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A Compound Note
(Or, a Note on Harry Johnson's Note
on the Theory of Transactions Demand for Cash)
In a recent note Harry Johnson observes that in tge Baumol-Tobin
inventory model of the demand for money, the individual is assumed to maximize
end-of-period wealth subject to a consumption constraint. Johnson argues that
a better assumption is individual maximization of consumption subject to an
end-of-period wealth constraint. He claims that this reversal of the role
of objective and constraint functions gives rise to a different demand function
for cash. 1In this ncte it is maintained that both assumptions are unduly
restrictive, It is more consistent with standard consumer theory to assume
the individual maximizes utility, a function of both consumption and end-of-
period wzalth, subject only to the constraint that his choice be attainable.

This note is divided into three parts. In the first part the general-
ized model is described in detail. By assuming extreme types of utility functions,
both the Baumol-Tobin model and a corrected version of Johnson's medel fall out
as special cases. In the second part'reasons for the difference in the Baumol-Tobin
and Johnson money demand functions are explored. It is shown that Johnson's finding
of a different demand for money for given consumption expenditures is incorrect.

In the final section conditions are derived which utility functions must satisfy

in order for standard money demand relationships to cobtain.

I. A Broadened Tramework for the Theory of Transactions Demand for Cash
Money inventory models can be interpreted as describing an efficient

payments process in a multiperiod utility maximization setting. Defining a period
to be the time elapsing between an individual's noninterest income receipts,

these models determine a consumption -- end-of-period wealth frontier; i.e.,

the greatest attainable pairs of level rates of consumption over the period

i il ;
and stocks of wealth at the end of the period.— The same frontier results

whether consumption is maximized subject to an end-of-period wealth constraint

or end-of-period wealth is maximized subject to a consumption constraint.2/
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In a multiperiod medel end-cf-first-period wealth can be concidared
a proxy for future consumption. It might be asgu:ed, therefore, that an
individual's preferences can be represen&ed b& a numerical ordering over the
consunption —- end-of-(first)-period wealth space. His objective under
this assumption is to choose a consumption rate and end-of-period wealth
stock from those which are mutually attazinable in order to maximize his

level of satisfaction. Hence, given initial conditions and market constraints,

n
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an inventory model generates the frontier to the individual‘SIOppqrtunity 5
in the consumption == end-of-period wsalth space. A preference ordering cver
" this space permits a single point to be chesen on the frontier, the cne wiich
paxinizes the individuzl's level of satisfaction (see Figure 1).

Average holdings of money per period can be associated with each
point of the freontier. Thus, for given paranmeter values, a money demanda func-
tion expresses the average cquantity of money held at the satisfaction
maximization point on the consumption -- end-of-period wealth frentier.

Let:

W = f(c;y) be the functional representation of the consump-—
tion — end-of-pericd wealth frountier, where

W = stock of wealth at the end of the pericd (W20)
c =.rata of consumption over the period (c20)

Y = vector of parameters.

Let:

U = U(c,W) be an indicator of the individual's level of

/

; i 3
satisfaction for every palr'<c, W) > =" and

a

M =mn(c,W;y) be the ave
. 1
& L

crage holdings of money per period for
every pair (c, w) such that

2
at W= f(c3y) = 0.

1
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The .individual secks to maximize U = U{(c,W) subject to W - f£(c;yv) = 0.
Maximization subject to the constraint makes it possible to express the

paximizers ¢ and W (in a neiphborhood of‘Y) as: - s
c = g(y)
@ = h(y), where h(y) = £(g(¥);Y) = £(C;V).

The individual's demand for money is then:
f = 6(y), where n(y) = m(g(¥),h(¥);¥).

II. An Interpretation of the Baumol-Tobin and Johnson Approaches

~
The money demand function m(y) will not be the same, in general, a

{44}

the ones which result using the Baumol-Tcbin and Jochnson appreocches. Suppose

4

for v = y_ the individual mazximizes his

4]

atisfaction at point 'a' on the

. consunption —- end-of-period wealth frontier pictured in Figure 2. His average

holdings of money at point 'a' is:

M= m{ca, Na; yo).

Now suvpose there is a change in T, to Y1 causing an upward shift in

the frontier (e.g., an increase in initial wealth):
f(C;Yl) > f(c;YD). (See Tigure 2.)

The Baumol-Tobin analysis assumes that the individual's consumption is fixed.
According to this approach the individual's new equilibrium is at point 'b',

and the change in average money holdings is:

‘? = - T enre = T enr
(&) me W 35Y,) m(ca,ha,\o)

Baumol-Tobin

The Johnson analysis assumes that the individual's end-of-period wealth is
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fixed. According to this approach the individual's new equilibrium is at

point 'j', and the change in average money holdings is:

x - ¥ s ”
(AM)Johnson m(cj,ka,yl) m(ca,wa,Yo).

