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1. THE NEOCLASSICAL GROWTH MODEL 

1• I n t r o d u c t l o n t o n e o c l a s s i c a l g rowth 

One o f t he most s t r i k i n g f a c t s o f economic l i f e i s t he d i v e r s i t y o f 

l e v e l s and g rowth r a t e s o f pe r c a p i t a income a c r o s s c o u n t r i e s . Our g o a l i s t o 

d e v e l o p mode ls c a p a b l e o f e x p l a i n i n g t h i s d i v e r s i t y . We choose t o b e g i n l e s s 

a m b i t i o u s l y , howeve r , w i t h t he n e o c l a s s i c a l g rowth m o d e l , whose d e f i c i e n c i e s 

we document b e l o w . 

The o n e - s e c t o r n e o c l a s s i c a l g row th model i s c h a r a c t e r i z e d by p r e f e r ­

ences 

( 1 . 1 ) j * ° e - p t u ( c t ) d t , u ' > 0 , u " < 0 , 

and t e c h n o l o g y 

( 1 . 2 ) y f c = c f c + k f c = A f c f ( k t ) , f > 0 , f " < 0. 

On o c c a s i o n we w i l l a l s o need t he Inada c o n d i t i o n s , 

l i m u * ( c ) = » , l i m u ' ( c ) = 0 , 
c-*0 c+<° 

l i m f ' ( k ) = » , l i m f ( k ) = 0 . 
k+0 k-*-» 

We have f o r s i m p l i c i t y i g n o r e d i n p u t s o t h e r t han c a p i t a l , a l t h o u g h one can 

t h i n k o f f a s d e p e n d i n g a l s o on a c o n s t a n t q u a n t i t y o f l a b o r . The i m p o r t a n t 

e l e m e n t s f o r ou r p u r p o s e s a r e t h e d i m i n i s h i n g m a r g i n a l r e t u r n s t o t he r e p r o ­

d u c i b l e i n p u t , c a p i t a l , and t he dynamic b e h a v i o r o f t he p r o d u c t i v i t y f a c t o r , 

A L , w h i c h we have y e t t o s p e c i f y . We w i l l c h a r a c t e r i z e a c o m p e t i t i v e e q u i l i b ­

r i u m i n t h i s model by d e r i v i n g an o p t i m a l p l a n f o r c o n s u m p t i o n . A method f o r 

d o i n g s o i s o u t l i n e d i n the n e x t s e c t i o n . 
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1.2 A D i g r e s s i o n On O p t i m a l C o n t r o l 

C o n s i d e r t he dynamic c o n t r o l p rob lem 

( 2 . 1 ) max J T e ~ o t f ( x . , u . ) d t 
r i u t t 

s u b j e c t t o 

( 2 . 2 ) x f c = g U t , u t ) 

and g i v e n x Q . We r e f e r t o x a s t he s t a t e v a r i a b l e and u a s t he c o n t r o l ; x Q 

w i l l be r e f e r r e d t o a s t he i n i t i a l c o n d i t i o n . 

We c h a r a c t e r i z e t h e s o l u t i o n u s i n g v a r i a t i o n a l methods t he maximum 

p r i n c i p l e ) . D e f i n e t h e c u r r e n t - v a l u e H a m i l t o n i a n 

H ( x t , u t , y f c ) = f ( x t , u t ) + y t g ( x t , u t ) , 

where y i s t he c o s t a t e v a r i a b l e a s s o c i a t e d w i t h x . Then n e c e s s a r y c o n d i t i o n s 

f o r an i n t e r i o r opt imum a r e 

3H/3U = 0 

( 2 . 3 ) y f c = py f c - 3 H / 3 x f c 

kt = g ( x t , u t ) 

and t he t r a n s v e r s a l i t y c o n d i t i o n 

( 2 . 4 ) l i m e " D t y t x f c = 0 . 

I f i n a d d i t i o n H * ( x , y ) = max H ( x , u , y ) i s concave i n x , g i v e n y , t hen any p l a n 
u 

s a t i s f y i n g ( 2 . 3 ) and ( 2 . 4 ) i s o p t i m a l . 
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C o n s i d e r f i n a l l y a u s e f u l s p e c i a l c a s e . F o r some prob lems e q u a t i o n s 

( 2 . 3 ) have a u n i q u e s t a t i o n a r y p o i n t (x ,y ) d e f i n e d by x = y = 0 . G i v e n 

c o n c a v i t y o f H * , any s o l u t i o n to ( 2 . 3 ) t h a t c o n v e r g e s t o t h i s p o i n t must be 

o p t i m a l s i n c e t h e t r a n s v e r s a l i t y c o n d i t i o n i s a u t o m a t i c a l l y s a t i s f i e d . 
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1.3 Optimal Growth without T e c h n i c a l Change 

We a r e now i n a p o s i t i o n t o d e r i v e t he e m p i r i c a l i m p l i c a t i o n s o f t he 

n e o c l a s s i c a l g r o w t h m o d e l . The f i r s t s t e p i s to c h a r a c t e r i z e t he o p t i m a l p l a n 

u s i n g t he maximum p r i n c i p l e . U s i n g t he c o n n e c t i o n between P a r e t o o p t i m a and 

c o m p e t i t i v e e q u i l i b r i a i n t h e s e m o d e l s , we can i n t e r p r e t t he r e s u l t a s an 

e q u i l i b r i u m i n t h e c o m p e t i t i v e economy. 

