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I n t r o d u c t i o n 

The p rob lems t h a t a r i s e i n a w ide v a r i e t y o f marke ts c h a r a c t e r i z e d 

by t h e p r e s e n c e o f p r i v a t e i n f o r m a t i o n have r e c e i v e d a g r e a t d e a l o f a t t e n t i o n 

i n r e c e n t l i t e r a t u r e . T h i s paper f o c u s e s s p e c i f i c a l l y on a w i d e l y c o n s i d e r e d 

c l a s s o f a d v e r s e s e l e c t i o n and s i g n a l l i n g e n v i r o n m e n t s . W h i l e t h e s e e n v i r o n ­

ments have been nuch s t u d i e d , no s t u d y to da te has a t t e m p t e d to i n c o r p o r a t e 

(o r even f o r m a l l y t o r e c o g n i z e ) what R o t h s c h i l d and S t i g l i t z (1976, p . 6k6) 

t e r m " t h e p e c u l i a r p r o v i s i o n o f many i n s u r a n c e c o n t r a c t s , t h a t t h e e f f e c t i v e 

premium i s not d e t e r m i n e d u n t i l t h e end o f a p e r i o d . . . . " In f a c t , t h e r e 

e x i s t s a w ide v a r i e t y o f m u t u a l fo rms o f o r g a n i z a t i o n (mu tua l i n s u r a n c e com­

p a n i e s and mu tua l b a n k i n g i n s t i t u t i o n s a r e e x a m p l e s ) i n w h i c h p a r t i c i p a n t s no t 

o n l y pay premiums and r e c e i v e i n s u r a n c e p a y m e n t s , b u t i n wh ich t h e y p e r i o d i ­

c a l l y r e c e i v e d i v i d e n d s c o n t i n g e n t on t h e a g g r e g a t e e x p e r i e n c e s o f the o r g a n i ­

z a t i o n . S i m i l a r examples a r i s e i n o r g a n i z a t i o n s t h a t a r e not e x p l i c i t l y 

mu tua l i n n a t u r e , e . g . , p r o f i t s h a r i n g p l a n s i n l a b o r m a r k e t s , e t c . Hence 

models o f i n s u r a n c e and l a b o r marke ts s h o u l d a t t emp t t o i n c o r p o r a t e (and 

e x p l a i n ) such forms o f o r g a n i z a t i o n . 

T h i s paper r e p r e s e n t s an a t t emp t t o do s o . I n p a r t i c u l a r , we c o n ­

s i d e r two k i n d s o f s e t t i n g s . The f i r s t i s one i n w h i c h t he t y p e s o f o r g a n i z a ­

t i o n s tha t e x i s t a r e not g i v e n e x o g e n o u s l y , bu t i n w h i c h a g e n t s a r e f r e e to 

c o o p e r a t e and fo rm a r b i t r a r y c o a l i t i o n s . Here we c o n s i d e r a s o l u t i o n c o n c e p t 

w h i c h i s a s t r a i g h t f o r w a r d t r a n s l a t i o n o f s t a n d a r d c o r e c o n c e p t s . The second 

i s one i n w h i c h t h e r e e x i s t s a s e t o f f i r m s (whose e x i s t e n c e i s t a k e n as a 

datum o f t he economy) t h a t compete i n a n o n c o o p e r a t i v e manner . Here we employ 

a s t a n d a r d Nash e q u i l i b r i u m c o n c e p t . What we show i s t h a t , i n each c a s e , 

t h e r e i s a s i m p l e r u l e t h a t an o r g a n i z a t i o n can employ such t h a t 

(a) an e q u i l i b r i u m ( i n pu re s t r a t e g i e s ) e x i s t s , and 
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(b) t h i s e q u i l i b r i u m r e s u l t s i n a P a r e t o o p t i m a l a l l o c a t i o n o f r e s o u r c e s . 

M o r e o v e r , i n each c a s e , we a r e a b l e t o show t h e e x i s t e n c e o f a u n i q u e e q u i l i b ­

r i u m . F i n a l l y , t h e c o r e a l l o c a t i o n c o i n c i d e s w i t h t h e Nash e q u i l i b r i u m o f o u r 

n o n c o o p e r a t i v e game. 

The s i m p l e r u l e t h a t o r g a n i z a t i o n s use i n each c a s e i s one t h a t 

t a k e s e x a c t l y t he f o rm t h a t r u l e s s p e c i f y i n g a l l o c a t i o n s t a k e i n m u t u a l f o rms 

o f o r g a n i z a t i o n . I n p a r t i c u l a r , t h e s e r u l e s s p e c i f y t h e a l l o c a t i o n r e c e i v e d 

by each agen t as a f u n c t i o n o f t h e p o p u l a t i o n e x p e r i e n c e o f t h e o r g a n i z a t i o n , 

and as a f u n c t i o n o f e v e n t s s p e c i f i c t o h i m s e l f . Hence we show t h a t once 

o r g a n i z a t i o n s a r e a l l o w e d t o t a k e on a " m u t u a l a s p e c t , " e x i s t e n c e p r o b l e m s 

t h a t a r i s e i n a d v e r s e s e l e c t i o n s e t t i n g s , and t o a c e r t a i n e x t e n t p rob lems o f 

m u l t i p l i c i t y o f e q u i l i b r i a i n s i g n a l l i n g e n v i r o n m e n t s , can be r e s o l v e d i n a 

s t r a i g h t f o r w a r d manner w i t h an o b v i o u s economic i n t e r p r e t a t i o n . A l s o , t h i s 

demons t ra tes t h a t a commonly h e l d v iew o f t h e mu tua l fo rm o f o r g a n i z a t i o n , 

t h a t i t i s an a n o m a l y , i s f a l s e i n s e t t i n g s w i t h p r i v a t e i n f o r m a t i o n . 

H a v i n g r o u g h l y d e s c r i b e d t h e n a t u r e o f ou r a p p r o a c h and t he r e s u l t s 

o b t a i n e d , i t i s p r o b a b l y u s e f u l t o d e s c r i b e i n some d e t a i l t h e economic e n ­

v i r o n m e n t s t o w h i c h our a p p r o a c h a p p l i e s and t o p r o v i d e some p e r s p e c t i v e on 

why t h e s e a r e o f s p e c i a l i n t e r e s t . M o r e o v e r , t he m o d e l i n g s t r a t e g y employed 

h e r e i s r e l a t e d t o s e v e r a l d i f f e r e n t s t r a n d s o f l i t e r a t u r e . Hence , i t i s 

a p p r o p r i a t e t o r e l a t e our a p p r o a c h t o i t s a n t e c e d e n t s . The r e m a i n d e r o f t h i s 

s e c t i o n i s a d d r e s s e d t o t h i s t a s k . 

The d i s c u s s i o n i n t h e p a p e r i s c o n c e r n e d p r i m a r i l y w i t h t he a d v e r s e 

s e l e c t i o n i n s u r a n c e e n v i r o n m e n t i n t r o d u c e d by R o t h s c h i l d and S t i g l i t z (1976) 

and W i l s o n (1977). W h i l e t h e d i s c u s s i o n i s p h r a s e d i n te rms o f t h i s s p e c i f i c 

c o n t e x t , i t s h o u l d be c l e a r t h a t i t a l s o a p p l i e s t o t h e l a b o r market c o n t e x t s 

o f M i y a z a k i (1977) and S m i t h (1984). We w i l l a l s o b r i e f l y show t h a t a v e r s i o n 
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o f t h e Spence (1973) s i g n a l l i n g e n v i r o n m e n t [w i t h ou r p a r t i c u l a r v e r s i o n b e i n g 

due t o P r e s c o t t and Townsend (1984) ] can be a n a l y z e d v i a the same m e t h o d s , 

a n d , t h e r e f o r e , t h a t t h e same r e s u l t s a p p l y . 

W h i l e t h e R o t h s c h i l d - S t i g l i t z and t he Spence s e t t i n g s a r e f o r m a l l y 

q u i t e s i m i l a r [as has been p o i n t e d out p r e v i o u s l y ; s e e , e . g . , R i l e y (1979) 1, 

mode ls o f the two s e t t i n g s have e n c o u n t e r e d somewhat d l ?"»r.»nt p r o b l e m s . I n 

p a r t i c u l a r , when s t a n d a r d Nash o r c o m p e t i t i v e e q u i l i b r i u m c o n c e p t s a r e a p p l i e d 

t o t h e R o t h s c h i l d - S t i g l i t z e n v i r o n m e n t , e q u i l i b r i a o f t e n f a i l t o e x i s t . When 

s i m i l a r c o n c e p t s a r e a p p l i e d t o t h e Spence e n v i r o n m e n t , on t h e o t h e r h a n d , a 

l a r g e m u l t i p l i c i t y o f e q u i l i b r i a t y p i c a l l y a r i s e s . A v i r t u e o f ou r a p p r o a c h 

( i n e i t h e r a c o o p e r a t i v e o r a n o n c o o p e r a t i v e c o n t e x t ) i s t h a t i t a l w a y s p r o ­

duces an e q u i l i b r i u m i n t he R o t h s c h i l d - S t i g l i t z c a s e , and a t the same t ime 

r e s u l t s i n a u n i q u e e q u i l i b r i u m i n t h e Spence c a s e . 

More g e n e r a l l y , t h i s p a p e r i s one o f a number o f p a p e r s t h a t a t ­

tempts t o p roduce mechanisms w h i c h r e s u l t i n ( i ) e x i s t e n c e o f an e q u i l i b r i u m , 

( i i ) o p t i m a l i t y o f e q u i l i b r i u m , and ( i i i ) u n i q u e n e s s o f e q u i l i b r i u m . I n 

s p i r i t ou r a p p r o a c h i s s i m i l a r t o t h a t o f P r e s c o t t and Townsend (1984), who 

examine t h e p r o p e r t i e s o f c o m p e t i t i v e mechan i sms . What t h e y show i s t h a t the 

c o m p e t i t i v e mechanism s u c c e s s f u l l y p r o d u c e s o b j e c t i v e s ( i ) and ( i i ) above when 

a p p l i e d t o economies where a g e n t s engage i n t r a d e p r i o r t o o b t a i n i n g t h e i r 

p r i v a t e i n f o r m a t i o n . However , when agen t s a r e aware o f t h e i r t y p e ( i . e . , 

p o s s e s s e d o f p r i v a t e i n f o r m a t i o n ) p r i o r t o e n g a g i n g i n t r a d e , an e q u i l i b r i u m 

may f a i l t o e x i s t ( i n t he a d v e r s e s e l e c t i o n s e t t i n g ) . M o r e o v e r , t h e y c o n s i d e r 

t h e f o l l o w i n g p o s s i b l e e x t e n s i o n o f t he c o m p e t i t i v e mechan i sm. S i n c e t h e 

p r e s e n c e o f p r i v a t e i n f o r m a t i o n i n t r o d u c e s e x t e r n a l i t i e s i n t o t h e economy, one 

c o u l d a t t emp t t o use t he d e v i s e o f augment ing the commodi ty space wh ich i s 

employed i n s t a n d a r d c o m p e t i t i v e s e t t i n g s w i t h e x t e r n a l i t i e s [ e . g . , S t a r r e t t 



-k-

(1972)]. However , t h i s a p p r o a c h i s u n s u c c e s s f u l i n t he p r i v a t e i n f o r m a t i o n 

s e t t i n g . F i n a l l y , i t s h o u l d be no ted t h a t when a c o m p e t i t i v e a p p r o a c h i s 

a p p l i e d t o t he Spence economy, m u l t i p l e e q u i l i b r i a s t i l l a r i s e . 

I n l i g h t o f t h e f a i l u r e o f b o t h c o m p e t i t i v e e q u i l i b r i a and t h e Nash 

e q u i l i b r i u m ( i n pu re s t r a t e g i e s ) c o n s i d e r e d by R o t h s c h i l d and S t i g l i t z t o 

e x i s t , a l a r g e l i t e r a t u r e has c o n s i d e r e d " r e a c t i v e " e q u i l i b r i u m c o n c e p t s . 

W i l s o n (1977) was a b l e t o p roduce a g e n e r a l e x i s t e n c e r e s u l t f o r t h e a d v e r s e 

s e l e c t i o n i n s u r a n c e s e t t i n g u s i n g t h i s a p p r o a c h , and a m o d i f i c a t i o n o f t h e 

W i l s o n e q u i l i b r i u m c o n c e p t by M i y a z a k i (1977) and Spence (1978) r e s u l t s i n 

e q u i l i b r i a a l s o b e i n g P a r e t o o p t i m a l . I n a d d i t i o n , Dasgup ta and M a s k i n (1982) 

have p r o v e d a g e n e r a l e x i s t e n c e r e s u l t r e g a r d i n g Nash e q u i l i b r i a i n m ixed 

s t r a t e g i e s f o r t h e s e economies [see a l s o R o s e n t h a l and We iss (1984)] when t he 

s e t o f " i n s u r a n c e f i r m s " i s f i x e d e x o g e n o u s l y (and i s f i n i t e ) . However , t h e s e 

e q u i l i b r i a a r e not t y p i c a l l y o p t i m a l (as i s c l e a r f r om t he d i s c u s s i o n i n 

R o s e n t h a l and W e i s s ) . In t he s i g n a l l i n g c o n t e x t , on t h e o t h e r h a n d , t h e r e 

have been a t t e m p t s t o r e d u c e t he se t o f e q u i l i b r i a by i n v o k i n g t h e c o n c e p t o f 

s t a b l e s e t s o f e q u i l i b r i a [Kreps ( I984)] . However , w h i l e t h i s a p p r o a c h does 

r e d u c e t h e s e t o f (p resumab ly e c o n o m i c a l l y ) r e l e v a n t e q u i l i b r i a , i t does not 

r e s u l t i n a u n i q u e e q u i l i b r i u m ( a g a i n , s e e K r e p s ) . 

W h i l e t h e s e a p p r o a c h e s p a r t i a l l y r e s o l v e t h e p r o b l e m s t h a t m o t i v a t e 

u s , t h e r e a r e some w e l l - k n o w n p r o b l e m s w i t h them w h i c h m o t i v a t e us t o employ a 

d i f f e r e n t a p p r o a c h . W i t h r e s p e c t t o r e a c t i v e e q u i l i b r i u m c o n c e p t s , t h e s h o r t ­

comings (and a r b i t r a r i n e s s ) o f t h e a p p r o a c h a r e w e l l a r t i c u l a t e d by R i l e y 

(1979) and R o t h s c h i l d and S t i g l i t z (1976, p . 6Vf) who r e f e r t o i t as " a p e c u ­

l i a r h a l f w a y h o u s e ; f i r m s r e s p o n d t o c o m p e t i t i v e e n t r y by d r o p p i n g p o l i c i e s , 

but no t by a d d i n g new p o l i c i e s . " M o r e o v e r , s i n c e R i l e y (1979) d i s c u s s e s t h e 

a r b i t r a r i n e s s o f t h e n o t i o n o f r e a c t i o n e m p l o y e d , t h i s need no t be done 
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h e r e . W i t h r e s p e c t t o t h e mixed s t r a t e g y a p p r o a c h , R o s e n t h a l and W e i s s (1984) 

p o i n t ou t t h a t the e q u i l i b r i u m they c o n s t r u c t (wh i ch they c o n j e c t u r e i s 

u n i q u e ) l e a v e s r e n t o p p o r t u n i t i e s f o r new e n t r a n t s . Hence , one might w i s h t o 

c o n s t r u c t an e q u i l i b r i u m c o n c e p t f o r w h i c h t h i s was not t h e c a s e . 

