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This paper descr ibes a technique f o r the d i s t r i b u t i o n o f 

t ime s e r i e s , that i s f o r e s t i m a t i n g the unobserved monthly move­

ments i n data f o r which only q u a r t e r l y averaged observat ions are 

a v a i l a b l e . The method r e l i e s on e s t i m a t i n g the r e l a t i o n s h i p 

between the q u a r t e r l y s e r i e s and r e l a t e d monthly s e r i e s . The 

problem confronted here i s not new; the standard s o l u t i o n i s a 

procedure descr ibed by Chow-Lin ( l 9 7 l ) . In a set o f t e s t cases 

reported h e r e , however, a recent a l t e r n a t i v e suggested by 

Fernandez (1981) i s found t o be a s i g n i f i c a n t improvement over 

Chow-Lin i n many cases . The new s o l u t i o n t o t h i s problem proposed 

here i s a s l i g h t m o d i f i c a t i o n of the Fernandez procedure, which 

takes account o f s e r i a l c o r r e l a t i o n o f e r r o r s i n a way which i s 

more genera l than the prev ious methods. The t e s t s suggest that 

t h i s technique may be more accurate i n many cases than any of the 

other s o l u t i o n s . 

The d i s t r i b u t i o n ^ - ' ' o f time s e r i e s i s a problem f r e ­

quent ly faced by e m p i r i c a l researchers f o r which s e v e r a l s o l u t i o n s 

have been proposed. In an e a r l y survey and c r i t i q u e o f standard 

techniques Friedman [1962] p o i n t e d out that s imple l i n e a r i n t e r ­

p o l a t i o n , and the bulk of commonly-used methods which r e l i e d on 

us ing r e l a t e d monthly s e r i e s t o i n t e r p o l a t e q u a r t e r l y s e r i e s , 

c o u l d be improved upon by making use of an est imate of the degree 

-i-'The r e l a t e d problem o f i n t e r p o l a t i o n o f a t ime s e r i e s 
r e f e r s t o the e s t i m a t i o n o f unobserved values of a stock v a r i a b l e 
whose a c t u a l va lues are observed l e s s f r e q u e n t l y . D i s t r i b u t i o n 
r e f e r s t o the problem w i t h f low v a r i a b l e s or t ime averages o f 
stock v a r i a b l e s o f e s t i m a t i n g a set of v a l u e s , the sum or average 
o f which equals the observed value over the longer i n t e r v a l . 
I n t e r p o l a t i o n i s handled i n a f a s h i o n p a r a l l e l t o the techniques 
descr ibed h e r e ; see Chow-Lin [ l 9 7 l ) f o r d e t a i l s . 
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of c o r r e l a t i o n between the r e l a t e d monthly and q u a r t e r l y s e r i e s . 

He showed that the optimal—^ l i n e a r unbiased i n t e r p o l a t i o n o f a 

q u a r t e r l y s e r i e s u s i n g a r e l a t e d monthly s e r i e s can be s o l v e d by a 

standard r e g r e s s i o n t e c h n i q u e . Chow and L i n [ l 9 7 l ] g e n e r a l i z e d 

and extended Friedman's work. The i r framework f o r a n a l y s i s p r o ­

v i d e s the b a s i s f o r the method proposed i n the next s e c t i o n . 

I t i s assumed that observat ions are a v a i l a b l e on a 

v a r i a b l e of i n t e r e s t , y , only on a q u a r t e r l y b a s i s . I t i s d e s i r e d 

t o est imate monthly values o f that v a r i a b l e such that t h e i r a v e r ­

age i s equal to the q u a r t e r l y v a l u e . Let there be n q u a r t e r l y 

o b s e r v a t i o n s , y-^, y g , y n « For each t = 1, n we wish t o 

est imate these monthly values y^, ^ t 2 ' a n d ^ t 3 » s u c l 1 t h a t 

(1) y t = ( y t i + y t 2 + y t 3 } 1 3 

In order to est imate the monthly v a l u e s , i t i s f u r t h e r 

assumed that the s e r i e s s a t i s f i e s a l i n e a r s t o c h a s t i c r e l a t i o n s h i p 

w i t h a set o f p observed monthly v a r i a b l e s . That i s , 

(2) y t i = *L 6 l + ^ 2 + " ' + ^ t i S P + ^ i 

f o r month i o f quarter t . The 3n x 1 vector_U = [U-Q U - ^ ••• u n g] 

def ined by t h i s r e l a t i o n s h i p i s assumed t o have mean 0 and c o v a r i -

ance matr ix V. 

—/Optimal throughout t h i s paper r e f e r s t o minimum v a r i ­
ance. 