We p r o c e e d w i t h t he o p t i m a l p l a n . E q u a t i o n s ( 1 . 1 ) and ( 1 . 2 ) d e ­

s c r i b e a c o n t r o l p rob lem w i t h k a s t he s t a t e v a r i a b l e and c a s t h e c o n t r o l . 

The c u r r e n t - v a l u e H a m i l t o n i a n i s 

H ( k t , c t , X t , t ) = u ( c f c ) + x f c U t f ( k t ) - c t J , 

where X i s t h e c o s t a t e . In some s e n s e A i s a l s o a s t a t e v a r i a b l e , bu t s i n c e 

i t s e v o l u t i o n t h r o u g h t ime i s exogenous we i n d i c a t e i t s t i m e - d e p e n d e n c e s i m p l y 

by i n t r o d u c i n g t i n t o t he l i s t o f a rgumen ts f o r H. N e c e s s a r y c o n d i t i o n s f o r 

an opt imum i n c l u d e 

( 3 . 1 a ) u ' ( c t ) = x t 

( 3 . 1 b ) x f c = [ p - A t f ' ( k t ) ] X f c 

( 3 . 1 c ) k f c = A f c f ( k t ) - c f c . 

The s o l u t i o n o f t h e s e e q u a t i o n s , t o g e t h e r w i t h the t r a n s v e r s a l i t y c o n d i t i o n 

and t h e i n i t i a l v a l u e k Q , c o m p l e t e l y d e t e r m i n e t h e o p t i m a l p l a n . 

The p r o p e r t i e s o f t he p l a n depend on t he r a t e o f t e c h n i c a l p r o ­

g r e s s . We c o n s i d e r f i r s t t he c a s e i n w h i c h A i s c o n s t a n t , w h i c h a l l o w s us t o 

d e s c r i b e the q u a l i t a t i v e f e a t u r e s o f t h e s o l u t i o n w i t h t h e use o f a two -

d i m e n s i o n a l d i a g r a m . E q u a t i o n s ( 3 - D d e f i n e a dynamic s y s t e m i n X and k w i t h 
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t e n d e n c i e s f o r mo t ion i l l u s t r a t e d i n f i g u r e 1 . 1 . The s e t o f p o i n t s f o r w h i c h 

X = 0 i s a v e r t i c a l l i n e i n ( k . X ) - s p a c e d e f i n e d by A f ' ( k ) s o . (The Inada 

c o n d i t i o n s g u a r a n t e e t h a t t he s o l u t i o n X = 0 i s i n f e a s i b l e . ) To t h e r i g h t o f 

t h i s l i n e X i s i n c r e a s i n g , t o t he l e f t d e c r e a s i n g . S i m i l a r l y , t he c o n d i t i o n 

k = 0 d e f i n e s a d o w n w a r d - s l o p i n g l i n e , w i t h k i n c r e a s i n g t o t he r i g h t , d e ­

c r e a s i n g to t he l e f t . These d i r e c t i o n s o f m o t i o n a r e i n d i c a t e d by a r r o w s i n 

t h e d i a g r a m . The Inada c o n d i t i o n s g u a r a n t e e t h a t t he two c u r v e s , 

X = 0 and k = 0 , c r o s s a t n o n n e g a t i v e v a l u e s k and y . These v a l u e s c l e a r l y 

d e f i n e a s t a t i o n a r y p o i n t o f the s y s t e m , so any p a t h s a t i s f y i n g t he i n i t i a l 

c o n d i t i o n t h a t c o n v e r g e s t o t h i s p o i n t i s a s o l u t i o n . S i n c e t he dynam ic 

e q u a t i o n s a r e c o n t i n u o u s , we can p o s t u l a t e a u n i q u e c u r v e , l a b e l e d SS i n 

f i g u r e 1 . 1 , i n wh ich t he dynamics o f X and k combine t o l e a d e x a c t l y t o 

(k , X ) . Any p o i n t on t h i s c u r v e t h e r e f o r e s a t i s f i e s t he n e c e s s a r y c o n d i t i o n s 

f o r an opt imum. By c h o o s i n g t he p o i n t on t h i s c u r v e where k = k g , we s a t i s f y 

t he i n i t i a l c o n d i t i o n as w e l l and o b t a i n t he u n i q u e s o l u t i o n t o t h e c o n t r o l 

p r o b l e m . 

The model has a number o f i m p l i c a t i o n s t h a t can be compared w i t h 

d a t a f rom a c t u a l e c o n o m i e s . In t he s t e a d y s t a t e i t i m p l i e s : 

1. Growth r a t e s o f o u t p u t and t h e c a p i t a l s t o c k a r e z e r o . In p a r t i c u ­

l a r , t he g rowth r a t e does n o t depend on o , A , o r any o t h e r p a r a m e t e r s 

g o v e r n i n g p r e f e r e n c e s o r t e c h n o l o g y . 

2 . H i g h e r v a l u e s o f A , and l o w e r v a l u e s o f p, i m p l y h i g h e r l e v e l s o f y 

and k. 

The p o i n t i s t h a t w i t h o u t t e c h n i c a l change t h e r e i s no s u s t a i n e d g r o w t h . 

Changes i n pa rame te r s and government p o l i c i e s a r e m e r e l y l e v e l e f f e c t s . 

