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Since Ctheir introduction, the adverse selection environments (and
related equilibrium concepts) developed by Rothschild and Stiglitz [1976] and
Wilson [1977], and the signaling models of Spence [1973, 1974] have attracted
continuing attention on the part of the economics profession. This attention
has largely taken two forms. First, there has been considerable interest in
altering the equilibrium concepts and/or the nature of the games employed in
these contexts in order to overcome problems of nonexistence or multiplicity
of equilibria. Second, there have been a number of extensions of these models
(essentially intact) to applications in new areas. These efforts largely have
ignored the effects of altering the underlying economic environments in these
settings, however.

Recent research has begun to examine the results of fairly basic
alterations in economic environments in these contexts. Riley [1985], for
instance, and Judd [1984] examine the implications for the nature of an equi-
librium (when one exists), for existence of equilibrium, and for optimality of
equilibrium when agents are given the option of nonparticipation in certain
markets (i.e., when they have an alternative opportunity). This simple modi-
fication of a standard adverse selection environment turns out to have impor-
tant implications for such questions. Given this fact, it would seem to be
important to investigate the effects of other kinds of straightforward altera-
tions of standard adverse selection-signaling environments. '

This paper undertakes an investigation of one such alteration. In
particular, a standard variation of a Rothschild-Stiglitz [1976] adverse
selection environment is considered, in this case in the context of a model of
borrowing and lending. The analysis also employs the game and equilibrium
concept advanced by Rothschild and Stiglitz. The single variation on their

environment is as follows. Borrowers are of several types, indexed by i. A



borrower of type i has a probability of repaying his loan pi(s), where s is an
aggregate shock. There are also a large number of borrowers of each type, so
that contingent on the realization of s, a fraction pi(s) of type i agents
repay their loans. In general p;(s,) # pi(SE) ¥ i. Moreover, the realization
of s occurs after loan contracts are set. Lenders in the model are risk
neutral. Hence, as in Rothschild and Stiglitz, competition among lenders will
dictate that loan contracts earn zero expected profits. However, in contrast
to the Rothschild-Stiglitz setting, ex post profits of lenders will be random
variables.

While this alteration of the Rothschild-Stiglitz environment seems
fairly innocuous (especially since it will occur in a context in which all
agents are risk neutral), it turns out to have important implications for the
nature of the Nash equilibrium studied by Rothschild and Stiglitz. Specifi-
cally, the loan market will, under a simple nondegeneracy condition on the
values pi(s), consist of two types of lenders. One type, which will service
"high-risk" borrowers, will be organized in exactly the same way as
Rothschild-Stiglitz firms, and will offer the same types of contracts. The
second type of lender is organized as a '"mutual" enterprise. In particular,
this type of lender (who services "low-risk" borrowers) functions not only by
offering standard Rothschild-Stiglitz like interest rate-loan quantity con-
tracts, but also by paying dividends to borrowers. Or, to place a somewhat
different interpretation on the result, lenders who service "high-risk" bor-

rowers purchase debt that specifies repayments which are not contingent on the

prevailing aggregate state of nature. Lenders who service "low-risk" borrow-
ers purchase debt that specifies (nontrivially) state contingent repayment, in
the form of dividends which depend on an aggregate shock. Thus, the simple

change in the specification of the environment described above fundamentally



changes the nature of equilibrium "contracts" (or industrial organization).
This change also has implications for results on the existence of equilibria,
and for the nature of optimal resource allocations, which are discussed below.

The basic result of interest, however, would seem to be the predic-
tion that "mutual" forms of organization should coexist in the same markets
Wwith "nonmutual" forms of organization, or that both contingent and uncontin-
gent debt should coexist, since this is in fact what is observed in many
intermediation contexts. For example, farm credit cooperatives coexist with
commercial farm banks, while mutual savings banks coexist with stockholder-
owned savings and loan associations, and mutual insurance firms coexist with
insurance firms organized in other ways.

The main part of the analysis proceeds in the context of a loan
market. This is for simplicity, since a loan market setting permits a speci-
fication where all agents have linear preferences (in contrast with an insur-
ance setting). While equilibrium contracts are not readily computed in an
insurance context, i.e., when some agents have nonlinear preferences, it will
be shown that our results can be extended to it. Hence the analysis also
helps explain the coexistence of mutual insurance firms with investor-owned
insurance firms.

Finally, the modification discussed above does not just have impli-
cations for the nature of the Nash equilibrium that emerges in these markets,
but also has more fundamental implications. An example of one such implica-
tion is related to the set of Pareto optimal resource allocations for these
environments. Specifically, Prescott and Townsend [1984] discuss the role of
allocations which are contingent on the outcome of lotteries. They show that
in the original Rothschild-Stiglitz environment, Pareto optimal allocations

can depend only trivially on lotteries. Here, in an insurance context, risk



averse agents must bear some risk in any Pareto optimum, even when there is a
risk neutral agent who is able to absorb all such risk. Hence the introduc-
tion of aggregate shocks has implications that are independent of the equilib-
rium concept employed.

The scheme of the paper is as follows. Section I describes the
(loan market) environment, and examines its behavior when lenders are re-
stricted to offer only Rothschild-Stiglitz like "loan quantity-interest rate"
contracts. Section II discusses equilibrium contracts when this restriction
is relaxed. Section III discusses how the results obtained can be extended to

an insurance market context. Section IV concludes.