-?-/Variables w i t h monthly time u n i t s w i l l be underscored 

throughout. 
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The n x 3n d i s t r i b u t i o n matr ix B p lays an important r o l e 

i n the e s t i m a t i o n o f the " s ' s . B takes the form 

!3) B = 1/3 

1 
0 
0 

1 
0 
0 

0 
1 
0 

0 
1 
0 

0 
1 
0 

0 0 

0 0 0 0 0 0 

Let Y = [y^ yg • • • y n l ' be the n x 1 v e c t o r o f q u a r t e r l y 

observat ions of y , and _Y = [y-Q y-^g ••• y ^ l ' be the 3n x 1 

vector o f unobserved monthly v a l u e s . Then 

(k) Y = BY 

We d e s i r e an o p t i m a l l i n e a r unbiased est imator of _Y. 

Chow-Lin show t h a t the s o l u t i o n t o t h i s problem i s the e s t i m a t o r 

!5) Y = X0 + V B ' ( B V B ' ) U 

where 

(6) X = 

*11 

l l l 

l 12 

M.2 

<n3 

<n3 

l h3 

i s the 3n x p matr ix o f monthly exp lanatory v a r i a b l e s ; 

[7) 1 = ( X ' ( B V B ' ) " 1 X ) ~ 1 X ( B V B ' ) " 1 Y 

i s the g e n e r a l i z e d l e a s t squares est imate o f the c o e f f i c i e n t s i n a 

r e g r e s s i o n o f Y on the q u a r t e r l y averaged d a t a , X, g iven by 

(8) X = B X; 
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alic! 

(9) u = Y - xe 

i s the n x 1 v e c t o r o f r e s i d u a l s i n the q u a r t e r l y r e g r e s s i o n . 

The i n t u i t i o n behind t h i s s o l u t i o n i s that the monthly 

est imates of y_ are based on two components, the f i r s t o f which i s 

a l i n e a r f u n c t i o n o f the monthly movements i n the r e l a t e d x_ v a r i ­

a b l e s , and the second o f which i s a d i s t r i b u t i o n o f the q u a r t e r l y 

r e s i d u a l s so that the monthly values average to the q u a r t e r l y 

o b s e r v a t i o n s . 

In most cases of i n t e r e s t , i t i s l i k e l y that the r e l a ­

t i o n s h i p between short run movements i n y_ and i n _xg i s f a i r l y 

s t a b l e , but that over time the l e v e l s o f jr and _x(J may v a r y . In 

such a case , the q u a r t e r l y r e s i d u a l s w i l l e x h i b i t s e r i a l c o r r e l a ­

t i o n and the Chow-Lin procedure w i t h _V p r o p o r t i o n a l to the i d e n ­

t i t y w i l l be inadequate. In p a r t i c u l a r , such a procedure, which 

a l l o c a t e s each q u a r t e r l y r e s i d u a l e q u a l l y among the three monthly 

e s t i m a t e s , w i l l l e a d t o step d i s c o n t i n u i t i e s o f the monthly e s t i ­

mates between q u a r t e r s . 

Chow-Lin propose a method of e s t i m a t i n g a _V matr ix 

a s s o c i a t e d w i t h e r r o r s that are generated by a f i r s t order Markov 

p r o c e s s . Th i s technique i s l i k e l y t o be an improvement over the 

est imates based on a no s e r i a l c o r r e l a t i o n assumption, but i t w i l l 

only be adequate when the e r r o r process i s s t a t i o n a r y . The t e s t 

r e s u l t s presented below suggest t h i s procedure i s o f t e n i n a d e ­

quate. 
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Fernandez [1981] r e c e n t l y proposed a g e n e r a l i z a t i o n o f 

Chow-Lin which c o r r e c t s f o r t h i s problem. The Fernandez s o l u t i o n 

der ives from a model i n which u f o l l o w s a random walk. That i s , 

(10) " t i = " t i - 1 + e t i 

where U J . Q = Uj._-^ 3 and e .̂̂  i s a whi te noise process w i t h var iance 

2 
0 As an i n i t i a l c o n d i t i o n , Fernandez assumed t h a t U Q ^ = 0. 

In t h i s case the formula f o r the Chow-Lin es t imator i s 

used , except _V i s rep laced by (D*D) where the 3n x 3n matr ix D 

i s g iven by 

(11) D = 

1 

- 1 

0 

0 

0 
1 

-1 

0 

0 
0 
1 

0 

0 
0 
0 

- 1 

0 
0 
0 

1 

Since under these assumptions Var[_U] = (D*D)~^a^, the Fernandez 

es t imator i s best l i n e a r unb iased . 

