 

B f c , W t , V t , or D t . (That i s , lht(L) = A f c ( L ) , e t c . ) Let C f c (L ) 

denote W f c ( L ) V t ( L ) . N f c_ 1 , N f 2 ' a r e fcaken a s g i v e " -

Th is gener i c l i n e a r - q u a d r a t i c ob j ec t i ve i s gener i c i n 

the sense that appropr ia te s p e c i f i c a t i o n s of N f c , u f c , A f c , B f c , C t , 

and D,. would reproduce a wide v a r i e t y o f the models economists 

have ana l yzed . The ob jec t i ve R f c has an a d d i t i o n a l f ea tu re—t ime-

vary ing c o e f f i c i e n t s in the lag operator po lynomia ls A^, B^., C^., 

and D|.—that makes i t more general than the commonly s tud ied t ime-

i n v a r i a n t cases . Th is fea tu re w i l l a l l ow s e a s o n a l i t y to enter the 

model, and show up i n reduced forms, in a v a r i e t y o f ways. 

To s i m p l i f y mat ters , I ' l l assume tha t second-order 

cond i t i ons are always s a t i s f i e d and tha t dynamic o p t i m a l i t y r e ­

qu i res that the s t ab l e roots o f po lynomia ls be so lved backwards 
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( i n t ime) and unstab le roots forward. I ' l l a l s o e x p l o i t c e r t a i n t y 

equ iva lence , f i r s t dropping and then r e i n s e r t i n g the expec ta t i ons 

opera to r . These s i m p l i f i c a t i o n s a l l ow me to focus on the gener i c 

f i r s t - o r d e r c o n d i t i o n that corresponds to ( 1 ) , or (dropping the 

expecta t ions opera tor ) 

(2) [2B. -B.(L)N.+2bB. . ,B. , (L )N . .+. . .+2b q B. B„ (L)N. ] 1 t , 0 t t t+1,1 t+1 t+1 t+q,q t+q t+q 1 

= [A, n+bA, + . . . + b q A . ] - (D, n C. (L )e ,+bD, . ,C . ADe. , 1 t , 0 t+1,1 t+q,q J 1 t , 0 t t t+1,1 t+1 t+1 

+.. .+b qn c. (L)e. 1. t+q,q t+q c+q J 

I w i l l now ana lyze four s p e c i a l cases o f t h i s f i r s t - o r d e r c o n d i ­

t i on and t h e i r i m p l i c a t i o n s f o r the nature o f s e a s o n a l i t y i n 

economic time s e r i e s . 

Case A: A l l Po lynomia ls Time Invar ian t 

Th is i s a standard l i n e a r - q u a d r a t i c framework o f app l i ed 

economics. Dropping s u b s c r i p t s on A, B, C, and D c o l l a p s e s (2) to 

(2a) [ 2B (bL _ 1 )B (L ) ]N = A(b) - [D (bL" 1 )C (L ) ]e . . 

Not ing that the roo ts o f the polynomial on the l e f t s i d e of (2a) 

come in (Z,bZ~^) p a i r s , we can rewr i t e i t as (Sargent , p. 1-5) , 

(3a) P ( b L ~ 1 ) P ( L ) N t = A(b) - [ D ( b L _ 1 ) C ( L ) ] e f c , 

or 

(4a) P(L)N. = P ( b L " V 1 A ( b ) - P ( b L " 1 ) " 1 [ D ( b L _ 1 )C(L) ]e. , 
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where P ( L ) i s of order q . Re in t roduc ing the expec ta t ions opera tor 

g ives 

(5a) P ( L ) N t = P ( b L _ 1 ) A ( b ) - ( P ( b L ~ 1 ) _ l D ( b L " 1 ) C ( L ) | + e t , 

where the p l u s s i n g operator [ ] + se t s to zero a l l po lynomia l 

terms i n negat i ve powers o f L . Thus we can w r i t e the s o l u t i o n to 

the l i n e a r - q u a d r a t i c model i n t h i s case in the form 

(6a) P (L )N f c = K + Q ( L ) e t , 

where K i s a constant and Q ( L ) i s a q th -o rder t i m e - i n v a r i a n t 

moving average polynomial in nonnegative powers o f L. Th is i s a 

standard s t a t i o n a r y ARMA (q,q) model fo r [*L. 