In l i g h t o f t h e s e remarks we adop t two d i f f e r e n t , y e t r e l a t e d , a p ­

p r o a c h e s t o m o d e l i n g t h e s e e n v i r o n m e n t s . As i n d i c a t e d a b o v e , one i s t o a v o i d 

t he n o t i o n t h a t f i r m s a r e an exogenous p a r t o f t h e economic e n v i r o n m e n t , and 

i n s t e a d t o employ a c o o p e r a t i v e a p p r o a c h w i t h a s t a n d a r d n o t i o n o f b l o c k i n g 

and t he c o r e . However , as i s w i d e l y p o i n t e d out e l s e w h e r e , t he p r e s e n c e o f 

p r i v a t e l y i n f o r m e d a g e n t s g i v e s r i s e t o " i n f o r m a t i o n a l e x t e r n a l i t i e s . " H e n c e , 

we f a c e a p r o b l e m q u i t e s i m i l a r t o one f a c e d i n t h e l i t e r a t u r e on c o r e s o f 

economies w i t h e x t e r n a l i t i e s o r p u b l i c g o o d s : what i s f e a s i b l e f o r any c o a l i ­

t i o n may depend on t he make-up and a c t i o n s o f i t s comp lemen t . I n t h e e a r l i e r 

l i t e r a t u r e on the c o r e s o f such e c o n o m i e s , i t was r e c o g n i z e d t h a t how members 

o f one c o a l i t i o n r e a c t e d t o t he f o r m a t i o n o f a p o t e n t i a l b l o c k i n g c o a l i t i o n 

c o u l d c r u c i a l l y a f f e c t t he se t o f c o r e a l l o c a t i o n s . We f a c e a s i m i l a r p r o b l e m 

and r e s o l v e i t by i n e f f e c t u n i f y i n g t h e e a r l i e r a p p r o a c h e s . In p a r t i c u l a r , 

we c o n s i d e r what we c a l l " c o r e a l l o c a t i o n r u l e s . " These must s p e c i f y no t o n l y 

t h e a l l o c a t i o n s agen t s r e c e i v e , bu t what a l l o c a t i o n s t h e y w i l l r e c e i v e i f any 

p o t e n t i a l b l o c k i n g c o a l i t i o n f o r m s . H e n c e , c o a l i t i o n s can r e a c t t o t he f o r m a ­

t i o n o f a b l o c k i n g c o a l i t i o n , bu t must s p e c i f y i n advance t h e f o rm t h e i r 

r e a c t i o n w i l l t a k e . These a l l o c a t i o n r u l e s t hen make r e s u l t i n g a r rangemen ts 

l o o k a g r e a t d e a l l i k e m u t u a l forms o f o r g a n i z a t i o n s . In p a r t i c u l a r , t h e y 

s p e c i f y a l l o c a t i o n s as a f u n c t i o n o f g roup membership and p e r f o r m a n c e (and 

a l s o o f t h e membership and a c t i o n s o f o t h e r g r o u p s ) . We show t h a t , f o r t h e 

e n v i r o n m e n t s we c o n s i d e r , a u n i q u e c o r e a l l o c a t i o n r u l e e x i s t s . 
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I t w i l l be no ted t h a t i n t h e c o o p e r a t i v e c o n t e x t t h e n o t i o n o f 

r e a c t i o n a r i s e s n a t u r a l l y . Of c o u r s e , t he n o t i o n o f f i r m r e a c t i o n s has been 

employed t o p roduce e x i s t e n c e o f e q u i l i b r i u m when one p r o c e e d s f rom t h e a s ­

s u m p t i o n o f an e x o g e n o u s l y g i v e n s e t o f f i r m s . What we wou ld l i k e t o do i s 

g i v e t h e s e f i r m s the o p p o r t u n i t y t o s p e c i f y i n advance how t h e y w i l l r e a c t t o 

any a t tempt to draw o f f any se t )" t h e i r c u s t o m e r s . Thus a g a i n , we c o n s i d e r a 

s e t o f incumbent f i r m s who s p e c i f y i n advance a r u l e by w h i c h t h e a l l o c a t i o n s 

t h e i r cus tomers r e c e i v e i s d e t e r m i n e d . T h i s r u l e t a k e s t he same fo rm as the 

r u l e d i s c u s s e d a b o v e : each a g e n t ' s a l l o c a t i o n depends on t h e make-up and 

e x p e r i e n c e o f h i s f i r m ' s c l i e n t e l e , as w e l l as t h e a c t i o n s o f any p o t e n t i a l 

e n t r a n t s who a t t emp t t o a t t r a c t a p o r t i o n o f t h e i n c u m b e n t s ' c u s t o m e r s . When 

t h e s p a c e of s t r a t e g i e s f o r t he incumbents i s the space o f such m i e n ( a p ­

p r o p r i a t e l y r e s t r i c t e d ) , t h i s a l l o w s a l l f i r m s to adop t a s i n g l e ( f i x e d ) 

s t r a t e g y , w h i c h n o n e t h e l e s s s p e c i f i e s how they w i l l r e a c t t o t he i n t r o d u c t i o n 

o f new " c o n t r a c t s " by p o t e n t i a l e n t r a n t s . Hence a n o n c o o p e r a t i v e , n o n r e a c t i v e 

(Nash) e q u i l i b r i u m c o n c e p t can be c o n s i d e r e d w h i c h , as i n t he c a s e o f ou r 

c o o p e r a t i v e c o n c e p t , u n i f i e s t h e Nash a p p r o a c h o f R o t h s c h i l d - S t i g l i t z (1976) 

w i t h l a t e r r e a c t i v e a p p r o a c h e s . Hence a c o n s i d e r a t i o n o f a r i c h enough s e t o f 

p o t e n t i a l a r r a n g e m e n t s , w h i c h has t h e p l a u s i b l e i n t e r p r e t a t i o n o f a m u t u a l 

fo rm o f o r g a n i z a t i o n , a l l o w s us to p roduce a r e s u l t r e g a r d i n g t he g e n e r a l 

e x i s t e n c e o f a Nash e q u i l i b r i u m . M o r e o v e r , t h e a l l o c a t i o n a s s o c i a t e d w i t h 

t h i s e q u i l i b r i u m i s the same as t h a t s p e c i f i e d by t h e u n i q u e c o r e a l l o c a t i o n 

r u l e . 

The R o t h s c h i l d - S t i g l i t z I n s u r a n c e Env i ronmen t 

Our f o c u s i n t h i s p a p e r i s on t he i n s u r a n c e env i r onmen t d i s c u s s e d by 

R o t h s c h i l d and S t i g l i t z (1976), W i l s o n (1977), and Spence (1978). 3elow we 

w i l l p o i n t out t h a t a v e r s i o n o f the s i g n a l l i n g env i r onmen t d i s c u s s e d by 

Spence (1973, 19Jk)2J can be d e a l t w i t h by t h e same methods we now d i s c u s s . 
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In t h e i n s u r a n c e e n v i r o n m e n t c o n s i d e r e d h e r e , t h e r e a r e a c o n t i n u u m 

o f a g e n t s who can be d i v i d e d i n t o a f i n i t e number o f " t y p e s . " We l e t t h e r e be 

n such t y p e s , w i t h t y p e i n d e x e d by i = 1, n . Each a g e n t , r e g a r d l e s s o f 

t y p e , i s f a c e d w i t h t he p o s s i b i l i t y o f e i t h e r o f two s t a t e s o c c u r r i n g . Le t s 

i n d e x t he s e t o f s t a t e s w h i c h any i n d i v i d u a l m igh t f a c e ; s = 1, 2 . Then t h e r e 

i s a s i n g l e c o n s u m p t i o n g o o d , and an agen t i n s t a t e s f i n d s h i m s e l f w i t h an 

endowment e g o f t h e g o o d . We l e t e ^ > e2» s o t h a t s = 1 i s what i s commonly 

r e f e r r e d t o i n t h i s c o n t e x t as the " n o - l o s s " s t a t e , and s = 2 i s the " l o s s " 

s t a t e . R e a l i z a t i o n s o f s a r e i n d e p e n d e n t a c r o s s a g e n t s , w i t h a t y p e i a g e n t 

f a c i n g p r o b a b i l i t y p^ o f t h e " n o - l o s s " s t a t e o c c u r r i n g . The p^ obey 0 < p-^ < 

P 2 < . . . < p n . Hence , a g e n t s w i t h l a r g e r i n d i c e s a r e " l o w e r r i s k " t h a n a g e n t s 

w i t h l o w e r i n d i c e s . 

Le t c ^ s deno te t he c o n s u m p t i o n o f a t y p e i agen t who f i n d s h i m s e l f 

i n s t a t e s . A l l a g e n t s have a common u t i l i t y f u n c t i o n d e f i n e d on R + d e n o t e d 

U ( c ) , w i t h U ' ( c ) > 0, U " ( c ) < 0 ¥ c e R + . F i n a l l y , l e t M = (u-p u n ) e 

R + + be a v e c t o r c o n s i s t i n g o f t h e measure o f each t y p e o f a g e n t , w i t h Eu^ = 1. 

I t rema ins t o d e s c r i b e t h e n a t u r e o f i n f o r m a t i o n i n t h i s economy. 

I t i s assumed t h a t each agen t knows h i s own t y p e p r i o r t o r e a l i z a t i o n o f t h e 

s t a t e , and a l s o t h a t t h i s i s p r i v a t e i n f o r m a t i o n ex a n t e . M o r e o v e r , a l l 

" t r a d e s " a r e assumed t o be o b s e r v a b l e . Hence t h i s i s a s t a n d a r d a d v e r s e 

s e l e c t i o n s e t t i n g . 

We now w i s h t o c o n s i d e r what k i n d s o f i n s u r a n c e a r rangemen ts w i l l be 

made by a g e n t s i n t h i s economy. We b e g i n by c o n s i d e r i n g a c o o p e r a t i v e e q u i ­

l i b r i u m c o n c e p t i n w h i c h g roups o f a g e n t s c o a l e s c e f o r the p u r p o s e o f c r e a t i n g 

i n s u r a n c e o p p o r t u n i t i e s . N o t i c e t h a t t h e y do so i n an e n v i r o n m e n t i n w h i c h 

t h e r e i s no a g g r e g a t e u n c e r t a i n t y . 
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A C o o p e r a t i v e E q u i l i b r i u m Concep t 

W h i l e a number o f c o o p e r a t i v e e q u i l i b r i u m c o n c e p t s have been put 

2/ 

f o r w a r d f o r a p p l i c a t i o n t o p r i v a t e i n f o r m a t i o n s e t t i n g s o f t h i s t y p e , — ' we 

c o n s i d e r t h e i m p o s i t i o n o f a f a i r l y s t a n d a r d c o o p e r a t i v e e q u i l i b r i u m c o n c e p t 

on t h i s e n v i r o n m e n t . As w i l l be c l e a r s h o r t l y , ou r c o n c e p t most c l o s e l y 

r e s e m b l e s t r a d i t i o n a l c o r e c o n c e p t s a p p l i e d t o economies w i t h p u b l i c 

g o o d s / e x t e r n a l i t i e s - 5 / 

To b e g i n , a c o a l i t i o n i s a s e t o f i n d i c e s K C { l , . . . , n } and an 

a s s o c i a t e d v e c t o r o f measures \ n ) e R + « F o r t e c h n i c a l r e a s o n s 

t h a t w i l l be e l a b o r a t e d on b e l o w , i t i s c o n v e n i e n t to adopt the v iew t h a t 

i n i t i a l l y a l l agen t s a r e members o f t h e g r a n d c o a l i t i o n . The g r a n d c o a l i t i o n 

i s r e q u i r e d t o s p e c i f y an a l l o c a t i o n , and a l s o t o s p e c i f y t he a l l o c a t i o n s i t s 

members w i l l r e c e i v e i n the even t o f d e f e c t i o n by any s u b s e t o f i t s members. 

Hence , t he g rand c o a l i t i o n announces an a l l o c a t i o n r u l e , w h i c h s p e c i f i e s t h e 

a l l o c a t i o n r e c e i v e d by each o f i t s members i n t he even t o f t h e d e f e c t i o n o f 

any c o a l i t i o n . W i t h o u t l o s s o f g e n e r a l i t y , we may c o n s i d e r t he c a s e where 

o n l y one c o a l i t i o n may d e f e c t a t any p o i n t i n t i m e . Le t k deno te t h e c o m p l e ­

mentary c o a l i t i o n t o t h e one a n n o u n c i n g an a l l o c a t i o n r u l e , wh i ch we h e n c e ­

f o r t h t e r m t h e i n c u m b e n t . Then k has a s s o c i a t e d w i t h i t a v e c t o r o f measures 

^ 9 k l ' 9 k n ^ * T h e incumbent c o a l i t i o n , t h e n , must s e l e c t a r u l e s p e c i f y i n g 

t he a l l o c a t i o n s i t s members r e c e i v e as a f u n c t i o n o f ( i ) i t s membersh ip , ( i i ) 

t h e membership o f k , and ( i i i ) t h e a l l o c a t i o n r e c e i v e d by members o f k . L e t 

c k ^ s deno te t he a l l o c a t i o n r e c e i v e d by t y p e i agen t s i n s t a t e s who b e l o n g t o 

k . ( I f = 0, by c o n v e n t i o n s e t c k ^ g = 0; s = 1 , 2 ) , l e t c k ^ = ( c ^ ^ , 

c k i 2 ) , and l e t c k = ( c k l , c k n ) e R ^ n . A l s o , l e t Ln deno te t h e s e t o f 

v e c t o r s y e R+ s u c h t h a t jj=l y± < 1 . Then 6 k = ( 6 R 1 , 6 k n ) E A n . T h e r e ­

f o r e , t he a l l o c a t i o n r u l e o f t he incumbent i s a mapping c ^ s : A n x A n x R^ 1 1 

* R+ s p e c i f y i n g t he c o n s u m p t i o n o f a t y p e i agent i n s t a t e s , w h i c h may depend 
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on t he a c t i o n s o f t he comp lementa ry c o a l i t i o n . We w i l l o f t e n deno te t h e 

a l l o c a t i o n r u l e by c i s ( 6 j \ » c

k ) > where t h e absence o f a s u b s c r i p t r e l a t e d t o 

c o a l i t i o n s i n d i c a t e s t h e incumbent c o a l i t i o n . 

