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The L inea r Opt imal Regula tor Problem wi th P e r i o d i c C o e f f i c i e n t s 

Le t R s ( t ) be n x n symmetric negat ive s e m i d e f i n i t e mat r ices 

^ s ( t ) — ^ ' ^ o r ^ n ( ^ e x f unc t ions s ( * ) and fo r a l l t ) ; Qs( t ) ^e m x 

symmetric negat ive d e f i n i t e mat r ices (Q s(-t) < 0 , f o r a l l index func t ions 

s ( ' ) and fo r a l l t ) wi th m <_ n; ^ s ( t ) ^ e n x n m a t r i c e s ; ^ s ( t ) ^ e n x 

m mat r i ces ; x^ be n x 1 v e c t o r s ; v^ be m x 1 v e c t o r s ; and l e t the 

i n i t i a l vec to r x^^ and an n x n symmetric negat ive s e m i d e f i n i t e t e r m i n a l 

matr ix R ^ be g i v e n . F i n a l l y , l e t 5 .̂ be n x 1 vec to r whi te n o i s e s ^ / 

w i th E (S^S^) = V^., where the ^ are p o s i t i v e d e f i n i t e n x n m a t r i c e s , 

and l e t E+ denote l i n e a r l e a s t squares p r o j e c t i o n onto in fo rmat ion 

a v a i l a b l e a t t ime t . Then the problem o f maximizing 

( l ) J ( V • \ 1 1 _ + t x t R

S ( t ) x t + v t Q

S ( t ) v t J + 

subject t o a g iven x+ and 

^ x t + l • A s ( t ) x t + B s ( t ) v t + *t+l> 

over cho ices of the m x n matr ices F .̂ , Fj. Fj. _^ used to set v^ 

accord ing to 

(3) = " F t x V 
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i s known as the opt imal l i n e a r regu la to r problem. A wide v a r i e t y of 

economic problems can be posed as l i n e a r opt imal regu la to r problems. 

Opt imal l i n e a r regu la to r problems have been ex tens i ve l y s t u d ­

ied and much i s known about s o l v i n g them [see, f o r example, Ber tsekas o r 

Kwakernaak and S i v a n ] . Most f requen t l y s tud ied are the genera l t ime-

vary ing c o e f f i c i e n t s case , when s ( t ) = t , and the t i m e - i n v a r i a n t c a s e , 

when s ( t ) = s , a cons tan t . In the former case , the s o l u t i o n c o n s i s t s of 

one sequence of formulas f o r c a l c u l a t i n g the matr ices F + , F + , , . . . , 
x 0 x 0 L 

F^_-^ as func t ions of the matr ices p t ^ ' ^ t g ' ^ "O"* - 1 ' * * * ' ^ t ]_- l ' ^*o' 

R t Q + l ' R t x - 1 ' hQ> A t Q + l ' At1~l* a n d B t Q ' B t Q + l ' ^ - 1 

and another sequence of formulas fo r c a l c u l a t i n g the maximized va lue o f 

the problem. These formulas a l s o work i n the t i m e - i n v a r i a n t case , o f 

course , but the i nva r iance of the c o e f f i c i e n t s i n that case a l l ows 

answers to a d d i t i o n a l quest ions concern ing the l i m i t i n g behavior of the 

system and i t s maximizing s o l u t i o n as tn + - °°. 

The purpose of t h i s paper i s to show tha t many of the ques­

t i o n s that can be answered about the l i m i t i n g behavior of t i m e - i n v a r i a n t 

systems can a l s o be answered fo r t ime-va ry ing systems wi th p e r i o d i c 

c o e f f i c i e n t s . These systems, where s ( t ) i s a p e r i o d i c sequence of 

i n teger pe r iod p, or s(t+p) = s ( t ) fo r a l l t , i nc lude t i m e - i n v a r i a n t 

systems as a s p e c i a l case (p= l ) . Many l i m i t i n g p rope r t i es of t ime -

i n v a r i a n t systems can be genera l i zed to the p e r i o d i c case , where the 

matr ices F .̂ which so lve the problem, ins tead of s e t t l i n g down to a f i x e d 

va lue , s e t t l e down t o a p e r i o d i c sequence of va lues ( i f they s e t t l e down 

a t a l l ) . 
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The f i r s t sec t i on of the paper reviews the s o l u t i o n o f the 

t ime-va ry ing l i n e a r opt imal regu la to r problem and then shows t h a t , when 

i t s c o e f f i c i e n t s a re p e r i o d i c , the same s o l u t i o n i s obta ined by embed­

ding the t ime -va ry i ng problem i n a h igher d imensional t i m e - i n v a r i a n t 

problem. The second sec t i on makes use of the h igher d imensional t ime -

i n v a r i a n t problem t o e s t a b l i s h c e r t a i n l i m i t i n g p r o p e r t i e s of the system 

and i t s maximizing s o l u t i o n . 

I. Conver t ing the p e r i o d i c - c o e f f i c i e n t l i n e a r opt imal regu la to r problem  

to a t i m e - i n v a r i a n t problem. 

We f i r s t der i ve the s o l u t i o n to the f i n i t e - h o r i z o n problem 

in t roduced i n equat ions ( l ) - (3) of the i n t r o d u c t i o n . As Ber tsekas 

(1976) shows, t h i s problem can be solved by the recu rs i ve a lgo r i thm 

known as dynamic programming (DP). 

Accord ing to the DP a lgo r i t hm , we begin at the t^-1 s tage , 

where we seek a v^.^_j = - P - t ^ - l x t - L - l t o maximize 

{ k ) J K x - l ) = \ - l t X t 1 - l R s ( t 1 - l ) X t 1 - l + V t 1 - l Q s ( t 1 - l ) V t 1 - l 

+ ^ A s ( t 1 - l ) x t 1 - l + ^ ( ^ - 1 ) ^ - 1 + 5 t / P t J A s ( t 1 - l ) \ - l 

+ B

S ( V 1 ) V

V 1 + \)h 
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21 sub jec t to a given Xj; D i f f e r e n t i a t i n g w i th respect to v .̂ _^ g ives 

0 = 2 Q , , , , v . . + 2B T , 4_ 1 , P i A , . . . x , . 
' s d ^ - U t x - i s i ^ - i ) t x s ( t 1 - i ) t x - i 

+ 2 B I ( t 1 - l ) P t 1

B s ( t 1 - l ) V t 1 - l ' 

or 

where 

(5) \-l = ^ 8 ( ^ - 1 ) + B s ( t 1 - l ) P t 1

B s ( t 1 - l ) 1 " l B s ( t 1 - l ) P t 1

A s ( t 1 - l ) 

Equat ions (k) and (5) show tha t the opt imal value of the problem s t a r t ­

i ng at t-^-1 w i th i n i t i a l va lue _^ i s 

J*{\^i) = -̂1*8(1̂ -1)̂ -1 + x t 1 - i F t 1 - i Q s ( t 1 - i ) F t 1 - i x t 1 - i 

+ ^ s ( t 1 - i ) x t 1 - i " ^ ( ^ - D ^ - i ^ - i ^ X ^ s C ^ - D ^ - i 

" B s ( t 1 - i ) F t 1 - i x t 1 - J + \ - i t \ W ' 

or 

file:///-it/W'
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( 6 ) ^^tyl) = x t x - l \-l H^l + \-l P t x * V 

where 

(7) P = [ ^ ( t , - ! ) • A ^ - l ) (P - P B s ( t r l ) ( Q s ( t 1 - D 

The matr ix P^ _^ i s a l s o symmetric and negat ive s e m i d e f i n i t e 

[Ber tsekas, p.72] , so the next step i n the DP a l g o r i t h m , which i s to 

f i n d a v t -2 = ~ P t - 2 x t -2 tha t maximizes 

(8) J ( x t r _ 2 ) = h^xl^sit^H^ + vty2%(.ty2)vty2 

+ ( A s ( ^ - 2 ) ^ - 2 + Bs(ty2)vty2 + hyl^tyl 

(A

8(ty2)Hy2 + B

S(ty2)Vty2 + hyl) + \-l ^ 

has the same form as the t-^-1 maximizat ion except f o r the a d d i t i o n a l 

T 
1 r ^tyl P t ^ ^ ^ n c e t h i s a d d i t i o n a l term does not i n v o l v e 
v^^_2 i n any way, i t does not a f f e c t the cho ice o f the maximizing 

^ 2" Thus fo r the t-^-2 stage and, by working backwards i n the same 

manner, fo r stages t-^-3, t-^-H, t g , we have that the op t im i z i ng 

cho ices fo r F t _^ (and hence fo r v.j. and the opt imized va lues o f 

J ^ t j - k ) a r e g iven by , f o r k = 1 , 2 , t x - t Q , 
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( 9 ) ^ t l - k " " % - k x t x - k ' 

and 

( 1 0 ) J * ( \ . k ) = V k \ - k \ - k 

+ E t , -k, ? t ,-k+h+l P t , -k+h+1 -k+h+1, 1 h=0 1 1 1 ' 

where 

p t -k = [ R s ( t 1 - k ) + AI(t-k) K j - k + l " P t 1 - k + l ^ ( t ^ k ) 

^ Q 6 ( t f k ) + B l ( t r k ) ^ - k + l B

S ( t 1 - k ) ^ 1 B 8 ( t 1 - k ) 