The seasonal aspects o f the reduced form (3 ) , i f any, 

are embedded in the po lynomia ls P ( L ) and Q ( L ) . I f we rewr i t e (6a) 

as 

(7a) N f c = ( Q ( L ) / P ( L ) ] e f c + K 1 , 

where K ' = [ K / P ( L ) ] , i t i s apparent that any s e a s o n a l i t y i n N f c 

r e s u l t s from seasonal power in the spectrum o f the r a t i o n a l l i n e a r 

f i l t e r [ Q ( L ) / P ( L ) ] . 

Seasona l i t y i n [ Q ( L ) / P ( U ] cou ld a r i s e e i t h e r from 

w i th in the s t r u c t u r e o f the economy—from agents ' t a s t e s , t e c h ­

no logy, or endowments—or from w i thou t , i n the exogenous p r o ­

cesses . I w i l l term the former endogenous s e a s o n a l i t y and the 

l a t t e r exogenous s e a s o n a l i t y . 

Note that the denominator po lynomia l P(L) i s determined 

by the po lynomia l B ( L ) . Th is polynomial desc r ibes how the cho ice 



vector Nj. a f f e c t s the model. I t would thus t y p i c a l l y i n v o l v e the 

tas tes o f and techno log ies a v a i l a b l e to the economic agents i n the 

model, and fo r that reason I term any seasonal power in P(L) 

endogenous. In a q u a r t e r l y model , an example would be us ing B(L) 

= (1-L^) to capture cos ts o f ad j us t i ng a c a p i t a l s tock r e l a t i v e to 

i t s y e a r - e a r l i e r va lue . 

The numerator po lynomia l i s determined by both endogen­

ous and exogenous f a c t o r s . I t depends on P(L) (and hence B(L) ) as 

we l l as C ( L ) , and C(L) in turn equals W(L)V(L) . I f the seasona l 

power i n Q(L) stems from B ( L ) , I would term t h i s endogenous s e a ­

s o n a l i t y in Q(L ) , fo r the reasons d iscussed in the p rev ious pa ra ­

graph. S i m i l a r l y , W(L) desc r i bes how the i n d e t e r m i n i s t i c non-

choice process u f c a f f e c t s the o b j e c t i v e R t , and t h i s a l s o t y p i ­

c a l l y i nvo l ves agents ' t as tes and t echno log ies . I would thus term 

endogenous any s e a s o n a l i t y i n C(L) or Q(L) stemming from W(L). 

By c o n t r a s t , V(L) desc r i bes how the nonchoice s e r i e s u f c 

evolves over t ime. Th is e v o l u t i o n i s unre la ted (at l e a s t w i t h i n 

the model) to agents ' t as tes and t e c h n o l o g i e s , and I would u s u a l l y 

term exogenous any s e a s o n a l i t y in C(L) or Q(L) a r i s i n g from the 

spectrum of V ( L ) . For example, in a sma l l - coun t ry model w i th 

world p r i c e s assumed to be exogenous, V(L) would have to capture 

the exogenous seasona l i t y of wor ld p r i c e s . The one except ion to 

t h i s r u l e i s that u f can a l s o inc lude elements that represent 

agents ' endowments of commodit ies. I regard as endogenous season­

a l i t y i n V(L) der ived from s e a s o n a l i t y i n endowments. 



- 6 -

Case B: Aj.(L) P e r i o d i c But Other Po lynomia ls Time Inva r ian t 

Th is i s a l s o a common framework f o r a p p l i e d economics. 