The reason f o r r e q u i r i n g t he incumbent (g rand ) c o a l i t i o n t o announce 

an a l l o c a t i o n r u l e r a t h e r t han an a l l o c a t i o n can b e s t be e x p o s i t e d a f t e r 

d e v e l o p i n g our r e s u l t s . We b e g i n ou r a n a l y s i s by s t a t i n g t h e r e q u i r e m e n t s we 

impose on a l l o c a t i o n r u l e s . F i r s t , c o n s i d e r an a r b i t r a r y c o a l i t i o n r w i t h 

v e c t o r o f members (8 r ]_» ^ r n ) - An a l l o c a t i o n i s r e s o u r c e f e a s i b l e 

f o r r i f 

(1) I 6 r i l P i ( e 1 ^ r i l ) - H ( l - P i ) ( e 2 K : r . 2 ) ] > 0 . 
i = l 

An a l l o c a t i o n r u l e i s r e s o u r c e f e a s i b l e i f the a l l o c a t i o n s s p e c i f i e d by 

c i s ( 6 ; 0 k , c k ) s a t i s f y ( l ) f o r a l l ( 6 , 6 k ) e A 2 n , f o r a l l c k e R ^ 1 . S e c o n d , 

s i n c e a g e n t s ' t y p e s a r e not d i r e c t l y o b s e r v a b l e , t h e n t h e a l l o c a t i o n s c^.- „ a r e 

i n c e n t i v e f e a s i b l e i f two c o n d i t i o n s a r e s a t i s f i e d . I n p a r t i c u l a r , i f 6 r ^ > 0 

and 6 r j > 0 , t y p e i and j a g e n t s w i t h i n r must p r e f e r t h e a l l o c a t i o n meant f o r 

them t o t h a t t h e y c o u l d o b t a i n by c l a i m i n g t o be o f a d i f f e r e n t t y p e . Hence 

t h e a l l o c a t i o n v e c t o r c r i s i n c e n t i v e f e a s i b l e o n l y i f 

( 2 . a ) P i u ( c r i l ) + ( l - p . ) U ( c r . 2 ) > P i U ( c r J 1 ) + ( l - P i ) U ( c r . 2 ) 

v i , j such t h a t 6 r ^ 9 r ^ > 0 . M o r e o v e r , we a l s o impose t he f o l l o w i n g i n c e n t i v e 

c o m p a t i b i l i t y c o n d i t i o n . I f t h e r e a r e two c o a l i t i o n s , r and t , t y p e i a g e n t s 

i n c o a l i t i o n r canno t w i s h t o j o i n c o a l i t i o n t and c l a i m t o be o f t y p e j . 

Then t h e a l l o c a t i o n v e c t o r c r i s i n c e n t i v e f e a s i b l e i f ( 2 . a ) h o l d s and i f 

( 2 . b ) P i U ( c r n ) + ( l - P i ) U ( c r i 2 ) > P 1 D ( c t J 1 ) + ( l - P i ) U ( c t . 2 ) 

v r , t , r * t , ¥ i , j such t h a t 9

r ^ e t j > 0 , where our c o n v e n t i o n i s t h a t c t j g 

= 0 i f 6-M = 0* A l s o , as b e f o r e , an a l l o c a t i o n r u l e i s i n c e n t i v e f e a s i b l e i f 
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c i s ( 0 ; O k , c k ) s a t i s f i e s ( 2 . a ) and ( 2 . b ) v ( 9 , 9 k ) £ A 2 n , v c k e R + w i t h c k 

i n c e n t i v e f e a s i b l e . F i n a l l y , an a l l o c a t i o n v e c t o r i s f e a s i b l e i f f i t i s 

r e s o u r c e and i n c e n t i v e f e a s i b l e , and s i m i l a r l y f o r an a l l o c a t i o n r u l e . 

I t rema ins t o say some th i ng about how c o a l i t i o n membership i s d e t e r ­

mined i n our s e t t i n g . T h i s r e q u i r e s comment, s i n c e w i t h p r i v a t e i n f o r m a t i o n , 

membership i n a c o a l i t i o n cannot be b a s e d on p r i v a t e l y o b s e r v e d c h a r a c t e r ­

i s t i c s . Thus i f a c o a l i t i o n w i shes e i t h e r t o i n c l u d e o r e x c l u d e c e r t a i n 

i n d i v i d u a l s , i t m i s t c r e a t e a p p r o p r i a t e i n c e n t i v e s t o p roduce t h i s r e s u l t . 

T h e r e f o r e , f o r a c o a l i t i o n k , 

( 3 . a ) 9 k . = y . i f p . U ( c k i l ) + ( l - P i W c ^ ) > P i U ( c m i l ) + ( l - P i ) U ( c m i 2 ) 

f o r a l l o t h e r c o a l i t i o n s m. A l s o 

( 3 . b ) e k. = o i f P . u ( c k i l ) • ( i - P i ) u ( c k . 2 ) < P ^ c ^ ) + d - P i M c ^ g ) 

f o r some c o a l i t i o n m * k . C o n d i t i o n s ( 3 . a ) and ( 3 . b ) a r e f a i r l y o b v i o u s , 

s t a t i n g t h a t a l l (no) t y p e i a g e n t s a r e members o f c o a l i t i o n k i f no (some) 

c o a l i t i o n o f f e r s them a s t r i c t l y p r e f e r r e d a l l o c a t i o n . However , t h e r e i s 

c o n s i d e r a b l e a r b i t r a r i n e s s i n s p e c i f y i n g t h e v a l u e s 9 ^ i f t y p e i a g e n t s a r e 

i n d i f f e r e n t r e g a r d i n g c o a l i t i o n membersh ip . R e c a l l t h a t we b e g i n w i t h an 

incumbent c o a l i t i o n w h i c h i s t h e g r a n d c o a l i t i o n , so i n i t i a l l y 9^ = ( t he 

incumbent c o a l i t i o n has no s u b s c r i p t ) . Suppose t h a t some c o a l i t i o n k forms 

and d e f e c t s f r om t h e g r a n d c o a l i t i o n . One p o s s i b i l i t y , t h e n wou ld be t o a l l o w 

( 3 . c ) 9 k . s [ 0 , u . ] i f P i U ( c k . 1 ) + ( 1 - p . ) U ( c k . 2 ) = p i U ( c . 1 ) + ( 1 - p . ) U ( c . 2 ) . 

( 3 . c ) e f f e c t i v e l y a l l o w s t h e d e f e c t i n g c o a l i t i o n t o s e l e c t any v a l u e o f 9 k ^ i t 

d e s i r e s , so l o n g as t y p e i a g e n t s a r e i n d i f f e r e n t r e g a r d i n g c o a l i t i o n member 

s h i p . A second p o s s i b l e a s s u m p t i o n i s 

( 3 . d ) 9 k . e { 0 ,u . } i f P i U ( c k i l ) * ( l - P i ) U ( c k . 2 ) = p . U t c . , ) • ( l - p . ) U ( c . 2 ) . 
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( 3 . d ) s i m p l y says t h a t a d e f e c t i n g c o a l i t i o n must e i t h e r a t t r a c t a l l members 

o f a g i v e n t y p e o r none o f t h e m . We • w i l l a l t e r n a t e l y employ ( 3 . c ) and ( 3 . d ) 

b e l o w J i / 

H a v i n g d e s c r i b e d t he c o n d i t i o n s r e q u i r e d f o r t y p e i a g e n t s t o become 

members o f any c o a l i t i o n , we now impose one a d d i t i o n a l c o n d i t i o n on t h e a n ­

nounced a l l o c a t i o n r u l e o f t he incumbent c o a l i t i o n . I n o r d e r t o do t h i s , we 

o f f e r t h e f o l l o w i n g 

D e f i n i t i o n . C o n s i d e r t he incumbent c o a l i t i o n w i t h a s s o c i a t e d v e c t o r o f mea­

s u r e s 0 , and p o s s i b l y a n o t h e r c o a l i t i o n k w i t h v e c t o r o f measures 6^ . Then an 

a l l o c a t i o n 0 ^ ( 8 ; ^ ) i s Pa r e t o o p t i m a l f o r ( 8 , 6 k ) i f f t h e r e does no t e x i s t 

a n o t h e r f e a s i b l e a l l o c a t i o n c ^ g ( 0 ; 6 k ) s u c h t h a t 

P i ^ i i ^ V + ( i - P i ) u [ c i 2 ( e ; e k ) ] > p . u [ c i l ( e ; a k ) ] 

+ ( i - P i ) u [ c i 2 ( e ; e k ) ] 

w i t h s t r i c t i n e q u a l i t y f o r some i , where t he a l l o c a t i o n s c k ^ g have been t a k e n 

as p a r a m e t r i c . 

The c o n d i t i o n we impose on announced a l l o c a t i o n r u l e s i s t h a t any 

a l l o c a t i o n r u l e announced by t h e incumbent c o a l i t i o n must s p e c i f y an a l l o c a ­

t i o n wh ich i s P a r e t o o p t i m a l f o r ( 0 , 9 k ) v ( 8 , 8 k ) e A 2 n s u c h t h a t 6 k = u - 8 . 

F o r m a l l y , l e t C * deno te t h e s e t o f a d m i s s i b l e a l l o c a t i o n r u l e s . Then 

c ^ s ( 8 ; 8 k , c k ) e C * i f f c ^ g ( - ) i s f e a s i b l e and s p e c i f i e s an a l l o c a t i o n w h i c h i s 

P a r e t o o p t i m a l v ( 6 , 6 ^ ) . The r e a s o n f o r r e q u i r i n g t h e announced a l l o c a t i o n 

r u l e t o be P a r e t o o p t i m a l f o r ( 8 , 8 k ) i s as f o l l o w s . Suppose ( 8 , 8 k ) r e p r e ­

s e n t e d t he a c t u a l v e c t o r s o f measures o f a g e n t s b e l o n g i n g t o t h e i ncumben t 

c o a l i t i o n and c o a l i t i o n k r e s p e c t i v e l y . Then t he r e q u i r e m e n t t h a t announced 
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a l l o c a t i o n r u l e s be P a r e t o o p t i m a l f o r t he r e m a i n i n g members o f t h e i ncumben t 

c o a l i t i o n p r e v e n t s t h a t c o a l i t i o n f rom s p e c i f y i n g a l l o c a t i o n s i n c e r t a i n 

c o n t i n g e n c i e s w h i c h wou ld be u n a n i m o u s l y r e j e c t e d by i t s membership i f t h a t 

c o n t i n g e n c y a r o s e . I n o t h e r w o r d s , t h i s r e q u i r e m e n t r u l e s out " t h r e a t s " by 

t h e incumbent c o a l i t i o n w h i c h i t wou ld not a c t u a l l y w i s h t o c a r r y ou t i f t h e 

r e l e v a n t event o c c u r r e d . 

We a r e now p r e p a r e d t o p r e s e n t our n o t i o n o f b l o c k i n g and ou r d e f i n ­

i t i o n o f t h e c o r e o f t h i s economy. F i r s t , we say an a l l o c a t i o n r u l e c ^ s e C * 

i s b l o c k e d i f t h e r e e x i s t s a c o a l i t i o n k ( w i t h a s s o c i a t e d v e c t o r o f measures 

By) and an a l l o c a t i o n c k j _ s w i t h t h e f o l l o w i n g p r o p e r t i e s : 

(U) . l ^ i b i C o k i r t W ^ P i ) ^ ^ ) ' K 0 

1=1 

(5) I f 6 ^ > 0 , 

p . u ( c k i l ) + ( l - P i ) U ( c k . 2 ) > p . U [ c i : L ( u - 6 k ; 9 k , c k ) ] 

+ ( l - p . ) U [ c i 2 ( y - 0 k ; 9 k , c k ) ] , 

(6 ) w h i l e i f 6 = 0 , 
K l 

P i ^ i l ^ - V W + ( l - P i ) U [ c i 2 ( u - 6 k ; 9 k , c k ) l 

> P i U ( c k i l ) * ( l - P i ) U ( c k . 2 ) . 

(T) P i U ( c k U ) + ( l - P i H J ( c k i 2 ) > P i U ( c k J 1 ) + ( l - P i ) U ( c k j 2 ) 

v i , j s u c h t h a t \ i \ j > 0 . 

( 8 . a ) p . U ( c k i l ) + ( l - P i ) U ( c k . 2 ) > P i U l C j ^ - V W 1 

+ ( l - p i ) U [ c _ . 2 ( u - 9 k ; 9 k , c k ) ] 

¥ i , j s u c h t h a t 9^1 ( u - * 3 ^ ) > °« 
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( 8 . b ) P ^ d ^ ; ^ ) ] + ( 1 - P i

) u ' c i 2 ( l J - 9

k ' e k ' c k ) 1 > P i u < c k j i > 

+ d - P i ) U ( c k j 2 ) 

v i , j such t h a t ( v - B ^ ) ^ > 0 . 

( 9 ) P n U ( c k n l J + ( 1 - P n ) U ( c k n 2 ) > P n

U [ c n l ( l j ) 1 + Cl-Pn)Ulcn2(M)] 

i f 6 k n > 0 , w h i l e 

( 1 0 ) P n - l ^ V l . l 5 + ' ^ n - l ^ V l ^ > V l U | V l , l ( v ) l 

+ ^ - P n - l ) U l c n - l , 2 ^ ) l 

i f 9 k n = ° ' 9 k n - l > ° ' o r i f > 0 a n d ^ ) h o l d s w i t h e q u a l i t y , and s i m i ­

l a r l y f o r t y p e s n - s ; s = 2 , n - 1 i f (9) and (10) h o l d w i t h e q u a l i t y 

< o r i f 9 k A n - l = ° )» e t c « 

Some e x p l a n a t i o n o f c o n d i t i o n s ( H ) - ( 1 0 ) i s i n o r d e r . E q u a t i o n {k) 

s i m p l y r e q u i r e s t o be r e s o u r c e f e a s i b l e . (5) and (6) r e q u i r e c o a l i t i o n 

membersh ip t o be v o l u n t a r y , as d i s c u s s e d a b o v e , w h i l e (7 ) r e q u i r e s c k t o be 

i n c e n t i v e f e a s i b l e w i t h i n c o a l i t i o n k . (8) s t a t e s t h a t t y p e i a g e n t s i n 

c o a l i t i o n k must not w i s h t o j o i n t h e incumbent c o a l i t i o n and c l a i m t o be o f a 

t y p e o t h e r t han i , and c o n v e r s e l y . 

E q u a t i o n s (9) (and (10 ) ) a r e ou r a n a l o g s o f s t a n d a r d c o n d i t i o n s f o r 

b l o c k i n g . In p a r t i c u l a r an a l l o c a t i o n can be b l o c k e d i n e i t h e r o f two ways 

h e r e . One i s t h a t t y p e n a g e n t s a r e made s t r i c t l y b e t t e r o f f by j o i n i n g t he 

b l o c k i n g c o a l i t i o n , s u b j e c t o n l y t o t he c o n d i t i o n t h a t any o t h e r members o f 

c o a l i t i o n k j o i n v o l u n t a r i l y . The i d e a h e r e i s t h a t t y p e n a g e n t s can " f o r c e " 

a b e t t e r a l l o c a t i o n f o r t h e m s e l v e s by d e f e c t i n g , where t h e p o s s i b i l i t y i s 

c o n s i d e r e d t h a t a f t e r t h e i r d e f e c t i o n agen t s o f o t h e r t y p e s may w i s h t o d e f e c t 

a s w e l l , even though t h e y wou ld have p r e f e r r e d t h e i n i t i a l a r r a n g e m e n t . The 

second way i n w h i c h b l o c k i n g can o c c u r i s e i t h e r t h a t t y p e n a g e n t s do not 
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d e f e c t (o r a r e i n d i f f e r e n t r e g a r d i n g c o a l i t i o n m e m b e r s h i p ) , bu t t y p e n - 1 

a g e n t s can " f o r c e " an imp roved a l l o c a t i o n f o r t h e m s e l v e s by d e f e c t i o n , rfhere 

a g a i n t y p e s w i t h i n d i c e s l e s s t h a n n - 1 may be " i n d u c e d " t o d e f e c t . Hence 

b l o c k i n g r e q u i r e s t h a t t y p e n a g e n t s be made ( w e a k l y ) b e t t e r o f f i f t h e y 

d e f e c t , and i f t h e y a r e no t s t r i c t l y b e t t e r o f f (o r i f t h e y do no t d e f e c t ) , 

t h a t t y p e n - 1 agen t s be made (weak l y ) b e t t e r o f f i f t h e y d e f e c t , e t c . 