I. A Loan Market Model

A. The Environment

The economy considered is one in which there are two dates
(¢t =1, 2). At t = 1 there are three types of economic actors. The first
type is a set of agents (lenders) who have a positive endowment of a single
good when young, and no endowment when old. These agents are assumed to have
a sufficiently large first period endowment so that any one of them could
service all of the borrowers in the model. (This amounts to assuming that
lenders are able to raise all the funds they require without affecting the
price of these funds to themselves.) The number of lenders is greater than
one, but finite. Let ¢y denote date t consumption. Then lenders have utility

functions V(c1,c2) defined on Rf of the form.
U(ej,c2) = ¢y + Co.

In addition there are a large number of borrowers, who are divided
into two "types." Type is indexed by i = 1, 2. The fraction who are of type

1 is denoted by 6. Borrowers have no endowment of the good when young. When



old their endowment, denoted w, is a random variable; w e {y,0}, v > 0. Thus
borrowers either have a positive endcwment when old, or not. Receipt of the
old age endowment is observable, so loans must be repaid if w = y. Obviously,
any borrower with w = 0 defaults on his loan.

For a borrower of type i, define
p;(s) = prob [w=y|s]

where s is a random aggregate shock; s ¢ {1,2}. Let n(s) denote the probabil-
ity of state s, so that 1 2 n(s) 2 0 ¥ s, and z n(s) = 1. The actual value of
s is realized at the beginning of period 2, so it is not known when borrowing
occurs. Given the realization of s in period 2, then, since there are a
"large number" of agents of each type, a fraction pi(s) of type 1 agents
receive a positive endowmen‘c.2 It is assumed that pz(s) > p1(s), sz 1, 2, g
type 2 agents are "low-risk" borrowers, independently of s. It is also as-
sumed that pi(2) > pi(i), i =1, 2, so that state s = 2 is a "good" state with
respect to aggregate endowments. Borrowers of type i have utility functions

Ui(c1,c2) defined on Hf of the form
U;(eq,e5) = 8504 + cyp,

with 8; > 1; i = 1, 2. Finally, it is assumed that
81/85 > é ﬁ(SJp1(s)/§ n(s)p,(s).

B. A Simple Borrowing/Lending Game

As a point of reference, this section develops a game played by
lenders such that the equilibrium which emerges is the Rothschild-Stiglitz
equilibrium (when this exists). In this game the strategies of lenders are

interest rate-loan (quantity) pairs. Let 24 denote the quantity borrowed by a



representative type 1 borrower, and R; the (gross) interest rate offered to
type 1 agents. Then lenders announce (Ri'xi) pairs, i = 1, 2, These an-
nouncements are made taking the announced interest rate-loan pairs of all
other lenders as given. Finally, an analogue of the Rothschild-Stiglitz-
Wilson assumption that rules out cross-subsidization is imposed. In particu-
lar, each lender is restricted to offer only a single (R,x) pair. Then, each
borrower selects his most preferred pair from the entire set of announced
pairs (R;,x;).

The equilibrium concept imposed on this game is the Rothschild-

Stiglitz Nash equilibrium concept.

Definition. A set of announced interest rate-loan pairs (R?,x?), T im Ty By A8
a Nash equilibrium if, given these announcements, no lender has an incentive

to announce (earns an expected profit by announcing) an alternate pair.

Notice that (R,x) pairs are set prior to the realizations of the
aggregate state and the endowments of individuals, so that these random vari-
ables are realized after loans are made. Then the ex post profits of a lender

offering the interest rate-loan pair (R,x) are:
(1) b;(s) = [pj(s)R-1]x

if his offer attracts only type i agents, and
(2) v(s) = {[8p (s)+(1-8)p,y(s)IR-1}x

if his offer attracts both types of agents in their population proporticns.
Clearly, given the preferences of lenders, each lender's objective when an-
nouncing (R,x) pairs is to maximize the quantity Esn(s)wis), given the an-

3
nouncements of other lenders.



Finally, announced (R,x) pairs are required to be incentive compat-
ible. In particular, if type 1 agents are meant to accept the loan contract
(R1,x1) and type 2 agents the loan contract (Rz,xz), then these contracts must

satisfy the following self-selection conditions:
(3) B,X, + é n(s)pl(s)iy-R1x1} 2 B,%, + 2 v(s)pT(S)[y-R2x2]
(4) ByX, + é (s)p,(s)[y-Ryx 1 2 Bx, + é n(s)p,(s)[y-R,x,].

Also, given the nature of these contracts, feasibility of an (R,x) pair re-

quires that
(5) y 2 Rx.

C. Equilibrium

The features of equilibrium (R,x) pairs (if an equilibrium exzists)
are exactly as in Rothschild and Stiglitz. In particular, self-selection of
borrowers by contract accepted occurs in equilibrium, or in other words
(R*,x?} % (R*,xg). In addition, each contract (R?,x?) earns zero expected
profits." Finally, each (R?,xg) pair must be maximal for type 1 agents among
the set of contracts that earns nonnegative expected profits when offered and
that are consistent with self-selection. Thus, equilibrium contracts are
readily derived here.

To begin, expected (per capita) profits for a lender offering the

pair (Ri,xi) are

(6) [T s(s)py(s)R;-1]x, = | n(s)v (s).