O u t s i d e t he s t e a d y s t a t e the model p r e d i c t s : 



3. M o n o t o n i c a d j u s t m e n t o f c a p i t a l and o u t p u t t o t h e i r s t e a d y s t a t e 

l e v e l s . 

T h i s i n v o l v e s t empora ry n o n z e r o r a t e s o f g r o w t h , bu t no t t h e s u s t a i n e d g rowth 

we have o b s e r v e d i n t he Wes te rn w o r l d o v e r t he l a s t two hund red y e a r s . 

E x e r c i s e s t o 1.3 

1. F o r t he n e o c l a s s i c a l g row th model v e r i f y t h a t H ( k , X , t ) i s c o n c a v e i n k 

and t h e r e f o r e t h a t t he s o l u t i o n to t he f i r s t - o r d e r c o n d i t i o n s i s a m a x i ­

mum. 

2 . S t a r t i n g f rom an i n i t i a l c a p i t a l s t o c k be low the l o n g - r u n e q u i l i b r i u m 

p a t h , d e s c r i b e t he dynamic b e h a v i o r o f the r e a l i n t e r e s t r a t e ( m a r g i n a l 

p r o d u c t o f c a p i t a l ) and t he s h a r e o f i n v e s t m e n t i n NNP ( k / y ) . 

3. F o r t h e g r o w t h model w i t h u ( c ) = l o g c and f ( k ) = k ° , 0 < a < 1, f i n d an 

a n a l y t i c s o l u t i o n f o r t he p a t h o f t he c a p i t a l s t o c k when Aj. = 1. 

4. C o n s i d e r t he g r o w t h model w i t h u ( c ) = l o g c and y = f ( k ) = k a , a > 1. 

D e r i v e t he o p t i m a l p a t h and compare i t t o t he n e o c l a s s i c a l g r o w t h m o d e l . 

Comment on any p r o b l e m s t h a t m i g h t a r i s e i n s u p p o r t i n g t h e opt imum a s a 

c o m p e t i t i v e e q u i l i b r i u m . 

5 . D e s c r i b e t he e f f e c t o f a t ax w h i c h t a k e s a c o n s t a n t f r a c t i o n , x , o f o u t p u t 

and t h rows i t away on ( a ) t h e s t e a d y s t a t e v a l u e s o f y and k and (b ) t h e i r 

r a t e s o f g r o w t h . 
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1 • ^ O p t i m a l G row th w i t h Exogenous T e c h n i c a l Change ' 

The a b s e n c e o f g rowth i n t he p r e v i o u s s e c t i o n d r i v e s us t o c o n t e m ­

p l a t e mode ls w i t h p r o d u c t i v i t y g r o w t h o f some s o r t . In t he n e o c l a s s i c a l 

t r a d i t i o n by f a r t h e s i m p l e s t t h e o r e t i c a l d e v i c e i s t o p o s t u l a t e exogenous 

i n c r e a s e s i n t he p r o d u c t i v i t y p a r a m e t e r , A . We do e x a c t l y t h a t i n a s p e c i a l ­

i z e d v e r s i o n o f t he m o d e l . We would l i k e the model t o p e r m i t p a t h s i n w h i c h 

o u t p u t , c a p i t a l , and c o n s u m p t i o n grow a t t h e same c o n s t a n t e x p o n e n t i a l r a t e , 

s o we i n t r o d u c e a number o f s p e c i a l f e a t u r e s . We assume t e c h n i c a l change and 

u t i l i t y t a k e t h e f o rm 

( 4 . 1 ) A t = A Q e a t 

( 4 . 2 ) u ( c ) = [ C 1 - * - 1 ] / ( 1 - y ) . 

The h o m o t h e t i c p r e f e r e n c e s i n h e r e n t i n ( 4 . 2 ) a r e n e c e s s a r y f o r c o n s t a n t g r o w t h 

r a t e s o f c o n s u m p t i o n t o c o e x i s t w i t h a c o n s t a n t r e a l i n t e r e s t r a t e . We a l s o 

assume C o b b - D o u g l a s t e c h n o l o g y : 

( 4 . 3 ) y f c = A t k » n f c

1 - \ 

where n f c i s l a b o r i n p u t s . As b e f o r e we w i l l s e t n f c = 1. 

The f i r s t - o r d e r c o n d i t i o n s f o r t he o p t i m a l p l a n t h e n i n c l u d e 

( 4 . 4 a ) c - J - x f c 

( 4 . 4 b ) X f c = ( p - A t a k £ " 1 H t 

( 4 . 4 c ) k f c = A t k ° - c f c . 
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We d e r i v e t he o p t i m a l p l a n by g u e s s i n g t he e x i s t e n c e o f a " b a l a n c e d 

g rowth p a t h " i n w h i c h y , k, and c grow a t t h e same c o n s t a n t e x p o n e n t i a l r a t e , 

g , v e r i f y i n g t h a t t h i s p a t h s a t i s f i e s t he f i r s t - o r d e r c o n d i t i o n s f o r an o p t i ­

mum, and p r o v i n g c o n v e r g e n c e t o t h i s p a t h f r om any i n i t i a l c a p i t a l s t o c k . We 

s t a r t w i t h t h e p r o d u c t i o n f u n c t i o n , wh i ch i m p l i e s 

y / y = a + a k / k . 

I f b o t h y and k grow a t r a t e g , t h e n 

g = a / ( 1 - a ) . 

