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ABSTRACT 

We compare t he s t a t i s t i c a l p r o p e r t i e s o f p r i c e s o f U . S . t r e a s u r y b i l l s t o 
t h o s e g e n e r a t e d by a t h e o r e t i c a l dynamic exchange economy w i t h c o m p l e t e 
m a r k e t s . We show t h a t t h e model c a n a c c o u n t f o r n e i t h e r t he s i g n no r t he 
magn i t ude o f a v e r a g e r i s k premiums i n f o r w a r d p r i c e s and h o l d i n g - p e r i o d 
r e t u r n s . The economy i s a l s o i n c a p a b l e o f g e n e r a t i n g enough v a r i a t i o n i n 
r i s k premiums t o a c c o u n t f o r r e j e c t i o n s o f t he e x p e c t a t i o n s h y p o t h e s i s w i t h 
t r e a s u r y b i l l d a t a . These c o n c l u s i o n s add t o t he g r o w i n g l i s t o f e m p i r i c a l 
d e f i c i e n c i e s o f t h e r e p r e s e n t a t i v e agent model o f a s s e t p r i c i n g . 

Keywords : f o r w a r d p r i c e s ; h o l d i n g - p e r i o d r e t u r n s ; e x p e c t a t i o n s h y p o t h e s i s ; 
a u t o r e g r e s s i v e h e t e r o s k e d a s t i c i t y . 
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1. Introduct ion 

One o f t he more f i r m l y e s t a b l i s h e d f a c t s o f f i n a n c i a l e c o n o m i c s i s t h a t 

t he e x p e c t a t i o n s h y p o t h e s i s o f t he t e rm s t r u c t u r e o f i n t e r e s t r a t e s canno t 

e x p l a i n o b s e r v e d f l u c t u a t i o n s i n m u l t i p e r i o d bond r e t u r n s : f o r w a r d r a t e s a r e 

no t s i m p l y p r e d i c t o r s o f f u t u r e s p o t r a t e s . V iewed a s p r e d i c t o r s , f o r w a r d 

r a t e s c o n s i s t e n t l y o v e r e s t i m a t e f u t u r e s p o t r a t e s , and t h e " f o r e c a s t e r r o r s " 

a r e s y s t e m a t i c a l l y r e l a t e d t o v a r i a b l e s t h a t a r e known when t he f o r e c a s t i s 

made. The c o n s e n s u s i n t he p r o f e s s i o n seems t o be t h a t f o r w a r d r a t e s 

c o n t a i n , i n a d d i t i o n t o f o r e c a s t s o f f u t u r e s p o t r a t e s , r i s k premiums t h a t 

change t h r o u g h t i m e . 

R i s k premiums on f o r w a r d c o n t r a c t s a r e no t d i r e c t l y o b s e r v a b l e , but 

t h e r e a r e a number o f p i e c e s o f e v i d e n c e s u g g e s t i n g t h a t t h e y v a r y 

c o n s i d e r a b l y o v e r t i m e . C o n s i d e r t he l i n e a r r e g r e s s i o n ( e r r o r t e rm o m i t t e d ) 

r t + l " r t + l " a + b ( r [ " r t > ' 

f 

where r i s t he o n e - p e r i o d s p o t r a t e o f i n t e r e s t and r i s t he one p e r i o d 

ahead f o r w a r d r a t e . Under the e x p e c t a t i o n s h y p o t h e s i s f o r w a r d r a t e s a r e 

market e x p e c t a t i o n s o f f u t u r e s p o t r a t e s , w h i c h i m p l i e s t he c o e f f i c i e n t 

r e s t r i c t i o n s a=0 and b = l . The i m p l i c i t a l t e r n a t i v e h y p o t h e s i s i s g e n e r a l l y 

t a k e n t o be t h a t t he f o r w a r d r a t e i s t h e sum o f t he e x p e c t e d f u t u r e s p o t r a t e 

and a r i s k premium. The e v i d e n c e , p r e s e n t e d i n Fama (1984, t a b l e 4 ) , i s t h a t 

n e i t h e r r e s t r i c t i o n i s s u p p o r t e d by t he d a t a ; r e l a t e d work by S t a r t z (1982) 

and o t h e r s i s r e v i e w e d by M e l i n o (1987) and S h i H e r and M c C u l l o c h ( 1 9 8 7 ) . 

R e j e c t i o n o f t he f i r s t r e s t r i c t i o n , a=0, might be e x p l a i n e d by a n o n z e r o bu t 

c o n s t a n t r i s k premium, bu t r e j e c t i o n o f t he s e c o n d r e q u i r e s , under t he 

a l t e r n a t i v e , a r i s k premium t h a t v a r i e s t h r o u g h t ime and i s c o r r e l a t e d w i t h 
f 

t h e f o r w a r d premium, r^ - r f c . 

We ask whether t h i s i n t e r p r e t a t i o n o f t he e v i d e n c e i s c o n s i s t e n t w i t h a 
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s p e c i f i c t h e o r y o f t he r i s k premium: t he g e n e r a l e q u i l i b r i u m t h e o r y o f a s s e t 

p r i c i n g d e v e l o p e d by M e r t o n ( 1 9 7 3 ) , L u c a s ( 1 9 7 8 ) , B r e e d e n ( 1 9 7 9 ) , B r o c k 

( 1 9 8 2 ) , and Cox , I n g e r s o l l , and Ross ( 1985 ) . Our a p p r o a c h , by f o c u s s i n g on 

t h e c o n n e c t i o n be tween p r i c e s and q u a n t i t i e s , b r i n g s ou t d i f f e r e n t a s p e c t s o f 

t h e t h e o r y t h a n t h o s e e m p h a s i z e d i n r e c e n t s t u d i e s o f p r i c e s a l o n e by Brown 

and D y b v i g ( 1 9 8 6 ) , Stambaugh ( 1 9 8 6 ) , and G i b b o n s and Ramaswamy ( 1 9 8 6 ) . The 

i s s u e , t o pu t i t i n t e r m s o f t h e e m p i r i c a l l i t e r a t u r e , i s whe the r a n u m e r i c a l 

v e r s i o n o f t h e t h e o r y c a n a c c o u n t f o r t he v a r i a t i o n i n r i s k premiums i m p l i c i t 

i n r e j e c t i o n s o f t he e x p e c t a t i o n s h y p o t h e s i s . Because r i s k premiums a r e no t 

d i r e c t l y o b s e r v a b l e , t he t h e o r y has been d i f f i c u l t t o c o n f i r m o r r e j e c t . 

Most o f t he e v i d e n c e c i t e d i n i t s f a v o r , i n c l u d i n g t he r e g r e s s i o n t e s t j u s t 

d e s c r i b e d , c o n s i s t s o f r e j e c t i o n s o f t h e e x p e c t a t i o n s h y p o t h e s i s . I t has t he 

same u n c e r t a i n s t a t u s a s any a l t e r n a t i v e h y p o t h e s i s i n a s t a t i s t i c a l t e s t : 

r e j e c t i n g t h e n u l l does no t c o n f i r m the a l t e r n a t i v e . We examine t he 

a l t e r n a t i v e h y p o t h e s i s d i r e c t l y i n a mone ta ry v e r s i o n o f t he M e h r a - P r e s c o t t 

(1985) economy. I n t he a r t i f i c i a l economy we know e x a c t l y what r i s k premiums 

a r e a t a l l t i m e s , and c a n d e t e r m i n e t he e x t e n t o f t h e i r i n f l u e n c e by 

c o m p a r i n g r e g r e s s i o n s w i t h them and w i t h o u t . We c a n n o t s a y whe the r 

t i m e - v a r y i n g r i s k premiums a r e t he cause o f r e j e c t i o n s o f t he e x p e c t a t i o n s 

h y p o t h e s i s w i t h r e a l - w o r l d d a t a , bu t we c a n s a y whe the r t h e model i s c a p a b l e 

o f g e n e r a t i n g r i s k premiums t h a t p roduce s i m i l a r r e s u l t s i n t h e t h e o r e t i c a l 

economy. 

I n t h e f o l l o w i n g f o u r s e c t i o n s we r e v i e w the e m p i r i c a l r e c o r d , b u i l d an 

a r t i f i c i a l economy, and compare i t s s t a t i s t i c a l p r o p e r t i e s t o t h o s e o f 

p o s t w a r q u a r t e r l y t i m e s e r i e s d a t a f o r t h e U n i t e d S t a t e s . I n S e c t i o n 2 we 

s u r v e y e m p i r i c a l work o n t he t e rm s t r u c t u r e and r e p o r t samp le r e g r e s s i o n s 

w i t h U . S . t r e a s u r y b i l l p r i c e s . We use p r i c e s , r a t h e r t h a n t he more 
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c o n v e n t i o n a l r a t e s , t o p r o v i d e a c l o s e r f i t w i t h t he t h e o r y , bu t t he c h o i c e 

makes l i t t l e d i f f e r e n c e . B o t h p r i c e s and r a t e s s u g g e s t t h a t r i s k premiums 

a r e n o n z e r o on a v e r a g e and v a r y o v e r t i m e . 

I n S e c t i o n 3 we d e s c r i b e a mone ta ry v e r s i o n o f t he M e h r a - P r e s c o t t (1985) 

economy and d e r i v e i t s i m p l i c a t i o n s f o r p r i c e s o f r i s k f r e e r e a l and nom ina l 

d i s c o u n t bonds o f d i f f e r e n t m a t u r i t i e s . Two p r o p o s i t i o n s summar ize t he 

b e h a v i o r o f r i s k premiums i n t h i s economy under f a i r l y g e n e r a l c o n d i t i o n s : 

t he r i s k p r e m i u m ' s s i g n i s d e t e r m i n e d by t he a u t o c o r r e l a t i o n o f t w o - p e r i o d 

m a r g i n a l r a t e s o f s u b s t i t u t i o n , and i t s v a r i a b i l i t y i s h i g h e s t a t t he s h o r t 

end o f t he m a t u r i t y s p e c t r u m . 

I n S e c t i o n 4 we use a p a r a m e t r i c t w o - s t a t e examp le t o i l l u s t r a t e two 

e m p i r i c a l a n o m a l i e s : f e a t u r e s o f t he d a t a t h a t a r e d i f f i c u l t t o r e c o n c i l e 

w i t h t he t h e o r e t i c a l mode l . We show, f i r s t , t h a t t o g e n e r a t e a v e r a g e r i s k 

premiums a s l a r g e i n a b s o l u t e v a l u e a s t h o s e p r e s e n t i n t he t r e a s u r y b i l l 

m a r k e t , t he c o e f f i c i e n t o f r e l a t i v e r i s k a v e r s i o n must be a t l e a s t 8 o r 10, 

v a l u e s v i e w e d by many a s i m p l a u s i b l y l a r g e . A s i m i l a r anoma ly i s d e s c r i b e d 

f o r e q u i t y premiums by Mehra and P r e s c o t t ( 1 9 8 5 ) , and f o r h o l d i n g - p e r i o d 

y i e l d s on a v a r i e t y o f a s s e t s by Grossman , M e l i n o , and S h i H e r ( 1 9 8 7 ) . A 

s e c o n d d i f f i c u l t y , w h i c h has not t o o u r knowledge been n o t e d e l s e w h e r e , 

c o n c e r n s t h e s i g n o f the a v e r a g e r i s k premium. I n t h e t h e o r e t i c a l economy 

r i s k premiums a r e p o s i t i v e i f and o n l y i f g r o w t h r a t e s o f c o n s u m p t i o n a r e 

n e g a t i v e l y a u t o c o r r e l a t e d . S i n c e q u a r t e r l y c o n s u m p t i o n g r o w t h r a t e s a r e 

v i r t u a l l y u n c o r r e l a t e d , t he model c a n n o t a c c o u n t f o r t he p o s i t i v e a v e r a g e 

r i s k premiums a p p a r e n t i n t he d a t a . 

We r e t u r n t o t he v a r i a b i l i t y o f r i s k premiums i n S e c t i o n 5 . We a rgue 

t h e r e t h a t t he t h e o r e t i c a l economy canno t g e n e r a t e s u f f i c i e n t v a r i a b i l i t y to 

a c c o u n t f o r r e j e c t i o n s o f t he e x p e c t a t i o n s h y p o t h e s i s w i t h o u t a l s o g e n e r a t i n g 

3 



i m p l a u s i b l e v a l u e s f o r mean r i s k premiums. T h i s i s t r u e e v e n i f some 

p a r a m e t e r s , l i k e t he a u t o c o r r e l a t i o n o f c o n s u m p t i o n g r o w t h r a t e s and t he 

c o e f f i c i e n t o f r e l a t i v e r i s k a v e r s i o n , a r e c h o s e n , d e s p i t e e v i d e n c e to t he 

c o n t r a r y , t o overcome t h e a n o m a l i e s j u s t n o t e d . The a n a l y s i s u s e s t he 

t h e o r e t i c a l economy t o p roduce a r t i f i c i a l t i m e s e r i e s o f bond p r i c e s , w i t h 

w h i c h we e s t i m a t e and conduc t d i a g n o s t i c t e s t s o f r e g r e s s i o n s r e p o r t e d i n 

s t u d i e s w i t h a c t u a l d a t a . U s i n g t he a r t i f i c i a l d a t a we examine t h e i n f l u e n c e 

o f r i s k premiums on t h e s e r e s u l t s . We f i n d t h a t r e g r e s s i o n t e s t s a r e u n a b l e 

t o r e j e c t t he e x p e c t a t i o n s h y p o t h e s i s w i t h r e a s o n a b l e , o r e v e n some 

u n r e a s o n a b l e , p a r a m e t e r v a l u e s : t he h y p o t h e s i s b=l i n e q u a t i o n ( 1 . 1 ) i s 

r e t a i n e d even i n mode ls w i t h s i z a b l e r i s k premiums. 

I n s h o r t , t he t h e o r y i n i t s p r e s e n t f o rm c a n n o t e x p l a i n t he s i g n , t he 

m a g n i t u d e , o r t he v a r i a b i l i t y o f r i s k premiums o b s e r v e d a t t he s h o r t end o f 

t h e t e rm s t r u c t u r e o f i n t e r e s t r a t e s . We c o n c l u d e w i t h a b r i e f summary and a 

few r e m a r k s on me thodo logy . 

2 . Risk premiums i n t reasury b i l l data 

We b e g i n by r e v i e w i n g e m p i r i c a l work on t he t e rm s t r u c t u r e and r e p o r t i n g 

samp le s t a t i s t i c s f o r q u a r t e r l y U . S . t r e a s u r y b i l l p r i c e s . We use p r i c e s 

r a t h e r t h a n r a t e s , b e c a u s e t h e y f i t more n a t u r a l l y i n t o ou r t h e o r e t i c a l 

e n v i r o n m e n t . 

The p r i c e o f a k - p e r i o d t r e a s u r y b i l l o r " b o n d " i s d e n o t e d q ^ - F o r w a r d 

p r i c e s a r e d e f i n e d by 

(2 . 1) = q k , t + l M k t ' 
k = 1 , 2 , . . . 