A 8 ( V k ) ] 

and 

( 1 2 ) F t 1 - k " ^ Q s ( t r k ) + B s ( t 1 - k ) \ - k - H B s ( t 1 - k ) ^ " B s ( t 1 

P t -k+1 A s ( t - k ) * 

The f i n a l term i n equat ion (10) i s der ived from repeated a p p l i c a t i o n of 

the law of i t e r a t e d l i n e a r p r o j e c t i o n s , which says tha t E .̂ (E^. +^e) = 

E^e , fo r any random v a r i a b l e e . Equat ion ( l l ) i s known as the matr ix 

file:///-k-H
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R i c c a t i equat ion . For a more complete d e r i v a t i o n of (9) - (12) i n the 

genera l f i n i t e - h o r i z o n , t ime -va ry i ng c o e f f i c i e n t s case , the reader i s 

i n v i t e d t o check Ber tsekas [1976, Chapters 2 and 3l • 

Equat ions (9) - (12) were der ived wi thout s p e c i f y i n g the index 

func t i on s ( t ) , so they so lve the genera l t ime-va ry ing c o e f f i c i e n t s p rob ­

lem and the s p e c i a l cases o f t i m e - i n v a r i a n t and p e r i o d i c c o e f f i c i e n t s as 

w e l l . In p a r t i c u l a r , i f we now spec i f y s ( t ) to be p e r i o d i c of i n teger 

pe r i od p, so tha t s(t+p) = s ( t ) f o r a l l t , equations (9) - (12) so l ve 

the f i n i t e - h o r i z o n , p e r i o d i c - c o e f f i c i e n t s l i n e a r op t ima l r egu la to r 

problem. 

I d e n t i c a l s o l u t i o n s to the p e r i o d i c - c o e f f i c i e n t s problem can 

be obta ined by embedding i t i n the h igher d imens iona l , e s s e n t i a l l y t i m e -

i n v a r i a n t problem g iven by choosing u .̂ = -L^y^ to maximize 

V1 

(13) J ( y ) = E [ I { y V + u V } + yTK y ] 
*o 0 t= t Q

 z t z z V i t i 

subject t o 

{ l k ) y t + i = ^ t + **t+ e s ( t + D W 

where, i n terms of the vec to rs and matr ices p rev i ous l y def ined and the 

no ta t ion d iag (ZQ, Z-^, Zp_-^) f o r a d iagona l (or b lock d iagona l ) 

matr ix wi th d iagona l elements ZQ , Z-^, . . . , ^p_]_ > 
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(15) Q = d iag [ Q s ( 0 ) , Q s ( l ) , Q s ( p _ l ) ] 

a pm x pm symmetric negat ive d e f i n i t e ma t r i x ; 

(16) R = d iag [ R s ( 0 ) , R s ( l ) , R ^ . - n l ;(p-l) 

a pn x pn symmetric negat ive s e m i d e f i n i t e ma t r i x ; 

(17) K T = d iag [K° , K\ , . . . , KP_J-] , 
^1 zl zl ti 

P - l l 
1 

w i th = P^.^, f o r i=0, 1, 2 , p - 1 , so that K^^ i s a pn x pn sym­

metr ic negat ive s e m i d e f i n i t e ma t r i x ; 

(18) A= 

0 0 0 0 • A s ( p - 1 ) 

A s ( 0 ) 0 0 0 • 0 

0 A s ( l ) 0 0 • 0 

0 

• 

0 

• 

A s ( 2 ) 0 • 0 

• 

• 

0 

• 

0 0 • • • 

• 

A s ( p - 2 ) 0 
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a pn x pn mat r i x ; 

(19) B = 

^ ( O ) 

0 

0 

0 

0 

B s ( l ) 

0 

0 

0 

0 

B s ( 2 ) 

0 

0 

0 

0 

B 

B s(p-2) 

s ( p - i : 

0 

0 

0 

a pn x pm mat r i x ; 

: 2 0 ) e s ( t ) " K ° n ' ' , o 1 - 1 , I 1 , o i + 1 . 
' n ' n ' n 

0 p - l j T 

w i th 0^ an n x n zero matr ix i n the b lock of the pn x n matr ix 

e s ( t ) ' * " o r J ^ i ' a n < ^ 1^ an n x n i d e n t i t y matr ix i n the i** 1 b lock of 

e s ( t ) ' w ^ e r e i=modp(t). (That i s , i e ( 0 , 1 , . . • , p - l ) and t = £p+i f o r 

some in teger £ . ) The s t r u c t u r e of the pn x 1 vec tors y t and the pm x 1 

vec tors u^ w i l l be exp la ined i n more d e t a i l below and can be ignored f o r 

now. The n x 1 vec to r white no ises E,^ are as p rev i ous l y de f i ned . 

Using formulas (9) - (12) to der i ve the s o l u t i o n to the p rob ­

lem posed i n (13) - (1*0 g ives 
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k-1 
( 2 1 ) " V k V ^ V * + V * I ^l-k+h+l 1 1 1 1 1 h=0 1 

T 
e s ( t 1 - k + h + l ) K t 1 - k+h+ l e s ( t 1 - k+h+ l ) ^ -k+h+1 

and 

<22> u t , - k • - L t n - k y t , - k » 

where 

( 2 3 ) \ - k = t R + A \ M ~ \ - k + l B ( Q + B \ - k + l B ) 

and 

{ 2 k ) \ - k " ( Q + B \ - k + l B r l B T \ - k + l A> 

fo r k = 1, 2 , . . . , - t Q , w i th g iven by ( 1 7 ) . 

To see how (2 l ) - (2*0 can match up wi th (9) - (12) , we need 

to c a l c u l a t e more d e t a i l e d express ions fo r L t_^_ k and R e c a l l i n g 

the s t ruc tu re of K .̂ g iven by ( 1 7 ) , we s h a l l see tha t K̂ . _^ h a s a s i m i ­

l a r s t r u c t u r e . We have from (23) tha t 

(25) K. . = [R-
V 1 

Ti 
K t " K t 

t l \ 

B(Q+BTK J B) -1T,T, 5 \ }A] . 
t l 
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Note tha t 

(26) n B s ( 0 ) 

0 0 B s ( l ) 

5 s ( p - l ) 0 

3 s ( 2 ) 

0 

0 

0 

B T 
s (p -2 ) 

0 

K° 0 . . . . 

1 K to 

4 

0 

0 ( B S ( Q ) K T I ) 0 

0 0 ( B ^ ( 1 ) K ^ ) . . . 

0 0 0 ( B ^ ( 2 ) K ^ ) . . 

( B ! 
, P - I -

s ( p - 2 ) ' v t 1 

( B I (p-D K ?, 
L 

so tha- t l / 



- 1 2 -

(27) = d i a g [ ( B ^ ( 0 ) K ^ B s ( 0 ) ) , ( B ^ K ^ , 

( B s ( p - l ) K t 1

B s ( p - l ) ) J ' 

and 

(28) ( Q V K ^ B ) " 1 = d i a g [ ( Q s ( 0 ) < ( 0 ) K ^ B s ( 0 ) ) - 1 , ( Q S ( L ) < ( L ) 

h^sd)^1'"" ^ Q s ( P - i ) + B s ( p - i ) K ? 1

B s ( p - i ) ^ 1 J ' 

where t h e e x i s t e n c e o f t h e s e i n v e r s e s i s a s s u r e d because o f t h e n e g a t i v e 

d e f i n i t e n e s s o f Q and Q s ( 0 ) > Q s ( l ) ' * * ' > Q s ( p - l ) • W i t h ^ + ̂ ^t^'1 

d i a g o n a l , we can o b t a i n , t h r o u g h c a l c u l a t i o n s v e r y s i m i l a r t o t h o s e 

a b o v e , t h a t 

(29) K ^ ^ B ) ^ = d i a s { [ K ° i B S ( P _ L ) ( Q S ( P _ L ) 

+ B l ( P - l ) K t 1

B

S ( P - l ) ^ l B l ( P - l ) K ? J ' [ ^ 8 ( 0 ) ^ 8 ( 0 ) 

+ ^ ( O ^ t ^ s C O J ^ X c o ) ^ ' * * " t K ? ^ B

s ( p _ 2 ) ^ Q s ( p - 2 ) 

+ B I ( p - 2 ) K ? ^ l B s ( p - 2 ) ^ l B s ( p - 2 ) K ? ^ ^ ' 

and t h u s t h a t 
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( 3 0 ) \ - i = d i a g < [R 8 ( o) + K l ( o ) ^ ^ 3 ( 0 ) ^ 3 ( 0 ) 

+ B s ( 0 ) < B s ( 0 ) r 1 B 3 ( 0 ) K U A 3 ( 0 ) ^ [ R s ( l ) + A 3 ( 1 ) * K 

+ K t A ( 1 ) ( Q 3 ( 1 ) + B 3 ( l ) K t B 3 ( 1 ) ) _ 1 b T S ( 1 ) 
1 

[ R s ( P - i ) + ^ ( p - i ) ^ + ^ ^ ( p - D ^ s C p - i ) 

+ B s ( p - l ) K t 1

B 8 ( p - l ) r l B s ( p - l ) K t 1 J A 8 ( p - l ) H -

Note that K^_]_» l i k e i s a pn x pn symmetric negat ive 

sem ide f i n i t e ma t r i x , s ince each of i t s d iagonal b locks i s an n x n sym­

metr ic negat ive sem ide f i n i t e matr ix (Ber tsekas , p. 72 ) . Fur thermore, the 

i t J l d iagona l element of K̂ . where i=modp(t-^-l), i s the same as the 

express ion f o r P + -, der ived f o r the p e r i o d i c - c o e f f i c i e n t s case (equat ion 

(7) or ( 1 1 ) , w i th s(t+p) = s ( t ) , f o r a l l t ) . 