I t adds d e t e r m i n i s t i c seasonal components, of both endogenous and 

exogenous o r i g i n , to the pure ly i n d e t e r m i n i s t i c s e a s o n a l i t y o f 

Case A. With the polynomia l A^.(L) p e r i o d i c , in the sense tha t i f 

s equals the number of t ime per iods (months, q u a r t e r s , e t c . ) per 

year then A f c + S ( L ) = A f c ( L ) , the f i r s t - o r d e r c o n d i t i o n becomes 

(2b) [ 2 B ( b L " 1 ) B ( L ) ] N t = A f c(b) - [D (bL~ 1 )C (L ) ]e f c , 

where A f c (L) = A f c Q + A f c + 1 |L + . . . + A f c + q q L ^ . Mote that A f c (L ) 

i n h e r i t s the p e r i o d i c i t y (o f per iod s ) o f A(_(L). 

Fo l l ow ing the same s o l u t i o n procedure as i n Case A g i ves 

(3b) P ( b L " 1 ) P ( L ) N f c = A f c (b) - [ D ( b L " 1 ) C ( L ) ] e t , 

or 

(4b) P(L)N. = P ( b L " 1 ) " 1 A . ( b ) - P ( b L " 1 ) " 1 ( D ( b L " l ) C ( L ) ]e . , 

and, r e i n t r o d u c i n g the expec ta t ions ope ra to r , 

(5b) P(L)N^ = P ( b L " 1 ) " 1 A , (b) - [ P ( b L " 1 ) " 1 D ( b L " 1 ) C ( D ] e , , 

or 

(6b) P ( L ) N c = K f c + Q ( L ) e t , 

where Kj. = P(bL~^)~^A. ( b ) . Because A . (b ) i s p e r i o d i c o f per iod s , 

so i s the sequence K^.. (6b) thus d i f f e r s from (6a) in that i n ­

stead o f a constant mean i t has a d e t e r m i n i s t i c but p e r i o d i c a l l y 

vary ing mean. (6b) can be reduced to a s t a t i o n a r y time s e r i e s 
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model by e i t h e r seasonal d i f f e r e n c i n g or by removal o f an e s t i ­

mated seasonal i n t e r c e p t . In the former case , (6b) i s represented 

as ARMA ( q , s , q ) , and i t s d i f f e r e n c e d form would be the ARMA (q,q) 

model 

P ( L ) ( N t - N t _ s ) = Q ( L ) ( e t - e t _ s ) . 

In the l a t t e r case , removal o f the i n t e r cep t term i n one stage and 

subsequent a n a l y s i s of the r e s i d u a l s in t roduces no b i a s . To see 

t h i s , note that (6b) can be r e w r i t t e n as 

(7b) N f c = [ Q ( L ) / P ( L ) J e t + K£, 

where K' = [K / P ( L ) ] i s a l s o a d e t e r m i n i s t i c sequence w i th pe r i od 

s . S ince the d e t e r m i n i s t i c K£ process i s obv ious l y unco r re la ted 

wi th the whi te no ise process e f c , unbiased est imates o f i t s s 

d i s t i n c t va lues can be obta ined by reg ress ing N f c on a se t of 

seasonal dummies. 

The sources o f s e a s o n a l i t y i n t h i s model i nc lude a l l o f 

those d iscussed i n Case A p lus those that g i ve r i s e to p e r i o d i c i t y 

in the polynomial A t ( L ) . To make the gener i c model (1) as genera l 

as p o s s i b l e , i t i s necessary to a l l ow the p e r i o d i c i t y o f A t ( L ) to 

be a t t r i b u t e d to exogenous as w e l l as endogenous sou rces . One 

reason fo r t h i s i s tha t A^(L) incorpora tes any d e t e r m i n i s t i c 

components r e l a t e d to the nonchoice v a r i a b l e s u*., which may be 

e i t h e r exogenous or endogenous. Suppose u .̂ i s the i n d e t e r m i n i s t i c 

component o f a s t o c h a s t i c process 

v t = k f c + u t , 



where k f c i s p e r i o d i c o f pe r iod s . Suppose a l s o tha t i t i s v t , not 

u f c , that d i r e c t l y en te rs the p lann ing problem. Then, r e c a l l i n g 

that B f c , W f c, and D f c are t i m e - i n v a r i a n t he re , we can rewr i t e (1) as 