These p r i c e s a r e r e l a t e d t o i n t e r e s t r a t e s by 

q i t 

f k t = l / ( l+r* ), 
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f 
where r . . i s t he o n e - p e r i o d s p o t r a t e and r ^ i s t he k - p e r i o d - a h e a d f o r w a r d 

r a t e . The ( g r o s s ) h o l d i n g - p e r i o d r e t u r n — the r e t u r n f r om h o l d i n g a k-

p e r i o d bond f o r one p e r i o d — i s 

( 2 - 2 ) h k t S q k - l , t + l / q k f k = 2 ' 3 

F o r k= l t he h o l d i n g - p e r i o d r e t u r n i s j u s t one p l u s t he o n e - p e r i o d s p o t r a t e 

o f i n t e r e s t . The e x c e s s r e t u r n on a k - p e r i o d bond i s h - h . 
K L J. L 

B o t h f o r w a r d p r i c e s and h o l d i n g - p e r i o d r e t u r n s c a n be v i e w e d as 

c o m b i n a t i o n s o f f o r e c a s t s and r i s k premiums. W i t h r e s p e c t to t he f o r m e r , we 

d e f i n e t he r i s k premium, f p , on a k - p e r i o d f o r w a r d c o n t r a c t by 

( 2 " 3 ) f p k t S E t q l t + 1 " f k f 

t h e d i f f e r e n c e between t h e f o r w a r d p r i c e and t he e x p e c t e d f u t u r e s p o t p r i c e . 

The o p e r a t o r d e n o t e s t he e x p e c t a t i o n c o n d i t i o n a l on t he d a t e - t i n f o r m a t i o n 

s e t , w h i c h we assume i n c l u d e s t he p a s t and p r e s e n t v a l u e s o f s p o t and f o r w a r d 

p r i c e s . Note t h a t ( 2 . 3 ) a l l o w s e x p l i c i t l y f o r t h e p o s s i b i l i t y t h a t the r i s k 

premium v a r i e s w i t h t . The s i g n c o n v e n t i o n means t h a t t he r i s k premium i s 

p o s i t i v e when t he f o r w a r d rate e x c e e d s t he e x p e c t e d f u t u r e s p o t r a t e , and t h e 

r e v e r s e f o r p r i c e s . S i m i l a r l y we d e f i n e t he r i s k premium, hp, i m p l i c i t i n 

t h e h o l d i n g - p e r i o d r e t u r n h a s t he e x p e c t e d e x c e s s r e t u r n : 

h p k t s E t h k t " h i r 

I t , t o o , c a n v a r y w i t h t i m e . 

I n T a b l e 2 .1 we r e p o r t samp le moments f o r s e l e c t e d t r e a s u r y b i l l p r i c e s 

and r e t u r n s . The t i m e i n t e r v a l i s a q u a r t e r , so q . i s t he p r i c e o f a 

t h r e e - m o n t h t r e a s u r y b i l l . Fama (1984) r e p o r t s s i m i l a r s t a t i s t i c s on a 

m o n t h l y b a s i s . The a v e r a g e p r i c e o f a t h r e e - m o n t h t r e a s u r y b i l l o v e r t he 

samp le p e r i o d i s 0 . 9 8 4 3 2 , w h i c h c o r r e s p o n d s t o an i n t e r e s t r a t e o f 1.59 

p e r c e n t p e r q u a r t e r . The l a s t two co lumns g i v e us i n f o r m a t i o n abou t t he two 
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r i s k p remiums. The f o u r t h v a r i a b l e , q ^ + ^ - f ^ , c o n s i s t s o f a f o r e c a s t e r r o r 

p l u s a r i s k premium. I f f o r e c a s t e r r o r s have z e r o mean c o n d i t i o n a l l y , t h e n 

t h e y do u n c o n d i t i o n a l l y a s w e l l , and t he sample mean o f t h i s v a r i a b l e i s an 

e s t i m a t e o f t he mean r i s k premium o v e r t he samp le p e r i o d . We s e e t h a t t he 

mean r i s k premium i s s m a l l , bu t p o s i t i v e and s t a t i s t i c a l l y s i g n i f i c a n t . And 

s i n c e f o r e c a s t e r r o r s a r e s e r i a l l y u n c o r r e l a t e d , r i s k premiums must be 

n e g a t i v e l y a u t o c o r r e l a t e d , i n t he s a m p l e , t o a c c o u n t f o r t he i n s i g n i f i c a n t 

n e g a t i v e a u t o c o r r e l a t i o n i n t he t a b l e . The e s t i m a t e d a u t o c o r r e l a t i o n s h o u l d 

u n d e r s t a t e ( i n a b s o l u t e v a l u e ) t h a t o f t he r i s k premium, s i n c e i t comb ines 

t h e t i m e dependence o f t he r i s k premium w i t h t h a t o f a s e r i a l l y u n c o r r e l a t e d 

f o r e c a s t e r r o r . The l a s t v a r i a b l e i n t h e t a b l e i s a l s o t h e sum o f a r i s k 

premium and a f o r e c a s t e r r o r and i t s p r o p e r t i e s a r e s i m i l a r . 

The re i s e v i d e n c e , t o o , t h a t t he r i s k premium i s no t o n l y n o n z e r o , but 

v a r i e s s u b s t a n t i a l l y o v e r t i m e . Most o f t h i s work o n t he t e rm s t r u c t u r e , 

s u r v e y e d r e c e n t l y by M e l i n o (1987) and S h i l l e r and M c C u l l o c h ( 1 9 8 7 ) , has been 

o r i e n t e d a r o u n d t h e e x p e c t a t i o n s h y p o t h e s i s . I n i t i a l l y t h i s was u n d e r s t o o d 

t o mean t h a t r i s k premiums a r e z e r o , bu t i n l i g h t o f e v i d e n c e l i k e T a b l e 2 .1 

i t was amended t o mean s i m p l y t h a t r i s k premiums a r e c o n s t a n t : t h e y do no t 

v a r y w i t h t he s t a t e o f t he economy. E v e n s o , a l a r g e e m p i r i c a l l i t e r a t u r e 

has f o u n d t h e h y p o t h e s i s w a n t i n g . As S h i l l e r and M c C u l l o c h (1987 , p 61) 

remark , " e m p i r i c a l work has p r o d u c e d c o n s e n s u s on l i t t l e more t h a n t h a t t he 

. . . e x p e c t a t i o n s [ h y p o t h e s i s ] . . . c a n be r e j e c t e d . " 

Most o f t h e e v i d e n c e a g a i n s t t h e e x p e c t a t i o n s h y p o t h e s i s i s based on 

r e g r e s s i o n s r e l a t i n g f o r w a r d and s p o t p r i c e s to o t h e r v a r i a b l e s . I n t h e most 

p o p u l a r v e r s i o n , t he d i f f e r e n c e between f o r w a r d p r i c e s (o r r a t e s ) and 

c o r r e s p o n d i n g f u t u r e s p o t p r i c e s ( r a t e s ) i s examined f o r p r e d i c t a b i l i t y . I f 

t h e e x p e c t a t i o n s h y p o t h e s i s i s v a l i d t h i s d i f f e r e n c e i s , e x c e p t p o s s i b l y f o r 
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a n o n z e r o mean, a p u r e f o r e c a s t e r r o r , and s h o u l d no t be p r e d i c t a b l e by 

a n y t h i n g i n t h e c u r r e n t i n f o r m a t i o n s e t . S e v e r a l t e s t s a r e c o n s t r u c t e d by 

c h o o s i n g d i f f e r e n t v a r i a b l e s f r om t h i s i n f o r m a t i o n s e t . The s i m p l e s t i s 

b a s e d on t h e r e g r e s s i o n ( e r r o r t e rm o m i t t e d ) 

( 2 . 4 ) q u + 1 - f u = a . 

S i n c e l a g g e d f o r e c a s t e r r o r s a r e p a r t o f t he i n f o r m a t i o n s e t , a u t o c o r r e l a t i o n 

o f r e s i d u a l s f r om ( 2 . 4 ) i s e v i d e n c e a g a i n s t t he e x p e c t a t i o n s h y p o t h e s i s . 

O t h e r t e s t s use r e g r e s s i o n s o f t he f o rm 

( 2 . 5 ) q u + 1 - f u = a • b V 

where x^. i s a s u b s e t o f t he i n f o r m a t i o n a v a i l a b l e a t d a t e t . A t e s t o f t he 

c o e f f i c i e n t r e s t r i c t i o n b=0 i s a t e s t o f t h e e x p e c t a t i o n s h y p o t h e s i s . The 

f o r w a r d premium, f ^ t ^ l t ' ^ s a c o m m o n c h o i c e f o r x ^ . T h i s r e g r e s s i o n o f t e n 

a p p e a r s i n t he l i t e r a t u r e i n t he f o r m 

( 2 . 6 ) q u + 1 - q u = a + ( b + l ) ( f ), 

w h i c h i s ( 2 . 5 ) w i t h t h e f o r w a r d premium added t o b o t h s i d e s . S i n c e l e a s t 

s q u a r e s i s i n v a r i a n t t o s u c h l i n e a r t r a n s f o r m a t i o n s t h e i m p l i e d e s t i m a t o r o f 

b i s i d e n t i c a l t o t h a t i n ( 2 . 5 ) , bu t i t p r o v i d e s a u s e f u l i n t e r p r e t a t i o n o f 

t he p a r a m e t e r . I f b i s n o n z e r o we c a n r e j e c t t he e x p e c t a t i o n s h y p o t h e s i s , 

bu t f o r a l l v a l u e s e x c e p t -1 t he f o r w a r d premium i s s t i l l h e l p f u l i n 

p r e d i c t i n g f u t u r e changes i n s p o t p r i c e s . A s e c o n d v a r i a n t o f ( 2 . 5 ) u s e s t h e 

l a g g e d dependen t v a r i a b l e a s x w h i c h , under t h e e x p e c t a t i o n s h y p o t h e s i s , i s 

s i m p l y t he l a g g e d f o r e c a s t e r r o r p l u s a c o n s t a n t . The re i s no p r e s u m p t i o n i n 

any o f t h e s e e q u a t i o n s , e v e n u n d e r t he e x p e c t a t i o n s h y p o t h e s i s , t h a t t he 

e r r o r s a r e h o m o s k e d a s t i c . 

The same k i n d s o f t e s t s have been a p p l i e d t o e x c e s s h o l d i n g - p e r i o d 

r e t u r n s . Examp les a r e t h e r e g r e s s i o n s 
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( 2 . 7 ) h. 
2t 

h 
I t a 

( 2 . 8 ) - h I t 
= a + b x 

f o r some c h o i c e o f x . Be low we use b o t h t he f o r w a r d premium and t he l a g g e d 

dependen t v a r i a b l e . The e x p e c t a t i o n s h y p o t h e s i s r e q u i r e s t h a t t he r e s i d u a l s 

be s e r i a l l y u n c o r r e l a t e d and the c o e f f i c i e n t , b, e q u a l z e r o . A g a i n , the 

e r r o r s need no t be h o m o s k e d a s t i c . 

E s t i m a t e s o f e q u a t i o n s ( 2 . 4 ) t o ( 2 . 8 ) have been r e m a r k a b l y u n i f o r m 

a c r o s s s t u d i e s and t i m e p e r i o d s . The c o n s t a n t s i n ( 2 . 4 ) and ( 2 . 7 ) a r e 

u s u a l l y s m a l l , a s we saw i n T a b l e 2 . 1 , bu t s i g n i f i c a n t l y p o s i t i v e ( R o l l , 

1970, C h a p t e r 5 ; Fama, 1976, T a b l e 1 ) . T e s t s o f t he h y p o t h e s i s b=0 i n 

e q u a t i o n s ( 2 . 5 ) and ( 2 . 8 ) f r e q u e n t l y r e j e c t , e s p e c i a l l y when t he i ndependen t 

v a r i a b l e i s t h e f o r w a r d premium. N u m e r i c a l e s t i m a t e s o f b i n t h i s c a s e 

d i f f e r a c r o s s s t u d i e s . In F a m a ' s (1984 , T a b l e 4) s t u d y o f t r e a s u r y b i l l 

r e t u r n s a t m o n t h l y i n t e r v a l s , r e p o r t e d i n t he f o rm o f e q u a t i o n ( 2 . 6 ) , t he 

e s t i m a t e s o f b+1 a r e be tween .11 and . 4 6 f o r t he c o m p l e t e s a m p l e . T h i s 

s u g g e s t s t h a t a l t h o u g h t he e x p e c t a t i o n s h y p o t h e s i s c a n be r e j e c t e d , t he 

f o r w a r d premium h e l p s t o p r e d i c t f u t u r e changes i n s p o t r a t e s , a t l e a s t o v e r 

s h o r t f o r e c a s t h o r i z o n s . S h i l l e r , C a m p b e l l , and S c h o e n h o l t z , (1983 , T a b l e 3 , 

rows 1-5) e s t i m a t e e q u a t i o n ( 2 . 6 ) w i t h q u a r t e r l y t r e a s u r y b i l l r e t u r n s and 

r e p o r t s i m i l a r e s t i m a t e s . The r e s i d u a l s i n t h e s e r e g r e s s i o n s e x h i b i t 

a u t o r e g r e s s i v e c o n d i t i o n a l h e t e r o s k e d a s t i c i t y ( see E n g l e , L i l i e n , and R o b i n s , 

These f e a t u r e s a r e i l l u s t r a t e d i n T a b l e 2 . 2 f o r q u a r t e r l y U . S . t r e a s u r y 

b i l l p r i c e s . We r e p o r t t he s i x r e g r e s s i o n s men t i oned e a r l i e r and s u b j e c t t h e 

r e s i d u a l s t o two k i n d s o f a n a l y s i s . The f i r s t i s t h e D u r b i n - G o d f r e y LM t e s t 

f o r s e r i a l c o r r e l a t i o n ; we r e p o r t m a r g i n a l s i g n i f i c a n c e l e v e l s f o r t e s t s o f 

f i r s t and f o u r t h - o r d e r t i m e - d e p e n d e n c e . The s e c o n d i s E n g l e ' s (1982) LM t e s t 

1987 ) . 
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f o r a u t o r e g r e s s i v e c o n d i t i o n a l l y - h e t e r o s k e d a s t i c (ARCH) e r r o r s , a g a i n f o r 

o r d e r s one and f o u r . We a l s o r e p o r t r e s u l t s o f Wald t e s t s o f t h e h y p o t h e s e s 

a=b=0, b=0, and b = - l , a l l based on h e t e r o s k e d a s t i c i t y - c o n s i s t e n t s t a n d a r d 

e r r o r s ( W h i t e , 1980) . S i n c e t he d a t a a r e f a r f r om h o m o s k e d a s t i c , t h i s 

c o r r e c t i o n i s e s s e n t i a l . None o f t h e t e s t s t a t i s t i c s has p r e c i s e l y t he 

d i s t r i b u t i o n u s e d t o compute t a i l p r o b a b i l i t i e s , e v e n under t he n u l l , s i n c e 

t h e y a r e b a s e d on m a i n t a i n e d h y p o t h e s e s t h a t need no t be t r u e . The 

D u r b i n - G o d f r e y t e s t s , f o r examp le , a r e based on i ndependen t norma l e r r o r s , so 

t h e y may be s e n s i t i v e t o a u t o r e g r e s s i v e c o n d i t i o n a l h e t e r o s k e d a s t i c i t y as 

w e l l a s a u t o c o r r e l a t i o n . N e v e r t h e l e s s , t h e y p r o v i d e u s e f u l i n f o r m a t i o n 

beyond t h a t g i v e n by r e g r e s s i o n c o e f f i c i e n t s and s t a n d a r d e r r o r s . 