N o t i c e t h a t a l l a g e n t s i n t h e b l o c k i n g c o a l i t i o n need not be b e t t e r o f f t h a n 

t h e y were i n i t i a l l y . 

The s t r o n g r o l e p l a y e d by t he o r d e r i n g o f t y p e s i n our d e f i n i t i o n o f 

b l o c k i n g i s based on t h e i d e a t h a t some t y p e s have g r e a t e r command o v e r r e ­

s o u r c e s (pe r c a p i t a , and i n an a v e r a g e s e n s e ) t han o t h e r s , and t h u s have t h e 

a b i l i t y t o i n d u c e c e r t a i n o u t c o m e s . W h i l e t h i s w i l l be made c l e a r e r b e l o w , we 

n o t e now t h a t t he i d e a t h a t c e r t a i n p l a y e r s occupy s p e c i a l p o s i t i o n s i n c o ­

o p e r a t i v e games has been w i d e l y u s e d i n r e c e n t deve lopmen ts i n models o f games 

w i t h p r i v a t e i n f o r m a t i o n ^ / However , an a d m i t t e d s h o r t c o m i n g o f t h i s a p p r o a c h 

i s t h a t i t r e q u i r e s an o b v i o u s o r d e r i n g o f t y p e s , a l t h o u g h c l e a r l y a number o f 

economies o f i n t e r e s t have t h i s f e a t u r e . 

As a f i n a l m a t t e r o f d e f i n i t i o n , an a l l o c a t i o n r u l e i s a c o r e a l l o ­

c a t i o n r u l e i f f i t i s not b l o c k e d by any c o a l i t i o n . I t i s a l s o a p p r o p r i a t e , 

t h e n , t h a t we say s o m e t h i n g r e g a r d i n g why we p h r a s e the d i s c u s s i o n i n terras o f 

c o r e a l l o c a t i o n r u l e s . N o t i c e t h a t , t h r o u g h c o n d i t i o n ( 2 . b ) , t h e a c t i o n s o f a 

p o t e n t i a l b l o c k i n g c o a l i t i o n a f f e c t t h e s e t o f f e a s i b l e a c t i o n s f o r t h e i n c u m ­

ben t c o a l i t i o n . Pu t somewhat i n f o r m a l l y , t h i s i s a s e t t i n g i n w h i c h s t a n d a r d 

" i n f o r m a t i o n a l e x t e r n a l i t i e s " a r i s e . The p r o b l e m o f d e f i n i n g t he c o r e f o r an 

economy w i t h e x t e r n a l i t i e s has been put f o r t h e l s e w h e r e ^ / I n p a r t i c u l a r , 

s i n c e the a c t i o n s o f a p o t e n t i a l b l o c k i n g c o a l i t i o n a f f e c t t h e f e a s i b l e s e t o f 

an incumbent c o a l i t i o n and c o n v e r s e l y , i t i s n e c e s s a r y t o s t a t e e x p l i c i t l y how 

t h e incumbent c o a l i t i o n r e s p o n d s t o b l o c k i n g t h r e a t s . Our f o c u s on a l l o c a t i o n 
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r u l e s s i m p l y r e q u i r e s t h a t t h e incumbent c o a l i t i o n s p e c i f y i n advance how i t 

w i l l r espond t o any a t t e m p t s a t b l o c k i n g . T h i s i s i t s a l l o c a t i o n r u l e . Thus 

our use o f t h i s c o n c e p t a l l o w s a u n i f i c a t i o n o f p r e v i o u s t r e a t m e n t s o f t h e 

c o r e w i t h e x t e r n a l i t i e s i n t h a t t h e incumbent c o a l i t i o n may r e a c t t o a t t e m p t s 

a t b l o c k i n g t h r o u g h i t s r u l e , bu t must s t a t e i n advance and h o l d c o n s t a n t t h e 

r u l e by w h i c h i t r e a c t s . 

A Set o f A l l o c a t i o n R u l e s 

A mich s t u d i e d a l l o c a t i o n r u l e i s one w h i c h s o l v e s t h e p r o b l e m ( f o r 

f i x e d 6 » 0) 

(11) max P n U ( c n l ) + ( l - p n ) U ( c n 2 ) 

s u b j e c t t o 

(12) P i U ( c u ) + ( l - p . ) U ( c . 2 ) > 

P i U ( c J 1 ) + ( l - p . ) U ( C j 2 ) v i , j = 1, n, 

( I 3 . a ) P 1 U ( c n ) + ( l - p 1 ) U ( c 1 2 ) >\J1 

( I 3 . b ) P i U ( c i l ) + ( l - p . ) U ( c . 2 ) > U . ( 9 ) ; i = 2 , n - 1 . 

^ 9 i [ p . ( e 1 - c i l ) + ( l - p i ) ( e 2 ^ i 2 ) l > 0 , 

where t h e v a l u e s U . ( 9 ) ; i » 1 , n - 1 a r e d e f i n e d r e c u r s i v e l y by 

(15) = max P j U ( C l l ) + ( l - p 1 ) U ( c 1 2 ) 

s u b j e c t t o P i ( c 1 1 - e 1 ) + ( l - p x ) ( c 1 2 - e 2 ) = 0 . 

(16) U . ( 6 ) = max P i U ( c n ) + ( l - p . ) U ( c i 2 ) 

s u b j e c t t o 
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(17) p . U ( c ) + (1-p )U(c ) > U (8); 1 < J < i - 1 

J J J- J 0 J 

i 
(18) ^ 9̂  l p J ( e 1 - c J 1 ) + ( l - p J ) ( e 2 - c j 2 ) ] > 0 

(19) P j U ( c j l ) + ( 1 - P j ) U ( c j 2 ) > P j U ( c h l ) + ( l - p J ) U ( c h 2 ) ; ¥ j , h ; j , h < i . 

S o l u t i o n s t o t h i s p r o b l e m have been a s s o c i a t e d w i t h " W i l s o n e q u i l i b r i a " b y 

Spence (1978) and M i y a z a k i (1977). We w i l l c l a i m t h a t a s u b s e t o f s o l u t i o n s 

t o t he p r o b l e m (11)-(19) i s a c o r e a l l o c a t i o n r u l e . P r i o r t o s t a t i n g t h i s 

r e s u l t , however , we need t o make two remarks about t h i s p r o b l e m . 

F i r s t , i n our s e t t i n g i t i s p o s s i b l e t h a t 8^ = 0, i . e . , t h a t t h e 

incumbent c o a l i t i o n (wh i ch i s t h e c o a l i t i o n a n n o u n c i n g an a l l o c a t i o n r u l e ) has 

no agen t s o f c e r t a i n t y p e s . Then i t i s n e c e s s a r y t o s a y how t h e i n c e n t i v e 

c o m p a t i b i l i t y c o n d i t i o n s (12) (and (19)) i n v o l v i n g t h i s i a r e t r e a t e d . 

C l e a r l y i f 9^ = 0, and i f t h e incumbent c o a l i t i o n does no t w i s h t o r e t a i n t y p e 

i a g e n t s , t hen i t s a l l o c a t i o n r u l e must be such t h a t t y p e i a g e n t s w i l l no t 

w i s h t o r e t u r n t o i t and c l a i m t o be o f t y p e j ; j * i . S i m i l a r l y , i f B ^ O ^ > 

0 , t y p e i a g e n t s canno t w i s h t o j o i n t h e b l o c k i n g c o a l i t i o n and c l a i m t o be o f 

t y p e j . Hence , we append t h e f o l l o w i n g c o n s t r a i n t s t o t h e p r o b l e m ( l l ) - ( l U ) : 

( 2 0 . a ) p.Ulc,. ( 9 ; y - 9 , c v ) ] + ( 1 - p , )U [ c , „ ( 9 ; y - 9 , c , ) ] 
1 J X K 1 J ^ K 

< P i U ( c k . 1 ) + ( l - P i ) U ( c k i 2 ) 

(20 .b) P i U [ c . 1 ( 9 ; u - 8 , c k ) ] + (1 -p . )U [c . 2 ( 9 ; u - 9 , c k ) ] > P i U ( c ^ 1 ) 

+ ( l - P i ) U ( G k j 2 ) ' 

where (20 .a) h o l d s f o r a l l i , j s u c h t h a t 9 i = 0 and 9^ > 0, where (20 .b) 

h o l d s f o r a l l i , j such t h a t 9 ^ 9 k j > 0, and where t h e v a l u e s c ^ a r e t a k e n a s 

p a r a m e t r i c i n b o t h (20 .a) and ( 2 0 . b ) . 
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The s e c o n d remark we need t o make i s as f o l l o w s . As M i y a z a k i (1977) 

p o i n t s o u t , t he s o l u t i o n t o ( l l ) - ( l 9 ) (and (20)) need no t be u n i q u e . H e n c e ­

f o r t h l e t c * s ( 6 ; 6 k , c k ) be t h e a l l o c a t i o n r u l e s o l v i n g (11)-(19) (and (20)) 

w h i c h g i v e s t he h i g h e s t e x p e c t e d u t i l i t y t o t y p e n - 1 a g e n t s i f t h e r e i s more 

than one s o l u t i o n . S i m i l a r l y , i f t h e r e i s more t h a n one s o l u t i o n w h i c h g i v e s 

i d e n t i c a l e x p e c t e d u t i l i t y f o r t y p e n - 1 a g e n t s , c * g i s t h a t s o l u t i o n g i v i n g 

t h e h i g h e s t e x p e c t e d u t i l i t y t o t y p e n - 2 a g e n t s , e t c . N o t i c e , t h e n , t h a t 

c ^ s need not p roduce e x a c t l y t h e M i y a z a k i - S p e n c e - W i l s o n e q u i l i b r i u m a l l o c a ­

t i o n , s i n c e M i y a z a k i a r g u e s t h a t t h e l o g i c o f t h e W i l s o n e q u i l i b r i u m c o n c e p t 

r e s u l t s i n t he f o l l o w i n g : i f t h e s o l u t i o n t o (11)-(19) i s not u n i q u e , an 

e q u i l i b r i u m a l l o c a t i o n w i l l be t h e s o l u t i o n l e a s t p r e f e r r e d by t y p e n - 1 

a g e n t s . 

A R e s u l t on l o t t e r i e s 

P r i o r t o s t a t i n g ou r r e s u l t s , i t w i l l be u s e f u l t o p roduce a p r e l i m ­

i n a r y r e s u l t due t o P r e s c o t t and Townsend ( I98U ) . However , s i n c e t h e s t a t e ­

ment o f t h i s r e s u l t r e q u i r e s some i n v e s t m e n t i n a d d i t i o n a l n o t a t i o n and a l ­

ready a p p e a r s e l s e w h e r e , t h i s s e c t i o n can be o m i t t e d by t he r e a d e r w i t h o u t 

l o s s o f c o n t i n u i t y . 

The r e s u l t t h a t we r e q u i r e c o n c e r n s t h e u s e (o r a b s e n c e o f u s e ) o f 

consump t i on l o t t e r i e s i n any P a r e t o o p t i m a l a l l o c a t i o n . S u p p o s e , t h e n , f o l ­

l o w i n g P r e s c o t t and Townsend (1984), t h a t i t i s p o s s i b l e t o o f f e r c o n s u m p t i o n 

l o t t e r i e s c o n t i n g e n t on t he r e a l i z a t i o n o f t h e s t a t e o f n a t u r e f o r e a c h 

a g e n t . In p a r t i c u l a r , l e t X deno te t h e ( f i n i t e ) s e t o f p o s s i b l e r e a l i z a t i o n s 

o f t he l o t t e r y , w i t h t y p i c a l e lement x e X . F u r t h e r , l e t c ^ g ( x ) deno te t h e 

c o n s u m p t i o n o f a t y p e i agen t i n s t a t e s i f t he r e a l i z a t i o n o f t he l o t t e r y i s 

x , and l e t us t h i n k o f c h o o s i n g t he p r o b a b i l i t i e s q ^ s ( x ) o f x o c c u r r i n g i f an 

agen t i s o f t y p e i and s t a t e s o c c u r s . These c h o i c e s , o f c o u r s e , must s a t i s f y 
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£ x e X q i s ( x ) = 1 v i = 1, . . . , n ; s = 1, 2 . Then a r e s o u r c e f e a s i b l e l o t t e r y -

s a t i s f i e s ( f o r an economy w i t h a v e c t o r o f p o p u l a t i o n measures u) 

(21) I p. X { p l q 1 1 ( x ) [ c i l ( x ) - e 1 ] + q i 2 ( x ) ( l - p i ) [ c i 2 ( x ) - e 2 ] } < 0, 
i = l xeX 

and an i n c e n t i v e f e a s i b l e l o t t e r y s a t i s f i e s 

(22) 

+ < i j 2 ( x ) ( l - p i ) U [ c j 2 ( x ) ] } 

¥ i , j = 1, n ; i * j . 

Suppose we now c o n s i d e r t he f o l l o w i n g p r o b l e m : 

' ^ x I { q n l ( x ) p U[c ( x ) ] + q n 2 ( x ) ( l - p n ) U [ c n 2 ( x ) ] } 
x eX 

by c h o i c e o f q i s ( x ) , s u b j e c t t o (21), (22), 

(23) I { q i l ( x ) p . U [ c i l ( x ) ] + q i 2 ( x ) ( l - p i ) U [ c i 2 ( x ) ] } > U . ; 
xeX 

i = 1 , n - 1, w i t h d e f i n e d i n a manner a n a l o g o u s t o e q u a t i o n s (15)-

( 1 9 ) , ! / and s u b j e c t t o 

(2k) I q (x ) = 1; 
xeX 1 3 

i = 1, n ; s = 1, 2 . Then we have t h e f o l l o w i n g r e s u l t . 

Lemma 1. The s o l u t i o n t o t he above p r o b l e m has q ^ s ( x ) = 1 f o r some x ; i = 1, 

. . . , n ; s = 1, 2 . 

P r o o f . P r e s c o t t and Townsend (1984 c o n s i d e r t h e p r o b l e m 
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n 
max I X I {q ( x )p U[c ( x ) ] + q ^ 2 ( x ) ( l - p )U[c ( x ) ] } 

i = l xeX 

by c h o i c e o f v a l u e s q i s ( x ) , s u b j e c t t o (21), (22), and (2h). They show t h a t 

t h i s p r o b l e m has q i s ( x ) = 1 f o r some x , v i , s , f o r a r b i t r a r y v a l u e s X^ 

( p . ) . By r e i n t e r p r e t i n g t h e ^ a s t h e o p t i m a l Lagrange m u l t i p l i e r s a s s o c i ­

a t e d w i t h t h e c o n s t r a i n t s (22) on ou r p r o b l e m , t h e i r r e s u l t a p p l i e s . 

Core A l l o c a t i o n R u l e s 

I n t h i s s e c t i o n , we show t h a t c ^ s ( 9 ; \ » c ^ ) , t h e s o l u t i o n t o t he 

p r o b l e m d e f i n e d by (11)-(19) and (20), i s t h e u n i q u e c o r e a l l o c a t i o n r u l e f o r 

t h i s economy. I t i s u s e f u l t o b e g i n by s t a t i n g a p r e l i m i n a r y r e s u l t . 