To der i ve Lfc^_i> r e c a l l equat ions (2k) and (28) and note tha t 

( 3 1 ) B \ A = d i a « [ B 8 ( 0 ) K i 1

A s ( 0 ) » (̂1)̂ .(1) — -
B s ( p - l ) K ? i

A s ( p - l ) J ' 

so tha t 

( 3 2 ) \-l - d i a * [ ^ s ( O ) + Bs(0)Ki1

Bs(0)^ l BI(0)Ki1

As(0) 

( Q s ( l ) + ^ ( D ^ s d J ^ ' ^ D ^ s d ) " - " ^ Q s ( p - 1 ) 

+ B T , . , K ° B , 1 B T , ^ K ? A , , J . s ( p - l ) t 1 s ( p - l ) ; s ( p - l ) t x s ( p - l ) J 
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A g a i n , f o r i = m o d ^ t ^ - l ) , the i** 1 b lock on the d iagona l of 

L t^_-^ i s i d e n t i c a l to the express ions der ived f o r f o r the p e r i o d i c -

c o e f f i c i e n t s case (equat ions (5) or (12) , w i th s(t+p) = s ( t ) , f o r a l l t ) . 

From equat ion (23) , the formula f o r ft,. _g i s 

(33) K t _ 2 = [R + A T { K t _ x - K t _jB(Q + B T K t _ 1 B ) " 1 B T K t ^ J A ] . 

I f we l e t Kj.^_i = d iag[K° _ ± ,KJ _ X , . . . , K ^ " 1

1 ] , where equals the i t h 

block on the d iagona l of the express ion on the r i gh t s i de of equat ion 

(30 ) , then equat ion (33) has the same form as equat ion (25 ) . By c a l c u l a ­

t i ons analogous t o those l e a d i n g up to (30) , 

{ 3 k ) \ - 2 = d i a g f [ R s ( 0 ) + A I ( 0 ) J K ! f l + \ - l \ ( 0 ) ^ S ( 0 ) 

+ B l ( 0 ) \ - l \ ( 0 ) y ^ ( 0 ) \ j A s ( 0 ) ^ K ( l ) + A s ( l ) { R V l 

+ ^ 4 B s ( l ) ^ ( l ) + B I ( l ) K V l B s ( l ) ) " l B I ( l ) K ? i - l } A s ( l ) ] ' 

^ R s ( p - 1 ) + ^ ( p - D ^ - l + K ? i - l B s ( p - l ) ^ Q s ( p - l ) 

+ B S ( P - 1 ) K ? i - 1 B S ( P - 1 ) ^ 1 b I ( P - 1 ) K ? i - 1 ^ A S ( P - 1 ) H . 

and, working backward i n the same manner f o r k = 1 , 2 , . . . , t ^ - t Q , 



(35) K t ^ k = d iag { [ R s ( 0 ) < ( 0 ) { K i i _ k + 1 < i . k + 1 B s ( 0 ) ( Q s ( 0 ) 

+ B I ( 0 ) K t 1 - k + l B s ( 0 ) ^ " l B s ( 0 ) K t 1 - k + l J A s ( 0 ) ] ' ^ 3 ( 1 ) ^ 1 ( 1 ) ^ ^ - k + 1 

+ K t 1 - k + l B s ( l ) ^ Q s ( l ) + B s ( l ) K t 1 - k + l B s ( l ) ^ " X ( l ) K t 1 - k + l ^ A ^ ' 

' * * ' t R s ( p - l ) + A s ( p - l ) ^ K t 1 - k + l + K t 1 - k + l B s ( p - l ) ^ Q s ( p - l ) 

+ B s ( p - l ) K t 1 - k + l B s ( p - l ) ^ " l B s : ( p - l ) K t 1 - k + l J A s ( p - l ) ^ ' 

where the n x n matr ices (which we w i l l denote by . , f o r i = 0 , l , 2 , 
t ^ k 

. . . , p - l ) on the d iagona l of f o r k = l , 2 , . • . , t 1 - t Q , are each symmet­

r i c and negat ive d e f i n i t e . 

The next important s tep i n matching the s o l u t i o n s (21) - (2k) 

of the h igher d imensional problem wi th the s o l u t i o n s (9) - (12) of the 

p e r i o d i c - c o e f f i c i e n t s problem i s to show t h a t , fo r i=modp(t-j_-k), the i** 1 

block of ICj. _ k i n (35) i s i d e n t i c a l to the express ion f o r P t _^ de r i ved 

i n equation ( l l ) f o r the p e r i o d i c - c o e f f i c i e n t s case . Because Kj. = d iag 

[P^^, P ^ , P-^^K i t was easy to show t h a t , f o r i = m o d p ( t 1 - l ) , the 

i t h b lock of K t ^ _ 1 was i d e n t i c a l to N o w > i f i = m o d p ( t 1 - l ) * 0 , 

then i-l=modp(t-^-2) and we want to f i n d P .̂ _g i n the i-1 b lock o f K .̂ 

I f i=modp(t-^-l)=0, then we want P ^ _ 2 to be i n the p-1 b l ock . Equat ion 
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(3*0 shows that t h i s i s j u s t what happens i n the c a l c u l a t i o n of K̂ . _2« 

P-t^_i» which appeared as _ i i n ICj. _-[_, appears i n the exp ress ion 

f o r g i n ^ ^ - 2 ( w n e r e w e l e * i-1 = P - l i f i=0) . Th is f a c t , a long 

w i th s ( t n - 2 ) = s ( i - l ) , shows tha t K * - ^ = P + 0 . S i m i l a r l y , icf , = P+. v , 
J . 1 1~ l " ~ 1 — 

where i = modp (t-^-k) and _^ denotes the i** 1 b lock on the d iagona l o f 

We can now e a s i l y c a l c u l a t e L̂ . k=l , 2 , . . . , t -^- tQ, and show 

where _^ i s l oca ted on i t s d i a g o n a l . From equat ion (2*0 and the d i a g ­

ona l s t r u c t u r e of K̂ . 

( 3 6 ) \ - k = d i aS^ Qs(0) + B I(0) K t 1-k + l Bs(0))" l B I(0) K i 1-k + l As(0)' 

( Q s ( 1 ) + B s ( 1 ) K t 1 - k + l B s ( 1 ) ) ~ 1 B S ( 1 ) K t 1 - k + l A s ( 1 ) ' • • • ' 

^ Q s(p- l ) + B I (p- l ) K t 1 -k+ l B s(p- l )^ l B s(p- l ) K t 1 -k+ l A s(p- l )J" 

Since = P̂ . , f o r i+ l=modp( t 1 -k+ l ) , as d iscussed above, i t 

f o l l ows immediately from (36) and (12) tha t = F (us ing i+l=0 i f 

i = p - i ) . 

To summarize the r e s u l t s so f a r , we can say that equat ions (21) 

- (2k) so lve the problem posed i n (13) and ( l ^ ) , and that f o r k = l , 2 , . . . , 

t -^ - tg , Kj. _ k and L̂ . _^ are d iagona l matr ices whose i^* 1 b locks a long the 

d i a g o n a l , f o r i=modp(t-^-k), are g iven by P^ _^ and F .̂ r e s p e c t i v e l y . 
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We now begin to complete the correspondence between the p e r i ­

o d i c - c o e f f i c i e n t problem and the h igher d imens iona l , t i m e - i n v a r i a n t p r o b ­

lem by s p e c i f y i n g the s t r u c t u r e of y + , the g iven i n i t i a l c o n d i t i o n . Let 
z0 

(37) y t = [ ( y . ) , ( y . ) , . . . ( y ; ) J , 
z0 z0 ^ t 0 

where 

(38) y t 

x , i f i=mod ( t . ) 
I ^ P ° 

0 .an n x 1 matr ix of z e r o s , o therwise . 

* Then J (y, ), as g iven by equat ion ( 2 l ) , i s the same as J * ( x + ), as 

g iven by equat ion (10) , f o r 

T j 
v ' ' e s ( t 1 - k + h + l ) K t 1 - k + h + l e s ( t 1 - k + h + l ) = ^ - k + h + l = P t 1 - k + h + l , 

where j=mod (t-^-k+h+l), and 

(hO) yT K y = xT K* X = x'f P x , 
t 0 t 0 t 0 Z0 t 0 *0 zo t 0 %0 

where i=modp(tg). That i s , the two problems have the same maximized 

v a l u e . 

The opt imal c o n t r o l s , v t and u^., f o r t = t g , t g + l , . . . , t ^ - l , a l s o 

match up , as do the s ta te vec to rs x .̂ and y^.. R e c a l l tha t y^ i s pn x 1, 

w i th p-1 nx l b locks o f zeros and the n x 1 b lock x+ occupying the i** 1 

x 0 
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p o s i t i o n , where i=mod_(t n ) . From t h i s fac t and the fac t that l i = F + , 
p u *0 0 

we get 

'M) u + = —L. y „ = [o? ,oJ , O f " 1 , ( - F + x + ) T , 0 1

i + 1 , 
t Q *o 0 0 0 

, P - l l T 
lxm J 

Tn 0 n 1 T 

~ L U l x m ' U l x m ' V t ' lxm J ' 

where the 1 x m zero vec tors 0 ^ x m occupy a l l b locks but the iz^} That i s , 

u+ i s a pm x 1 vec to r p a r t i t i o n e d in to p mxl b l o c k s , a l l of which are 
z0 

zero except the i ^ , which equals v+. , where i=mod_. ( t n ) . 