3 S
In equilibrium J n(s)v;(s) = 0; i = 1, 2. Thus, in equilibrium,
(7) R = [ niedp(0)] ™ = K512, 2

S



Second, again as in Rothschild and Stiglitz, only one of the self-
selection conditions (3) and (4) holds with equality in equilibrium. In
particular, low-risk (i.e., type 2) borrowers have no incentive to claim to be
nigh-risk borrowers. Hence (R?,x?) (if an equilibrium exists) is uncen-
strained by (4). Thus, since (R*,x?} must be maximal for type 1 agents, x* is

1

the solution to the problem

max 8,%, + g m(s)p,(s)[y-R¥x,]

subject to
(8) y 2 R?x1.

From (7), R} = [Isﬁ(s)p1(s)]"1, so this problem is equivalent to choosing x,
to maximize (B4-1)x, subject to (8). As 8, > 1, the solution to this problem
is:

(9) X’{ — y/R’.Ii

with second period consumption equaling zero. For future reference, the

expected value of utility for type 1 agents under this contract is
(8,=1)(y/RN) + ] n(s)p,(s)y = 8,(y/R¥),
s
where we have used RY = [zsw(s)p1(s)]-1.

As with type 1 contracts, type 2 contracts have R; 2 ﬁe [with EQ de-

fined by (T)]. Also, as before, type 2 contracts must be maximal for type 2

agents given R} = §2, and given that (R%,x%) must satisfy (3) [given the

announcements (R?,x?)]. It is straightforward to show that (3) must always

bind on the determination of (RE'XE)' Thus x, is the solution to

]

~R*
max B,%, + g n(s)pg(s}[y R2x2



subject to
(10) (B,=1)x¥ + % n(s)p,(s)y = 8,x, + % n(s)p,(s)[y-R3x,]
(11) y 2 R3x

272"
It will be convenient to rewrite (10) as
¥ i ¥ - (R /R
(10") (8,-1)x% = [8,-(R,/R,) |x,

where we have used Zsﬁ(s)p1(s) = ‘1/§1 from (7). Clearly, then,

o #*
" (BI T)x1

8, - (RE/RT)

Since py(s) > py(s) ¥ s, (7) implies that §2 = R3 < R¥ = ﬁ1. Then x3 < x¥, so

that the contract (R;,x;) clearly satisfies the feasibility requirement (11).

D. Existence of Equilibrium

The existence issue here is again essentially identical to that in
Rothschild and Stiglitz. In particular, the contracts derived above were the
maximal contracts for type 1 and 2 borrowers that were consistent with the
occurrence of self-selection, with lenders earning nonnegative profits, and
with each lender restricted to the announcement of a single contract. There-
fore it is not possible for any lender to offer a single contract which at-
tracts agents of only one type [given the presence of the announced contracts
(H?,xg)] and earns a nonnegative profit. Thus if the contracts (R?,xg) are
not equilibrium contracts, this must be because some lender has an incentive
to announce a contract (R,x) which is designed to attract borrowers of all
types. In other words, the contracts (R?,x?) are not equilibrium contracts if

and only if there exists a contract (R,x) such that



< 10 =

(12) BiX + é n(s)p, (s)[y-Rx] 2 8, x?

+ é n(s)p, (s)[y-R¥x¥]; i = 1, 2,

with striet inequality for some i, and such that
(13) Y w(s)[ep1(s)+(1—e)p2(s)]Rx - x 20,
S

Define R = [Esn(s){8p1(s)+{Twe)pe(s)]]-1. Then we may rewrite (12) and (13)

as

(12') (8,-R/R.) x 2 (B,-N)x¥; i =1, 2,
and

(13") R >R

It is now easy to derive conditions suffiecient for (H?,x?) to be
equilibrium loan contracts. In particular (12') cannot be satisfied if there

is no value x such that
(B/R o *
(14) [8,-(R/R,) |z 2 (8,-1)x*

for some i. There will be no such x, for instance, if By ¢ §/§i for some 1.

Since 8; > 1 ¥ i and R, > R > R2, a sufficient condition for ruling out (14)

1

is

|
-~
|

(15) B, <

(15) rules out a pooling contract which earns nonnegative profits, and which
attracts type 2 agents in the presence of the announced contract {R’z',x;}.
Hence (15) is sufficient for the contracts (H?,x?) derived above to be equi-

librium contracts.
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In the remainder of the paper contracts more complicated than
(R;,x?) will be considered. When the set of contracts that lenders can offer
is augmented, as below, then a stronger condition than (15) can be used to
rule out the possibility that any lender will have an incentive to offer a

pooling contract. In particular, it is henceforth assumed that
(15') p,(s) 2 B,[6p,(s)+(1-0)p,(s)]; s = 1, 2.

This condition implies (15), and in the sequel is a sufficient condition for

the existence of an equilibrium.

II. Sorting by the Nature of Firm Organization

A. The Game

In this section the strategies (or contract offers) of firms are
allowed to be more complex than in Section I. The strategies of firms now
consist of contract offers that specify a (gross) interest rate R, as before,
a loan quantity =z, as before, and a state-contingent fraction of ex post
profits to be rebated (paid out as dividends) to borrowers a{s).5 As before,
each lender is permitted to offer only a single contract. Thus, under assump-
tion (15') any equilibrium contracts must induce self-selection by contract
accepted and an equilibrium exists [as profitable pooling contracts will be
ruled out by (15')].