A C o r r e c t i o n f o r S e r i a l C o r r e l a t i o n 

I t w i l l be shown below that the Fernandez suggest ion o f 

a l l o w i n g random d r i f t i n the e r r o r process o f t e n appears t o i m ­

prove est imates r e l a t i v e t o e i t h e r of the Chow-Lin e s t i m a t o r s . 

However, the Fernandez procedure i s q u i t e s p e c i f i c i n i t s assump­

t i o n about the e r r o r p r o c e s s . The random walk assumption f o r the 

monthly e r r o r term d e f i n e s a f i l t e r which w i l l remove a l l s e r i a l 

c o r r e l a t i o n i n the q u a r t e r l y r e s i d u a l s when the model i s c o r -

r e c t . In s e v e r a l a p p l i c a t i o n s o f the Fernandez procedure, I found 

that t h i s p a r t i c u l a r f i l t e r d i d not remove a l l o f the s e r i a l 
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c o r r e l a t i o n . Fernandez suggests that i n such c a s e s , one should 

p r e f i l t e r the data before a p p l y i n g h i s procedure. As an a l t e r n a ­

t i v e to such an ad hoc search f o r an a p p r o p r i a t e f i l t e r , I suggest 

the f o l l o w i n g g e n e r a l i z a t i o n o f the Fernandez approach. 

Assume the monthly values of v_ are generated by 

(12) y t i • x u e i + x t i < * 2 + + X; p + u t i 

where 

(13) u t i " " t i - 1 + e t i 

and 

e t i - a e t i - 1 + e t i 

where e^^ i s a white noise process w i t h v a r i a n c e a . 

As i n i t i a l c o n d i t i o n s , assume t h a t u^^ = e Q3 = 0 

In order t o d e r i v e the best l i n e a r unbiased est imator o f 

_Y under these c o n d i t i o n s , we need to d e r i v e the var iance matr ix 

f o r u. Let the 3n x 3n matr ix H be g i v e n by 

(14) H = 

1 
-a 
0 

0 0 
1 0 

-a 1 

0 
0 
0 

-a 

0 
0 
0 

Then 

—'This assumption g r e a t l y s i m p l i f i e s the a n a l y s i s . I t 
could be re laxed by b a c k c a s t i n g the i n i t i a l r e s i d u a l s . 
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(15) _E = HDU 

vhere 

(16) _E = [ e 1 1 e 1 2 . . . e n 3 ] 

Thus, U = D - 1 ^ ^ , and 

(17) Var [uj = (D 'H 'HD)" 1 a2 

Replac ing _V i n the Chow-Lin formula w i t h the above express ion 

g ives the e s t i m a t o r 

(18) Y = X 8 + ( D ' H , H D ) " 1 B , ( B ( D * H , H D ) ~ 1 B ' ) " 1 U 

where 

(19) 8 = (X' (B(D'H , HD)~ 1 B' )~ 1X)~ 1X* (BCD'H'HDj^B* ) _ 1 Y 

Two problems a r i s e i n the implementat ion of the above e s t i m a t o r . 

F i r s t , one needs an est imate o f the Markov parameter , a . Second, 

the matr ix D'H'HD may be too l a r g e (on the order o f 1*00 x 1*00 f o r 

postwar data) t o i n v e r t by c o n v e n t i o n a l methods. 

The f i r s t problem can be so lved by the f o l l o w i n g 
--

s t e p s . F i r s t , form the Fernandez es t imator and generate the 

q u a r t e r l y r e s i d u a l s , U, a s s o c i a t e d w i t h i t . Under the assumptions 

g iven above, the U w i l l be c o n s i s t e n t est imates of the q u a r t e r l y 

averages of the u ^ ' s . 

In order t o generate an est imate o f a , n o t i c e that 

(20) Q D = AB 

where D and B are as above, 
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the n x 3n matr ix Q i s g iven by 

[21) 

3 2 1 0 0 0 0 0 0 
0 1 2 3 2 1 0 0 0 
0 0 0 0 1 2 0 0 0 

0 0 0 0 0 0 3 2 1 

and 

(22) A = 

i s g iven by 

1 0 0 0 0 
- 1 1 0 0 0 

0 - 1 1 0 0 

0 0 0 -1 1 

Not ice a l s o t h a t 

(23) AU = ABU = QDU = QH~ E. 