Lemma 2 . C o n s i d e r an incumbent c o a l i t i o n s o l v i n g t he p r o b l e m (11)-(19) (and 

(20)) i n t h e p r e s e n c e o f a n o t h e r c o a l i t i o n k w i t h a s s o c i a t e d v e c t o r o f mea­

s u r e s 9^ and a l l o c a t i o n v e c t o r c ^ . Suppose ^ (=14 - 8^ ) = 0« Then 

(25) p q _ i u ^ _ i , i ^ - y w i + ^ - \ - i ^ K - i , 2 { v - \ ^ ^ ) ] 

s V i ( M - V W 

i f 9 q _ i ( = l J ~ ® k , q - l ) > ®* w i t h an o b v i o u s n o t a t i o n . 

P r o o f . C l e a r l y ( a b b r e v i a t i n g n o t a t i o n ) 

f r o m (13). F u r t h e r , i t i s easy t o show t h a t t h e i n c e n t i v e c o n s t r a i n t s (12) 

a s s o c i a t e d w i t h t y p e i h o l d w i t h e q u a l i t y o n l y f o r j = i + l ; i = l , 

n - 1. T h e r e f o r e , s i n c e t he incumbent c o a l i t i o n t a k e s c k as g i v e n i n s o l v i n g 

t h e p r o b l e m (11)-(19) and (20), s e t t i n g C q _ i j S

 s u c h t h a t 

P q - l U < V l , l > + ( l - V l ) U ( C q - l , 2 > > V l ^ V V ^ 
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does not r e l a x any c o n s t r a i n t s i n t h e p r o b l e m , and consumes r e s o u r c e s . Hence 

(25) h o l d s . 

T h e r e i s a l s o a c o r o l l a r y t o lemma 2 . T h i s i s t h a t , as i s w e l l known^ / 

(26) Y B ip [ c * 1 ( e ; ^ , c k ) - e 1 ] + ( l ^ 1 ) [ c * 2 ( e i e k , c k ) - e 2 ] } < 0. 
i = l 

We a r e now p r e p a r e d t o s t a t e t h e f i r s t o f our p r i n c i p a l r e s u l t s . 

At 

P r o p o s i t i o n 1. The a l l o c a t i o n r u l e c ^ s ( 9 ; 9 k , c k ) s o l v i n g ( l l ) - ( l 9 ) and (20) i s 

a c o r e a l l o c a t i o n r u l e . 

The p r o o f o f t h i s f o r n > 2 makes use o f a s s u m p t i o n ( 3 . d ) f o r t h e v a l u e s 9 ^ , 

i . e . , a b l o c k i n g c o a l i t i o n must a t t r a c t a l l o r none o f t he a g e n t s o f e a c h 

t y p e . T h e r e f o r e , we b e g i n by p r o v i n g t h e p r o p o s i t i o n f o r n = 2 , i n w h i c h c a s e 

we can employ t h e weaker a s s u m p t i o n ( 3 . c ) on t h e v a l u e s 9 ^ . 

P r o o f o f P r o p o s i t i o n 1 (n = 2) . F o r p u r p o s e s o f t h e p r o o f , we assume t he 

e x i s t e n c e o f a c o a l i t i o n k w h i c h b l o c k s c ^ s , and t h e n show t h a t t h e assumed 

e x i s t e n c e o f such a c o a l i t i o n l e a d s t o a c o n t r a d i c t i o n . The b l o c k i n g c o a l i -

t i o n announces t he a l l o c a t i o n c k and has a s s o c i a t e d v e c t o r o f measures 9 ^ . 

The re a r e t h e n f o u r p o s s i b l e c o n f i g u r a t i o n s o f 9 k t o c o n s i d e r . 

A A A A 

Case 1. ( \ i » 9 k 2 ^ = ' ® t l » ® ' » ®kl> > ® ' Thus t h e b l o c k i n g c o a l i t i o n c o n s i s t s 

o n l y o f t y p e 1 a g e n t s . Bu t t h e n c l e a r l y 

(27) P i u K 1 : L ) + ( l - P l ) U ( c k l 2 ) < U r 

w i t h U-̂  d e f i n e d by (15). However , 

(28) p 1 U [ c * 1 ( p ) ] + ( l - P l ) U [ c * 2 ( u ) ] > U 1 
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by ( 1 3 . a ) . T o g e t h e r (27) and (28) c o n t r a d i c t ( 1 0 ) , so t h a t a b l o c k i n g c o a l i -

t i o n cannot have 6 ^ > 0 , 6 ^ = 0 . 

Case 2 . u 2 = 0 * ®fcl < ^ 1 * Then t he b l o c k i n g c o a l i t i o n c o n s i s t s o f 

p o s i t i v e measures o f a g e n t s o f each t y p e , bu t t h e incumbent c o a l i t i o n r e t a i n s 

some t y p e 1 a g e n t s . Then c l e a r l y 

(29) P i u l c u ^ - e k ; \ . c k ) ] + ( i - p 1 ) u [ c * 2 ( w - e k ; e k , c k ) ] = u 1 . 

T h e r e f o r e , s i n c e c o a l i t i o n membership i s v o l u n t a r y , 

(30) P i u ( c k l l ) + ( 1 - P i ) u ( c " k i 2 ) = U 1 ' 

But t h e n 

(31) P 2

U ( \ 2 1 ) + ( l _ p 2 ) U ( < ' k 2 2 ) < U 2 ' 

where U 2 2 i s the s o l u t i o n t o t h e f o l l o w i n g p r o b l e m : 

max p 2 U ( c 2 i ) + ( l - p 2 ) U ( c 2 2 ) 

s u b j e c t t o 

(32) P i U ( c i l ) + ( 1 - p . ) U ( c i 2 ) > P i U ( c J 1 ) + ( 1 - p . ) U ( c j 2 ) ; i , j = 1 , 2 . 

(33) P 1 U ( c n ) + ( 1 - p . ) U ( c 1 2 ) = U1 

(3U) u 2 { p 2 ( c 1 2 - e 1 ) + ( l - p 2 ) ( c 2 2 - e 2 ) } + 6 ^ { ? 1 ( c u - e 1 ) 

+ ( l - P l ) ( c 1 2 - e 2 ) } < 0 . 

S i n c e (33) i m p l i e s t h a t 

P ] _ ( c 1 1 - e 1 ) + ( l - P x ) ( c 1 2 - e 2 ) = 0 

[Spence ( 1 9 7 8 ) ] , c l e a r l y 
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(35) P 2 U l c * 1 ( n ) ] + ( l - P 2 ) U [ c * 2 ( y ) ] > U 2 , 

as t he p r o b l e m d e f i n i n g Ug i s more h e a v i l y c o n s t r a i n e d t h a n t he p r o b l e m (11)-

(19). But (35) and ( 3 1 ) , a l o n g w i t h (30) and ( 1 3 . a ) c o n t r a d i c t (9) and 

(10) . Hence a b l o c k i n g c o a l i t i o n canno t t a k e t h i s f o r m . 

Case 3. ( 9

k ^ , 9 k 2 ) = ("!> U 2 )» so t h e b l o c k i n g c o a l i t i o n i s t h e g r a n d c o a l i -

t i o n . Now by t h e d e f i n i t i o n o f c ^ s ( - ) , 

(36) P 2

U ( < = k 2 1 ) + ( 1 - P 2

) U ( c ' k 2 2 ) < P 2

u 1 c 2 1 ( m ) ] + ( l - P 2 ) U [ c 2 2 ( w ) l • 

T h e r e f o r e , by (9), (36) h o l d s w i t h e q u a l i t y . T h u s , by c o n d i t i o n (10), 

(37) P i U ^ k l i ) + ( l - P l ) U ( c A

k 1 2 ) > P ^ k i i ^ ) ] + ( l - P l ) U [ c * 2 ( p ) ] . 

T o g e t h e r , (36) and (37) imp l y t h a t t h e v a l u e s c k i s a l s o s o l v e t h e p r o b l e m 

(11) - (19 ) , and do so i n a way w h i c h y i e l d s h i g h e r e x p e c t e d u t i l i t y t o t y p e 1 

a g e n t s . But t h i s c o n t r a d i c t s t he d e f i n i t i o n o f C « _ ( M ) . Hence t h i s a l s o 
X s 

canno t c o n s t i t u t e a b l o c k i n g c o a l i t i o n . 

Case k. u 2 > 6 k 2 > 0, 9 ^ e [O.iiJ. Now s i n c e e

k 2 ( u - 0

k 2 ) > 0, 

(38) p 2 u ( c m ) + d - P 2 ) u ( c k 2 2 ) = P 2 u l c 2 1 ( w - e k ; e k , c k ) l 

+ ( l -p 2 )U [cJ 2 ( | i -C^;^ t c k ) ] > P 2 U [ C 2 1 ( P ) ] + ( 1 - P 2 ) U [ C 2 2 ( M ) 1 , 

where t he f i r s t e q u a l i t y h o l d s s i n c e c o a l i t i o n membersh ip must be v o l u n t a r y , 

and t he second i n e q u a l i t y h o l d s by (9 ) . A l s o , i f t h e i n e q u a l i t y i n (38) i s 

not s t r i c t , 

(39) P i U ( ^ k l l ) + ( l _ p l ) U ( c ' k l 2 ) > P i u I c i i ^ ) ] + ( l - P 1 ) U [ c * 2 ( u ) l 
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by (10). Then c o n s i d e r a c o n s u m p t i o n l o t t e r y w h i c h a l l o c a t e s t y p e i a g e n t s i n 

s t a t e s t he consump t i on C j ^ g w i t h p r o b a b i l i t y 9 ^ / 1 ^ , and c ^ g ( u - S ; ^ , ^ ) w i t h 

p r o b a b i l i t y 1 - ( B J H / U J ) * T h i s l o t t e r y i s f e a s i b l e ( s i n c e e a c h a l l o c a t i o n i s 

i n d i v i d u a l l y ) , and by (39) and ( 1 3 . a ) i t y i e l d s t y p e 1 a g e n t s e x p e c t e d u t i l i t y 

a t l e a s t U . A l s o , f rom (38) (and (39) i f t h e i n e q u a l i t y i n (38) i s no t 

s t r i c t ) , t y p e 2 agen t s a r e a t l e a s t as w e l l o f f u n d e r t h i s l o t t e r y as t h e y a r e 

r e c e i v i n g c^g (u) w i t h c e r t a i n t y i n s t a t e s (and i f t h e y a r e no t s t r i c t l y 

b e t t e r o f f , t hen t y p e 1 a g e n t s a r e ) . S i n c e C 2 S ( lO i s a l l e g e d t o s o l v e (11)-

(19), t h i s c o n t r a d i c t s lemma 1. Hence no s u c h l o t t e r y e x i s t s , and t h e r e i s no 

b l o c k i n g c o a l i t i o n w i t h > \ 2 > °> 9 k l e [0»Px^ • 

Thus a l l p o s s i b l e c o n f i g u r a t i o n s o f a b l o c k i n g c o a l i t i o n have been r u l e d 

o u t . T h e r e f o r e no b l o c k i n g c o a l i t i o n e x i s t s , and c- ( - ) i s a c o r e a l l o c a t i o n 

r u l e as c l a i m e d . 

We now p r o v e p r o p o s i t i o n 1 f o r n > 2 . F o r t h i s p r o o f we r e q u i r e 

a d d i t i o n a l s t r u c t u r e on t h e v a l u e s 8 ^ . Hence we now employ a s s u m p t i o n 

( 3 . d ) : a b l o c k i n g c o a l i t i o n e i t h e r has 8 ^ = 0 o r 8 j ^ = v i . 

P r o o f o f P r o p o s i t i o n 1 (n > 2 ) . As i n t h e p r o o f f o r n = 2 , we assume t h e 

e x i s t e n c e o f a b l o c k i n g c o a l i t i o n a n n o u n c i n g an a l l o c a t i o n v e c t o r c k and 

d e r i v e a c o n t r a d i c t i o n . A g a i n t h e r e a r e s e v e r a l p o s s i b l e c o n f i g u r a t i o n s o f ^ 

f o r a p o t e n t i a l b l o c k i n g c o a l i t i o n , w h i c h we c o n s i d e r c a s e by c a s e . 

Case 1. 9 k i > 0 v i such t h a t j < i < I, 9 k i = 0, o t h e r w i s e . T h e n , by ( 3 . d ) , 

®ki = vi * J * * * i , e * > * n e b l o c k i n g c o a l i t i o n a t t r a c t s a l l agen t s o f 

t y p e s j t h r o u g h I. 

(a ) Suppose j = 1, I = n . Then t he g rand c o a l i t i o n c o n s t i t u t e s a b l o c k i n g 

c o a l i t i o n . T h e r e f o r e , by (9) 
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( U 0 ) P n ^ t a l 5 + ( l - p n ) U ( \ n 2 ) > P n U [ c n l ( l j ) 1 + ^ V ^ n V 1 1 * 1 ' 

I f (UO) h o l d s w i t h e q u a l i t y , t h e n 

P „ - i " K . n - l . l 1 + ( 1 - p n - l ) U ( c \ , n - l , 2 ) 

^ n - l ^ V l , ! ^ 1 + ^ n - l , U l c n - 1 . 2 ( , l ) 1 ' 

e t c . Of c o u r s e f o r some t y p e i 

(U2) P i u ( c k i l ) + ( 1 - P i ) U ( c A

k i 2

) > V ^ k * ^ ) } + ( l - p . ) U [ c * 2 ( y ) ] 

where i f i * n , 

^ P i + s ^ k . i ^ , ^ + ( l - p i + s ) U K , i + s , 2 ) > P i + s U [ c I + s , l ( y ) 1 

- ( 1 - P i + S ) U K + S , 2 ^ ) ] 

¥ s = l , n - i . However , (U2) and (U3) c o n t r a d i c t t he d e f i n i t i o n o f 

c ^ , ( y ) , so t h a t a b l o c k i n g c o a l i t i o n canno t be o f t h i s f o r m . 

(b) Then suppose % = n , j > 1. S i n c e 8 ^ = ]i± v i > j , a l l t y p e s w i t h i n d e x 

q < j r e c e i v e an a l l o c a t i o n such t h a t 

( M O P j ^ [ c J ^ t l ( l i - V W 1 + ( 1 ^ j - l ) U l c J - 1 . 2 ( , , - V * W 1 = " j - l ( w - e k 

w i t h U j _ 1 ( u - 6 k ) d e f i n e d by (15)- (19) . Then d e f i n e c i s ; i = j , n ; s 

= 1, 2, t o be t he a l l o c a t i o n s o l v i n g 

max P n U ( c n l ) + ( l - p n ) U ( c n 2 ) 

s u b j e c t t o 
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P I U ( c . 1 ) + ( l - p . ) U ( c . 2 ) > p . U ( c j ; L ) + ( 1 - P j ) U ( C j 2 ) v i , j , 

P i ' J ( c . 1 ) + ( l - p i ) U ( c i 2 ) > U i ( v ) v i = j , n - 1 

p. _ U ( c . - J + ( 1 -p . J U ( c , . J = U , . ( y ) 

n 
I y i { p i ( c i l - e 1 ) + ( l - p . ) ( c . 2 - e 2 ) } < 0. 

i = l 

C l e a r l y 

(1*5) P n

U ( S ' n l ) + ( 1 " P n ) U ( S i 2 ) < P n U [ c n l ( u ) 1 + ( 1 _ P n ) U [ ° n 2 ( y ) 1 

s i n c e t he p r o b l e m above i s more h e a v i l y c o n s t r a i n e d t h a n (11)-(19) . I f (*+5) 

h o l d s w i t h e q u a l i t y , t h e n 

<*> P n - l ^ ^ n - l . l ) + ^ " V l ^ ' V l , ? ' < p n - l U [ c n - l , l ( v ) 1 

+ ( 1 - P n . l ) U C l ) 2 ( y ) 1 ' 

e t c . T h e r e f o r e , s u c h a b l o c k i n g c o a l i t i o n w i t h n = I i s i m p o s s i b l e . 