(1b) R f c = E Q I b J { A t ( L ) N t - [ B ( L ) N t ] 2 - [ w ( L ) v t ] [ D ( L ) N t ] } 
J — ^ 

= E Q I b j { f t t ( L ) N t - [ B ( L ) M t l 2 - [ w ( L ) u t + W ( L ) k t ] ( D ( L ) N t ] } 

= E o . L b J t A t ( L ) N t - W j k t D ( L ) M t - W « l c t _ 1 D ( L ) N t - . . . .1=0 

- W * _ 1 k t _ s + 1 D ( L ) N t - [ B ( L ) M t ] 2 - [ w ( L ) u t ] [ D ( L ) N t ] } 

E I b J { A * ( L ) N t - [ B ( L ) N t ] 2 - [ W ( L ) u t ] [ D ( L ) N t ] } , 
j=0 

where 

W* = W Q + W s + . . . + W q o S ; q-s < q Q s < q , 

W* , = W , + W , + . . . + W , ; q-2s+1 < q s < q-s+1, s-1 s-1 s-1+s s-1+q s M M s 

and 

A*(L) = A f c (L) + W*k t D(L) + W ^ k ^ D d ) + . . . + W ^ k ^ ^ D U ) 

has the same form as A f c ( L ) . In the t y p i c a l case the p e r i o d i c 

d e t e r m i n i s t i c components i n u<_ correspond to exogenous v a r i a b l e s 

and would be cons idered exogenous sources of p e r i o d i c i t y in 

A t ( L ) . Less commonly, perhaps, the p e r i o d i c components in u f c 
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correspond to v a r i a b l e s tha t represent agents ' endowments. Be­

cause these , l i k e p e r i o d i c components of technology and p r e f e r ­

ences, are elements o f the model 's assumed s t r u c t u r e , I would term 

them an endogenous source o f p e r i o d i c i t y i n k^(L). 

Case C: C t ( L ) or D t ( L ) P e r i o d i c But Other Po lynomia ls Time  

Invar ian t 

Th is i s a l e s s common framework fo r a p p l i e d economics. 

I t leads to reduced-form time s e r i e s w i th seasonal c o e f f i c i e n t s , a 

r e l a t i v e l y l i t t l e s tud ied form of economic s e a s o n a l i t y . 

With C f c (L ) p e r i o d i c w i th pe r iod s , the f i r s t order 

cond i t i on becomes 

(2c) [2B(bL" 1 )D(L ) ]N f c = A(b) - [ D Q C t ( D e ^ b D ^ 1 ( D e f c + 1 + . . . 

+bqD C (L)e. J , q t+q t + q ' ' 

or 

(3c) P ( b L _ 1 ) P ( L ) N t = A(b) - [ D 0 C t ( L ) e t + b D l C f c + l ( L ) e t + 1 + . . . 

+bqD C. (L)e. I, q t+q t+q J ' 

or 

(4c) P ( L ) N t = P (bL~ 1 )~ 1 A(b ) - P ( b L " 1 ) " 1 [ D 0 C f c ( L ) e t + b D 1 C f c + 1 ( L ) e f c + 1 

+...+b qD C. (L)e. 1. q t+q t+q J 

Rein t roduc ing the expec ta t ions operator and e x p l o i t i n g the p e r i o d ­

i c i t y of C t . (L) g i ves 
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(5c) P(L)N f c = P ( b L " V 1 A ( b ) - { p ( b L " 1 ) " 1 [ D 0 C t ( L ) + b D 1 C t + 1 ( L ) L " 1 

+...+b qD C. (L)L~ q ] } e . , q t+q " + t 

or 

(6c) P ( L ) N t = K + Q f c ( L )e f c , 

where Q f c (L) = Q t + S ( L ) , fo r a l l t . 