We l e a v e i t t o t he r e a d e r to v e r i f y t h a t t h e r e e x i s t i n i t i a l v a l u e s k Q , A Q , 

C Q , and X Q s u c h t h a t k and c grow a t r a t e g = a / ( 1 - a ) , A a t r a t e a , and X a t 

r a t e - a g , and s u c h t h a t t he l aws o f m o t i o n (4.4) a r e s a t i s f i e d . We have t h u s 

e x t e n d e d t he f i r s t two p r e d i c t i o n s o f t he n e o c l a s s i c a l g r o w t h m o d e l : 

1* . Growth r a t e s o f c a p i t a l and o u t p u t a r e e q u a l i n t h e s t e a d y s t a t e and 

p r o p o r t i o n a l t o t he r a t e o f t e c h n i c a l p r o g r e s s . 

and 

2 ' . T h i s r a t e o f g row th does no t depend on p r e f e r e n c e s o r on t h e l e v e l o f 

t he p r o d u c t i v i t y p a r a m e t e r , A . 

Once more we s e e t h a t p , y , and A Q a r e l e v e l e f f e c t s : changes have no i n f l u ­

ence on t he s t e a d y s t a t e g rowth r a t e . 

We now d e r i v e t he c o m p l e t e dynam ics o f an o p t i m a l p a t h s t a r t i n g f r om 

any i n i t i a l c a p i t a l s t o c k . D e f i n e t he v a r i a b l e s 

k* - e " g t k 
K t e k t 

X t = e " Y \ 
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and n o t e t h a t e q u a t i o n s ( 4 . 4 ) can be e x p r e s s e d a s 

* _v * 

<V • \ 
. * *a-1 * 
X f c = ( P + a g - a A 0 k t )X f c 

, a ^ ex ^ ^ 
k = A o k t - c t - g k f 

T h i s can be a n a l y z e d u s i n g t he methods o f t he p r e v i o u s s e c t i o n , w i t h a s i m i l a r 

o u t c o m e : 

3 ' . The c a p i t a l s t o c k and o u t p u t a p p r o a c h t h e b a l a n c e d g rowth p a t h mono-

t o n i c a l l y , a s i l l u s t r a t e d i n f i g u r e 1.3. 

E x e r c i s e s t o 1.4 >, 

1. W r i t e down the t r a n s v e r s a l i t y c o n d i t i o n f o r t h e p r o b l e m o f t h i s s e c t i o n . 

Under what c o n d i t i o n s i s i t s a t i s f i e d ? 

2 . V e r i f y t h a t t he s h a r e o f o u t p u t g o i n g t o c a p i t a l , f ' k / f , i s c o n s t a n t w i t h 

C o b b - D o u g l a s t e c h n o l o g y even w i t h p r o d u c t i v i t y g r o w t h . 
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1 » 5 The Model and the Evidence 

So how w e l l does t he model f i t what we o b s e r v e ? To answer t h i s 

q u e s t i o n we need some i d e a o f what the w o r l d l o o k s l i k e . The f o l l o w i n g a r e a 

c o l l e c t i o n o f " s t y l i z e d f a c t s , " wh i ch means t h a t t hey seem t o be good a p p r o x i ­

m a t i o n s i n most c a s e s . We need t o keep i n m i n d , however , t h a t d a t a f o r l o n g 

t i m e p e r i o d s have a s u b s t a n t i a l amount o f measurement e r r o r , a s a q u i c k l o o k 

t h r o u g h K u z n e t s (1971) o r D e n i s o n (1967^) makes c l e a r . T h i s i s e s p e c i a l l y t r u e 

f o r u n d e r d e v e l o p e d c o u n t r i e s , s o many o f t h e s e " f a c t s " a r e based on d e v e l o p e d 

e c o n o m i e s . S t i l l , t h e y g i v e us a g e n e r a l i d e a o f what to l o o k f o r i n a m o d e l . 

F i v e g e n e r a l f a c t s a b o u t l o n g - t e r m deve lopmen t a r e : 

1. The c a p i t a l s t o c k and o u t p u t grow a t r o u g h l y t h e same r a t e , w i t h t h e 

r a t i o k / y a p p r o x i m a t e l y e q u a l t o 3 . 

2 . The wage r a t e has grown a t a p p r o x i m a t e l y t he same r a t e , b u t 

3 . L a b o r ' s s h a r e has been a l m o s t c o n s t a n t . 

One i m p l i c a t i o n o f 2 and 3 i s t h a t the p r o d u c t i o n f u n c t i o n i s C o b b - D o u g l a s . 

4 . T h e r e i s no tendency f o r e i t h e r l e v e l s o r g rowth r a t e s o f pe r c a p i t a 

income i n d i f f e r e n t c o u n t r i e s t o c o n v e r g e , a l t h o u g h c o n v e r g e n c e may 

be a p r o p e r t y o f t he most advanced c o u n t r i e s . 