I n T a b l e 2 . 2 b o t h t h e f o r w a r d - s p o t d i f f e r e n t i a l and t he ex p o s t h o l d i n g 

premium have s m a l l , p o s i t i v e means, a s we know f r o m T a b l e 2 . 1 . The v a l u e o f 

b i s s i g n i f i c a n t l y n e g a t i v e i n t he f o r w a r d premium r e g r e s s i o n s . The 

dependen t v a r i a b l e s a r e n e g a t i v e l y a u t o c o r r e l a t e d bu t t h e e s t i m a t e d 

c o e f f i c i e n t i s no t s i g n i f i c a n t . The r e s i d u a l s i n a l l r e g r e s s i o n s i n d i c a t e 

s e r i a l c o r r e l a t i o n , e s p e c i a l l y o f t he f o u r t h o r d e r , and o f a u t o r e g r e s s i v e 

c o n d i t i o n a l h e t e r o s k e d a s t i c i t y . The h y p o t h e s e s a=b=0, b=0, and b = - l a r e a l l 

r e j e c t e d by t he d a t a i n t he f o r w a r d premium r e g r e s s i o n s . Thus t he 

e x p e c t a t i o n s h y p o t h e s i s i s r e j e c t e d w h i l e t h e a b i l i t y o f t he f o r w a r d premium 

t o f o r e c a s t f u t u r e changes i n s p o t p r i c e s i s u p h e l d . The nom ina l s i z e s o f 

t h e s e t e s t s a r e p r o b a b l y o v e r s t a t e d , g i v e n t he s e r i a l c o r r e l a t i o n and 

h e t e r o s k e d a s t i c i t y i n t he r e s i d u a l s , bu t i t i s h a r d t o a v o i d t h e c o n c l u s i o n 

t h a t t he e x p e c t a t i o n s h y p o t h e s i s i s c o n t r a d i c t e d by t h e d a t a . E v i d e n c e f r om 

m o n t h l y d a t a (Fama, 1984) i s e v e n s t r o n g e r . 

The r e g r e s s i o n s a l s o p r o v i d e d i r e c t e s t i m a t e s o f t he v a r i a b i l i t y o f r i s k 

p remiums. C o n s i d e r t he f o r w a r d r i s k premium, f p . E q u a t i o n ( 2 . 3 ) i m p l i e s 
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qit+i"fit = f p i t + ct+r 

where i s a f o r e c a s t e r r o r w i t h c o n d i t i o n a l and u n c o n d i t i o n a l mean z e r o . 

Hence 

V a r ( q u + 1 - f l t ) = V a r ( f p l t ) + V a r ( c t + 1 ) . 

S i n c e t h e r i s k premium c a n be p r e d i c t e d f r om d a t e t i n f o r m a t i o n but t he 

f o r e c a s t e r r o r s c a n n o t , an e s t i m a t e d l o w e r bound o n t h e v a r i a b i l i t y o f t he 

f o r w a r d r i s k premium i s t h e v a r i a b i l i t y o f t h e f i t t e d v a l u e s i n any o f t he 

r e g r e s s i o n s e x p l a i n i n g ^ j t + l ^ l t ' * n t n e s e c o n d r e g r e s s i o n o f T a b l e 2 . 2 t he 

i m p l i e d s t a n d a r d d e v i a t i o n i s 0 . 0 0 1 5 7 ; s e e S t a r t z (1982) f o r a s i m i l a r 

c a l c u l a t i o n w i t h m o n t h l y d a t a . An a n a l o g o u s e x e r c i s e y i e l d s 0 .00164 a s an 

e s t i m a t e d l o w e r bound on t he s t a n d a r d d e v i a t i o n o f t h e h o l d i n g premium. In 

b o t h c a s e s t he l o w e r bounds a r e o f t h e same o r d e r a s , and s l i g h t l y l a r g e r 

t h a n , t h e e s t i m a t e d mean r i s k premium, s o t h e v a r i a b i l i t y i s l a r g e i n t h a t 

s e n s e . These e s t i m a t e d l o w e r bounds a r e s u b j e c t t o s a m p l i n g v a r i a b i l i t y , bu t 

t h e y h e l p t o q u a n t i f y t h e e x t e n t o f v a r i a t i o n i n r i s k premiums p r e s e n t i n t he 

d a t a . 

3. A t h e o r e t i c a l economy 

The q u e s t i o n we have posed f o r o u r s e l v e s i s whe the r t he b e h a v i o r o f bond 

p r i c e s i n g e n e r a l , and t he v a r i a b i l i t y o f r i s k premiums i n p a r t i c u l a r , i s 

c o n s i s t e n t w i t h t he g e n e r a l e q u i l i b r i u m p r i c i n g t h e o r y o f M e r t o n ( 1 9 7 3 ) , 

L u c a s ( 1 9 7 8 ) , B r e e d e n ( 1 9 7 9 ) , B r o c k ( 1 9 8 2 ) , and Cox , I n g e r s o l l , and Ross 

( 1 9 8 5 ) . Our v e r s i o n o f t h i s t h e o r y i s a mone ta ry e x t e n s i o n o f Mehra and 

P r e s c o t t ( 1 9 8 5 ) , a s t a t i o n a r y , r e c u r s i v e , p u r e - e x c h a n g e v e r s i o n o f an A r r o w -

Debreu economy. In t h i s economy a s t o c h a s t i c endowment o f a s i n g l e commodi ty 

i s consumed by a s i n g l e , r e p r e s e n t a t i v e a g e n t , whose p r e f e r e n c e s a r e 

a d d i t i v e l y s e p a r a b l e o v e r t i m e and obey t he e x p e c t e d u t i l i t y a x i o m s . W i t h 
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q u a n t i t i e s exogenous , t he e q u i l i b r i u m a l l o c a t i o n i s d e t e r m i n e d by s u p p l y . 

R e l a t i v e p r i c e s o f d a t e d , s t a t e - c o n t i n g e n t c l a i m s a r e d e r i v e d f r o m m a r g i n a l 

r a t e s o f s u b s t i t u t i o n . P r i c e s o f c o m p o s i t e a s s e t s , l i k e r i s k f r e e b o n d s , a r e 

computed by c o m b i n i n g t he r e l e v a n t c o n t i n g e n t c l a i m s . Nomina l c l a i m s , and 

i m p l i c i t l y money, a r e i n t r o d u c e d t owa rd t he end o f t he s e c t i o n . We d e r i v e 

p r i c e s o f r i s k f r e e bonds o f d i f f e r e n t m a t u r i t i e s , and use them t o d e f i n e 

f o r w a r d p r i c e s , h o l d i n g - p e r i o d r e t u r n s , and r i s k premiums. 

The s i z e o f t he endowment e a c h p e r i o d i s d e s c r i b e d by a s t a t i o n a r y 

Markov c h a i n i n g r o w t h r a t e s . O u t p u t , y ^ , e v o l v e s a c c o r d i n g t o 

( 3 - 1 } yt+i = Vi yr 

and t h e d i s t r i b u t i o n o f i t s " r a t e o f g r o w t h , " x ^ , depends o n l y on i t s 

p r e v i o u s r a t e o f g r o w t h . The s t a t e o f t he economy a t d a t e t i s known to t he 

r e p r e s e n t a t i v e agen t and i s d e s c r i b e d c o m p l e t e l y i n t he r e a l economy by t he 

s t a t e , s ^ = ( y ^ . x ^ . ) . As i n Mehra and P r e s c o t t , g r o w t h r a t e s t a k e on a f i n i t e 

number o f v a l u e s , d e n o t e d A .̂ In p r i n c i p l e t h i s i s no t v e r y r e s t r i c t i v e , and 

t he g a i n i n c o m p u t a t i o n a l s i m p l i c i t y i s c o n s i d e r a b l e . The s t o c h a s t i c 

b e h a v i o r o f o u t p u t i s c h a r a c t e r i z e d by a m a t r i x IT o f t r a n s i t i o n p r o b a b i l i t i e s 

f o r g r o w t h r a t e s , w i t h t y p i c a l e lement 

• i j s P r o b ( x t + i = A j l x t = v -

P r o b a b i l i t i e s o f e v e n t s more t h a n one p e r i o d i n t he f u t u r e a r e computed f r om 

powers o f IT: 

P r o b ( x t , = A. I x A = A.) = [n k]. . . 
t+k J 1 t 1 i j 

These and o t h e r f e a t u r e s o f Markov c h a i n s a r e d e s c r i b e d i n F e l l e r (1968 , c h 

XV) and I s a a c s o n and Madsen (1976 ) . 

The s t o c h a s t i c endowment i s consumed by a r e p r e s e n t a t i v e agent whose 

p r e f e r e n c e s a r e c h a r a c t e r i z e d by t he e x p e c t e d u t i l i t y f u n c t i o n , 
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ro k 
U = E. Z r u ( c ), 

1 k=0 1 K 

where E^ d e n o t e s t h e e x p e c t a t i o n c o n d i t i o n a l on t h e h i s t o r i e s a s o f d a t e t o f 

a l l v a r i a b l e s i n t h e economy. W i t h t h e Markov s t r u c t u r e , t h i s i s e q u i v a l e n t 

t o c o n d i t i o n i n g on s^. a l o n e . To m a i n t a i n s t a t i o n a r i t y o f p r i c e s i n a g r o w i n g 

economy we s p e c i f y f u r t h e r t h a t U i s h o m o t h e t i c . W i t h a d d i t i v e s e p a r a b i l i t y 

o v e r t i m e and s t a t e s t h i s i m p l i e s t he c l a s s o f power s u b u t i l i t y f u n c t i o n s , 

u ( c ) = [ c * a - l ] / ( l - a ) . The p a r a m e t e r a £ 0 g o v e r n s b o t h r i s k a v e r s i o n and 

the s u b s t i t u t a b i 1 i t y o f c o n s u m p t i o n o v e r t i m e . 

An e q u i l i b r i u m i n t h i s economy i s a s e t o f s t a t e - c o n t i n g e n t p r i c e s f o r 

w h i c h c o n s u m p t i o n e q u a l s t h e endowment a t a l l d a t e s and i n a l l s t a t e s . 

R e l a t i v e p r i c e s a r e computed by e q u a t i n g them t o m a r g i n a l r a t e s o f 

s u b s t i t u t i o n e v a l u a t e d a t exogenous e q u i l i b r i u m q u a n t i t i e s . I f t he c u r r e n t 

s t a t e i s ( y ^ . A j ) , t h e n t he r e l a t i v e p r i c e o f one u n i t o f t h e commod i t y nex t 

p e r i o d i f s t a t e j o c c u r s t o one u n i t now i s 

" i j p u ' ( y t + i ) / u / ( y t } = " i j P u ' < * j y t

) / u ' ( y t ) ( 

a f u n c t i o n o f t he c u r r e n t s t a t e . W i t h power u t i l i t y t h i s p r i c e i s n. ./3A . a , 

w h i c h d e p e n d s , t h r o u g h t h e t r a n s i t i o n p r o b a b i l i t y , on t he g r o w t h r a t e A . , bu t 

no t t h e l e v e l o f o u t p u t . Our i n t e r e s t l i e s i n p r i c e s o f " r i s k f r e e " a s s e t s . 

We examine b o t h r e a l b o n d s , w h i c h y i e l d one u n i t o f t he commod i ty i n some 

f u t u r e p e r i o d i n a l l s t a t e s , and nom ina l b o n d s , w h i c h y i e l d one u n i t o f 

money. P r i c e s i n b o t h c a s e s a r e computed by summing p r i c e s o f pu re 

c o n t i n g e n t c l a i m s . C o n s i d e r r e a l bonds f i r s t . The p r i c e , q ^ , o f a 

o n e - p e r i o d , d a t e - t , r i s k f r e e , d i s c o u n t bond , w h i c h d e l i v e r s one u n i t o f t he 

commod i ty a t d a t e t+1 i n a l l s t a t e s , i s 

q l t - s ^ N ' ( y w W ( y t ) 
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= E t . p u ' ( y t + 1 ) / u ' ( y t ) . 

I f we d e f i n e m s 6 u ' ( y . . ) / u ' ( y ), we c a n e x p r e s s t h i s more c o m p a c t l y as 

q = E.m . W i t h power u t i l i t y m. . = 6 x . . , s o t h a t m depends on the 
I t t t 1 t T 1 t 1 

r a t e o f g r o w t h o f o u t p u t bu t no t i t s l e v e l . The bond p r i c e i s s i m p l y a 

f u n c t i o n o f t he c u r r e n t g r o w t h r a t e , s a y q ^ = q ^ ^ ) f ° r x j . = 

P r i c e s o f l o n g - t e r m bonds a r e d e r i v e d t he same way. A k - p e r i o d r e a l 

bond , y i e l d i n g one u n i t o f t he commodi ty k p e r i o d s hence i n a l l s t a t e s , i s 

p r i c e d a c c o r d i n g t o 
k 

( 3 - 2 ) \ t = E t ,nA+i 

1=1 

= E t m t + i q k - i , t + r 

S i n c e t h e d i s t r i b u t i o n o v e r f u t u r e m's depends o n l y on t he c u r r e n t g r o w t h 

r a t e , t h i s d e f i n e s p r i c i n g f u n c t i o n s q ( A . ) , f o r k=2 ,3 

I m p l i c i t i n t h e s e p r i c i n g f u n c t i o n s a r e a n a l o g o u s f u n c t i o n s f o r f o r w a r d 

p r i c e s and r i s k p remiums. The f o r w a r d p r i c i n g f u n c t i o n i s , by a n a l o g y w i t h 

e q u a t i o n ( 2 . 1 ) , 

( 3 . 3 ) f k ( A . ) = q k + 1 ( A . ) / q k ( A . ) . 
The r i s k premium, f p , d e f i n e d by e q u a t i o n ( 2 . 3 ) , c a n a l s o be w r i t t e n 

k 

f p k t = - C ° V t { . ^ m t + i ' q l t + k } / \ t ' 

where Cov^ i s t h e c o n d i t i o n a l c o v a r i a n c e o p e r a t o r . S i n c e t h e d i s t r i b u t i o n 

w i t h w h i c h t he c o v a r i a n c e i s computed depends on t he c u r r e n t s t a t e , t he 

f o r w a r d premium i s a f u n c t i o n o f t h e s t a t e and i s , i n t h a t s e n s e , t i m e 

v a r y i n g . 