Wi th x+ occupying the iz^ b lock o f y + and v+ occupying the 
*ZQ ZQ ZQ 

iz^ b lock of u t g ' the other b locks being z e r o , f o r i=modp(tQ), we can 

show that ^Q+I a n d V tQ+l 0 C C U P y the i+1 b locks of ^Q+1 a n d u t Q + l ' r e ~ 

s p e c t i v e l y , where we l e t i+l=0 when i = p - l . To see t h i s , note tha t 
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0 0 0 

l s (0 ) 0 0 

0 A s ( l ) 0 

(U2) A y t = 

0 0 A s (p-2) 

I 
r, o 

) 

2 
A 

• 

• 

= 

• 

• 

f t 

V p - l ) * ? - 1 

A s ( 0 ) y t 

S (D y t 

A 

and 

0 0 0 

B s ( 0 ) 0 0 

0 B s ( l ) 

(lt3) B u t = 

0 0 

3 s ( p - l 

! (p -2) 

u 

u 
p-1 

B s ( p - l ) U t 

B s ( 0 ) u t 

B s ( l ) u t 

B s ( p - 2 ) U t . 
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Equat ions [k2) and (k3), the s t r u c t u r e s of y + and u.h desc r ibed above, 
''O 0 

and equat ion (20) thus imply tha t 

(MO 

= A 

= Ay +Bu +e i(tQ+l) Kt o+1 

p S x l " 
• 

ro° 
u mx l 
• 

u n x n *tQ+l 
• 

u n x l 
• 

• • • • 

nx l mxl • 

% °nxn ? t 0 + l ° n x l 

n x l + B mxl 
+ •'-nxn ^ t Q + l = As(i)\+Bs(i)Vt0+l 

• • o i + 2 \ + l 
nxn 0 

n x l 
• • • • 

• • • • 

nx l 
OP" * mxl nxn 0 _ nx l 

T f » • • •» (, ° n x / > C V l ) • • • *• nxl-* J 

I f i=modp(tQ) ^ p-l> t h i s shows tha t Xt^+i does occupy the i+1 block of 

y t wi th the other b locks z e r o . I f i=mod ( tQ)=p- l , a s i m i l a r demon-
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s t r a t i o n can be made ( l e t t i n g i+l=0 i n t h i s c a s e ) . With x + ,-• i n the 
^0 

i+1 b lock of y^^+2_» the res t of v t Q + l being z e r o , and w i th ^ Q + I occup­

y i n g the i+1 b lock a long the d iagona l of L + .-, , we have immediately tha t 

v+ occupies the i+1 b lock o f u+. , the other b locks being z e r o . 

By s i m i l a r reason ing , we can show that x .̂ _^ l i e s i n the 

modp(t]_-k) b lock of y^ the res t of y^. _ k be ing z e r o , and tha t v ^ - k 

occupies the mocL^t^-k) b lock o f u t _^_ k , the res t of u^_jj be ing z e r o . 

We have a l ready shown tha t P .̂ _^ occupies the modp(t-^-k) b lock a long the 

d iagona l of K̂ . tha t _^ l i e s i n the modp(t^-k) b lock a long the d i ­

agonal of L + . , and tha t J ( y . ) = J ( x , ). Thus, f o r the f i n i t e - h o r i -
t i ' K t 0 t 0 

zon, p e r i o d i c - c o e f f i c i e n t l i n e a r opt imal regu la to r problem, a l l of the 

in format ion i n the s o l u t i o n equat ions (9) - (12) can a l s o be obta ined 

from the s o l u t i o n equat ions (21) - (2k) of the h igher d imens iona l , t i m e -

i n v a r i a n t problem posed by equat ions (13) - (lk). 



- 2 2 -

I I . S u f f i c i e n t cond i t i ons f o r convergence of the l i n e a r opt imal r e g ­ 

u l a t o r w i th p e r i o d i c c o e f f i c i e n t s . 

In a sense, t h i s s e c t i o n of the paper i s supe r f l uous . Having 

a l ready shown how to convert p e r i o d i c - c o e f f i c i e n t l i n e a r op t ima l regu­

l a t o r problems i n t o t i m e - i n v a r i a n t problems, we could s imply r e f e r t o 

standard re ferences on t i m e - i n v a r i a n t problems [ for example, Ber tsekas 

or Kwakernaak and Sivan] t o d i scover s u f f i c i e n t cond i t i ons fo r non-

exp los ive behavior of the s t a te vec to r and convergence of the va lue o f 

the problem and the feedback r u l es as the hor i zon goes to i n f i n i t y . 

However, i t should be both convenient and i n t e r e s t i n g to rev iew some o f 

the main theorems here and i n v e s t i g a t e the s p e c i a l forms they take f o r 

problems of the form descr ibed i n equat ions (13) - ( 2 0 ) . We w i l l review 

the main convergence theorems and concepts of c o n t r o l l a b i l i t y , c o n t r o l ­

l a b i l i t y canon i ca l form, r e c o n s t r u c t a b i l i t y , d e t e c t a b i l i t y , s t a b i l i t y , 

and s t a b i l i z a b i l i t y . By s p e c i a l i z i n g these concepts and convergence 

theorems to the case of the problem posed i n equat ions (13) - ( 2 0 ) , we 

are a c t u a l l y g e n e r a l i z i n g them to the c l a s s o f p e r i o d i c - c o e f f i c i e n t 

l i n e a r op t ima l r egu la to r problems. 

A . Review of Standard Convergence Resu l t s 

Consider the l i n e a r system x ( t+ l ) = Ax ( t )+Bv ( t ) , where x ( t ) i s 

an n x 1 s ta te v e c t o r , v ( t ) i s an m x 1 c o n t r o l vec to r (m<n), A i s an n 

x n matr ix of cons tan ts , and B i s an n x m matr ix of cons tan t s . Th i s 
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system i s sa id t o be completely c o n t r o l l a b l e (or j u s t c o n t r o l l a b l e , f o r 

our purposes) i f the system can be moved from zero at any i n i t i a l t ime 

t Q to any te rm ina l s ta te x-^ e R n w i t h i n f i n i t e time ( t -^- tg) . I t tu rns 

out that the system i s c o n t r o l l a b l e i f and only i f i t can be t r a n s f e r r e d 

from any i n i t i a l s t a t e XQ e R n a t any i n i t i a l t ime tg to any t e rm ina l 

s t a te x-̂  e R n w i t h i n a f i n i t e t ime t ^ - t g [Kwakernaak and S i v a n , p.5**] • 

To check f o r c o n t r o l l a b i l i t y , we make use of the C a y l e y -
n-1 . . 

Hamilton theorem [Noble, p . 3 7 2 ] , which imp l ies t ha t A = £ g ^ A J , f o r 

t h J = ° i = n , n + l , n + 2 , . . . . That i s , the n u and h igher i n tege r powers o f an n x n 

square matr ix are l i n e a r combinat ions of the matr ices [ l , A , . . . , A n - ^ ] . 

This i n t u rn imp l i es 

Theorem 1: The n-d imensional l i n e a r t i m e - i n v a r i a n t system 

x( t+ l ) = Ax( t )+Bv(t ) i s completely c o n t r o l l a b l e i f and only i f the c o n ­ 

t r o l l a b i l i t y matr ix P = ( B , A B , A 2 B , . . . , A n - 1 B ) i s of f u l l row rank n; that 

i s , only i f the column vec tors of P span R n [Kwakernaak and S i v a n , 

pp. 1+59-60] . We a l s o say that the matr ices A and B are a c o n t r o l l a b l e  

p a i r i f ( B , A B , A 2 B , . . . , A n - 1 B ) i s of f u l l row rank. 

Many systems tha t a r i s e n a t u r a l l y from economic models are not 

completely c o n t r o l l a b l e . For that reason, we in t roduce the concept of 

the c o n t r o l l a b l e subspace of the l i n e a r t i m e - i n v a r i a n t system x ( t+ l ) = 

Ax ( t )+Bv( t ) , which i s the l i n e a r subspace c o n s i s t i n g of the s ta tes tha t 

can be reached from the zero s ta te i n f i n i t e t ime. I t f o l l ows e a s i l y 

from the proof o f Theorem 1 tha t [Kwakernaak and S i v a n , p .58] 
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Theorem 2 : The c o n t r o l l a b l e subspace o f the n-d imensional l i n e a r 

t i m e - i n v a r i a n t system x( t+ l ) = Ax( t )+Bv(t ) i s the l i n e a r subspace 

spanned by the column vec to rs of the c o n t r o l l a b i l i t y matr ix P = 

[ B , A B , A 2 B , . . . , A n - 1 B ] . 

