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1. I n t r o d u c t i o n 

To b e g i n , c o n s i d e r t h e s i m p l e dynamic game d e p i c t e d i n 

F i g u r e 1. In t h i s game, t h e r e a r e two p l a y e r s ( P I and P2) and two 

t i m e p e r i o d s (0 and l ) . P a y o f f s o c c u r a t t h e end o f p e r i o d 1 and 

each p l a y e r s e e k s t o max im ize h i s p a y o f f . The p l a y e r s must choose 

e i t h e r d e c i s i o n 1 o r 0 a t t h e b e g i n n i n g o f each p e r i o d . P I i s 

dominant i n t h e s e n s e t h a t he i s f i r s t t o announce h i s s t r a t e g i e s , 

a l t h o u g h d e c i s i o n s a r e t a k e n s i m u l t a n e o u s l y by b o t h p l a y e r s i n 

each p e r i o d . 

The "open l o o p " ( o r " p r e c o m m i t m e n t " ) s o l u t i o n t o t h i s 

game can be found u s i n g t h e p a y o f f m a t r i x i n F i g u r e 2 . I n e q u i ­

l i b r i u m , each p l a y e r p l a y s t h e sequence o f s t r a t e g i e s ( l , l ) , 

y i e l d i n g p a y o f f s (10,5). The t i m e i n c o n s i s t e n c y o f t h i s s o l u t i o n 

i s e v i d e n t : P I c l e a r l y has an i n c e n t i v e t o c h a r g e h i s p e r i o d 1 

s t r a t e g y t o z e r o , once p e r i o d 0 has p a s s e d . 

The game i n F i g u r e 1 a l s o a d m i t s a t i m e c o n s i s t e n t 

s o l u t i o n . Tha t s o l u t i o n may be f o u n d by backward i n d u c t i o n , a s 

o u t l i n e d i n F i g u r e 3 . In e q u i l i b r i u m , P I p l a y s (0,0) and P2 p l a y s 

(1 ,1) . By c o n s t r u c t i o n P I has no i n c e n t i v e t o change s t r a t e g i e s 

once p e r i o d 0 has p a s s e d . 

I f one w i s h e s t o d e s c r i b e p o l i c y m a k i n g i n te rms o f a 

dynamic S t a c k e l b e r g game, t h e c o n s i s t e n t s o l u t i o n seems t h e more 

r e a l i s t i c o f t h e two s o l u t i o n s o u t l i n e d a b o v e . The i n t u i t i v e 

a p p e a l o f t h e c o n s i s t e n t s o l u t i o n i s i n c r e a s e d i f t h a t s o l u t i o n i s 

v i e w e d as t he outcome o f a n o n c o o p e r a t i v e game w i t h t h r e e p l a y ­

e r s : P 2 , r e p r e s e n t i n g p r i v a t e a g e n t s o f an economy, and two 
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p o l i c y " a d m i n i s t r a t i o n s , " one a c t i n g a t t i m e 0 and one a c t i n g a t 

t i m e 1. W h i l e t h e t i m e 0 a d m i n i s t r a t i o n c a n p r e d i c t what t h e t i m e 

1 a d m i n i s t r a t i o n w i l l d o , i t canno t c o n t r o l t h e f u t u r e a d m i n i s t r a ­

t i o n ' s a c t i o n s , p r e c l u d i n g any p recommi tmen t . 

In what f o l l o w s , I w o u l d l i k e t o s u g g e s t a c l a s s o f 

p o s i t i v e models o f p o l i c y m a k i n g t h a t b u i l d on t h e p r e c e d i n g i n ­

s i g h t i n a somewhat ad h o c , bu t p e r h a p s r e v e a l i n g w a y . In p a r t i c ­

u l a r , I w i s h t o c o n s i d e r c a s e s i n t e r m e d i a t e t o t h e precommitment 

and t i m e c o n s i s t e n t s o l u t i o n s , where t h e r e i s some e x o g e n o u s l y 

s p e c i f i e d p r o b a b i l i t y a (1 > a > 0) o f p o l i c y r e m a i n i n g on i t s 

p r e c o m m i t t e d p a t h . V iewed i n a n o t h e r way , t h e r e i s a p r o b a b i l i t y 

a t h a t t h e c u r r e n t " a d m i n i s t r a t i o n " w i l l no t be v o t e d ou t o f 

o f f i c e nex t p e r i o d . C o n d i t i o n a l on t h i s l a s t e v e n t , t he p r o b a ­

b i l i t y o f t h e c u r r e n t a d m i n i s t r a t i o n s t i c k i n g t o i t s p reannounced 

p o l i c y i s assumed t o be o n e . These mode ls w i l l be c a l l e d " s t o ­

c h a s t i c r e p l a n n i n g " m o d e l s . 