The b e h a v i o r o f bond p r i c e s , r e t u r n s , and r i s k premiums depends on t h e 

p a r a m e t e r s o f t he mode l : a , 6 , IT, and t he A ' s . Two u s e f u l f e a t u r e s o f t h i s 

r e l a t i o n s h i p a r e summar ized i n t he f o l l o w i n g p r o p o s i t i o n s . 
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Proposition 1. I f e i t h e r ( i ) t he r e p r e s e n t a t i v e consumer i s r i s k - n e u t r a l 

( a = 0) o r ( i i ) m a r g i n a l r a t e s o f s u b s t i t u t i o n , m, a r e i n d e p e n d e n t , t h e n 

f o r w a r d premiums f p and h o l d i n g premiums hp a r e z e r o i n a l l s t a t e s . 

Proof. I f t he r e p r e s e n t a t i v e consumer i s r i s k n e u t r a l t h e n m = p i n a l l 

s t a t e s . Bond p r i c e s , f o r w a r d p r i c e s , and h o l d i n g - p e r i o d y i e l d s a r e c o n s t a n t 

and r i s k premiums a r e z e r o i n a l l s t a t e s . I f , on t he o t h e r hand , m a r g i n a l 

r a t e s o f s u b s t i t u t i o n a r e i n d e p e n d e n t , a s t h e y w i l l be i n o u r economy i f 

g r o w t h r a t e s a r e i n d e p e n d e n t , t he p r i c e o f a k - p e r i o d bond i s s i m p l y t he 

p r o d u c t o f e x p e c t e d f u t u r e s p o t p r i c e s : 

k k k 
q, , = E. TT m. . = IT E.m. . = IT E. q„ . . „ . M k t t . = 1 t + i t t + i t M l , t + i - 1 

Then f o r w a r d p r i c e s e q u a l e x p e c t e d f u t u r e s p o t p r i c e s and r i s k premiums on 

f o r w a r d c o n t r a c t s a r e z e r o . The e x p e c t e d o n e - p e r i o d y i e l d on an n - p e r i o d 

bond i s , by t h e same a rgument , 

k-1 k 
E. h, , = E. IT m. . / E. II m, . = 1 /E .m. . . 

t k t t j _ j t + i ' t j _ j t + i t t+k 

S i n c e t h e t r a n s i t i o n p r o b a b i l i t i e s do no t depend on t h e d a t e , E m = E.m. 

= . . . = E m . H o l d i n g - p e r i o d r e t u r n s a r e e q u a l on bonds o f a l l m a t u r i t i e s 

and h o l d i n g premiums a r e z e r o . • 

P r o p o s i t i o n 1 t e l l s us t h a t w i t h s e r i a l l y u n c o r r e l a t e d m a r g i n a l r a t e s o f 

s u b s t i t u t i o n bond p r i c e s i n t he t h e o r e t i c a l economy behave a c c o r d i n g t o t he 

e x p e c t a t i o n s h y p o t h e s i s . To g e n e r a t e t he n o n z e r o t i m e v a r y i n g r i s k premiums 

we o b s e r v e i n U . S . t r e a s u r y b i l l m a r k e t , t he c o n d i t i o n a l d i s t r i b u t i o n o v e r 

f u t u r e m a r g i n a l r a t e s o f s u b s t i t u t i o n must depend on t he c u r r e n t s t a t e . 

F u r t h e r m o r e , t h e s i g n o f t he r i s k premium i s d e t e r m i n e d by t h e f o r m o f t h a t 

d e p e n d e n c e : r i s k premiums on f o r w a r d c o n t r a c t s a r e p o s i t i v e ( n e g a t i v e ) i f 

m a r g i n a l r a t e s o f s u b s t i t u t i o n a r e n e g a t i v e l y ( p o s i t i v e l y ) a u t o c o r r e l a t e d . 
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Beyond t h a t , t h e r e i s l i t t l e we c a n s a y w i t h o u t p l a c i n g more s t r u c t u r e on t he 

mode l . We c a n , however , show t h a t f o r w a r d r i s k premiums c o n v e r g e i n t he 

f o l l o w i n g s e n s e . 

Proposition 2. I f t he Markov c h a i n i n g r o w t h r a t e s i s e r g o d i c , t h e n a s k 

a p p r o a c h e s i n f i n i t y t he f o r w a r d p r i c i n g f u n c t i o n f (A) c o n v e r g e s t o a 

c o n s t a n t , f , w h i c h does not depend on A. 

Proof. C o n s i d e r t h e p r i c i n g f u n c t i o n s f o r bonds . I n s t a t e i , t he p r i c e o f a 

1 - p e r i o d bond i s Z . Tt. . p A . ° \ We c a n e x p r e s s t h i s more c o m p a c t l y as Z . b . ., 

where b , • n,, 0 A , d e f i n e s i m p l i c i t l y a m a t r i x B. S i m i l a r l y t he p r i c e o f 
10 10 0 

a t w o - p e r i o d bond i s 

S . Z, n . .Tt., 0 2 A a A " , j k i j j k j k 

(2) (2) 2 
o r Z . b . . , where b. . d e n o t e s t he i j - t h e lement o f B . More g e n e r a l l y t he 

0 i J i J 
(k ) 

p r i c e o f a k - p e r i o d bond i n s t a t e i c a n be e x p r e s s e d Z j b „ • S i n c e the 

Markov c h a i n i s e r g o d i c , t he P e r r o n - F r o b e n i u s theorem g u a r a n t e e s t h a t the 

dominan t e i g e n v a l u e o f B i s p o s i t i v e and t h a t any p o s i t i v e v e c t o r o p e r a t e d on 

by powers o f B w i l l e v e n t u a l l y a p p r o a c h t he a s s o c i a t e d e i g e n v e c t o r and grow 

a t t h e r a t e o f t h i s e i g e n v a l u e . Now c o n s i d e r t he k - p e r i o d f o r w a r d p r i c i n g 

f u n c t i o n , t he r a t i o o f k + l - p e r i o d t o k - p e r i o d bond p r i c i n g f u n c t i o n s . As k 

g e t s l a r g e t h i s c o n v e r g e s t o t h e dominan t e i g e n v a l u e o f B r e g a r d l e s s o f the 

c u r r e n t s t a t e . • 

The i n t u i t i o n b e h i n d t h i s r e s u l t i s t h a t f o r w a r d c o n t r a c t s i n an e r g o d i c 

economy l o o k a l i k e f o r l o n g h o r i z o n s . E a c h s u c h c o n t r a c t s p e c i f i e s a payment 

o f f i n , s a y , p e r i o d t+k and r e c e i p t o f 1 i n t he f o l l o w i n g p e r i o d , r e g a r d l e s s 

o f what s t a t e s o c c u r i n t h o s e p e r i o d s . F o r an e r g o d i c c h a i n t he d i s t r i b u t i o n 

o v e r t h e s e s t a t e s i s , f o r l a r g e k, t he l o n g - r u n e q u i l i b r i u m d i s t r i b u t i o n o f 

t h e Markov c h a i n and does no t depend on t he c u r r e n t s t a t e . 
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An immed ia te c o r o l l a r y o f P r o p o s i t i o n 2 i s t h a t f o r w a r d r i s k premiums 

a l s o c o n v e r g e : s i n c e t he Markov c h a i n i s e r g o d i c t h e e x p e c t e d f u t u r e s p o t 

p r i c e , E q , , c o n v e r g e s t o t h e u n c o n d i t i o n a l mean o f q and t h e f o r w a r d 
t 1 L +K 1 

premium, f p ( A . ) , c o n v e r g e s t o t he d i f f e r e n c e . Of c o u r s e i f f o r w a r d p r i c e s 
K 1 

c o n v e r g e t h e n t he y i e l d t o m a t u r i t y on a l o n g bond , t he g e o m e t r i c mean o f 

f o r w a r d p r i c e s , a l s o c o n v e r g e s . I t i s no t t r u e , however , t h a t h o l d i n g 

premiums c o n v e r g e i n a s i m i l a r manner. I n s t e a d t he d i s t r i b u t i o n o v e r h o l d i n g 

premiums c o n v e r g e s , s o t h a t h o l d i n g premiums on two l o n g bonds o f d i f f e r e n t 

m a t u r i t i e s a r e s i m i l a r f u n c t i o n s o f t he c u r r e n t s t a t e . 

Nomina l bond p r i c i n g c a n be h a n d l e d i n much t h e same way as r e a l bond 

p r i c i n g . The p r i m a r y i s s u e i s how we ge t money, and t h e r e f o r e nom ina l bonds , 

i n t o t h e economy. To be c o n c r e t e abou t t h i s , we i m a g i n e f o l l o w i n g L u c a s 

(1982) i n u s i n g c a s h - i n - a d v a n c e c o n s t r a i n t s . I f mone ta r y g r o w t h r a t e s a r e 

d e s c r i b e d by a Markov c h a i n , t h e n t he e q u i l i b r i u m w i l l be c h a r a c t e r i z e d by a 

Markov c h a i n i n c o n s u m p t i o n g r o w t h r a t e s and i n f l a t i o n . The s t a t e t h e n 

c o n s i s t s o f t h r e e v a r i a b l e s — o u t p u t , i t s g r o w t h r a t e , and i n f l a t i o n — 

w h i c h we c a n d e s c r i b e by a Markov c h a i n i n t he l a t t e r two. The o n l y 

r e s t r i c t i o n on t h e p r o c e s s i s t h a t n o m i n a l bond p r i c e s , t o be d e f i n e d 

s h o r t l y , c a n n o t e x c e e d one i n any s t a t e ( n o m i n a l i n t e r e s t r a t e s a r e 

n o n n e g a t i v e ) . T h i s t h e o r e t i c a l s t r u c t u r e i s d e s c r i b e d more c o m p l e t e l y i n 

S a r g e n t (1987 , c h 5) and Backus and Kehoe (1987 , s e c t i o n 5 ) . 

C o n s i d e r t he c u r r e n c y p r i c e o f a o n e - p e r i o d n o m i n a l bond: a c l a i m to 

one u n i t o f c u r r e n c y nex t p e r i o d i n a l l s t a t e s . The v a l u e i n d a t e - t m a r g i n a l 

u t i l i t y u n i t s o f one d o l l a r i n p e r i o d t+1 i s |3 E [ u ' ( c ) / p ] , where p 
t t ^ i t~̂"X t"^"l 

i s t h e ( s t a t e - c o n t i n g e n t ) c u r r e n c y p r i c e o f one u n i t o f t he commod i ty . 

S i m i l a r l y , t he v a l u e o f one u n i t o f c u r r e n c y a t d a t e t i s u ' t c ^ J / p ^ . The 

e q u i l i b r i u m p r i c e o f a o n e - p e r i o d nom ina l bond i s t h e r a t i o , 
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q i t = V1* u ' ( W / u ' ( y t ) ] [Vpt+i1} m Etnt+r 

w i t h t h e o b v i o u s d e f i n i t i o n o f n^. + j> t h e n o m i n a l m a r g i n a l r a t e o f 

s u b s t i t u t i o n . P r i c e s o f m u l t i p e r i o d n o m i n a l bonds a r e , by a n a l o g y w i t h 

e q u a t i o n ( 3 . 2 ) , 
k 

q, . = E. IT n. . M k t t . , t + i 1 = 1 

= E t Vi qk-i,t+r 

From t h e s e we compute f o r w a r d p r i c e s and h o l d i n g - p e r i o d y i e l d s a s b e f o r e . 

From t h i s p o i n t o n , t he m a t h e m a t i c a l t r e a t m e n t o f r e a l and n o m i n a l bonds 

i s a l m o s t i d e n t i c a l . As i n P r o p o s i t i o n 1, r i s k premiums on nom ina l bonds a r e 

d r i v e n by p e r s i s t e n c e i n t h e m a r g i n a l r a t e o f s u b s t i t u t i o n , g i v e n h e r e by n: 

i f t h e r e i s no a u t o c o r r e l a t i o n i n n, r i s k premiums a r e z e r o and t he 

e x p e c t a t i o n s h y p o t h e s i s h o l d s . R i s k n e u t r a l i t y , however , i s no l o n g e r 

s u f f i c i e n t t o e l i m i n a t e " r i s k p rem iums" : w i t h <x=0, m i s c o n s t a n t a s b e f o r e , 

bu t f l u c t u a t i o n s i n t h e r a t e o f i n f l a t i o n may l e a d t o s y s t e m a t i c d i f f e r e n c e s 

be tween f o r w a r d and e x p e c t e d f u t u r e s p o t p r i c e s . The same e f f e c t has been 

n o t e d i n t h e p r i c i n g o f f o r w a r d f o r e i g n exchange c o n t r a c t s , w h i c h a r e a l s o 

e x p r e s s e d i n n o m i n a l t e r m s . 

P r o p o s i t i o n 2 changes i n t h e n a t u r a l way: f o r w a r d p r i c e s c o n v e r g e i f 

t h e Markov c h a i n f o r c o n s u m p t i o n g r o w t h r a t e s and i n f l a t i o n t o g e t h e r i s 

e r g o d i c . The t h e o r y i s t he same, but a s a p r a c t i c a l m a t t e r t he a s s u m p t i o n o f 

e r g o d i c i t y may be l e s s p l a u s i b l e w i t h n o m i n a l v a r i a b l e s t h a n w i t h r e a l ones . 

4. A two-state example 

I n t h i s s e c t i o n we s p e c i a l i z e t h e model and compare i t s p r o p e r t i e s t o 

t h o s e o f U . S . t i m e s e r i e s . U s i n g a t w o - s t a t e examp le we p o i n t ou t two 

f e a t u r e s o f U . S . d a t a t h a t a r e no t c o n s i s t e n t w i t h q u a n t i t a t i v e p r o p e r t i e s o f 
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t h e t h e o r y . 

We assume, f i r s t , t h a t t he t r a n s i t i o n m a t r i x has e l e m e n t s 

(4 . 1) 7T. . = ( l - e ) T r . + 9 5 . . , 

where 5 . .=1 i f i = j , 0 o t h e r w i s e ; i t . i 0 ; and Z .n. = 1. B a r t o n , D a v i d , and 
10 J 0 J 

F i x (1962) r e f e r t o t h i s p a r a m e t e r i z a t i o n a s " s i m p l e p e r s i s t e n c e . " C l e a r l y 

a l l t he t r a n s i t i o n p r o b a b i l i t i e s must be n o n n e g a t i v e , w h i c h p l a c e s 

r e s t r i c t i o n s o n t he r a n g e o f 8 . In t he t w o - s t a t e c a s e ( 4 . 1 ) p l a c e s no 

r e s t r i c t i o n s o n t he f o r m o f t he t r a n s i t i o n m a t r i x , bu t i t does l e a d to a 

u s e f u l i n t e r p r e t a t i o n o f t he p a r a m e t e r s . When a l l t r a n s i t i o n p r o b a b i l i t i e s 

a r e p o s i t i v e , c o n d i t i o n a l p r o b a b i l i t i e s c o n v e r g e t o a u n i q u e i n v a r i a n t , o r 

l o n g - r u n e q u i l i b r i u m , d i s t r i b u t i o n , w i t h p r o b a b i l i t y n. o f b e i n g i n s t a t e j 

i n t h e d i s t a n t f u t u r e . The p a r a m e t e r 9 g o v e r n s p e r s i s t e n c e : i f 9 i s z e r o , 

s t a t e s a r e i n d e p e n d e n t o v e r t i m e ; p o s i t i v e and n e g a t i v e v a l u e s i n d i c a t e 

p o s i t i v e and n e g a t i v e a u t o c o r r e l a t i o n o f s t a t e s . From P r o p o s i t i o n 1 we know 

t h a t n o n z e r o v a l u e s o f 9 a r e a p r e r e q u i s i t e f o r n o n z e r o r i s k premiums. 