We s h a l l now t ransform the n-d imensional system x( t+ l ) = Ax( t ) 

+Bv(t) to a more r e v e a l i n g form. Let the dimension of the c o n t r o l l a b l e 

subspace = rank of the c o n t r o l l a b i l i t y matr ix = r, where r _< n. Choose 

a bas i s f o r the c o n t r o l l a b i l i t y subspace c o n s i s t i n g of the n x l vec to rs 

f l ' " ^ 2 ' * * * '**r> a n c ^ choose n x l vec to rs f r + i , f r + 2 , • • • » f n

 s ° tha t 

^ l ' ^ 2 ' * * * »*n :'" s a ^ a s i s f o r R n . Form the nons ingu la r t rans fo rma t ion 

matr ix T = (T-^Tg) , where \ = { f 1 , f 2 , . . . , f r ) and T 2 = ( f r + 1 , f r + 2 , 

. . . , f n ) . Let x ( t ) = T - 1 x ( t ) , so tha t Tx( t ) = x ( t ) . The system can thus 

be w r i t t e n T x ^ + - ^ j = A T x ( t ) + B v ^ j , o r , p r e m u l t i p l y i n g by T~ , ^( t+j j = 

A x ( t ) + B V ( t ) , where A = T _ 1 A T and S = T - 1 B . P a r t i t i o n i n g T - 1 as T - 1 

= ^ , where i s r x n and U 2 i s (n- r ) x n, i t can be shown 

[Kwakernaak and S i van, pp . * t6 l -62 ] that 

Theorem 3 : The transformed system descr ibed above has the form 

x-^ t+ l ) A ft ftll A 1 2 

(k5) 

x 2 ( t + l ) 

= 

o ft22 x 2 ( t ) 

+ 

0 

v ( t ) , 
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where the p a i r ( A - ^ , ! ^ ) i s c o n t r o l l a b l e , and X q = U-jAT^, X 1 2 = U-jAT2, 

X 2 2 = UpATg, S-^ = U-jB, x -^ t ) i s an r x 1 v e c t o r , and x 2 ( t ) i s an (n- r ) x 

1 vec to r . 

Express ion (1*5) i s c a l l e d the c o n t r o l l a b i l i t y canon i ca l form 

of the system x( t+ l ) = Ax ( t )+Bv ( t ) . The c o n t r o l l a b i l i t y matr ix o f t h i s 

system takes the form 

P = [ B , A B , . . . , A n - 1 B ] = 
0 0 0 

so t h a t , i n e f f e c t , any po in t i n i t s c o n t r o l l a b l e subspace can be 

reached by the completely c o n t r o l l a b l e system x-^(t+l) = 

X^^x^( t )+B-, v ( t ) . In f a c t , g iven any n x 1 vec to r x ' = [ , ] , and any r x 
X 2 

1 vector x" -p the system (1»5) can be moved from the i n i t i a l s t a t e 

x( tg)=x' to the t e rm ina l s t a te x ( t - ) = x " = [ },] , where x"p 
X 2 

~ t l _ t 0 
= A 2 2 x 2 i s (n- r ) x 1 , w i t h i n f i n i t e t ime t j - t g . 

S ince the matr ix A 2 2 a lone determines the movement o f the e l e ­

ments of the s ta te vec to r cor responding to the noncon t ro l l ab l e subspace, 

i t s p rope r t i es are very important to the l i m i t i n g behavior of the s y s ­

tem. We say that an n x n matr ix A and the homogeneous l i n e a r system 

x( t+ l )=Ax( t ) are s t ab l e i f fo r any x ( t Q ) i n R n , l i m x ( t Q +j ) = 0 . The 

fo l l ow ing theorem i s wel l-known [Kwakernaak and S i v a n , p . 2 8 ] : 
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Theorem k: The matr ix A and the homogeneous l i n e a r system x( t+ l ) = 

Ax( t ) a re s t ab l e i f and only i f the eigenvalues o f A are s t r i c t l y l e s s 

than u n i t y i n modulus. 

We now combine the not ions of c o n t r o l l a b i l i t y and s t a b i l i t y by 

c a l l i n g the p a i r (A,B) and the system x ( t+ l ) = Ax( t )+Bv( t ) s t a b i l i z a b l e 

i f the matr ix i n the c o n t r o l l a b i l i t y canon i ca l form of the system i s 

s tab le . -^ / 2/ I f we cons ide r a s t a b i l i z a b l e system i n c o n t r o l l a b i l i t y 

canon i ca l form ( e . g . , equat ions (1*5) w i th s t a b l e ) , then, f o r any 

the 

system can be dr iven to [ „ ] , where x"o i s an (n- r ) x 1 v e c t o r , w i t h i n 
X 2 

f i n i t e t ime t ^ - t g , and the system can be d r i ven a r b i t r a r i l y c l o s e 
x " 

t o [Q J as t^-*0. 

The concepts of r e c o n s t r u c t a b i l i t y and d e t e c t a b i l i t y a re no r ­

mally in t roduced when the c o n t r o l l e r of the system cannot d i r e c t l y ob­

serve the s ta te matr ix x ( t ) . We are not cons ide r i ng such problems he re , 

but we w i l l need these concepts . I t w i l l be s u f f i c i e n t f o r our purposes 

to say that the p a i r (A,B) i s recons t ruc tab le i f the p a i r ( A T , B T ) i s 

c o n t r o l l a b l e , and tha t the p a i r (A,B) i s de tec tab le i f the p a i r ( A T , B T ) 

i s s t a b i l i z a b l e . 

We now present theorems on the convergence of feedback ru les 

and maximized values f o r l i n e a r opt imal regu la to r problems. F i r s t c o n -



- 2 7 -

s i d e r the f i n i t e - h o r i z o n nons tochas t i c l i n e a r opt imal regu la to r problem 

whose law of motion i s w r i t t en i n c o n t r o l l a b i l i t y canon i ca l form as 

(U6) 

x 1 ( t + l ) 

x 2 ( t + l ) 

A l l A 1 2 x x ( t ) 

x9(t) 

v ( t ) , 

where ( A - Q , ! ^ ) i s c o n t r o l l a b l e and A 2 2 i s a s tab l e mat r i x , and whose 

c r i t e r i o n func t ion 

(hi) 
V1 

I { 
t=t 

o 

r X l(t) T 
R l l R 1 2 l [ * l ( t ) ] 

x 2 ( t ) _R21 R 2 2 _ x 2 ( t ) + v ( t ) Qv(t) 

pl(tl'l T 
P 1 2 ( t J 

> ( t l )_ P 2 2 ( t x ) 

x L ( t 1 ) 

L x 2 ( t l l j 

i s maximized over cho ices o f 

(U8) v ( t ) = - [ F 1 ( t ) F 2 ( t ) ] 
x x ( t ) 

x 2 ( t ) 

where x-^(t) i s r x 1 , x 2 ( t ) i s (n- r ) x 1 , v ( t ) i s m x 1 , r i s the dime-

s ion of the c o n t r o l l a b l e subspace, and a l l other matr ices are of c o n ­

formable d imensions. For convenient re ference l e t ' s a l s o r e f e r t o t h i s 

problem as one of maximizing 
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V1 

I [ x ( t ) T R x ( t ) + v ( t ) T Q v ( t ) ] + x t t / p f t J x U . ) 
t=t 

subject to 

x ( t+ l ) = Ax( t )+Bv( t ) 

over cho ices of v ( t ) = - F ( t ) x ( t ) , where x ( t ) , P(t-,_),A,B, and F ( t ) denote 

the corresponding vec tors and matr ices i n equat ions (k6) - (H8). I f we 

assume that R and P( t ^ ) are symmetric and negat ive s e m i d e f i n i t e and tha t 

Q i s symmetric and negat ive d e f i n i t e , then fo r a g iven x ( t g ) , the s o ­

l u t i o n to the problem i s g iven by equat ions (9) - (12) (wi th s ( t ) = s , a 

c o n s t a n t ) . 

Now cons ide r the problem as we l e t the h o r i z o n , t -^- tg, go to 

i n f i n i t y by d r i v i n g t Q to As Sargent [pp. V - 9 , V-10] notes (us ing 

s l i g h t l y d i f f e r e n t n o t a t i o n ) , "We would f i n d the f o l l o w i n g two cha rac ­

t e r i s t i c s d e s i r a b l e . F i r s t , as we d r i ve tQ+-°°, we would l i k e [P(tQ) 

i n our notat ion] to converge to a constant matr ix P which i s independent 

of the g iven t e rm ina l matr ix P. [ i . e . , P ( t q ) ] . This i s a d e s i r a b l e 

fea tu re because i t imp l i es . . . that the sequence of opt imal c o n t r o l laws 

{F^^} a l s o converges to a constant as tQ->--°>. This has the p r a c t i c a l 

i m p l i c a t i o n that the feedback law {F^.} tha t so l ves the i n f i n i t e ho r i zon 

problem i s t ime i n v a r i a n t , so tha t F+ = F f o r a l l t , and tha t the r e ­

s u l t i n g c l osed loop system 

x t + 1 = ( A - B F ) x t . . . 
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i s time i n v a r i a n t . Our second desideratum i s , g iven tha t the c losed 

loop system i s t ime i n v a r i a n t , that i t be s t a b l e . This requ i res tha t 

the matr ix (A-BF) be s t a b l e , that i s , have e igenvalues w i th moduli l e s s 

than u n i t y . " 

A number of theorems on the convergence o f P ( t ) and the s t a ­

b i l i t y of the c losed loop system are a v a i l a b l e f o r t h i s problem; the 

antecedents o f the f o l l o w i n g theorem are f a i r l y weak: 

Theorem 5: In the opt ima l l i n e a r regu la to r problem desc r ibed i n equa­

t i o n ' s (k6) - (HQ), assume tha t (A,B) i s s t a b i l i z a b l e and that P i i C ^ ) 
rn 

and R - Q are negat ive s e m i d e f i n i t e . Express R-^ as R-^ = - G G , and 

assume that ( A - Q , G ) i s de tec tab le . The matr ices R]_2> ^ 2 2 ' ^ 1 2 ^ 1 ^ a n ( * 

P 2 2 ^ * l ^ a r e u n r e s t r i c t e d ; l e t R 2 ^ = R^g a n < ^ ^ 2 1 ^ 1 ^ = ^ 1 2 ^ * 1 ^ * T h e n 

(a) I t e r a t i o n s on the matr ix R i c c a t i equat ion ( l l ) converge to a 

unique matr ix P* which i s independent o f P ( t ^ ) , 

and P ^ = l i m ^ 1 1 ^ 0 ^ """s n e S a t i v e semidef i n i t e . 