To be more specific about the nature of these contracts, any an-
nounced contract which attracts type 1 agents specifies a loan quantity Xy
and a (noncontingent) repayment R;x;. The ex post (per capita) profits re-

ceived by a lender offering this contract are (as before)

b;(s) = [p;(s)R;-1]x;.
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Moreover, the contract specifies that each type i agent receives a dividend
(possibly negative) of ui(sjwi(s) if (and only if) his loan has been repaid.
(Defaulters do not share in dividends for simplicity.) Then total (per cap-
ita) dividend payments by this lender in state s are p;(s)a;(s)y;(s), since
fraction p;(s) of type i agents do not default in state s. «a;(s) is re-
stricted to be nonnegative, and since lenders have no endowment when old,
a;(s) = 1/p;(s) if ¢;(s) > 0. Finally, given the risk neutrality of lenders,
they care only about expected profits net of dividends when they announce
contracts. Hence their objective is to maximize
(16) g n(s)[1-p, (s)a, (s) v, (s) = v (s)
by choice of contract, subject to the announcements of other lenders and
considerations of self-selection.

In order to discuss incentive compatibility, it is useful to intro-

duce some additional notation. Therefore, let c# denote the consumption of

type i borrowers in period 1, and c;(s) the consumption of type i agents in

period 2 given the realization s. Then a contract specifying Ri’ % ui(1),

i!

and a;(2) implies consumption values

i -
(17) c1 = xi
(18) cy(s) =y - Rix, + o (s)y(s), if w=y
cé(s) = 0 otherwise.

A set of announced contracts is incentive compatible, then, if they are such

that

(19) 3,0, + ] 1(s)p,(s)es(s) 2 8.c2 + ) n(s)p, (s)e2(s)



.

and
(20) sch & 2 n(s)pz(s)cg(s) > Bzc: P! é n(s)pz(s)c;(s).

where consumption values are obtained from the contract specifications by (17)

and (18). Conditions (19) and (20) may be rewritten in terms of the original

contracts:

(19')  8,x, + é n(s)p,(s)[y-R,x,] + z 1(s)p,(s)a,(s)b,(s) 2 B %,
- g m(s)p,(s)[y-Ryx,] + g m(s)p, (s)a,(s)b,(s)

(20") B X, + é n(s)p,(s) [y-Ryx,] + é n(s)p,(s)a,(s)v,(s) 2 B x,
¥ g n(s)p,(s)y-R,x, ] + é m(s)p,(s)a,(s)v,(s).

Also, realized (per capita) profits net of dividends may be written in terms

of consumption values as

= _ ik ok

b;(s) = p(s)[y-c5(s)] - e
and (ex ante) expected profits, in terms of consumption values, are

L n(s)uy(s) = § n(s)p (s)[y-ey(s)] - ef.

s 5

As before, suppose type 1 contracts are constructed so as to be
maximal for type 1 agents among the set of contracts that earn nonnegative
expected profits (when offered singly), and that are consistent with self-
selection. These will be equilibrium contracts, since such a construction
rules out the possibility of profitable alternative offers to agents of one

type, and since (15') rules out any incentive for lenders to announce pooling

contracts. Attention is now directed to the construction of these contracts.
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B. Equilibrium
The equilibrium contracts derived here will be denoted

[Ri,xi,ai(1),ai(2)]. The primary result of this section is:

Proposition 1. If the values pi(s) satisfy

P, (1) py(1)

(21) p1(2) * p2(2)’

then Nash equilibrium contracts have R1 = §1 z R?, X, = x?, a1(5) = O

s =1, 2, and az(s) # 0 for some s.

Thus any Nash equilibrium involves some payment of dividends by
lenders to borrowers (i.e., some mutual aspect to the contractual arrange-
ment), since ;2(5) + 0, In addition, in equilibrium some lenders (those
serving type 2 borrowers) will offer contracts with this mutual aspect, and
some others will pay no dividends (;1(3) = 0; s = 1, 2). Thus, mutual-type
contracts will coexist with other types of contracts in equilibrium.

The proof of propositicn 1 will simply be a construction of equilib-

rium contracts. For the purposes of this construction, it will be convenient

i
1

the case that the contracts offered to type 1 borrowers in equilibrium will be

to work with consumption values c¢_, c;(T), and cé(Z). As before, it will be
unconstrained by (20), the self-selection constraint for type 2 borrowers.
Thus, the consumption values implied by these contracts must solve the follow-

ing problem:
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(&) max 3101 - g H(S}P1(S)C;(S)
subject to
(22) ) n(s)pl(s)[y—c;(s)] —e) =0
s
(23) cl(s) 20, cl 20
2 B S Ea

where equation (22), of course, is the condition that the contracts offered to
type 1 agents must earn zero expected profits net of dividend payments.

The solution to problem (&) has c;(1} = c;(2) = 0, and
c} = st(s)pj(s)y z y/ﬁ1 = y/R%, since 8, > 1. Given this solution, it is
possible to reconstruct equilibrium contracts from (17) and (18). In particu-
1 = ;1 = y/ﬁ1 = x?, i.e., the quantity loaned to type 1 agents is the
same as for the game with a simpler set of contracts discussed in Section I.

lar, c

From (18),
c;(1} 0=y - §1§1 +a, (1w, (1)
e)(2) =0 =y - Rx, + a (2)v,(2).
Thus
24) (v, (1) = a (2)9,(2),
or

(24') a (D[P (DR,-1]x, = a,(2)[p,(2)R,-1]x,.