The p r e f e r e n c e p a r a m e t e r s , a and /3, e n t e r t he c a l c u l a t i o n s t h r o u g h t he 

m a r g i n a l r a t e o f s u b s t i t u t i o n . To make t h i s a s s i m p l e as p o s s i b l e , we b e g i n 

by c o n s i d e r i n g an economy i n w h i c h t h e p r i c e l e v e l , p, i s c o n s t a n t . Then i f 

c o n s u m p t i o n g r o w t h r a t e s t a k e on two v a l u e s , and s a y , t h e m a r g i n a l r a t e 

o f s u b s t i t u t i o n , n, assumes t h e v a l u e s u and u d e f i n e d by f i . = (iX.a. L a r g e r 
i d J J 

v a l u e s o f a , i n d i c a t i n g g r e a t e r r i s k a v e r s i o n , l e a d , i n g e n e r a l , t o g r e a t e r 

v a r i a t i o n i n n. The d i s c o u n t f a c t o r , /3, i s s i m p l y a s c a l e f a c t o r . 

Now c o n s i d e r bond p r i c e s when t he e q u i l i b r i u m d i s t r i b u t i o n i s s y m m e t r i c , 

s o t h a t t h e l o n g - r u n p r o b a b i l i t y o f e a c h s t a t e i s one h a l f . We c a n e x p r e s s 

t h e v a l u e s o f n i n t h e two s t a t e s a s ( a - b ) and (a+b) , where a and b a r e , 

r e s p e c t i v e l y , t he mean and s t a n d a r d d e v i a t i o n o f n. Bond p r i c e s , f o r w a r d 

p r i c e s , and h o l d i n g - p e r i o d r e t u r n s c a n t h e n be computed u s i n g e q u a t i o n s 
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( 3 . 2 ) , ( 3 . 3 ) , and ( 2 . 2 ) . T h e i r v a l u e s , w h i c h c a n be f o u n d by t e d i o u s but 

s t r a i g h t f o r w a r d c a l c u l a t i o n , a r e summar i zed i n T a b l e 4 . 1 . N o t e , i n 

p a r t i c u l a r , t h a t t h e o n e - p e r i o d f o r w a r d premium i n b o t h s t a t e s i s 

a p p r o x i mat e1y 

? 2 
- 9 ( 1 - 0 ) b , 

s i n c e t h r e e - m o n t h bond p r i c e s a r e c l o s e t o one . (The r a n g e i n ou r samp le i s 

0 . 9 6 2 t o 0 . 9 9 5 . ) Thus t he s i z e o f t h e r i s k premium i n o u r examp le depends i n 

a n o n l i n e a r way on 9 and i s p r o p o r t i o n a l t o t he v a r i a n c e o f n. As we n o t e d 

i n P r o p o s i t i o n 1, t he r i s k premium i s z e r o when 0=0. 

Our o b j e c t i v e i s to compare t h e t h e o r y , and t he t w o - s t a t e examp le i n 

p a r t i c u l a r , w i t h U . S . d a t a on c o n s u m p t i o n g r o w t h r a t e s and t r e a s u r y - b i l l 

p r i c e s . I n T a b l e 4 . 2 we r e p o r t q u a r t e r l y g r o w t h r a t e s o f c o n s u m p t i o n and 

c o n s u m p t i o n p r i c e d e f l a t o r s f o r t he p o s t w a r p e r i o d . From the mean, s t a n d a r d 

d e v i a t i o n , and a u t o c o r r e l a t i o n o f t he c o n s u m p t i o n g r o w t h r a t e we c a n ge t an 

i d e a o f what bond p r i c e s wou ld be l i k e i n a n o n i n f l a t i o n a r y e n v i r o n m e n t . F o r 

i l l u s t r a t i o n we u s e t he t w o - s t a t e d i s t r i b u t i o n , x = 1.005 ± 0 . 0 1 0 , w h i c h has 

a s l i g h t l y l a r g e r s t a n d a r d d e v i a t i o n t h a n we o b s e r v e i n U . S . n o n d u r a b l e s 

c o n s u m p t i o n . 

2 2 

We n o t e d t h a t t h e r i s k premium i s a p p r o x i m a t e l y 6 ( 1 - 9 )b . The f i r s t 

two t e r m s have a maximum ( i n a b s o l u t e v a l u e ) o f 0 . 3 8 5 a t | 9 | = 1/V 3 = 0 . 5 8 . 

F o r t h e model t o g e n e r a t e a r i s k premium o f 0 . 0 0 1 2 we need a s t a n d a r d 

d e v i a t i o n , b, o f t h e m a r g i n a l r a t e o f s u b s t i t u t i o n o f a t l e a s t 0 . 0 5 6 . I f 

t h e r e i s no i n f l a t i o n , t he o b s e r v e d v a r i a n c e o f x t e l l s us what a must be f o r 

t h e model t o match t h e d a t a . As we v a r y a f r om 1 t o 4 0 , c h o o s i n g 6 s o t h a t 

t he mean o f n i n e a c h c a s e i s 0 . 9 9 , t h i s c h a n g e s b, t he s t a n d a r d d e v i a t i o n o f 

n, a s f o l l o w s : 
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a = 

1 2 5 10 40 

0 .9802 0 . 9 7 0 3 0 .9408 0 .8918 0 . 6 1 5 5 

0 . 9 9 9 8 1.0097 1.0392 1.0882 1 .3645 

0 . 0 0 9 9 0 .0197 0 . 0 4 9 2 0 . 0 9 8 2 0 . 3 7 4 5 . 

To g e t r i s k premiums a s l a r g e a s t h o s e o b s e r v e d i n t he U . S . t r e a s u r y b i l l 

marke t a must be a t l e a s t 7 o r 8 , and l a r g e r f o r d i f f e r e n t v a l u e s o f 9 . 

I n f l a t i o n m o d i f i e s t h e c a l c u l a t i o n s s l i g h t l y , and i n p r i n c i p l e v o l a t i l i t y o f 

t he p r i c e l e v e l c o u l d a c c o u n t f o r some o f t he r e q u i r e d v o l a t i l i t y o f n. The 

l a s t s e c t i o n o f T a b l e 4 . 2 makes i t c l e a r , however , t h a t a l a r g e v a l u e o f a i s 

s t i l l n e c e s s a r y t o g e n e r a t e a s u f f i c i e n t l y l a r g e v a r i a n c e i n t he m a r g i n a l 

r a t e o f s u b s t i t u t i o n . Nomina l m a r g i n a l r a t e s o f s u b s t i t u t i o n a r e no t much 

more v a r i a b l e t h a n r e a l ones i n p o s t w a r U . S . d a t a . 

We c o n c l u d e t h a t t h e model i s i n c o n s i s t e n t w i t h c o n s u m p t i o n d a t a f o r 

modest v a l u e s o f t h e r i s k a v e r s i o n p a r a m e t e r . Mehra and P r e s c o t t ( 1 9 8 5 ) , who 

s t u d i e d t he r i s k premium on e q u i t y , i n t e r p r e t a s i m i l a r r e s u l t a s e v i d e n c e 

a g a i n s t t he m o d e l . A l t h o u g h t h e r e has been d e b a t e on t h i s i s s u e , most 

e c o n o m e t r i c e v i d e n c e p o i n t s t o s m a l l e r v a l u e s o f a t h a n a r e r e q u i r e d to 

r e c o n c i l e t he model w i t h t he d a t a . Hansen and S i n g l e t o n (1982 , 1983 ) , f o r 

e x a m p l e , u s i n g a t h e o r e t i c a l f ramework s i m i l a r t o o u r s , e s t i m a t e t h a t a l i e s 

be tween one and two. 

A s e c o n d anomaly c o n c e r n s t h e p e r s i s t e n c e p a r a m e t e r , 9 . We n o t e d t h a t 

t he model g e n e r a t e s r i s k premiums and a u t o c o r r e l a t e d p r i c e s o n l y i f t h e r e i s 

a u t o c o r r e l a t i o n i n m a r g i n a l r a t e s o f s u b s t i t u t i o n . F u r t h e r , t he s i g n o f 9 

d e t e r m i n e s t he s i g n o f t h e r i s k premium, so t h a t a p o s i t i v e r i s k premium c a n 

o n l y be g e n e r a t e d i n t he a r t i f i c i a l economy when 9 i s n e g a t i v e — t h a t i s , 

when m a r g i n a l r a t e s o f s u b s t i t u t i o n a r e n e g a t i v e l y a u t o c o r r e l a t e d . I n ou r 

economy m a r g i n a l r a t e s o f s u b s t i t u t i o n a r e s i m p l e f u n c t i o n s o f c o n s u m p t i o n 
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g r o w t h r a t e s . The e v i d e n c e f o r s u c h a u t o c o r r e l a t i o n i n q u a r t e r l y U . S . 

c o n s u m p t i o n g r o w t h r a t e s i s j u s t no t t h e r e . The e s t i m a t e s i n T a b l e 4 . 2 a r e 

t y p i c a l l y p o s i t i v e and no t s i g n i f i c a n t l y d i f f e r e n t f r o m z e r o . T h i s p r o p e r t y 

i s no t a l t e r e d by a c c o u n t i n g f o r t he n o n l i n e a r i t y i n t r o d u c e d by r i s k 

a v e r s i o n , t h e a d d i t i o n a l randomness a t t r i b u t a b l e t o i n f l a t i o n , o r even the 

p a r t i c u l a r samp le p e r i o d c h o s e n . 

These two d i s c r e p a n c i e s be tween t h e o r y and d a t a a p p e a r t o be r o b u s t to 

b o t h s m a l l m o d i f i c a t i o n s o f t he t h e o r y and r e i n t e r p r e t a t i o n s o f t he e v i d e n c e . 

W i t h r e g a r d t o r i s k a v e r s i o n , E p s t e i n and Z i n (1987a) s u g g e s t t h a t an 

a l t e r n a t i v e c l a s s o f p r e f e r e n c e s i n w h i c h r i s k a v e r s i o n and i n t e r t e m p o r a l 

s u b s t i t u t i o n , b o t h d e t e r m i n e d by a i n ou r economy, a r e i n d e p e n d e n t , may 

g e n e r a t e more p l a u s i b l e a s s e t p r i c e s w i t h modest d e g r e e s o f r i s k a v e r s i o n . 

Subsequen t e m p i r i c a l work by E p s t e i n and Z i n (1989b) and Hansen and 

J a g a n n n a t h a n (1988) i n d i c a t e s , however , t h a t t h i s e x t e n s i o n o f t he c l a s s o f 

p r e f e r e n c e s i s no t s u f f i c i e n t t o a c c o u n t f o r t h e dynamic b e h a v i o r o f bond and 

e q u i t y p r i c e s . 

W i t h r e g a r d t o s e r i a l c o r r e l a t i o n i n m a r g i n a l r a t e s o f s u b s t i t u t i o n , two 

c o n s i d e r a t i o n s a r i s e . The f i r s t i s t ime a g g r e g a t i o n . The c o n s u m p t i o n and 

p r i c e l e v e l d a t a u s e d i n T a b l e 4 . 2 a r e a v e r a g e s o v e r a q u a r t e r , w h i l e t he 

t r e a s u r y b i l l p r i c e s u s e d i n T a b l e s 2 .1 and 2 . 2 a r e measured a t p o i n t s i n 

t i m e . I n t h e t h e o r y b o t h a r e measured a t t h e same p o i n t i n t i m e , bu t s i n c e 

p o i n t - s a m p l e d c o n s u m p t i o n i s no t a v a i l a b l e we u s e d t i m e - a v e r a g e d q u a r t e r l y 

d a t a . I t i s d i f f i c u l t t o t h i n k o f a s i t u a t i o n i n w h i c h t ime a g g r e g a t i o n i s 

i n n o c u o u s w i t h r e s p e c t t o t he s e r i a l c o r r e l a t i o n p r o p e r t i e s o f t h e d a t a , and 

E r m i n i (1988) and Hea ton (1988) show t h a t a t m o n t h l y i n t e r v a l s c o n s u m p t i o n 

g r o w t h r a t e s a r e n e g a t i v e l y a u t o c o r r e l a t e d . T h i s m igh t i m p l y n e g a t i v e 

a u t o c o r r e l a t i o n i n q u a r t e r l y c o n s u m p t i o n g r o w t h r a t e s f o r p o i n t - s a m p l e d d a t a , 
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but a more p l a u s i b l e e x p l a n a t i o n i s measurement e r r o r i n t h e l e v e l s o f t he 

m o n t h l y s e r i e s . 

A d i f f e r e n t d i r e c t i o n o f a t t a c k on t he l a c k o f a u t o c o r r e l a t i o n i n t he 

d a t a i s t o p o s i t m o d i f i c a t i o n s t o t he economy, l i k e d u r a b l e goods o r h a b i t 

f o r m a t i o n , t h a t g e n e r a t e s e r i a l l y c o r r e l a t e d m a r g i n a l r a t e s o f s u b s t i t u t i o n 

f r o m s e r i a l l y u n c o r r e l a t e d g r o w t h r a t e s o f e x p e n d i t u r e s . Dunn and S i n g l e t o n 

( 1 9 8 6 ) , f o r e x a m p l e , e s t i m a t e a c o n s u m p t i o n - b a s e d model f o r t he te rm 

s t r u c t u r e w i t h d u r a b l e g o o d s . However , t h i s p r o d u c e s p o s i t i v e , no t n e g a t i v e , 

a u t o c o r r e l a t i o n o f m a r g i n a l r a t e s o f s u b s t i t u t i o n . C o n s t a n t i n i d e s ' (1988) 

model o f h a b i t p e r s i s t e n c e c a n p roduce n e g a t i v e a u t o c o r r e l a t i o n i n m a r g i n a l 

r a t e s o f s u b s t i t u t i o n e v e n when g r o w t h r a t e s o f consumer e x p e n d i t u r e s a r e 

i n d e p e n d e n t . 

5. Risk premiums i n a r t i f i c i a l data 

I n t h e l a s t s e c t i o n we examined t he m o d e l ' s a b i l i t y t o match some o f t he 

samp le moments o f t r e a s u r y b i l l d a t a , an e x e r c i s e i n t he s p i r i t o f Mehra and 

P r e s c o t t ' s s t u d y o f t h e e q u i t y premium. Here we r e t u r n t o t h e i s s u e n o t e d a t 

t he s t a r t : c a n t he model a c c o u n t f o r r e j e c t i o n s o f t he e x p e c t a t i o n s 

h y p o t h e s i s w i t h U . S . t r e a s u r y b i l l d a t a ? T h i s r e q u i r e s no t o n l y a n o n z e r o 

r i s k premium, but one t h a t v a r i e s o v e r t i m e , s o t he i s s u e i s whe the r t h i s 

v a r i a t i o n i s c o n s i s t e n t w i t h t he t h e o r y and t he p a r a m e t e r v a l u e s s u g g e s t e d i n 

t he p r e v i o u s s e c t i o n . We a l s o examine t h e m o d e l ' s a b i l i t y t o r e p r o d u c e t he 

a u t o r e g r e s s i v e c o n d i t i o n a l h e t e r o s k e d a s t i c i t y (ARCH) f o u n d i n r e g r e s s i o n s 

w i t h h i s t o r i c a l d a t a . 