(b) The opt imal feedback r u l e FCtg) converges to the s t a t i o n a r y 

r u l e F* as t,-,-*--00, where F^ = l i m ^ ^ Q ^ * s i - n c J e P e n d e n t ° f R i 2 
t Q > - » 

and R 2 2 wh i l e = l i m F

2 ( t 0 ) i s independent o f R 2 2 « 

(c) The opt imal s t a t i o n a r y c l osed loop system mat r ix (A-BF*) i s 

s t a b l e . 
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P r o o f : See S a r g e n t (pp . V-29, V - 3 0 ) . 

F o r s t o c h a s t i c s y s t e m s , a s i m i l a r r e s u l t h o l d s [ S a r g e n t , p p . V - 3 0 , V -

3 1 ] . 

Theorem 6: W i t h t h e m a t r i c e s R , Q , A , B , P ( t ^ ) , x ( t ) , and v ( t ) as d e s c r i b e d 

i n e q u a t i o n s (U6) - (k8) and Kit) an n x 1 v e c t o r w h i t e n o i s e w i t h 

E C ( t ) 5 ( t ) ^ = ¥ ( t ) , a p o s i t i v e s e m i d e f i n i t e m a t r i x , assume t h a t R-^ and 

P t t - j J a r e n e g a t i v e s e m i d e f i n i t e ; Q i s n e g a t i v e d e f i n i t e ; ( A , B ) i s 

s t a b i l i z a b l e ; and ( A - Q , G ) i s d e t e c t a b l e , where R-^ = - G ^ G . T h e n , f o r 

t h e p r o b l e m o f m a x i m i z i n g 

V1 

l i m ( r r - V ) E t ( I [ x ( t ) T R x ( t ) + v ( t ) T Q v ( t ) ] 
t Q — * 0 t = t Q 

+ x ( t 1 ) P ( t 1 ) x ( t 1 ) } 

s u b j e c t t o x ( t + l ) = A x ( t ) + B v ( t ) + 5 ( t + l ) o v e r c h o i c e s o f v ( t ) = - F ( t ) x ( t ) , 

(a) I t e r a t i o n s on t h e m a t r i x R i c c a t i e q u a t i o n ( l l ) c o n v e r g e t o a 
u n i q u e m a t r i x P* w h i c h i s i ndependen t o f P ( t ^ ) . 

(b) The o p t i m a l f eedback r u l e F ( t Q ) c o n v e r g e s t o t h e s t a t i o n a r y 
r u l e F* a s t-*--00. 

( c ) I f V ( t ) = H f o r a l l t , t h e max ima l v a l u e o f t h e c r i t e r i o n f u n c ­
t i o n i s t r [ P f ] , where t r [ « ] d e n o t e s t h e t r a c e o f a m a t r i x . 
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B. Convergence Resu l t s f o r P e r i o d i c - C o e f f i c i e n t Problems. 

Now we s h a l l e labora te some of the s p e c i a l forms the c o n d i ­

t i o n s and theorems j u s t reviewed take f o r the system descr ibed i n equa­

t i ons (13) - ( 2 0 ) . I t should s u f f i c e t o merely i l l u s t r a t e these s p e c i a l 

forms fo r the case p=U; tha t i s , f o r a qua r te r l y c y c l e i n the c o e f f i ­

c i e n t ma t r i ces . Then we have 

(1*9) 

(50) 

A = 

0 0 0 A 3 

*0 0 0 0 

0 A l 0 0 

0 0 Ag 0 

0 0 0 h 
Bo 0 0 0 

0 B l 0 0 

0 0 B 2 0 

(51) 

(52) 

Q = d iag [ Q 0 , Q 1 , Q 2 , Q 3 ] 

R = d iag [ R 0 , R 1 , R 2 , R 3 ] 

(53) K(t ) = d iag [K° ,KJ , YL2 , K3 ], 
1 . \ Zl \ t l 

where = P , 1=0,1 ,2 ,3 . 
*1 *1 
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The c o n t r o l l a b i l i t y matr ix P has the form 

(5*+) P = [B ,AB ,A 2 B, . . A ^ B ] , 

a kn x l6nm ma t r i x , where 

(55) f o r modj ((q)=0, 0 0 0 A^*B A 3 B 3 

A * * B 0 0 0 

A*B = 0 - a * 0 0 

0 0 A ^ B A 2 B2 0 

(56) f o r modj t(q)=l, 0 0 
—a* o 

0 0 0 - q * 

A^B = —Q* 0 0 0 

0 - a * 
A | A 2 B i o 0 

(57) f o r modi j(q)=2, 0 
—a* 
A | A 3 A 2 1 J l 0 0 

0 0 - a * 
Ao W 2 s ° 

A lB = 0 0 0 A J \ A 0 

A | A 2 A 1 B 0 0 0 0 

(58) fo r modi t(q)=3, 
—q* 
Ag A^AgA^ B o 0 0 0 

0 
- q * 
A 0 V S ^ B l 0 0 

A<*B = 0 0 - q « 
A i AiAoS B, 0 

0 0 0 - q * 
A 2 A 2 A 1 A ( 

w i th q * = [(q-modi^q))/ 1*] and 
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(59) A-Q = A 0 A 3 A 2 A 1 

(60) 5 1 = A^QAgAg 

(61) A 2 = A 2 A 1 A 0 A 3 

(62) ff3 = AgAgA^Q. 

The c o n t r o l l a b i l i t y of the p a i r ( A , B ) , v i a Theorem 1, depends on the 

rank of P i n (5 *0 . From Theorem 2 , the c o n t r o l l a b l e subspace of the 

system, which we denote by C , i s the l i n e a r subspace spanned by the 

column vec tors of P. 

We w i l l now cons t ruc t a c o n t r o l l a b i l i t y canon i ca l form by 

choosing from a p a r t i c u l a r c l a s s of t r ans fo rma t i ons . To i d e n t i f y t h i s 

c l a s s of t r ans fo rma t i ons , f i r s t note that the space R^ n i s the d i r e c t 

sum of four or thogonal l i n e a r subspaces, R = S where So 

i s spanned by the column vec tors of [ I , 0 , 0 , 0 , J , SQ i s spanned by the 

column vec tors o f [0 , I, 0 , 0 , ] T , S-̂  i s spanned by the column vec tors o f 

[0 , 0 , I, 0 ] T , and S 2 i s spanned by the column vec tors of [0 , 0 , 0 , l ] T 

where 0 i s an n x n matr ix o f zeros and I i s an n x n i d e n t i t y ma t r i x . 

Then the c o n t r o l l a b i l i t y subspace can be decomposed i n s i m i l a r fash ion 

as C = Cj® C 2 © C 3 © C 0 , where C X = C H S ^ C 2 = C n S 2 , C 3 = C r\S3, and 

CQ = C r > S g . Th is decomposi t ion of C i s u s e f u l because of the nature of 

P, where each column has a l l zeros i n at l eas t three out of the fou r 

subspaces SQ, SJ_, S 2 , S3« That i s , f o r any column vec to r w i of P such 

that fo r some k e { 0 , 1 , 2 , 3 } the p r o j e c t i o n of w^ on S^ i s not z e r o , and 
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any column vec to r Wj of P such that f o r some I e {0 ,1 ,2 ,3 } , £ * k , the 

p r o j e c t i o n of w. on S» i s not z e r o , then w. t w, and w- and w, are 

T 
or thogonal (w^Wj=0). 