As an e x a m p l e , c o n s i d e r t h e dynamic game o f F i g u r e 1 

w i t h a = 1/2. C a s t i n g t h e government i n t h e r o l e o f t h e dominant 

p l a y e r , P I i s now s p l i t i n t o two a d m i n i s t r a t i o n s . The p e r i o d 1 

a d m i n i s t r a t i o n , i f i t comes t o power , c h o o s e s i t s ( p e r i o d 1) 

s t r a t e g i e s as i n t he c o n s i s t e n t s o l u t i o n (see F i g u r e 3 ) . The 

p e r i o d 0 a d m i n i s t r a t i o n , s e e k i n g t o m a x i m i z e i t s e x p e c t e d p a y o f f , 

must t a k e i n t o a c c o u n t t h e p o s s i b i l i t y t h a t i t s p e r i o d 1 s t r a t e ­

g i e s may no t come t o p a s s , as must p r i v a t e a g e n t s ( P 2 ) . A c c o r d ­

i n g l y , t h e e x p e c t e d p a y o f f m a t r i x c o r r e s p o n d i n g t o t h a t o f F i g u r e 

2 w i l l be t h e m a t r i x i n F i g u r e h. I n s p e c t i o n o f t h a t m a t r i x 
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r e v e a l s t h a t t h e e q u i l i b r i u m outcome o f t h i s new game o c c u r s when 

t h e p e r i o d 0 a d m i n i s t r a t i o n p l a y s ( 0 , 0 ) and P2 p l a y s (1,1), i . e . , 

a t t h e c o n s i s t e n t s o l u t i o n . F o r s u f f i c i e n t l y l a r g e ct(> y ) , how­

e v e r , t h e p e r i o d 0 a d m i n i s t r a t i o n wou ld f i n d i t o p t i m a l t o a n ­

nounce t h e precommitment s t r a t e g i e s (1 ,1) . 

In t h e nex t s e c t i o n , t h e i d e a o f s t o c h a s t i c r e p l a n n i n g 

i s e x t e n d e d t o a more complex dynamic game. 

2 . S t o c h a s t i c R e p l a n n i n g w i t h an I n f i n i t e H o r i z o n 

An example w i l l now be c o n s i d e r e d where p r i v a t e a g e n t s 

and g o v e r n m e n t a l a d m i n i s t r a t i o n s have ( p o t e n t i a l l y ) i n f i n i t e 

p l a n n i n g h o r i z o n s . A n a l y s i s o f t h i s example i s g r e a t l y s i m p l i f i e d 

by i n t r o d u c i n g t h e s t a t e v a r i a b l e 

1 I f r e p l a n n i n g o c c u r s (a new a d m i n i s t r a t i o n comes 
i n t o o f f i c e ) ; 

S t " 
2 o t h e r w i s e . 

I t m igh t seem a t f i r s t t h a t a c o u n t a b l y i n f i n i t e s t a t e s p a c e i s 

needed f o r S t , w i t h S t i n d e x i n g t h e number o f p e r i o d s s i n c e r e ­

p l a n n i n g ( a d m i n i s t r a t i o n t u r n o v e r ) . F o r t u n a t e l y , t h i s t u r n s ou t 

no t t o be t h e c a s e f o r t h e example c o n s i d e r e d b e l o w . 

There i s a l w a y s p r o b a b i l i t y a t h a t t h e c u r r e n t a d m i n ­

i s t r a t i o n w i l l c o n t i n u e i n power nex t p e r i o d . Hence {S^} i s 

s i m p l y a sequence o f i n d e p e n d e n t B e r n o u l l i t r i a l s . I t f o l l o w s 

t h a t 
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(2 ) The p r o b a b i l i t y o f any c u r r e n t a d m i n i s t r a t i o n b e i n g i n 

power n p e r i o d s i n t h e f u t u r e i s a n . 

The above f a c t s w i l l be u s e f u l f o r t h e a n a l y s i s t h a t 

f o l l o w s M 

The example t o be c o n s i d e r e d w i l l be t h e " g e n e r i c " one 

c o n s i d e r e d by Whiteman (1984) i n d e r i v i n g e x p r e s s i o n s f o r t h e open 

l o o p and t i m e c o n s i s t e n t s o l u t i o n s t o p o l i c y games w i t h l i n e a r 

r a t i o n a l e x p e c t a t i o n s m o d e l s . The example i s s i m p l e enough t o be 

t r a c t a b l e , y e t c a p t u r e s t h e e s s e n t i a l f e a t u r e s o f more complex 

m o d e l s . I n t h i s e x a m p l e , p o l i c y m a k e r s a r e c o n f r o n t e d w i t h 

Etyt+i " pyt = xt + V ( 1 ) 

Here y t i s an " e n d o g e n o u s " s t o c h a s t i c p r o c e s s r e f l e c t i n g d e c i s i o n s 

o f p r i v a t e a g e n t s , E .̂ i s t h e c o n d i t i o n a l e x p e c t a t i o n s o p e r a t o r , p 

i s a p a r a m e t e r w i t h | p | > 1, x^ i s a v a r i a b l e c o n t r o l l a b l e by t h e 

c u r r e n t a d m i n i s t r a t i o n , and {e^.} i s a sequence o f s h o c k s . I n i ­

t i a l l y , i t i s c o n v e n i e n t t o assume t h a t {e^} i s n o n s t o c h a s t i c and 

known t o a l l p r i v a t e a g e n t s and a d m i n i s t r a t i o n s . 