- -~

We will prove by contradiction that a1(1) = a,(2) = 0. First, suppose that

a1(T) + 0 while u1(2) = 0. Then, because 2y = y/ﬁ1 # 0, (24') implies that

Ry o= 1/pg(1), ﬁa (from 7) and ¥,(1) = 0 into

the expression for c;(1) above yields

-~

H1 = 1/p(1). Substituting x
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n(1)p,(N+[1-n(1) ]p,(2)
}'1-— =0
p, (1)

But this implies p1(2)/p1(1) = 1, contrary to assumption. Hence this is
impossible. Second, the same contradiction arises if uq(e) + 0 while u1(1) =
0, because (24') then implies R1 = 1/p4(2), ete. Then it must be the case

that a1(1) and a1(2) are both positive. Note that (24) and x, = 0 imply that

1
v4(1) = 0 and ¥4(2) = O (since if ¥,(1) = ¥,(2) = O held, R1 = 1/p1(1) and
R1 = 1/p1(2) would also hold, yielding the same contradiction as above). But

then w1(1) and m1(2) must have the same sign. Since in equilibrium expected
profits net of dividends must be zero, it must then be the case that “T(S) %

1/p4(s), s = 1, 2. However, substitution of a1(s) = 1/p4(s) into (2U4') again

implies pT(T) = p1(2), contrary to assumption. Therefore, a,(1) = “1(2) = 0

1

i.e., lenders who service high-risk borrowers do not pay dividends. Finally,

to complete the characterization of equilibrium contracts, we have seen that

-~ -

= x* Then, since expected profits must be zero, R.i = R1 £ R?.

It remains to derive equilibrium contracts for type 2 agents. As
above, these contracts must be maximal for type 2 agents among the set of
contracts earning nonnegative profits (when accepted by type 2 borrowers) and

which are consistent with the self-selection constraint (19). Thus, consump-

tion values resulting from these contracts must solve the following problem:

2 2
(B) max 8201 + g n(s)pz(s)c2(s)
subject to
1 2 2

(25) B,C, = B,C] + é n(s)p,(s)e5(s)
(26) ] w(s)py(s)[y-c3(s)] - ¢F = 0

s
(27) e2, ¢2(s) = O.

17 %
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(25) results from substituting the solution of problem A into (19), and (26)
is the zero expected profit condition.
Solving (26) for c?

(B) and the constraint (25) reduces (B) to a linear programming problem in the

and substituting it into the objective function

two controls c§(1) and c§(2), with one constraint, (25). Thus, there is
always an optimal solution with exactly one of the values cg(s) = 0. Which
state has zero consumption depends on the sign of p,(1)/p,(2) - p2(1)/p2(2).
When py(1)/p;(2) < py(1)/p5(2) holds, then cg(z) = 0, while c§(1) = 0 in the

other case. The entire solution when p,(1)/p,(2) > p2(1)/p2(2}, for example,

is:

(28) c? = y/ﬁz - 7(2)p,(2)y
¢5(1) = 0
(2) =

where

v = 8,y[R;'-R]']/n(2) [8,p,(2)-p,(2)] > 0,

and the inequality follows from the fact that §1 > ﬁ2, 8, > 1, and py(2) >
p1(2).°

If py(1)/p4(2) > p2(1)/p2(2), for instance, any equilibrium contract
for type 2 agents must induce the consumption values given in (28). Then,

using (17) and (18) to reconstruct the underlying contract, any Nash equilib-

rium contract [Re,xz,uz(T},uz(E)] must satisfy

(29) 6t = %

-~ o~

2 -~ -~ -~
(30) ¢5(1) = 0 =y - Ryx, + ay(1[py(1R,-1]x,
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P

5 . s W
(31) c5(2) =y =y - Ryx, + a2(2){p2(2)32-?]x2.

Clearly (29) implies a determinate equilibrium loan quantity. Equations (30)
and (31) constitute two equations in the three unknowns §2, ;2{1), and ;2(2).
Many resolutions of the resulting indeterminacy are possible. We suggest two
"natural" resolutions: (i) One would require interest rates to be set in an
"actuarially fair" manner, so that §2 = ﬁ?’ and then (30) and (31) determine
;2(1) and ;2(2). This implies ¢1(1) < 0, however, while ;2(1) > 0, which
requires type 1 borrowers to receive negative dividend payments when s = 1.
In practice mutual forms of organization do not impose negative dividend
payments. Thus a more desirable resolution of the indeterminacy is: (ii) to
set ;2(1) = 0, in which case §2 s y/;2 and (31) determines the desired posi-

tive value for a2(2). Then, the equilibrium type 2 contract has R, = y/x

2 2!
= cf [given by (28)1, a2(1) = 0, and ;2(2) > 0 (where ;2(2) solves (31)

-~

%3
given R2 and x2).T In the other case, i.e., when p1(1)/p1(2) < p2(1)/p2(2), a
similar construction results in 02(2) = 0 and a2(1) > 0. Proposition 1 is

thus proven.

C. State Contingent Interest Rates

As noted previously, there are alternative possible specifications
for the choices of contracts that can be employed by lenders. One such possi-
bility is to have lenders specify contracts consisting of leoan quantities

offered to type i agents, x., and state contingent (gross) interest payments

l!

Ri(s) for type i agents, i.e., for lenders to make variable rate loans. Under

this specification, our analysis proceeds as above, with R; replaced by Hi(s)

and with u1(s) = B(a) = 0y g s, B

2

As before, equilibrium consumption values continue to be given by

the sclutions to problems (A) and (B). Then, implied equilibrium contracts
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would have x. = x.,, i = 1, 2. In addition, since c;(i) & 02(2), it would

i it
necessarily be the case that R1(1) S H1(2), i.e., that type 1 agents would
face non-state-contingent interest rates. On the other hand, since cg(i) #
02(2), Ry(1) # Ry(2) in equilibrium. Thus some borrowers would face fixed
interest rates in equilibrium (type 1 borrowers); while other borrowers would
face state contingent repayments (type 2 borrowers). Or, in other words,

under this respecification of the set of possible contract offers, the coexis-

tence of state contingent and uncontingent contracts is predicted.