In o t h e r w o r d s , g r o w t h r a t e s t h e m s e l v e s a r e q u i t e p e r s i s t e n t , and 

c o u n t r i e s w i t h low ( h i g h ) r a t e s o f g row th o f t e n c o n t i n u e t o have low ( h i g h ) 

r a t e s o f g row th f o r l o n g p e r i o d s o f t i m e . A f i f t h f a c t , s u g g e s t e d by c l o s e 

e x a m i n a t i o n o f g row th r a t e s i n advanced c o u n t r i e s and c a s u a l c o m p a r i s o n s 

between c u r r e n t g rowth r a t e s and the s t a n d a r d o f l i v i n g i n , s a y , Roman t i m e s 

i s : 
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5. Growth rates are i n c r e a s i n g 

The n e o c l a s s i c a l g row th model w i t h exogenous t e c h n i c a l change b e a r s 

up f a i r l y w e l l w i t h f a c t s 1 t o 3 ( a s i ndeed i t was d e s i g n e d to d o ) . C o n s i d e r 

a s a f i r s t a p p r o x i m a t i o n t h e p r e d i c t i o n s o f t he model f o r i s o l a t e d e c o n o m i e s — 

t h a t i s , economies w i t h c o m p l e t e l y immob i l e f a c t o r s , i n c l u d i n g c a p i t a l , and no 

t r a d e . Then e a c h economy w i l l behave a s o u t l i n e d i n t he l a s t s e c t i o n . A l o n g 

a b a l a n c e d g r o w t h p a t h t he c a p i t a l - o u t p u t r a t i o i s c o n s t a n t , as r e q u i r e d by 

t h e d a t a , and w i t h C o b b - D o u g l a s t e c h n o l o g y the s h a r e o f l a b o r i n t o t a l o u t p u t 

i s c o n s t a n t . 

The f i n a l two f a c t s a r e more o f a p r o b l e m . I f a l l c o u n t r i e s have 

the same t e c h n o l o g y , t hen we e x p e c t c o n v e r g e n c e o f l e v e l s and g rowth r a t e s o f 

p e r c a p i t a o u t p u t . C l e a r l y t h i s i s n o t t he c a s e , s o we m igh t p o s t u l a t e d i f ­

f e r e n t t e c h n o l o g i e s . T h i s f i t s t he f a c t s , bu t i n a t r i v i a l way. F a c t f i v e i s 

s i m i l a r : we can " e x p l a i n " i t o n l y by assuming t h a t t he r a t e o f t e c h n i c a l 

p r o g r e s s i s a c c e l e r a t i n g . 

We can i n j e c t a d d i t i o n a l r e a l i s m i n t o the model by a l l o w i n g some 

f a c t o r m o b i l i t y . We w i l l s e e t h a t t h i s r e i n f o r c e s any d i f f e r e n c e s between 

c o u n t r i e s due t o t e c h n o l o g y d i f f e r e n c e s . Assume f i r s t t h a t c a p i t a l i s p e r ­

f e c t l y m o b i l e a c r o s s c o u n t r i e s , bu t l a b o r i s n o t . Then c a p i t a l w i l l be a l l o ­

c a t e d t o e q u a t e m a r g i n a l p r o d u c t s a c r o s s c o u n t r i e s . I f one c o u n t r y has a 

g r e a t e r r a t e o f t e c h n i c a l p r o g r e s s , t hen i t s c a p i t a l s t o c k w i l l be i n c r e a s i n g 

a t a g r e a t e r r a t e a s w e l l . T h i s makes t he d i f f e r e n c e s i n t h e i r p e r c a p i t a 

g r o w t h r a t e s l a r g e r , s i n c e t he u n p r o d u c t i v e c o u n t r y i s a l s o c a p i t a l p o o r . 

W i t h l a b o r m o b i l i t y t he s i t u a t i o n i s even more e x t r e m e : no one w i l l work i n 

the l e s s p r o d u c t i v e c o u n t r y s o i t s n a t i o n a l p r o d u c t i s z e r o . 
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E x e r c i s e s to 

1. Read D e n i s o n (1967 , c h s . 17 and 2 0 , o r 1974, pp . 7 1 - 8 3 ) and d i s c u s s t he 

p rob lems o f d i s t i n g u i s h i n g e m p i r i c a l l y between i n c r e a s i n g r e t u r n s t o s c a l e 

and " a d v a n c e s i n k n o w l e d g e . " What a d d i t i o n a l e v i d e n c e m igh t you b r i n g t o 

bear on t h e i s s u e ? 

2 . C o n s i d e r a w o r l d o f two c o u n t r i e s w i t h i d e n t i c a l p r e f e r e n c e s , 

U 1 = j " JJe " " p t l o g c j d t , 1 = 1 , 2 , 

bu t d i f f e r e n t r a t e s o f t e c h n i c a l c h a n g e : 

y j = A . e a i t ( k j ) a , 1 , 1 , 2 , 

w i t h A 1 < and a^ > a 2 . Compute t h e opt imum o f the s o c i a l p l a n n e r ' s p r o b l e m 

max X U 1 + ( 1 - X ) U 2 

(cVl 
s u b j e c t t o 

1 2 f , 1 2 
c t + c t + k t " h + y t ' 

t he two t e c h n o l o g i e s , t he w o r l d c a p i t a l c o n s t r a i n t , 

k^ + k 2 < k 
K t K t " K t ' 

1 ? 
and n o n n e g a t i v i t y c o n s t r a i n t s on k and k . 