The o b j e c t i v e o f t he a d m i n i s t r a t i o n i n power a t t i m e t 

w i l l be t a k e n a s t o m i n i m i z e 

limiE I eJ[yt+.+xx I ], x > 0, 1 > e > o, 
J + c o d 1 j=0 t + J t + J 

by c h o i c e o f a p l a n f o r {x } n , d e n o t e d {x. . , } • The c u r r e n t 
t+ j j - u t+ j 

( t ime t ) a d m i n i s t r a t i o n must t a k e f x } as g i v e n f o r j > 0 and 
t+ j +K 

k > 1. That i s , i t canno t c o n t r o l t h e a c t i o n s o f f u t u r e a d m i n ­

i s t r a t i o n s . 
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F o r c o m p u t a t i o n a l c o n v e n i e n c e , t h e d i s c o u n t f a c t o r 3 i s 

assumed t o e q u a l 1. Hence t h e r e s u l t s d e r i v e d be low may be 

t h o u g h t o f as a p p l y i n g t o t h e t r a n s f o r m e d s e q u e n -

r * i r * i * t / 2 * t / 2 
c e s fx } and [y.}, where x = 3 x and y . = @ y , . A l t e r n a -

t i v e l y , one c o u l d t h i n k o f t h e r e s u l t s be low a p p l y i n g t o t h e c a s e 

where e a c h a d m i n i s t r a t i o n has t h e " s t e a d y s t a t e " o b j e c t i v e 

l i m - | j E I [y I +Xx 2 ] . 
J->=o ^ t j = 0

 t + J t + J 

T h i s i n t e r p r e t a t i o n i s somewhat p r o b l e m a t i c , howeve r , 

b e c a u s e each a d m i n i s t r a t i o n (when 1 > a > 0) i s o p t i m i z i n g a l o n g a 

p a t h f o r {S^} t h a t u l t i m a t e l y has p r o b a b i l i t y z e r o , w h i c h c a u s e s 

i t s o p t i m i z a t i o n p r o b l e m t o be i l l - d e f i n e d . 

F o r t h e s p e c i a l c a s e s a = 1 and a = 0 ( c o r r e s p o n d i n g t o 

t h e open l o o p and t i m e c o n s i s t e n t s o l u t i o n s o f t h e above p o l i c y 

m o d e l ) , one can s o l v e f o r Xj. u s i n g t h e methods d i s c u s s e d i n 

H a n s e n , E p p l e , and Roberds (1985), o r S a r g e n t (I98H) JL/ F i r s t 

c o n s i d e r t h e c a s e o f a = 1. F o r t h e n o n s t o c h a s t i c sequence { e t } 

e q u a t i o n 1 may be r e w r i t t e n i n " f e e d f o r w a r d " f o r m : 

y t = - p - 1 ( l - p - 1 L - 1 ) - 1 ( x t + e t ) , (2) 

where I T 1 i s t h e l e a d o p e r a t o r . 

D r o p p i n g t h e s u p e r f l u o u s s u p e r s c r i p t on {x* . } , t h e t i m e 

t = 0 p o l i c y p r o b l e m can be s o l v e d u s i n g t h e L a g r a n g i a n 

I { l / 2 [ y t

2 + A x t

2 l + e t [ y t + p - 1 ( l - p - 1 L - 1 ) - 1 ( x t 4 e t ) ] } (3) 
"b — 0 
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where 9+ i s a sequence o f Lagrange m u l t i p l i e r s . D i f f e r e n t i a t i n g 

(3 ) w i t h r e s p e c t t o x .̂ and y t y i e l d 

X x t + p - 1 ( l - p - 1 L ) - 1 6 t = 0 ; (U) 

y t + e t - o (5) 

E q u a t i o n s (U) and (5) h o l d f o r t > 0 , s u b j e c t t o t h e 

i n i t i a l c o n d i t i o n s t h a t 6^ = 0 f o r t < 0 . S o l v i n g f o r x^., we 

o b t a i n 

x 0 = ( x P ) - V 0 ; (6) 

x t = P " 1 * ^ + U p ) - 1 y t » t > I. (T) 

To f i n d t h e c o n s i s t e n t p o l i c y , n o t e t h a t w i t h a = 0 , t h e c h o i c e o f 

x^ i s a l w a y s made by t h e t i m e t a d m i n i s t r a t i o n , i . e . , x^. = x^ w i t h 

p r o b a b i l i t y 1 . Hence t h e impac t o f x t on y s , s < t i s n e v e r t a k e n 

i n t o a c c o u n t when c h o o s i n g x ^ , and a l l l a g g e d 9-^'s v a n i s h f r om 

e q u a t i o n {k). S o l v i n g f o r x ^ , one o b t a i n s 

x t = ( X p ) - 1 ^ , t > 0 . (8) 

Now c o n s i d e r t h e p o l i c y p r o b l e m f o r 1 > a > 0 , f o r t h e 

t i m e z e r o a d m i n i s t r a t i o n . S i n c e t h e r e i s now u n c e r t a i n t y , r e w r i t e 

(2) as 



- 7 -

yt = ^(i_p-Vl rl E t( X t +e t) 