We b e g i n by r e e s t i m a t i n g t he t r e a s u r y b i l l r e g r e s s i o n s o f T a b l e 2 . 2 w i t h 

d a t a f r om ou r a r t i f i c i a l economy. S i n c e t he f o r w a r d - p r i c e and 

h o l d i n g - p e r i o d - r e t u r n r e g r e s s i o n s a r e a l m o s t i d e n t i c a l , we r e p o r t o n l y t he 
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f o r m e r . In e a c h e x p e r i m e n t we r e p o r t summary s t a t i s t i c s f r o m one t h o u s a n d 

r e p l i c a t i o n s o f two hund red o b s e r v a t i o n s e a c h . The i n i t i a l s t a t e i s s e l e c t e d 

a t random ( u s i n g NAG pseudo - random number g e n e r a t o r G05CAF) f r o m the 

e q u i l i b r i u m d i s t r i b u t i o n , and s u c c e e d i n g s t a t e s a r e drawn f r om the 

d i s t r i b u t i o n d e s c r i b e d by t he a p p r o p r i a t e row o f t he t r a n s i t i o n m a t r i x . We 

use t h e s i m p l e p e r s i s t e n c e p a r a m e t e r i z a t i o n , e q u a t i o n ( 4 . 1 ) , u n l e s s n o t e d 

o t h e r w i s e . V a l u e s f o r n o m i n a l m a r g i n a l r a t e s o f s u b s t i t u t i o n i n e a c h s t a t e 

a r e e n t e r e d d i r e c t l y . 

I n e x p e r i m e n t 1, r e p o r t e d i n T a b l e 5 . 1 , t h e mean and s t a n d a r d d e v i a t i o n 

o f n a r e t a k e n f r om T a b l e 4 . 2 w i t h a=10. We s e t 0 = - O . 3 , w h i c h p r o v i d e s t he 

r e q u i r e d n e g a t i v e s e r i a l c o r r e l a t i o n , and s e t TT^=r r= l /2 ( a s y m m e t r i c 

e q u i l i b r i u m d i s t r i b u t i o n ) . The n o n z e r o v a l u e o f 0 has l i t t l e e m p i r i c a l 

s u p p o r t , bu t w i t h o u t i t t he model i s doomed to f a i l u r e f r om t h e s t a r t . We 

v i e w t h e e x e r c i s e a s t e l l i n g us whe the r m o d i f i c a t i o n s o f t h e economy d e s i g n e d 

t o i n d u c e n e g a t i v e s e r i a l c o r r e l a t i o n i n m a r g i n a l r a t e s o f s u b s t i t u t i o n a r e 

l i k e l y t o be s u c c e s s f u l i n a c c o u n t i n g f o r v a r i a t i o n s i n r i s k premiums a s w e l l 

a s n o n z e r o means. The mean r i s k premium i n t h i s economy i s 0 . 0 0 1 9 3 , w h i c h i s 

abou t 30 p e r c e n t l a r g e r t h a n we saw f o r t r e a s u r y b i l l d a t a . 

I n f a c t t h e model economy w i t h t h e s e p a r a m e t e r v a l u e s does no t have 

enough v a r i a b i l i t y i n t h e r i s k premium t o a c c o u n t f o r r e j e c t i o n s o f t he 

e x p e c t a t i o n s h y p o t h e s i s . The re i s ample e v i d e n c e o f n o n z e r o r i s k p remiums, 

bu t Wald t e s t s o f t he e x p e c t a t i o n s h y p o t h e s i s b=0 and LM t e s t s f o r 

a u t o r e g r e s s i v e and ARCH e r r o r s have l i t t l e power . The numbers o f r e j e c t i o n s 

f o r 5 p e r c e n t t e s t s a r e no t much d i f f e r e n t f r o m 5 0 , w h i c h i s what we e x p e c t 

f r o m c h a n c e a l o n e . The s l i g h t d i f f e r e n c e s may, i n f a c t , be due t o s a m p l i n g 

v a r i a b i l i t y i n o u r Monte C a r l o e x p e r i m e n t : a 95 p e r c e n t c o n f i d e n c e i n t e r v a l 

a r o u n d 50 i s a p p r o x i m a t e l y [ 3 6 , 6 4 ] . The h y p o t h e s i s b = - l , t h a t t he f o r w a r d 
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premium has p r e d i c t i v e power f o r changes i n s p o t p r i c e s , i s r e j e c t e d 

o v e r w h e l m i n g l y i n a l l 1000 r e p l i c a t i o n s , a f e a t u r e t h a t r e c u r s i n a l l o u r 

e x p e r i m e n t s . T a b l e 5 . 2 d e s c r i b e s a s i n g l e draw f r o m the e x p e r i m e n t i n t he 

same f o r m a t a s T a b l e 2 . 2 . 

The a s s u m p t i o n i n e x p e r i m e n t 1 o f a s y m m e t r i c e q u i l i b r i u m d i s t r i b u t i o n 

t u r n s ou t t o be e x t r e m e l y r e s t r i c t i v e . W i t h t h i s s p e c i f i c a t i o n we v i r t u a l l y 

g u a r a n t e e t h a t t he r i s k premium i s c o n s t a n t and t h a t f o r e c a s t e r r o r s a r e 

h o m o s k e d a s t i c . I n t h e n o t a t i o n o f S e c t i o n 4 , t h e r i s k premium on f o r w a r d 

2 2 

c o n t r a c t s i s - 9 ( 1 - 0 )b / q ^ , where b i s t he s t a n d a r d d e v i a t i o n o f t h e m a r g i n a l 

r a t e o f s u b s t i t u t i o n . U n l e s s t he o n e - p e r i o d bond p r i c e has a huge v a r i a n c e , 

w h i c h i t does n o t , t he v a r i a n c e o f t he r i s k premium i s t oo s m a l l t o c a u s e 

d i f f i c u l t i e s f o r t he e x p e c t a t i o n s h y p o t h e s i s . I n e x p e r i m e n t 1 i t s s t a n d a r d 

d e v i a t i o n i s 0 . 0 0 0 0 5 , w h i c h i s 2 p e r c e n t o f i t s mean and j u s t 3 p e r c e n t o f 

t he e s t i m a t e d l o w e r bound o f t h e s t a n d a r d d e v i a t i o n i n U . S . t r e a s u r y b i l l 

d a t a . The s y m m e t r i c d i s t r i b u t i o n a l s o r u l e s ou t ARCH e r r o r s . The 

c o n d i t i o n a l v a r i a n c e o f t h e o n e - p e r i o d f o r e c a s t e r r o r , ^ ^ t + l ' ^ t ^ l t + l ' ^ e P e n d s 

i n g e n e r a l on t he s t a t e , bu t when t he e q u i l i b r i u m d i s t r i b u t i o n i s s y m m e t r i c 
2 2 2 

i t i s c o n s t a n t a t 9 ( 1 - 9 ) b . S i m i l a r p r o p o s i t i o n s h o l d a p p r o x i m a t e l y f o r 

h o l d i n g premiums. 

The c l e a r i m p l i c a t i o n i s t h a t we canno t g e n e r a t e r e a l i s t i c d a t a w i t h a 

s y m m e t r i c e q u i l i b r i u m d i s t r i b u t i o n i n t he t w o - s t a t e v e r s i o n o f t he economy. 

S i n c e t h i s c h o i c e i s a r b i t r a r y we p r o c e e d t o e x p e r i m e n t w i t h a l t e r n a t i v e s . 

I n t he f i r s t a l t e r n a t i v e , l a b e l l e d e x p e r i m e n t 2 , we change t h e e q u i l i b r i u m 

d i s t r i b u t i o n s l i g h t l y to (n^.Tt^) = ( 0 . 6 , 0 . 4 ) , w i t h t he same mean and s t a n d a r d 

d e v i a t i o n f o r n a s e x p e r i m e n t 1. The mean r i s k premium i s s t i l l 0 . 0 0 1 9 3 , bu t 

i t s s t a n d a r d d e v i a t i o n r i s e s t o 0 . 0 0 0 2 9 . The r e s u l t s a r e r e p o r t e d i n T a b l e s 

5 . 3 and 5 . 4 , and t he outcome i s somewhat c l o s e r t o what we s e e i n t r e a s u r y 

24 



b i l l d a t a . R e g r e s s i o n s w i t h t he r i s k premium ( t h e odd-numbered e q u a t i o n s ) 

r e j e c t t h e j o i n t h y p o t h e s i s a=b=0 more o f t e n t h a n w i t h o u t . T e s t s f o r b=0, 

however , r e j e c t abou t 5 p e r c e n t o f t h e t i m e whe the r o r no t t he r i s k premium 

i s i n c l u d e d , w h i c h i s c o n s i s t e n t w i t h a t i m e - i n v a r i a n t r i s k premium. We a l s o 

s e e v e r y l i t t l e e v i d e n c e o f s e r i a l c o r r e l a t i o n . The t e s t f o r f i r s t - o r d e r 

ARCH, on t h e o t h e r h a n d , r e j e c t s c l o s e t o 50 p e r c e n t o f t he t i m e whe the r o r 

no t t h e r i s k premium i s i n c l u d e d . The same f e a t u r e s a r e a p p a r e n t i n samp le 

r e g r e s s i o n s f r om t h e e x p e r i m e n t , shown i n T a b l e 5 . 4 . 

These two e x p e r i m e n t s t o g e t h e r s u g g e s t t h a t r i s k premiums i n t h e 

a r t i f i c i a l economy do no t v a r y enough , o r i n t he r i g h t manner , t o e x p l a i n 

e c o n o m e t r i c r e j e c t i o n s o f t h e e x p e c t a t i o n s h y p o t h e s i s . Our two e x p e r i m e n t s 

have t h i s p r o p e r t y , and r e a s o n a b l e changes i n p a r a m e t e r v a l u e s a r e u n a b l e t o 

r e v e r s e i t . More h i g h l y skewed e q u i l i b r i u m d i s t r i b u t i o n s , f o r examp le , 

i n c r e a s e t h e v a r i a b i l i t y o f t he r i s k premium, but no t enough t o p roduce 

f r e q u e n t r e j e c t i o n s o f b=0. A l t e r n a t i v e l y , i f we i n c r e a s e a , l o w e r i n g ( t h e 

a b s o l u t e v a l u e o f ) 9 a t t he same t i m e t o m a i n t a i n t he mean v a l u e o f t h e r i s k 

premium, o r t he c o n v e r s e , t he r e s u l t s change v e r y l i t t l e f r om t h o s e o f T a b l e 

5 . 3 . We need a l a r g e v a l u e o f a t o p roduce l a r g e r i s k p remiums, and a l a r g e 

v a l u e o f 9 t o make them p r e d i c t a b l e , a s t he r e g r e s s i o n r e s u l t s s u g g e s t t h e y 

a r e . I f we do b o t h , r a i s i n g a t o 20 and 9 t o - 0 . 5 , we c a n r e j e c t t he 

e x p e c t a t i o n s h y p o t h e s i s e a s i l y , bu t w i t h a mean r i s k premium o f 0 . 0 1 0 8 0 , 

a l m o s t 8 t i m e s l a r g e r t h a n we s e e i n U . S . bond d a t a . See S u p p l e m e n t a r y T a b l e 

1. 

A n o t h e r examp le o f an ex t reme e x p e r i m e n t , w h i c h may be l o o s e l y 

a s s o c i a t e d w i t h t he peso p r o b l e m , i s d e s c r i b e d i n T a b l e s 5 . 5 and 5 . 6 . In 

t h i s e x p e r i m e n t we have s p e c i f i e d a t h r e e - s t a t e economy i n w h i c h two s i m i l a r 

s t a t e s a l t e r n a t e w i t h a t h i r d . The re i s s t r o n g p o s i t i v e p e r s i s t e n c e between 
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t h e two s i m i l a r s t a t e s , a s a g r o u p , and t he u n u s u a l t h i r d s t a t e , bu t n e g a t i v e 

p e r s i s t e n c e be tween t h e two s i m i l a r s t a t e s t h e m s e l v e s . We t h i n k o f i t a s 

i l l u s t r a t i n g t he p o s s i b i l i t y o f a change i n r e g i m e , f r om s a y low t o h i g h 

i n f l a t i o n . The change has a s m a l l p r o b a b i l i t y c o n d i t i o n a l on b e i n g i n t he 

o t h e r r e g i m e , bu t i s v e r y p e r s i s t e n t once t he change o c c u r s . I n t h i s c a s e 

t h e r e i s s t r o n g e v i d e n c e o f s e r i a l c o r r e l a t i o n and t h e c o e f f i c i e n t 

r e s t r i c t i o n s a r e f r e q u e n t l y r e j e c t e d . B o t h a r e c a u s e d by t he r i s k premium: 

t he even -numbered e x p e r i m e n t s r e j e c t r o u g h l y f i v e p e r c e n t o f t h e t i m e . 

The f a i l u r e o f e x p e r i m e n t s 1 and 2 , and m o d i f i c a t i o n s o f them, to 

a c c o u n t f o r r e j e c t i o n s o f t he e x p e c t a t i o n s h y p o t h e s i s c a n be t r a c e d d i r e c t l y 

t o l a c k o f v a r i a b i l i t y i n t he r i s k premium. In T a b l e 5 . 7 we r e p o r t t he mean 

and s t a n d a r d d e v i a t i o n o f t he f o r w a r d r i s k premium f o r e a c h o f t h e t h r e e 

e x p e r i m e n t s and f o r two s u p p l e m e n t a r y e x p e r i m e n t s ( r e p o r t e d i n S u p p l e m e n t a r y 

T a b l e s 1 and 2 ) . The f i r s t s u p p l e m e n t a r y e x p e r i m e n t i s t he one j u s t 

d e s c r i b e d , w i t h ex t reme v a l u e s o f a and 9 . The o t h e r i s due t o R e i t z ( 1 9 8 8 ) , 

who p r o p o s e d i t a s a s o l u t i o n t o t he e q u i t y premium p u z z l e . O n l y t he 

e x p e r i m e n t w i t h e x t r e m e p a r a m e t e r v a l u e s has a s much v a r i a t i o n i n t he r i s k 

premium a s we e s t i m a t e t h e r e i s i n t he d a t a , and t h a t has a mean r i s k premium 

a l m o s t 8 t i m e s a s l a r g e a s we o b s e r v e i n U . S . t r e a s u r y b i l l p r i c e s . E v e n t he 

R e i t z e x p e r i m e n t , w i t h i t s ex t reme s t a t e , has l e s s t h a n h a l f t he v a r i a b i l i t y 

o f t h e f o r w a r d r i s k premium, w i t h t e n t i m e s t he mean, a s U . S . t r e a s u r y b i l l 

d a t a . 