Thus, an est imate of a may be obta ined by forming the f i r s t - o r d e r 

a u t o c o r r e l a t i o n c o e f f i c i e n t o f the f i r s t d i f f e r e n c e o f the q u a r ­

t e r l y r e s i d u a l s and s o l v i n g f o r the value o f a which when s u b s t i -

t u t e d i n H leads t o a covar iance m a t r i x QH~ IF Q' i n which the 

r a t i o o f the o f f - d i a g o n a l element t o d iagonal element equals t h i s 

c o e f f i c i e n t . For la rge n, t h i s procedure amounts t o s o l v i n g the 

equat ion 

(2k) 
(ln-l la+l6a 2 +19a 3 +l6a 1 < +10a^+lia 6 +a T ) 

(l9+32a+20a2+8a3+2a1*) 
= q 
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where q i s the f i r s t - o r d e r s e r i a l c o r r e l a t i o n c o e f f i c i e n t o f the 

d i f f e r e n c e d q u a r t e r l y r e s i d u a l s . Given q , t h i s equation prov ides 

a unique s o l u t i o n f o r a«-^-' 

The second problem, the i n v e r s i o n of D'H'HD, i s so lved 

by t a k i n g advantage of the s t r u c t u r e o f t h i s m a t r i x . I t i s easy 

t o show that 

min ( i , j ) £ . . 
(25) [ ( D ' H ' H D ) " 1 ] . = ( l - a ) " 2 I I ( l - a 1 " 8 * 1 ) ( l - a J ~ S + 1 ) 

J £=1 s=l 

A Comparison o f Four Methods 

A n a t u r a l t e s t o f the mer i t of t h i s procedure r e l a t i v e 

to others i s to compare the accuracy o f d i f f e r e n t methods f o r 

i n t e r p o l a t i n g q u a r t e r l y averages o f data f o r which the monthly 

values are observed. The r e s u l t s of such a t e s t are r e p o r t e d 

here . 

Four methods o f d i s t r i b u t i o n were used. The f i r s t 

method, l a b e l e d "White N o i s e , " i s the Chow-Lin e s t i m a t o r under the 

assumption that _V i s the i d e n t i t y m a t r i x . The second method, 

l a b e l e d "Markov," i s the Chow-Lin e s t i m a t o r wi th the V_ matr ix 

est imated us ing t h e i r procedure under the assumption that the 

monthly r e s i d u a l s are f i r s t - o r d e r Markov*^/ The t h i r d method, 

l a b e l e d "Random Walk ," i s the Fernandez e s t i m a t o r . The f i n a l 

21 Equation (2*0 d e f i n e s a one-to-one mapping between q 
and a w i t h domain and range equal t o the i n t e r v a l [ - 1 . , l . J . 

i/see Chow-Lin [1971I pages 37^-375 f o r d e t a i l s . To 
minimize expense, my implementat ion takes only one pass through 
the suggested i t e r a t i o n of the e s t i m a t i o n o f the Markov parameter. 
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method, l a b e l e d "Random Walk, Markov," i s the procedure o u t l i n e d 

i n the previous s e c t i o n . 

S i x sets o f data were used to t e s t the d i f f e r e n t meth­

ods . The time s e r i e s chosen f o r the t e s t s were s e l e c t e d t o be 

r e p r e s e n t a t i v e o f the k inds o f data found i n N a t i o n a l Income 

Accounts and the Flow o f Funds Accounts f o r which monthly o b s e r v a ­

t i o n s are not a v a i l a b l e . The r e l a t e d s e r i e s were chosen on an ad 

hoc b a s i s and no attempt was made t o improve the o r i g i n a l s p e c i f i ­

c a t i o n f o r each s e r i e s . Accuracy was measured i n terms of mean 

square e r r o r of the monthly d i s t r i b u t e d l e v e l s from a c t u a l v a l u e s , 

and mean square e r r o r o f the changes i n monthly d i s t r i b u t e d values 

from a c t u a l changes. In a l l but one case , the o r d e r i n g o f the 

r e s u l t s was the same by e i t h e r measure. The r e s u l t s o f the t e s t s 

are presented i n Table 1, below. 

The t e s t r e s u l t s i n d i c a t e t h a t the Random Walk, Markov 

procedure i s l i k e l y t o be much more accurate than other methods i n 

many cases . In f o u r o f the s i x data sets c o n s i d e r e d , t h i s method 

had the smal lest mean square e r r o r by both measures. 

There are c a s e s , however, i n which t h i s procedure i s not 

c a l l e d f o r . F o r t u n a t e l y , the t e s t r e s u l t s suggest that these 

cases can be d e t e c t e d . In the two cases f o r which the Random 

Walk, Markov procedure performs worse than one o f the o t h e r s , the 

est imated Markov parameters are - . 7 and - . 5 * Strong negat ive 

s e r i a l c o r r e l a t i o n i n monthly data seems h i g h l y u n l i k e l y , and i s 

probably i n d i c a t i v e t h a t the random walk model i s m i s s p e c i f i e d . 