CO 

- - p - 1 I p ~ J ( E . x . x , + e . . , ) t t+ j t + j 

CO CO 

= - p _ 1 I p -J E x - p _ 1 I P ~ \ + i (9) 
j=o t t + i j =0 t + J 

The a p p r o p r i a t e L a g r a n g i a n e x p r e s s i o n i s now, f o r t h e 

t i m e z e r o a d m i n i s t r a t i o n , — ' ' 

E O X ii \ ^ 2 + x x t 2 ] + w [ s t y t + p _ 1 X p _ j E t x t + j 
t — U J - ^ 

j=0 t + J 

CO 

• I { | [ E 0 ( E t y t

2 ) + X a t ( x ° ) 2 + X E 0 ( x t

2 | S n = 2 , t > n > 0 ) ( l - a t ) ] 
"t ~~ 0 

CO 

+ E o ( Vt ) ( Vt ) + ( E o e t ) p _ 1 lQ

 p _ J e t + j 

CO 

CO 

+ ( E Q e t ) p - 1 ^ p - J E 0 ( x t + J | S n = 2 , t + j > n > 0 ) ( l - a t + J ) } (10) 

Assum ing c e r t a i n t y e q u i v a l e n c e , d i f f e r e n t i a t i n g (10) 

w i t h r e s p e c t t o x ^ and E^y^. y i e l d s 

Xx£ + p " 1 ( l - p " 1 L ) - 1 E t 6 t = 0 ; (11) 

V t + E t e t = 0 ; ( 1 2 ) 

f o r t > 0 . P r o c e e d i n g as i n t h e c a s e a = 1 y i e l d s 



x ° = ( X p ) - V 0 S (13) 

x ° = ( A p ) _ 1 y t + P " 1 * ? . ! . t > 1 . ( H i ) 

S i m i l a r l y , f o r any t i m e t a d m i n i s t r a t i o n 

x* = ( X p ) _ 1 y t ; (15) 

x * + J • ( ^ ~ W p ~ l x t + J - r J > l - < l 6 > 

I t f o l l o w s t h a t , as o f t i m e t , f o r j > 1 

x t + j - ( ^ p ) _ 1 y t + J - p " 1 * ^ . ! ( IT) 

w i t h p r o b a b i l i t y a ; and 

Vj - < x p r V j ( 1 8 ) 

w i t h p r o b a b i l i t y 1 - a . (A more r i g o r o u s d e r i v a t i o n o f e q u a t i o n s 

( I T ) and (18) i s g i v e n i n A p p e n d i x A . ) To s o l v e f o r t h e s e -

r i CO 

quence |E^x^ + j } J_Q» U S E ( IT) and (18) t o e l i m i n a t e t h e y t ' s f r om 

( 2 ) : 

E

t + / t + j + l " P y t + j • x t + . + e t + . 

( ^ P ) E t + j x t + . + 1 - X a x t + . - p y t + . = x t + J + e t + J 

( X p ) E t x t + j + l - ( l + A a + X p 2 ) E t X t + j + a X p E t X t + j - l = e t + j ( 1 9 ) 

f o r j > 1. F o r j = 0 , i t must h o l d t h a t 

( X p ) E t x t + 1 - (1+Xa+Xp 2 )x t + aXpx t _ 1 = e t (20) 

i f S t = 2 (no r e p l a n n i n g ) , o r 
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( x p ) V t + i " ( i + ^ e 2 \ = % 

i f = 1 ( r e p l a n n i n g o c c u r s ) . In o t h e r w o r d s , e q u a t i o n (20) 

a l w a y s h o l d s s u b j e c t t o t h e p s e u d o - i n i t i a l c o n d i t i o n x^._^ = 0, 

when S. = 1. 

E q u a t i o n (19) i s a n o n s t o c h a s t i c d i f f e r e n c e e q u a t i o n i n 

**t^t+j t h a t can be s o l v e d by t r a d i t i o n a l m e t h o d s . The c h a r a c t e r ­

i s t i c p o l y n o m i a l o f e q u a t i o n (19) i s e q u a l t o 

—1 2 c ( z ) = ( X p ) z ~ - (1+Xa+Xp ) + aXpz 

= ( - X p ) ( - z ~ 1 + ( X " 1 p ~ 1 + a p " 1 + p ) - a z ) . (21) 

Le t a ( z ) = - z - 1 + ( X ~ 1 p ~ 1 + a p " 1 + p ) - a z . Then l i m a ( z ) = 
z+0 

and l i m a ( z ) = Now a ( l ) = X " 1 ? - 1 + a p - 1 + p - 1 - a . D e f i n -
z f c o 

i n g g ( a ) = a ( l ) , g ( a ) has a minimum on [0,1] a t a = 1, where g ( a ) 

= X p - 1 + p + p - 2 > 0. I t f o l l o w s t h a t c ( z ) a l w a y s a d m i t s a 

f a c t o r i z a t i o n J i / 

-1 
c i z ) = c n ( l - c n z ) ( l - c n z ) 

where c-^, c 2 e (0,1) . ( F o r a = 0, c 2 = 0, and f o r a = 1, c ^ = 

c 2 . ) 