The Baumol-Tobin and Johnscon approaches implicitly assume very special types

of preference orderings. A more gencral satisfaction maximization approach,

of which the Baumol-Tobin and .Johnson a%proaches are special cases, indicates
LI |

the new equilibrium is at point 's' and the change in average money holdings

is:

%)

= m(cs.l-‘s;\'l) - m{c ,‘-fa;Yo)-

satisfaction a

maximization
Hence, a change in parameter values causes the frontier to shift, and generally
new equilibrium values result for both consumption over the period and wealth
at the end of the period.

In surmary, an individual's money derand function depends on his
preferences between present and future cohsumption and, therefore, is partly
subjective in nature. An inventory model, on the other hand, is an objective
construct, and its logical cnd product is an efficiency locus: a consumption =--
end~-of-period wealth frontier. Money denmand functions are not products of
inventory models alone; they are products of inventory models augrmented by
individual preference relations. The function m, which relates average
money holdings to points on the frentier, is independent of preferences and,
hence, is not a money demaznd function.

This framework suggests thagiany lifference in the Baumol-Tebin and
Johnson moncy demand functions can be traced to a differcace in assumed
consunption-wealth prefercences. It also suggests that for given paraneter

values Baurmol-Tohin and Johnson should find the same frontier with identicz]
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moncy holdings at every point on that frontier. Johnson's claim to have found

a different demand for money for given consunption cxpenditures cannot be valid.

It i3, in fact, due to a misspecification of his model (discussed in Tart III).

IT11., Implications for the Transactions Demand for Cash from a Broadencd
Framcwork
: |

Afsuming zero proportional transaction costs, the consumption -- end-

of-period wealth frontier using either the Baurol-Tobin or Johnson approach is
Wore (1-!-:'):-1o - ¢c(1+r/2) - Vibrc = f(c;Ho,r,b) :

wherc Ho = fnitial wealth zssumed to be in the form of money,

r = sirmple rate of interest per period, and
b = fixed transaction cost in the bond merket (i.e., cost is

& ; . 4
independent of transaction 51ze).—f

This function is derived by maximizing W(n) with respect to n, where

. O e (1Y & Ete - Sy & Bt . L8
W(in) (“o ) (L) + n(c n) + 1_l(.: = ) p—

& -;:'-(c-(i;-__:;-)c) = b

e Qi -c) (L) + D) - b

and

n = nunber of transactions in bond market,

1/n = time elapsing between bond transactions.

ve oy

*
The maximizer n is given by :

/

* y %
n = gfg%, and theé frontier is simply W = W(n :}.-'Ié
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The consumption -— end-of-period wealth frontier is a convex

function:

»

2 o
2

é—% = __E%E > 0. Thus, the assumption of fixed market transaction

de 4e

costs implies the individual's opportunity set is not convex. This indicates

that there are increasing returns to scale in inventory management.

H

he individual seeks to mazimize U(c,W) subject to W = f(c;?o,r,b).
More simply, he sceks to maximize U[c,f(c;}%,r,b)] with respect to c.
Supposing an interior solution, the first and sccond order conditions for

~ . -
¢ to be a mzximizer are:

™Y UL UL L. +ULE. + UL £

11 ¥ Upofy + Uyyfy + Upofy + Uy, <0, all partials

evaluated at ¢ = €,

The first-order condition is that the frontier must be tangent to an

- - b - - .

indif{erence curve at ¢ = ¢. The sccond-order condition is that the
indiffercnce curve has a higher depree of convexity than the frontier at

~
c = C.

~
1 . . C ‘.‘}"C
s noney denand function is = e R,
s Ve N 2r

n

The elasticities of M with respect to the parameters can be expressed:

oy
=

The individual

() eding) = @),

]
O =

(ii) E(ﬁfr} “IE(Efr)ﬁl],.and §

3

i

(i11) €@/b) = F{c(@/p)+1],

- o Bl ) = 8_;_) )
where €(x/y) \oy/ \s ) 5
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The elasticity of money demand with respect to any parameter is a
lincar function of the elasticity of conﬁumption demand with respect to the
same parameter. The latter elasticity dépends on the individual's utility .
function. Thus, we now consider properties the utility function must possess

in order for the following standard moncy demand relationships to obtain:

(a) eCi/m) > o,
(b) EOﬁfr) < 6, and

(¢) e@/b) > 0.
These properties, derived by application of maximization theory, are:

() e(ﬁ/:-zo) > 0 <> g(@hr) > 0

w = Us ey >0,

= Uty =~ UyU,

M) eCi/r) < 0 <> e(@/r) < 1

~

~ cr A SR
<=2 - - — — - - ‘,! 5
(W Mo 5 )[U2U12 UlU clu ] < (x/ )Lz:

= 1
22 Y1271

and

(c) e@@/b) > 0 <> ¢(C/b) > ~1

/'}.l':‘:‘E. 2
1

= 1..-U.U i ) 3 EEEE, je
<=> (1+r/%?FU2112 11,22] + [Ulll2 12111] > - o
all partiale evaluated at the maximum <?,5>. '
The conditions that ¢ and W are not inferior goods (in the wzak scnse)
are:

; ity O
U2U12 - UlUZZ > 0 and UlUl2 - U2U11 > 0, respectively.
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Property (a) states that if consumption is not an inferior good, average money

holdings will increase when the initial moncy endowment increases. Property

(b) suggests that if neither consumption.nor end-of-period wealth are inferior

goods, and E_; &IE?)HO, average money holdiungs will decrease when the interest

rate increases. Property (c) is not ecasy to cdecipher, but it can be shown

that if g%-; 0, then £(¢/b) > -1 and average woney holdings will increase when
N

the bond market transaction cost increases,



Footnotes

x > is a grecatest pair in a set XXY mcans thr.re exists no

pair < ,y> in’that set such that: x' > x and y' > y or x' > x and y' > y.
It is only necessary to shoir that the functional represcntation

of the frontier found by maximizing end-of-period wealch 'W' subject to a

cons mp;ion 'e' constraint is strictly monotonically decreasing; i.e., i
if cl,W%>, (%Z,H? are two points on the frontier and cl < Cos then Ql > “2'
,

(Loth ¢ and W are in real terms.)

The maximal W for givean c is provided by an optimal market strategy,
where a strategy consists of times of transactions and valucs of ASueLs
exchanged. Let s be an cptimal strategy for Cye A strategy s' will be

censtructed from s such that given c, < Cos s' implics W' > wz. It then

follows 1'-?1 > W' 1.72 1

Suppose, as Raumol-Tohin and Johnson do, that the commedity market
transaction cost is zero and that the neminal rate of return on commoditics
1s negative, These assumptions imply that real consumption expenditurcs under
s arc being made at a steady rate equal to the rate of consumption ¢,. Under
s' Jet all market transactions be the same as under s cxcept let the'rate
of real consumptien expenditures be lewcored to e, and let tie individual
accumulate the diifercuce 1n nowinal expenditures in the form of monay.
Then under s', W' excecds uj by the sccumulated difference in noninal con-

.

suuption expenditures discounicd by the end-of-period price level.

éxThe function ‘U is assumed to be twice differentiable, and :
2
Ups Uy 2 05 By <05 Uyy < 05 Uplys =Ty > 0.

IfJohn.on s inceme constraini is in error, and this causes the
frontier his model gencrates to differ from the Bauwnol-Tebin frontier.
Assuming zero.proportional transaction costs, average money holdings at a
" point on the Johnson frontier are given by:

[be
= 2 gl
M_ = b/ Ao
(found by solving for Mo in Johnson's iuncome constraint and substituting the
ﬁZ-l-r)u.'D
expression into his fornula H=?r*—*2% ). The corresponding relation determined
Y
by the Baumol-Tobin model is:’
bc
M 4[ i
B-T 2r

The fact that Johnson's model generateés a different formula for average money
holdings implies it gencrates a different frontier also. - He writes his ircore
constraint as:
M
o+ G2 - MHA - 2.
0 27° 2



Footnotes (continucd)

Assuming the individual desires zero end-of-period wealth as Johnson does, his
constraint should have been written:

r(-—-M) t,’c
I Aol DA
(4] 1+r »
5/

~'Three technical notes are in order.
(a) Tobhin's theociem on equal spacing of bond market transactions has been
applied to derive W(n).
(b) 1t is supposed that parameter values imply f > 1 for all values of ¢ > 0.
(¢) The optimal number of bond market tranmsactions is properly an intege:
but n is treated in this text as a real.nunmber. The advantage of doing t‘ls
is that it allows calculus tools to be applied to the solution routine. This
procedure results in a smoothing of the consumption -~ end-ol-period wealth
frontier. When n is restricted to the set of poqitivc integers, the frontier
is composed of @ series of connccted line seguents. The projection of a
segment on the consunplion axis neasures the cnang;e in cons L'”-]JtﬁO“: rct'.l'“cd
to alter the optiral number of bond market transactions. When fi is defined
to be a real uusber, its optimal value changes continuously as the value of
consunption changes. Since tiie set of real numbers not less than one contnins
the positive integers as a proper subsct, the smootlied frontier con never be
below the true {rentier. Moreover the frontiers are tangent wherever n
determined by calculus techniques is an integer. The relationship between
the two frontiers implics they have the folleowing properties in common:

i. Sign of slope
ii. Curvature

iii. Direction @f shifts to parameter changes.
6/ '

~'See Henderson and Quandt [2], p. 27, for definition of inferior good.