D. Implications

The nature of the equilibrium contracts just derived has several
implications. First, if pi(1) = pi(z); i =1, 2, were to hold, then equilib-
rium contracts would be simple interest rate-loan quantity contracts, as in
Section I. Thus, even though the environment was specified in such a way that
the presence of nontrivial aggregate uncertainty might appear to be innocuous
(in particular, all agents were assumed to be risk neutral), the nature of
equilibrium contracts is quite different in the presence of aggregate distur-
bances. The differences in these contracts also have further implications,
which will now be discussed briefly.

One of these is that the model predicts the coexistence of contracts
that specify dividend (Section B) or state contingent (Section C) payments
with contracts that specify only noncontingent payments. This is in accor-
dance with observation in the banking, insurance, and other intermediation
industries.

Second, the change in the specification of the environment that has
been introduced here has implications for the existence of an equilibrium. In
Section I, condition (15) was derived as sufficient for the existence of a

Nash equilibrium (in pure strategies). On the other hand, suppose that



- 20 -

R - % R
(32) Biy/R b (Bi I)xi + y/Hi, £ 1, 8

holds, where x? is the candidate Nash equilibrium loan quantity for type i
borrowers derived in Section I. Under (32) a Nash equilibrium in pure strate-
gies fails to exist in Section I, since it implies the existence of a pooling
contract which earns zero expected profits, and which is preferred by all
agents to (R?,xg).

However, when firms are permitted to announce the richer contracts
[Ri,xi,ai(1),ai(2)| a Nash equilibrium may exist even when (32) holds. In
particular, if Bi[9p1{s)+(1-a)p2(s)] > pi(s); i, s=1,2, then R = R,
X = y/ﬁ, and a(1) = a(2) = 0 is the maximal pooling contract for agents of
both types. Then the left-hand side of (32) continues to represent the ex-
pected utility obtained by type i agents under this contract. Also, it is
feasible in the problem (B) to set c? = xg, and cg(s) =y - ngg. Since this
is not the solution, the expected utility of type 2 borrowers exceeds
(62-1)x; - y/ﬁg. Moreover, for sufficiently large values of ﬁ/ﬁg, their
expected utility will also exceed the left-hand side of (32). Hence, when
ﬁ/ﬁg is chosen appropriately, an equilibrium fails to exist when contracts
must be interest rate-loan pairs, while an equilibrium does exist when divi-
dend payments can be made. Thus, as in Riley [1985], minor modifications of

the standard adverse selection environment have implications for the existence

of Nash equilibria.

ITII. A Rothschild-Stiglitz Insurance Environment

The results of the previous section do not depend in any way on the
assumed linearity of agents' preferences. In this section a standard
Rothschild-Stiglitz insurance environment with aggregate uncertainty is ana-

lyzed. In particular, it will be assumed that the probability of suffering a
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loss is contingent on the realization of some aggregate state variable, which
is realized after insurance contracts are written. The analysis of the sec-
tion then demonstrates that, as before, any equilibrium must involve the
coexistence of "mutual" and other forms of organization in insurance mar-
kets. It will also be demonstrated that this modification alters the set of
Pareto optimal allocations for some economies in the class considered. This
result, in turn, indicates that the implications of altering the environment

are not induced solely by the choice of an equilibrium concept.

A. The Environment

Consider the insurance environment discussed by Rothschild and
Stiglitz. In particular, there are three groups of agents. One group is a
set (with a fixed number of members that exceeds one) of sellers of insur-
ance. These will be called insurance companies. Insurance companies are risk
neutral, and have some endowment of the single consumption good (which is
assumed to be sufficiently large for the purposes of subsequent discussion).

In addition to these insurance companies, there are some risk averse
economic agents, who may be divided into two types. All of these agents have
identical utility functions U(ec) with U' > 0, U" < 0 ¥ ¢ ¢ R,. Each agent
receives a random endowment e of the consumption good, drawn from the two
element set (91»92}3 ey > ey > 0. An agent whose endowment is e; has not
suffered a loss, while an agent with endowment e, is in a "loss" state.

Given the realization of some aggregate shock s, a type i agent,
i =1, 2, has probability pi(s) of receiving the endowment e,, or probability
1 - pi(s} of suffering a loss. Assume that pe(s) > p1(s) ¥ s, so that type 2
agents are the "low-risk" group. As before, n(s), s ¢ {1,2}, is the probabil-
ity of state s, and p;(2) > pi(1) ¥ i. A fraction ® of all agents are of type

1. Endowment realizations are independent across a large number of agents, so
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the fraction of type i agents receiving ey is pi(s).a Finally, it is assumed

that
p1(1) p1(2)
p,(1 7 p,(2)
B. The Game

Let cﬁ(s) denote the consumption of a type i agent who receives
endowment eJ in state s. Then insurance firms offer contracts which consist
of consumption schedules c}(s); By 3588 Ny 1B As before, and as in
Rothschild and Stiglitz, each insurance firm is restricted to the offer of a

single consumption schedule.
i

J

Given an offered consumption schedule ¢ (s), an insurance firm

attracting type i agents earns the ex post profit
i ;| :
(33) b, (s) = pi(s)[e1-01(s)] + [1-pi(s)][92-02(s)]; i=1, 2.