The s o l u t i o n f o r E^x^+j may t h u s be w r i t t e n i n f e e d b a c k -

f e e d f o r w a r d f o r m as 

00 

V t + j = C 2 V t + j - l + C 0 _ 1 I C l e t + j + k ' ( 2 2 ) 

K—U 

f o r j > 1, To s o l v e f o r x^., I w i l l now assume t h a t e^. f o l l o w s t h e 

f i r s t o r d e r d i f f e r e n c e e q u a t i o n e t = Y e ^ - l ' where |Y | < ! • Then 

e q u a t i o n (22) r e d u c e s t o 
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Suppose now t h a t S^ = 2 . U s i n g e q u a t i o n s (23) and (17), e q u a t i o n 

(9) may be r e a r r a n g e d t o y i e l d t h e f o l l o w i n g f e e d b a c k - f e e d f o r w a r d 

l aw f o r x^.: 

X t = f 0 e t + f l X t - l ( 2 U ) 

(A c o m p l e t e d e r i v a t i o n o f e q u a t i o n (2k), a l o n g w i t h e x p r e s s i o n s 

f o r fQ and f^ , can be found i n A p p e n d i x B . ) I n t h e c a s e t h a t S^. = 

1, one c a n show, u s i n g e q u a t i o n s ( l 8 ) , (9) and ( 2 3 ) , t h a t 

\ ' f o V ( 2 5 ) 

I n o t h e r w o r d s , x .̂ w i l l have two r e p r e s e n t a t i o n s , d e p e n d i n g on t h e 

c u r r e n t v a l u e o f S ^ . 

F i n a l l y , n o t e t h a t h a v i n g s o l v e d f o r {x^.}, t h e e q u i ­

l i b r i u m v a l u e s o f {y t > may be o b t a i n e d e i t h e r by u s i n g e q u a t i o n 

(9) , o r e q u a t i o n s (17) and (18). 

3 . I n t e r p r e t a t i o n s o f t h e R e s u l t s 

E q u a t i o n ( 2 2 ) , g i v e n know ledge o f t h e {e t > s e q u e n c e , can 

be u s e d t o g e n e r a t e t i m e t f o r e c a s t s o f x^ . + j and y^+j • E q u a t i o n 

(22) can a l s o be u s e d t o g e n e r a t e what I w i l l t e r m " i m p u l s e r e ­

sponse f u n c t i o n s , " by w h i c h i s meant t h e d i f f e r e n c e between two 

h y p o t h e t i c a l f o r e c a s t s o f x^+j o r Y-^+y t n e f i r s t g i v e n a h y p o ­

t h e t i c a l p a t h f o r {e^} o f t h e f o r m { . . . , e t _ 2 , e ^ _ ^ , e t ,0 ,0 , . . . } , 

where e. i s s p e c i f i e d by t h e f o r e c a s t e r , and t h e second g i v e n a 

p a t h { . . . , e t _ 2 , e t _ 1 , 0 , 0 , 0 , . . . } f o r {e^} 
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What i s u n u s u a l abou t s u c h " i m p u l s e r e s p o n s e f u n c t i o n s , " 

i n t h e c a s e t h a t 1 > a > 0, i s t h a t t h e s e f u n c t i o n s w i l l vary-

randomly o v e r t i m e . W h i l e t h e s e i m p u l s e r e s p o n s e s w i l l be i d e n t i ­

c a l f o r = 2, i n t he c a s e t h a t = 1 t h e s c a l i n g o f t he i m p u l s e 

r e s p o n s e w i l l be d e t e r m i n e d by t h e magn i tude o f x ^ _ ^ . Such random 

i m p u l s e r e s p o n s e f u n c t i o n s a r e e v o c a t i v e o f S i m s ' (1982) random 

c o e f f i c i e n t VAR methods f o r f o r e c a s t i n g s e r i e s . W h i l e t h e d e g r e e 

o f c o e f f i c i e n t randomness g e n e r a t e d by t h i s s i m p l e example does 

no t b e g i n t o c a p t u r e t h e c o m p l e x i t y o f S i m s ' s p e c i f i c a t i o n , t h i s 

m igh t not be t h e c a s e f o r an example w i t h more complex p o l i c y 

d y n a m i c s . 

The above example a l s o y i e l d s an i n s i g h t c o n c e r n i n g 

p o l i c y a n a l y s i s no t e n t i r e l y i n c o n s i s t e n t w i t h S i m s ' (1982) v i e w s 

on t h e s u b j e c t £ J I n t h e example a b o v e , t o e v a l u a t e t h e p e r f o r m -

r t 1 0 0 

ance o f a p o l i c y [x. , . j , _ n , one needs t o know t h e p r o b a b i l i t y a . 

Knowing t h e sequence {x. ,} i s not s u f f i c i e n t , f o r p o l i c i e s a r e a s 

i n S i m s ' W e l t a n s c h a u u n g , r e g u l a r l y recomputed s u b j e c t t o t h e 

e v o l u t i o n o f { S ^ } . Of c o u r s e , i t i s e x t r e m e l y d o u b t f u l t h a t S i m s ' 

w o r l d v i ew i n c l u d e d p o l i c y r e p l a n n i n g o n l y d r i v e n by some e x o g e n ­

ous p r o c e s s s u c h a s {S^ } . The e x o g e n e i t y a s s u m p t i o n m a i n t a i n e d i n 

t h e examples a b o v e , howeve r , may r e p r e s e n t a u s e f u l f i r s t s t e p i n 

c o n s t r u c t i n g p o s i t i v e models o f p o l i c y m a k i n g . 