What a r e the dynam ics o f o u t p u t i n each c o u n t r y w i t h (a ) no t r a d e o r 

f a c t o r m o b i l i t y , (b) m o b i l i t y o f c a p i t a l , ( c ) m o b i l i t y o f b o t h c a p i t a l and 

l a b o r ? 
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f>l N e o c l a s s i c a l Growth in Perspective 

We have seen t h a t t he n e o c l a s s i c a l g rowth model can be made t o f i t 

t he g r o s s f e a t u r e s o f g row th i n r e a l e c o n o m i e s , bu t o n l y by p o s t u l a t i n g e x o g e ­

nous r a t e s o f p r o d u c t i v i t y g rowth t h a t v a r y a c r o s s c o u n t r i e s . In p r i n c i p l e we 

wou ld l i k e ou r t h e o r y t o e x p l a i n p r o d u c t i v i t y a s w e l l . Some a t t e m p t s to do 

j u s t t h a t a r e d e s c r i b e d i n t h e n e x t c h a p t e r . 
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1*7 A GUIDE TO THE LITERATURE 

The n e o c l a s s i c a l g r o w t h model i s a p r o d u c t o f t he 1950s and i s 

u s u a l l y a s s o c i a t e d w i t h So low ( 1 9 5 6 ) , a l t h o u g h s i m i l a r mode ls were p u b l i s h e d 

by T o b i n and Swan a round t he same t i m e . The t h e o r y o f o p t i m a l g rowth d a t e s 

f rom Ransey 1928) ; the modern t r e a t m e n t s tems f rom Cas ( l 9 6 ? ) and Koopmans 

(1966). L u c a s , P r e s c o t t , and S t o k e y (1986) d i s c u s s t he i n t e r p r e t a t i o n o f t he 

o p t i m a l p l a n a s a c o m p e t i t i v e e q u i l i b r i u m ; t h e t h e o r y d a t e s back to Debreu 

(1954). 

E v i d e n c e on growth r a t e s and o t h e r f e a t u r e s o f n a t i o n a l eco nom ies 

o v e r l o n g p e r i o d s o f t i m e i s a v a i l a b l e i n numerous books and a r t i c l e s by 

K u z n e t s and D e n i s o n . A u s e f u l u p - t o - d a t e s o u r c e i s t he W o r l d B a n k ' s a n n u a l 

World Development Report . Some o f t he s t y l i z e d f a c t s on g r o w t h a r e summar ized 

by K a l d o r (1957> and Solow ( 1 9 7 0 ) . 
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2 . ENGINES OF GROWTH 

2*4 Growth with L inear Technology 

We have seen t h a t t h e n e o c l a s s i c a l g row th model canno t e x p l a i n 

p e r s i s t e n t d i f f e r e n c e s i n l e v e l s and g rowth r a t e s i n pe r c a p i t a income a c r o s s 

c o u n t r i e s w i t h o u t r e s o r t i n g t o exogenous d i f f e r e n c e s i n l e v e l s and r a t e s o f 

change o f p r o d u c t i v i t y . We d e v o t e most o f t h i s c h a p t e r t o t h e o r i e s t h a t 

a t t e m p t to e x p l a i n t h e s e p r o d u c t i v i t y d i f f e r e n c e s o f a d e e p e r l e v e l , bu t i t i s 

u s e f u l t o a t t a c k t he p r o b l e m i n d i r e c t l y by c o n s i d e r i n g a s e e m i n g l y m ino r 

v a r i a t i o n o f t he n e o c l a s s i c a l g r o w t h m o d e l . T h i s v a r i a t i o n w i l l g i v e us an 

i d e a o f how t o b u i l d g r o w t h r a t e e f f e c t s i n t o m o d e l s , even i f i t d o e s s o i n a 

p u r e l y m e c h a n i c a l f a s h i o n . 

Most o f t h e p r e d i c t i o n s o f t h e n e o c l a s s i c a l g r o w t h model s tem f rom a 

s i n g l e a s s u m p t i o n : t h a t the m a r g i n a l p r o d u c t o f c a p i t a l i s d e c l i n i n g . To 

i l l u s t r a t e t h e i m p o r t a n c e o f t h i s a s s u m p t i o n , and a l s o t h e p o s s i b i l i t i e s t h a t 

open up o n c e i t i s d i s c a r d e d , c o n s i d e r t he g rowth model w i t h p r e f e r e n c e s 

( 1 . 1 ) ^ e ' o t l o g c t d t 

and l i n e a r t e c h n o l o g y 

( 1 . 2 ) y t = A k t . c t • k t . 

The t e c h n o l o g y i s t h e key s i n c e c a p i t a l i s no l o n g e r s u b j e c t to d i m i n i s h i n g 

r e t u r n s . 

We s o l v e t he p r o b l e m by o p t i m a l c o n t r o l . The c u r r e n t v a l u e 

H a m i l t o n i a n i s 

H ( c , k , X ) = l o g c + x [ A k - c ] , 
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w h i c h y i e l d s t he f i r s t - o r d e r c o n d i t i o n s 

(1.3a) c " 1 = X 

(1.3b) X = ( p - A ) X 

(1.3c) k = A k - c . 

The o p t i m a l s o l u t i o n i n v o l v e s ( s e e e x e r c i s e 1) 

(1.4) k f c = e ( f l " D ) t k 0 

s o t h e c a p i t a l s t o c k and o u t p u t grew e x p o n e n t i a l l y a t r a t e A - p. 