Because o f t h i s s t r u c t u r e , we can i d e n t i f y separate c o n t r o l ­

l a b i l i t y mat r ices f o r S - L , S 2 , S 3 , and S ^ . Let 

(63) P 3 = [ B 3 , A 3 B 2 , A 3 A 2 B 1 5 A 3 A 2 A 1 B 0 , A 3 B 3 , A 3 A 3 B 2 , A 3 A 3 A 2 B 1 , 

A 3 A 3 A 2 A 1 B 0 A ^ , A ^ B , , A ^ A ^ , 

A 5 - 1 A 3 A 2 A 1 B 0 ] ; 

(6U) P Q = [ B Q , A Q B 3 , A 0 A 3 B 2 , A 0 A 3 A 2 B l , A Q B Q , A ^ , V o A

3

B 2 ' 

V o V 2 B l ' ^ " V * O " 1 A O B 3 « ^ O ' V S V 

A ^ - 1 A 0 A 3 A 2 B 1 ] ; 

(65) P1 = [ B 1 , A±B0, A 1 A Q B 3 , A 1 A 0 A 3 B 2 , A ^ , A ^ B Q , A J A J A ^ , 

A 1 A 1 A 0 A 3 B 2 , ~^~\, A J ^ B Q , A ^ " 1 A 1 A 0 B 3 , 

^ " l A l A 0 A 3 B

2 ] ' 

(66) P 2 = [ B 2 , A 2 B 1 S A g A ^ Q , A 2 A 1 A Q B 3 , A ^ , A ^ A ^ , AgAgAjBg, 

A 2 A 2 A 1 A Q B 3 , A ^ _ 1 B 2 , A ^ A ^ , A ^ A ^ B Q , 

A ^ - 1 A 2 A 1 A 0 B 3 ] , 
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where Pg , P-^, P 2 , and P^ are each n x ^nm. Then i s the l i n e a r sub-

T T 

space spanned by the column vec tors o f [P^, 0 , 0 , 0] ; C Q i s the l i n ­

ear subspace spanned by the column vec to rs of [0 , Pg , 0 , 0 

i s the l i n e a r subspace spanned by the column vec tors of [0, 0 , P^ , 
i T 

0) ; and C 2 i s the l i n e a r subspace spanned by the column vec tors [0, 0 , 

Ti T 
0 , P21 > where the zero matr ices here have dimensions hnm x n. 

We now e x p l o i t the decomposit ion of C i n choosing a t r a n s f o r ­

mation fo r the system. Suppose has dimension r^, f o r i = 0 , l , 2 , 3 , so 

that rank P i = r i . For 1=0,1 ,2 ,3 , choose vec to rs f g , f^, f t ha t 
i 

span the space spanned by the columns o f P^ and l e t T^ = [ f ^ , f * , . . . , 
f* ] . Choose vec tors f 1 +1, f 1 +2, f* so that f g , f j ; , f „ 

i r i r i 

span R n , and l e t Tg = [ f 1 ^t1 f 1 ] . Then fo r i = 0 , 1 , 2 , 3 , 
i i 

T j i s n x r^ and i s n x ( n - r ^ ) . Now form 

fTl 0 0 0 m 0 
'2 

0 0 0 

(67) T = 0 T j 0 0 0 ml 
l2 

0 0 = [ T i . T 2 l , 

0 0 «! 0 0 0 T 2 
l2 0 

0 0 0 0 0 0 T 3  
l2 

where T x = d iag ( T ° , T * , T 2 , T 3 ) and T 2 = d iag ( T 2 , T 2 , T 2 , T 3 ) . 
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The rank of T i s hn, so i t has an inverse . L e t t i n g U 

we have tha t 

(68) u = 

0 0 0 

0 <4 0 0 

0 0 4 0 

0 0 0 <* 

4 0 0 0 

0 "i 0 0 

0 0 4 0 

0 0 0 4 

where 1^ = d iag [uj ,uj , U 2 , U 3 ] and U g = [U^ ,U ]̂ , so tha t 0 I t l t I 2 I T 3 , 

(69) T _ 1 T = UT = 

UJT? 

I I °T 0 

u 2 i 1 

uiTi 

0 U^T 

0 

l m l 
2 L 1 

0 

0 

ufrf 

0 

U 1 T 1 

u|Tf 

0 U 3 , ^ 

0 UtT 

U°T° u 2 l 2 

l m l 
1A2 

0 Q^T l m l 
2^2 

U 1 T 2 

0 UVT 3m3 
l x 2 

U|T| 

0 U^T| 
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Th is imp l ies that I = UjTjJ, I ( n _ r ) = U|T2> 0* = U | T j , and 0" = U J T | , 

f o r 1=0,1 ,2 ,3 , where I, denotes the j x j i d e n t i t y matr ix and 0 ' and 0 " 
J 

a re zero matr ices of dimensions ( n - r . ) x r ^ and r ^ x ( n - r ^ ) , r e s p e c t i v e l y . 

The t ran fo rmat ion matr ix T and i t s i nve rse U a l l ow us t o 

t ransform the problem to c o n t r o l l a b i l i t y canon ica l form. R e c a l l that 

the s ta te vec to r i s y ( t ) = [ ( y ° ( t ) ) T , ( y 1 ( t ) ) T , ( y 2 ( t ) ) T , ( y 3 ( t ) ) T ] T , where 

x 1 ( t ) , i f i=mod, ( t ) 
y i ( t ) = { . . , J ^ . }. Let y ( t ) = T - V ( t ) and J L an nx l matr ix o f z e r o s , o therwise ' J 

rewr i te the problem as one of maximizing over cho ices of u ( t ) = L ( t ) y ( t ) 

the c r i t e r i o n 

V 1 

(TO) J ( y , . 0 = E. [ I { y ( t ) ^ ( t ) + u ( t ) T Q u ( t ) } + y ( t . ) T K ( t . ) y ( t )] 
[tQ> *0 t= t Q 

subject t o 

(71) y ( t+ l ) = A y ( t ) + B u ( t ) + T _ 1 e s ( t + l ) 5 ( t + l ) , 

where 
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(72) A = T - 1 A T = 

, 0 , m 3 0. m 3 
o o o I O U T , o o o U:A^T 1 3 1 1 3 2 

UJAQT° O O O • •. . . JXA T° 
J 1 A 0 1 2 

, 2 . „ 1 2 . m l 
o U :A ,T : O O O U,A„TL O i l l 1 1 2 

, 3 , m 2 , 3 . m 2 
0 0 V ^ 2

T l 0 0 0 U i A 2 T 2 0 

0 0 0 0 0 0 o u°2a/2 

0 0 0 0 U^AQT^ 0 0 0 

0 0 0 0 0 U 2 A,T^ 0 
2 1 2 

0 0 0 0 0 0 UgAgTg 0 

o r A = 
A A 

11 12 

0 A 22 

, w i th 

A 1 1 

' U 1 A 3 T 1 

L 

UJA Q T° O O O 

o U ^ T J 0 

0 0 U 3 A 2 T 2 0 

0 

? ! 

0 

0 

0 A 11 

0 0 

11 

0 

0 

2 
1 1 
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*12 

0 0 0 U°A 3Tg 

UJA Q T° 0 0 0 

0 U ^ T g " 0 

0 0 U 3 A 2 T 2 0 

A 

0 

0 
12 

0 

0 

A 

0 A 12 

0 0 

1 

12 

0 

0 

2 
12 

A 22 

0 0 0 U ° A 3 T 2 

U 2 A 0 T 2 0 0 0 

* \ T 1 

1 2 0 UgA,TZ 0 

0 0 U ^ A 2 T 2 0 

A 

0 

0 
22 

0 

0 o A; 

0 

0 0 22 

22 

0 0 

0 0 

T 1 B = , w i th 

B l = 

0 U. 

u i B o 0 

o u l B l 

o 

? B 3 

0 

0 0 

0 0 B 

0 0 

0 0 

l 

0 

0 B7 0 0 
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(fk) R = T T RT = 

R 0 
11 

0 

0 

0 

0 
21 

0 

0 

R 

R 

R 

0 

1 
11 

0 

0 

0 

1 

21 

0 

0 

R 

0 

2 
11 

0 

c 

R 21 

0 

0 R 

R 

0 

3 
11 

0 

0 0 

R 

0 

3 
21 

R 

0 
12 

0 

0 

0 

& 
0 

0 0 

12 

0 

0 

22 

0 

0 

R 

0 

2 
12 

0 

0 0 

0 

? 2 

R 2 2 ° 

0 R 22 

where R j k = ( T J ) T R . T £ , f o r J , k = 1,2 and i = 0 , 1 , 2 , 3 , 

or R = 

R l l R 1 2 

R 2 1 R 22 

w i th 
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l l 

T 
T J R Q T ° 0 0 

T 
0 m J R 0 

T 2 2 0 R 2 T^ 0 

T 
0 0 T 3 R^T 3 

R 0 
11 

0 

0 0 

1 
11 

0 0 
11 

0 

0 0 

2 
0 

0 0 0 R 1 1 

22 

T f R 0 T ° 0 0 

T 
0 T 1 R ^ 0 

T 2 2 0 R 2 T^ 0 

T 
0 0 T 3 R 3 T 3 

22 

0 R 

0 0 

1 
22 

0 

0 

0 0 

2 
22 

0 0 R 

0 

3 
22 

12 

T 
T 1 R 0 T 2 ° 0 

T 
0 R ^ 0 

2 T 2 
o R 2 T 2 0 

T 
0 0 T 3 R ^ 3 

R 0 
12 

0 

0 

0 0 

1 
12 

0 

0 0 

0 

0 0 

2 
12 

0 R 

0 

3 
12 

T T T T 

and R2]_ = d iag [Sjg, R J 2 , R 2 ^ , R 3 , , , ] E d iag [ R ^ , R ^ , R 2 ^ , R 3 J . 