6. F i n a l remarks 

We have examined t h e t e rm s t r u c t u r e o f i n t e r e s t r a t e s f r om the 

p e r s p e c t i v e o f g e n e r a l - e q u i l i b r i u m a s s e t p r i c i n g and f o u n d t h a t t h e s t a n d a r d 

r e p r e s e n t a t i v e agen t model f a i l s t o a c c o u n t f o r t he s i g n o r t he magn i tude o f 
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r i s k premiums on f o r w a r d c o n t r a c t s and h o l d i n g - p e r i o d r e t u r n s on m u l t i p e r i o d 

b o n d s . T h i s f a i l u r e i s r o b u s t t o s m a l l m o d i f i c a t i o n s o f t he t h e o r y and t o 

r e i n t e r p r e t a t i o n s o f t he d a t a s u g g e s t e d by s a m p l i n g v a r i a b i l i t y and 

a g g r e g a t i o n o v e r t i m e . These d i s c r e p a n c i e s be tween t h e o r y and d a t a have the 

same f l a v o r a s work by Mehra and P r e s c o t t (1985) on t he a v e r a g e e x c e s s r e t u r n 

o f e q u i t y o v e r bonds . B o t h emphas i ze d i f f e r e n c e s i n t h e mean v a l u e s o f r i s k 

premiums be tween o b s e r v e d a s s e t p r i c e s and p r i c e s d e r i v e d f r om a w i d e l y - u s e d 

t h e o r e t i c a l economy. 

We a l s o show t h a t t he t h e o r e t i c a l economy canno t a c c o u n t f o r t he 

v a r i a b i l i t y o f r i s k premiums. I t f a i l s , i n p a r t i c u l a r , t o a c c o u n t f o r t he 

t i m e v a r i a t i o n i n r i s k premiums i m p l i e d by r e j e c t i o n s o f t he e x p e c t a t i o n s 

h y p o t h e s i s w i t h U . S . t r e a s u r y b i l l d a t a : r e g r e s s i o n s w i t h a r t i f i c i a l d a t a , 

p r o d u c e d by s i m u l a t i n g ou r t h e o r e t i c a l economy, i n v a r i a b l y a c c e p t t he 

e x p e c t a t i o n s h y p o t h e s i s . T h i s happens e v e n when we r e l a x t h e s t r i c t mapp ing 

be tween t he d a t a and t he t h e o r e t i c a l economy, and use p a r a m e t e r v a l u e s t h a t 

a r e i n c o n s i s t e n t w i t h o t h e r e v i d e n c e . A l a r g e body o f e m p i r i c a l work 

s u g g e s t s t h a t r i s k premiums on a v a r i e t y o f a s s e t s v a r y i n s y s t e m a t i c ways 

o v e r t i m e . Our work c o n t r i b u t e s t o t h e i n c r e a s i n g l y s t r o n g e v i d e n c e t h a t 

s u c h v a r i a t i o n i s no t e x p l i c a b l e i n t h i s c l a s s o f t h e o r e t i c a l m o d e l s . B o t h 

s e t s o f r e s u l t s , on t h e mean and v a r i a b i l i t y o f r i s k p remiums, add t o t he 

g r o w i n g l i s t o f e m p i r i c a l d e f i c i e n c i e s o f t h e r e p r e s e n t a t i v e a g e n t model o f 

a s s e t p r i c i n g . 

F i n a l l y , we t h i n k t h e a r t i f i c i a l - e c o n o m y a p p r o a c h , w h i c h has t he same 

f l a v o r a s T a u c h e n ' s (1986) Monte C a r l o s t u d y , i s a u s e f u l one f o r b r i n g i n g 

t h e o r y and e c o n o m e t r i c work t o g e t h e r . I t h i g h l i g h t s t he e m p i r i c a l c o n t e n t o f 

t he t h e o r y and p r o v i d e s a n a t u r a l p r o v i n g g round f o r e c o n o m e t r i c e s t i m a t o r s 

and t e s t s t a t i s t i c s . 
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Table 2 .1 

TREASURY BILL PRICES AND YIELDS: SELECTED STATISTICS 

V a r i a b l e : 

I. 1 9 5 9 : 2 - 1986 :2 

q u Q2t f n q i t + i " f i t h 2 t - h u 

I I . 

mean 0 98432 0 96749 0 98285 0 00142 0 00149 
(0 0021) (0 0041) (0 0021) (0 0003) (0 0003) 

s t . d e v i a t i o n 0 00757 0 01489 0 00769 0 00357 0 00379 
(0 0014) (0 0026) (0 0013) (0 0008) (0 0009) 

a u t o - c o r r . 0 . 91 0 91 0 90 - 0 08 - 0 08 
(0 0421) (0 0451) (0 0486) (0 1351) (0 1361) 

1 9 5 9 : 2 - 1972 :4 

mean 0 98953 0 97790 0 98823 0 00115 0 00117 
(0 0011) (0 0022) (0 0011) (0 0003) (0 0003) 

s t . d e v i a t i o n 0 00334 0 . 00670 0 00352 0 00180 0 00185 
(0 0006) (0 0013) (0 0006) (0 0003) (0 0003) 

a u t o - c o r r . 0 89 0 . 88 0 84 0 11 0 10 
(0 0515) (0 0546) (0 0596) (0 1545) (0 1540) 

I I I . 1973 :1 - 1 9 8 6 : 2 

mean 0 97902 0 95690 0 97736 0 00171 0 
(0 0021) (0 0041) (0 0020) (0 0006) (0 

s t . d e v i a t i o n 0 00697 0 01339 0 00687 0. 00475 0 
(0 0011) (0 0021) (0 0011) (0 . 0010) (0 

a u t o - c o r r . 0 80 0 80 0 . 78 - 0 12 - 0 
(0 0798) (0 0897) (0 0997) (0 1423) (0 

N o t e s : Numbers i n p a r e n t h e s e s a r e Newey-West (1987) s t a n d a r d e r r o r s , 
computed by GMM u s i n g f o u r l a g s o f t he a u t o c o r r e l a t i o n f u n c t i o n . B i l l p r i c e s 
and r e t u r n s were computed f r o m m o n t h l y f o r w a r d r a t e s i n t he 6 -month Fama f i l e 
o f t h e 1987 CRSP t a p e . 



Table 2 . 2 

REGRESSIONS WITH U.S. TREASURY BILL PRICES AND YIELDS 

y 

X 

s 

DW 

AR1 

AR4 

ARCH1 

ARCH4 

q i t + i ~ f i t q i t + i ~ f i t 

none f i t ~ q i t 

y = a + bx 

q i t + i _ f i t h 2 t - h 1 t 

0 . 0 0 1 4 
: 0 . 0 0 0 3 ) 

0 .0036 

2. 15 

0 . 439 

0 . 041 

0 . 002 

0 . 0 2 2 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

- 0 . 0 0 0 2 
( 0 . 0 0 0 5 ! 

- 1 . 0 9 7 
( 0 . 2 2 2 ) 

0 . 0 0 3 2 

2 . 5 0 

0 . 0 0 6 

0 . 000 

0 . 0 0 2 

0 . 0 2 2 

l O " 8 

1 0 " 6 

q i t ~ f i t - i 

0 . 0 0 1 5 
( 0 . 0 0 0 5 ) 

- 0 . 0 7 6 
( 0 . 1 7 5 ) 

0 . 0 0 3 6 

2 . 0 2 

0 . 2 0 2 

0 . 0 4 5 

0 . 0 0 3 

0 . 0 2 5 

0 . 0 0 0 2 

0 . 6 6 5 

io"6 

none 

0 . 0 0 1 5 
( 0 . 0 0 0 5 ) 

0 .0038 

2 . 16 

0 . 3 9 7 

0 . 0 3 2 

0 . 0 0 3 

0 .031 

h2t~hi t 

f i t ~ q i t 

- 0 . 0 0 1 8 
( 0 . 0 0 0 4 ) 

- 0 . 1 4 8 
( 0 . 2 3 5 ) 

0 . 0 0 3 4 

2 . 5 2 

0. 005 

0 . 0 0 0 

0 . 0 0 4 

0 . 0 3 3 

1 0 " 8 

10 -6 

0 .0017 
( 0 . 0 0 0 5 ) 

- 0 . 0 8 3 
( 0 . 1 7 4 ) 

0 .0038 

2 . 0 2 

0 . 172 

0 . 0 4 0 

0 . 0 0 5 

0 . 0 3 3 

0 . 0 0 0 2 

0 . 6 3 6 

N o t e s : D a t a f r o m t h e CRSP t a p e , 1 9 5 9 : 3 t o 1 9 8 6 : 2 (108 o b s e r v a t i o n s ) . Numbers 
i n p a r e n t h e s e s a r e h e t e r o s k e d a s t i c i t y - c o n s i s t e n t s t a n d a r d e r r o r s , s i s t he 
e s t i m a t e d s t a n d a r d e r r o r o f t h e r e g r e s s i o n , DW i s t he D u r b i n - W a t s o n s t a t i s t i c , 
and ARn and ARCHn a r e m a r g i n a l s i g n i f i c a n c e l e v e l s f r om t e s t s f o r s e r i a l 
c o r r e l a t i o n and a u t o r e g r e s s i v e c o n d i t i o n a l h e t e r o s k e d a s t i c i t y o f o r d e r n. 
Wald i s t h e m a r g i n a l s i g n i f i c a n c e l e v e l f o r a Wald t e s t o f t he i n d i c a t e d 
h y p o t h e s i s based on a h e t e r o s k e d a s t i c i t y - c o n s i s t e n t c o v a r i a n c e m a t r i x 
e s t i m a t o r . 



Table 4.1 

PRICING FORMULAS FOR THE TWO-STATE EXAMPLE 

random 
v a r i a b l e v a l u e i n s t a t e 1 v a l u e i n s t a t e 2 mean 

m 

qi 

32 

Et.qi , t+i 

f i 

f p i 

a - b 

a - 9 b 

a 2 - e ( l + e ) a b + 8 b 2 

a - 6 2 b 

- e ( i - e 2 ) b 2 

a - 9 b 

q 2 / q i 

a+b 

a+eb 

a 2+e( l+6)ab+b 2 

a+6 2 b 

a 

a 

a 2 + 9 b 2 

- e ( i - e 2 ) b 2 a [ a 2 - e ( i - e - e 2 ) b 2 ] 
a+eb 

a 2 - 9 2 b 2 

hi 

hp 2 

a - 8 b 

a - 9 2 b 

a 2 - 9 ( l + 0 ) a b + e b 2 

-e(i-e 2(2, 

a+Gb 

a+6 2 b 

a 2 + 9 ( l + e ) a b + e b 2 

- e ( i - e 2 ) b 2 

a 2 - G 2 b 2 

a 3 -8 (2+6)a 2 b+6 ( l+e+e 2 )ab 2 -9 2 b 3 a 3+e(2+9)a 2b+0(i+e+e 2)ab 2+G 2b 3 

* These e x p r e s s i o n s a r e a v e r a g e s o f t h e v a r i a b l e ' s v a l u e i n t he two s t a t e s . 



Table 4 . 2 

PER CAPITA CONSUMPTION AND PRICES: SELECTED STATISTICS 

P e r C a p i t a C o n s u m p t i o n Growth ( x t ) 

I I . 

I I I . 

I I . 

T o t a l S e r v i c e s N o n d u r a b l e s D u r a b l e 
1950 :1 - 1986 2 

mean 1 0053 1 0065 1 0032 1 0087 
(0 0008) (0 0005) (0 0007) (0 0024) 

s t . d e v i a t i o n 0 0083 0 0053 0 0084 0 0426 
(0 0010) (0 0004) (0 0008) (0 0068) 

a u t o - c o r r . 0 07 0 06 0 08 - 0 09 
(0 1441) (0 0659) (0 1569) (0 0909) 

1 9 5 9 : 2 - 1972 4 

mean 1 0068 1 0080 1 0043 1 0120 
(0 0011) (0 0006) (0 0012) (0 0043) 

s t . d e v i a t i o n 0 0064 0 0043 0 0072 0 0311 
(0 0005) (0 0005) (0 0007) (0 0037) 

a u t o - c o r r . 0 13 - 0 01 0 19 - 0 12 
(0 0877) (0 1431) (0 0956) (0 1445) 

1973 :1 - 1986 2 

mean 1 0043 1 0052 1. 0022 1 0079 
(0 0016) (0 0008) (0 0016) (0 0057) 

s t . d e v i a t i o n 0 0080 0 0049 0 0083 0 0372 
(0 0009) (0 0005) (0 0010) (0 0042) 

a u t o - c o r r . 0 22 - 0 08 0 . 31 - 0 07 
(0 0546) (0 0714) (0 0791) (0 1058) 

P r i c e L e v e l Growth ( p t / P t - i ) 

T o t a l S e r v i c e s N o n d u r a b l e s D u r a b l e 
1950:1 - 1986: 2 

mean 1 0103 1. 0122 1. 0094 1 0071 
(0 0017) (0 0016) (0 . 0021) (0 . 0016) 

s t . d e v i a t i o n 0 0080 0 0065 0. 0108 0 0123 
(0 0009) (0 0008) (0 . 0014) (0 . 0019) 

a u t o - c o r r . 0 . 60 0 . 83 0. 65 0 08 
(0 1956) (0 . 0484) ( 0 . 0800) (0 . 1596) 

1 9 5 9 : 2 - 1972: 4 

mean 1. 0071 1 0084 1. 0066 1. 0042 
(0 . 0011) (0 . 0012) ( 0 . 0011) ( 0 . 0010) 

s t . d e v i a t i o n 0 . 0038 0 0041 0 . 0046 0. 0070 
(0 . 0002) (0 . 0004) (0 . 0003) ( 0 . 0008) 

a u t o - c o r r . 0 65 0 . 66 0 . 34 - 0 . 04 
(0 . 0972) ( 0 . 0797) (0 . 1185) (0 . 1567) 



Table 4 . 2 continued 

I I I . 1973 :1 - 1 9 8 6 : 2 

I. 

I I . 