F i n a l l y , t h e example above may shed some l i g h t on t h e 

" r u l e s v e r s u s d i s c r e t i o n " d e b a t e . Suppose t h a t {e^} i s some 

e a s i l y f o r e c a s t a b l e p r o c e s s , e . g . , a G a u s s i a n ARMA p r o c e s s , and 

t h a t { e t } and { S t } a r e i n d e p e n d e n t a t a l l l e a d s and l a g s . T h i s 
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m o d i f i c a t i o n has t h e e f f e c t o f mak ing t h e p o l i c y p r o b l e m o f t h e 

example l e s s t r i v i a l f o r t h e c a s e s a = 0 and a = 1. A p p e a l i n g 

once a g a i n t o c e r t a i n t y e q u i v a l e n c e , e q u a t i o n (22) becomes 

00 

t t+ j 2 t t+ j -1 0 ' 1 t t+ j+k 

K—U 

Under an A R ( l ) s p e c i f i c a t i o n f o r { e^ } , t h e s o l u t i o n f o r 

{x^} and { y t } w i l l t h e n be t h e same as g i v e n f o r t he c e r t a i n t y 

c a s e above (see e q s . ( 2 5 ) , (26), ( I T ) , and ( l 8 ) ) . 

Assume t h a t i n i t i a l l y a = 0, so t h a t precommitment i s 

i m p o s s i b l e . Then i t i s i n t u i t i v e l y c l e a r t h a t t h e p e r f o r m a n c e o f 

" p o l i c y " m igh t not be l i n e a r l y i n c r e a s i n g i n a . F o r e x a m p l e , 

i n c r e a s i n g t h e p r o b a b i l i t y o f p recommi tment f r om z e r o t o 1/10 may 

r e s u l t i n o n l y a s l i g h t improvement o f p o l i c y p e r f o r m a n c e . I f one 

i m a g i n e s t h e r e c e n t " m o n e t a r i s t e x p e r i m e n t " i n t h e U . S . a s s u c h a 

change f r om a = 0 t o a s m a l l v a l u e o f a , t h e r e s u l t s o f t h i s 

e x p e r i m e n t a r e p e r h a p s not s u r p r i s i n g . 

h. N u m e r i c a l Examp les 

I n t h i s s e c t i o n , n u m e r i c a l examples a r e p r e s e n t e d t h a t 

i l l u s t r a t e p r o p e r t i e s o f t h e model p r e s e n t e d i n S e c t i o n s 2 and 3 . 

Example 1. I n t h i s e x a m p l e , i t i s assumed t h a t p = 2 , X 

= . 1 , and t h a t e t = 1 f o r a l l t . E q u i l i b r i u m v a l u e s o f x^ and y t 

a r e p l o t t e d i n F i g u r e s 5 and 6, r e s p e c t i v e l y . V a l u e s a r e p l o t t e d 

f o r a = 0, 1, and .5 ( f o r one r e a l i z a t i o n o f { S ^ } ) . 

Examples 2-10. In t h e s e e x a m p l e s , e t i s s t o c h a s t i c , and 

i s assumed t o f o l l o w t h e p r o c e s s 
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e t = ' 9 e t - l + V 

where {u,.} i s G a u s s i a n w h i t e n o i s e i n d e p e n d e n t o f { S t } , 

2 

and E u = 1. 

I n each o f t h e e x a m p l e s , t h e p a r a m e t e r p i s e q u a l t o 

1.1. The p a r a m e t e r X t a k e s on t h e v a l u e s 1, 10, and 0 .1 , and a 

t a k e s on t h e v a l u e s 0, 1, and .5 . A random number g e n e r a t o r was 

u s e d t o c o n s t r u c t a r t i f i c i a l e t and S t ( f o r t h e a = .5 c a s e ) t i m e 

s e r i e s o f l e n g t h 500. The same a r t i f i c i a l s e r i e s were u s e d f o r 

a l l s i m u l a t i o n s . F o r e v e r y e x a m p l e , t h e s t a t i s t i c S ( a , X ) = 

s v a r (y) + X s v a r ( x ) 

was c a l c u l a t e d , where " s v a r " means sample v a r i a n c e . A sample 

p e r f o r m a n c e i n d e x was t h e n c a l c u l a t e d a s 

P ( a , X ) = 1 0 0 ( S ( a , X ) / S ( 0 , \ ) ) . 

The i n d e x P g i v e s t h e samp le p e r f o r m a n c e o f a p o l i c y as a p e r c e n t ­

age o f t h e samp le p e r f o r m a n c e o f t h e b e s t c o n s i s t e n t p o l i c y . 