The p o i n t i s t h a t we now have a model c a p a b l e o f g e n e r a t i n g p e r s i s ­

t e n t , n o n z e r o r a t e s o f g rowth w i t h o u t r e s o r t i n g t o exogenous t e c h n o l o g i c a l 

change ( a l t h o u g h t o be f a i r , o u r t h e o r y i s s t i l l p r e t t y a r t i f i c i a l ) . We can 

a l s o g e n e r a t e d i f f e r e n c e s i n l e v e l s o f o u t p u t f rom d i f f e r e n t i n i t i a l c a p i t a l 

s t o c k s . T h i s m o d e l , u n l i k e t he n e o c l a s s i c a l g r o w t h m o d e l , shows no t e n d e n c y 

toward c o n v e r g e n c e o f l e v e l s o f o u t p u t . 

Our t a s k i n t he r e m a i n i n g s e c t i o n s i s t o e x p l o r e v a r i o u s means o f 

e s c a p i n g f r om d i m i n i s h i n g r e t u r n s i n some r e p r o d u c t i v e f a c t o r and t h u s b u i l d 

i n some o f t h e f e a t u r e s o f l i n e a r t e c h n o l o g y . Our r e f e r e n c e e a r l i e r t o " t e c h ­

n o l o g i c a l c h a n g e " s u g g e s t s t h a t we g e t b e t t e r a t p r o d u c i n g t h i n g s , s o most o f 

ou r e f f o r t w i l l be i n v e s t e d i n t h e o r i e s o f l e a r n i n g and knowledge t r a n s m i s s i o n 

t h a t f o r m a l i z e t h i s p r o c e s s . The re a r e p l a u s i b l e a rguments t h a t l e a r n i n g 

t e c h n o l o g i e s a r e no t s u b j e c t t o d i m i n i s h i n g r e t u r n s i n t he a g g r e g a t e , s o we 

w i l l a r r i v e a t mode ls w i t h some f o r m a l s i m i l a r i t i e s to t h e one we have j u s t 

s t u d i e d . A s u b s i d i a r y theme i n v o l v e s d e c e n t r a l i z a t i o n o f d e c i s i o n - m a k i n g when 

p r o d u c t i o n e x h i b i t s i n c r e a s i n g r e t u r n s t o s c a l e . S u p p o s e , f o r e x a m p l e , t h a t 
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t h e l i n e a r t e c h n o l o g y (1.2) i n c l u d e d a second f a c t o r , n s a y , whose q u a n t i t y i s 

c o n s t a n t : 

The o p t i m a l s o l u t i o n can be computed a s b e f o r e , w i t h A n a t a k i n g t he p l a c e o f 

A , bu t w i t h i n c r e a s i n g r e t u r n s t h i s may no t be s u p p o r t a b l e a s a c o m p e t i t i v e 

e q u i l i b r i u m . In most o f t he mode ls we s t u d y we g e t a r o u n d t h i s d i f f i c u l t y by 

p o s t u l a t i n g an e x t e r n a l e f f e c t , s o t h a t t he i n c r e a s i n g r e t u r n s a p p a r e n t i n t h e 

a g g r e g a t e a r e n o t a v a i l a b l e t o i n d i v i d u a l d e c i s i o n - m a k e r s . In some c a s e s t he 

c o m p e t i t i v e e q u i l i b r i u m d i f f e r s f rom the o p t i m a l p l a n , bu t t he f o rme r o f t e n 

r e t a i n s many o f t h e f e a t u r e s o f t h e l a t t e r . 

E x e r c i s e s to 2 . 1 

1. Use (1 .3a ,b ) t o e x p r e s s t h e c o s t a t e as 

yt - A k t v 

and c a p i t a l a c c u m u l a t i o n a s 

k = Ak - e (A -p ) t / X 

V e r i f y t h a t 

k t = { k 0 + [ e - p t - 1 ] / o X 0 } e At 

i s a s o l u t i o n t o ( k ) s a t i s f y i n g t he i n i t i a l c o n d i t i o n k f c = k Q a t t = 

Now a p p l y t h e t r a n s v e r s a l i t y c o n d i t i o n 

l i m e -pt 

t o o b t a i n ( 1 . 4 ) . 
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2 . Draw a phase d i a g r a m f o r t he o p t i m a l g row th p r o b l e m w i t h l i n e a r t e c h n o l o g y 

and compare i t t o t he n e o c l a s s i c a l g row th m o d e l . 

3 . D e r i v e t he o p t i m a l p l a n w i t h l i n e a r t e c h n o l o g y [ e q ( 1 . 2 ) ] and u t i l i t y 

f u n c t i o n 

^ - o t u ( c t ) 

where u ( c ) = C 1 _ y / ( 1 - Y ) . D e s c r i b e t he i m p a c t o f t he p r e f e r e n c e p a r a m e t e r 

on t h e s o l u t i o n . Does a s o l u t i o n e x i s t f o r any v a l u e s o f p, A , and y? 