( c ) Then 9 k i = u i ; l = j < i < J l < n , and 9 k i = 0 o t h e r w i s e . By (10), t h e n , 

W P , U ( c k U ) • ( l - P A ) U ( c k t 2 ) > P t U l c ; i ( u ) I + ( l - P ^ U l c ^ y ) ] , 

and i f (1+7) h o l d s w i t h e q u a l i t y , t h e r e i s an a n a l o g o u s e x p r e s s i o n f o r t y p e 

SL - 1, e t c . M o r e o v e r , o b v i o u s l y 

(W) I ( P i - 9 k . ) [ ( c i l - e 1 ) p i + ( c i 2 - e p ) ( l - p i ) ] = 0. 
1=1 

T h e r e f o r e , 

(U9) P n U [ c * 1 ( y - 9 k ; 9 k , c k ) ] • U V ^ ^ V W 1 

> P n U [ c * 1 ( u ) l + ( l - p n ) U [ c * 2 ( y ) ] 
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s i n c e by (1+7) and (1+8) an i n c e n t i v e c o n s t r a i n t i n t h e p r o b l e m ( l l ) - ( l 9 ) (and 

( 2 0 ) ) i s ( w e a k l y ) r e l a x e d w i t h no e x p e n d i t u r e o f r e s o u r c e s . A l s o , i f (1+9) 

h o l d s w i t h e q u a l i t y , t h e r e i s an a n a l o g o u s e x p r e s s i o n f o r t y p e n - 1 ( i f n - 1 

> i), e t c . F i n a l l y , i n t he i n i t i a l p r o b l e m ( l l ) - ( l 9 ) w i t h 9 = u i t was f e a s i ­

b l e t o a s s i g n t y p e s i = I + 1 , n t h e a l l o c a t i o n c i g ( ^ c ^ ) , and 

t y p e s i = 1, I t h e a l l o c a t i o n c k ^ g i n s t a t e s , s i n c e t h e s e a r e f e a s i b l e 

a l l o c a t i o n s i n d i v i d u a l l y , and s i n c e i t i s easy t o show t h a t t he a l l o c a t i o n s 

c k i s s a t i s f y ( 1 3 ) . T h e r e f o r e , t h e e x i s t e n c e o f t he p o s i t e d a l l o c a t i o n s , a l o n g 

w i t h (1+7) and (1+8), c o n t r a d i c t t he d e f i n i t i o n o f c i g ( u ) , so t h i s c a s e i s a l s o 

i m p o s s i b l e . 

(d ) Then 9 k i = v i i ; l < j < i < i l < n , and 9 k i = 0 o t h e r w i s e . Now by lemma 2 

P j _ i u i V i , i ^ - y W 1 + ( 1 - P j - i ) u [ c I - i , 2 ( i i - e k ' e k ' c k ) ! = V i ( p ) -

and t h e r e f o r e , by t he c o r o l l a r y t o lemma 2, 

I 
I ( M i - 8 k i ) { p i ( c i l - e 1 ) + ( l - p i ) ( c . 2 - e 2 ) } < 0 . 

i = l 

A l s o , by c o n d i t i o n ( 1 0 ) , (1+7) h o l d s . T h e r e f o r e , f o r t h e same r e a s o n as i n 

c a s e ( l . c ) a b o v e , C+9) h o l d s , and i t s a n a l o g f o r t y p e n - 1 h o l d s i f (1+9) i s 

an e q u a l i t y (and i f n - 1 > i). Thus we can c o n s t r u c t t h e same c o n t r a d i c t i o n 

as i n case ( c ) . H a v i n g e x h a u s t e d a l l p o s s i b i l i t i e s under c a s e 1, t h e n , we 

have shown t h a t t h i s c a s e i s i m p o s s i b l e . 

Case 2 . There e x i s t i n d i c e s i , j , and I s a t i s f y i n g j < i < 1 such t h a t 

> 0 and 9 k ^ = 0 . A l s o , w i t h o u t l o s s o f g e n e r a l i t y , l e t I be t h e l a r g e s t i n d e x 

w i t h 0 < 9 k £ (=U£)« F i n a l l y , l e t q be t h e l a r g e s t i n d e x s u c h t h a t 9 k i = 0 and 

9 k , i + l > °« 

(a ) Le t % = n . Then by lemma 2 
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(50) p n u ( c n l ) • ( l - P n ) U ( c n 2 ) < P n U ( c n l ) * ( l - P n ) U ( c n 2 ) 

where c . s o l v e s t h e p r o b l e m 
i s 

max P n U ( c n l ) + ( l - p n ) U ( c n 2 ) 

s u b j e c t t o 

p . U ( c . 1 ) + ( l - p . ) U ( c . 2 ) > P i U ( c J 1 ) + ( l - p . ) U ( c . 2 ) v i , j 

P i U ( c . 1 ) + ( l - P i ) U ( c i 2 ) >\iv); i = 1, n - 1 ; i * q 

P q U ( c q l ) * ( l - P q ) U ( c q 2 ) = U q ( u ) 

n 
I U i I p i ( c . 1 - e 1 ) + ( l - p i ) ( c i 2 - e 2 ) ] < 0 . 

i = l 

However , 

(51) p n u ( c n l ) * ( i - P n ) u ( c n 2 ) < P ^ I c * ^ ) ] • ( l - P n ) U [ c ^ 2 ( y ) ] 

s i n c e t h e p r o b l e m d e f i n i n g c i g i s more h e a v i l y c o n s t r a i n e d t h a n (11)- (19) . I f 

e i t h e r (50) o r (51) i s a s t r i c t i n e q u a l i t y , t h e n t he above c o n t r a d i c t s (9) . 

I f (50) and (51) b o t h h o l d w i t h e q u a l i t y , t h e n s i m i l a r l y 

P n - l ^ n - l . l ) + ^ n - l ^ V l ^ < V l ^ W * + ( l " P n - l ) U ( 

and 

* n - J L D ( S n - l , l ) + ( l - p n - l ) U ( c V l , 2

} < * n - l U [ c n - l , l < y ) 1 

e t c . T h u s , i f (50) and (51) h o l d w i t h e q u a l i t y (10) i s c o n t r a d i c t e d . T h e r e ­

f o r e , t h i s c a s e i s i m p o s s i b l e . 
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(b) Then Z < n . By lemma 2 

(52) P q " ! c q l ( w - e k ; 6 k , c k ) ] • ( l - P q ) U [ c * 2 ( y - e k ; 6 k , c k ) ] = \ ( » - \ ) , 

w i t h U~(u-8k) d e f i n e d by (15)-(19) and (20). T h e r e f o r e , by ( 3 . d ) , (13), lemma 

2, and t h e f a c t t h a t (52) h o l d s w i t h e q u a l i t y , 

(53) P 4

u < c u ) + ( l - p ^ M c ^ ) < P 4 U I C J 1 ( M ) ] + ( 1 - P T ) U [ c * 2 ( u ) ] . 

A g a i n , i f (53) h o l d s w i t h e q u a l i t y , an a n a l o g o u s e x p r e s s i o n h o l d s f o r I - 1 

( i f I - 1 > q , o r h o l d s f o r t he l a r g e s t i ndex r l e s s t han I s u c h t h a t 8 k r > 

0 ) , e t c . Thus e i t h e r (53) ( w i t h s t r i c t i n e q u a l i t y ) c o n t r a d i c t s (10), o r an 

a n a l o g o u s e x p r e s s i o n Tor a l o w e r I T lex c o n t r a d i c t s (10). T h e r e f o r e , t h i s c a s e 

i s a l s o i m p o s s i b l e , s o t h e r e i s no b l o c k i n g c o a l i t i o n o f the t y p e p o s i t e d . 

Case 3. Then t h e r e e x i s t s j u s t one i n d e x I w i t h 8 k ^ (=U 4 ) > 0. Bu t t h e n 

( i n v o k i n g lemma 2 i f £ * n o r Jt * l ) , c l e a r l y 

As t h i s c o n t r a d i c t s (10) (o r (9) i f £ = n ) , t h e r e i s no b l o c k i n g c o a l i t i o n 

w i t h 8 k i = | u ; i = I, 6 k i = 0 o t h e r w i s e . 

Thus we have r u l e d ou t a l l p o s s i b l e c o n f i g u r a t i o n s o f a b l o c k i n g c o a l i t i o n , 

p r o v i n g t he p r o p o s i t i o n . 

H a v i n g shown t h a t t h e a l l o c a t i o n r u l e c ^ g ( 8; Q ^ . c ^ ) i s a c o r e a l l o ­

c a t i o n r u l e , we now t u r n t o p r o v i n g t h a t t h i s i s t h e u n i q u e c o r e a l l o c a t i o n 

r u l e i n t h i s s e t t i n g . 

n 
P r o p o s i t i o n 2. c i s ( 9 ; 8 ^ , 0 ^ ) * s t a e un i que c o r e a l l o c a t i o n r u l e . 
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As we have shown t h a t c . ; _ ( - ) i s a c o r e a l l o c a t i o n r u l e , we now show by c o n -

s t r u c t i o n t h a t any o t h e r a l l o c a t i o n r u l e i s b l o c k e d by t he g rand c o a l i t i o n . 

P r o o f o f P r o p o s i t i o n 2 . C o n s i d e r any a l l o c a t i o n r u l e c " i s ( 9 ; \ , c k ) announced 

by t he incumbent c o a l i t i o n s u c h t h a t c i s ( p ; 0 , 0 ) * c i s ( p ; 0 , 0 ) ( = c i g ( u ) ) f o r 

some i f o r some s . We t h e n c o n s t r u c t a b l o c k i n g c o a l i t i o n k w i t h a s s o c i a t e d 

v e c t o r o f measures 9 .̂ = u a s f o l l o w s . The b l o c k i n g c o a l i t i o n announces a l i o -

c a t i o n s c k i s = c i s ( w ) . Then we show t h a t 9 k ^ — v i , and t h a t a l l c o n d i ­

t i o n s f o r k t o be a b l o c k i n g c o a l i t i o n a r e s a t i s f i e d . The re a r e two c a s e s t o 

c o n s i d e r : 

Case 1. c i g ( y ) does not max imize P n

u ( c n l ) + ( 1 _ P n ) U ( c n 2 ^ s u b j e c t t o (12)-

( l U ) . Then o b v i o u s l y 

P n U [ c n l ( u ) ] + ( l - p n ) U [ c n 2 ( p ) ] < P n U ( c k n l ) + ( l - P n ) U ( C ; n 2 ) . 

T h e r e f o r e , (9) i s s a t i s f i e d , and 9 k n = u n . M o r e o v e r , c l e a r l y i f 9 = (p-^, 

y n - l » t h e n 

P n - l U [ ? n - l , l ( 9 ' W ] + ( l - P n - l ) U K - l , 2 ( e ' 9 k ' c \ ) ] < 

T h e r e f o r e , 9 k n _ 1 = Vn_i* R e p e a t i n g t h i s argument we d e r i v e 9 k i = f o r a l l 

i . F i n a l l y , c k i s i s f e a s i b l e by c o n s t r u c t i o n , s o t h a t a l l t h e c o n d i t i o n s 

r e q u i r e d f o r k t o be a b l o c k i n g c o a l i t i o n (and f o r c k i o t o be a b l o c k i n g 

a l l o c a t i o n ) a r e s a t i s f i e d . Hence i f c ^ s ( u ) does not max im ize P n U ( c n ] _ ) + 

( l - p n ) U ( c n 2 ) s u b j e c t t o (12)-(1U) i t i s b l o c k e d , a n d , t h e r e f o r e , i s not a c o r e 

a l l o c a t i o n . 
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Case 2. Suppose t h a t the p r o b l e m o f m a x i m i z i n g P n ^ ( c

n i ) + ( l ~ P n ^ c n 2 ^ s u ^ ~ 

j e c t t o ( l l ) - ( l U ) has more than one s o l u t i o n and t h a t c ^ s ( p ) i s one such 

s o l u t i o n , but not t h e one g i v i n g g r e a t e s t e x p e c t e d u t i l i t y t o t y p e n - 1 

a g e n t s (o r t y p e n - 2 a g e n t s , e t c . ) . Then o b v i o u s l y t he g rand c o a l i t i o n 

b l o c k s c \ s ( - ) . 

Thus any a l l o c a t i o n r u l e c- (u) * c ^ c ( p ) f o r some i , f o r some s i s 

b l o c k e d , e s t a b l i s h i n g t he p r o p o s i t i o n . 

The l o g i c o f p r o p o s i t i o n 2 i s s t r a i g h t f o r w a r d . Under any f e a s i b l e 

a l l o c a t i o n r u l e o t h e r t h a n c * s ( 9 ; 9 ^ , 0 ^ ) w h i c h i s P a r e t o o p t i m a l v ( 9 , 9 ^ ) e A n 

x A n (and hence a c a n d i d a t e f o r a c o r e a l l o c a t i o n r u l e ) , t y p e n agen t s s u b s i ­

d i z e agen t s o f o t h e r t y p e s . H e n c e , t y p e n agen t s can a l w a y s f o rm a b l o c k i n g 

c o a l i t i o n by d e f e c t i n g , and o f f e r i n g a g e n t s o f o t h e r t y p e s an a l l o c a t i o n 

we a k l y p r e f e r r e d by them t o any a l l o c a t i o n t h e y c o u l d a t t a i n on t h e i r own. 

S i n c e t h i s i s a t l e a s t as good as what t h e s e agen t s can a t t a i n i n t he absence 

o f t y p e n a g e n t s , t hey a r e i n e s s e n c e " f o r c e d " t o j o i n t h e b l o c k i n g 

c o a l i t i o n . T h i s i n t u i t i o n a l s o s u g g e s t s why c i g ( v O i s an u n b l o c k e d a l l o c a t i o n 

r u l e . 

A Two S t a g e , N o n c o o p e r a t i v e Game 

We now t u r n our a t t e n t i o n t o t h e d e s c r i p t i o n o f a game w h i c h has a 

Nash e q u i l i b r i u m w h i c h p r o d u c e s t he same a l l o c a t i o n as does ou r c o o p e r a t i v e 

e q u i l i b r i u m . I n a d d i t i o n t o t h e s e t o f agen t s d e s c r i b e d i n t h e p r e v i o u s 

s e c t i o n , t h e n , l e t us i n t r o d u c e a s e t o f i n s u r a n c e f i r m s F = {1 , K } . We 

f u r t h e r p a r t i t i o n t h e se t o f f i r m s i n t o a g roup o f incumbent f i r m s and a g roup 

o f p o t e n t i a l e n t r a n t s . The i n t e r p r e t a t i o n o f t h i s p a r t i t i o n i s as f o l l o w s . 