The r e s u l t s o f t h e s i m u l a t i o n s a r e r e p o r t e d i n T a b l e 

1. These r e s u l t s s u g g e s t t h a t p e r f o r m a n c e imp roves ( i . e . P f a l l s ) 

as t h e p r o b a b i l i t y o f p recommi tment a r i s e s . E v i d e n t l y , f o r t h e 

examp le c o n s i d e r e d t h e a d v a n t a g e o f precommitment i n c r e a s e s w i t h 

t h e w e i g h t X a t t a c h e d t o p o l i c y f l u c t u a t i o n s . A l s o i n c r e a s i n g 

w i t h X i s t h e deg ree o f n o n l i n e a r i t y i n t h e improvement o f p o l i c y 

p e r f o r m a n c e due t o i n c r e a s i n g a . The r e a d e r s h o u l d n o t e t h a t t h e 

g e n e r a l i t y o f t h e l a s t two e f f e c t s i s f a r f r om o b v i o u s . 
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A p p e n d i x A . D e r i v a t i o n o f E q u a t i o n s ( IT ) and ( l 8 ) . 

L e t t h e random p r o c e s s {w^} be d e f i n e d as 

w = min { t - j } , 
t J 

s.t . 3 < t , s = l . 
J 

Tha t i s , e q u a l s t h e number o f p e r i o d s s i n c e t h e l a s t a d m i n i s ­

t r a t i o n c h a n g e . The p r o c e s s w t i s a Markov c h a i n w i t h s t a t e s p a c e 

= { 0 , 1 , 2 , . . . } , and t r a n s i t i o n m a t r i x T g i v e n by—/ 

( 1 - a ) a 0 0 . . . ] 
( l - a ) 0 a 0 . . . 
( 1 - a ) 0 0 a . . . 

• • • • • 
• • • • • 
• • • • • 

Now c o n s i d e r t he p e r i o d 0 a d m i n i s t r a t i o n ' s p r o b l e m . S i n c e i t i s 

assumed t h a t WQ = 0 , f o r t > 0 i t must be t r u e t h a t 

w t e { 0 , 1 , . . . , t } . 

Assum ing x .̂ and y t t o be w t - m e a s u r a b l e , and f r om t h e d e f i n i t i o n o f 

w t , one can d e f i n e 

x t = X t ( w t ) ; 

y t

 = y t ( w t h  

x t = x t ( t ) ;  

X t + J

 = x t + j

( J ) -

Under t h i s n o t a t i o n , e q u a t i o n (9) t a k e s t h e fo rm 
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CO 

y t ( w t ) = - p - 1 lQ P - J e t + . 

- p - I P _ J I x t + . ( W t + . ) P r { w t + . | w t } . ( A . l ) 
J 0 W t+j=0 

The t i m e 0 a d m i n i s t r a t i o n ' s p r o b l e m i s t o m a x i m i z e , b y 

CO 

c h o i c e o f { x j . ( t ) } ^_Q, t h e e x p r e s s i o n 

£ i i ! iT t(- t) 2*|« t(- t) aM- t iv 
t=0 w =0 

s u b j e c t t o (9), and w Q = 0. To s o l v e t h i s p r o b l e m , u s e t h e 

L a g r a n g i a n L = 

t=0 w =0 

+ 8 t ( » t ) p" lQ p " J

w I = o ( x t + J ( w t + J ) P r { w t + J | w t } ) 

t+ j 

xPr{wtlwo} • 

D i f f e r e n t i a t i n g L w i t h r e s p e c t t o y ^ ( t ) and x t ( t ) y i e l d s 

CTjy = [ y t ( t ) + e t ( t ) ] a t ; <A.2> 

j J f a . [ X x . t t H p - 1 ! ( t - 4 ) ] . * . (A.3) 

t j — U 

u s i n g t h e f a c t t h a t P r { w t = t | wQ=0} = a t . S e t t i n g (A.2) and (A.3) 

e q u a l t o z e r o and s o l v i n g y i e l d 
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x Q (0) = (Xp) V 0(0) 

and 

x t ( t ) = (Xp) Vt(t) + p " 1 x t _ 1 ( t - l ) 

S o l v i n g s i m i l a r o p t i m i z a t i o n p r o b l e m s f o r a d m i n i s t r a t i o n s t = 1, 

2, . . . y i e l d s 

x t ( 0 ) = ( X P ) _ 1 y t ( 0 ) ; ( A . U ) 

x t ( v t ) = ( X p ) " 1 y t ( w t ) + p " 1 x t _ 1 ( w t _ 1 ) , 

f o r w t > 0, and ^ t - 1 = - 1. (A.5) 

E q u a t i o n s (A.k) and (A.5) c o r r e s p o n d t o e q u a t i o n s ( I T ) and (18) o f 

t h e t e x t . To j u s t i f y e q u a t i o n (19), n o t e t h a t (A .U) and (A.5) 

i m p l y t h a t f o r k = 0, t , 

E ( x t + j ( v t + . ) |w t + .=0,w t = k) = 

( x p ) ~ l E W W K + j = 0 ' w t = k ) = ^p)'Vt+J(o); 

E ( x t + J (w t + . ) |w t + .>0, W t =k) = ( X p ) - 1 E ( y t + . ) | v t + J >0 ,w t =k ) 

Now u s e t h e f o l l o w i n g f a c t s : 

(i) E ( W W K = k ) = 

E ( x t + J ( v t + . ) | w t + . = 0 , w t = k ) P r { w t + . =0 |w t = k } 

+ E ( x t + j ( w t + j ) l W t + j > 0 ' W t = k ) P r { W t + j > 0 l W t = k } 
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(2) Pr{w =0 w = k } = 1 - a f o r a l l k , and 
t + J t 

Pr{w >o|w =k} = a . 
t + j t 

( 3 ) ^ - i ^ - ^ K ^ 0 ^ =
 ^ V j - i K ^ k ^ ) -

That i s , s i m p l y know ing w ^+j > 0 does not p r o v i d e any i n f o r m a t i o n 

abou t w ^ + j ^ . 