K C ^ ) = T K ( t 1 ) T has a s t r u c t u r e analogous t o R. Note that i f R i s 

symmetric and negat ive d e f i n i t e , then so i s S [Noble, p .393 ] , and s i m i ­

l a r l y fo r K( t^ ) and K( t -^ ) . We know that the p a i r ( A ^ , B ^ ) i s c o n t r o l l ­

a b l e . 
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The s t a b i l i z a b i l i t y of the system depends on the s t a b i l i t y of 

Ag2« The s t a b i l i z a b i l i t y of X p 2

 c a n ^e checked d i r e c t l y , but we can 

a l s o develop s u f f i c i e n t cond i t i ons which may be more convenient to 

compute. To t h i s end, note t ha t 

Theorem 7: The matr ix Apg i s s t ab l e p rov ided at l e a s t one of the ma-

— (~3 7 - 2 7 - 1 7 - 0 1 — _ f~0 ~ 3 7-2 ~1 1 — (~1 ~C t r i c e s A 3 = ( A 2 2 A 2 2 A g 2 A ^ J , A Q = [A^ A 2 2 A 2 2 A ^ J , A]_ = [A^ K 
_ ~i ~n ~^ , 

i s s t a b l e . 
~? ~2 •> — /~2 ~1 ~0 ~3 
A 2 2 A22-* ' a n d A 2 " ^ A 22 A 2 2 A 2 2 A 2 2 

Proof : Let X be any e igenvalue of X J 2 and p a r t i t i o n i t s e igenvec to r x 

i n t o 1+ nx l b locks X Q , X - ^ , X g , x^ , a s 

^22^ — Xx , or 

t T T T T-.T x — I . X Q , X ^ , ^ 2 , x^j . Then 

0 

(° 22 

0 

0 

0 A 

0 0 

A 2 2 0 

22 

0 

0 

0 A 2 2 0 

x 0 
~3 
A 2 2 x 3 

x l A° x 22 0 
Xx^ 

x 2 = A 1 x H 2 2 X 1 = X x 2 

x 3 A 2 x H 2 2 X 2 J _ A X 3 _ 

By d e f i n i t i o n x ^ 0 , so that e i t h e r X Q ^ 0 , x-̂  ^ 0 , x 2 ^ 0 , o r x^ j 4 0 . 

Since the nonzero e igenva lues of A 2 2 determine i t s s t a b i l i t y , assume X ^ 

0 . 

Now suppose x-3 = 0 . Then A ^ x ^ = 0 = X x ^ , so x^ = 0 . Th i s i n 

t u r n i m p l i e s ^22x0 = ^ = ^ x i » s o x i = ^> w h i c h i n t u r n i m p l i e s Xg = 0 . 



Thus = 0 imp l i es x = 0 , which cannot be, so x^ £ 0 . By s i m i l a r r e a ­

son i n g , XQ £ 0, x x t 0 , x 2 ^ 0 . 

Note tha t ( A ^ ^ = d i a S •> A

Q » ^ , Ag ) . A l s o n o t e tha t 

( A 2 2 ) U x = ^ 2 2 ) 3 A 2 2 x = A ( A 2 2 ) 3 x = X 2 ( A 2 2 ) 2 x = * 3 A ~ 2 2 x = X x , so tha t Xk 

i s an e igenvalue of ( A 2 2 ) ^ , s t i l l w i th e igenvector x. Hence, 

( A 2 2 ) 4 x = 

V o 

A 0 X 1 

A 1 X 2 

A 2 x 3 
x \ . 

This imp l i es that i f X i s a nonzero e igenvalue of A p 2 , then X^ i s an 

e igenvalue o f A ^ , AQ, A ^ , and A 2 « I f any of these four mat r ices i s 

s t a b l e , then | x | < 1 and A^g i s s t a b l e . In other words, s t a b i l i t y o f 

e i t h e r A ^ , AQ , A ^ , or A 2 i s s u f f i c i e n t f o r the s t a b i l i t y of A 2 2 . 

We have now shown a convenient c o n t r o l l a b i l i t y canon i ca l form 

fo r the l i n e a r opt imal regu la to r problem descr ibed i n equat ions (13) -

(20) and d iscussed ways of check ing i f the system i s s t a b i l i z a b l e . 

Then, prov ided ^ ^ ( t ^ ) and are negat ive s e m i d e f i n i t e , the system 

converges as descr ibed in theorems 5 and 6 prov ided only that ( A ^ , ft) 

i s de tec tab le , where K^i = -3^3. The d e t e c t a b i l i t y of (A^-^,S) can be 

checked by de te rmin ing , by the methods descr ibed above, i f ( A - Q ' 1 ' , ^ ) i s 

s t a b i l i z a b l e . 
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I f the s u f f i c i e n t cond i t i ons f o r convergence are s a t i s f i e d , we 

know tha t the value of the problem ( fo r a g iven i n i t i a l vec tor ) and the 

matr ix ^ ( tg ) converge as tQ-*--00. In a d d i t i o n , the feedback matr ix L ( tg ) 

converges t o L, the s teady -s ta te feedback ma t r i x . From the f i r s t h a l f 

o f t h i s chapter we know that L i s of the form d iag ( L ^ L 1 , L 2 , L ^ ) , where 

= l i m , w i th de f ined accord ing to equat ion ( 3 6 ) . The i** 1 

t 0 +-~ zo zo 

block a long the d iagona l of L i s i t s e l f a s teady -s ta te feedback r u l e , a 

r u l e which i s used ( i . e . , m u l t i p l i e s the nonzero components of y ( t ) ) i n 

every four th per iod when modj+(t) = i (more g e n e r a l l y , every p per iods 

when modp(t) = i ) . 

I f we regard the p e r i o d i c i t y o f the c o e f f i c i e n t s i n the system 

def ined by equat ions ( l ) - (3) w i th s(t+p) = s ( t ) as a r i s i n g from a s e a ­

sona l v a r i a t i o n i n techno logy , then each of the s t e a d y - s t a t e feedback 

matr ices L 1 on the d iagona l of L can be thought of as a s e a s o n - s p e c i f i c 

d e c i s i o n r u l e . That i s , the fac t that the four m x n feedback ru les 

,1/*- ,L 2 ,1? on the d iagona l o f L need not be i d e n t i c a l means t h a t , i n 

the steady s ta te of the o r i g i n a l n -d imens iona l , p e r i o d i c - c o e f f i c i e n t s , 

l i n e a r op t ima l regu la to r problem ( l ) - ( 3 ) , a g iven value of the s t a t e 

vec to r x ( t ) may requ i re ( i n order to maximize the value func t ion ) d i f ­

fe ren t responses ( i . e . , s e t t i n g s o f the c o n t r o l vec tor ) i n d i f f e r e n t 

seasons. 

The feedback m a t r i c e s , or d e c i s i o n r u l e s , , L 2 , and may 

d i f f e r not only i n t h e i r " i n t e r c e p t s " but a l s o i n any of the " s l o p e " 
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c o e f f i c i e n t s . Th is means that one common method fo r account ing f o r s e a ­

s o n a l i t y i n economet r i ca l l y est imated d e c i s i o n r u l e s — a l l o w i n g only the 

i n t e r cep t term t o vary w i th the seasons—is an over l y r e s t r i c t i v e s p e c i ­

f i c a t i o n i n many c a s e s . A more genera l approach i s to a l l ow a l l the 

c o e f f i c i e n t s of each d e c i s i o n r u l e to vary w i th the seasons, but sub jec t 

to c ross -equa t ion r e s t r i c t i o n s der ived from the op t im i za t i on prob lem. 

Such c ross -equa t ions r e s t r i c t i o n s are s a t i s f i e d by feedback matr ices 

c a l c u l a t e d as above, but the i t e r a t i v e technique used to c a l c u l a t e them 

i s not a convenient means of a c t u a l l y d e r i v i n g the r e s t r i c t i o n s . A 

technique fo r d e r i v i n g these and other c ross -equa t ions r e s t r i c t i o n s on 

c o e f f i c i e n t s i n dec i s i on r u l es f o r a c e r t a i n c l a s s of l i n e a r - q u a d r a t i c 

maximizat ion problems has been presented by Todd. 



Footnotes 

—^That i s , 

E £ = 0 , f o r a l l t , 

E 5 . 5 T = 0, f o r t * s , 
"C s 

E 5 t c t = V w i t h V °» 
T and E x j = 0 , f o r t < s . 

"0 S 

? / 

—'The second-order cond i t i ons f o r maximizat ion are s a t i s f i e d 

because Q s ( t ^ _ i ) i s negat ive s e m i d e f i n i t e and H s ( t i s negat ive d e f i ­

n i t e . 

•2/The key i s to no t i ce tha t B T d iag [Z Q , , Z p . i l B = 

d iag [ B g ^ j Z ^ Q j , B ^ ( l ) Z 2 B s ( l ) , B j ^ j Z ^ ^ j ] , 

but that 

B d iag [Z Q , Z L , . . . Z .] B T 

= d i a S [ B s ( p - l ) Z p -1 B s ( p - D ' B s ( 0 ) Z 0 B s ( 0 ) ' — 

B s ( p - 2 ) Z p - 2 B s ( p - 2 ) ] * 

T 
The m u l t i p l i c a t i o n s w i th A and A a re analogous. 
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—^This d e f i n i t i o n i s normal ly s ta ted as a theorem, f o l l o w i n g a 

d e f i n i t i o n of s t a b i l i z a b i l i t y that s t a tes that the uns tab le subspace o f 

the system i s conta ined i n i t s c o n t r o l l a b l e subspace, but these concepts 

are not needed he re . They are presented and used i n Kwakernaak and 

S i v a n , however [pp. 6 2 - 6 3 ] • 

•5/The s t a b i l i z a b i l i t y o f (A,B) i s independent of the cho ice of 

t rans fo rmat ion matr ix T, f o r i t can be shown tha t the c o n t r o l l a b l e sub-

space of the system and the e igenvalues A^^ do not depend on the 

cho ice of the columns f-^, f g , f n o f T [Sargent, p. 15] • 
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