A l l p o t e n t i a l i n s u r a n c e cus tomers a r e i n i t i a l l y a s s i g n e d ( i n t h e i r p o p u l a t i o n 

p r o p o r t i o n s ) t o t he incumbent f i r m s , i . e . , cus tomers a r e i n i t i a l l y d i v i d e d 

e v e n l y among t he s e t o f incumbent f i r m s . The re i s a l s o a s e t o f p o t e n t i a l 
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e n t r a n t s who may a t t emp t t o a t t r a c t c u s t o m e r s f r om t h e incumbent f i r m s . T h i s 

d i v i s i o n o f f i r m s s e r v e s two p u r p o s e s . One i s p u r e l y t e c h n i c a l and can b e s t 

be d i s c u s s e d a f t e r an e x p o s i t i o n o f t h e game. The o t h e r i s t o r e n d e r t h e game 

s i m i l a r i n f o rm t o t h e c o o p e r a t i v e game d i s c u s s e d p r e v i o u s l y . In p a r t i c u l a r , 

t h e p o s i t i o n o f incumbent f i r m s i s s ymme t r i c w i t h t h a t o f t h e i ncumben t 

(g rand ) c o a l i t i o n i n ou r p r e v i o u s d i s c u s s i o n . F i n a l l y , w i t h o u t l o s s o f g e n e r ­

a l i t y , we may t a k e t h e r e t o be a s i n g l e incumbent f i r m (say f i r m l ) . 

As an o v e r v i e w , our game e v o l v e s as f o l l o w s . A t s t a g e one the 

incumbent f i r m announces an a l l o c a t i o n r u l e a n a l o g o u s t o t h a t d i s c u s s e d p r e ­

v i o u s l y . T h i s r u l e s p e c i f i e s t he s t a t e c o n t i n g e n t a l l o c a t i o n s r e c e i v e d by 

each cus tomer o f t he incumbent a s a f u n c t i o n o f ( p o t e n t i a l l y ) t h r e e t h i n g s . 

One i s the p o p u l a t i o n e x p e r i e n c e s o f t he f i r m ' s c u s t o m e r s (wh ich depends 

s o l e l y on t he measure o f a g e n t s o f each t y p e p u r c h a s i n g p o l i c i e s f rom t h e 

i n c u m b e n t ) . T h i s i s i n k e e p i n g w i t h ou r e a r l i e r d i s c u s s i o n o f mu tua l i n s u r ­

ance c o m p a n i e s . S e c o n d , t h i s a l l o c a t i o n r u l e s p e c i f i e s how t h e a l l o c a t i o n s 

r e c e i v e d by t he i n c u m b e n t ' s cus tomers depend on ( i ) t h e number o f a g e n t s o f 

each t y p e who p u r c h a s e p o l i c i e s f rom new e n t r a n t s (who d e f e c t ) , and ( i i ) t h e 

a l l o c a t i o n s o b t a i n e d by t h e s e d e f e c t o r s e l s e w h e r e . T h i s i s , o f c o u r s e , a n ­

a l o g o u s t o our e a r l i e r d i s c u s s i o n . 

A f t e r t h e incumbent announces an a l l o c a t i o n r u l e , p o t e n t i a l e n t r a n t s 

d e c i d e wh ich t y p e s o f a g e n t s t hey w i sh t o a t t r a c t i n p o s i t i v e measu re , t h e 

measure t h e y w i s h t o a t t r a c t o f each t y p e , and t h e s t a t e c o n t i n g e n t a l l o c a t i o n 

t o be r e c e i v e d by each agen t p u r c h a s i n g a p o l i c y f rom t h e m . Then t h e game 

e n d s . 

Le t f e F i n d e x f i r m s . Then f o r f * 1 , t he d e c i s i o n v a r i a b l e s o f 

t h e f i r m a r e as f o l l o w s . F i r s t , l e t 8 f deno te t h e v e c t o r o f measures o f e a c h 

t y p e o f agent " a t t r a c t e d b y " f i rm f , i . e . , 6^. - ( 8 f ^ » 9 f n ^ ^ ^ ' A l s o , 
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t h e f i r m must s e l e c t , f o r a l l i s u c h t h a t 8 ^ > 0 , an a l l o c a t i o n c ^ s . L e t 

c l i s a e n o t e t n e a l l o c a t i o n r e c e i v e d by cus tomers o f the incumbent f i r m . Then 

t h e r e a r e s e v e r a l c o n d i t i o n s wh ich t he c h o i c e s 9 .̂ and c ^ s must s a t i s f y . One 

i s t h a t t he c h o i c e s c ^ s must be r e s o u r c e f e a s i b l e f o r f i r m f , i . e . , must s a t ­

i s f y 

n 

(5*0 ^ 6 f i [ P i ( c f i l - e l ) + ( l - P i ) ( c f i 2 - e 2 ) ! < ° * 

I n a d d i t i o n , t h e y nus t be i n c e n t i v e f e a s i b l e w i t h i n f i r m f , i . e . , v i , j such 

t h a t 9 f i e f j > 0 . 

(55) P i U ( c f i i ) + ( l - P i ) U ( c f i 2 ) > P i U ( c f J 1 ) + ( l - P i ) U ( c f j 2 ) . 

An a l l o c a t i o n i s f e a s i b l e i f i t i s r e s o u r c e and i n c e n t i v e f e a s i b l e . 

M o r e o v e r , i n o r d e r f o r 9 f and c f = [ ( c f l l , c f 1 2 ) , . . . , ( c f n l , c f n 2 ) ] t o 

be c o n s i s t e n t , we r e q u i r e t h a t 

(56) P i u ( c

f i i ) + ( l - P i ) U ( c f . 2 ) > P i U ( c g . 1 ) + ( l - P i ) U ( c g . 2 ) v g e F 

i f 8 f i > 0 , and 

(57) P t U ( c f i l ) + ( l - P i ) U ( c f i 2 ) < P i U ( c g i l ) + ( l - P i ) U ( c g i 2 ) 

f o r some g £ F i f 8 f i = 0 . More s p e c i f i c a l l y , i f f i r m f d e s i r e s t o s e t 

6 ^ = 0 , i t must announce v a l u e s C f ^ g s a t i s f y i n g ( 5 7 ) . F i n a l l y , i f f i r m f 

w i s h e s t o s e t 9 ^ > 0 and 9f. = 0 , i t must s e l e c t v a l u e s C f ^ s s u c h t h a t t y p e j 

a g e n t s do not w i s h t o o b t a i n t he a l l o c a t i o n s meant f o r t y p e i a g e n t s a t f i r m 

f . T h e r e f o r e , f i r m f ' s a l l o c a t i o n s must s a t i s f y 

(58) P / ( c f i l ) • ( l - P j ) U ( c f . 2 ) < P j U ( c g J 1 ) + ( l - P j ) U ( c g j 2 ) 

v g £ F , f o r a l l j such t h a t 9 f , = 0 , f o r a l l i such t h a t 0 f ^ > 0 . 
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As i n t h e c o o p e r a t i v e c a s e , t h e r e i s a g r e a t d e a l o f a m b i g u i t y 

r e g a r d i n g v a l u e s 6 ^ i n t h e case when t y p e i a g e n t s might be i n d i f f e r e n t 

be tween t h e a l l o c a t i o n t h e y can o b t a i n f r o m t h e incumbent f i r m , and f r o m f i r m 

f * 1. We a l t e r n a t e l y employ t h e same a s s u m p t i o n s as a b o v e : 

(59 .a) 8 f i e [0 ,p . ] 

i f (56) h o l d s as an e q u a l i t y f o r f = 1, o r 

(59 .b) 0 f . e {0 ,M.} 

i f (56) h o l d s as an e q u a l i t y f o r f = 1. 

A t s t a g e 2 o f ou r game, t h e n , f i r m s w i t h f * 1 make c h o i c e s o f 

f e a s i b l e a l l o c a t i o n s , a l o n g w i t h c o n s i s t e n t v a l u e s o f 9^ , so t h a t t h e s t r a t e g y 

s p a c e s o f t h e s e f i r m s a r e s u b s e t s o f A n x Br11, A t s t a g e 1 o f t he game, t h e 

incumbent f i r m announces an a l l o c a t i o n r u l e w h i c h s p e c i f i e s c - ^ s as a f u n c t i o n 

o f 9, , 6,-, = 9 ) , and o f c_ = ( c 0 , c ). We say t h a t an a l l o c a -x a d y r d m 

t i o n r u l e i s f e a s i b l e i f i t s p e c i f i e s a f e a s i b l e s e t o f a l l o c a t i o n s v 9-^, v 

9 p £ A ( K _ 1 ) n ¥ c ^ e R 2 ( K - l ) n s n c h t h a t c ^ i s f e a s i b i e ; f * 1 . I n a d d i t i o n t o 

r e q u i r i n g t h a t an announced a l l o c a t i o n r u l e be f e a s i b l e , we r e q u i r e t h a t any 

announced a l l o c a t i o n r u l e s a t i s f y an a d d i t i o n a l c o n d i t i o n . We b e g i n w i t h a 

d e f i n i t i o n . 

D e f i n i t i o n . An a l l o c a t i o n c ^ g i s 9 - P a r e t o o p t i m a l i f i t i s f e a s i b l e , and i f 

g i v e n 9 t h e r e does not e x i s t a n o t h e r f e a s i b l e a l l o c a t i o n c ^ s s u c h t h a t 

(60) p U ( c ) + (1-p )U(c ) > p , U ( c , 1 ) + (1-p )U(c ) 

v i such t h a t 9 i > 0 , and i f 

n 
(61) I e

i b i ( c i l - K : i l ) + ( l - P i ) ( c i 2 K : i 2 ) ] < 0, 
i = l 

w i t h e i t h e r (60) ( f o r some i ) o r (6l) h o l d i n g w i t h s t r i c t i n e q u a l i t y . 
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I n s h o r t , an a l l o c a t i o n i s 9 - P a r e t o o p t i m a l h e r e i f , f o r a f i x e d g roup o f 

a g e n t s , t h e r e i s no f e a s i b l e , P a r e t o n o n i n f e r i o r a l l o c a t i o n w h i c h consumes no 

more r e s o u r c e s . As we w i l l see m o m e n t a r i l y , (6l) s i m p l y s a y s t h a t <L c a n n o t 

be ( s t r i c t l y ) more p r o f i t a b l e f o r t h e r e l e v a n t f i r m t h a n c ^ s f o r a g i v e n 

( f i x e d ) s e t o f c u s t o m e r s . Hence an a l l o c a t i o n i s 9 - P a r e t o o p t i m a l i f t h e r e i s 

no f e a s i b l e P a r e t o s u p e r i o r a l l o c a t i o n w h i c h consumes no more r e s o u r c e s , o r i f 

t h e r e i s no f e a s i b l e a l l o c a t i o n s a t i s f y i n g (60) w h i c h e a r n s g r e a t e r p r o f i t s 

f o r t he f i r m . Then we r e q u i r e t h a t any a l l o c a t i o n announced by t h e incumbent 

be 8-^ -Pare to o p t i m a l v 9^ £ A n , v 8p> v c p . T h i s r e s t r i c t i o n p r e v e n t s t h e 

incumbent f r om t h r e a t e n i n g t o o f f e r i t s cus tomers a l l o c a t i o n s i n c e r t a i n 

c o n t i n g e n c i e s w h i c h do not (a) max im ize i t s p r o f i t s g i v e n t h e s e t o f c u s t o m e r s 

summar ized i n 8-^, and (b) f o r g i v e n p r o f i t s a r e P a r e t o domina ted f o r the s e t 

o f cus tomers s p e c i f i e d by 9. Hence t h e r e q u i r e m e n t t h a t announced a l l o c a t i o n 

r u l e s m i s t s p e c i f y 8 - j -Pa re to o p t i m a l a l l o c a t i o n s mere l y r u l e s ou t " t h r e a t s " 

made by t h e incumbent w h i c h i t wou ld no t w i s h t o c a r r y out s h o u l d t he r e l e v a n t 

c o n t i n g e n c y a r i s e . The s t r a t e g y s p a c e o f t he i n c u m b e n t , t h e n , i s t he se t o f 

maps o f t he f o rm c - j ^ s ( 9-^; 9p~,Cp) w h i c h a r e f e a s i b l e and s p e c i f y 8 -^ -Pare to 

o p t i m a l a l l o c a t i o n s . L e t C * deno te t h e space o f a d m i s s i b l e a l l o c a t i o n r u l e s . 

H a v i n g s a i d a l l t h i s , we may now s p e c i f y f i r m p r o f i t s . L e t TT .̂ 

deno te t h e p r o f i t s o f f i r m f . Then 

n 
(62) TT = n(9 , c ; 9 _ f , c _ f ) = I e f i [ p i ( e 1 - c f i l ) + ( l - p i ) ( e 2 - c f i 2 ) ] , 

i = l 

where 9 _ f = ( 8 ^ 9 f _ 1 , 6 f + 1 , 8 M ) , e t c . 

I t s h o u l d be c l e a r f r om ou r d i s c u s s i o n (and our t e r m i n o l o g y ) t h a t 

t h e incumbent f i r m w i l l w i s h t o d e t e r e n t r y ( i . e . , t o p r e v e n t 8 ^ > 0; 

f * l ) . T h i s f o l l o w s f rom t h e f a c t t h a t i f an e n t r a n t can ea rn a p r o f i t t h e 

incumbent s h o u l d have been a b l e t o choose an a l l o c a t i o n r u l e wh ich p r e v e n t e d 
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e n t r y , and w h i c h i n c r e a s e d t h e i n c u m b e n t ' s p r o f i t s ( s i n c e o b v i o u s l y t h e a t ­

t r a c t i o n o f some t y p e i s u c h t h a t 9 f i > 0 , f * 1, i s p r o f i t a b l e ) . Hence we 

couch our d e f i n i t i o n o f a Nash e q u i l i b r i u m i n t h e s e t e r m s . In p a r t i c u l a r , 

D e f i n i t i o n . A Nash e q u i l i b r i u m i s an announced a l l o c a t i o n r u l e c e C * s u c h 

t h a t 

( i ) g i v e n c 1 = [ ( c m > c ± 1 2 ) , ( c l n l , c l n 2 ) ] , 

(63) Tt f [ 9 f , C f ; u - 6 f , C l ( y - e f ; 6 f , c f )] < 0 

f o r a l l f e a s i b l e c ^ and c o n s i s t e n t v a l u e s o f 9 ^ . 

( i i ) f o r a l l a d m i s s i b l e a l l o c a t i o n r u l e s c e C * t h a t s a t i s f y (63), 

(6k) i r 1 ( y , c ; 0 , 0 ) > T T ^ TT,C ; 0 , 0 ) . 

The n o t a t i o n i n (63) s i m p l y means t h a t g i v e n t h a t a l l f i r m s o t h e r t h a n t h e 

incumbent and f i t s e l f have chosen no t t o e n t e r t h e a c t i v i t y o f s e l l i n g i n s u r ­

a n c e , f must a l s o choose not t o e n t e r t h i s a c t i v i t y . Hence an e q u i l i b r i u m 

a l l o c a t i o n r u l e i s t h e most p r o f i t a b l e ( a d m i s s i b l e ) r u l e wh ich e l i m i n a t e s 

r e n t s f o r any p o t e n t i a l e n t r a n t . 