I t f o l l o w s f r om f a c t s ( l ) - ( 3 ) t h a t 

E ( x t + . ( w t + . ) | w t = k ) = ( X p ) - 1 E ( y t + . ( w t + . ) | w t = k ) 

o r i n t h e s h o r t h a n d n o t a t i o n o f t h e t e x t , 
E t x t + j

 = ( x p ) " V t + J

 + a p " \ x t + j - i -
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A p p e n d i x B . S o l u t i o n f o r { x^ } . 

F rom e q u a t i o n (2h), i t f o l l o w s t h a t 

f o r j > 0 , where 

c = I c Q d - c ^ K l - c ^ - 1 ) ] - 1 . 

I t t h e n f o l l o w s t h a t 

.̂ 0

p"JEtxt+J

 = aoet + aixt' 

where 

-1,-1 - l x - 1 ] 
a Q = c [ ( l - Y P ) - ( l - c 2 P 

and 

a 1 = ( 1 - C 2 P 1 ) 1 . 

S u b s t i t u t i n g t h e above i n t o e q u a t i o n ( 9 ) , one o b t a i n s 

y t _ - p " 1 a 1 x t + [-p 1 a 0 + ( y - p ) " 1 ] e t , 

a b b r e v i a t e d a s 

*t = Vt + bi xf ( B a ) 

F i n a l l y , e q u a t i o n ( I T ) i m p l i e s , f o r S t = 2 , 

yt

 = xpxt - Xxt-i ( B - 2 ) 

E q u a t i n g ( B . l ) and ( B . 2 ) y i e l d s 
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x t = p _ l x t - l + ^ ~ \ \ + ^ P ) " V t » 

w h i c h i n t u r n i m p l i e s e q u a t i o n {2k), where 

f Q = ( i - ( x p ) - 1 b 1 ) " 1 ( x p ) _ 1 b 0 , 

and 

f x = p - 1 ( i - ( x P ) - 1 b 1 ) - 1 . 

S i m i l a r s u b s t i t u t i o n when S + = 1 y i e l d s e q u a t i o n (25). 
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T a b l e 1 

P e r f o r m a n c e 
Index 

Example X a Hi) 

2 1 0 100.0 

3 1 1 58.6 

k 1 0.5 76.9 

5 10 0 100.0 
6 10 1 kk.O 

7 10 0.5 7U.6 
8 0.1 0 100.0 

9 0.1 1 91.2 

10 0.1 0.5 95.8 
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F o o t n o t e s 

- i / l t i s c r u c i a l t o n o t e t h a t f a c t ( l ) does no t y i e l d 

i n f o r m a t i o n abou t t h e p r o b a b i l i t y o f t h e c u r r e n t a d m i n i s t r a t i o n 

r e m a i n i n g i n p o w e r . I n s t e a d , i t g i v e s t h e p r o b a b i l i t y t h a t some 

a d m i n i s t r a t i o n w i l l be k e e p i n g o r l o s i n g i t s mandate a t v a r i o u s 

t i m e s i n t h e f u t u r e . 

—Ikn a l t e r n a t i v e me thodo logy f o r s o l v i n g t h e s e p r o b l e m s 

i s p r e s e n t e d by Whiteman (1984). 

— / i n t h e f o l l o w i n g e x p r e s s i o n s , n o t e i s n o n s t o c h a s -

t i c , a l t h o u g h y t , x ^ , and 8^ a r e s t o c h a s t i c . 

— / s i n c e a ( z ) i s c o n t i n u o u s on (0,°°), a p p r o a c h e s - » on 

t h e e n d p o i n t s o f t h a t i n t e r v a l , and i s p o s i t i v e a t z = 1, a ( z ) and 

hence c ( z ) must have one r o o t i n (0,1) and a n o t h e r i n (0,«°). 

- 2 / F o r t h i s p a r a g r a p h , I p l e a d t h e c u s t o m a r y d i s c l a i m e r 

i s s u e d when a t t e m p t i n g t o i n t e r p r e t any p a p e r by S i m s . 

—I Markov c h a i n s a r e e x t e n s i v e l y d i s c u s s e d i n Chung 

(1975) and H o e l , P o r t , and S t o n e (1972). 
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CONSISTENT SOLUTION 
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to* î t 

r . M - r - I-1 

i£i i 

IS* 

r -

< -

my 

• • 
- • 

I 1 - i 
• • ¥ i 

- % 

l 
—• 