Th is s t o c h a s t i c process has a constant term and a t ime-

i n v a r i a n t AR po lynomia l , but i t s MA polynomial c y c l e s w i th pe r iod 

s . A l t e r n a t i v e l y , i f (6c) i s r ewr i t t en i n a pure ly au to reg ress i ve 

form, the AR po lynomia l w i l l be p e r i o d i c . For example, i f we 

assume K = 0 , P(L) = 1, and Q 0 f c = 1 fo r a l l t , then repeated sub­

s t i t u t i o n g ives 

q - 1 J 

N f c = e - J ( . Q )N 

or 

P t< L ) N t = V 

Note that p e r i o d i c i t y in C f c (L ) can a r i s e e i t h e r in W t (L) 

or V f c ( L ) . W t (L) desc r i bes how v a r i a t i o n s in the nonchoice process 

Uj. a f f e c t the o b j e c t i v e func t ion R t . W^(L) i s thus pa r t of the 

tas te - techno logy s t r u c t u r e of the economy and can be viewed as an 

endogenous source of p e r i o d i c i t y in C f c ( L ) . By c o n t r a s t , V f c (L) 

determines how the nonchoice process u t e v o l v e s ; i t i s gene ra l l y 

the reduced form output o f an exogenous system and can be viewed 

as an exogenous source o f p e r i o d i c i t y in C f c ( L ) . 

As an example o f exogenous p e r i o d i c i t y i n C t ( L ) , con ­

s i d e r a sma l l country producing a good X f c accord ing to the t e c h ­

nology 
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h = D 1 ( L ) N f 

I f the country faces a wor ld p r i c e P x t governed by 

P x t = C 0 + C 1t< L > e 1t ' 

the c o u n t r y ' s revenue from producing X f c i s 

( 8 c ) P x t X t - C 0 D 1 ( L ) N t + [ C 1 t ( L ) e 1 t H D 1 < L ) N f c ] . 

In the complete p lann ing problem fo r the sma l l coun t ry , the f i r s t 

term on the r i g h t s i d e o f (8b) would be incorpora ted in A f c ( L ) N t , 

but the second would be incorpora ted i n C f c (L ) and D(L ) . 

With D f ( L ) p e r i o d i c w i th pe r iod s , and a l l o ther p o l y -

nomials t ime i n v a r i a n t , we get 

( 2 c ' ) ( 2 B ( b L " 1 ) B ( L ) J N t = A(b) - [ D f c ^ Q + b D t + ] ^ ]L~K... 

+bqDt L " q ] C ( L ) e v . t+q,q 1 t 

Proceeding as before we ob ta i n 

( 4 c ' ) P(L)M f c = P ( b L " V 1 A ( b ) - P ( b L " 1 ) _ l [ D t ) 0 + b D t + 1 t l L " 1

 + . . . 

+ b q D t + q , q L " q l C ( L ) e t > 

o r , r e i n t r o d u c i n g expec ta t ions and e x p l o i t i n g the p e r i o d i c i t y of 

D f c(L) 

( 5 C ) P(L)N. = P (bL _ 1 ) " 1 A(b ) - {P(bL~ 1 ) " 1 [D +bD L ~ 1 + . . . 

+bV L " q JC(L ) } e . . t+q,q J '+ t 

This can again be w r i t t en as P(L)N f c = K + Q t ( L ) e t , as in ( 6 c ) . 
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The prev ious example can a l s o be e a s i l y mod i f ied to 

i l l u s t r a t e an endogenous source of s e a s o n a l i t y in 

[C (L)e ][D (L)N ]. Let the technology now be 

X t = D t ( L ) N t 

and the wor ld p r i c e P x t be governed by 

P x t = C 0 * C (Di f c . 

Then the c o u n t r y ' s revenue from producing X t i s 

( 8 c , ) P x t X t = C < A ( L ) N t + [ C ( D i t ) [ D t ( L ) N t ] . 