E x i s t e n c e o f a Nash E q u i l i b r i u m 

C o n s i d e r t h e a l l o c a t i o n r u l e c l i s ( 9 - ^ 9 f , c f ) s o l v i n g (11)-(19) (and 

( 2 0 ) ) , where now 9-̂  i s t he v e c t o r (9 - j ^ , 9 l n ) , and 9 f and c f a r e i n t e r ­

p r e t e d as t h e v e c t o r o f measures (®f±> •••> 9 f n ) and c f 

[ ( c f l l , c f l 2 ) , . . . , ( c f n l , c f n 2 ) l o f any p o t e n t i a l ( s i n g l e ) e n t r a n t . I t s u f ­

f i c e s t o f o c u s on t h i s s i n c e t he incumbent need o n l y d e t e r e n t r y o f each f i r m 

f = 2 , K s i n g l y , i . e . , when a l l f i r m s o t h e r t h a n f have not e n t e r e d t h e 

i n s u r a n c e m a r k e t . Then we have t h e f o l l o w i n g r e s u l t . 
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P r o p o s i t i o n 3. The announcement o f t h e a l l o c a t i o n r u l e c ^ s c o n s t i t u t e s a 

Nash e q u i l i b r i u m o f ou r two s t a g e game. 

P r o o f . O b v i o u s l y c * e C * . T h e r e f o r e t h e p r o o f may p r o c e e d i n two s t e p s . 

n 

F i r s t we show t h a t t h e c h o i c e c ^ d e t e r s e n t r y . Then we show t h a t any o t h e r 

c h o i c e o f a l l o c a t i o n r u l e w h i c h r e s u l t s i n a t l e a s t t he same l e v e l o f p r o f i t s 

as c * f a i l s t o d e t e r e n t r y . Hence c * s a t i s f i e s c o n d i t i o n s ( i ) and ( i i ) o f o u r 

e q u i l i b r i u m d e f i n i t i o n . 
41 

( i ) I t i s a s t r a i g h t f o r w a r d i m p l i c a t i o n o f p r o p o s i t i o n 1 t h a t C]_ d e t e r s 

e n t r y . To see t h i s , suppose some p o t e n t i a l e n t r a n t f * 1 c o u l d e a r n n o n z e r o 

p r o f i t s . Then t h e r e wou ld e x i s t some s e t o f i n d i c e s i w i t h 9 ^ > 0 . Le t q = 

m a x { i : 9 f i > 0 } . Then 

+ ( l " P q ) U ( C f q 2 ) > P q U ( C l q l ( y ) 1 + ( l " P q ) U ^ V ) 1 ' 

c o n d i t i o n (56) h o l d s f o r a l l o t h e r i s u c h t h a t 8 f i > 0 , and s i n c e (63) f a i l s , 

j 9 f i [ p . ( e 1 ^ f i l ) + ( l - p i ) ( e 2 - c f i 2 ) ] > 0 . 
i = l 

Bu t a l l o f t h e above i m p l i e s t h a t t h e r e e x i s t s a b l o c k i n g c o a l i t i o n f o r c * g i n 

t he c o o p e r a t i v e game. T h i s c o n t r a d i c t s p r o p o s i t i o n 1 s o t h e r e e x i s t s no s u c h 

p o t e n t i a l e n t r a n t . 

( i i ) Then suppose t h e r e e x i s t e d an a l l o c a t i o n r u l e c-^eC* w i t h c ^ ( | i ; 0 , 0 ) * 

m 
C - L ( U ; 0 , 0 ) such t h a t (6U) f a i l e d . V7e may c o n s i d e r two c a s e s . 

Case 1 . c -^ (u ; 0 , 0) does not s o l v e ( l l ) - ( l ° ) . We now show t h a t e n t r y i s not 

d e t e r r e d . In p a r t i c u l a r , l e t f i r m f * 1 o f f e r t h e a l l o c a t i o n s 
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c f i s = c i s ( y ) ; 1 * n 

iff 

c . = c (u) - e 
f n s ns 

w i t h e > 0 s a t i s f y i n g 

P n U [ c n i ( l i ) - e l + ( 1 - P n ) U [ c * 2 ( l j ) - e l > P n U [ c ' n l ( u ) 1 + ( 1 _ P n ) U [ ° n 2 ( u ) 1 

w h i c h i s p o s s i b l e s i n c e c ( y ) does not s o l v e (11)- (19) . Then a l l a g e n t s p u r ­

c h a s e p o l i c i e s f rom f i r m f and f i r m f e a r n s p r o f i t s u n e > 0. Hence e n t r y i s 

no t d e t e r r e d . 

At 

Case 2. c 1 ( u ; 0 , 0 ) s o l v e s ( l l ) - ( l 9 ) , bu t i s not t h e s o l u t i o n g i v i n g h i g h e s t 

u t i l i t y t o t y p e n - 1 a g e n t s , e t c . Then l e t f i r m f * 1 o f f e r t h e a l l o c a t i o n s 

c f i s = C i s ( y ) ; 1 * n " 1 

c _ , = c 1 ( Vi) - c , 
f , n - l , s n - l , s 

w i t h e > 0 s a t i s f y i n g 

P n - l U [ c n - l , l ( l j ) - e l + ( l - p n - l ) U [ c n - l , 2 ( y ) - £ l > P n - 1 U l c \ , n - l , l ( v ) 1 

+ ( l - P n . l ) U ' c

M - l , 2

( v ) 1 ' 

w h i c h i s p o s s i b l e by h y p o t h e s i s . But t h e n a l l a g e n t s a r e w i l l i n g t o p u r c h a s e 

p o l i c i e s f rom f i r m f , and t h u s f e a r n p r o f i t s e u n - 1 > 0. Hence e n t r y i s not 

d e t e r r e d i n t h i s c a s e e i t h e r . 

We have shown, t h e n , t h a t t he a l l o c a t i o n r u l e c l i s i s a Nash e q u i ­

l i b r i u m a l l o c a t i o n r u l e , as i t s a t i s f i e s ( i ) and ( i i ) i n t h e d e f i n i t i o n . 

M o r e o v e r , f r om the argument a b o v e , i t i s t he o n l y a l l o c a t i o n r u l e t h e i n c u m ­

bent can announce w h i c h d e t e r s e n t r y . Hence we have 
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P r o p o s i t i o n k. A l l e q u i l i b r i u m a l l o c a t i o n r u l e s c ^ ( - ) have <Tj_(n;0,0) = 

c * ( y , 0 , 0 ) . 

F i n a l l y , we s h o u l d no te t h a t , s i n c e we have u s e d p r o p o s i t i o n 1 i n ou r a r g u ­

ment , f o r n = 2 we can use t h e weak a s s u m p t i o n (59«a) on t h e v a l u e s 8 ^ f o r 

t h e p r o o f a b o v e , w h i l e i f n > 2 t he p r o o f r e q u i r e s (59«b) . 

I t r ema ins t o d i s c u s s two i s s u e s . One i s t h e i n t u i t i o n b e h i n d 

p r o p o s i t i o n 3 , and t he o t h e r i s t h e asymmetry be tween t he incumbent f i r m 

(wh ich s p e c i f i e s an a l l o c a t i o n r u l e as i t s s t r a t e g y ) and p o t e n t i a l e n t r a n t s 

(whose s t r a t e g i e s may be v i e w e d as a l l o c a t i o n s ) . W i t h r e g a r d t o the i n t u i t i o n 

o f p r o p o s i t i o n 3 , we might s i m p l y no te t h a t a s t a n d a r d method o f p r o d u c i n g 

e x i s t e n c e i n t h i s s e t t i n g i s t o use a r e a c t i v e e q u i l i b r i u m c o n c e p t o f the fo rm 

used by W i l s o n (1977) (o r i t s a d a p t a t i o n by M i y a z a k i (1977)). Our a p p r o a c h 

augments t he s t r a t e g y space o f t he incumbent f i r m t o p e r m i t i t t o announce how 

i t w i l l r e a c t t o any p o t e n t i a l f o rm o f e n t r y (and c o n s e q u e n t encroachment on 

i t s c u s t o m e r s ) . P o t e n t i a l e n t r a n t s do not need t o c o n j e c t u r e how incumbent 

f i r m s w i l l r espond t o t h e i r a c t i o n s , as t h e y do i n t h e W i l s o n s e t t i n g , how­

e v e r , s i n c e t h e fo rm t h a t t he i n c u m b e n t s ' r e a c t i o n s w i l l t a k e i s s p e c i f i e d i n 

a d v a n c e . What our r e s u l t s show i s t h a t i t i s not n e c e s s a r y t o have f i r m s 

" d r o p " p o l i c i e s w h i c h become u n p r o f i t a b l e a f t e r e n t r y . R a t h e r , i t i s s u f f i ­

c i e n t t o have them r e o p t i m i z e i n t h e manner s p e c i f i e d by ou r r u l e . 

W i t h r e g a r d t o why t he s t r a t e g y s p a c e o f t he incumbent f i r m i s 

s p e c i f i e d d i f f e r e n t l y f r om t h a t o f p o t e n t i a l e n t r a n t s , t h i s i s done f o r t h e 

f o l l o w i n g t e c h n i c a l r e a s o n . We c o u l d have a l l f i r m s announce a l l o c a t i o n 

r u l e s , wh i ch wou ld depend (a t l e a s t p o t e n t i a l l y ) on t h e a l l o c a t i o n s (and hence 

a l l o c a t i o n r u l e s ) o f o t h e r f i r m s . S i n c e each f i r m ' s r u l e might depend on t he 

r u l e s o f o t h e r f i r m s , i t wou ld be n e c e s s a r y t o c h e c k t h a t each s e t o f r u l e s 

p r o d u c e d a w e l l - d e f i n e d a l l o c a t i o n f o r each p o s s i b l e d i v i s i o n o f c u s t o m e r s 
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among f i r m s . To a v o i d t h i s p u r e l y t e c h n i c a l i s s u e , we have a d o p t e d t h e a s y m ­

m e t r i c s p e c i f i c a t i o n i m p l i c i t i n ou r t w o - s t a g e game. 

A R e l a t e d S i g n a l l i n g E n v i r o n m e n t 

We now b r i e f l y d i s c u s s a v e r s i o n o f t he Spence (1973) s i g n a l l i n g 

env i ronmen t due t o P r e s c o t t and Townsend (I984), and w h i c h i s a l s o u s e d b y 

R o s e n t h a l and W e i s s (1984). I n t h i s env i ronmen t t h e r e i s a c o n t i n u u m o f 

" w o r k e r s " who can be d i v i d e d i n t o a f i n i t e s e t o f t y p e s , i n d e x e d by 

i = 1 , n . E a c h wo rke r i s endowed w i t h a s i n g l e u n i t o f l a b o r , w h i c h i s 

s u p p l i e d i n e l a s t i c a l l y . In a d d i t i o n , t h e r e i s a t e c h n o l o g y f o r c o n v e r t i n g 

l a b o r i n t o a s i n g l e consump t i on g o o d . I n t h i s t e c h n o l o g y a g roup o f w o r k e r s 

w i t h p o s i t i v e measure i s r e q u i r e d t o p r o d u c e any o u t p u t , and a g roup o f t y p e i 

wo rke rs o f p o s i t i v e measure can p roduce ir^ u n i t s o f t he good p e r w o r k e r . I n 

a d d i t i o n , t h e c o n t r i b u t i o n o f any i n d i v i d u a l t o o u t p u t i s not d i r e c t l y o b s e r v ­

a b l e . 

The re a r e two a l t e r n a t e i n t e r p r e t a t i o n s w h i c h can be p l a c e d on t h i s 

economy. One i s t h a t wo rke r s c o o p e r a t e t o p roduce o u t p u t , i . e . , f o rm c o a l i ­

t i o n s . A n o t h e r i s t h a t t h e r e i s a s e t o f f i r m s w i t h a c c e s s t o t h i s t e c h ­

n o l o g y . The two c a s e s c o r r e s p o n d t o t he c o o p e r a t i v e and n o n c o o p e r a t i v e e q u i ­

l i b r i u m c o n c e p t s ( r e s p e c t i v e l y ) emp loyed a b o v e . 

As i s s t a n d a r d i n t he s i g n a l l i n g l i t e r a t u r e , each w o r k e r knows h i s 

own t y p e . T h i s t y p e i s p r i v a t e i n f o r m a t i o n , ex a n t e . Howeve r , t h e r e a l s o 

e x i s t s a s i g n a l l i n g t e c h n o l o g y f o r t r a n s m i t t i n g i n f o r m a t i o n abou t t y p e . L e t 

S e R + be a s e t o f f e a s i b l e s i g n a l s w i t h 0 e S . Then an agent may emi t any 

s i g n a l s e S t o convey i n f o r m a t i o n r e g a r d i n g h i s t y p e . 

Le t c denote c o n s u m p t i o n , w i t h R + b e i n g t h e se t o f f e a s i b l e consump­

t i o n s f o r each a g e n t . Then a t y p e i agent has p r e f e r e n c e s o v e r ( c , s ) p a i r s 

g i v e n by 
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I n d i c e s a re o r d e r e d so t h a t ^ < ^2 < "' < ^ n ' a n ( * f o l l o w i n g Spence ( 1 9 7 3 ) , 

t h e t e c h n o l o g i c a l p a r a m e t e r s t h e n o b e y TT -^ < T T 2 < . . . < i f n « F i n a l l y , a s a b o v e , 

d e n o t e s t he measure o f t y p e i a g e n t s i n t h e p o p u l a t i o n w i t h £ n u- = 1 . 
1 i = l x 

As b e f o r e , we can (depend ing on whether we a r e c o n s i d e r i n g t h e 

c o o p e r a t i v e o r n o n c o o p e r a t i v e c a s e ) d e f i n e t he b e h a v i o r o f c o a l i t i o n s (o r 

f i r m s ) and a l l o c a t i o n r u l e s e x a c t l y as p r e v i o u s l y . The a l l o c a t i o n r u l e o f 

i n t e r e s t he re s o l v e s t h e p r o b l e m ( f o r v e c t o r o f measures 9) 

max c - s n n n 

s u b j e c t t o 

* i c i " s i * * i c J " s j " l * J ' 

<|».c. - s . > U. v i = 1 , n - 1 , r i l l l 

I 9 (c - n ) < 0 , 
1=1 

where t h e 1^ a r e d e f i n e d r e c u r s i v e l y by 

+1*1 B * r 

U 2 = max i p 2 c 2 - s 2 

s u b j e c t t o 

+2 C 2 " s 2 > +2C1 - s l 

+ l c l " s l > \ c 2 " s 2 
2 
I 9. ( c . - * . ) < 0 

i = l 1 1 1 

+1 C 1 " s l > U i ' 

e t c . I f 8- = 0 f o r some i , an a n a l o g o f (20) i s appended t o t h e p r o b l e m . 
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l t i s no t h a r d t o see t h a t t h e model has a f o r m a l s t r u c t u r e e s ­

s e n t i a l l y i d e n t i c a l t o t h a t o f t h e a d v e r s e s e l e c t i o n env i r onmen t c o n s i d e r e d 

a b o v e . Hence i t s h o u l d not be s u r p r i s i n g t h a t e x a c t l y t h e same argument c a n 

be a p p l i e d he re t o p rove p r o p o s i t i o n s 1-h f o r t h i s economy. As t h i s wou ld be 

an e x a c t r e p e t i t i o n o f e a r l i e r a r g u m e n t s , we w i l l s i m p l y l e a v e t h i s as an 

a s s e r t i o n . I t d e s e r v e s to be e m p h a s i z e d , t h o u g h , t h a t p r o p o s i t i o n s 2 and U 

a p p l y , i . e . , our e q u i l i b r i u m c o n c e p t s a p p l i e d t o t h e Spence economy p r o d u c e a 

u n i q u e e q u i l i b r i u m (bo th c o o p e r a t i v e and n o n c o o p e r a t i v e ) . 
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