Thus, i n p r a c t i c e i t may be d e s i r a b l e t o use t h i s procedure o n l y 

when the est imated Markov parameter i s p o s i t i v e . In cases where 
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l t i s s t r o n g l y negat ive the Chow-Lin f i r s t - o r d e r Markov model i s 

probably p r e f e r a b l e . N e v e r t h e l e s s , i f the r e s u l t s cons idered here 

are r e p r e s e n t a t i v e , then c o n s i d e r a b l e ga in may be obta ined i n many 

cases through the Random Walk, Markov procedure. For the three 

cases i n which the Markov parameter was p o s i t i v e , the average 

r e d u c t i o n i n the l e v e l mean square e r r o r over the best a l t e r n a t i v e 

was a promis ing 13 p e r c e n t . 
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Table 1 

Accuracy Comparison o f Four Methods o f I n t e r p o l a t i o n 

Case 1 

V a r i a b l e I n t e r p o l a t e d : I n d u s t r i a l Product ion Index 
P e r i o d : 1948:1 t o 1 9 8 l : 6 
Re lated Monthly Variables-^-' : 3-Month Treasury B i l l Rate 

Manufactur ing Shipments 
S&P Stock P r i c e Index 
New Orders o f C a p i t a l Goods 

Markov Parameter 
L e v e l MSE 
Changes MSE 

White 
Noise 

2.662 
6.087 

Markov 

• 85 
.878 

1.988 

Random 
Walk 

.21*9 

.596 

Random Walk, 
Markov 

• 50 
.172 
.1+16 

Case 2 

V a r i a b l e I n t e r p o l a t e d : Persona l 
P e r i o d : 1948:1 t o 1979 = 12 
Re lated Monthly V a r i a b l e s : 

Income 

Employees on N o n a g r i c u l t u r a l P a y r o l l s 
Average Hourly E a r n i n g s , Manufactur ing 
I n d u s t r i a l P roduct ion Index 

White 
Noise Markov 

Random 
Walk 

Random Walk, 
Markov 

Markov Parameter 
L e v e l MSE 
Changes MSE 

19.617 
U6.92U 

•93 
15.090 
35-539 

11.970 
28.067 

.33 
11.078 
25.873 

1 equat ions i n c l u d e a constant and t r e n d . 
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Case 3 

V a r i a b l e I n t e r p o l a t e d : Unemployment 
P e r i o d : 1948:1 to 1981:6 
Re lated Monthly V a r i a b l e s : I n d u s t r i a l Product ion Index 

3-Month Treasury B i l l Rate 

Markov Parameter 
L e v e l MSE 
Changes MSE 

White 
Noise 

.01965 

.05001 

Markov 

.01360 

.03403 

Random 
Walk 

.01364 

.03410 

Random Walk, 
Markov 

• 56 
.01350 
.03371 

Case 4 

V a r i a b l e I n t e r p o l a t e d : Consumption o f Nondurable Goods 
P e r i o d : 1959:1 to 1981:6 
Related Monthly V a r i a b l e s : D isposable Persona l Income 

Unemployment Rate 

Markov Parameter 
L e v e l MSE 
Changes MSE 

White 
Noise 

2.0697 
5.2841 

Markov 

• 89 
1.7589 
4.4622 

Random 
Walk 

1.7479 
4.4456 

Random Walk, 
Markov 

- . 7 0 
1.9350 
5-1957 

Case 5 

V a r i a b l e I n t e r p o l a t e d : Persona l Consumption D e f l a t o r 
P e r i o d : 1959:1 to 1981:6 
Related Monthly V a r i a b l e s : Consumer P r i c e Index 

White 
Noise Markov 

Random 
Walk 

Random Walk, 
Markov 

Markov Parameter 
L e v e l MSE 
Changes MSE 

.017718 

.035509 

• 97 
.010353 
.018281 

•009955 
.017475 

- . 1 0 
.009855 
.017207 
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Case 6 

V a r i a b l e I n t e r p o l a t e d : MLB 
P e r i o d : 1959:1 t o 1 9 8 l : 6 
Re lated Monthly V a r i a b l e s : Monetary Base 

Federa l Funds Rate 

White Random Random Walk, 
Noise Markov Walk Markov 

Markov Parameter 
L e v e l MSE 
Changes MSE 

• 7716 
1.3217 

.90 

.5188 

.8667 

- . 5 0 
.6105 .6073 
.9236 1.0023 
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