I I I . 

mean 1 0164 1 0183 1 0154 1 0119 
(0 0021) (0 0015) (0 0035) (0 0082) 

s t . d e v i a t i o n 0 0072 0 0050 0 0129 0 0083 
(0 0008) (0 0007) (0 0018) (0 0012) 

a u t o - c o r r . 0 75 0 82 0 65 0 80 
(0 0621) (0 0542) (0 0521) (0 0760) 

Nomina l M a r g i n a l R a t e s o f S u b s t i t u t i o n ( n t ) 

a = 2 a = 5 a = 10 a = 20 

1950:1 - 1986 :2 

mean 0 9900 0 9900 0 9900 0 9900 
(0 0019) (0 0037) (0 0075) (0 0160) 

s t . d e v i a t i o n 0 0177 0 0415 0 0837 0 1745 
(0 0029) (0 0059) (0 0113) (0 0224) 

a u t o - c o r r . - 0 06 - 0 02 0 01 0 02 
(0 2023) (0 1649) (0 1536) (0 1452) 

1 9 5 9 : 2 - 1 9 7 2 : 4 

mean 0 9900 0 9900 0 9900 0. 9900 
(0 0025) (0 0058) (0 0113) (0 0225) 

s t . d e v i a t i o n 0 0131 0 0317 0 0630 0 1260 
(0 . 0013) (0 0029) (0 0056) (0 0117) 

a u t o - c o r r . 0 . 21 0 15 0 13 0 . 12 
(0 . 1137) (0 0481) (0 0947) (0 0952) 

1973 :1 - 1986 :2 

mean 0 9900 0 . 9900 0 9900 0. 9900 
(0 . 0021) (0 0067) (0 0150) (0 . 0327) 

s t . d e v i a t i o n 0 . 0139 0 0375 0 0797 0 . 1716 
(0 . 0016) (0 0047) (0 0106) ( 0 . 0261) 

a u t o - c o r r . 0. 00 0 11 0 16 0. 17 
(0 . 0723) (0 0544) (0 0560) (0 . 0561) 

N o t e s : Numbers i n p a r e n t h e s e s a r e Newey-West s t a n d a r d e r r o r s . C o n s u m p t i o n , 
p r i c e l e v e l , and p o p u l a t i o n d a t a a r e f r o m the 1987 C I T I B A S E t a p e , s e r i e s 
GC82, GCS82, GCN82, GCD82, GDC, GDCS, GDCN, GDCD, and P0PRES. Nomina l 
m a r g i n a l r a t e s o f s u b s t i t u t i o n were computed f r o m GC82 and GDC. 



Table 5.1 

TEST RESULTS FROM EXPERIMENT 1: SYMMETRIC EQUILIBRIUM DISTRIBUTION 

Number o f R e j e c t i o n s by 5 P e r c e n t T e s t s i n One Thousand R e p l i c a t i o n s 

6 = - 0 . 3 

e q u a t i o n 

i n d e p e n d e n t 
v a r i a b l e 

AR1 

AR4 

ARCH1 

ARCH4 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

( i : 

Tt = ( 0 . 5 , 0 . 5 ) 

(2) (3) 

none 

54 

49 

50 

42 

56 

46 

49 

42 

44 

40 

53 

42 

179 

56 

1000 

n = ( 0 . 9 0 6 3 , 1 .0737 ! 

(4) 

f i t " q i t 

44 

40 

53 

42 

58 

55 

1000 

(6) 

q i t 

22 

42 

53 

37 

177 

57 

- f i t - 1 

23 

42 

52 

37 

59 

55 

N o t e s : The odd numbered e q u a t i o n s have q 1 t + l - f 1 t a s t h e i r dependen t 
v a r i a b l e , t h e e v e n ones t he same minus t h e f o r w a r d r i s k p remium, f p i t - The 
t e s t s a r e e x p l a i n e d i n t he n o t e s t o T a b l e 2 . 2 . 



Table 5.2 

SAMPLE REGRESSIONS FROM EXPERIMENT 1: SYMMETRIC EQUILIBRIUM DIST'N 

y = a + bx 

9 = - . 3 

e q u a t i o n 

x 

(1) 

7T = ( 0 . 5 , 0 . 5 ) 

(2) (3) 

none 

0 . 0 0 2 9 0 . 0 0 1 0 
; 0 . 0 0 1 7 ) ( 0 . 0 0 1 7 ) 

s 0 . 0 2 4 2 0 . 0 2 4 2 

DW 1.98 1.97 

AR1 0 . 9 3 4 0 . 9 1 3 

AR4 0 . 9 0 4 0 .901 

ARCH1 0 . 5 5 5 0 . 5 5 6 

ARCH4 0 . 3 9 4 0 . 3 9 5 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

N o t e s : See T a b l e 5 . 1 . 

0 . 0 0 2 9 
( 0 . 0 0 1 7 ) 

- 0 . 0 1 3 
( 0 . 0 5 3 ) 

0 . 0 2 4 2 

2 . 0 1 

0 .601 

0 . 8 1 8 

0 . 5 4 3 

0 . 3 8 6 

0 . 2 2 7 

0 .801 

1 0 " 1 0 

n = ( 0 . 9 0 6 3 , 1 .0730) 

(4) 

- q n 

0 .0009 
( 0 . 0 0 1 7 ) 

- 0 . 0 1 5 
( 0 . 0 5 2 ) 

0 . 0 2 4 2 

2 .01 

0 .601 

0 . 8 1 8 

0 . 5 4 3 

0 .386 

0 . 8 1 8 

0 .781 

1 0 " 1 0 

(5) (6) 

q n - f n - 1 

0 . 0 0 2 9 
( 0 . 0 0 1 7 ) 

0 . 0 1 4 
( 0 . 0 7 1 ) 

0 . 0 2 4 2 

2 . 0 1 

0 . 198 

0 . 5 9 7 

0 . 5 4 2 

0 . 3 9 9 

0 . 2 3 0 

0 . 8 4 0 

0 .0009 
( 0 . 0 0 1 7 ) 

0 . 0 1 6 
( 0 . 0 7 1 ) 

0 . 0 2 4 2 

2 . 01 

0. 196 

0 . 5 9 5 

0 . 542 

0. 401 

0 . 8 2 9 

0 . 8 2 3 



Table 5.3 

TEST RESULTS FROM EXPERIMENT 2: ASYMMETRIC EQUILIBRIUM DISTRIBUTION 

Number o f R e j e c t i o n s by 5 P e r c e n t T e s t s i n One Thousand R e p l i c a t i o n s 

9 = - 0 . 3 it = ( 0 . 6 , 0 . 4 ) n = ( 0 . 9 2 1 6 , 1 .0925) 

e q u a t i o n (1) (2) (3) (4) (5) (6) 

i n d e p e n d e n t 

v a r i a b l e none f l t - q i t q i t ~ f u - 1 

AR1 40 45 54 54 43 43 

AR4 48 49 53 53 46 45 

ARCH1 478 495 479 479 474 476 

ARCH4 299 320 280 280 273 278 

Wald (a=b=0) 195 66 197 64 

Wald (b=0) 49 50 50 58 

Wald ( b = - l ) 1000 1000 

N o t e s : See T a b l e 5 . 1 . 



Table 5.4 

SAMPLE REGRESSIONS FROM EXPERIMENT 2: ASYMMETRIC EQUILIBRIUM DIST'N 

y = a + bx 

9 = - . 3 TT = ( 0 . 6 , 0 . 4 ) n = ( 0 . 8 8 7 5 , 1 .1438) 

e q u a t i o n 

x 

a 

s 

DW 

AR1 

AR4 

ARCH1 

ARCH4 

Wald (a=b=o; 

Wald (b=0) 

Wald ( b = - l ) 

N o t e s : See 

(1 ) 

none 

0 .0050 
( 0 . 0 0 1 6 ) 

0 . 0 2 3 2 

2 . 0 6 

0 . 6 5 2 

0 . 9 7 2 

0 .0001 

0 . 0 0 0 2 

(2) 

0 . 0030 
( 0 . 0 0 1 6 ) 

0 . 0 2 3 2 

2 . 0 8 

0 . 5 3 9 

0 . 9 5 7 

0 .00004 

0 .0004 

(3) (4) 

f i t - q n 

0 .0050 
( 0 . 0 0 1 6 ) 

0 . 0 1 6 
( 0 . 0 4 6 ) 

0 . 0 2 3 3 

2 . 0 2 

0 . 6 1 6 

0 . 9 6 9 

0 . 0 0 0 2 

0 . 0 0 0 4 

0 . 0 0 4 

0 .791 

1 0 " 1 0 

0 .0031 
(0 .0016} 

0 . 0 2 4 
( 0 . 0 4 6 ) 

0 . 0 2 3 3 

2 . 0 2 

0 . 6 1 6 

0 . 9 6 9 

0 . 0 0 0 2 

0 . 0 0 0 4 

0 .089 

0 . 5 9 6 

1 0 " 1 0 

(5) (6) 

q i t ~ f i t - i 

0 .0051 
( 0 . 0 0 1 6 ) 

- 0 . 0 2 6 
( 0 . 0 6 4 ) 

0 . 0 2 3 2 

2 .01 

0 . 2 6 8 

0 . 8 3 9 

0 . 0 0 0 3 

0 . 0 0 0 4 

0 . 0 0 4 

0 . 7 3 2 

0 . 0 0 3 2 
( 0 . 0 0 1 6 ) 

- 0 . 0 3 8 
( 0 . 0 6 4 ) 

0 . 0 2 3 3 

2 . 01 

0. 270 

0 . 8 4 0 

0 . 0 0 0 2 

0 . 0 0 0 4 

0 . 0 8 6 

0. 552 

T a b l e 5 . 1 . 



Table 5.5 

TEST RESULTS FROM EXPERIMENT 3: UNUSUAL STATES 

Number o f R e j e c t i o n s by 5 P e r c e n t T e s t s i n One Thousand R e p l i c a t i o n s 

n = ( 0 . 5 , 1 .3 , 1.4) 

e q u a t i o n (1) 

i n d e p e n d e n t 
v a r i a b l e 

AR1 447 

AR4 447 

ARCH1 70 

ARCH4 71 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

(2) (3) 

none f i t " 

60 

59 

56 

56 

34 

53 

62 

62 

801 

519 

1000 

(4) 

q i t 

39 

50 

62 

62 

77 

47 

1000 

N o t e s : See T a b l e 5 . 1 . The t r a n s i t i o n m a t r i x i s 

0 . 9 0 0 . 0 5 0 . 0 5 

0 . 0 5 0 . 2 5 0 . 7 0 

0 . 0 5 0 . 7 0 0 . 2 5 

(5) 

q n 

247 

229 

72 

72 

851 

426 

(6) 

- f i t - 1 

65 

69 

52 

52 

183 

165 

w i t h e q u i l i b r i u m d i s t r i b u t i o n = [ 0 . 3 3 , 0 . 3 3 , 0 . 3 3 ] . 



e q u a t i o n 

x 

Table 5.6 

SAMPLE REGRESSIONS FROM EXPERIMENT 3: UNUSUAL STATES 

y = a + bx 

n = ( 0 . 5 , 1 . 3 , 1.4) 

(1) (2) 

none 

- 0 . 0 7 1 
( 0 . 0 1 6 ) 

- 0 . 0 1 5 
( 0 .016 ] 

s 0 . 2 2 4 5 0 .2249 

DW 1.73 1.90 

AR1 0 . 0 6 6 0 . 4 9 2 

AR4 0 . 3 5 4 0 . 2 2 6 

ARCH1 0 . 1 0 4 0 .101 

ARCH4 0 .551 0 . 5 4 4 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

N o t e s : See T a b l e s 5 .1 and 5 . 5 . 

(3) (4) 

f i t _ q i t 

- 0 . 0 6 2 
( 0 . 0 1 9 ) 

- 0 . 1 3 8 
( 0 . 1 6 7 ) 

0 . 2 2 4 6 

1 .80 

0 . 0 7 7 

0 . 4 3 2 

0. 102 

0 . 5 4 9 

0 . 0 0 0 0 3 

0 .411 

l O " 6 

- 0 . 0 3 1 
( 0 . 0 1 9 ) 

0 . 2 3 0 
( 0 . 1 6 8 ) 

0 . 2 2 4 3 

1.81 

0 . 0 8 6 

0 . 3 9 3 

0. 104 

0 . 5 4 8 

0. 236 

0. 170 

l O " 7 

(5) 

q n - f u 

- 0 . 0 6 2 
( 0 . 0 1 5 9 ! 

0 . 134 
( 0 . 0 3 0 ) 

0 . 2231 

1.98 

0 . 6 0 0 

0 . 8 9 2 

0 . 0 6 4 

0. 429 

1 0 " 9 

(6 ! 

10 - 6 

-1 

0 . 0 1 4 
( 0 . 0 1 6 ) 

0 . 0 2 6 
( 0 . 0 3 2 ) 

0 . 2253 

1. 95 

0. 040 

0 . 2 2 5 

0 . 0 9 2 

0. 520 

0. 447 

0 . 4 2 7 



Table 5.7 

MEANS AND STANDARD DEVIATIONS OF FORWARD RISK PREMIUMS 

Economy 

U n i t e d S t a t e s 
( e s t i m a t e d ) 

mean 

0 .0014 

s t a n d a r d d e v i a t i o n 

0 . 0 0 1 6 
( e s t i m a t e d l o w e r bound) 

E x p e r i m e n t 1 
( s y m m e t r i c eq d i s t ) 

E x p e r i m e n t 2 
( a s y m m e t r i c eq d i s t ) 

E x p e r i m e n t 3 
( u n u s u a l s t a t e s ) 

0 . 0019 

0 .0019 

- 0 . 0 4 5 9 

0 . 0 0 0 0 5 

0 . 0 0 0 3 

0 . 0 3 4 2 

E x p e r i m e n t S I 
( ex t reme v a l u e s ) 

0 . 0 1 0 8 0 .0041 

E x p e r i m e n t S2 
( R e i t z ) 

0 . 0141 0 . 0 0 0 8 



Supplementary Table 1 

TEST RESULTS FROM EXPERIMENT SI: EXTREME VALUES FOR a AND G 

Number o f R e j e c t i o n s by 5 P e r c e n t T e s t s i n One Thousand R e p l i c a t i o n s 

9 = - 0 . 5 

e q u a t i o n (1) 

i n d e p e n d e n t 
v a r i a b l e 

AR1 66 

AR4 77 

ARCH1 167 

ARCH4 89 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

N o t e s : See T a b l e 5 . 1 . 

rc = ( 0 . 6 , 0 . 4 ) 

(2) 

n = ( 0 . 8 5 0 4 , 1 .2002) 

none 

47 

56 

303 

162 

(3) (4) 

f i t _ 

64 

65 

310 

188 

457 

103 

1000 

64 

65 

310 

188 

100 

59 

1000 

(5) 

qit 

39 

56 

236 

141 

457 

80 

(6) 

- f i t - i 

36 

54 

228 

163 

73 

56 



Supplementary Table 2 

TEST RESULTS FROM EXPERIMENT S2: THE REITZ ECONOMY 

Number o f R e j e c t i o n s by 5 P e r c e n t T e s t s i n One Thousand R e p l i c a t i o n s 

6 = - 0 . 5 

e q u a t i o n (1) 

i n d e p e n d e n t 
v a r i a b l e 

AR1 79 

AR4 72 

ARCH1 88 

ARCH4 55 

Wald (a=b=0) 

Wald (b=0) 

Wald ( b = - l ) 

N o t e s : See T a b l e 5 . 1 . 

(2) 

none 

51 

61 

74 

50 

n = ( 1 . 1 0 9 1 , 0 . 7 0 1 2 , 116 .18 ) 

(4) 

f i t - q 

55 

52 

74 

48 

1000 

85 

1000 

11 

58 

53 

71 

46 

63 

54 

1000 

q i t 

23 

52 

76 

48 

1000 

84 

(6) 

- f i t - 1 

24 

51 

71 

44 

57 

54 