Aga in , the f i r s t term on the r i g h t s i de o f ( 8 c ' ) would be i nco rpo ­

ra ted in Aj.CLjNj. and the second would be incorpora ted in 

[ C f c ( L ) e t ] ( D t ( L ) N t ] . The technology D f c ( L ) N t might r e f l e c t seasonal 

weather or c u l t u r a l f a c t o r s that i n f l u e n c e f ac to r p r o d u c t i v i t y , 

and would t y p i c a l l y be an endogenous source o f s e a s o n a l i t y . 

Case D: B f c (L) P e r i o d i c But Other Po lynomia ls Time Inva r ian t 

L i k e Case C, t h i s i s a l e s s common framework f o r a p p l i e d 

economics and leads to reduced-form time s e r i e s w i th seasonal 

c o e f f i c i e n t s . Here, however, p e r i o d i c i t y appears in the cha rac ­

t e r i s t i c po lynomia l o f the f i r s t - o r d e r c o n d i t i o n . T h i s c o m p l i ­

ca tes a n a l y s i s o f the problem but u l t i m a t e l y r e s u l t s i n a p e r i o d i c 

mean and p e r i o d i c AR and/or MA polynomia ls in the reduced form. 

P e r i o d i c i t y of pe r iod s i n B^(L) g i ves the f i r s t - o r d e r 

cond i t i on 
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(2d) [ 2 B t t 0 B t ( L ) N t + 2 b B t + n i B t + l ( L ) N t + 1 + . . . + 2 b \ + q f q B t + q ( L ) ] M t + q 

= A(b) - [ D ( b L " 1 ) C ( L ) ] e t , 

or 

(2d) [2B^ A B (L)L q+2bB . ,B . . (L)L q _ 1 +.. .+2b q B, n „ ( L ) ] N . n 1 t , 0 t t+1,1 t+1 t+q,q t+q ' t+q 

= A(b) - [ D ( b L " 1 ) C ( L ) ] e t . 

The po lynomia l on the l e f t s i d e of (2d), c a l l i t F t ( L ) , i s o f 

order 2q . The appendix shows tha t , a f t e r r e i n t r o d u c i n g uncer ­

t a i n t y , (2d) can be so lved e i t h e r as 

(3d) P(L)N. = K K + Q t ( L ) e . 
V V V C 

or 

(3d1) P t U ) N t = K t + Q t ( L ) e t , 

depending on how roo ts o f the c h a r a c t e r i s t i c po lynomia l a re 

s h i f t e d between the AR and MA po lynomia ls . The p e r i o d i c i t y o f the 

c o e f f i c i e n t s in t h i s reduced form stems from the p e r i o d i c i t y of 

B^(L ) . S ince 3 t ( L ) i s par t o f the tas te - techno logy s t r u c t u r e o f 

the model, the p e r i o d i c i t y o f the c o e f f i c i e n t s in (3d) can be 

viewed as endogenous. 

A wide v a r i e t y o f p l a u s i b l e economic models w i l l lead to 

reduced forms l i k e (3d). For example, cons ide r a country produc­

ing a good Xj. accord ing to the technology 

X t = B t ( L ) N t > 
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where B (L) i s p e r i o d i c o f per iod s . Assume tha t the country 

faces a downward s l o p i n g wor ld demand curve w i th wor ld p r i c e , P X | . , 

g iven by 

P x t = A 0 " B 0 X f 

Then the coun t r i es revenues w i l l be 

( 4 d ) p x t x t = W L ) M t "
 Bol §t ( L ) Ntl 2-

Although the complete p lann ing problem fo r t h i s country would not 

have j us t B t ( L ) but a l s o have A f c (L) p e r i o d i c o f per iod s , the 

r e s u l t s o f t h i s sec t i on combined w i th a n a l y s i s o f Case B imply 

that the reduced-form for the compet i t i ve e q u i l i b r i u m would have 

to take the form shown in (3d) . Given the p l a u s i b i l i t y o f s e a ­

s o n a l l y va ry ing techno log ies and tas tes f o r many goods and s e r ­

v i c e s , i t would not be s u r p r i s i n g i f many economic time s e r i e s 

d i sp layed s e a s o n a l i t y o f the form o f (3d) . 
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Appendix: 