As before, the objective of any firm is to maximize expected profits, given
the offers of other firms. Expected profits associated with any contract
offer, of course, are zsn(s)wi(s). Finally, contract offers must be incentive
compatible in the presence of other announced contracts. Incentive compati-
bility here requires that

34) I as)p()ufeis)] + I ws)[1-p,(s)|u[e)(s)]
=

=

) u(s)p1(s)U[e§(s)] + ) ﬂ(s){1—p1(S)IU[cg(S)]
s

]

(35)  § w(s)py(9)U[e5(9)] + T w(s)[1-py(s) Ju[c2(s)]
s 5

2 § 1(s)p,(s)0[e](s)] + § w(s)[1-p, () [ulel(s)].
3 35



As before, a Nash equilibrium is a set of announced insurance con-
tracts such that, given these announcements, no firm has an incentive to offer

an alternate insurance contract.

C. The Rothschild-Stiglitz Equilibrium

As a point of reference, this section constructs the analogue of the
Rothschild-Stiglitz equilibrium for this economy, Specifically, for the
purposes of this section, it is further assumed that firms are precluded from

offering insurance contracts contingent on s or, in other words, announced
i
J

reproduce the Rothschild-Stiglitz equilibrium allocation of resources.

contracts must obey c§(1) = ¢, (2) ¥1i, j. This restriction will essentially
Under this restriction on announced contracts, any equilibrium
contract offer must have the properties derived by Rothschild and Stiglitz:
(i) self-selection of types by contract selected must occur, (ii) all offered
contracts must earn zero expected profits, and (iii) all contracts must be
maximal for the agents selecting them among the set of contracts that earn
nonnegative profits and that are consistent with self-selection. The argu-
ments to this effect are identical to those given by Rothschild and Stiglitz,
and are therefore omitted here.
Equilibrium contracts are easy to construct here, and in fact are
constructed in essentially the same way as in Section I. To begin, define
51 = z w(s)pi(s}; i=1, 2.
S
In addition, noting that (as in Rothschild and Stiglitz) incentive constraints
do not bind on the determination of (ci,c;), this contract must be maximal for
type 1 (high-risk) agents among the set of contracts that earn nonnegative

expected profits. Hence, in equilibrium (c},c;) must solve the problem
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max 5,UCe]) + (1-5,)U(c))
subject to
(36) 5.(e,-c]) + (1-p,)(e,-c)) = 0.
[ M 19772 "2
The solution to this problem is characterized by complete insurance, i.e.,
e, = ¢, = 5181 + (1~51)92 s o¥,

Determination of (c?,cg) involves finding the maximal contract for
type 2 agents that earns nonnegative expected profits, and that is incentive
compatible in the presence of the contract offer (c:,c;) = (c*,c*). In equi-

librium, (c?,cg) must solve the problem

max 52U(c?) + {1-§2)U(c§)

sub ject to
= 2 - 2

(37) pjv(c1) - (1-p1)U(c2) < U(e%)
- 2 - 2

(38) pz(e1-c1) " (1-p2)(e2-02) = 0.

As before, (37) can be shown to be binding in equilibrium. This equation and

(38) in fact determine a unique consumption pair (c?,cg).
. 2 8. _ %%
2) = (c¥*,c*) and (c],ce) = (01,02) are

exactly the Rothschild-Stiglitz contracts with the expected loss probabili-

i
The contract offers (c{,c

ties ﬁi = Esn(s)pi(s) playing the role of the Rothschild-Stiglitz probabili-
ties. Finally, existence issues are exactly as in Rothschild and Stiglitz, so
that existence of equilibrium can be guaranteed by appropriate choice of the

fraction 8 of type 1 agents.
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D. An Equilibrium With Mutual Insurance Firms

It is now possible to investigate the properties of equilibrium
contracts with the restrictions cj(l) = c§(2) relaxed. Equilibrium contracts
are not readily derived in this section, as they were above. However, it will
nonetheless be possible to show that in equilibrium "mutual insurance firms"
must coexist with firms organized in other ways.

In order to show this, it is natural to begin by considering equi-

librium contracts c1{s); j, s = 1, 2. As previously, these contracts must be

J
maximal for type 1 agents among the set of all such contracts earning nonnega-
tive expected profits, since incentive constraints cannot bind on type 1

contracts in equilibrium. Then c;(s); j, s =1, 2, solves the problem
max § w(s)p,()u[e]()] + I n(s)[1-p,()]u[c3(s)]
s S
subject to