4 . D e r i v e t h e o p t i m a l p l a n f o r the l i n e a r - t e c h n o l o g y economy when t he g o v e r n ­

ment t a k e s a f r a c t i o n o f t he t o t a l o u t p u t and th rows i t away. Compare 

y o u r answer t o t h a t o f q u e s t i o n 5 , s e c t i o n 1 .3 . 
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2 . 2 Learning by Doing 

One o f t h e most p r o m i s i n g t h e o r i e s o f p r o d u c t i v i t y g rowth i s l e a r n ­

i n g - b y - d o i n g . We know t h a t p e o p l e g e t b e t t e r a t t h i n g s a s they a c c u m u l a t e 

e x p e r i e n c e , and t he management s c i e n c e l i t e r a t u r e i s f i l l e d w i t h r e f e r e n c e s t o 

" t h e e x p e r i e n c e c u r v e . " Ar row (1962) n o t e s t h a t i n p r a c t i c e s u c h l e a r n i n g 

e x h i b i t s " s h a r p l y d i m i n i s h i n g r e t u r n s , " so we w i l l want t o c o n s i d e r l e a r n i n g 

c u r v e s o f t he f o rm 

A f c = * ( e f c ) , 1' > 0 , i" < 0 , 

where e i s a measure o f " e x p e r i e n c e " and A i s ou r u s u a l p r o d u c t i v i t y pa ram­

e t e r . 

The q u e s t i o n i s how e x p e r i e n c e i s m e a s u r e d . A p a r t i c u l a r l y s i m p l e 

f o r m u l a t i o n s p e c i f i e s e x p e r i e n c e a s c u m u l a t i v e o u t p u t , s o i f o u t p u t f r o m , s a v , 

one u n i t o f l a b o r i s 

y t = K e f c ) 

t h e n 

S i n c e a ' i s d e c r e a s i n g and bounded f r om be low by z e r o we know a ' a p p r o a c h e s 

some c o n s t a n t : 

l i m a ' ( e ) = 2 ' > 0 

so 

y / y = a ' ( e ) * a ' . 
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The r a t e o f g rowth o f o u t p u t i s t h e r e f o r e d e t e r m i n e d c o m p l e t e l y by t h e f u n c ­

t i o n I. We c o u l d make t h i s more r e a l i s t i c by i n t r o d u c i n g a d d i t i o n a l i n p u t s i n 

p r o d u c t i o n , bu t t he i d e a wou ld be e s s e n t i a l l y t he same. 

Two p rob lems w i t h t h i s a p p r o a c h as a t h e o r y o f g rowth a r e t h e f o l ­

l o w i n g . F i r s t , when 1 ' i s p o s i t i v e we have a f a i r l y s i m p l i s t i c t h e o r y . We 
CO 

have s i m p l y r e p l a c e d exogenous t e c h n i c a l change w i t h an exogenous l e a r n i n g 

c u r v e . T h i s i s an i m p o r t a n t , s i n c e we can base I on s t u d i e s o f m i c r o b e h a v i o r , 

bu t a s m a l l o n e . S e c o n d , t h e e v i d e n c e s u g g e s t s t h a t l e a r n i n g c u r v e s have t he 

p r o p e r t y 1^ = 0 , i n w h i c h c a s e t he model p r e d i c t s no s u s t a i n e d g r o w t h . Ar row 

( ^ 9 6 2 ) , f o r e x a m p l e , c i t e s a s t u d y o f a i r p l a n e m a n u f a c t u r i n g t h a t a p p r o x i m a t e s 

l e a r n i n g by t he c u r v e 

M e ) * e 1 / 3 , 

where e h e r e i s t he number o f a i r p l a n e s p r o d u c e d . Ghemawat (1985) r e p o r t s 

t h a t " l i t e r a l l y t housands o f s t u d i e s have shown t h a t p r o d u c t i o n c o s t s u s u a l l y 

d e c l i n e by 10-30 p e r c e n t w i t h each d o u b l i n g o f cumu la ted o u t p u t , " w h i c h i m ­

p l i e s a s i m i l a r l e a r n i n g c u r v e . 

The t r i c k i s to embody l e a r n i n g i n a good t h a t can i n c r e a s e w i t h o u t 

b o u n d , j u s t a s we t h i n k i n t u i t i v e l y t h a t knowledge has no bound . A r row em­

b o d i e s l e a r n i n g i n c a p i t a l g o o d s . A s l i g h t l y more t r a c t a b l e f o r m u l a t i o n i s 

due t o L u c a s (1985). P r o d u c t i o n now u s e s bo th c a p i t a l and l a b o r , and l a b o r ' s 

u s e f u l n e s s i s d e t e r m i n e d by an a b i l i t y v a r i a b l e , h : 

, c i r , , 1 - a 
h k t [ h t n t ] • 

We t h i n k o f h a s human c a p i t a l , o r know ledge . The d r i v i n g f o r c e i n t he model 

i s t he b e h a v i o r o f h o v e r t i m e . L u c a s u s e s 
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h : 5n h 

s o t h a t h a r d work now ( l a r g e n) makes us more p r o d u c t i v e l a t e r . 

Exerc ises to 2 .2 

1. D e r i v e t he c o s t f u n c t i o n u n d e r l y i n g Ghemawat 's s t a t e m e n t t h a t c o s t s d e ­

c l i n e by ( s a y ) 20 p e r c e n t f o r e v e r y d o u b l i n g o f c u m u l a t e d o u t p u t . What 

does t h e g rowth r a t e c o n v e r g e t o i n an economy w i t h t h i s l e a r n i n g t e c h ­

n o l o g y ? 

2 . W r i t e down an e x p e r i e n c e c u r v e t h a t p r o d u c e s k% g row th a s y m p t o t i c a l l y . 

3 . P u t d i s t o r t i o n i n L u c a s ' s LBD m o d e l . 

4 . D e s c r i b e a v e r s i o n o f L u c a s ' s LBD model w i t h l e i s u r e . 