So l v i ng Models w i th P e r i o d i c C h a r a c t e r i s t i c Equat ions 

In Case D the f i r s t - o r d e r cond i t i on takes the form 

<1> F t ( L > N t + q = w t ' 

where w fc = A(b) - [D(bL" ' )C(L) Je f c and F f c (L ) i s a p e r i o d i c (pe­

r i o d = s) po lynomia l o f order 2q. Note that (1) can be r e w r i t t e n 

as 

( 2 ) W t = l F 0 t + F 1 L + ' - - + F q t L q ] N t + q 

= F 0 t M t + q + f F 1 c + F 2 t L + - - - + F q t L q " 1 l L N t + q 

F f c(L) 
= F 0 t N t + q + I " T " U W l ' 

or , 

( 3 ) N t + q = ( 1 / F 0 t ) w t * f t ( L ) V q - r 

where 

F , (L) 
f t ( L ) = ( 1 - / F o t } l - l - ] +

 M t + q - r 

By repeated subst i tu t ion for lagged values of N on the r ight side 

of 3, we get 

( 4 ) N t + q = ( 1 / F 0 t K + V L ) [ ( F ^ V l + V l ( L , i ( F ^ ) w t - 2 + -

+ f t - s + 2

( L ) [ ( ^ ; ) w t - s + i + f t - s + i ( L ) N t - s i • • • 1) 

= G t ( L ) w t + fl(L)Nt-s' 



where 

G f c (L) = ( 1 / F o t ) + ( l / F ^ X I / F ^ ^ f ^ D L . . . . 

+ { l / F 0 t ) ( l / F 0 t - 1 ) - - - ( l / F 0 t - s + 1 ) f t ( L ) f t - l ( L ) 

• • • f t - s + 2 ( L ) L S " 1 

and 

H(L) = [ f t ( L ) f t . 1 ( L ) . . . f t _ s + 1 ( L ) ] . 

Mote that f t ( L ) i s a l s o p e r i o d i c o f pe r iod s and that the product 

o f the s po lynomia ls that de f ine H(L) i s thus t i m e - i n v a r i a n t . 

The remainder o f the s o l u t i o n proceeds a long reasonably 

f a m i l i a r l i n e s . Rewr i te (4) as 

(5) H ( L ) N t + q = v f c ) 

where H(L) = [ l - f i ( L ) L s ] and v f c = G t ( L ) w t . H(L) w i l l , in g e n e r a l , 

have both s t a b l e and uns tab le roots (a s t a b l e root being one whose 

modulus exceeds 1/b) . Let P(L) be a po lynomia l formed from i t s 

s t a b l e roots and M(L) a polynomia l formed from i t s uns tab le r o o t s , 

such that M(L)P(L) = H(L ) . Then rewr i t e (5) as M(L )P (L )N t = v f c 

and so l ve as 

(6) P ( L ) N t + q = M ( L ) - 1 v t 

1 1 t+q 

= [ M ( L ) " 1 L q ] G , + (L ) (A (b ) -D(bL* 1 )C (L ) ]e , . 
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Re in t roduc ing the expec ta t ions operator e l i m i n a t e s fu tu re va lues 

o f e t and g ives 

(7) P ( L ) N t = K t + Q t ( L ) e t , 

where 

K f c = [ M ( L ) _ 1 L q ] G t ( L ) A ( b ) 

and 

Q f c (L) = [ - M ( L ) _ l L q G t ( L ) D ( b L " 1 ) C ( L ) ] + . 

Th is i s the form o f the s o l u t i o n tha t arose in Case D, equat ion 

(3d) . I t can be transformed to the form o f equat ion (3d ' ) by 

m u l t i p l y i n g both s i des o f (7) by f a c t o r s l i k e ( 1 - p l t L ) , where p 1 t 

i s a s t a b l e root o f F f ( z ) = 0 . 
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