(39) ] ns)py(s)es-el(s)] + I w(s)[1-p,(s)][e,me(s)] = 0.
3 S

The first order conditions for this problem are
(40) w(s)p,(s)U' [e}(s)] = An(s)p,(s); 5 = 1, 2
(41) w(s)[1-p,() Ut [e)(9)] = xn(9)[1-p,()]5 5 = 1, 2,

where A is the Lagrange multiplier associated with the constraint (39). A4s is

j(s) must be constant across s and j, so from
(39), c}(s) = c*, As before, type 1 agents do not share aggregate risk with

clear from (40) and (41), c

their insurers, i.e., type 1 agents purchase complete insurance contracts from
firms which are not mutual firms.
If the same were true for type 2 agents, i.e., if c?(I) - c§(2);

j =1, 2, held in equilibrium, then there would be no mutual insurance firms,



= BE <

and the Nash equilibrium contracts here would have c§(1) = 02{2) = c?, as

J
above. It is now shown that c?(?) z c?(E) in equilibrium for some j, so that
type 2 agents do share aggregate risk with their insurers, or in other words,
they purchase insurance from firms that are organized as mutuals. In order to
see this, note again that c?{s); Jy s = 1, 2, must be maximal for type 2
agents among the set of contracts that earn nonnegative expected profits, and

that are incentive compatible 1in the presence of the contract offers

01(3) = c*: j, s =1, 2. Then, in equilibrium, c?(s) must solve the problem

J

max ) n(s)pe(s)uic%(s)] + ) n(s)[1~p2(s)]U[c§(s)]
s s

subject to

(42) 0(e®) = § w(s)p, (s)0[c3(s)] + ) w(s)[1-p, () ]u[e5(s) ]
(43) é n(s)pgts)[e1~cfts)] - é n(s)[w-p2(5>][e2-c§(s)] = 0.
The first order conditions for this problem are

(44) [p,(s)-up,(8)]U' [e5(s)] - npy(s) = 0; 5 = 1, 2

(45) [1-92(8)-u[1-p1(8)]}3'[CS(S)] - n[1~p2(s)] =0;s=1, 2.

where u and n are the Lagrange multipliers associated with (42) and (43)

2
J

note the following. If the solution tc the problem above had c?(1) - c$(2),

respectively. To obtain the result that c7(1) = c§(2) for at least one j,

then from (44)

92{1) - upT(i) p2(1)
P,(2) - 1P (2) ~ py(2)

(46)
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would hold. However, since u > 0, (46) requires that p,(1)/po(1) =
p1(2)/p2(2), contrary to assumption. Hence p1(T)/p2(1) # py(2)/py(2) implies
that c§(1) 2 cf(Z), as asserted. Thus, in equilibrium, type 2 agents must

share in aggregate risks with insurance firms.

E. Pareto Optima

In order to show that the changes that arise here in the presence of
aggregate uncertainty are not purely the result of the selection of an equi-
librium concept, we show that the presence of aggregate uncertainty also has
implications for the set of Pareto optimal resource allocations. In order to
demonstrate this result, it is sufficient to argue as follows. Suppose that
pi(1) = pi{2); i = 1, 2, held so that there is no genuine aggregate uncer-
tainty here. Then, as Prescott and Townsend [1984] demonstrate, any Pareto
optimal allocation of resources has cﬁ(?) - c§(2) ¥ d, g, Moreover, as
Rothschild and Stiglitz and Prescott and Townsend [198U4] show, in this case
the Rothschild-Stiglitz insurance contract derived in Section C is Pareto
optimal so long as

BBy . UN(eM[Ur(ed)-ur(cd)]

an () | 2 W
e P,(1-P,) U'(cg)u-(cf)

Condition (47) obviously does not contradict anything assumed here.

When p;(1) =+ p;(2); i = 1, 2, however, and when p,(1)/py(1) =
p1(2)/p2(2), it has been shown that the allocation derived in Seetion C can
never be Pareto optimal. Thus the presence of aggregate uncertainty does, in
fact, change the set of Pareto optimal allocations for certain sets of param-

eter values.
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IV. Conclusions

There seem to be two main conclusions to be derived from the preced-
ing analysis. First, things work in a substantially different way in adverse
selection economies in the presence of aggregate uncertainty. Second, such
economies hold out a promise of explaining why a number of types of trading
arrangements coexist. In particular, in Section III it was shown that, in the
presence of adverse selection and aggregate uncertainty, it is natural to
expect the coexistence of mutual insurance firms with other types of insurance
firms. In Section II it was demonstrated that it is natura. to expect mutual
arrangements in lending organizations or to find the coexistence of debt which
specifies uncontingent repayment with debt that pays off amounts contingent on
the realization of the aggregate state. In previous attempts to explain the
existence of uncontingent debt, it has proven difficult to develop models in
which debt of various types coexists.  Hence these private information models

with aggregate uncertainty appear to present a promising area of research.
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Footnotes

'See also Eichenbaum and Peled [1986] and Jaynes [1978] who examine
the implications of changing assumptions about what is observable in these
contexts.

For a justification see Green [1984] or Judd [1985]. An alterna-
tive justification using nonstandard analysis is given by Stutzer [1986].

3Parenthetically, it might be noted that loan contracts are contin-
gent contracts requiring repayment of Rx if w = y, and zero otherwise.

“The arguments establishing these facts are essentially identical to
those in Rothschild and Stiglitz, and hence are omitted here.

*Other specifications of contracts are possible in this context. In
particular, an alternative specification of contracts would make interest
payments state contingent, i.e., specify a loan quantity and a state contin-
gent repayment R(s)x. The effect of this contract specification is considered
below.

6It is straightforward to verify that c? > 0. ¥y 2 y holds if and
only if u(2)p1(2}(31—1) = 81n(1)[p2(1)—p1(1)]. If this condition is violated,
equation (28) must be modified in an obvious way.

TIn fact, feasibility of strategy (ii) requires that the value
;2(2) solving (31) with §2;2 = y also satisfies ;2(2) < 1/p2(2). This is
henceforth assumed.

aSee footnote 2.

*See Ross [1977] for one such attempt. Ross proceeds by specifying
ad hoc remuneration functions for firm managers which imply the desirability

of signaling via debt versus equity issues.
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