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A Sequen t ia l Move O l igopo ly Game 

Two f i r m s , l a b e l l e d I = 1, 2 , p lay a s e q u e n t i a l move Cournot (quan­

t i t y - s e t t i n g ) game. In each per iod t , t = 0 , 1, f i r m 1 moves f i r s t and 

p i cks an output l e v e l q 1 t . Than having seen q l t , f i r m 2 moves and p i c k s an 

output l e v e l q 2 t . We c a l l q i t the ac t i on o f f i rm i a t time t . We assume q i ( . 

i s a member of the a c t i o n space Aĵ  fo r a l l t . The per iod t payof f to f i rm i 

when ac t i ons q l t and q 2 t a re taken i s 

* i t ( q 1 t ' q 2 t ) = P ( q 1 t + q 2 t ) q i t 

where p(») i s the indus t ry demand f u n c t i o n . We assume p(q) i s d i f f e r e n t i a b l e , 

monoton ica l l y decreas ing in q on a f i n i t e i n t e r v a l [0,m] and that p(q) + 0 as 

q inc reases to m and p(q) equals zero fo r a l l q > m. 

A s t ra tegy o i f o r f i rm i i s a sequence o f f unc t i ons o ^ , a i 2 » •••» 

one fo r each per iod t . The f unc t i on f o r pe r i od t determines p layer i ' s a c ­

t i ons as a f unc t i on o f the a c t i o n s taken by both p laye rs t imes before t ime 

t . Let the h i s t o r y faced by p laye r 1 a t t ime t be denoted h 1 t where 

h l t = ( q 1 1 . q 2 i ' - - - ' q i t - r q 2 t - i ) -

That i s , h 1 t records the output l e v e l s of both p laye rs in a l l per iods before 

t . Let H 1 f c = { n i t i q i s € A i f o r a 1 1 1*s<t}. In pe r iod t p laye r 2 moves a f t e r 

having observed the cur ren t output q 1 t produced by p laye r 1. Thus the h i s t o r y 

f uc ing p layer 2 a t time t i s h 2 t = ( h 1 f c ; q 1 f c ) . Let 

H 2 t = { h 2 t ' q i s e A 1 f ° r 1 - s - f c a n d q 2 s e A 2 f 0 r 1 - s < f c } -

A s t ra tegy o ; fo r p laye r i i s a sequence o f f unc t i ons {a.,.} ™ 

where a..: H.- f * A^ . Let the s t ra tegy space o f p laye r i be i t J-1 1 

S. = (a.=(o. J , " l a . . : H . . +A.}. l 1
 I i t t=1 1 i t i t i J 
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Let a = (oya^) and S = S^xS 2> We need to de f i ne payo f fs over s t r a t e g i e s . We 

f i r s t de f ine payof fs over outcomes. An outcome path q^ i s a c o l l e c t i o n o f 

a c t i o n s f o r both p l a y e r s , one each t . That i s q° = {^ t '^tJt-r T h e P a y ° f f 

to f i rm i under outcome path q^ i s 

( , . 2 ) V.lq0) , J A j C q , ^ ) . 

L i k e w i s e , the payof f to f i rm i from t onwards under the outcome path q f c from t 

onwards i s 

(1.3) ? l t ( q t ) = U 3 - \ ( ^ 2 s ) 

where q f c = ( q 1 t , q 2 t , q 1 t + i »<>2t+1' • • • ) • 

Given any h i s t o r y h 1 f c a s t ra tegy vec to r o . | ( » | h l t ) , o 2 ( » | h 2 t ) gener­

a tes an outcome path from t onward, which i s i n d u c t i v e l y de f ined a s , 

< 1 ' 4> «1t = ° 1 ( h 1 t l h 1 t ) 

q 2 t -" ° 2 ( h 2 t l h 1 t ) W h 6 r e h 2 t = ( h 1 t ; q U ) 

q l t +1 ~- B 1 < h 1 t * l l h 1 t } W h 6 r e h 1 t + 1 = ( h 1 t ; q l t ' q 2 t ) 

q 2 t + 1 " ° 2 ( h 2 U l l h 1 t ) W h e r e h 2 t + 1 = ^ I t ^ l t ^ t ^ l f 1 }» ^ S 0 0 n ' 

Payof fs over s t r a t e g i e s o 1 ( « | h l t ) , 0

2 ( * l h

2 t ^ a r e 8 i v e n b y 

V i t ( a l ( . | h 1 t ) , a 2 ( . | h 2 t ) ) = I r\(qls,q2s) 
s=t 

where ql = ( q l t , q 2 t , q 1 f c + l , q 2 t + 1 , . . . ) i s de f ined by (1.4). 

Let S ^ ( h 1 t ) denote the set of s t r a t e g i e s f o r p layer i from t onward, 

g iven h i s t o r y h 1 f c . That i s 

(1.6) S l ( h 1 t ) = { 0 l ( - | h 1 t ) = ( a l s ( . | h 1 t ) ) s : t | a 1 s Hh 1 t ) :HVM 
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where H* f c = { ^ t = ( q 1 t , q 2 t , • . • , q 1 a - l , q 2 s - 1 ) l Q l r * A i a 1 1 fc*r<s}« L e t S 2 ( h 2 t } b e 

de f ined i n an analogous f a s h i o n . We then have 

D e f i n i t i o n , o = ( o j , o 2 ) € S i s a subgame p e r f e c t Nash e q u i l i b r i u m i f f o r each 

t = 1, 2 , The f o l l o w i n g cond i t i ons h o l d : fo r each h 1 t e H 1 f c . 

(1.7) V 1 t ( a l ( . | h l t ) , a 2 ( . | h 2 t ) ) >. V 1 t ( a ; ( - | h 1 t ) , o 2 ( . | h 2 t ) ) 

f o r a l l ° i< * l h i t

) € S 1 ( h 1 t ) W h e r e h 2 t = ^ h l t ' ° i ( h 1 t l h 1 t ^ a n d f o r e a ° h h 2 t e  

H 2 t 

(1.8) V 2 t ( a l ( . | h l t ) , a 2 ( . | h 2 t ) ) , V 2 t ( a l ( . | h l t ) , a 2 ( . | h 2 t ) ) 

f o r a l l o 2 ( - | h 2 f c ) 6 S 2 ( h 2 t ) . 

Not ice that i n each per iod t p layer 1 i s a "S tacke lbe rg l e a d e r " in 

the sense that p laye r 1 when cons ide r i ng a d e v i a t i o n to some a i (* l h i t ) takes 

account of the fac t that the a c t i o n he adopts a t t , say °}( n

l t l n

1 t)> w i l 1 

a f f e c t the a c t i o n taken by p layer 2 by a f f e c t i n g the h i s t o r y that p laye r 2 

con f ron ts when i t i s h i s turn to move. 


